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1. Introduction

It is known that the analytic subgroup theorem is considered as one of the most powerful
theorems in complex transcendental number theory. The theorem was established by Wiistholz
in the 1980’s based on a very deep auxiliary result on multiplicity estimates on group varieties
(see [8] and [9]). To present the theorem, we start with G a commutative algebraic group defined
over Q, that is a smooth quasi-projective variety defined over Q with a commutative group law
for which the composition map G x G — G, (g, h) — go h and the inverse map G — G, g — g~ !
are regular morphisms between algebraic varieties defined over Q. Then the set G(C) of complex
points of G is a complex Lie group, and one has the exponential map expg ) : Lie(G(C)) — G(C)
of G. We say that an element u € Lie(G(C)) is an algebraic point of the exponential map of G if
expg(c) (W) € G(Q). The following theorem is a direct consequence of [7, Theorem 1], and it is still
called the analytic subgroup theorem (see also [6, Theorem 1.2]).

Theorem 1 (Wiistholz). Ler G be a connected commutative algebraic group defined over Q. Let
u € Lie(G(C)) be an algebraic point of the exponential map of G and V,, the smallest Q-vector
subspace of Lie(G) such that u lies in the complex vector space V,, ®@C. Then there exists a connected

algebraic subgroup H,, of G defined over Q satisfying Lie(H,,) = Vj,.

Many results in transcendence theory can be deduced from Wiistholz analytic subgroup
theorem as consequences by choosing suitable commutative algebraic groups. For instance,
the theorem generalizes Baker’s famous result on linear forms in logarithms and its elliptic
analogue in full generality (see [1, Chapter 6]). It implies some important results concerning
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linear independence of periods of abelian varieties (see [6, Chapter 1]). Furthermore, Wiistholz
himself has recently obtained a nice application on elliptic and abelian periods spaces (see[10]).

It is possible to extend Theorem 1 to the non-commutative case. Note that in this case, there
is still the exponential map between the Lie algebra and the Lie group as the commutative case.
The following theorem has been recently proved by Yafaev (see [11]).

Theorem 2 (Yafaev). Ler G be a connected algebraic group defined over Q. Let u € Lie(G(C)) be an
algebraic point of the exponential map of G and V,, the smallest Q-vector subspace of Lie(G) such
that u lies in the complex vector space V,, ®@C. Then there exists a connected algebraic subgroup

H,, of G defined over Q which is commutative and satisfies Lie(H,) = V,,.

In 2015, Fuch and Pham obtained the p-adic analytic subgroup theorem (see [3]), and the aim
of this paper is to obtain a p-adic analogue of Theorem 2 above. In the p-adic setting, similar to [3,
Theorem 2.2], we also use the p-adic logarithm map which is still valid in the non-commutative
case. Fix a prime number p, let Q,, be the field of p-adic numbers. Denote by C,, the completion
of the algebraic closure of @, (with respect to the normalized p-adic absolute value). Let G now
be an algebraic group defined over Q. Consider the set G(Cp) of Cp-points of G. This is a Lie
group over C,. Denote by G(Cp)  the set of x in G(Cp) satisfying the condition that there exists a
strictly increasing sequence (n;) of positive integers for which x™ tends to the identity element
of G(Cp) as i tends to infinity. It follows from [2, Chapter III, 7.6] that there is a Cp-analytic map
logG(Cp) : G(Cp) r — Lie(G(Cp)), and it is called the p-adic logarithm map of G. Then the p-adic
non-commutative analytic subgroup theorem is formulated as follows.

Theorem 3. Let G be a connected algebraic group defined over Q of positive dimension, and
logG(Cp) : G(Cp) r — Lie(G(Cp)) the p-adic logarithm map of G. Lety € G(Cp) s be an algebraic
point of G(Q) with logG(Cp)()/) # 0 and V, the smallest Q-vector subspace of Lie(G) such that
the p-adic vector space Vy ®g Cp conrtains logG(Cp)(Y). Then there exists a connected commuta-
tive algebraic subgroup Hy, < G defined over Q of positive dimension satisfying y € Hy(Q) and
Lie(Hy) = V.

The proof of our theorem follows closely that of Yafaev’s theorem. We also reduce the general
case to the commutative case and then apply the p-adic analytic subgroup theorem. The main
difference is that, in the p-adic setting, the p-adic exponential map is only defined locally on an
open subgroup of the p-adic Lie algebra of the given algebraic group. However, by using the p-
adic logarithm map and by taking a certain power of the algebraic point, we are able to still keep
the important similar arguments as in the complex case, and based on this to get the derised
result.

2. The p-adic exponential map and related commutative algebraic subgroups

In this section, we first briefly recall some background on exponential and logarithm maps over
p-adic fields. The main reference we follow here is [2]. For an algebraic group G defined over
@, by [2, Chapter III, 7.2, 7.6] there exist an open subgroup U, of Lie(G(Cp)) and an analytic map
expgc,) - Up = G(Cp) such that expgc,) (Up) is an open subgroup of G(Cp), and the map exPgc,)
induces an isomorphism between U, and expgc,) (Up) €G(Cp)y, whose inverse is the restriction
of logG(Cp) to expG(Cp)(Gp). The map exXPg(c,) is called the p-adic exponential map of G. For an
element u in U, and for a subset S in C,, define S- u by the set {su; s € S}. The following lemma
plays a central role in the proof of the main theorem which allows us to construct a relevant
commutative algebraic subgroup of G defined over Q.
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Lemma4. LetG bean algebraic group defined over Q. Let u be an element in Uy with expgc,) (1) €
G(Q). Denote by G, the Zariski closure of the set expG(Cp)((Cp ‘u)NUp) in G(Cp). Then G, is a
commutative algebraic subgroup of G defined over Q and eXpPgc,) (U) € Gu(Q).

Proof. Put @, :=expg,)((Cp-u)NUp). We first see that any two elements x, y € C, - u commute,
and therefore

eXpg(c,) (X) eXpgc,) () = €xXPg(c,) (X +¥) = expg(c,,) (¥ + X) = expgc,) (V) exPgc,) (X),
by Campbell-Hausdorff formula (see [5, Section 16]). In particular, this shows that ®, is a
commutative subgroup of G(Cp). It follows from [4, Lemma 1.40] that the Zariski closure G,, of ®,,
is an algebraic subgroup of G(Cp). We now consider the commutator morphism f: G, x G, — G
given by f(x, y) = [x, yl. Then f is an algebraic morphism and trivial on ®, x®,,. This gives @, x®,,
is contained in the algebraic set f ~1(e), where e denotes the identity element of G. But ®,, x @,
is Zariski-dense in G, x Gy, this implies that the morphism f must be trivial on G,, x G,,. In other
words, G, is commutative. It remains to show that G, is defined over Q. If u = 0 then G, is the
trivial group, and hence clearly defined over Q. Assume u # 0, let I',, denote the image of the
set (Q - u) N Up under the map expg(c,)- As above, we also have that I';, is a subgroup of G(C),
and therefore by [4, Lemma 1.40] again the Zariski closure G;, of I';, in G(C,) is an algebraic
group. On the other hand, since eXpG(c,) (w) € G(@), it follows that exXpG(c,) (u) € Gu(@). Note that
exPgc,) (mu) = exPg(c,) (u)™ for all m € Z, and this leads to I, is contained in Gu(@). Hence, the
algebraic group G!, must be defined over Q. Moreover, the group T',, is infinite (since u # 0), thus
the algebraic group G}, has positive dimension.
Next, one has eXPG(c,) (w)eG,@Qn GCprc G; Cp)y- This gives

u=loggc, (expG(Cp) (W)= logg: c,) (eXpG(Cp) (u)) € Lie(G,, (Cp)).

Since Lie(G,,(C p)) is a vector space over C, it follows that the line Cj - u is also contained in
Lie(G},(Cp)). From this, we get

Dy S expgc,, (Lie(G,(Cp) N Up) = expgyc,,) (Lie(G,(Cp) N Up) € Gy, (Cp).

This allows us to deduce that G,(Cp) = G,(C p)- But, by definition, G, (C p) is obviously contained
in G,(Cp). Therefore, we conclude that G, = G}, and this completes the proof of the lemma. [

3. Proof of the main theorem

We are now ready to prove the main theorem. Let expgc,) : Up = G(Cp) be the p-adic exponential
map of G defined as in Section 2. By definition of the set G(C) ¢, there is a positive integer k such
that y* e Up. Let u be the point logG(Cp) (y*). We have

expg(c,) (W) = expgc,,) (108g(c,) ) =7 e G@).
Using Lemma 4, there exists a commutative algebraic subgroup G, of G defined over Q of positive
dimension with exPg(c,) (u) € G, (Q). This also gives expgc,) (1) € Gu(Cp), and hence
10g6(c,)(r") = u € Lie(Gu(Cp)) < Lie(G(C)p)).
On the other hand, it follows from [2, Chapter III, 7.6] that
logG(Cp) (Yk) = klOgG(Cp) ('}/) € VY ®@Cp.

In particular, this implies that V), < Lie(G,,). This enables us to apply the p-adic analytic subgroup
theorem ([3, Theorem 2.2]) to the commutative algebraic group G, the algebraic point y* and

the Q-vector space Vy to obtain an algebraic (commutative) subgroup H of G defined over Q of
positive dimension such that Lie(H) <V}, and yk € H(Q). Let H be the connected component of
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H, then Lie(H°) = Lie(H) and there is a positive integer m for which yhHme HO_(@) Putn=rkm
and take the algebraic subgroup H, of G, with Hy(Q) = {a € G,(Q) : a" € H°(@)}. Then y € Hy
and Lie(Hy) € V,. This leads to

logG(Cp) y) = IOgHY(a:,,)(Y) € Lie(Hy (Cp)) = Lie(Hy) 85 Cp.

By the minimality of the Q-vector space Vy, we conclude that Lie(Hy) = V). The theorem is
therefore proved. O

Remark. Using the same arguments as in the proof of [11, Theorem 1.5] to deduce it from
the non-commutative analytic subgroup theorem, we use our p-adic analogue to deduce the
following:

Theorem 5. Let G be an algebraic group defined over Q and eXPg(c,) : Up — G(Cp) be the p-adic
exponential map of G. Let u be a non-zero element of U, NLie(G) such thatexpG(Cp) (w) liesin G(Q).

(1) The element expgc,,) () is contained in a subgroup isomorphic to the additive group G,.
(2) Assume G is an affine algebraic group. The element u is a nilpotent element of Lie(G(Cp)),
and hence eXPG(c,) (u) is a unipotent element of G(Cp).
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