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Abstract

In this paper we analyze a finite element method for the numerical solution of an eddy current problem in a b
conducting domain. We use a weak formulation in terms of the electric field and impose non-local non-standard b
conditions. The unique data are the input current intensities which are imposed by means of some special curves
the boundary of the domain. Optimal error estimates are shown and implementation issues are discussed.To cite this article:
A. Bermúdez et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Analyse numérique de la formulation en champ électrique d’un problème de courants de Foucault.Dans cet article on
analyse une méthode d’éléments finis pour la résolution numérique d’un problème de courants de Foucault dans un
conducteur borné. On utilise une formulation en champ électrique et on impose des conditions aux limites non-standa
locales. Les seules données sont les intensités d’entrée à travers la frontière du domaine qui sont imposées à l’aide
contenues dans celle-ci. On démontre des estimations d’erreur optimales et on donne quelques indications sur l’imple
de la méthode sur ordinateur.Pour citer cet article : A. Bermúdez et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

On s’intéresse à un domaine conducteur borné qui est traversé par un courant alternatif de fréquence anω.
Dans ce cas le modèle est constitué des Éqs. (1)–(3). Dans [3] et [4] nous avons étudié ce problème
conditions aux limites réalistes d’un point de vue pratique. Plus précisement, associé à la décomposit
frontière donnée à la Section 2 nous considérons les conditions aux limites (4)–(8) où les seules donnée
intensités du courant,In, n = 1, . . . ,N . Ce problème a été analysé dans [4] en faisant une formulation en t
du champ magnétique (voir le Problème MP à la Section 2). Dans cet article nous étudions le même problè
en utilisant une formulation enchamp électriqueintroduite dans [7].

E-mail addresses:mabermud@usc.es (A. Bermúdez), rodolfo@ing-mat.udec.cl (R. Rodríguez), mpilar@usc.es (P. Salgado).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00363-7
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Nous appelons∂Ω = �Γ 0
E ∪ �Γ 0

J : Γ 0
E les parties de la frontière du domaine qui correspondent aux en

et sortie du courant tandis que l’on note parΓ 0
J celle qui n’est pas traversée par le courant. SoitE := {G ∈

H(curl ,Ω): G × n = 0 dans H−1/2
00 (Γ 0

E ) et curl G · n = 0 dans H−1/2
00 (Γ 0

J )} et aE :E × E → C la forme
sesquilinéaire et continue définie par

aE(E,G) :=
∫
Ω

σE · �G +
∫
Ω

1

iωµ
curlE · curl �G.

Soit HI la solution du Problème MP (voir Section 2). On considère le

Problem PE.TrouverE ∈ E tel que

aE(E,G) = LI (G) ∀G ∈ E,

oùLI (G) := ∫
Ω

curlH I · �G − ∫
Ω

HI · curl �G.

Théorème 0.1.Le ProblèmePEadmet une solution uniqueEI = 1
σ

curl H I .

Pour résoudre ce problème numériquement nous considérons une famille de maillages de tetraèdres
de Ω , {Th}, où, comme d’habitude,h représente la taille du maillage correspondant. Alors le champ élect
est discrétisé par des éléments finis d’arête de Nédélec. Plus precisément, l’espace discret pour approE est
défini par (9). Pour traiter la contraintecurlEh · n = 0 qui apparaît dans la définition deEh, on introduit un
multiplicateur de Lagrange discret défini surΓ 0

J . Alors, avec les espaces discretsFh et Q0
h(Γ

0
J ) définis dans (12

et (11), respectivement, on obtient le problème approché suivant :

Problem MPED. TrouverEh ∈ Fh etλh ∈ Q0
h(Γ 0

J ) tels que

aE(Eh,Gh) + bE(�Gh, λh) = LI (Gh) ∀Gh ∈ Fh,

bE(Eh, νh) = 0 ∀νh ∈ Q0
h

(
Γ 0

J

)
,

oùbE est la forme sesquilinéaire définie dansFh ×Q0
h(Γ

0
J ) parbE(Gh, νh) := ∫

Γ 0
J

curl Gh ·n ν̄h. Nous remarquon

queLI (Gh) est calculé à l’aide de (10) qui ne depend que des intensités, les seules données du problème

Théorème 0.2.Le ProblèmeMPEDadmet une solution unique(Eh, λh) ∈ Fh ×Q0
h(Γ 0

J ). Par ailleurs, si la solution
E du ProblèmePEappartient àHr (curl ,Ω), avecr > 1/2, alors on a l’estimation d’erreur

‖E − Eh‖H(curl ,Ω) � Chr‖E‖Hr (curl ,Ω).

1. Introduction

The aim of this paper is to introduce and analyze a finite element method to solve an eddy current p
in a bounded conducting domain. The work is motivated by the need of a three-dimensional model to s
metallurgical electrodes and to improve the axisymmetric models already developed to this goal (see for
[1] and [2]). However the method can be applied to more general eddy current problems. The mathe
and numerical analysis developed in this work completes somehow the results obtained in [3] and [4].
papers, we also solve the eddy current problem in a bounded conducting domain by using non-standard
conditions which include the input current intensities as unique boundary data. In [4] the problem is formula
then analyzed by using the magnetic field as the only unknown. In the present work, we study a similar p
but making a weak formulation in terms of the electric field. This formulation has been introduced in [7] by
some topological concepts.
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2. The eddy current model

We are interested in a bounded conducting domainΩ (the electrode) crossed by an alternating electric cur
of “low” angular frequencyω. In this case the model reduces to the low-frequency harmonic Maxwell equat

curl H = J in Ω, (1)

iωµH + curl E = 0 in Ω, (2)

J = σE in Ω, (3)

whereH is the magnetic field,J the current density andE the electric field, all of them complex valued (see,
instance, [6]). Coefficientsµ andσ are the magnetic permeability and the electric conductivity, respectively
assume thatµ,σ ∈ L∞(Ω) and there exist constantsµ andσ such thatµ(x) � µ > 0 andσ(x) � σ > 0, a.e. inΩ .

The 3D domainΩ is assumed to have a Lipschitz-continuous and connected boundary∂Ω . However, it is
not necessary thatΩ be simply connected. This boundary splits into two surfaces of non-zero 2D-measuΓE
and ΓJ: ∂Ω = �ΓE ∪ �ΓJ. The (open) surfaceΓE corresponds to the tip of the electrode where the electric
arises. In its turn, the rest of the electrode boundary splits as follows:�ΓJ = �Γ 0

J ∪ �Γ 1
J ∪ . . . ∪ �Γ N

J , whereΓ n
J ,

n = 1, . . . ,N , are the (open) parts of the boundary connected to the wires supplying electric current to the e
andΓ 0

J = ΓJ \ (�Γ 1
J ∪ . . . ∪ �Γ N

J ) is the remaining part. Finally, we also assume thatΓE andΓ 0
J are connected

�Γ n
J ∩ �ΓE = ∅ and �Γ n

J ∩ �Γ m
J = ∅, m,n = 1, . . . ,N, m �= n (see Fig. 1).

In order to solve the problem (1)–(3) by using realistic boundary data from the point of view of applicatio
have introduced the following conditions in [4]:

E × n = 0 onΓE, (4)∫
Γ n

J

J · n = In onΓ n
J , n = 1, . . . ,N, (5)

E × n = 0 onΓ n
J , n = 1, . . . ,N, (6)

J · n = 0 onΓ 0
J , (7)

µH · n = 0 on∂Ω, (8)

whereIn, n = 1, . . . ,N , are the current intensities through the wires.
Some of the previous boundary conditions are neitheressentialnor natural. Therefore, in order to solve th

problem, we have introduced in [4] a Lagrange multiplier defined on the boundary. The resulting mixed form
involving the magnetic field and the Lagrange multiplier has been analyzed in detail in both the continuous
discrete cases.

Fig. 1. Sketch of an electrode.

Fig. 1. Une électrode.
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Throughout this paper, we use standard notation for function spaces H(div,Ω) and H(curl ,Ω). We also use
the space Hr (curl ,Ω) := {G ∈ Hr (Ω)3: curl G ∈ Hr (Ω)3}, for each real numberr > 0. Each of these spaces
endowed with its natural norm, v.g.,‖G‖2

Hr (curl ,Ω) = ‖G‖2
Hr (Ω)3 + ‖curlG‖2

Hr (Ω)3.

Let us denote by H1/2
00 (ΓJ) the space of functions defined onΓJ that extended by 0 to∂Ω \ ΓJ belong to

H1/2(∂Ω) := {ν|∂Ω : ν ∈ H1(Ω)}. Let H−1/2
00 (ΓJ) be the dual space of H1/2

00 (ΓJ) and 〈·, ·〉ΓJ the corresponding
duality pairing. Before introducing a weak formulation in terms of the electric field, we need to recall
questions concerning the mixed problem studied in [4]. For this purpose, we define the spaces

X := H(curl ,Ω),

L := {
ν ∈ H1/2

00 (ΓJ): ν|Γ n
J

= constant, n = 1, . . . ,N
}
.

Let aH :X × X → C be the sesquilinear continuous and elliptic form defined by

aH(H,G) := iω
∫
Ω

µH · �G +
∫
Ω

1

σ
curl H · curl �G,

andbH be the sesquilinear continuous form defined onX × L by bH (G, ν) := 〈curl G · n, ν〉ΓJ . Given (complex)
input intensitiesI1, . . . , IN through each wire, we denoteI = (I1, . . . , IN ) ∈ CN . In [4] we make the following
mixed formulation in terms of the magnetic field and a Lagrange multiplierλI :

Problem MP. GivenI ∈ CN , find HI ∈ X andλI ∈ L such that

aH(HI ,G) + bH (�G, λI ) = 0 ∀G ∈ X,

bH (HI , ν) =
N∑

n=1

Inν̄|Γ n
J

∀ν ∈ L.

We have proved that this problem has a unique solution which satisfies the Maxwell equations (1)–(3)
boundary conditions (4)–(8) in a weak sense. Moreover, we have shown that the Lagrange multiplierλI is actually
the electrical potential on the boundary. Numerical solution to this problem has been also discussed in tha

3. A weak formulation in terms of the electric field

The aim of this work is to analyze the problem (1)–(3) with boundary conditions (4)–(8) by using a
formulation in terms of theelectric fieldinstead of the magnetic field.

SinceE × n = 0 on ΓE and onΓ n
J , n = 1, . . . ,N , we denote byΓ 0

E = ΓE ∪ Γ 1
J ∪ · · · ∪ Γ n

J , the subset of the

boundary whereE × n = 0. Therefore∂Ω = �Γ 0
E ∪ �Γ 0

J and we define

E := {
G ∈ H(curl ,Ω): G × n = 0 in H−1/2

00

(
Γ 0

E

)
and curl G · n = 0 in H−1/2

00

(
Γ 0

J

)}
.

From now onHI denotes the solution of Problem MP. We can prove the following result:

Theorem 3.1.Let EI := 1
σ

curl H I . ThenEI ∈ E and it satisfies∫
Ω

σEI · �G +
∫
Ω

1

iωµ
curl EI · curl �G = LI (G) ∀G ∈ E,

whereLI ∈ E′ is defined byLI (G) := ∫
Ω curlH I · �G − ∫

Ω HI · curl �G.
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Let aE :E × E → C be the sesquilinear and continuous form defined by

aE(E,G) :=
∫
Ω

σE · �G +
∫
Ω

1

iωµ
curlE · curl �G.

We introduce the

Problem PE.FindE ∈ E such thataE(E,G) = LI (G) ∀G ∈ E.

Corollary 3.2. ProblemPEhas a unique solutionEI = 1
σ

curl H I .

Remark 1. If HI andG are smooth, the linear functionalLI can be written directly in terms of the input curre
intensities without the need of computing the magnetic fieldHI (see (10) below). We refer the reader to [7] for t
definition of LI by means of some homology notions.

4. Numerical solution

We consider a family of regular tetrahedral meshes{Th} of Ω where, as usual,h denotes the correspondin
mesh-size. The electric field is a function of H(curl ,Ω) which will be discretized by using Nédélec edge fin
elements (see [8]). More precisely, H(curl ,Ω) will be approximated by the finite dimensional space

Nh(Ω) := {
Gh ∈ H(curl ,Ω): Gh|K ∈ N(K) ∀K ∈ Th

}
,

whereN(K) := {Gh ∈ P1(K)3: Gh(x) = a× x + b, a,b ∈ C3, x ∈ K}. Then, we consider the following discre
space to approximateE and write the corresponding discrete problem:

Eh := {
Gh ∈ Nh(Ω): Gh × n = 0 onΓ 0

E and curlGh · n = 0 onΓ 0
J

}
. (9)

Problem PED.Find Eh ∈ Eh such that

aE(Eh,Gh) = LI (Gh) ∀Gh ∈ Eh.

Remark 2. The termLI (Gh) above can be written in terms of the input current intensities as follows:

LI (Gh) =
N∑

n=1

In

∫
cn

�Gh · t, (10)

wherecn is a curve joining each input current surfaceΓ n
J to ΓE (see Fig. 1). This is the form actually used for t

computer implementation.

Theorem 4.1.ProblemPEDhas a unique solutionEh. Furthermore, if the solutionE of ProblemPEbelongs to
Hr (curl ,Ω) with r > 1/2, then

‖E − Eh‖H(curl ,Ω) � Chr‖E‖Hr (curl ,Ω).

Notice that Problem PED is actually a “theoretical” method because its implementation requires to
somehow the constraintcurl E · n = 0 onΓ 0

J in the definition ofEh to trial and test functions. In order to deal wi

this condition, we introduce below a discrete Lagrange multiplier defined on the boundaryΓ 0
J .

Let T
Γ 0

J
h be the triangular mesh induced byTh on the polyhedral surfaceΓ 0

J . We consider the following finite
dimensional space:
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Q0
h

(
Γ 0

J

) :=
{
qh ∈ L2(Γ 0

J

)
: qh|T ∈ P0(T ) ∀T ∈ T

Γ 0
J

h and
∫

Γ 0
J

qh = 0

}
. (11)

Let Fh be the subspace ofNh(Ω) defined by

Fh := {
Gh ∈ Nh(Ω): Gh × n = 0 onΓ 0

E

}
. (12)

We introduce the mixed discrete problem:

Problem MPED. Find Eh ∈ Fh andλh ∈ Q0
h(Γ 0

J ) such that

aE(Eh,Gh) + bE(�Gh, λh) = LI (Gh) ∀Gh ∈ Fh,

bE(Eh, νh) = 0 ∀νh ∈ Q0
h

(
Γ 0

J

)
,

wherebE is the sesquilinear form defined onFh × Q0
h(Γ 0

J ) by bE(Gh, νh) := ∫
Γ 0

J
curlGh · n ν̄h.

Theorem 4.2.ProblemMPED has a unique solution(Eh, λh) ∈ Fh × Q0
h(Γ

0
J ). Furthermore, if the solutionE of

ProblemPEbelongs toHr (curl ,Ω), with r > 1/2, then the following error estimate holds true:

‖E − Eh‖H(curl ,Ω) � Chr‖E‖Hr (curl ,Ω).

We have implemented the method described above in a MATLAB code. In order to test the performance a
convergence properties of the method, we have solved a particular problem with known analytical s
Numerical results corresponding to this problem and simulations of real electrodes will be described
forthcoming paper [5].
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