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Abstract

The spectrum of the two-dimensional Schrodinger operator with strong magnetic field and electric potential is contained in
a union of intervals centered on the Landau levels. The study of the spectrum in any of these intervals is reduced by unitary
equivalence to the study of a one-dimensional operator. We give a precise description of this operator in the case when the electic
potential is periodic and analytic in a strip. 7o cite this article: A. Eckstein, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Réduction unitaire pour I’opérateur de Schrodinger avec champ magnétique fort en dimension deux. Le spectre de 1’opéra-
teur de Schrodinger avec champ magnétique fort et potentiel électrique en dimension deux est contenu dans une union d’intervalles
autour des niveaux de Landau. L’étude de la partie du spectre contenue dans chacun de ces intervalles est réduit par une conju-
gaison unitaire a 1’étude d’un opérateur en dimension un. On donne une description trés précise de cet opérateur dans le cas ou le
potentiel électrique est périodique et analytique dans une bande. Pour citer cet article : A. Eckstein, C. R. Acad. Sci. Paris, Ser. 1
344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On considere I’opérateur de Schrodinger avec champ magnétique constant et potentiel électrique
Ppy = Dfl + (Dy, + Bx1)? + V(x1,x2),

ol B > 0 est le champ magnétique et V € C®°(R?) est le potentiel électrique. On se place dans le contexte semi-
classique B — oo (champ magnétique fort) et on se propose d’étudier la nature du spectre de cet opérateur. Notre
approche nous a été inspirée par deux articles de B. Helffer et J. Sjostrand dans lesquels les auteurs étudient le spectre
de Pp vy en tant qu’ensemble. Dans [5] I’étude du spectre est réduit a celui d’un opérateur pseudodifférentiel (OPD)
en dimension un dont le symbole principal est V (y, ). L’étude d’un tel opérateur est fait dans [4] pour le cas d’un
potentiel V' «proche » de cos x| + cosxp. Suivant la démarche de ces deux articles, nous avons dans [3] réduit dans
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une premiere partie I’étude du spectre de Pp,y a celui d’un opérateur en dimension un. Afin de préserver la nature du
spectre, cette réduction est faite par des conjugaisons unitaires et en utilisant une méthode différente de celle de [5].
Puis dans une deuxieme partie nous étudions la nature du spectre de 1’opérateur réduit.

Cette Note est dédiée uniquement a la premiere partie. Des résultats partiels concernant la nature du spectre dans
le cas d’un potentiel périodique ainsi que les preuves completes des résultats présentés dans cette Note se trouvent
dans [3].

Un résultat connu (Théoréme 1.1 dans [5]) réduit, par une équivalence unitaire, I’étude du spectre de Pg v, al’étude
du spectre de I’opérateur Py y = B(D>+x2)+ VW (y+B~/2x, B~ Dy —B~1/2D,), ol en posant 1 = é -0, V%W
est le A-quantifié de Weyl du symbole V défini par (3). Cet opérateur est une petite perturbation de B(Dg + x?) dont
le spectre est constitué des valeurs propres (2n 4 1) B, les niveaux de Landau. On obtient que le spectre de Pp y est
contenu dans une union d’intervalles centrés dans (2n + 1) B. Dans la suite on fixe n = N et on renormalise : au lieu de
chercher la partie du spectre de IBB,V dans 'intervalle Iy g =[(2N +1)B —sup|V|, 2N +1) B+sup|V|], on cherche
la partie du spectre de I’opérateur Hy, v = hﬁB,V dans I'intervalle [2N + 1/2, 2N + 3/2]. Cet opérateur est une petite
perturbation de I’ oscillateur harmonique Df +x2 dont le spectre est constitué des valeurs propres A, = 2n+ 1. On note
par H, C L*(R?) I’espace propre correspondant a A,,. On a que H,, = h,(x) ® Lz(Ry) ol h,(x)=(0y — x)”e_xz/z.
Pour chercher la partie du spectre de Hj, v située prés de Ay, on décompose L>(R?) = Hy & Hﬁ et on écrit

_(MNIHy O vo Vo
H”‘( o by) " 6

On va diagonaliser cette matrice. Pour cela, on construit (Théoreme 3.1) une suite d’opérateurs unitaires (Uy),>1
t.q. la conjugaison par 1’opérateur U,, «élimine» la partie hors-diagonale de taille 4". Appliqués successivement,
ces opérateurs « éliminent » les parties hors-diagonale de taille #, h%, h3,.... Lestimation sur le reste R, permet de
montrer (Théoreme 3.2) qu’on peut passer a la limite et obtenir I’opérateur unitaire qui diagonalise la matrice comme
étant U = nlgrolo UU; - - - U,. Le fait que Hp,y soit unitairement équivalent a un opérateur de la forme

AnIyx, O Vo O
( 0 DN>+”< 0 aoo>
implique que si on note V 1’opérateur V : L%*(R) — L%(R) défini par (V)(»)hn(x) = Do (f(y)hN(x)) (qui est
unitairement équivalent 2 D), alors 1’étude du spectre de Hj, y prés de Ay est réduit  1’étude du spectre de V. Le
résultat précis est formulé dans le Théoreme 3.3.

Ce résultat est valable pour une classe tres large de potentiels. Dans la suite on va donner une description tres
précise de cet opérateur dans le cas d’un potentiel électrique V périodique. Toutefois, on s’attend a ce que, méme
dans le cas général, I’opérateur V soit un OPD dont le symbole principal est V.

Dans le cas ou V est 2m-périodique dans chaque variable et analytique dans la bande Dg x D, ou D, =
{x € C; |Imx| < a}, on obtient une caractérisation trés précise de V : V est un OPD classique, dont le symbole
principal est V et dont le symbole hérite de toutes les propriétés de V : périodicité, analyticité et, si c’était le cas
pour V, symétrie (voir les Théoremes 4.1 et 4.2).

1. Introduction

We consider the two-dimensional Schrodinger operator with constant magnetic field B and electric potential V:
Pgy =D} + (Dy, + Bx1)” + V(x1, x2), (1)

where V € S'(R?) = {V € C®(R%; R); | DYV (x)| < Cy, Yo € N2, Vx € R?}.

Our goal is to study the nature of the spectrum of Pp v in the semi-classical limit B — oo (strong magnetic field).
In our approach we were inspired by two papers by B. Helffer and J. Sjostrand in which the authors study the spectrum
of Pp v as a set. In [5] the study of the spectrum of Pp v is reduced to that of a one-dimensional pseudodifferential op-
erator (PDO) whose principal symbol is V (y, ). The study of the geometry of part of the spectrum of such an operator
is done in [4] for the case in which V (x1, x») is “close” to cos x| + cos x,. Following the approach of Helffer and Sjos-
trand, in the first part of [3] we have reduced the study of the spectrum of Pg vy to that of a one-dimensional operator.
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In order to preserve the nature of the spectrum, this reduction is made by unitary conjugation. Our methods are quite
different from those used in [5]. In the second part of [3] we study the nature of the spectrum of the reduced operator.

This Note is dedicated to the first part only. Some partial results concerning the spectrum of the PDO in the case of
periodic V as well as the complete proofs of the results below can be found in [3].

2. Semi-classical setting

A frequently used unitary conjugation (see for example Theorem 1.1 in [5]) reduces the study to that of the operator
Pgyv=B(D2+x*)+ VY (y+B V2, B7'D, - B7'?D,), )
where, by putting & = % — 0, VW is the Weyl Quantized of the symbol V defined, as in [2] (Chapter 7), by:

<VW(y +h'2x Dy — hl/sz)u)(x, y)

/ /

— ! /ei(fo’)Sei(yfy’)n/hV yty + hl/zﬂ’ n— RY2E u(x, vy dx' dy’ dg dn. 3)
472h 2 2

R4

The operator IBB,V is a small perturbation of the operator B(D)% + x?) whose spectrum consists of the eigenvalues
(2n + 1) B, the Landau levels. Thus we obtain that the spectrum of Pp y is contained in a union of intervals centered

on the Landau levels: o(ﬁg,v) C U In,p where I,, g =[(2n + 1)B — sup |V|, 2n + 1) B + sup|V|]. Next, we fix
neN

a Ay and we renormalize: instead of looking for the part of the spectrum of fv’B,V contained in Iy g, we look for
the part of the spectrum of the operator Hy, v = hIBB,V lying in the interval [2N 4 1/2,2N + 3/2]. Hp, v is a small
perturbation of the harmonic oscillator Hy, o = D)ZC + x2 whose spectrum consists of the eigenfunctions A, =2n + 1.
The eigenspace associated with A, is H, =h, ® LZ(RV) where h,,(x) = (0y — x)”e_x2/ 2 is the eigenfunction with
An of Hp o seen as a one-dimensional operator. Thus we can see that the spectrum of Hj v is contained in a union
of small intervals centered on A,. In order to search for the part of the spectrum of Hj v close to Ay, we decompose
LXR>) =Hy & Hﬁ and we write

o ANTHy 0 Vo Vo
e G R ] @)

where Dy (Y hi(x) fir () == 3 Ahe(x) fie ().
k#£N k#£N

3. Unitary equivalence

In order to examine the part of the spectrum close to Ay we diagonalize the matrix above. So, the goal of this
section is to construct a unitary operator U such that

_ Anln, O ) (aoo 0 )
U 'H, yU = N 4k ).
v ( 0 Dy 0 oo

This is done in two steps:

Step 1: We construct by induction a sequence of unitary operators Uy, n > 1, such that conjugation by U,, eliminates
the off-diagonal part of size h”". Applied successively, these operators allow us to get rid of the off-diagonal parts of
sizes i, h2, h3, ... . Each time, the price to pay is the modification of the diagonal part by a term of size A".

Step 2: We show that we can pass to the limit when n — 0o and obtain U as the limit U = lim,,—, oo U1 U - - - U,,.

Step 1: The induction
Put Hy = Hy,,v. We define inductively the sequence of operators H, as H, := U, LH,_,U, where the operator U,
is given by the following theorem:

Theorem 3.1. Vn € N*, Vh € 0, hg[ there exists a unitary operator Uy, of the form

U, =exp<h” (_‘2{* "0” )) 5)
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(u,, bounded) such that H,, = Un_1 H,_1U, is of the form

_(AnIyy O v, O arl [ 0 vy
Hn—< 0 Dy +h{ ;. +h w0 (6)

where:
1. v, is a bounded operator from H]%, to Hy, vy is bounded from Hy to Hy, vy is bounded from H*, to H+,
2. Uy, U, are self-adjoint,
3. Ry IS CMhm L

(The remainder R, contains the sum of the off-diagonal part and the variation of the diagonal one at the n-th step of
the induction. Constants C and & are defined precisely in [3]. They depend on N so the results above are not uniform
with respect to N.)

Sketch of the proof. We search for a u,, such that U, satisfy the formula H, = U, 'H, U,. By substituting U, in
the formula above, by expanding in powers of 4 and by imposing the condition that the off-diagonal part of size 4" is
equal to 0, we obtain an equation that u,, must satisfy.

This equation yields u;, = v,_1 (D N — A N)_l and u,, is obviously a bounded operator.

Next we compute v,, U, and D, and, by using that ||R,_|| < C"~!'h", we obtain that these operators satisfy the
inductive hypothesis 1,2,3. O

Step 2: Passage to the limit
We use the estimation on the remainder R, to show that we can pass to the limit. We obtain:

Theorem 3.2. The operator Hy,y is unitarily equivalent to an operator of the form

ANIn 0 Voo O
00 __ N o0
Hh,\/_ ( 0 DN> h( 0 ﬁoo ’ (7)
where Voo and Vo are bounded and self-adjoint.

Conclusion of the 3rd section

Since it acts on Hy, it is clear that vy, is essentially a one-dimensional operator. From now on we’ll work with
V:L*(R) — L*(R) defined by (V f)(y)hn (x) = oo (f (»)hn (x)) (V is really one-dimensional and unitarily equiv-
alent to Vo).

As a corollary of the two theorems above we obtain:

Theorem 3.3 (reduction).
A€o (Hpy)N[2N +1/2,2N +3/2) & —Ay +hr e (V).

Moreover, the nature of the part of the spectrum of Hp,v contained in [2N + 1/2,2N + 3/2] is the same as that
of V.

This theorem works for a very large class of potentials. In the next section we give a precise description of the
operator V in the case when the potential V is periodic and analytic. However we expect that even in the general case
the operator V is a PDO whose principal symbol is V.

4. Description of the operator V in the periodic case

As Vo 1s known only as the limit of some convergent sequence, in order to be able to give a description of the
nature of its spectrum we need to know its properties. We impose two further hypothesis on the electric potential V':
(h.1) V is 2w -periodic in each of its variables,

(h.2) V is analytic in the strip Dg x D,, where D, = {x € C; [Imx| < a}.
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The main results of the fourth section allow us to give a precise description of the properties of V:

Theorem 4.1. (Description of V)
V' is a pseudodifferential operator whose symbol v € SO(R?) is classical, 2m-periodic, analytic in the strip
Dpgr x Dy. The principal symbol of V is V and the subprincipal symbol is given by ZI\CTH trHess V.

Sketch of the proof. Asin [1], we introduce A, the algebra of the pseudodifferential operators whose symbol satisfies
(h.1) and (h.2). Then we follow the construction of V. First we show that hypothesis (h.1) and (h.2) imply that vy € A.
Then, by induction, we show that v, € A, Vn. Finally we get oo € A. O

This result is the analogue of Theorem 0.1 in [S]. The gain is that, having obtained V by unitary reductions, here
the nature of the spectrum is preserved.

The case of symmetric potential

If the potential V satisfies an additional symmetry, then the full symbol of V inherits this symmetry. More precisely,
we obtain:

Theorem 4.2.

@) If V(x1,—x2) = V(x1,x2), Vx1,x2 € Rthen v(y, —n) =v(y,n), Vy,neR.
(b) If V(=x1,x2) = V(x1,x2), Vx1,x2 € R then v(—=y,n) =v(y,n), Vy,neR.

Sketch of the proof. Again we follow the construction of v. We use the following well-known characterization
of symmetry: “a symbol of a PDO is symmetric iff the corresponding PDO commutes with a certain operator”
((I'u)(x) = u(x) for the first symmetry and (Su)(x) = u(—x) for the second one). See for example Theorem 0.3
in [5] for this result. Note that we do not use (h.1) and (h.2) in the proof. O

5. Conclusion and perspectives

1. In the periodic case the above results constitute an important step towards studying the nature of the spectrum in
some convenient cases.

2. Since the reduction theorem does not need periodicity, it can be used for non-periodic potentials. All we need is
to be able to study the spectrum of a PDO known only by its principal symbol.
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