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Abstract

In this Note we develop the fractional space technique in the local operator space framework. As the main result we present the
noncommutative Albrecht—Vasilescu extension theorem, which in turn solves the quantized moment problem. To cite this article:
A. Dosiev, C. R. Acad. Sci. Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur le probleme du moment quantifié. Dans cette Note nous développons la technique des espaces fractionnaires dans le cadre
d’espaces d’opérateurs locaux. Le résultat principal est une variante du théoréme non commutatif d’Albrecht—Vasilescu sur les
extensions, lequel implique une solution du probleme du moment quantifié. Pour citer cet article : A. Dosiev, C. R. Acad. Sci.
Paris, Ser. I 344 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

This Note is devoted to a quantized moment problem within the local operator space framework [7,2]. Recall that
the operator moment problem [4] is to finding a positive operator-valued measure which express an integral represen-
tation for the given unital linear mapping from the algebra of all complex-valued polynomials in several real variables
into the space of all sesquilinear forms on a pre-Hilbert space. Involving the fractional space technique [1,5,6], the
operator moment problem has been solved in [1]. In the present work we propose a quantization of the fractional space
construction in terms of local operator systems [2]. We replace the complex-valued polynomial functions in several
real variables by the elements of a local operator algebra generated by a several symmetric unbounded operators on
a Hilbert space, and prove that each local operator algebra is a fractional subspace of the multinormed C*-algebra
Cg(D) of all noncommutative continuous functions on a quantized domain D with an exhaustion £. Such quantiza-
tion inherits a quantized version of the operator moment problem. Based upon the Arveson—Hahn—Banach—Wittstock
theorem and the fractional space technique, we derive the existence of a quantized measure that would lead to a
solution of the quantized moment problem.

1. Local operator algebras

Let £ ={Hy}aca be an upward filtered family of closed subspaces in a Hilbert space H such that their union
D =|J¢& is a dense subspace in H. We say that D is a quantized domain with the exhaustion £. Thus we give a
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net p ={P,: a € A} of orthoprojections (onto H,, respectively) in B(H), such that limp = 15 (SOT). The set of
all unbounded operators on H is denoted by £(H). By an algebra of all noncommutative continuous functions on
a quantized domain D with an exhaustion £, we mean the set: C¢(D) ={T € £(H): dom(T) =D, TP, = P,T €
B(H),a € A}. If My (Cg(D)) is the space of all k x k-matrices over Cg(D), then My (Cg (D)) = Cgx (DF), where
EX = {H¥}ye (see [2]). For a matrix T € M (Cg(D)) we set | T = | T|H¥ |, & € A. The family {| - |: k € N}
is a matrix seminorm [3] on Cg (D). Therefore Cg (D), in particular each its subspace V, turns out to be a local
operator space [3]. We say that V is a concrete local operator space on H with support D [2]. Confirm also that
Cg(D) is a multinormed C*-algebra with the defining family of seminorms || - ||((xl), o € A. Further, each T € V
has an unbounded dual T* such that D C dom(T*) and T*P, = P,T* € B(Hy) for all «. We set T* = T*|D and
V*={T*: T € V} C Cg(D). A (concrete) local operator space V C £(H) is called a local operator system on H
(see [2]) if V = V* and Ip € V. A local operator system V is said to be a local operator algebra on H with support
D if V is a local operator system closed with respect to the multiplication, that is, 7S € V whenever T, S € V. An
element 7 € V of a local operator system V is said to be locally positive [2] if T|Hy > 0 in B(Hy) for a certain
o € A. In this case we write T >, 0. We also write T =, 0 if T|H, = 0. Note that Cc(H) ={T € B(H): T(H,) C
Hy,T*(Hy) C Hy,a € A} is a locally bounded (see [2]) operator space on H with support H. Confirm that C¢(H)
is a multinormed x-algebra with the defining seminorm family {|| - ||f¥1): o € A}, whose completion C/'g—E_I‘Y ) is a
multinormed C*-algebra. Actually, C¢(H) is a unital C*-algebra too, associated to the ‘dominating’ norm from
B(H). The restriction/rg@ping Ceg(H) — Cg(D), T — T|D, implements a x-isometric embedding, which allows to

identify the algebra Cg(H) with a x-subalgebra in Cg (D).

We introduce a set of all denominators Mg = {m € Ce(H): m = m*, (m|Hy)~' € B(Hy),« € A} in the C*-
algebra Cg(H). In particular, m|D:D — D is a bijection and we have a noncommutative continuous function
T(m|D)~! € Cg(D) whenever T € Cg(H), m € Mg. We set Ce(H)/m = {T/m: T € Cg(H)} C Cg(D), which
is a unital local operator space on H with support D. We say that Cg(H)/m 1is a fractional space with the de-
nominator m. Put n < m for n,m € Mg, if n~'m is bounded. One can easily verify that Cg(H)/n C Cg(H)/m
whenever n < m. Let M C Mg be a unital subset of denominators, that is, 17 € M. A subset My C M is said
to be a cofinal if for each n € M there corresponds m € My such that n < m. Suppose F,, C Cg(H)/m is a sub-
space for each m € M. An algebraic sum Fy =), 5s Fm of these subspaces is said to be a fractional subspace if
lg/n e F, € F, whenever n <m, n,m € M. Note that Fy; = ZmeMO Fm = Fu, for each cofinal subset My € M.
The sum Cg(H)/M =", .4y Ce(H)/m is an example of a fractional subspace. One may replace Cg (H) with its uni-
tal C*-subalgebra Jy containing all n~'m, n < m,n,m € M. We say that 3y is a C*-algebra in Cg¢ (H) related to M.

Theorem 1. Let D be a quantized domain in a Hilbert space H with an exhaustion £. Then,
Ce(D)=Ce(H) =Cg(H)/Me.

Moreover, if V. C £(H) is a local operator system on H with support D, then V is a fractional subspace in Cg (D)
whenever T*T €V for each T € V. In particular, each local operator algebra is a fractional space.

Note that My (Cg (H)/m) = Cex (H*) /(m @1 1) € Cerx (D¥) = Cex (H*) /M gk by Theorem 1. If b € My (Ce (H)/
m) then we put [b][5% = |(b(m ® 1)) HE [ 34t The family g = {|| - Iy’ k € N} is a matrix seminorm on
Cg(H)/m for all @ € A. The fractional space Cg (aH) /m furnished with the matrix seminorms {g;; o: @ € A} turns
out to be a locally bounded operator space [2]. Let M C 91¢ be a unital subset of denominators. One may put on
Cg(H)/M the inductive local operator topology [3, Section 8] such that all inclusions Cg(H)/m — Cg(H)/M,
m € M, are matrix continuous, where each fraction space Cg(H)/m is a locally bounded operator space. We say that
this is a fractional matrix topology on Cg(H)/M.

2. The fractional positivity

Let M C 9Mg be a nonempty subset of denominators with its fixed cofinal subset My, and let Js be a unital
C*-algebra in Cg(H) related to M. Consider a fractional subspace Fy C Jpy /M. Take o € A, m € My. Let
(Fm) My,«,+ be a subset in F;, of those b which can be written as a finite sum b = Zle b; of elements b; € F,
such that bjn; >, 0 in Jps for some n; € My, n; <m, 1 <i < k. We write b >, 0 in F,,. In particular, T/m >, 0
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in F;, whenever T >, 0 in Jp. Put (Figy)a,+ = ZmeMO (Fm) My,a,+» Which is a cone in Fy of all My-fractionally
a-positive elements. If k € N, then we have a cone (Mk(CJA/I)/M(I)‘)D[,Jr = ZmeMo(Mk(ﬁM)/(m ® lHk))M(/; at Of
M(])‘ -fractionally «-positive elements in M (37 /M), where M, F—im®1 ks m € Mp}.

3. The inner product mapping

Let A be a pre-Hilbert space with its inner product (x,y) — (x,y), x,y € A, and let SF(A) be a space
of all sesquilinear forms on A. Consider a unital subset M C 9Ml¢ and fix its unital cofinal subset M. Let
Fm € Im/M be a fractional subspace. A linear mapping ¢ : Fy — SF(A) is said to be an inner product map-
ping if it is unital (e(1y/1g)(x,y) = (x,y), x,y € A) and ¢(lyg/m)(x,x) > 0, x € A\{0}, m € My. Thus
¢(ly/m) is an inner product on A and || x|, = (go(lH/m)(x,x))l/z, x € A, is a norm on A. Let us introduce
a subspace SF,,(A) = {0 € SF(A): |0|lm < oo}, where |0, = sup{|0(x, Y)|: xllm < L Iyllm < 1}, m € M.
We set SFu,(A) =) SF,(A). Since My (SF(A)) € SF(A¥), k € N, each | - ||,, defines a matrix gauge

1w = - lme@1,» k €N, on SF(A). Therefore SFy;(A) is an operator space. In particular, SFy,(A) is a local
operator space with the inductive matrix topology.
Let ¢:Fy — SFp,(A) be an inner-product mapping, ¢n = ¢|x,, @mx:Fm = C, @ux(b) = @) (x,x),

x € A, and let w,gf): My (Fin) — Mg (SFp,(A)) be the canonical extension of ¢, k € N. Put ||g0,§f)|,(,]f?a =

sup{llgn’ (D) 1': 1Bl < 1} and (1@ llm.a.co = sup{lign It k € N}.or € A. We say that ¢ is completely a-
contractive if || @m ||lm,a,co < 1 for all m € M. In particular, ¢ (F,;,) € SF,,(A) for all m € My.

Now let ¢ : Fp — SFp,(A) be an inner product mapping. A matrix 6 € M (SFp,(A)) is said to be positive if
0 is positive being an element of SFMg(Ak), that is, 0(x,x) >0, x € AR We say that ¢ is completely «-positive

meMy

if each go(k) is locally positive (see [2]) with respect to the cone Ml (Fu,)qe,+- In particular, ¢, is a-compatible
(¢m (b) =0 whenever b =, 0) and ¢, (b)(x,x) > 0, x € A, whenever b € (F,) My,a,+> M € Mp. Finally, we say that a
linear mapping ¥ : Jy — B(K) is m-fractionally a-positive if W(T(n~'m)) > 0in B(K) forall T >4 0 in J, and
n € My, n < m. By analogy, ¥ is said to be m-fractionally completely a-positive if each ¥ ® : My (Jp) — B(K¥) is
(m ® 1 yr)-fractionally «-positive, that is, vOTHm 'm® 14¢)) 2 0in B(Afjl) whenever T € M (Jy), T 24 0, and
n<m,neMy.

4. The quantized measures

Let Jy be a C*-algebra in Cg(H) related to a unital set of denominators M with its fixed unital cofinal subset
My € M. Fix an inner product space A whose completion is K. We say that it is defined a quantized B(K)-valued
measure on Jy with support in Hy, if we have a unital completely a-positive mapping ¥ : Jpr — B(K) such that the
a-positive functionals tty y: Iy — C, py y(T) = (W (T)x, y), have linear extensions iy y:Ju/M — C, x,y € A,
such that the mapping A x A — C, (x, y) > fix, y(b), is a sesquilinear form on A for each b € Jy//M, and the linear
mapping u:Jpy/M — SF(A), n(b)(x,y) = [ix,y(b), is completely a-positive in the following sense that for each
k € N and x = [x;] € AF the mapping,

A wy - i o)
M G/ M) — My, plf ) = : : :

~(k ~(k

H)(q),xk o - M)(Ck)sxk (b)

is locally positive with respect to the cone (M (3M)/M(])‘)a,+. We also set fiy = fiy x, X € A.

Theorem 2. Assume that A = K = C, and ¥ : Jy — C is a unital completely a-positive functional. Then ¥ deter-
mines a quantized C-valued measure . on Iy with support in Hy if and only if ¥ extends to a completely a-positive
Sfunctional ¥ : 3y /M — C.

Roughly speaking, Jas/M is a supply of p-measurable noncommutative functions.
Note that if u is a quantized B(K)-valued measure on Jp; with support in H, then the relevant linear mapping
w:Im/M — SF(A) is a completely a-positive inner product mapping.
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Now let ¥ :Jy/M — SFp,(A) be a completely a-positive inner-product mapping. One can prove that
Y(T/m)(x,y) = (¥n(T)x,y)m, x,y € A, for the uniquely determined unital m-fractionally completely «-positive
mapping ¥, : 3y — B(Ap), m € My. If K = Ay, and ¥ = ¥y, then ¥ :Jy — B(K) is a unital completely
a-positive mapping.

Proposition 3. If Yy : Iy /M — SFp,(A) is a completely a-positive inner-product mapping, then the mapping ¥ =
U1, :Im — B(K) generates a quantized B(K)-valued measure ju on the C*-algebra 3y with support in H,.

Let ¢ : Fy — SFum,(A) be an inner-product mapping with ¢, (T/m)(x, y) = (¥, (T)x, y),, for some linear maps
U3 — B(Ay), m € My. We say that ¢ is a a-admissible mapping for Jpy /M if each ¥, is m-fractionally
completely a-positive on Jpy.

Proposition 4. Let Fy C Jp1/Mbe a fractional subspace such that m/n* € Fy whenever n < m, n,m € Mo. If
¢: Fy — C is a a-contractive functional such that ¢(1/n)> = ¢(1/m)d(m/n?) for n, m € My, n < m, then ¢ is
o-admissible for Iy /M.

Theorem 5 (Noncommutative Albrecht—Vasilescu Theorem). Let M C ¢ be a subset of denominators in Cg(H)
with its unital cofinal subset My, Fy € Ju/M a fractional subspace and let ¢:Fy — SFp,(A) be an inner
product mapping. The map ¢ extends to a unital completely o-positive mapping ¥ : Iy /M — SFp,(A) such that
NVm xllm.a = 1@m.xlm.o for all m € My, x € A, if and only if ¢ is a-admissible for Iy /M. In particular, ¢ is com-
pletely a-contractive.

5. The quantized moment problem

Fix a n-tuple S = (51, ..., S,) of mutually commuting symmetric operators in Cg (D) and consider the commuta-
tive set S = {D%: A € Z'.} of denominators in Cg (H), where D = Dgl' ~~D§Z, Ds, =4(1+ 571, 1 <i <n.The
polynomial *-algebra Pg generated by S is a fractional subspace in S¢. /S, where S¢ is the commutant of S in Ce (H).
Consider a unital linear mapping ¢ : Ps — SF(A). We say that ¢ is a H,-moment form (or local moment form) if
there is a quantized B(K)-valued measure p on ng with support in H, such that ¢ (p(S))(x, x) = i, (p(S)) for all
p(S) € Ps and x € A, where K is the completion of the inner product space A. In this case u is called a representing
measure for ¢. Using Theorem 5 and Proposition 3, one may prove the following assertion:

Theorem 6. A unital linear mapping ¢ :Ps — SF(A) is a Hy-moment form if and only if ¢ is a completely «-
contractive inner product mapping.

Similar assertion stated in Theorem 6 for a noncommutative operator family S can be proved using Proposition 4
and Theorem 2 under the restrictive condition.
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