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Introduction

Compact groups are often defined as matrix groups. That is, as a set of certain matrices. A
typical example is the orthogonal group, which can be defined simply as the set of all orthogonal
matrices

Op={Ae M,(© | Aj. = Zj., AA" =1, = A"A}.

We can say essentially the same about Woronowicz compact quantum groups; the only
difference is that we use a slightly different language. Quantum groups form a generalization
of groups in non-commutative geometry. They arise by deforming the coordinate algebra of
classical groups. We can show this on the example of the orthogonal group O,. Instead of
defining it as above, we can define the group in terms of the coordinate algebra ¢ (0,), which
is determined by generators and relations:

0(0p) = *-alg(u;., i,j=1,...,n| u; = u;'.*, uu' =1pup=u'y, u;uf‘ = u;“u;)
Here, 1! stand for the coordinate functions u’(A) = A’. The coordinate algebra obviously needs
to be commutative (since complex functions should] commute), but otherwise the definition
exactly resembles the former one that works directly with elements of O,,. This is what the word
presentation in the title refers to.

Modifying this definition, we obtain several interesting quantum groups. For example, the
Wang’s free orthogonal quantum group [13]

%

t t
iuu' =l =u u),

ﬁ(OZ) = *-alg(u;i, i,j:l,_”,n| u; —u
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the anticommutative orthogonal quantum group [5]
ulb = ul*, uut =1,4, = uly,
J J kk_—_ k ki J_ 0

__ i _ _ il
k= Ul U = S UG, WUy = Uy U

i
uku

or Banica’s universal orthogonal quantum groups [1]

ﬁ(O;l) = *-alg(u;

OO"(F):= *-alg(u;, i,j= 1,...,n| u is unitary, u = FﬁF_l).

But there are also several groups and quantum groups that are defined in a different way;
for instance, as quotient groups. For example, we define the projective orthogonal group as the
quotient of the orthogonal group O, by the global sign of the matrices PO,, = O, /{£1,,x,}. We
can define this group again as a matrix group as PO, = {A® A| A € O} since the matrix A can
be recovered from A® A up to a global sign. But we still may ask the following question: What
is the set {A ® A} exactly? What relations those matrices have to satisfy? In other words, what is
the presentation of the algebra &'(PO,) < ¢ (0;,) using generators and relations? Answer to this
question forms the main result of this article: Theorem 7.

Theorem. Consider a compact matrix quantum group with degree of reflection two G < O* (F),
F € GLy,. Consider an admissible generating set S of € containing the duality morphism. Then the
category Cpg is generated by S' := {T,idcn ® T ®idcn | T € S}.

We use the language of representation categories and intertwiners instead of relationsbecause
itis much easier to formulate the general result. However, taking any particular instance, it is very
easy to apply this to the concrete relations, which we illustrate on examples in Section 3.

The motivation for such questions is the following type of problems: Suppose we need to
prove that two quantum groups G and H are equal. If they are not defined by relations, then
this problem might be very complicated. But if we are able to rewrite the definition of &'(G) and
O(H) using relations, then it is enough to compare those relations. We illustrate this approach in
Section 4, where we show that PU;} = PO}, (more generally, PU" (F) = PO* (F)).

Note that a similar technique was used already in [8, Section 5.2], where the presentation of
the group PO,, and the quantum group PO, was determined. But in that case, the PO,, was
represented not using the tensor product u ® u, but using the exterior product u A u, which
made it considerably more complicated. (The motivation there was again to show that certain
two quantum groups are equal.) The current result is much simpler and more general.
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1. Woronowicz-Tannaka-Krein

In order to keep this note short, we skip the definition of compact matrix quantum groups and
related notions. Apart from the original articles of Woronowicz [16, 17] we can recommend the
survey [15] or the author’s PhD thesis [7] for more details.

The main tool for formulating and proving our theorem is the so-called Woronowicz-Tannaka-
Krein duality [17], which enables to express relations in the coordinate algebra in terms of the
quantum group intertwiners.

For a compact matrix quantum group G with fundamental representation u of size n, we
denote by

Cak, D) := Mor(u®, u®!):= {T: €"®* — (€"®' | Tu®* = u®' T}
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the associated intertwiner spaces. Those spaces form a concrete rigid monoidal *-category €g,
which we will refer to as the representation category of G.

Given the coordinate Hopf x-algebra &'(G), we can also denote by I < C(x; j» the ideal of all
relations that are satisfied in &(G). That is I = {f € C(x;;) | f (u;) = 0}. Then the Woronowicz-
Tannaka-Krein duality can be formulated as follows:

Theorem 1 (Woronowicz-Tannaka—Krein). Let G < O" (F) be a compact matrix quantum group
with fundamental representation u. Then the relations in O(G) are spanned by intertwiner rela-
tions:

I =span{Tu®* —u®'T| T e €5 (k, D)} 1)

Conversely, let € be any rigid monoidal *-category with Ny as the set of objects and €(k,1) <
Z(CM®K,(C™®Y) as the set of morphisms. Then the intertwiner relations, i.e. the formula (1)
define a compact matrix quantum group G with € = €. In this case, we have G < O* (F) with
Fl] = R, where R is the duality morphism in €. So the *-operation on 0(G) has to be defined by
u=FluF.

Also important is the fact that the category operations in €¢ exactly correspond to algebraic
manipulations with the relations. Suppose that the category € is generated by some set of
intertwiners S = {71, ..., T);}. By this we mean that € is the smallest monoidal *-category with
Colk, 1) € Z(C™®k (€™®Y), which contains all the intertwiners Ty, ..., T,,. We will denote this
by €¢ =(T1,..., Tm)»n. Then it holds that the ideal I; is generated by the intertwiner relations in
S. That s,

OG) = *-alg(u; |u= FluFuu*=1=u*u, Tu®* = u®'T, T e S(k, D),

where the unitarity relations uu* = 1 = u*u can be equivalently replaced by orthogonality
relations u(F~'uF)! = 1 = (F~'uF)*u, which are exactly the relations corresponding to the duality
morphisms R and R*.

Let us comment more in detail on why it is important to include the subscript z in the notation
{-+-)n- In this article, we will identify the vector spaces C"®C" and cr. Consequently, alinear map
T: g:"z — C”Zl can be considered either as an intertwiner (C")®2K — (C")®2! or as an intertwiner
(C")® — (C™)®!, That is, it can either generate a category ¢ = (T),, where an object m € Ny
is identified with (C™)®™, or it can generate a category ¢’ = (T),2, where an object m € Nj is
identified with (C”Z)®m. These two categories might be quite different. The whole point of this
article is to characterize the situation when the two categories are essentially the same (¢’ is a full
subcategory of ¢).

Remark 2 (Diagrams). We will sometimes use a diagrammatic description of the intertwiners
here. In particular, the straight line | or more precisely the symbol T‘(”) will denote the identity
operator id: C" — C". The pairing — or, more precisely, the symbol Tg“ will denote the duality
morphism C — C" ® C". In the case G < O;,, we have [T(ﬁ”)]ij = 6. From these two intertwiners,
we can construct more complicated ones such as /_\ or [ ] and so on. Note that all diagrams
in this article are to be read top to bottom.

Remark 3 (Rotations). Rotating the morphisms, sometimes referred to as the Frobenius reci-
procity, is a feature of rigid monoidal categories, which provides a bijective correspondence
Clk,) = Ck—1,1+1): r

I 2 k-1k I 2 &

T - T .
12 -11 12 11
R NN

Consequently, any representation category is uniquely determined by the collection of spaces
€(0, k), k € Ny since all the morphism spaces €(k, [) can be recovered using rotations.

l
1k
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Note also that the spaces €(0, k) are closed under one-line rotations:

2. Main result

The main question, which we are going to answer in this section is: If G is a compact matrix
quantum group defined by some relations, can we describe its projective version PG in terms of
relations as well?

Definition 4. Consider an arbitrary compact matrix quantum group G < O* (F) and denote by
u its fundamental representation. Then we define its projective version PG to be determined
by the representation v := u® u and coordinate algebra O(PG) c U(G) generated by the entries

ik _ k
U]l u]ul

In the spirit of Tannaka—Krein duality, the questions about algebraic relations can equivalently
be restated to a question about intertwiners. There is actually a straightforward way to describe
the representation category of PG in terms of the representation category of G. Namely, we
obviously have that

Cpalk, )= Mor(v®k, v®l) = Mor(u®2k ®21) ¢ (2k,21)

That is, we are just restricting the set of all objects Ny to the even numbers only. This corresponds
to a well-known general fact that if we take a quotient quantum group, then its representation
category is a full subcategory.

Remark 5. Consider G < O;,. The representation category of PG is, of course, a rigid monoidal *-
category. But in this case, the duality morphism is not T(ﬁ" ) = T% since this is not an intertwiner

of G unless G is a group. We need to use the duality morphism T, % instead.

Consequently, PG is not a quantum subgroup of O;Z, but only PG < O* (F) for a suitable F
(namely the flip map C" ® C" — C" ® C"). In the language of relations, compare the standard or-
thogonality, which is of the form Yk u}c u{c =6ij =2k ukujC with the somewhat twisted orthogo-
nality, which holds here, } ;. ; v} d 0adObc =2k, Uub . d The entries are also not self-adjoint;
instead, we have v]lc]l* = vl] ]i

However, the above observation does not help us regarding our question. It only says the
obvious fact that &' (PG) satisfies exactly all the relations of £'(G) that make sense here. But we
are rather interested in some small set of relations that would imply all the others. That is, we are
looking for some generating set of the category.

Now things become a bit tricky since restricting the set of objects restricts the range of
operations we can do. It can be well illustrated on the example of the rotation operation.

. . 2k . L.
Considering a linear map T € C"*, we can do the rotation operation inside € := (T(ﬁ”), T,

R(T) = (12 o T"*)(iden € T @ idcn) T =

Whereas for ¢ := <T(ﬁ”), T),z2, it is not guaranteed that this category is closed under such a
rotation. Although T, is contained in ¢’, we are not guaranteed that idc» ® T ® idc» is contained
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in the category. This is because C” is not an object in the category anymore, so we do not have
the morphism idcr at our disposal. We only can do the following kind of a rotation

R(T) = (id? o T2 ) (idge T ®id 2 ) T2 =

We essentially have R’ = R?.

To be more concrete, take G = O} The corresponding category is just generated by the duality
morphism T(m”) € Mor(1, u®?) = €5(0,2), so € = (T(m”))n. This is also an intertwiner of PO}:
T(ﬁ”) € Mor(1,v) = Q:POZ (0,1). But does T(ﬁ”) generate the whole QPO;? Does it hold that €pg =
(T(ﬁ”)) 2 =: €2 That is, are we able to construct all elements of €p¢ using the category operations
from T2 This is not obvious and the answer turns out to be ro. Starting with 7" € €'(0,1)
¢pg(0,1) = €5(0,2), we can use the tensor product to obtain T"_ € €'(0,2) € €p;(0,2) = C(0,4).
Now inside €, we can use the “fine” rotation to obtain T(% € €5(0,4) = €p;(0,2), but we will
never be able to do this insider ¢’ = (T(ﬁn)) n2-

Now let us formulate this as a formal mathematical statement. Before we do that, we need to
handle one technical issue. We say that a quantum group G < O* (F) has degree of reflection two
if €5 (k, 1) = {0} for every k + [ odd (see [9, 11] for more details). We will say that a generating set
S of such a category € is admissible if it only contains elements of €;(k, I), where both k and /
are even. Note that any generating set S of a category €, where G has degree of reflection two,
can very easily be made admissible just by rotations (e.g. rotating every generator T € €(k, ) to
Ted,k+10).

Lemma 6. Consider a compact matrix quantum group with degree of reflection two G < O* (F),
F € GL,,. Consider an admissible generating set S of € containing the duality morphism. Denote
¢ :=(S),2. Then &' = Cpg (that is, S is a generating set of €pg) if and only if, for every T € &', we
haveidcn ® T ® idcn € @',

Proof. The left-right implication is obvious: Taking T € Cpg(k,l) = €¢(2k,21), we must have
ider®T ®idcr € Cpglk+1,1+1) = €52k + 2,21 + 2) since g is closed under tensor products
and contains id¢cr € €5 (1,1).

Now, we prove the right-left implication. Denote by T the duality morphism in &g (corre-
sponding to the object 1). Since we assume that T € S, we must in particular have T € €(0,1)
(which does not play the role of the duality morphism in ¢’ since it intertwines the object 0 with
the object 1, not with 2). Now, we can define T— := (id¢r ® T, ® id¢n) T, which can now play
the role of the duality morphism in €. Therefore, €’ is a rigid monoidal *-category. In particu-
lar, we can perform rotations in €’ (but we always have to remember to rotate the whole object
1=C").

Consequently, we can now use the Frobenius reciprocity. This means, that it is enough now
to prove that €/(0, k) = €pg(0, k) = €(0,2k) for every k € Ny. Notice that the spaces €'(0, k) are
closed under the operation R'/?: €'(0, k) — ¢'(0, k) defined by

T

RV2(T) = (id®2* ® T* ) (idcn ® T ® idcn) T, = T )

(ide -)de i 1 2 k-l k

N NN

which somehow mimics the rotation R: €5(0, k) — €(0, k). We claim that this is already enough
to finish the proof. Here is the reason why:

We define the collection of linear spaces €(k, ) by €(0,2k) = €'(0, k), €(0,2k + 1) = {0} and
finally €(k, ) is defined by rotations using T . If we prove that € forms a category, then it must be
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the category generated by S, which is exactly €g, so this will prove the equality €' (0, k) = €(0,2k) =
€5(0,2k) = €pi(0, k). The question whether € forms a category can be characterized purely in
terms of the spaces €(0, k) [9, Proposition 3.11] —namely it has to be closed under tensor products,
contractions, one-line rotations, and reflections (see [9, Definition 3.10] for details). The only
problem here is the rotation since the standard rotation in €’ induces rotation by two objects in
¢. However, the required “finer” rotation by a single object is induced by the “half-rotation” R''/?,
which we introduced above. Consequently, ¢ is indeed a category, which is what we wanted to
show. 0

Theorem 7. Consider a compact matrix quantum group with degree of reflection two G < O* (F),
F € GL,,. Consider an admissible generating set S of € containing the duality morphism. Then the
category Cpg is generated by S' := {T,idcn ® T ®idcn | T € S}.

Proof. Denote by € = (S'),» the category generated by S'. To show that € = €p¢, we will use the
preceding lemma. That is, we need to show that idc» ® T ® idc» € € for every T € €. We prove
this by induction on the number of category operations it is needed to generate T from the
corresponding generators in S'.

Effectively, we need to do the following. Take any T, T € € such that also idc» ® T} ® idcr € €,
j =1,2. Then we need to show that all of the fOHOWiIlg idcn ® Tl ® T2 ® idcn , idcn ®(T2 Tl) ® idcn (lf
T, and T, are composable), and id¢» ® T* ® idcr are contained in €.

The cases of composition and involution are obvious, so let us show it for the case of the tensor
product. So, obviously, we can construct the following element idcr ® T ® idcr ® ider ® o ® iden
(simply using the tensor product in €). To get rid of the identities in the middle, we need to
sandwich this with elements of the form idgﬁkl ®iden ® T ®idcr ® idgsz, where ki, ky € Ny and
T, is the duality morphism of €. Such an element must be in € since the even powers of the
identity are there by definition and we have T € S, so idcn ® T, ® idcn € S’ = €. O

3. Examples

Example 8 (Free orthogonal quantum group). As the first example, take the universal orthog-
onal quantum group O* (F), whose representation category is generated just by the duality mor-
phism Tg“ [1]. Applying Theorem 7, we get that the representation category of PO* (F) is gen-

erated by the set {T(ﬁ’”, T(/”)\}. Equivalently, we can use the generating set {T, (': T™ 3, which

AL
contains the duality morphism T%.

Applying Tannaka-Krein duality, we can translate this result into algebraic relations. To sim-
plify the formulas, take G := O}, the ordinary free orthogonal quantum group. Here, we have
[T(”)]ij = &;j. The free orthogonal quantum group can be deﬁned as Oj,’ = (0(0;),u), where

7 (O+) is the universal algebra generated by the elements u ] =1,..., n that are self-adjoint
and satisfy the orthogonality relation uu’ =1=u'u,i.e. ¥ uk k =0ij=Xk uf.‘uk

Writing down the relations for 2n x 2n matrix v associated to the intertwiners Tg) and T(/")\,
we get a presentation of PO},. Namely, we get that PO}, = (0'(PO;,), v) with

_ évkz vif =8 d‘sbc—zvab Vear
O(PO}) = +-alg| v'¥
/ ’k*zv ZV 5 vig
I 2 VhiVig =0ij

The relation v;’; * = vf]’ is essentially just a definition of the involution on &'(PO}), which

comes (by Theorem 1) from the fact that PG < O* (F'), where F' is given by the new duality mor-
phism [F’ ]kl [T(”) 197K = 5,16 jx. The first relation is the orthogonality relation corresponding
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to the duality morphisms T(”) and T, & (cf. Remark 5). Finally, the third relation corresponds
to the second generator T(/")\
For the general case O* (F), we get PO* (F) € O* (F), where [F’]kl F! Fk and

O(PO* (F)) = *-alg(uj’;

— -1, % _ 1 % ai ]C Jj o ac
v=F""WF,vw*=1=v v,kabk VL= Flvie .

Remark 9. The generating set for €p(+ might not be too surprising for experts. It is known that
PO}, is monoidally equivalent with S;z. The representation category of S*, may be modelled by
non-crossing partitions and then the monoidal equivalence is given by the “fattening” procedure

el — el

It is also known that the category of all partitions is generated by | and (4. Applying the procedure
above, we get the generators ; and ¢y for €pp: .

(While S;Z is the quantum automorphism group of the classical set of n? points [14], the
quantum group PO} is the quantum automorphism group of M, (C) [3]. The fact that all quantum
symmetry groups of so-called finite quantum spaces of a given size are described by the same
representation category is implicitly contained already in [4]. It was formulated as an explicit
statement in [6, Theorem 4.7]. The diagrammatic isomorphism was described in detail in [12,
Section 4].)

Example 10 (Orthogonal group). We can do the same with the orthogonal group O,. Its
representation category is generated by {T(”) T(”)} So, the representation category of PO,, must

be generated by {1, T/, , 73", ") }. The generator T can again be replaced by T and

/=N X
the last one T‘(Q | can actually be omltted as we have
| ]
| X 1= } X

Hence, we can write

‘ é VEL Vi = 8adObe = Z Vi Vecp
O(PO;) = x-alg| vik| ©:
jl ik _ kl _
Vit = Vﬂ,vak va =0ijVha
PO, is of course a group, so the corresponding algebra &'(PO,,) should be commutative. This
is not so obvious looking at the relations only, but it is quite easy to derive using diagrams. Let us
indicate the relation-based proof:
ik ac rk,,ac kr P = ia  kc ai , ck ac ik
Vit Vpa = Z U]bvsl Vsa = Z V]bvls sd = VibVia = Vpjlar = " = VpaVj1-
Since PO, is a group, we can also rewrite this in the standard matrix group notation. If we
define PO,, := {A® A| A€ O}, then Theorem 7 implies that
abped _ _ kl plk
;Bk, Bl =64a0pc = ;B B

ik* _ pki ik ai pi¢ _ &  pac
Bj;" =By B]l’szkBkd_alled

PO,={Be M, (R)

Example 11 (Anticommutative orthogonal quantum group). Applying the anticommutative
twist to the preceding example, we get the same results for the anticommutative orthogonal
quantum group O,,'. Recall from [5, 10] that the representation category of O;! is monoidally
isomorphic to the one of O,,. To be concrete, it is generated by {TW, T >(<”)}, with [T"]*/ = 6;; and

[T(n)] -6i16 k+25z]kl
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Consequently, we can essentially copy all the results from the previous example. In particular,

we have that the category €p,.1 is generated by {7 T(/")\ T>(<") }.

4. Application: PU;} = PO},

In this section, we would like to illustrate how the results can be further applied. We use the
concrete presentation of PO™ (F) by relations to show that it is equal to PU™* (F).
The universal unitary quantum group U* (F) is defined through the following algebra [2]

O(U™(F)) = =-alg(u | uand FiF ™! are unitary).
In particular, choosing F = id, we get the free unitary quantum group U, defined earlier in [13]
OU*(F)) = =-alg(u | uu® =1pup=u*u, du' =1pup = u'n).

For any G < U™*(F), we define its projective version PG to be the quantum group with
fundamental representation v = u® FuF~! and coordinate algebra € (PG) € €(G) generated by
the entries of v. Note that this is consistent with the definition for G < O* (F) since in that case we
have u=FuF~!.

Theorem 12. [t holds that PU* (F) = PO* (F). In particular, PU;} = PO}..

Proof. Since O*(F) € U*(F) (by which we mean that &(O*(F)) is a quotient of &'(U™(F))),
it is obvious that PO*(F) € PU*(F). On the other hand, it is straightforward to check that
PU™ (F) satisfies the relations that we derived for PO™ (F), which proves the opposite inclusion
PU*(F) < PO*(P).
Let us do it here explicitly for the case PU;' = PO},. The relations of PO} were explicitly derived
in Example 8. Denoting by v = u ® u the fundamental representation of U;’, we indeed have
ik k ki

— (/0 Hy K _
Vil —(ujul ) —ulu] =v
vv*:(uu*@ﬁut)zlz(u uou'n)=v*y,
Zka kd Z”b ud =0ijVpq O

Remark 13. There is actually also an alternative proof for this statement. In [2, Théoréme 1 (iv)],
it was proven that U*(F) is a free complexification of O*(F), denoted sometimes as U™* (F) =
O* (F) % Z (see also [9]). This means that G(U™ (F)) < (0" (F)) * CZ such that u; = w;'.z, where w
is the fundamental representation of O* (F) and z is the generator of CZ. Consequently, it is easy

to see that v;’l“ =wizz*wk* = wi wk*, so it equals to the fundamental representation of PO* (F).
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