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RELAXATION OF OPTIMAL CONTROL PROBLEMS IN LP-SPACES

NADIR ARADA!

Abstract. We consider control problems governed by semilinear parabolic equations with pointwise
state constraints and controls in an LP-space (p < 0o). We construct a correct relaxed problem, prove
some relaxation results, and derive necessary optimality conditions.
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1. INTRODUCTION

This paper is concerned wih the relaxation of Robin boundary controls for semilinear parabolic equations in
the presence of pointwise state constraints. More precisely, we consider the following control problem

(P) Inf J(y,v):/QF(-,y)dxdt+/EG(-,y,v)dsdt—i—/QL(-,y(T))dx,

subject to
0
a—§+Ay+‘1>(-,y)=0 in @,
(1.1)

dy .
—— 4+ P(,y,v)=0 on X, y(0)=y, in Q
anA

9(y) € Z, (1.2)

v € Vg ={veLP(X)|v(st) € Ky(s,t) for a.a. (s,t) € B},

where T is a fixed positive constant, {2 is an open bounded subset of RY (N > 2), T its boundary, Q = 2x]0, T,

¥ =Tx]0,T], A is a second order differential operator, 6%—3{4 is the conormal derivative of y with respect to A,

® and ¥ are Carathéodory functions (i.e. ®(-,y) and ‘I/(-,y,v)_are measurable, and O(x,t,-) and U(s,t,-,-)
are continuous), y, € C(Q2), g is a continuous mapping from C(Q) into C(Q), Z is a closed convex subset of

Keywords and phrases: Optimal control problems, relaxation, generalized Young measures, stability properties, Pontryagin’s

principle.

1L UMR 5640 du CNRS, UFR MIG, Université Paul Sabatier, 31062 Toulouse Cedex 4, France; e-mail: arada@mip.ups-tlse.fr
© EDP Sciences, SMAI 2001



74 N. ARADA

C(Q) with nonempty interior in C(Q), and Ky is a measurable multimapping with closed and nonempty values
in P(R).

Since neither convexity of G(s,t,y, ) nor linearity of U(s,t,y, ) is assumed, the original control problem (P)
need not have solutions. The idea of the relaxation is to make an extension in order to ensure existence of
solutions (in a reasonable sense) in a class large than the original one.

The general compactification theory represents a basic tool for relaxation of problems appearing in variational
calculus and optimization of systems governed by differential equations. Following Roubi¢ek [19], we can
construct a correct relaxed control problem by considering a convex o-compactification envelope of the set of
classical controls, and by extending the original cost functional and the original state equation. This problem
can formally be written as

Inf  J(y,p)

subject to

0
a—Z+Ay+<I>(~,y):0 in Q,
(RPE)

a—yA + CI}(,y,‘LL) =0 on 2; y(O) = Yo in Qa

where

YE =w*-bdl (ig(LP(X))) = {,u € E* | 3 bounded net (vq)o C LP(2) s.t. w*-limig(v,) = u},

E is a Hausdorff locally convex space, E* its dual space, iz an imbedding from LP(X) into E*, V g 44 is the set
of admissible relaxed controls, Y7 (the boundedness closure if iz (LP(X)) in the weak-star topology of E*) is a

convex, o-compact subset of E*, and J and ¥ are regarded as extensions of J and ¥. (See Sect. 5 for a precise
setting of the relaxed control problem.)

Different compactifications may be used to define (RPg), and depend on the choice of E. This choice is
related to the properties of G, ¥, and V.4, and can yield abstract problems which are not easy to interpret.
As noticed by Roubicek [19]: “the general dilemma is typically between a finer convex compactification (which
contains more information, enables to treat more problems, but has a loss concrete interpretation), and a coarse
convex compactification (which works just conversely)”.

Historically, the first relaxation method for variational calculus and optimal control problems is based on
Young measures [25]. In [23], the relaxation of nonconvex problems in optimal control theory when the controls
take value in a compact set K C R is developed (see also [2,3,5,10,11,15]). The Young measures are weakly
measurable mappings from ¥ to the set of all probability Radon measures on K. They are obtained by
setting By = L'(X;C(K)) in the definition of Y5, and represent an interesting tool to hold a certain limit
information about oscillations of minimizing sequences. These measures have been widely studied and their
explicit characterization is well known (see [4,23], and [22]).

Characterization of the so-called LP-Young measures (for 1 < p < 00), associated with minimizing sequences
bounded in LP(X), has been studied by Schonbeck [21]. (See also [12] and [13] for the analysis of Young
measures associated with sequences of gradient bounded in LP(X).) These measures correspond to YEP2, where
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E5 is defined by

Ey={¢p@¢|¢peCo(X), € CR) st |p(w)] < C(1+[w[*), 1 <p<po}-

The main drawback of the LP-Young measures constructed in this way is that concentration effects appearing
in some nonlinear problems may be neglected, because the test functions which intervene in the definition of
E5 have growth strictly less than p. (For the definition of concentration, see Sect. 9.) In their pioneering
work [7], Diperna and Majda constructed a generalization of the LP-Young measures to handle both oscillations
and concentration effects. Other ways of manipulating concentrations have been proposed. We refer the reader
o [14] and [8].

To simplify the writing, the “generalized Young measure” we consider here are constructed by setting £ =
CaP(X) in the definition of Y2 (CaP(X) is the space of all Carathéodory functions with at most p-growth). The
relaxed problem (RPcqr(s)), denoted for simplicity by (RP), is exactly defined in Section 5. The following
questions will be pursued:

o Well-posedness of the relaxation. In Section 4, we recall the construction of a convex compactification of
LP(X). This will enable us to define a correct relaxation of (P) in Section 5.

e Analysis of the relaxed state equation. Section 6 is devoted to the study of the relaxed state equation.
Existence, regularity and uniqueness results are proved.

e Existence and stability of solutions of (RP), properness of the relaxation. In Section 7, we state some
relaxation results. In particular, we analyze the topological properties of the relaxed trajectories (com-
pactness and denseness properties). We prove existence of a solution for the relaxed control problem, and
we analyze the relation between (P) and (RP). (In particular the so-called properness of the relaxation.)

o First-order optimality conditions for (RP) are stated in the form of a Pontryagin’s principle in Section 8.
To prove these results, we use a Lagrangian method based on a geometrical version of the Hahn-Banach
theorem.

e In Section 9, we prove that the results stated through the paper are still valid for other choices of E. In
particular, nonconcentration of the optimal solution of (RPg) is proved under some additional assump-
tions.

2. NOTATION AND ASSUMPTION

In all the sequel, C denotes a generic constant, ¢, p, and y are positive numbers satisfying ¢ > % +1, p < oo,
and v > N + 1. The domain 2 is of class C? (the boundary I" of ) is an (N — 1)-dimensional manifold of class

C? such that € lies locally on one side of I'). The operator A is defined by Ay(z) = — ijﬁ D;(ai;j(x)D;y(z)).

The coefficients a;; belong to C'*(Q) and satisfy the conditions:

N

Cbij(l‘) = aji(x) for all i,j S {1, - ,N}, m0|£|2 < Z aij(x)&fj,

4,J=1

for every ¢ € RN and every z € Q, with m, > 0. The conormal derivative of y with respect to A is defined by

anA Zaw Djy(s, t)ni(s),

where n = (n1,--+ ,ny) is the unit normal to I' outward 2. We denote by @ the cylinder 2x]0,T[ and by ¥ the
lateral surface I'x]0, T[. We set Qo = Q x {0}, Qr = Q x {T}, Q.7 = Qx]e, T, for every 7 €]0,T|. For every
1 < 6 < oo, the usual norms in the spaces L¢(Q), L%(Q), L?(X) will be denoted by || - |lo.0, || - |lo.0s || - |0
The Hilbert space W (0, T; HY(Q), (HY(Q))") = {y € L*(0,T; H(2)) Z—f € L?(0,T; (H*(Q))")} will be denoted
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by W(0,T). If O is a locally compact subset of Q, we denote by M;(O) the space of bounded Radon measures
on O.

A1l - ®is a Carathéodory function from @ x R into R. For almost every (z,t) € Q, ®(x,t,-) is of class C1. The
following estimates hold

[@(2,t,0)] < ®1(2,t), Co < Py(a,t,y) < Pu(z,t)n(lyl),
where C, € R, ®; € L%(Q), and 7 is a nondecreasing function from R* into RT.
A2 - VU is a Carathéodory function from ¥ x R? into R. For almost every (s,t) € ¥ and all w € R, ¥(s, t,-, w)

is of class C!, and

W (s,t,0,w)| < Uy(s,t) + Clw|7,
Co < W (s,t,y,w) < (Wi(s,8) + Clul F) n(ly))

‘\II;;(&tath) - W;(S7tay27w)’ < (\Ill(s’t) + C|U}|%) €(|y1 - y2|)’

where ¥y € LY(X), v > N + 1, C is a positive constant, and ¢ is an increasing continuous function from
R* into RT such that £(0) = 0.
A3 - Fis a Carathéodory function from @ x R into R. For almost all (z,t) € Q, F(x,t,-) is of class C!, and
(Fa.t )] + |F)(et)| < e n(l)  where F € L(Q).

A4 - G is a Carathéodory function from ¥ x R? into R. For almost all (s,t) € ¥ and all w € R, G(s,t,-,w) is
of class C', and

G(s,t,y,w)] + |G (s, t,y, w)| < (Gi(s, ) + ClwlP)n(lyl),

|Gly(sat7y1aw) - G;ly(satayQ;w)| < (Gl(sat) + C|w|p) £(|y1 - y2|);

where G1 € L}(X), and ¢ is as in A2.
A5 - L is a Carathéodory function from Q x R into R. For almost all € Q, L(x, -) is of class C!, and

|L(z,y)l + |Ly (2, y)] < La(z)n(ly])  where Ly € LY(Q).

A6 - g:C(Q) — C(Q) is of class C*.
A7 - The infimum of (P) is finite (there exists at least one admissible pair (y,v)).

3. STATE EQUATION

We begin this section by recalling some results concerning linear equations. Let (a,b) be in LI(Q) x LY (%)
such that a > C, and b > C,. Let ¢ be in L4(Q), f in LY(X), w in C(2), and consider the following equation:

@JrAeray:gzﬁ in @, ﬁerz:f onY, y(0)=w in Q. (3.1)
ot ona



RELAXATION OF OPTIMAL CONTROL PROBLEMS IN LP-SPACES 77

Definition 3.1. A function y € L%(0,T; HY()) N C([0,T); L3(Q)) is a weak solution of (3.1) if, and only if,
ay € LY(Q), by € L' (%), and

N

0

/ _y_z + Z ai; DiyDjz + azy | drdt — / Yoz(0) dx = / (f —by)zdsdt

Q ot Q by
1,7=1

for all z € C1(Q) such that z(T) = 0.

Proposition 3.2 ([18], Prop. 3.3). Equation (3.1) admits a unique weak solution y € W (0, T)NC(Q) satisfying

llo@ + Iolwoz < € (I18llae + 171hs + llellog)
where C = C(T,Q, N, q,v,C,) does not depend on a and b.

Proposition 3.3 ([6], Chap. 3, Th. 1.3). For every T > 0, the weak solution y of (3.1) is Hélder continuous on
Q-1 and satisfies

19l raigory < C) (16l + 1w + Nwllog ) for some 0 < <1,

where C(e) = C(T,, N, C,,q,7,¢). Moreover, if w is Hélder continuous on g, then y is Hélder continuous
on Q.

Now, we recall some existence, uniqueness and regularity results concerning the (original) state equation (1.1).
Definition 3.4. A function y € L%(0,T; HY(Q)) N C([0,T); L%(Q)) is a weak solution of (1.1) if, and only if,
(-, y(-) € LYQ), ¥(y(),v()) € L1(X), and

P N

/ —y—z + Z ai;DiyDjz + ®(z,t,y)z | dedt — / Yoz(0) dx = —/ U(s,t,y,v)zdsdt
Q at i,j=1 Q b

for all z € C1(Q) such that z(T) = 0.

Theorem 3.5 ([18], Th. 3.1). If A1, A2 are satisfied, if v € LP(X), and y, € C(Q), then equation (1.1) admits

a unique weak solution y, € W(0,T) N C(Q) satisfying

Il + Iellwor <€ (190, + lolog +1).

where C = C(T,Q, N, q,p,7,C,).

Theorem 3.6 ([6], Chap. 3, Th. 1.3). For every M > 0 and every € > 0, there exist 0 < v < 1 and C(g) =
C(T,Q,N,q,p,v,e,v, M) such that, for every v satisfying ||v||p,x < M, the weak solution y, of (1.1) corre-
sponding to v is Hélder continuous on Q.1 and:

|y’u|‘cv,v/2(ﬁ) < C(e).
4. CONVEX COMPACTIFICATIONS OF LP(X)

In this section, we recall the construction of a natural convex o-compact envelope of LP(X) due to Roubicek
(for more details, see Chap. 3 in [19]). Denote by Ca?(X) the linear space of all Carathéodory functions
h:% xR — R (i.e. h(-,w) is measurable and h(s,t,-) is continuous) with at most p-growth

|h(s,t,w)| < ap(s,t) +dp|wP  for some aj, € L'(X) and dj, < 4-00.
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Let (Ca?(X))* be the dual space of CaP(X) and consider the imbedding i : LP(X) — (CaP(X))* defined by

)

(i(v),h), :/Eh(s,t,v(s,t))ds dt  (h,v) € CaP(X) x LP(X), (4.1)

where (-, ). 5 denotes the canonical duality pairing. For r > 0, let B, be the ball of radius r in LP(X), and let
us set

Y? =w*-cl (i(B;)) and YP?=U,YP =w"-cl (i(LP(X))).

The set YP is convex and locally compact. We will address the elements of Y? as generalized Young measures
(or relaxed controls). The space CaP(X) can be normed by

||h]| = inf {||a|li,x +d | (a,d) € L'(£) xR, |h(s,t,w)| < a(s,t) +dlw|? for all (s,t,w) € xR} (4.2)
This norm satisfies
Ix -2l < Clixlle) 1Ml for all (h, x) € CaP () x C (), (4.3)

where x - h stands for (x ® 1)h. This property implies that the mapping x —— x - h is continuous, and ensures
that for all (h,o) € CaP(X) x (Ca?(X))*, the bilinear mapping (h,c) — h e o given by

(he U,X>M(§)XC(§) = (o, x - h>*,z for all y € C(%),

is well defined.

5. CORRECT RELAXATION OF (P)

From definition of the composition e, we can easily see that the control problem (P) can be (formally) written
in the form

(P) inf j(y,a):/QF(x,t,y)dxdt—l—<0,Goy>*’2—|—/QL(x,y(T))dx

where (y,0) € C(Q) x i(V,q) satisfies (1.2) and

0
8—§+Ay+¢(-,y):0 in @,
(5.1)
y _ - .
—— 4+ (Poy)eo=0 on %, y(,0) =y, in .
anA
Following [19], we define the relaxed control problem as:

(RP) inf {j(y,a) | (y,0) € C(Q) x V4q satisfies (5.1) and (1.2)},

where the set of admissible relaxed controls Vg C YP is deﬁged as the weak* closure of i(V,4). Due to the
special form of the control constraints involved in Vg4, the set V4 is convex and locally compact. (See [19] for
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more details.) The functional J can be rewritten as

T(y,o) = /Q Pt dvdt + (.G on), o + [ Liay(T)do.
—/QF(as,t,y)dxdtJr<aoGoy,1>M(Z)XC(Z)Jr/QL(a:,y(T))dx.

The relaxed state equation is to be understood in the following sense:

Definition 5.1. A function y € L%(0,T; HY(Q)) N C([0,T); L%(Q)) is a weak solution of (5.1) if, and only if,
O(-,y() € LYQ), (Y oy) o € L1(X), and

N
/ fy% + Z a;;DiyDjz + ®(z,t,y)z | dedt — / Yoz(0) dz = 7/(\Iloy) oo zdsdt
0 ot 5

ij=1 Q

for all z € C1(Q) such that z(T) = 0.

6. RELAXED STATE EQUATION

In this section, we are interested in existence, uniqueness, and regularity results concerning the relaxed state
equation. As in the case of classical Young measures, we prove that the regularity properties for the relaxed
trajectories (solutions of the relaxed state equation) are inherited from those of the classical trajectories. In
particular, we prove that the relaxed state equation admits a unique continuous solution.

6.1. Preliminary results

Let o be in Y?. Suppose for a moment that equation (5.1) admits a solution y, € C(Q). It is obvious that
Yo s belongs to C(X), and from Definition 5.1, that (¥ o yaﬁ) e o belongs to L!(X). In the following lemma, we

show that due to the growth condition in A2, for every y € C(X), the function (¥ o y) e ¢ (which is naturally

in M (X)) belongs in fact to L7(3). This result is proved in [19], Proposition 3.3.6. We rewrite the proof for
the convenience of the reader.

Lemma 6.1. Suppose that A2 is satisfied. Then, for every o € YP and every y € C(X), the function (Voy)eo
belongs to LY ().

Proof. Since o belongs to YP, there exists a bounded net (vq ) C LP(X) such that (i(vy))s converges to o in
the weak-star topology of (CaP(X))*. Thus, due to A2, we have

[(Toy) ei(va)llyz = [¥(y,va)llr2 < C,

where C' > 0 is independent of a. Then there exist a subnet, still indexed by «, and b € L7(X), such that
(¥ oy) ei(vy))a converges to b in the weak topology of LY(X). On the other hand, we have

lim (¥ 0 ) @ i(va), X) yrs)xom) = (i(va), Yoy -x), s = (0. Vey-x), o =((Toy)eo,X) s

(0%

for all y € C(%). B
Since L7(X) is imbedded into M (X), we deduce that b= (¥ oy) e 0. O

The convergence result stated below will be very useful for the analysis of the relaxed state equation (5.1).
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Lemma 6.2. Suppose that A2 is satisfied. Let (04)a be a net converging to o in the weak-star topology of Y,P
(r > 0), and let (Yo)a be a bounded net in C(X) converging to y uniformly on X. Then,

lim/(\Iloya)oaa dedt:/(\lloy)oa X ds dt (6.1)
@ Js b

lién/z(\llg!oya)ooa dedtz/z(\llg/oy)oa x dsdt (6.2)

for all x € C(2).
Proof. The proof is split into two steps.
Step 1. To prove (6.1), observe that for all x € C(X), we have

/(\I/oya)oaaxdsdt = /(\Iloy)oaa dedtJr/(\I/oy—\Iloya)oaadedt
b b b
= <Ja,(\Iloy)~X>*E+/(\Iloy—\lloya)oaadedt:IéJrIi.
' b
First, let us observe that

limI) = (o,(¥oy)-x), 5 :/(\Iloy)oa x dsdt.
a ’ 2

It remains to prove that lim, I2 = 0. By definition of o,, there exists a net (vg )z C B, such that (i(vs.4))s
converges to o, in the weak-star topology of (CaP(X))*. Therefore

I? = /(\I/oy \I/oya)ooaxdsdt—hm/ Voy—Toy,)ei(vga) xdsdt
—hm/ (Yos V8,0) — ¥ (Y, v8,a)) dedtzlién/ Ug.o(ya —y) xdsdt, (6.3)
b

where ¥, = fo 0 (0Ya + (1 = 0)y,vp.4) df. Due to A2, we have

Lyal = ' [ Wl )00~ ) s

< C(1%1ly.z +lvs.allps)n(max([ylle.s, IVallee,s)) (e = 1xXllo.s < C() [[ya = yllos,  (64)

< |¥sallis (Yo = ¥)Xloo,n

where C(r) is a positive constant independent of o and 8. From (6.3) and (6.4), we deduce that
1121 < C(r) lya = ylloo.=-

The conclusion follows from the convergence of (Y4 )q to y in C(X).

Step 2. With arguments similar to those used in Step 1, and using the estimate relative to \IJ; in A2, we may
prove that

/(\Il;oya)oaadedt:/(\:[l;oy)oaadedtJr/(\Il;oyf\Il;oya)oaadedt:I;‘iJrIé,
b b b
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with
I3 = (00, (W, 09) - x), 5 — 0,
1t = (W 0y =W, 0un) e on xdsdt <) Ulla ~sllog) — O
The proof is complete. O

Lemma 6.3. Suppose that A1, A2 are satisfied. Suppose in addition for every o € YP, equation (5.1) admits

a weak solution in C(Q) NW(0,T). Let 01, o2 be in YP, and let y1 and ya be solutions of (5.1) corresponding
to o1 and o2. Then, the function z = y1 — y2 satisfies

%JrAeraz:O mn Q,

5 (6.5)
—Z+b.012:(\110y2).(02701) on¥, 2z(0)=0 inQ,

8n,4

where
1
a= [ 0+ (1= O)m)as > €,
1
b(-,w) = /0 (-, 0y1 + (1 — 0)y2, w)dl > C.

Moreover, y1 — ya is Hélder continuous on Q, and satisfies
ly1 = v2llcvorz@) < Cl(Yoyz) @ (02 —01)lly,2 for some 0 <v <1

where C = C(T,Q, N, Cy, q,7,p) is independent of o1 and os.
Proof. The function z = y; — yo satisfies z(0) = 0, and

0z

EJrAeraz:O n Q,
0z
%:(\Iloyz).(o'Q—01)+(\Iloy27\:[/0y1).01 on %,

1
where a = / @y (-, 0y1 + (1 = 0)y2)dd > C,. Let (v1,a)a and (v2,a)a be two bounded nets in LP(X), such that

(i1(v1,a))a and (i(ve,q))a converge to oy and oy in the weak-star topology of (CaP?(3))*. Let zo be such that
2¢(0) =0, and

%JrAzaJraza:O in Q,
0zq . ) )
Oia = (Voys) e (i(va,n) —i(via)) + (Poys —Voys)ei(v,) onX.

Due to Proposition 3.3, 2z, belongs to C***/2(Q) (for some 0 < v < 1) and satisfies

lzallgvrz gy < ClI(Y 0 y2) @i(v2,0) = (P oyr) @ i(via)llys < C (6.6)
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where C' is independent of a.. Since the imbedding from C**/2(Q) into C(Q) is compact, there exist a subnet,
and z, € C(Q) such that (z4), converges uniformly to 2, in Q. Moreover, since (2, )q is bounded in W (0, T), it
converges to z, in the weak-star topology of W(0,T'). With Lemma 6.2, by passing to the limit in the variational
formulation satisfied by z,, we easily see that z, = z. On the other hand, observe that z, also satisfies

%JrAzaJraza:O in Q,

0z
8n A

(6.7)

+bei(viy) z=(Poys)e[i(vaa) —i(vie)] on,
1
where b(-, w) = / \Il;(, Oy1+(1—0)y2,w)dd > C,. Using Lemma 6.2, and passing to the limit in the variational
0
formulation of (6.7), we show that z satisfies (6.5). The estimate follows from Proposition 3.2.
O
6.2. Existence, uniqueness and regularity of the relaxed state

Theorem 6.4. If Assumptions A1, A2 are fulfilled, if o € Y?, and if y, € C(Q), then equation (5.1) admits

a unique weak solution y, in W(0,T) N C(Q). This solution satisfies
vello@) + o llwom < C (I[Teal], o+ lyollo +1)

where C = C(T,Q, N, q,p,7,C,), and where V(s,t,w) = ¥(s,t,0,w).
Proof. The proof is split into three steps.

Step 1. Existence of a solution. By definition of o, there exists a bounded net (vy)o C LP(X) such that (i(va))a
converges to o in the weak-star topology of (Ca?(X))*. Let y, be the solution of (1.1) corresponding to v,. Due
to Theorem 3.6, there exists 0 < v < 1 such that (y4)a is bounded in C**/2(Q.7). Since the imbedding from
Cv*/2(Q.r) into C(Q.r) is compact, there exist a subnet, still indexed by «, and y € C(Q.r) such that (ya)a
converges uniformly to y in Q.r, for all € €]0,T[. Moreover, since (Y4 )a is bounded in W (0, T), it converges to
y in the weak-star topology of W(0,T). By passing to the limit in the variational formulation satisfied by ya,
we easily see that y = y, if the following equalities hold:

lim/ U(s,t, Yo, V) d)dsdt:/(\lloy)oa ¢ dsdt, (6.8)
o Ju by

lim/ D(x,t, Yo) d)dmdt:/ O(x,t,y) ¢pdxdt, (6.9)
> JQ Q

for all ¢ € C*(Q) such that ¢(T) = 0. It is clear that (6.8) immediately follows from Lemma 6.2 by setting
0o = i(vq). To prove (6.9), notice that due to A1, for all € €]0,T[, we have

'/Q ((z,t, ya) — QJ(x,t,y))d)dxdt‘ = '/QCIJQ(:E,t)(ya —) d)d:pdt'

< / |Po(,t) (Yo — y)@| du dt +/ |Po(,t) (Yo — y)@| da dt
Qor Q\Qer

<O\ lya —¥llc@ +/ <I>1(:E,t)ld>|dfﬂdt>
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where C is a positive constant independent of «, and where ®, = fol (-, 0ya + (1 — 0)y) df. By the absolute

continuity of the Lebesgue integral, for every § > 0, there exists 5 €]0, T'[ such that fQ\Q . D (z,t)gdedt <.
€5

Therefore,

| [ @t = 00t o ] <€ (I ~lera, ) +5). (6.10)
By passing to the limit in (6.10), we deduce that

lim
«@

/ (2.1, o) — Bz, t,y) dda dt’ <5,
Q

and since J is a arbitrary, we obtain (6.9).

Step 2. Uniqueness of the solution. Let y; and y2 be two weak solutions in W (0, T)NC(Q) of (5.1) corresponding
to 0. From Lemma 6.3, the function z = y; — y9 is the solution of

o: 0:

— +Az+4+az=0 in Q, o +becz=0 onX, 20)=0 inQ,
A

ot
where
1
o= [ @0+ (-0 > C.,

1
b w) = /0 W (01 + (1 — O)yz,w) df > Co.

From Proposition 3.2, we deduce that y; = ys.

Step 3. The estimate in C(Q). From Lemma 6.3, it is easy to see that the weak solution of (5.1) is also the
weak solution of

0 -

—Z—l—Az—l—az:—(b(-,O) in Q,
ot

0 ~ _

—Z—i—bz:—\lloa on X, 2(0) =y, inQ,
8n,4

where

1 1
Ei :/0 (I);;(agya) do 2 Coa b(,’LU) :/0 \Il;(’gyaaw) d9 Z CO’

O

and U(-,w) = ¥(-,0,w). The estimate follows from Proposition 3.2.

Theorem 6.5 ([6], Chap. 3, Th. 1.3). For every M > 0 and every ¢ > 0, there ezist 0 < v < 1 and C(e) =
C(T,Q,N,q,p,v,e,v, M) such that, for every o € Y? such that ||V e g||y 5 < M, the weak solution y, of (5.1)
corresponding to o is Holder continuous on Q.r and satisfies:

1Yo ll v ra@ery < Cle)-
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7. RELAXATION RESULTS

In this section we set an existence result for the relaxed control problem (RP) and we study the relation
between this problem and the classical problem (P). We prove that (RP) is closely related to some classical
perturbed problems and that under some stability conditions the infimum of (RP) and (P) are identical.
Through the sequel, for § > 0, we set

(Ps) inf {J(y,v) | (y,v) € C(Q) x Vaq satisfying (1.1) and dz(g(y)) < 5} ,

where dz(g(y)) = infgez |6 — 9(y)||oo,o- We will denote by (RPs), the relaxed control problem corresponding
to (P(s)

7.1. Continuity results

We start with a result describing the dependence of the relaxed trajectories with respect to the corresponding
relaxed controls. This continuity result gives us informations about the topological structure of the set of relaxed
trajectories, and is the main tool to establish the existence of solutions for the relaxed control problem.

Theorem 7.1. Suppose that A1, A2 are satisfied. Then, for every r > 0, the mapping A : 0 — y, is

continuous from Y?, endowed with its weak-star topology, into C(Q).

Proof. Let r be positive. Let (04)a be a net of boundary relaxed controls converging to ¢ in the weak-star
topology of Y. Let y, and y, be the solutions of (5.1) corresponding to o, and o. Due to Lemma 6.3, the
function z, = Yy, — Y, is the solution of:

%JrAzaJraaza:O in Q,
0z

+bo004 24 =(PYoy,)e(0c—0,) on X, z,(0)=0 on Q,
8n,4

where
1
Ao = A (I);('aeyoc + (1 - 9)ya)d9 > Ooa
1
bo(, w) = /0 U 0y + (1 = 0)yo, w)d0 > C,.

Due to A1, A2, the net (aa,ba®04)q is bounded in L4(Q) x L7 (%). Moreover, from Lemma 6.3, (24)a is bounded
in W(0,7) N C*"/2(Q). With Lemma 6.2, and compactness results similar to those used in Theorem 6.4, we
may prove that (z4)a converges uniformly on @ to the solution z of

N
/Q —z% + MZ:l aijDjzDi¢ + @y (x,t,y5) 2¢ | drdt +/2 (U, 0yo) @0 z¢pdsdt =0

for all ¢ € C*(Q) such that ¢(T) = 0.

We conclude by observing that z = 0. O

Lemma 7.2. Suppose that A4 is satisfied. Let oo be a net converging to o in the weak-star topology of Y,P
(r >0), and let (Yo)a be a bounded net in C(X) converging to y uniformly on X.. Then,

1im/(Goya)oaa dedt:/(Goy)oaxdsdt
« Jx b
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1im/(G; 0Yy) @0, Xdsdt = /(G; oy)eo xdsdt
« Jx b

for all x € C(2).
Proof. The proof can be adapted from the one given for Lemma 6.2. O

Proposition 7.3. Suppose that A1-AT are satisfied. Then, for every r > 0, the mapping 0 — J(y,,0) is
continuous from YP, endowed with the weak-star topology, into R.

Proof. Let (04)q be a net in Y, converging to o in the weak-star topology of (Ca?(X))*. Let y, and y, be the
corresponding solutions of (5.1). Then,

T(yasa) — T ) = /Q Fun = ) dodt+ [ Loy = yo)(T) do
Jr/_((Goya)oaaf(Goyg)oa) ds dt (7.1)
5
where
F, = /1 F;(-,Hya + (1 - H)ya)daa
0
Lo = / L 0ya(T) + (1 — 0)yo (T))d0.

Due to Theorem 7.1, the net (yq)a converges to y, uniformly on Q. From assumptions on I and L, we deduce
that there exists a positive constant C' independent of « such that

[ ot | | [ Lot =)D < Clla =gy — 0 (72)

On the other hand, due to Lemma 7.2, we have
1i£n/§(Goya)oaadsdt:/E(Goy)oadsdt. (7.3)
The conclusion follows from (7.1), (7.2) and (7.3). O

7.2. Existence and stability

Optimization problems involving controls from Lebesgue spaces usually impose control constraints ensuring
the set of admissible controls to be bounded in an L°-space. For the problems we consider, the control
constraints have more general structure. Boundedness of the set of admissible controls in the LP? norm can
be handled if a suitable coercivity property is imposed on the problem. More precisely, to prove existence of
solutions for (RPs), we need the following assumption:

A8a - Cilyf < F(x,t,y) < Fi(z,t) n(|yl),
A8b  Ci(lwf’ —y) < G(s,t,y,w) < (Gi(s,t) + Clw”) n(lyl),
A8c  —Cilyf < L(z,y) < Li(z) n(ly)),

where Cy >0, j € [1,7[, n, F1, G1, L1 are as in A1, A3, A4, and A5.



86 N. ARADA

Theorem 7.4. Suppose that A1—A8 are satisfied. Then for every § > 0, the relaxed problem (RPs) admits at
least one solution. Moreover, we have

lim inf(RPjs) = inf(RP).
51{%111(R s) = inf(RP)

Proof. The proof is split into three steps.
Step 1. Let us prove that for every M € R, the level set Sy, defined by

Suy={0ceY?|J(y,,0) < M}

is contained in Y;?, for some r sufficiently large. We argue by contradiction and suppose that for every r > 0,

there exists o, € Y? \ YP such that J(y,,0) < M. From the definition of o, there exists a bounded net
(Va,r)a C LP(X) such that (i(va,r))a converges to o, in the weak-star topology of (Ca?(3))*. Hence, there
exists @, such that for every a > &, va,r ¢ By (i.e. i(va,r) ¢ Y}P) and, due to Proposition 7.3 (J(Yv, ., Va,r))a

converges to J(ys,.,0r). In particular, there exists v, such that
i(vy) ¢ VP (ie.v. ¢ By) and  J(yy,,vr) <M+ 1. (7.4)

On the other hand, due to A8, one can easily see that

I@or00) 2 Culloe 5 = Cr (Il + g | + e ) = Cullenl B 5 = Cllgn I
> Cilfogllfs = C (1+19oll g + 1ol 5 ) -

Therefore,

1 ||y0||J
J Y — C(Q
7(?%} 7 7") > Cl'lUTH;»ZJ ¢ J =
||v7"||p,§ ||v7“||p,2

L+ 190l
(N

Z Cl’l“r_j — O
rJ

— 400 when r — +00.
This contradicts (7.4).

Step 2. As (RP;) is feasible, there exists a minimizing sequence (o, 5)n. For every M > inf(RPs), we can
easily see that

(U7L,6)7L C Sun {U € Vad | dZ(g(ya)) < 5} C Vad N }/7?7

where 7 is the constant defined in Step 1. Since Vg N Y? is compact, there exist a finer net (o, ,5)o and
05 € Vaa NYP such that (o, 5)a converges to os in the weak-star topology of (Ca?(X))*. Let y,, s and ys be
the solutions of (5.1) corresponding to oy, s and o5. Due to Theorem 7.1 and Proposition 7.3, we have

dz(9(ys)) = limdz(g(yn..s)) <9,

liDIénJ(ynmg,O'na,g) = J(yg,ag):inf(RP(;).

In other words, (ys,0s) is an optimal solution for (RPs).

Step 3. For § > 0, let o5 be a solution of (RPs). From Step 1 and Step 2, we know that (05)s>0 C Vaa N Y72,
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for r big enough. Since V44N Y'? is compact, we can suppose that (os)s converges to some o € VaaN YP. From

Theorem 7.1, it follows that (y,,)s converges to yz in C(Q). Since dz(g(yo,)) < ¢, by passing to the limit, we
obtain dz(g(ys)) = 0. Therefore, 7 is admissible for (RP), and

min(RP) < J(yz,0) = %i\r% min(RP;5) < min(RP).

The proof is complete. O

7.3. Denseness results. Properness of the relaxation

A natural question is whether a relaxed optimal trajectory can be closely approximated by a trajectory
of the original control problem. We answer this question by showing that the set of original trajectories is
dense, for an appropriate topology, in the set of relaxed trajectories. This result is very useful in the analysis
of the properness of the relaxation. In this section, we mention interesting results on the connection between
X = {y, | v € Vaa}, the set of standard (or classical) trajectories, and X = {y, | 0 € Vaq}, the set of relaxed
trajectories.

Proposition 7.5. Suppose that A1, A2 are satisfied. Then, X is dense in X endowed with the usual topology

of C(Q).

Proof. Let 0 € V44 and let y, be the corresponding solution (5.1). Since V 4a is the bounded closure of V4 (in
the weak-star topology of (Ca”(X))"), there exists a bounded net (v )a C Vaa N By, (for some r, > 0) such that
(i(va))a converges to o for the weak-star topology of Vg NY?. Theorem 7.1 yields that (yq)a converges to y,
uniformly in Q. Since C(Q) is a metric space, there exists a sequence (Yi(v,) = Yv,)n C (Ya)a \ {0} converging

n

to Yy, in C(Q). O

The next result links together the set of admissible relaxed trajectories and the set of perturbed admissible
classical trajectories. As a consequence, we see that the relaxed control problem (RP) gives some informations
on the limit behavior of the perturbed control problems (Ps) associated with the initial one. More precisely, we
have the following proposition.

Corollary 7.6. Suppose that A1—-A8 are satisfied. Then,

{lyeX|gly)eZ}Cel{ye X|dz(g(y)) <3} for all § > 0,

where cl denotes the closure for the usual topology of C(Q). Moreover, we have

inf(RP) = lim inf(Py).

nf(RP) = in inf(Py)
Proof. The Proof of the denseness result is based on Proposition 7.5 and is the same as for Proposition 6.1
in [3]. The stability result follows by using arguments similar in [5]. O

Generally, on account of the state constraints, the relaxation is not proper, in the sense that min(RP) is not
equal to inf(P). However, Theorem 7.4 and Proposition 7.6 yield a necessary and sufficient condition for the
properness of the relaxation. Indeed, inf(P) = inf(RP) if, and only if, (P) is weakly stable on the right (i.e.
inf(P) = lims\ o inf(Ps)).

8. OPTIMALITY CONDITIONS

8.1. Adjoint equation

In this section, we recall some existence, uniqueness and regularity results for the adjoint equation. Let (a, b)
be in L9(Q) x L7(X) such that a > C, and b > C,. We consider the following terminal boundary value problem
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0
P AC+aC = g in Q,
(8.1)
ac _
—— + bC = ux on Ea C(T) = U on Qa
ona T

where © = uq + pus + pg,, is a bounded Radon measure on Q\ Qo, pq is the restriction of o to @, us is the
restriction of o to ¥ and fig, = the restriction of o to Q x {T}.
Definition 8.1. A function ¢ € L'(0,7;W11(Q)) is a weak solution of (8.1) if, and only if, a( € L'(Q),

b¢ € LY(Y), and
0z
JoSar

for all z € C1(Q) satisfying z(0) = 0 on €.

N
Z ai; DjCD;z + ay¢ dxdt—i—/ b(zdsdt=<,u,z>b§\§
5 9 (0]

4,J=1

We recall an existence theorem for parabolic equations with measures as data proved in [17].

Theorem 8.2. Let (a,b) be in LI(Q) x LY(X) such that a > C, and b > C,, and let p be in My(Q \ Q).
The equation (8.1) admits a unique solution ¢ in L*(0,T; WH(Q)). For every (§,d) satisfying 6 > 1, d > 1,
% + % > %, ¢ belongs to L2(0,T; Wh4(Q)) and

<l s 0, mwraqe) < Cllulla, @a,)»

where C = C(Q,T,0,d,q,7,C,) is a positive constant independent of a and b. Moreover, there exists a function
in L'(Q), denoted by (0), such that:

0z 0z
/Q <E + Az + az) (dxdt +/Z (% + bz) (dsdt = <u, z>b,§\§0 — /Q 2(0)¢(0) dx for all z € Yg p,

where Yq 5 = {y e W(0,T) | % + Ay € LYQ), aan—yA € L7(¥) and y(0) € L‘X’(Q)}.

8.2. Differentiability results

Linearity induced by Young measures simplifies the technical aspects related to Taylor expansions with
respect to the controls, for the state variable and the cost functional. Since the set of relaxed controls is convex,
Lagrangian perturbations are considered.

Theorem 8.3. Suppose that A1—-A7 are satisfied. Let o and o, be in YP. For 1 €]0,1] set o, = o +71(0, —0).
Let yo and y,, be the solutions of (5.1) corresponding to o and o.. Then, we have

. o1
Yor =Yo +72+7r  with lim —|lr-[log) =0, (8.2)

JWo,,0:) = J(WYo,0) + TAJ + o(T),
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where z is the weak solution of

% + Az + @) (2,t,95)2 =0 in Q,

0z , .

aT—l—(\lfyoyg)oaz:(\I/oyo)O(o—oo) onY, z(0)=0 inQ,
A

and where
AJ:/QF;(x,t,ya)zdmdt—l—/QL;(I,yU(T))z(T)dm

+ / (G oys) ®ozdsdt + /7(G o0ys,) e (0, —0o)dsdt. (8.3)
SUTr b
Proof. The proof is split into two steps.

Step 1. Preliminary convergence results. Without loss of generality, we can suppose that there exists r > 0
such that o, and o belong to Y. Since Y is convex, it follows that o, = ¢ + 7(0, — o) belongs to Y,P.
Moreover, (o;); converges to o in the weak-star topology of (Ca?(X))*. With Theorem 7.1, we deduce that
(y), converges to y, uniformly on Q. Let us set

1
ar = /0 q);('aeycr., + (1= 0)yo) db, a= (I);;('vya)a

1
bT(-,w)z/O U (0o, + (L= O w) db,  b(-sw) = W (-, g w).

Due to A1, with Lebesgue’s theorem of dominated convergence, we can prove that (a.), converges to a in
L(Q). Moreover, by using arguments similar to those of Lemma 6.2, we may prove that

lim [ (by o) dedt:/(boa) X ds dt for all y € C(X).
’T\O » »
Step 2. Proof of (8.2). Due to Lemma 6.3, we see that the function z, = Yor Z Y9 s the solution of:
T
Ozr :
8215 + Az +a;z, =0 in Q,
0z,

+(breo;) zr=(Poy,)e(c—0,) onX, z(0)=0 in€Q,
8n,4

where a, > C, and b, > C,. It follows that ¢, = 2z, — z is the solution of:

dpr
ot

+ A(:DT +arpr = (CL - CLT)Z in Qa

Opr
8n,4

+(breo0;) opr =(breo, —beo) z onY, ¢ (0)=0 inQ.

With arguments similar to those used in the proof of Lemma 6.3, we may prove that ¢, is Holder continuous
on ) and satisfies

||90T||Cu,u/2(§) <C with 0 <v <1,
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where C' is a positive constant independent of 7. Moreover, (), is bounded in W(0,T"). Then, there exists a

subsequence, still indexed by 7, and ¢ such that (¢, ), converges to ¢ for the usual topology of C(Q) and in the
weak-star topology of W(0,T). By taking into account the convergence results stated above, and by passing to
the limit when 7 tends to zero in variational formula satisfied by ., we obtain

N
/ *cp%JrZaij Do D¢ + ape dmdtJr/(boa)cpd)dsdt:O
0 ot 5

ij=1

for all € C*(Q) such that ¢(T) = 0. Therefore p = 0. We have proved (8.2). Similar arguments give Taylor’s
expansion relative to the cost functional. O

8.3. Statement of necessary optimality conditions

For A\eR, y € C(T) and p € L7 (), let us define the Hamiltonian function by:
HM\y,p)=AGoy+p-TPouy.
We shall say that (77,) is regular, if there exists & € V44 such that
9(0) +9'(9)(z — z5) € int Z,

where z, (with 0 = & or 0 = ) is the solution of

0

a—j—i—Az—i—(I);(-,gj)z:O in Q,
0z ;o B .
a—Jr(\I/yoy)oaz:(\Iloy)oa on X, z(0)=0 in Q.
na

Theorem 8.4. Suppose that A1-A8 are satisfied. If (y,0) is an optimal solution of (RP), then there exist
A>0, i€ M(Q), and ¢ € L*(0,T; WH1(Q)), such that

(i1, A) # 0
(i, z — g(gj)>M@)XC@) <0 for all z € Z, (8.4)
85 b / N\ = N~ [N .
¢ L
s+ (¥y07) 07 = =X (G o7) 0 7ls g/ (@) ils on % 55
(T) = =MLy (- y(T)) = A (G} 0y) @ 5lrr —g'(9)*ilg, on O,

>

/H( ,7,() @5 dsdt = min /H(j\,g,g)oodsdt. (8.6)
Pl 0€Vaa JT
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Moreover, if (y,0) is regular, then we can take & =1, and

/H(l,gj,f)oc‘rdsdt:/ min  H(1,7,{)(s,t,w)dsdt. (8.7)
bl 5y wEKv (s,t)

Proof. The proof is split into four steps.
Step 1. Let us set

A ={(z,8) € C(Q) x R | there exists 0 € V44 such that

2= g(7) + 9,0 (20 — 25), B=J0(5,5) (20 — 25) + I (G0 — )},

B = int Zx]—00,0[.

The sets A and B are convex, and B is open. Let us prove that AN B = (). We argue by contradiction and
suppose that there exists o, € V44 such that

9(9) + 9,(¥)(20, — 25) € Int Z, (8.8)

Ty(5,6) (20, = 25) + J(§,0 — ) <0, (8.9)

Let 0. = & + 7(0, — &), let y, be the solution of (5.1) corresponding to o-, and g. = g(y) + L(g(y-) — 9(¥)).
Because of Theorem 8.3, (8.8) and (8.9), it follows that

J TyYT) T J 77 Y
lim g, €int Z and lim (yr, 07) .9)
7N\.0 7\.0 T

< 0.

Therefore, there exists 7, > 0 such that, for every 0 < 7 < 7, < 1, we have

9(y-) =7 g-+(1—7) g(y) € int Z,

J(yr,0:) < J(y,0) = min(RP).

Since (y-,0-) is admissible for (RP), we obtain a contradiction. Thus, AN B = (). From a geometric version of
the Hahn-Banach theorem (the Eidelheit theorem [19]), there exists (A, i) € R x M (Q), such that:

A B+ (I 2) ygyxe@ > A B2+ (B 2) ngyxe@) (8.10)
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for all (z1,/1) € A and all (29, 32) € B, and

X ﬁl + </7/721>M(§)><C(§) 2 X ﬁQ + <ﬂ’22>M(§)XC( (811)

o

for all (z1,41) € A and all (22, 32) € B = Zx] — 00, 0.

Step 2. With (8.10), we can easily prove that A is nonnegative and that (\,f1) # 0. For z € Z, by setting
z1=9g(y), 22 =2, f1 = P2 =0, in (8.11), we establish (8.4).

If (g,5) is regular, by setting 21 = 22 = g(7) + ¢'(9)(25 — 25) in (8.10), we easily see that A\ # 0. (Using if
necessary a normalization process, we can suppose that A = 1.)

Step 3. Let 0 € Vaa. By setting 21 = g(§) + 9,(9) (20 — 20): $1 = J}(5,0) (20 — 25) + T (5,0 — 7), 22 = g(p),
and f; = 0 in (8.11), we obtain

AIT(5,8) (20 — 25) + T (G, 0 — 7)) + (g, (@)1, 20 — 25>b@\50 > 0. (8.12)

Let ¢ be the solution of (8.5). With the Green formula of Theorem 8.2, we have
/ A F)(x,t,9) (20 — 25) da dt +/ A Ly(x,5(T)) (20 — 25)(T) da +/ A (G oy)ed (20 — 25)dsdt
Q Q TUl'r
) o0~ )y, = [ C(Won) e (o —a)du

This equality together with (8.12) gives (8.6).
Step 4. Let us prove (8.7). Consider the function H defined by:

H(s,t)= inf H(1,7 t,w).
(s,t) weitd (1,7,¢)(s, t,w)

Due to A2 and A4, we have

|H(1,5,¢)(s, t,w)]

|G(s,t,5(s, t),w) + {(s,8)¥(s, t,5(s, 1), w)|

(Grls,t) + Cluwl” + (s, 6)] (Ta(s,8) + Clew] %)) n(][F]]0,5)
C(Gi(s,t) + ClwlP + (s, 8)] Wi (s,t) + [w]” + (s, 8)])
C(S(s,t) + |[wl?),

IN

VARV

where S belongs to L(¥). It follows that H belongs to L'(X). For € > 0, let us consider the multivalued
mapping K. defined by

K.(s,t) = {weKy(s,t)| H1,5,0) (s, t,w) < H(s,t) +¢}
= {weR[HN\,Q(s,t.w) < H(s, 1) +} N Ky (s,t) = Re(s,t) N Ky (s, 1).
Since Ky (s,t) is closed and since H(1,%,¢)(s,t,-) is continuous, we deduce that K.(s,t) is closed. Moreover,

since Ky and R. are measurable, K. is also measurable. Then, there exists a measurable selection v.. Let us
prove that v, belongs to LP(X). From A8b, we have

Ch |UE(sat)|p G(S,t,ﬂ(s t)vve(svt)) +Cl|g(87t)|j

(1,5, C) (st ve(5,1)) = C(5,8) W(s, £, 5(s, 1), 0 (s,8)) + Cul[gll
(5,t) + &+ C = ((s,1) U(s,,5(s, 1), ve(s, 1)) (8.13)

IN

H
H

IN
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Due to Young’s inequality and A2, one can prove that

[C(s,8) U(s,t,5(s, ), ve (s, 8)| < (IC(s, )] Wa(s, t)+CIC(8 t)] [l %) n(17]lo0.2)

< C|¢(s,t)| We(s,t) + —|w|p+C (s, )], (8.14)
where C' depends on =y, and C;. By taking into account (8.13) and (8.14), we obtain
2C = - _ ,
[oe(s, O < 5= (H(s,1) + 1+ [C(s, 0] Uals,8) +[C(s,)]7)-
1

Since H belongs to L!(%), (|s belongs to LY (2), and ¥, belongs to L7 (X), we deduce that v, belongs to LP(X),
and thus to V4. From (8. 6) it follows that

/H oodsdt</H ,Q)Oi(vg)dsdtg/f[(s,t)dsdt—l—g %],
b
and since ¢ is arbitrary, one has
/H oadsdt</H s,t) dsdt. (8.15)

On the other hand, let (74)q be a bounded net in V,4 such that (i(,))q converges to & in the weak-star topology
of (CaP(X))*. Observe that

H(s,t) < H(1,5,0)(s,t,0a(s, 1) = H(1,5,C) o i(0a)(s, ).

Therefore,
/Eﬁ(s,t)dsdtg/EH(Lg,g’).i(@a)dsdt,
and
/H s,t) dsdt</H () eadsdt. (8.16)
The result follows from (8.15) and (8.16). O

9. FINAL REMARKS

Since CaP(X) is not separable, we select a separable linear subspace E of it, and we equip it with the
norm (4.2). Let E* be the topological dual of E and let ig : LP(X) — E* be the imbedding defined again
by (4.1) for h € E (i.e. ig(v) = i(v)|g)). Let Y2 be the weak-star closure of ip(LP(X)) in E*. It is well known
([19]) that Y7 is a convex, locally compact, and locally sequentially compact subset of E*. Moreover, if E is
C(X)-invariant (i.e. C(X)-E = E), then we can define a bilinear mapping (h,o) — h e ¢ from E* x E into
M(X), by (heo, X>M(§)x0(§) = (o, x - h>*,2 for all x € C(X). As in Section 5, we can extend the original
control problem (P) by setting

(RPg) inf {J(y,a) | (y,0) € C(Q) x Vi.aa satisfying (5.1) and (1.2)},

where VE,ad is the weak* closure of ig(Vaq). The set vE,ad is convex and locally compact.
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Proposition 9.1. Let E be a separable normed subspace of CaP(X). Suppose that E is C(X)-invariant, and
that Assumptions A1—AS8 are fulfilled. Suppose in addition that:
A9- The functions (Woy)-x, (¥, oy)-x, (Goy)-x, and (G, oy)-x belong to E, for all (y,x) € C(X)x C(%).
Then, the statements of Theorems 6.4, 7.4, and 8.4 are still valid.

An interesting property of elements of Y2 is their possible nonconcentration. More precisely, we say that
o € YE is p-nonconcentrating if it is attainable by a sequence (vg)k (i.e. o= w*-limy_. ip(vx)) such that
the set {|vk|P; k € N} is relatively weakly compact in L'(¥). From Ball’s theorem [4], it follows that every
p-nonconcentrating measure ¢ admits an LP-Young measure representation, in the sense that there exists a
weakly measurable mapping (s,t) — 71 from ¥ to the set of all probability Radon measures on R such that
(s,t) — [ lw[P dr®) (w) € L}(X), and

(0,h), 5= / / h(s,t,w)d 7> (w) ds dt for all h € E.
5 JR

A measure o, € Y2 is the p-nonconcentrating modification of o € Y7, if 0, is p-nonconcentrating and

(0osh) 5o = (0 h), 5 forallh € E s.t. |h(s,t,w)| < a(s,t) + o(|w|),

with @ € LY(¥) and o : Rt — R satisfies lim o(w) = 0. In [19], Roubicek proved that if E is separable,

w——+oo W
then every o € Y} admits one p-nonconcentrating modification ([19], Prop. 3.4.18). Moreover,

(0=00,h),5>0 VheE st h(s,t,w) > ao(s,t) + blw|”, (9.1)

where a, € L(X) and b > 0 ([19], Lem. 4.2.3 (ii)). In the following result, we prove that solutions to (RPg)
are p-nonconcentrating.

Theorem 9.2. Let E be a separable normed subspace of CaP(X). Suppose that E is C(X)-invariant, and that
Assumptions A1-A9 are fulfilled. Then every solution of (RPg) is p-nonconcentrating.

Proof. Let (§,5) be an optimal solution of (RPg). (Existence of such a pair follows from Prop. 9.1.) Since E
is separable, & admits a unique p-nonconcentrating modification o, which belongs to VEﬁad. Let us argue by
contradiction and suppose that & is not p-nonconcentrating. Then & # o0,. By the definition of o,, and due to
A2 it follows that

/(\Ilog)oﬁ dedtz/(\llogj)oooxdsdt for all y € C(%).
by b

Thus § = y,,, and ¢(§) = 9(yo,). (In other words, (y,,,0,) is admissible for (RPg).) On the other hand, due
to (9.1), with the coercivity condition A8, we can easily prove that

I (Yo,000) < J(§,0). (9.2)

Since (Yo, ,00) is admissible for (RPg), (9.2) contradicts the optimality of (g, ). The proof is complete. O
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