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Abstract

We consider a class of M-estimators indexed by the criterion function ¥ which belongs to a class of functions F. Then, we
obtain a process indexed by the class F. The convergence in probability of these processes is studied uniformly on F when the
parameter to be estimated is the same for all functions . We also establish their weak convergence towards a Gaussian process.
We illustrate these results on a location estimation example. 7o cite this article: F. Chebana, C. R. Acad. Sci. Paris, Ser. I 344
(2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

M -processus et applications. Nous considérons une classe de M-estimateurs en faisant varier la fonction critere ¥ dans une
classe de fonctions F. Nous obtenons ainsi un processus indexé par cette classe F. Dans le cas ol le paramétre a estimer est le
méme pour toutes les fonctions v, nous étudions la convergence en probabilité de ce processus uniformément sur la classe 7. Nous
établissons également sa convergence faible vers un processus gaussien. Nous illustrons ces résultats sur un exemple d’estimation
de parametre de position. Pour citer cet article : F. Chebana, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit X1, ..., X, une suite de variables aléatoires (v.a.) indépendantes et identiquement distribuées (i.i.d.) de loi P
dépendant d’un parametre inconnu 6 € ® C R avec 6y comme vraie valeur. Soient ¢ et ¥ : R x ® — R deux fonctions
connues. Notons par Pf := [ f(x)dP(x) et P, f := % Yol f(X)).

Rappelons qu’un M -estimateur de 6y est I’argument, s’il existe, du maximum de la fonction

0P (-, 0)
de méme un Z-estimateur én de 6 est la solution, en 0, de 1’équation
P (-,6) = 0.

Lorsque la fonction ¢ définissant le M -estimateur est dérivable, le M-estimateur et le Z-estimateur coincident. Dans
la suite les deux types d’estimateurs seront confondus et appelés M -estimateurs, sauf indication contraire.
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Le M-estimateur ainsi obtenu dépend de la fonction ¥ ; on le note alors én,¢~ En faisant varier la fonction ¥ dans
une classe F on obtient une classe d’estimateurs indexés par ¥ ; on la note {én,w; Y e F}, ol éw est un M -estimateur
de 6 associé a la fonction . La classe {é,“/,; Y € F} de M-estimateurs est appelée M -processus.

Pour une fonction y fixée, les propriétés asymptotiques de én,w telles la convergence en probabilité, presque siire
et la convergence faible ont été étudiées ; voir par exemple Serfling [4] et les publications recentes de van de Geer [6]
et [5].

Plusieurs auteurs ont étudié la question du choix d’une meilleure fonction ¥ selon des procédures et criteres
différents. Entre autres, Huber [2] utilise la procédure minimax sur la variance limite afin d’obtenir un estimateur
robuste. On trouve un résultat récent de Fraiman et al. [1] qui optimisent une fonction reliant a la fois la variance et le
biais asymptotiques des estimateurs.

Dans le cas ou 6 est solution commune de 6 — P/ (-, 0) = 0 pour toutes les fonctions i dans une classe F, on
considere le M -processus centré

{On.y — O0; ¥ € F).

A titre d’exemple, cela peut étre obtenu si la distribution de 1’échantillon est symmétrique autour de 6 et les fonctions
Y sont anti-symétriques.

L’ objectif de cette Note est de fournir un outil permettant de construire des estimateurs de 6, par application des
fonctionnelles sur le M-processus, en utilisant la contribution de toute la classe F. Les propriétés asymptotiques de
ces nouveaux estimateurs peuvent étre obtenues par la convergence en probabilité uniformément sur la classe F ainsi
que la convergence faible des processus {én,,/, —6p; ¥ € F}.

1. Introduction

Let X1, ..., X, be a sequence of independent identically distributed (iid.) random variables (r.v.) with distribution
P which depends on an unknown parameter 6 € ® C R with true value 6. Let ¢ and ¢ : R x ® — R be two known
functions. In the following we use the empirical processus notation Pf = f f(x)dP(x) and P, f = rll S f(X)).

Recall that én is a M -estimator of 6 if it maximizes the function

0 Ppop(-,0), (1)
and is a Z-estimator if it is solution, in 8, of the equation

Py (-,60) =0. )

Often the maximizing value is sought by setting a derivative equal to zero. Hence, when the function ¢ which
defines the M-estimator is differentiable then the M-estimator and Z-estimator coincide. In the following the two
type of estimators will be called M -estimator.

The estimator én deduced from P,y (-, 8) = 0 depends on the function 1; we denote it by én,w . Varying the function
Y over a class of functions F we obtain a class of estimators indexed by y; we denote this class by {é,m/,; v e F},
and then we call M -process this collection of M -estimators (similarly {én,q;; ¢ € M} for a class M of functions).

For fixed function v, the asymptotic properties of the estimator GA,,J/, such as the convergence in probability, al-
most sure convergence and weak convergence have been already studied; see for example Serfling [4] and the recent
publications by van de Geer [5] and [6].

Many authors studied the problem of choosing the best function i according to different procedures and criterions.
Among others, Huber [2] uses a minimax procedure in order to get a robust estimator. Recently, Fraiman et al. [1]
optimized a function which links the asymptotic variance and the bias of the estimators.

In the case where 6y is a common solution of Py (-,0) = 0 for all functions ¥ in a class F, we consider the
centered M -process

{On.y — 605 ¥ € F). 3)

This holds, for instance, when the sample has a symmetric distribution around 6y and when ¥ is anti-symmetric (see
Example 2.4 below for details).
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Our goal is to provide a tool to construct estimators of 8y, by applying real valued functionals on the M -process,
using the contribution of the whole class F. Asymptotic properties of these new estimators can be obtained by es-
tablishing the uniform convergence in probability on the class F as well as the weak convergence of the M-process
(Ony — 00 ¥ € F).

2. Results

Before stating our results, we introduce some notation. Denote by 1/}(x, 0) = %w(x, 0) and 12}(x, 0) =
a%xp(x, 0). Set Fy, the class of functions ¥ (x, 6) that belongs to F when 6 = 6y, i.e. Fg, :={¢¥ (-, 60): ¥ (-,-) € F}.

2.1. Uniform convergence in probability

The following result allows us to get the consistency of the estimators obtained via continuous functionals on the
M -process. It concerns with M -estimators as defined in (1) when the function ¢ is taken in a class M.

Theorem 2.1. Assume that for all € > 0

¢len/\/l(9: \elileo\x ¢ (. %) é(, 0) > “
and
P
sup sup [P (-, 6) — P (-, 6)] — 0. 5)
peMbeO

Then, we have

A P
sup |9,1’¢ — 6| — 0. (6)
peM

A similar result for the M-estimators defined as a zero of (2) is given in the following theorem. Its proof can be
done using the same arguments as for Theorem 2.1 with the appropriate definition of the estimator.

Theorem 2.2. Assume that for all € > 0

inf inf Py(, 0 0, 7
1/}2.7:0: |91£190|>e| v ( )| = @)
and
P
sup sup|P, ¥ (-, ) — Py (-, 0)] — 0. (8)
YeF0e®

Then, we have

sup [Ap.y — b0 —> 0. 9)
veF

In Theorem 2.2, when the parameter 6 is a vector, the absolute value can be replaced by a norm.
2.2. Weak convergence

In this part we formulate the weak convergence of M-processes result. Various proofs have been proposed to
establish weak convergence of M-estimators (see e.g. van der Vaart [7] and van de Geer [6]). The weak convergence
of the processes {énﬂ/, —6p; Y € F} uses the so-called classical hypotheses and the empirical process theory which is
much involved in the study of the asymptotic properties of M -estimators (see van der Vaart [7], Section 5.6).
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Hypotheses.

(A1) For any function ¢ belonging to JF, assume that Pl/f2(~,9()) < 00, where 6y is a common solution of
Py (-,60) =0 independently on .
(A2) For all x, the function 6 — ¥ (x, 6) is twice continuously differentiable. Moreover:
(i) Py (-,00) < oo and Py (-, 0p) # 0.
(ii) There exists a P-integrable function G such that |12}(~, 0)| < G(-) for any function ¥ (-,6) in F and 0 in a
neighborhood of 6.

(A3) supy, ez [0n.y — b0l =o0p(1).
(B1) The class Fy, is P-Donsker. ) )
(B2) The class Fy, is P-Glivenko—Cantelli, where Fg, := {y/ (-, 60): ¥ (-, ) € F}.

Theorem 2.3. Under the hypotheses (A1)—-(A3) and B1, B2, we have

{«/ﬁ(én,¢—90);llf€]’}£> {Cr(y); ¥ e F (10)
where G p is a centered Gaussian process with covariance operator
Py, 00)v;(, 6o)

Py 60) P, 60)
Jor ¥ (-, 00) and (-, 6p) in Fo,.

o(i, )

(1)

2.3. Comments on the hypotheses

In the case of single function 1, the condition (7) represents an identifiability condition of the model or equivalently
a condition on the separability of the solution (the estimator). In the present case this condition becomes uniform on
the class F. The hypothesis (8) turns out to assume that the class F is P-Glivenko—Cantelli.

The hypotheses (B1) and (B2) are also considered by Murphy and van der Vaart [3] (Theorem 3.1). Furthermore,
since the classes F and F are linked by a linear transformation, the following corollary gives the relationship between
(B1) and (B2), to this end we define the following hypothesis:

(B’2) The class fgo is P-Donsker.

Corollary 2.4. (i) Suppose that there exists a positive constant K such that
|9/1(x, 60) — W2 (x, 60) | < K[ Y1 (x, 60) — Y2 (x, 60) |

forall x and any Sunctions Y1 (-, 8p) and Y2 (-, 6p) in Fg,. Assume furthermore that there exists a function y(-, 6p) in
Fo, such that Yo (-, 6p) is square integrable. Then the hypothesis (B1) implies the hypothesis (B2).
(ii) If there exists a positive constant L such that

|1 (x, 80) — Wa(x, 60)| < |1 (x, 80) — ¥a(x, 6o)|

for all x and any functions V1 (-,60) and V2(-, 60) in Fy,, then the hypothesis (B'2) implies both hypotheses (B1)
and (B2).

Remark. To obtain the weak convergence of the M-process, it is possible to assume only differentiability of Py (-, 8)
together with the Lipschitzian property of the functions (-, 8) rather than differentiability of ¥ (-, ) (see for instance
Theorem 5.21 in van der Vaart [7, p. 52]). Since the distribution P is unknown, we prefer to keep the differentiability
on ¥ (-, 0) for a statistical point of view.

2.4. Example

The main object of this example is: first to show that all the assumptions of our results can be checked, second, to
illustrate how to use the results in order to construct estimators and get their asymptotic properties.
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Let Xy, ..., X, be a sample from a distribution P which depends on a parameter . Assume that this distribution
is symmetric around 6 i.e. P(X > x + 6p) = P(X < 6p — x) for all x. Let ¢ be a regularized Huber’s function given
by (see Fig. 1)

N |ue], if [u] < 0.8,
¥ (u) = sign(u) { pa(ful), if0.8 <u| <1,
pa(l), if fuf > 1,

where p4(u) = 38.4 — 175.0u + 300.0u? — 225.0u> 4 62.5u* (see Fraiman et al. [1]). It is clear that the function ¥ is
twice differentiable. Now, we define the class F = {y (u, 0, 1) = ¥/ ( #); t € I}, where I C R% is a compact subset.
Thus, we obtain the M -process {é,,,, — 6p; t € 1}, which is of the form (3).

The hypotheses of Theorems 2.2 and 2.3 are fulfilled. Consequently, the process {é,” — 6p; t € I} converges
uniformly in probability to zero and converges weakly towards a centered Gaussian process with covariance oper-
ator given by o (s, ) = st Py (-, 00, $)¥ (-, 00, 1)/ (PY' (-, 00, $)L(gy—s.60+5) PV (-, 60, 1) L(gy—t.60+1)), Where ' is the
derivative of ¥ w.r.t. x and én,, is such that % Y (X, é,,,,, 1) =0.

Note that the parameter to be estimated is the same for all ¢, because of the distribution symmetry and the v/
anti-symmetry.

We propose the following ‘fitted’ or ‘weighted’ mean estimator of 6y: 6, = ﬁ / 7 én ¢ dv(t), for a nonnegative and
finite measure v on the real line. Here we have taken, as a functional acting on the M -process, the linear transformation
for its simplicity (we can define similar estimators by taking any regular functional e.g. supremum or infimum).

This estimator can be adjusted to be near the median (very robust) or near the mean (not robust) estimators, or an
intermediate estimator between them by appropriate choices of the measure v.

. A . . . . . . N D
It is clear that 6, is a consistent estimator of 6, and it converges weakly to a normal distribution, i.e. ,/n (8, —6p) —
N(0, t2), where 72 := m f 7 f ;0 (s,1)dv(s)dv(z). Since o is a non-negative definite matrix, the limiting variance

2 is non-negative for any v.

Probability measures are particular choices of the weight v. The following illustration gives the limiting variance
72 when the density f is uniform on the range [—1, 1]. To avoid singularities on the boundary of the interval I, we
take I =[0.03, 0.97]. The weight measure v is taken to be a probability with density Beta which is given for positive
constants a and b by B(x,a, b) = %, 0 < x < 1; where B(a, b) is the Beta function.

The choice of the Beta distribution is due to its particular shape, since it has some forms ranging from graphics like
| to [ following the values of its parameters a and b. For example to give an important weight to the mean we take
small a and big b; similar for the median we take small a, very small b, big a and small b; and for less importance
to both median and mean but more importance to the estimators between them it is possible with big values of both a
and b.

Limit variance, Beta weights
T T

08l [/
0.6 F’

04/
02

Limiting variance 'S

a: first Beta weight function parameter B(.,a,b)

Fig. 1. Some functions v (x, 0, ) in the class F. Fig. 2. Limit variance, Beta weights.
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In Fig. 2, we can see that the limiting variances are small (of order 10~3) and the smallest variance corresponds to
small value of a and any value of b, or to the tail values of b (b = 0.1, 5 and 10) for all values of a.
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