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Abstract

In this Note, we define infinitesimal analogues of the lwahori-Hecke algebras associated with finite Coxeter groups. These
are reductive Lie algebras for which we announce several decomposition results. These decompositions yield irreducibility
results for representations of the corresponding (pure) generalized braid groups deduced from Hecke algebra representatior
through tensor construction®o citethisarticle: 1. Marin, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Résumé

Algebres de Hecke infinitésimalesDans cette Note, nous définissons des analogues infinitésimaux des algebres d'lwahori—
Hecke associées aux groupes de Coxeter finis. Ce sont des algébres de Lie réductives, pour lesquelles nous obtenons ¢
décompositions partielles. Ces décompositions entrainent des résultats d'irréductibilité pour certaines représentations du group
de tresses (pures) généralisé correspondant, qui sont déduites des représentations de I'algébre de Hecke par constructic
tensoriellesPour citer cet article: . Marin, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
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Version francaise abrégée

On associe classiquement a tout groupe de CoxetaFfidéfini sur un ensemblg de générateurs élémentaires
par un ensembl® de relations de Coxeter, les structures suivantes : une algebre de Hégkdépendant d’'un
parametrey € C \ {0}, et un groupe de tresses généralisé_e groupeB est défini sur le méme ensemtiiale
générateurs, avec relatioRsauxquelles on a soustrait les relatiods= 1 pours € S. L'algébre de Hecke{ (q)
est uneC-algébre définie suf, avec relationsk dans lesquelles on a remplagé= 1 pours € S, c’est-a-dire
(s—1D(s+1) =0, par(s — ¢)(s +¢~1) = 0. Pour touty € C\ {0}, H(q) est ainsi un quotient de I'algébre de
groupeCB.

Il est classique depuis un théoreme de Tits que, pour des valeurs génériquelddimtité H(1) = CG se
déforme en un isomorphisnié(g) ~ CG. Nous nous cantonnons ici, poGrfixé, a ces valeurs génériquesdle
Ainsi, a toute représentation (irréductiblé) de G correspond une représentatibld de H(g), donc deB. Le
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produit tensoriel de deux représentationgtig) n’est pas muni en général d'une actionfdéy ), mais néanmoins
toujours d’'une action dé&. Dans cette Note, nous étudions la décomposition en irréductibles de ces produits
tensoriels.

Si Uy, ..., U, sont des représentations irréductibles(dd’action de B surUf1 ® ---® U¥ estirréductible
pour des valeurs génériques dg,...,¢q,) € C, au moins pour un grand nombre de groupes de Coxeter
(Proposition 2.3). Néanmoins, pour des valeurs génériquesal€, Uf ® --- ® U n'est pas irréductible en
général, comme le montre immédiatement le@as- - - - = U,.. Pour étudier sa décomposition, nous introduisons
une version infinitésimale, noté, de I'algebre de Heckél (¢). Cette algebre de Lie infinitésimale est une
algebre de Lie réductive canoniqguement associée @ont nous déterminons d’abord le centre (Proposition 3.1).
La description de ses facteurs simples permettrait de résoudre complétement le probléeme posé, pour des valeu
génériques de € C. Nous annoncons les progres effectués dans I'accomplissement de ce programme, en supposar
désormais qué& est réduit (c’est-a-dire que son diagramme de Coxeter est connexe). Eh type décomposition
partielle (Théoréme 5.1) permet de conclure pour les représentations de I'algébre de Temperley—Lieb, facteur semi
simple classique d# (¢). Une décomposition compléte est obtenue pour les groupes diédraux (Proposition 3.3) et
pour d'autres groupes de faible rang. Enfin, pour tous les types, une décomposition parfte(€ltioreme 4.1)
permet de décomposev?)®”" pourV la représentation de réflexion dg c’est-a-dire la puissance tensorielfe
de lareprésentation de Burau (réduite) généralisée : pour tout foncteur defSchv 7) est irréductible pour des
valeurs génériques de On généralise ainsi un résultat de Kilmoyer sur I'irréductibilité des puissances alternées
de V7 — qui présentent la particularité d’'étre encore des représentatioHgqle et étaient étudiées pour cette
raison des [4].

1. Introduction

Let G denote a finite Coxeter group of ranlconsidered as a finite reflexion subgrougih (V), V =C", Aits
set of reflecting hyperplanes,its set of reflections, ansl C R its set of elementary reflections. LBtand P denote
its braid group and its pure braid group, respectively, in the sense of [1][Xaad’ \ |, 4 H its configuration
space, endowed with the usual actionfA base point forX, hence forX/G, is chosen once and for all. For
everyH € A we denote byty € P = 71(X) the twist around the hyperplar& — the collection of all these twists
is known to generat® by general arguments (see, e.g., [2], Appendix 1, also for a detailed definition of these
twists). We denote by the minimal common field of definition for the irreducible (linear, finite-dimensional,
complex) representations 6f. Recall that, if(m, ;)s.es denotes the Cartan matrix 6f, thenK is the number
field generated by the family c@z /m; ;) for s, t € S. The natural bijectiotd — R is denoted byH — sy.

To everyH € A let us associate the 1-formy € 21(X) defined bywy = day /oy Whereay denotes any
linear form onV with kernel H. We then associate to every representagoof G on C™ the gl,, (C)-valued
1-formw, =Y pearGH)on € 21(X) ® gl,(C). Sincew, is integrablew, defines for every: € C a flat
connection on the trivial vector bundke x C" — X and, since these forms afeinvariant, also a flat connection
on the quotient bundI& ,, by makingG act diagonally orX x C™. Itis well known that, for almost alt € C, the
monodromy action oB = 71(X/G) is (isomorphic to) the Hecke algebra representation associatechywtith
parametey = €7 Its restriction toP = r1(X) is the monodromy o, over X.

2. Holonomy Lie algebras

Let us denote byx the holonomy Lie algebra ok, and recall briefly its construction. It is defined, over
any subfieldk of C, from a set{ty | H € A} of generators by the fact that a linear mapgx — gl,,(C) is a
Lie algebra morphism iffy_ p(ty)wy is integrable. Because such a 1-form is always closed, this integrability
condition is homogeneous, and so are the defining relationgxfoEvery linear representation of G on C™



I. Marin / C. R. Acad. Sci. Paris, Ser. | 337 (2003) 297-302 299

then defines a 1-parameter family of gx (resp.CG x Ugx)-modules byp;, (ty) = hp(tn), hencel,, (C)-valued
integrable 1-forms orX (resp.X/G). Here the action ofz on gy is deduced from its action oA, andUgx
denotes the universal envelopping algebrg.ef We denote by/ p the monodromy representation Bf(resp.B)
corresponding to a given representatio @f(resp.CG x Ugx). We will make use of the following two facts.

Lemma 2.1.For pt, p? two representations afy (resp.CG x Ugy), we havef pl ® p? = ([ p1) ® ([ p?).

The proof of this lemma is obvious. The proof of the next one is based on the first order approximation of the
monodromy:

</ ph>(m> — 14 2inhp(ts) + o(h).

One gets from this formula that

Lemma 2.2.Let A be an associative finite-dimensior@ialgebra andp : Ugx — A be a surjective morphism.
Then, for generic values @f € C, the map/ p, : CP — A is surjective. Ifp is an irreductible representation of
gx, then py is irreducible for generid: € C.

Indeed, the fact that is surjective and thajy is graded enables one to pick a finite family of homogeneous
elements ingx whose image form a basis of the finite-dimensidDalector spacet. The above first order formula
enables one to express each generatog) of Ugy, hence any of these homogeneous elements, as the images of
an elementirC P plus higher terms. The analyticity inof these expressions shows that they spdar 4 outside
the vanishing set of a meromorphic function, hence/fautside some locally finite subset 6f See the proof
of Proposition 2 in [7] for more details. In particular, consider an irreducible representatibpx; by Burnside
theorem,p(Ugy) is a full matrix algebra. In this case, the lemma implies tﬁm will be irreducible for almost
all h.

Since G is generated byr, it follows that every Hecke algebra representatiorGofs irreducible underP,
and also that for generig the composite morphisf@ P — CB —» H(q) is surjective. Note that, by the same
argument, these representations are already irreducible under the action of certain subgfoufsinstance
by the subgroup of generated by the squares of the Artin generatorB,ofvhich is a locally free group after
a conjecture of Tits proved in [3]. The corresponding map#/t{g) are also generically surjective by the same
lemma.

Let us now consider irreducible representations', ..., p” of G defined ovelk, corresponding te Hecke
algebra representatio[fso}}, ..., [ p;. We proved in [7] the following two facts.

Proposition 2.3.For generic(hy, ..., k) € K" endowed with the Zariski topology, tiga-representatior)o,}1 ®
-+ ® py, isirreducible, except perhaps@ contains parabolic subgroups of typ®,.

We think that this result should also be valid for the finite Coxeter groups which cabiaiihis result does
not extend to the cade = - - - = h,, for everyp, ® p, admits symmetric and antisymmetric parts. However, the
fact that the stable subspaces foare also stable undé remains true:

Proposition 2.4.1f h # 0, the subspaces Qf}} ® --- ® p, which are stable undegx are also stable under
CG x Ugy.

It follows from this, that in the generic case, the problem of decomposing tensor products or Schur functors of
Hecke algebra representations reduces to the analogous problem for the correspgfréipgesentations.
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Let us notice that, depending on the typehfthe Hecke algebra @ may admit several parameters. Since we
are only interested in the generic case here, and since the irreducibility property is topologically open, we can (and
will) restrict ourselves to a 1-parameter description.

3. Infinitesimal Hecke algebras

We denote by (resp.H,) the image ofyx in KG (resp. End(p), for p a representation a¥) considered as a
Lie algebra with bracketb — ba, and call it the infinitesimal Hecke algebra (associated w)thAgain becaus&
generates both (as a Lie algebra) an@ (as a group), every irreducible representatiozdé irreducible forH.
Since’H has then, by definition, a faithful semi-simple linear representation, itédactivelLie algebra. Its study
then boils down to the description of its center, Cartan subalgebra, and simple factors.

For any conjugacy classin G, we denote byl the sum of its elements iBG. Notice that these elements
belong to the center &G.

Proposition 3.1.The center of{ is generated by7. | c € R/ G}, whereR /G denotes the set of conjugacy classes
of reflections.

A good candidate for a Cartan subalgebra comes from analogues of the so-called Jucys—Murphy elements o
the symmetric group. These elements, introduced by Jucys [%] fofrtype A,,, satisfy the following properties:
(A) they are sums of reflections G, (B) they generate a maximal commutative algebr&@, (C) they are
diagonal overK. We prove in [6] that analogous elements which satisfy (A), (B) and (C) exist at least for every
finite Coxeter group which does not contain parabolic subgroups ofiypeFs or Hs — that is, for finite Coxeter
groups whose irreducible components are of type B,, I2(m) and H3. As a consequence of this, we prove
in [7] the following:

Proposition 3.2.Except perhaps i& contains parabolic subgroups of ty@®, F4 or Hs, H is split as soon as
K ck.

From now on, we concentrate on the study of simple factors. We notice tiati€;1 x G2 is a decomposition
of G as a Coxeter groupghen™ = H1 @ Ha, with H (resp.H1, Hz2) the infinitesimal Hecke algebra associated
with G (resp.G1, G2). Hence it is sufficient to handle the case of the reduced (finite) Coxeter groups. In the case
of the dihedral groupg;(m), we get in [7] an explicit description:

Proposition 3.3.1f G is a dihedral group of typdz(m) for m > 3, then the derived Lie algebrd’ is of typeA]
forn = |25t ], and is splitifk C k.

Moreover, thesa factors are in natural 1-1 correspondence with the irreducible representations p, of
G : p; corresponds to the standard representatidm;pfwhich is a simple Lie algebra of typer, ando1 ® - - - ® o,
is irreducible undef.

4. Burau representation
We now assume thét is reducedi.e., its Coxeter diagram is connected. For every irreducible represengation

of G, a decomposition of the reductive Lie algelig solves the problem of decomposing Schur functors of the
corresponding Hecke algebra representation, under the actiBnaofl in the generic case. A case of particular
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interest occurs whep is the reflection representation 6f which corresponds to the generalized (reduced) Burau
representation. We prove in [7] the following:

Theorem 4.1.If G is reduced and has rank K C k, andp is the reflection representation, thef), > g, (k) for
n > 2, andH, ~slp(k) forn =2.

This leads to a generalization of Kilmoyer’s classical result (see [4]) on the irreducibility of the alternating
powers of the generalized Burau representations. Indeed, this result impliesvérgiSchur functor of the
generalized Burau representation is irreducible in the generic case.

5. Infinitesimal Temperley—Lieb algebra

In caseG is of type A,_1, it is isomorphic to the symmetric group on letters, and its irreducible
representations, which can all be defined d@erare indexed by Young diagrams or partitions of sizélhere
exists a well known semisimple factor of its Hecke algebra: the Temperley—Lieb algebra, which corresponds to the
collection of all Young diagrams having at most two rows. Let us denoig,hythe irreducible representation of
G indexed by the partitiofn: — p, p] of n with 0< p < 3, V,,, the corresponding vector space, andhe direct
sum of all these representations. A decomposition of the infinitesimal Temperley—Lieb algébea ™, would
solve our problem for the Temperley—Lieb algebra representations. We dengje,tand 5, the representations
of T L, corresponding respectively ig , andp,. It happens that the decomposition®E,, admits a very simple
form, as shown in [8]:

Theorem 5.1.7 L, is isomorphic to
n/2
Qe @5[(Vn,p)
p=0

andp,, , corresponds to the standard representation of ph simple factor off £,, in this decomposition.

In particular, every Schur functor applied to an irreducible representation of the Temperley—Lieb algebra, as
well as the tensor product of any family of two-by-two non isomorphic representations of this kind, is irreducible
underP in the generic case.

6. Miscellaneous

With the help of a computer, a full decompositionfwas found forG of small rank. In casé& is of type
As, A4, As, Bs, Ba, D4, Hz, then the derived Lie algebfd’ is of Cartan typed1A2, AzAg, A‘21A8D8, AlA%,
A1A2A3A5A7, A1A3A3Cs, A4A3A3 respectively.

In case of typed,,, a similar construction can be established (see [8]) for representatighsvbich factorize
through the more general Birman—-Wenzl-Murakami algebra — including the famous Krammer representation.
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