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Abstract

We give here a short proof of the uniqueness of entropy solutions for nonlinear monotone elliptic problem%-dmla.To
citethisarticle: M.M. Porzo, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Un résultat d’unicité pour des problemes elliptiques monotonedNous donnons une demonstration trés simple de I'unicité
des solutions entropiques de problémes de Dirichlet d&nBour citer cet article: M.M. Porzio, C. R. Acad. Sci. Paris, Ser. |
337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction and result

Let us consider a class of nonlinear elliptic problems whose prototype is

—Apu=f ing,
{u:O onas, 1)

wheres2 is an open set, not necessarily bounde®h N >2, p e (1, N) andf is a summable function.
Notice that, since the data is not W~17'(£2) (the dual space oW&”’) we cannot expect solutions in

Wé”’(Q). Hence the first difficulty that arises in the study of these problems is that the solutions cannot be used
as test functions in the equation. Moreover already in the linear case there is a lack of uniqueness of weak (i.e.
distributional) solutions as showed by the classical counterexample of Serrin (see [5] and [4]).

However, in the linear case, the proof of the existence and also of the uniqueness of solutions obtained by duality
was proved in the sixties by Guido Stampacchia (see [6]). Unfortunately the proof does not work in a nonlinear
setting.

The first existence and uniqueness results in the nonlinear case were obtained in the seventies by Haim Brezi
and Walter A. Strauss in the semilinear case (pes 2) (see [3]), where more general problems were considered.
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The casep # 2 was studied in [1]. In that paper a solution was constructed by approximation and has two
properties: the truncation at level&k, Ty («) (see (7)) belongs tWé”’(Q) and it satisfies the following inequalities

‘/WM”%MVEW—¢k§/ﬂMHM—¢L
2 2

for everyk e RT and¢ € W&”’(Q) N L°°(£2). This solution was named the entropy solution and it was proved
that these further requirements on the solution guarantee the uniqueness.

The aim of this paper is to give an easier and shorter proof of this last result, i.e., of the uniqueness of entropy
solutions.

We recall now, in more details, the results in [1].

Let us consider the following problem:

—div(a(x,Vu)) = f in g, (2)
u=~0 onas2,

wheres2 is an open set, not necessarily bounde®h N > 2.
Here the functionz: 2 x RY — RV is a Caratheodory function (continuousgre RV for a.e.x € £2 and
measurable in for every&) and there exisp € (1, N), « > 0 andg > 0 such that

a(x,§)-& > algl?, 3)
la(x, &) <B[IEP " +h()], helLP (), 4)

hold for everyt e RN and a.ex € £2, where we have sgtf = p/(p — 1). We also require that is monotone, i.e.,
that it results

[a(xvé)_a(xa 7))][%‘_7)]>07 (5)
for everys andn e RV, £ # 15, and a.ex € £2. On the data we assume that
f(x) e LY9). (6)

Definition 1.1. Let u be a measurable function defined ghwhich is finite almost everywhere, and satisfies
Ti(u) € Wol’p(Q) for everyk > 0, whereTy is the truncation operator, i.e.,

s if |s| <k,
Ti(s) = {ksign(s) if |s| > k. ()

Then there exists (see [1], Lemma 2.1) a measurable functigth— R" such that
VTi(u) =vxu<k almosteverywherei®, Vk > 0,
which is unique up to almost everywhere equivalence. We define the gradieoit« as this functiorv, and we
denoteVu = v.
Definition 1.2. A measurable function is an entropy solution of (2) if it satisfies
1
Ti(u) € Wy'' (£2),
/a(x,Vu)VTk[u—dﬂS/f(x)Tk[u—d)], (8)
2

2
Vk e RY, Vg € Wy"(2) N L®(R2),
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whereTy is as in (7).
Notice that both the integrals in (8) are well definedigls: — ¢] € W&”’(Q).
Theorem 1.3.Under assumption3)—(6)there exists an entropy solutienof Eq.(2). Moreover such a solution
satisfies
ue MP($2), |Vu| € MP2(£2) 9

Nl 1) and p, = X2=D |n casep > 2 — (1/N) the solution belongs tw,-¢ (2) for everyq < p,

and if 2 is bounded t(WO q(.Q).

wherep1 =

(See Theorem 6.1 in [1].) As just noticed the solution cited in Theorem 1.3 is the unique entropy solution of
problem (2), i.e., the following result holds.

Theorem 1.4.Under assumption3)—(6)if v andz are entropy solutions of2) thenv = z.
(See Theorem 5.1 in [1].) As said before we give now a different proof of this last result.

Remark 1. Notice that here, differently from [1], to prove Theorem 1.4 we do not need the following estimate on
the entropy solutions:

lim |Vul? =0.
h—+00
h<|u|<h+k

2. Proof of Theorem 1.4

Let u be the entropy solution satisfying the regularity properties stated in Theorem 1.3 obtained by
approximation as in [1]. It is sufficient to show that every entropy solution of (2) coincidesuwitlo this aim

we recall the construction ef. Let us consider the weak solutioms € Wé’p(.@) of the following problems
— div(a(x, Vun)) =fu ing, (10)

where{ f,} is a sequence of bounded functions which convergesito L1(£2). We point out thati, € L®(£2)
(see [6]). Moreovern, andVu,(x) converge, respectively, toandVu(x), a.e. in$2 (see [1] and [2]).
Let z be a second entropy solution, i.e., it satisfies

Ti(2) € Wy " (82),
/a(x, VOVTilz - ¢] </f(x)Tk[z — ¢l, (11)
ijk eR*, Vo e WyP(2) N L™(2).
Taking¢ = u, in (11) we obtain
/a(x,Vz)VTk[z—un]S/f(X)Tk[z—un]- (12)
2

2
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Moreover choosindy[z — u,] € Wol’p(Q) as test function in (10) we have

—/a(x,Vun)VTk[z—un]=—/fn(X)Tk[z—un]- (13)
2 2
Then adding (12) and (13) we obtain

/ [a(x, V2) — a(x, Vup) | VTilz — ua] < / (f 00 = f(0)) Tilz = n].
2 22

Notice that the integral in the left-hand side is non-negative by the assumption (5), bounded from above by a
constantk independent on. Moreover, the integrand functidga(x, Vz) —a(x, Vu,)]VT¢[z — u,] converges a.e.

in 2 to [a(x, Vz) —a(x, Vu)]VT[z — u]. Hence using the Fatou lemma we can pass to the limit-as +oo
obtaining

/[a(x, Vz) —a(x, Vu)]VTk[z —u]<0
Q
which by (5) and the arbitrary choice bfimplies thatz = u a.e. inf2.

Remark 2. We point out that our proof shows that there is uniqueness of entropy solutions whenever it is possible to
construct an entropy solutianas a limit of a sequence of bounded functign(it is sufficient the a.e. convergence
of u, andVu,, respectively tas andVu) which solve the following problem

—div(a(x, Vu)) = f, in £2,
u=0 onos2,

where the datg, convergeinL1(£2) to f and assuming only thatis a monotone Caratheodory operator.
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