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Abstract

We study the nonlinear Dirichlet problem — div(log(1+ |Vu|9)|Vu|P~2Vu) = —Alu|?2u+|u)" ~2u in £2, u = 0 on 352, where
£2 is a bounded domain in RV with smooth boundary, while p, g and r are real numbers satisfying p, g > 1, p + g < min{N, r},
r < (Np— N + p)/(N — p). The main result of this Note establishes that for any A > 0 this boundary value problem has infi-
nitely many solutions in the Orlicz—Sobolev space W(}an(.Q), where @ (t) = fé log(1 + |s]9) - |s|P ~25ds. To cite this article:
M. Mihadailescu, V. Radulescu, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Problemes aux limites non homogénes dans les espaces d’Orlicz-Sobolev. On étudie le probleme de Dirichlet non linéaire
—div(log(l + |Vu|D)|VulP~2Vu) = —Alu|P2u + |u|"~2u dans 2, u = 0 sur 352, ot £2 est un domaine borné, régulier et p,
g, r sont des nombres réels tels que p,g > 1, p +¢g <min{N,r}, r < (Np — N + p)/(N — p). Le résultat principal de cette
Note montre que pour tout A > 0 ce probleme admet une infinité de solutions dans I’espace d’Orlicz—Sobolev W(%LCD(Q), ol
D(t) = fé log(1 + |s]9) - |s|p_25 ds. Pour citer cet article : M. Mihdilescu, V. Radulescu, C. R. Acad. Sci. Paris, Ser. I 344
(2007).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit 2 ¢ RY (N > 3) un domaine borné et régulier. On considére le probléme non linéaire

{ —div(log(1 4 |Vu|?)|Vu|P~2Vu) = —A|u|P~2u + |u|"~%u, pourx € £2,

)]
u=0, pour x € 952.
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Soit @ (1) := fé log(1 + |s]9) - |s|”_2s ds. On définit la classe d’Orlicz par K¢ (£2) := {u: 2 — R; u mésurable
et fQ D (lu(x)|) dx < oo} et soit L (§2) I’espace linéaire engendré par K¢ (§2). L'espace d’Orlicz L (£2) muni avec
I’une des normes équivalentes

lulle := inf{k > 0; /CD <M> dx < l} (norme de Luxemburg)

k
lull(@) := sup{‘/uvdx
2

devient un espace de Banach, ot @ est la conjugée de Young de &.
Soit WLy (£2) I’espace d’Orlicz—Sobolev défini par

ou

; ve Kg(£2), /@(|v|)dx< 1} (norme d’Orlicz)
Q

3
W' Le(R2) = {ueLq)(.Q); 8—” €Lo(R), i= 1,...,N}.

Xi

Cet espace, muni avec la norme |lul|1,¢ := ||u|le + [||Vul|llo est un espace de Banach. On désigne par Woqu)(.Q)
I’adhérence de Cgo(.Q) dans WL (£2) (voir [1,6,12] pour plus de détails).
Le résultat principal de cette Note est le suivant :

Théoreme 0.1. On suppose que p, q et r sont des nombres réels tels que p, q > 1, p + g < min{N, r},
r<(Np— N+ p)/(N — p). Alors le probleme (1) admet une infinité de solutions dans I’espace W(} Lo (82).

Dans la démonstration du Théoréme 0.1 on utilise une variante symmetrique du Lemme du Col (voir Rabinowitz
[11, Theorem 9.12]). Des résultats d’existence dans 1’étude des problemes elliptiques dans les espaces d’Orlicz—
Sobolev ont été établis dans les travaux récents [4,5,7-9].

1. The main result

Let 2 Cc RV (N = 3) be a bounded domain with smooth boundary. We assume that p, ¢ and r are real numbers
satisfying
p.g>1, p+qg<min{N,r}, r<(Np—N+p)/(N—Dp). )
Consider the nonlinear Dirichlet problem
—div(log(1 + |Vu|!)|Vu|P~2Vu) = —A|u|P~2u + |u|"~%u, forx e 2,
{u:O, forx € 082.

Problems of this type appear in image restoration or in the study of electrorheological (smart) fluids (see RuZicka [13]).
Set @ (1) := fé log(1 + |s]9) - |s|P~2s ds. The Orlicz space L (£2) associated to @ is the Banach space of those
measurable functions u : £2 — R for which the Luxemburg norm

lullo ::inf{k > 0; /cb(%)dx < 1}
2

is finite. The Orlicz—Sobolev space W(} L (£2) built upon L4 (§2) is the space of those weakly differentiable functions
in §2 satisfying || |Vul || = |lu]| WLy (2) < O° and decaying to 0 on d§2, in the sense that the continuation of u# out-

3)

side §2 is a weakly differentiable function in RV and |{x € £2; |u(x)| > t}| < oo for every ¢ > O (see e.g. Adams [1],
Cianchi [3], Donaldson and Trudinger [6], and Rao and Ren [12] for more details on the theory of Orlicz—Sobolev
spaces).

In this Note, we establish the following multiplicity result:

Theorem 1.1. Assume that condition (2) is fulfilled. Then problem (3) has infinitely many solutions in the Orlicz—
Sobolev space W(} Lo (£2), for any A > 0.
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We point out that problem (3) has been studied by Ambrosetti and Rabinowitz in their pioneering paper [2] in the
particular case

{ —Au=—hu—+ul""2u, forxes2,
u=0, forx € 052,
where 2 <r < 2* =2N /(N — 2). They have showed that problem (4) has at least a solution in the classical Sobolev
space HO1 (£2), for any A > 0. The main feature of this paper is that our main result establishes the existence of infinitely
many solutions for a related boundary value problem which involves a nonhomogeneous differential operator in the
class of Orlicz—Sobolev spaces.

Define the Orlicz—Sobolev conjugate @, of ® by &, (1) := fot @1 (5)s~V+D/N gg. A straightforward computa-
tion shows that since condition (2) is satisfied then

“)

1 t
o P! el Np—-N
lim N+(]S) ds <o0; lim N+(]s) ds = o0; im I =0, Vk>0,Vye |:1, u)
=0 s t—00 P t—o00 @, (kt) N-p

t 1

Remark 1. The above relations enable us to apply Theorem 2.2 in [7] (see also [1] or [6]) in order to obtain that
WOILq)(.Q) is compactly embedded in LYT(2) provided that 1 <y < (Np — N + p)/(N — p).

An important role in our analysis will be played by

po':su 1 ()
' t>0 d)(t).

Remark 2. By Example 2 on p. 243 in [5] it follows that
P’=p+aq.
2. Proof of Theorem 1.1

Let E denote the Orlicz—Sobolev space W&L@(.Q). Fix arbitrarily A > 0. The energy functional associated to
problem (3) is J; : E — R defined by

A 1
Jy () :=/¢(|Vu|)dx~|——/|u|pdx——/|u|rdx.
p r
2 2

2
Then J;, € C'(E,R) and

<Jk’(u),v>=/log(l+|Vu|‘1)|Vu|1’_2Vqudx+)L/|u|1’_2uvdx—/|u|r_2uvdx
2

2 2

for all u, v € E. Thus, the weak solutions of (3) coincide with the critical points of J;.
Lemma 2.1. There exist n > 0 and « > 0 such that J, (u) > « > 0 for any u € E with ||u| = n.

Proof. In order to prove Lemma 2.1 we first remember that (see, e.g., [4, p. 44])

o) =" ®(t/r), Vi>0andt e (0,1]. 5)
On the other hand, by Proposition 6, p. 77 in [12] we have

/¢(|Vu|)dx>||u||f’0, Vu € E with Ju|| < 1. 6)

Q

Since E is continuously embedded in L (§2), there exists a positive constant C; such that

/|u|rdx<cl-||u||f, Vu e E. ™
22
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Using relations (6) and (7) we deduce that for all u € E with ||u]| < 1 we have

1 o Cp C _ 0 0

Jn(u) >/¢(|Vu|)dx - ;/Iulrdx 2 ull” — TIIMIIr = <1 - llull”=7 )Ilull” .
Q Q

However, by Remark 2 and the hypotheses of Theorem 1.1, we have p® = p 4+ g < r. We conclude that Lemma 2.1

holds true. O

Lemma 2.2. Assume that E is a finite dimensional subspace of E. Then the set S = {u € E1; J,(u) = 0} is bounded.

Proof. A straightforward computation shows that

D(ot
(1) gal’o, Vt>0ando > 1. (8)
(1)

Then, for all u € E with ||u|| > 1, relation (8) implies

/¢(|Vu(x>|)dx = / ¢(||u|| 'V”(x)'>dx <l / ¢<'V”(x)') dx < full”'. ©)
2 2 2

lluell [[ull

On the other hand, since E is continuously embedded in L”(£2), it follows that there exists a positive constant C;
such that

/lulpdeCzllqu, YuecE. (10)
2

Relations (9) and (10) yield

A 1
) < Nlull?” + ZColu)? — —/Iulrdx, Vu € E with |lufl > 1. 1)
P r
2

We point out that the functional |- |, : E — R defined by |u|, = (fQ lu|" dx)!/" is anorm in E. In the finite dimensional
subspace E| the norms |- |, and || - || are equivalent, so there exists a positive constant C3 = C3(E1) such that
llull < C3 - |ul,, forall u € Ey. So, by (11),

0 A » 1 _1 - .
Ji(u) < Jlul] +;Czllu|| —;C3 flull”, Vue Ey with [|u > 1.
Hence

A 1
lull?’ + ;c2||u||1’ - ;c;1||u||r >0, YueSwith|ul| > 1. (12)

Since, by Remark 2 and the hypotheses of Theorem 1.1 we have r > p® > p, the above relation implies that § is
boundedin E. O

Lemma 2.3. Assume that {u,} C E is a sequence which satisfies the properties
|[Ji(un)| < M, (13)
Ji(un)—>0 asn— oo, (14)

where M is a positive constant. Then {u,} possesses a convergent subsequence.

Proof. First, we show that {u,} is bounded in E. Assume by contradiction the contrary. Then, passing eventually
to a subsequence, still denoted by {u,}, we may assume that ||u,| — oo as n — oo. Thus, we may consider that
|l || > 1 for any integer n. By (14) we deduce that there exists a positive integer Ny such that for any n > N| we have
[|J{ ()|l < 1. On the other hand, for any n > N fixed, the application E 3 v — (J; (u,), v) is linear and continuous.
It follows that

(5 ), v)| < || @) |[Ivll < vl Yve E, n> Ny.
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Setting v = u,, we have

—||un||</log(1+|Vun|‘f)|wn|de+A/|un|de—f|un|’dx<||un||, Vi > N
2 2
‘We obtain
—||un||—/log(l+|wn|Q)|wn|"dx—A/|un|de<—/|un|’dx, Vit > Ni.
2

If ||u, || > 1, then relation (15) implies

A 1 .
Jx(un)=/¢(|VMn|)dX+;/Iunlpdx—;/Iunl dx
2 2 2

1 1 1 1
>/¢(|wn|)dx+x<——;)/mnwdx—;/log(1+|wn|‘f)|wn|f’dx—;nunn
2 P 2 2
f@ V| dx——/¢ |Vun)|wn|dx+x(———)f|un|pdx——||unu
2

Using the definition of p® we find

/¢(|w,,|)dx— %/¢(|Vu,,|)|Vu,,|dx > (1 — pTO)/qb(|w,,|)dx.

2

Using the above relations we deduce that for any n > N such that ||u,| > 1 we have

0
1
> (1 - p—)/q§(|wn|)dx — lunll.
r r
2

Since @ (t) < (t¢p(t))/p for all + € R we deduce by Lemma C.9 in [5] that

/¢(|Vun|)dx > unll?,  VYn > Ny with |Jug| > 1.
2
Relations (16) and (17) imply

0
1
M > (1 - p7>||un||P — ~luall, Vr >N with [[u, || > 1.

19

15)

(16)

A7)

Since pO < r, letting n — oo we obtain a contradiction. It follows that {u, } is bounded in E. Thus, there exists ug € E
such that, up to a subsequence, {u,} converges weakly to up in E. Since E is compactly embedded in L?(£2) and
L"(£2) it follows that {u,} converges strongly to ug in L?(£2) and L"(£2). Combining the above consideration with
similar arguments as in the end of the proof of Lemma 4.1 in [4, pp. 49-50], we conclude that, in fact, u,, converges

strongly to u¢ in E. The proof of Lemma 2.3 is complete. O

Proof of Theorem 1.1 completed. It is clear that the functional J, is even and verifies J,(0) = 0. On the other
hand, Lemmas 2.1, 2.2 and 2.3 show that the hypotheses of the Symmetric Mountain Pass Lemma (see Theorem 9.12
in Rabinowitz [11]) are satisfied. We conclude that Eq. (3) has infinitely many weak solutions in E. The proof of

Theorem 1.1 is complete. O

We refer to [10] for further results in the study of quasilinear nonhomogeneous problems in Orlicz—Sobolev spaces.
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