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Abstract

We present an existence theorem of a two-dimensional sedimentation model coupling a shallow-water system with a sediment
transport equation. A finite dimensional problem is solved using a Brouwer fix point theorem. We prove that the limits of the
resulting solution sequences satisfy the model equations. To cite this article: B. Toumbou et al., C. R. Acad. Sci. Paris, Ser. I 344
(2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Un théoréme d’existence pour un modele couplé 2D de Saint-Venant et de sédimentation. Nous présentons un théoréme
d’existence d’un modele bidimensionnel de sédimentation composé d’un systeéme de Saint-Venant et d’une équation de transport de
sédiment. Nous résolvons un probléme de dimension finie utilisant un théoréme de point fixe de Brouwer. Nous montrons que les
limites des suites de solutions de ce probleme de dimension finie satisfont les équations du modele. Pour citer cet article : B. Toum-
bou et al., C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

A number of theoretical results have been obtained for shallow water models. Indeed, in [5] an existence theorem
for a shallow-water model including a rotational term is obtained. In [1] the existence of global weak solutions of
a viscous shallow-water model with friction term is demonstrated. In [2], the sediment transport part is explored
numerically and a discontinuous Galerkin method is developed. Numerical methods for coupled problems are also
developed in [4,3].

However, the coupling between shallow-water and sediment transport models is a research area where there is a
lack of theoretical results. In this study, we couple a shallow-water model with a sediment transport equation. The
shallow-water part is obtained in (1)—(4) by integrating the 3D Navier—Stokes equations over the fluid layer by taking
into account the bed evolution,
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Fig. 1. The model under study.
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where A (X, t) is the height of the water column, H (X, ¢) is the evolution of the bottom and £ (x, t) is the thickness of
the sediment layer, as shown in Fig. 1 with n = h — H. The flow velocity is u = (u, v), f is the external resulting
force, v is the viscosity coefficient, g is the gravitational acceleration and 7' > 0 is a real number.

For the sediment transport equation we have the following general model given in [2]

&+ V- (A" 'u)=0 in Q. )

In [2], Eq. (5) is solved numerically without theoretical analysis for » = 1 and A constant (height). Here, we choose
n =1 and A = h(x,t). However, assuming that n < H and Vi <« VH, we replace h = H + n by H and then
A = H(x,t). Such assumptions are largely used to model lakes and oceans and they are chosen here for the sake of
simplicity and for subsequent applications in Guiers Lake (Senegal). Since £ + H is constant in time (and in space),
then & = — H; and Eq. (5) leads to

—H,+V-(Huy=0 inQ, with HO)=H, in £. (©)

We take ug € (Hy (£2))?, (ho, Ho) € (L' ($2))%, ho >0, Hy > 0 and f € L*(0, T; (H™'(2))*).
The Note is organized as follows. In Section 2 we give some preliminary estimations. In Section 3 we state and
prove the existence theorem for the coupled model (1)—(6).

2. Preliminary estimations

Let V = (HOl (£2))? and denote by (-,-) the scalar product of L2(£2) or (L%(£2))% and | - || its associated
norm. Further, (-, -)_1,1 denotes the duality product between (H’l(.Q))2 and (HO1 (.Q))z. Let {vi,...,v,,...} be
an Hilbertian basis of V, v, € (H™(2)2, m >3 and V, = span{vi, ..., v,}. Then for u,(t) € V,, we have
u,(t) = ;. ,ai(t)v; and from (1)=(6) we obtain the following finite dimensional problem

hn,t+v'(hnun)=O in Qv (7)
u,, + ;- Vyu, +gVh, — H,) —vAu, = f in Q, (8)
Hyy =V - (Hyu,) =0 in Q, ©

u, =0 ind2x]10,T[, h,t=0)=hy0=>0, H,(t=0=H,02>0, u,t=0))=u,p in2. (10)
Multiplying (8) by v € V}, leads to the following variational problem
(un,t,v)‘i‘((un 'V)Un,V)-i-(gV(hn—Hn),V)—V(V'(Vun),V)=(f,V), VveVv,. (11)

Replacing v by u,(¢) in (11) and using (7) and (9) we obtain
u,,u,) + 0 , D)+ o , D) +vu
2 lt n n g lt n g n n g lt n g n n niy

I Ao, Co :
< S 11y + 5 0l + 5 lua s uall. V> 0, with € =3(Cy + Co). (12)
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The constants C1, C2 and A verify the Young and Gagliardo—Nirenberg inequalities
2 2
lluyn ||L4(.Q) < Cillup ”Hol (£2) llun I; llvn ”L4(.Q) < Callvy ”HOI(Q) lvnll;

1 2 A 2
I -1 llunlly < ﬁ”f”H—l(Q)z + Ellunllv-
Setting D = 2v — A and integrating (12) between 0 and ¢ € ]0, T'[, we obtain

t

||un(t)||2+2g/h,,(t)loghn(t)dx+2g/Hn(z)loan(t)dx+f(D—c||un(s)||)||un(s)||zvds
2 2 0

t

1 2

<3 f | £ i1 g2y 95 + I 0l” +2¢ f hn010g 1 0 dX + 2g / Hy 0log Hy o dx. (13)
0 2 2

3. Existence theorem

Theorem 3.1. Let ug € V, (hg, Hp) € (LI(SZ))Z, ho >0, Hy >0, and f verify
2

ook (14)

1 4g
I W20,y 001 + 28 / hologho dx + 2g / Holog Hodx + — meas(£2) <
2 2

then there existsu € L2(0, T, V)N L>®(0, T; (L?(§2))%), h € L°°(0, T; L'(2)) and H € L>®(0, T; L' (2)) verifying
(1)—(6) where meas(£2) denotes the measure of §2.

The proof of this theorem is given at the end of this section, after Lemmas 3.2, 3.3 and 3.4 are established. Small
enough data are necessary to have D — C||uy |00 (0,7:(12(22))2) > 0. This inequality is obtained by using (14) and the
continuity of u, on [0, T'], and leads to

”un () ”2 +2g [(hn () log hy (£) — hy,0log hn,O) dx +2g [(Hrz (¢t)log Hy (¢) — Hy o log Hn,O) dx
2 2

t
1 2
< 1520z @ + 000l = (D = Clunll i o,7:0222) / lua ()]}, ds. (15)
0

We now introduce the following lemmas in order to demonstrate Theorem 3.1.

Lemma 3.2. Let vy, h;,, and H, be three sequences such that

Bug+ V- (Wahy) =0,  hy — hin L*(0, T; L' ($2)) weakly, hpo— ho in L'(£2), (16)
Hy—V-(,H,) =0, H,— HinL*0,T;L"(£2)) weakly, H,o0— Hy inL'(£2), a7
w, € L2(0,T; (H"(2))°), m=3, hyeL®(0,T;L'(R)), wu,h, € L*(0,T; (L' (2))°), (18)
u, > u in L*0,T; V) weakly, u,0—>uy inV, (19)
/h,,@dxdt—)/h@dxdt, /Hnedxdt—>/H9dxdt Vo e L'(0,T; L®(£2)), (20)
0 0 0 0

then we have

u,h, > uh in (LI(Q))2 weakly, u,H, > uH in (LI(Q))2 weakly. 21
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Lemma 3.3. Let (u,, hy,, H,) be solution of (11) such that h, — h in L20,T; LY(£2)) weakly, H, — H in
L20,T; LY(£2)) weakly. Then u, verifies (13) and we can extract from v, a subsequence, denoted also by u,,, such
that

u, —>u in L2(0, T;V) weakly, (22)
u, —>u in L°°(O, T: (LZ(Q))Z) weak star, (23)
W, - Vyu, — (u-Vyu in L*3(0,T; (LY3(2))) weakly, 24)
u, ; is bounded in L4/3 (O, T; (H_3(.Q))2), (25)

and the limit u of u,, verifies

1
5@ v) + (- V)u,v) —gh, V-v) +g(H,V-v) +v(Vu, V¥) = (£, v)_11 Yve (H3 (@) nV. (26)

Lemma 34. Ifu,pc V, N (H™(£2))%, m 2 3, (hn,0, Hn0) € (CY(£2))2, then (7)~(10) has a solution (w,, hy,, H,) €
L2(0, T; V) N L0, T; (L2(2)%) x (C1(Q))%.

Proof of Lemma 3.4. We use the Brouwer fixed point theorem. Indeed, we replace u,, in (7), (9) and (10) by a fix
we L%(0,T; V,) and (7) and (9), with their respective initial conditions, are solved using the Galerkin method which
leads to the solutions k and [, respectively. Then, we replace h, and H, by k and [ in (8), respectively, and we solve
the resulting problem to obtain u,,. We verify that the application

B’'(0,R) C L*(0,T;V,)— B'(0,R) C L%(0, T; V)
.
W U,

meets the Brouwer fix point theorem conditions, where B’ (0, R) is the closed ball of radius R. Indeed, we use the weak
topology of L2(0, T; V,,) in which B’(0, R) is compact. Finally, we show that the application 7 is continuous. [

Positiveness of hy. Since u, € C°([0, T]; (C!(£2))?) then, from (7), we prove that /,, > 0. The proof of H, > 0 is
done in the same way by using (9).

Proof of Theorem 3.1. Relations (21) and (26) give (1), (6) and (2), respectively. To end the proof we need to
show that (u, i, H) verifies (3), (4) and (6). Using (1) and (21) we obtain h; = —V - (uh) € L2(0, T; W—11()),
then h € Wh2(0, T; W="1(£2)). Since the embedding W'7(0,T) c C([0,T]) is compact if 1 < p < 0o, and
thanks to (16), we have h(t = 0) = ho. By using (2) we have u, € L*3(0, T; (H73(£2))?) and then (22) gives
ue Wh430, T; (H3(£2))?). This implies that u is continuous in [0, 7] and thanks to (19), we have u(r =0) = ugy
andu=0in02x]0,T[. O
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