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Introduction

Using arithmetic geometric invariant theory developed in [Bu] [Z2] and a result
of Soulé and Philippon ([Sol], [P], [B-G-S]) on Chow variety, in this paper, we
define the heights of semistable varieties in a projective space and study reductions
at Archimedean places of such varieties.

In Section 1, we use the Deligne pairing ([D], [E1], [E2], [Fr1], [Fr2]) to obtain
local versions of a theorem of Soulé and Philippon ([Sol], [P], [B-G-S]) which
links the Faltings heights of projective varieties and the Philippon heights for
corresponding Chow points. In particular a metric (which I called Chow metric)
on the O(1) bundle of Chow variety is defined which is different from the usual
Fubini-Study metric.

In Section 2, we prove a general stable reduction theorem at Archimedean
places which generalizes a theorem of Kempf-Ness [K-N], they worked on pro-
jective space with Fubini-Study metrics. The stable reduction theorem at non-
Archimedean theorem follows from the work of Seshadri [Se] and Burnol [Bu].

In Section 3, we prove that the Chow metrics defined in Section 1 are positive.
The stable reduction theorem in Section 2 in this case gives special metrics (which
I called critical metrics) on the O(1) bundles which characterize the semistabilities
of the varieties. The critical metrics can be described as follows. Let X C P(V)
be a projective variety which is not contained in any hyperplane. Let £ = O(1)|x
and consider V' as a linear system of L. For any positive Hermitian metric || - ||
on £ we define the detorsion function by as follows. Let {so, s1,...,5n5} be an
orthonormal basis with respect to the Hermitian structure induced by the metric
and the curvature of (£, || - ||). Then

by (<) NHZII sill*(

It is easy to see that by does not depend on the choice of basis. We say || - || is
critical with respect to V' if b)) is a constant function. We show that the existence of
a critical metric implies the semistability, and stability implies the existence and the
uniqueness of critical metrics. The limits of these critical metrics are conjectured
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to be Kihler—Einstein metrics when L is the canonical bundle. The idea to obtain
Kéhler-Einstein metrics on a projective complex variety as a limit of Fubini-Study
metrics is due to Yau and Tian ([Y2] p. 35, [T], [D-T)).

In Section 4, we define the height A(X) of a semistable variety X € PV to
be the height of the corresponding point on the quotient variety of Chow variety.
This height can also be defined by the following more direct way (inspired by a
question of B. Mazur). For any Hermitian vector bundle £ over Spec(Of) which
extends the trivial bundle K, let L¢ be the restriction of O(1) bundle of P(£) on
the Zariski closure of X in P(€), then we define the height hg (X) with respect to
£ by the formula

cl([,g)dimX_H B degg
(dimX +1)deg X[K:Q] N+1

he(X) =

Then we show that hg(X) is bounded below as a function of £ if and only if X is
semistable (so this gives converses of results of Cornalba—Harris [C—H] and Bost
[Bo],) and if X is semistable then the minimal value of hg(X) is A(X). The stable
reduction theorem can even tell us such minimal value can be obtained by some £
(which is unique in some sense) such that X has stable reduction in P(£) and the
Hermitian metric on £ induces a critical metric on Lg.

The height fz(X ) should be positive as it is true in function field case [C-H]. In
this paper we can only prove that

h(X)> - h(BY),

where A(PN) = h(PY)/(N + 1) and
N 1 N n 1

is the Faltings height of the projective space [Fa]. This improves a result of Bost
[Bo] where bounds are not explicitly given and a result of Soulé [So2] where
bounds are given for hg(X) in terms of the definition field of £ and X . Our proof
is based on Soulé’s arguments with some improvements.

In 1991, B. Mazur asked me a question about the minimized Faltings heights
h(X) in a projective space PV under the action of SL(N + 1, Q). Our height here
is its adelic version: i(X) is the minimized height under the action of SL(N +
1, A ® Q) where A is the ring of adeles of Q.

The importance of the quantity hg(X) already appears in [C-H] and [Bo].
Moreover the importance of some combination of geometric invariant theory and
Arakelov geometry to define heights on moduli spaces has been first advocated by
Burnol [Bu].
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1. Deligne pairings and Chow sections
1.1. DELIGNE’S PAIRINGS

Letm: X — S beaflatand projective morphism of integral schemes of pure relative
dimension n. Let Ly, ..., L, be line bundles on X and let (Lo, ..., L,)(X/S)
be the Deligne pairing ([D Sect. 8.1], [El], [E2], [Frl], [Fr2]). More precisely,
(Lo, ..., Ly) is locally in Zariski topology generated by symbols (lo, . .. ,l,) with
arelation, where [;’s are sections of £;’s such that their divisors have no intersection.
The relation is as follows. For some 7 between 0 and n and a function f on X, if
the intersection ] ;..; div (I;) = X;n;Y; is finite over S and has empty intersection
with div(f), then

oy fliy .o ylp) = HNormK/S(f)"i(lo,...,ln). (1.1.1)

From definition, it is easy to see that the functor (- - -)(X/S) is multilinear and
symmetric from [[i Pic(X) to Pic(S), and commutes with base change of .S. For
our purpose we list two properties here.

The first one is the projection formula. Let ¢: X — Y be a morphism of
projective and flat integral schemes over S, m = dim(Y/S), n = dim(X/Y). Let
Ko, - ..,Ky be line bundles on X, and Ly,...,L, be line bundles on Y. Then
there is a canonical isomorphism

Koy ooy Kmy@* L1, .., 9" Ln)(X/S)

~ ((Koy.. ., Km)(X/Y), L1,...,Ly) (Y/S). (1.1.2)
The isomorphism locally on S sends (ko, . . . , km, ¢*l1, - .., ¢*ln) to ({ko, . .., km),
l1,...,1ln), where k;’s and [;’s are sections of K;’s and L£;’s respectively, such that
(i) divisors of k;’s have no intersection in the generic fiber of ¢, so (ko, ..., km)

define a rational section of (Ko, ...,/ Cp,), and (ii) divisors of (Ko, . .., kp) and [;’s
have no intersection.
Setting Ko = ¢* Ly for a line bundle Ly on Y in (1.1.2), we will obtain

K1y Kmy @ Loy - .., ¢* L0)(X/S)
~ (Lo, ..., Ln)(Y/8)® detlerKin)-e1(Knn)] (1.1.3)

where K;,’s are restrictions of K;’s on the fiber of a generic point 1 of Y. After
applying (1.1.2) to the left-hand side of (1.1.3), it suffices to construct an isomor-
phism

(Koo s Ky @* Lo)(X]Y) =~ [:?deg[cl(lcm)“-a(lCnn)]_
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Locally on Y, choosing an invertible section /g of Ly and nonzero sections k;’s of
KC;’s will give trivializations of both sides of the above formula. It is easy to show
that this trivializations of both sides compatible with relation (1.1.1).

Setting KC,, = ¢* L, 41 1n (1.1.3), we also obtain

(ICl, e ,ICm_.1, ¢*£0, ey ¢*£n+1)(X/S) ~ Os, (114)

since the product of ¢} s in (1.1.3) is 0.

The second one is an induction formula. Let 7: X — S and Ly, ..., L, be as
before. Let [ be a rational section of £,,. Assume all components of div/ are flat
over S. Then we have a canonical isomorphism

(Lo, La)(X/S) = (Lo, -, L) (d‘—b‘fl) , (1.1.5)

where if Z = YXn;Y; is a cycle over S with Y; flat, projective, and of dimension n
over S then

(ﬁo, e ,En_1>(Z/S) = H(ﬁ(), cee ,En)®ni.

)

1.2. DELIGNE’S PAIRINGS WITH METRICS

Now assume that both X and S are defined over complex numbers, and Ly, ..., Ly
have smooth Hermitian metrics. By a smooth metric on a vector bundle £ over X
we mean that for any holomorphic map f from a complex manifold Y to X, the
pull-back metric on f*£ is smooth on Y. One can define a metric on (Lo, ..., L,)
as follows. For each 0 < 4 < n, let ¢} (L£;) be the curvature of £; which is locally
defined as d0/milog ||I|| for an invertible section ! of £;. Then the metric on
(Lo, - .., Ly) can be defined by induction on n

n—1
log [[{lo, - - -, In)|| = log |[{lo, - - - s ln—1)(divin) || +/ log [|Inll /\ €1 (Ls)-
X/S i=0

It is not difficult to show that isomorphisms (1.1.2), (1.1.3), and (1.1.4) are iso-
metric, and (1.1.5) gives the following isometry

(Lo, ..., La)(X/S)

n—1
= (Lo, .., Lue1) (divEa/S) ® O ( ) ca(ﬁi)) . a2
=0
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where for a function f(s) on S, O(f) denotes the trivial line bundle O with metric
111 = exp(—1)-

When X is smooth over S, Deligne’s pairing with metrics are constructed in
[D, Sect. 8.3] and [E2]. In this case one can show that the metric is smooth and has
curvature [y g N ¢; (L;). For a general X, the metric is not necessarily smooth.
However, we expect it to be continuous. When dim S = 1, the continuity follows
from the induction on n and Proposition 1.5.1 in [B—-G-S]. When X is embedded
in a projective space PV x S over S and L;’s are the pullback on X of the O(1)
line bundle of PV with the standard Fubini-Study metric, then the continuity will
follow from Theorem 1.4 and Theorem 3.6.

1.3. CHOW SECTIONS

We summarize some constructions and results in [F-M], 5.3.4 and [B-G-S] 4.3.1
and 4.3.2(i). Let S be an integral scheme, £ be a vector bundle on S of rank N + 1,
and X be an effective cycle of P(£) = Proj(Sym* £) whose components are flat
and of dimension n over S. Let £ and M denote the O(1) bundles of P(£) and
P(EV) respectively. Then the canonical section of £ ® £, which is dual to the
canonical pairing £Y ® £ — Og, gives a section w of L& M onP(E) x P(EV). Let
M, denote the pullback on []?_ o P(EY) = P(£V)™*! via the ith projection, and let
w;’s be the corresponding sections of L& M, on P(€) x P(EY)"+1. Let T denote the
intersection of divisors of w;’s. If we consider the points of P(£V) as hyperplanes
of P(€), then the points (z, Hy, ..., Hy) of I" are such that z € N, H;. Consider
I' as a correspondence from P(€) to P(£V)"+!. Then Y = I, (X) will be a divisor
of degree (d, ..., d) of P(£Y)™*! whose components are flat over S, where d is the
degree of X over S.

Let AV be the O(1) bundle of P[(Sym? £)®(+1)]. Then the canonical pairing
gives a section w’ of (Sym? £)2(*+1) @ (Sym? £V)®(+1) which in turn gives a
section of the bundle N @ ME®- - - @ M% on P[(Sym? £)®(+1)] xP(£V)"+!. Let
I denote the divisor of w'. If we consider points of P[(Sym? £)®(™+1)] as hyper-
surfaces of P(£V)"*! of degree (d, . . ., d) then I has points (H, yo, - - - , Y») Such
that (yo, . ..,yn) € H. The section Z of P[(Sym? £)®("+1] over S corresponding
to Y defined as above is called the Chow section for X. We have Y = I',(Z),
where I" is considered as a correspondence. The following result is a local version
of a result of Philippon and Soulé ([Sol], [P], [B-G-S]).

THEOREM 1.4. There is a canonical isomorphism on S
(L,...,L)(X]S) ~ Z*(N).

Proof. We use the following notations
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<,C1n1,) = <£1,...,£1,...,>
e

n1 times
£ = (L,...,L),
\_ﬁ.f_/
n times
L= Lo

Let p denote the projection P(£) x P(EY)"+! — P(£), then
£ (x/8) = (LD ME, L MY ("X S)
by (1.1.3) forp*X — X
~ (LRMo,..., LR My, M¥,... . M;N)(p*X/S)
MG )@ - @ (M)
by linearity of pairing and (1.1.4)
~ (M, .. MY p*X -T/S)
oMy @ (M)
by (1.1.5) for the sections w;'s
~ (M, o MNN(Y)
®(M§)N+1))—d ® - ® (M%N+1))—d
by (1.1.2) applied to morphismp*X -I' = Y. 1.4.1)

Similarly let p' denote the projection P[(Sym? £)®(+D] x p(gV)nt! —
P[(Sym? £)®(+1)], then

Z*N) = (MY, ML N 2)
by (1.1.3) forp'*Z — Z.
~ <M6N, oMY N M;~’l> ' Z)
=0
M) M- @ (M)
by linearility of pairing and (1.1.4)
= (M, M7 Z T
®(M(()N+1))—d Q- ® (M(nN+1))—d
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by (1.1.5) for the section w’
= (M, MY S)
BMy )@@ (M)
by (1.1.2) for the morphism p*Z - T — Y. (14.2)

Now the theorem follows from (1.4.1) and (1.4.2).

1.5. CHOW METRICS

Now we assume that S is a complex variety and £ has a smooth Hermitian metric
|| - ||. It induces Fubini-Study metrics on £, M, and N. All these metrics and
their products are denoted by || - ||. We define a new metric || - ||ch on N which
I call Chow metric as follows. Let w' be the canonical section of N ® ®7 (MZ
corresponding to the canonical section of (Sym? £)®("+1) @ (Sym?¢ £V)®(n+1),
Then ||w’|| is a function on P[(Sym? £)®(+1)] x P(£V)»*!. For a section s of '
we define

/
log [lsllcn = log [l — (n + 1 d]ZJ J—— /\ (M

If Sis a point and £ = CN*! with the standard Hermitian structure, then

P[(Sym? £)®("+1)] has a homogeneous coordinates (zq), where o are multi-indices
for monomials of degree (d,...,d) on PV: o = (0;;),0< i <n,0< j < N,
o j > 0 are integers and Ejai,j = d for each i. A section of s of N can be written
as Yo 04 84- For a point (z,) of P[(Sym? £)®(*+1)], we have

N

-1 n+1)dzl.

=17

Z ZaZo|dz
«

log ||s|lch(2e) = log

E Gl

— I
/g(CN+1 Yt 08

where zo = []; ; ;3" are monomials on CN+D("+1) G(CN+1) is the unit sphere
of CN*1, and dz is the invariant measure on S(CN+! )""‘1 with Volume 1.
The following theorem is a local version of a result of Soulé and Philippon

([Sol], [P], [B—G-S]) at the Archimedean places.

THEOREM 1.6. With the metric on Deligne pairing (L, . .., L) and Chow metric
defined on N, the isomorphism in 1.4 is isometric.
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Proof. By 1.2, the 1st, 2nd, and 4th isomorphisms of (1.4.1) are isometric. By
(1.2.1), the 3rd isomorphism induces the following isometries

(LOMo,...,LOIMp, M, ..., MN)(p*X/S)
~(LOMy, ..., LMy, MY ,..., M:N)(p*X - div(wy))

00 (_ [ et [/\ caw@w} [A caw»N])

§>0 i=0

~ ...

~ (MP, . MNP X - T)

Q0 /
(Z p*X-Hj<idiV(’IUj )/S

1=0

— log [|w]| [/\ ¢\ (L5 ® M;)

j>t

Notice that the function inside O which we denote as f(s) commutes with base
change of S. We may compute f by assuming that S is a point and £ = CN*!
with standard Hermitian structure. Then w = £¥ z; ® y; where z;’s and y;’s
are homogeneous coordinates of P(€) and P(EY). Notice that the action of the
unitary group U(N + 1) on ith factor of []—, P(€Y) induces an action on p*X -
[1;<; div(w;) and the measure [A ;s ¢} (£; ® M;)] - [l ¢j(M;)Y] is invariant
under this action. So we may replace log ||w;|| by its integral on P(€V). Now for
any point = (zg,...,Z,) € P(E)

- [, Togllwlci(M)™
P(£V)

- _ 1 1 g Ef\;o lmzyllz c ( )N
pev)t T Sl SN lys

Changing coordinates suitably, we have

vi P

N
- lo M)V :/ 1lo
f ooy Bl (V0N = [ g(Z "

=0

) M)V
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This is %E;-V:l 1/4 by a computation of Stoll. It follows that

N
£(s) = (ézﬂ

j=1
X C’(£'®M~) [ C;M,-N]
(;) /p\*Xch<idiV(’wJ')/S [7/>\z 1 ] J ] Zéo ( )
N1
= Jn+1)dy -
=17

One has an isometry
N1
LD X/8) = (MY, MIN(Y/S) @O Sn+ 1A Y~
j=1

®(M(()N+l))—d®_“® (M%N+1))—d' (1.5.1)

Similarly, the 1st, 2nd, and 4th isomorphisms of (1.4.2) are isometric. By (1.2.1)
the 3rd isomorphism gives the following isometry

<M6N, o MYENRQ M;!> 0'*7Z)

1=0
Al 'FI
= <M6N7' .. ’M;'I,N> (pZ—>
S
®0 / “loglw| A ¢\ (M)V ]
(WWS oxll A (s

This gives isometry

ZXN ) = (MY ME(YS)

_ ! / I. N
® ( L guyensys ~ oI IA M) )

M)l g ... @ (M), (1.5.2)
The theorem follows from (1.5.1) and (1.5.2).
REMARK 1.7. As pointed by the referee, maybe one can prove Theorem 1.4 and

Theorem 1.6 by using the formalism of Franke and the proof of Theorem 4.3.2 in
[B—G-S]. We leave this task to interested readers.
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2. Semistable reduction theorem at Archimedean places

2.1. DEFINITIONS. Let X be a projective complex variety, £ be an ample line
bundle on X, and || - || be a continuous metric on £. We give the following working
definition for positivity and semipositivity of the metric || - ||. We say || - || is positive
(resp. semipositive) if for any holomorphic morphism f: D ={z € C: |z| < 1} —
X, the curvature ¢} (M) = 80/xilog|m/|| of the pullback metrized line bundle
M = f*(L,] - ||) is positive (resp. semipositive), where m is an invertible section
of M. This means that for any smooth function ¢ on D with compact support, the
integral

- 00
[ #ci(¥) = [ togliml =29,

is positive (resp. semipositive) if ¢ is semipositive and nonzero.

Now fix a metric || - || on £ in this section. Let £ denote the metrized line bundle
(L, | - |]). Let G be a complex connected reductive group, and let U be a maximal
compact subgroup of G. By a Hermitian action of (G,U) on (X, L) we mean a
linear action

c:Gx X — X, ¢: 0" L ~pyL,

of G on (X, L) such that ¢|y« x is an isometry of Hermitian line bundles.

We fix a Hermitian action of G = (G,U) on a (X, £). Then ¢ induces an
isometry ¢: 0*L ~ p3L ® O(u), where  is a function on G x X, and O(p)
denotes the trivial bundle with metric ||1]|| = e™*.Letz € X, [ € L(z) — {0}. Via
¢ we may consider [ as a section of £ on the orbit Gz. Then we have a formula
for p

— 1o NHg2)

For a fixed z, u(g, z) can be considered as a function on G or on the orbit Gz.
By an one-dimensional parameter Hermitian subgroup of G' we mean an injec-
tive homomorphism \: G, = (G, Up) — G = (G,U), namely, an injective
morphism from G, to G such that the image of unitary elements U,, = {z € C* :
|z| = 1} is contained in U. We abbreviate this to ‘) is a 1-phs of G.
A point of z is called critical with respect to the Hermitian action, if for any
1-phs X of G, the function f(t) = p(\(et), z) is critical at £ = 0

e 10— 10) f(=9) = /(0

(t:s)ﬁ(0+70+) t S

>0.

Our main result of this section is the following generalization of a result of
Kempf and Ness [K-N], they worked on the projective space with a Fubini—Study
metric.

THEOREM 2.2. Let (X, L, G) be assumed as above, and let x be any point of X.
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(1) The function u(g,z) is bounded below as a function on the orbit Gz if and
only if x is semistable with respect to the linear action of G. Moreover, if T is
stable then the infimum value of this function is reachable on the orbit Gz.

(2) If the metric || - || on L is semipositive, then infycq u(g,z) = u(e, z) if and
only if x is a critical point of X where e is the unit element of G. Moreover,
the set of critical points is connected in Gz, and this set is nonempty if x is
stable.

(3) If the metric || - || is positive, then the set of critical points in Gx contains at
most one orbit of U.

Proof of the 1st Part of 2.2. For the first statement we notice that the bounded-
ness of p will not be changed if we change the metric on L or replace £ by some
positive power. By these it is easy to reduce the problem to case that X = P",
L = O(1) with the Fubini-Study metric, and the action is induced by a Hermitian
action of (G,U) on CV*! with the standard Hermitian structure. Let 2* € CN+!
be a point which has the image = on PV . Then

llgz* |l
(g, z) = log T

Now (g, z) is bounded below on Gz if and only if 0 € Gz*, or if and only if z is
semistable.

By the same argument as above we will .obtain that for a stable point z and
a positive number M the set {gz: u(z,g9) < M} is closed in X. The second
statement of Part 1 follows.

To prove other two parts we need to show the positivity of the second variation
of .

LEMMA 2.3. Let \ be an 1-phs of G = (G,U) and z be a point of X. Let
f(t) = u(X\(e), z) as a function on R.

(1) If the metric on L is semipositive then f(t) is concave up on R: for any two
real numbers a and b

f(a);rf(b) S| (a;rb>'

(2) If the metric on L is positive then f(t) is strictly concave up on R: for any two
distinct real numbers a and b

F@+10) (Lb) |

2 2
Proof. Let g: C — X be the holomorphic map such that g(z) = A(e*)z and
M = g* L with pullback metric which we still denote as || - ||. It is positive (resp.

semipositive) if the metric on L is positive (resp. semipositive). Let [ be a nonzero
section of £ at z with norm 1 and m = g*[. Then f(t) = — log||m|| (). Since the
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metric on £ is invariant under the action of U, the function — log ||m|| (z) as on C
is invariant under transformation z — z + bt for any b € R. In other words it is
determined by its restriction f to real numbers

~tog mll(2) =~ tog m (£32) = 1 (237

We claim that f” as a distribution on smooth functions with compact support on R
is positive (resp. semipositive) if || - || on M is positive (resp. semipositive). This
means that for any bounded open subset V of R and any smooth function g with
compact support on V, the integral

/f”gdz :=/fg”d:v,
R R

is positive (resp. semipositive) if ¢ is semipositive and nonzero. Our lemma will
follow this claim and a well known fact that a continuous function f: R — R is
convex (resp. strictly convex) if and only if the distribution (resp. positive with
support R). See for instance Theorem 4.1.6 in [H]. (I am grateful to the referee for
telling me this reference.)

Let us prove our claim on f”. Assume (M, || - ||) is positive (resp. semipositive).
Fix an open subset U of R and a positive smooth function h on U with compact
support and integral 1. For any smooth function g with compact support on U,
setting ¢(z + yi) = g(z)h(y) and noticing that

22 G@)h) = Zr(s" @h(y) +g(2)h" (1)) do dy,

we have

[l = o2 [ 1@ @hty) sy
= 5 [ 1@ @) da.

It follows that the integral [ fg” dz is positive (resp. semipositive) if g is semi-
positive and nonzero. Our claim and therefore the lemma follow.
We also need the Cartan decomposition theorem:

LEMMA 2.4. Let S be the set of 1-phs of (G,U) then

G=J UNR}).
AES
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2.5. PROOF OF 2ND AND 3RD PARTS OF (2.2)

Lety = gz # « be any point in the orbit containing . By the Cartan decomposition
theorem we have an 1-phs A, a real number %y, and a unitary element 4 € U such
that g = ul(e®). Let f(t) = p(A(et), z) then

ple,z) = f(0),  plg,z) = ple,y) = f(to)-

If £ is semipositive then f is concave up by (2.3), the only critical points of f are
minimal points, and the set of minimal points must be a closed interval. This implies
that z is a critical point if and only if at z the function i has minimal value. If both
x and y are critical points then all points in the curve y(t) = ul(et)z (0 < t < to)
are all critical points. The first two statements of Part 2 follow immediately. The
third statement of Part 2 follows from these two and Part 1.

If L is positive then f is strictly concave up, so f has at most one critical point.
If 2 and y are both critical points then ty = 0. It follows that y is in the orbit of U
containing x. This proves the third part of (2.2).

The proof of (2.2) is complete.

2.6. SEMISTABLE REDUCTIONS AT NON-ARCHIMEDEAN PLACES

Instead of complex variety we may also consider a variety defined over an alge-
braically closed nonarchimedean field. Let K be a discrete valuation field with
valuation ring R. Let X be a projective and flat variety over Spec R and L be an
ample line bundle on X. Let G be a geometrically connected group scheme over
Spec R with a linear action on (X, L). Denote by X, £, G the geometric fibers of
X, L, G on Spec K, where K is an algebraic closure of K with valuation ring R.
Let || - || be the K norm on £ induced by the integral structure L, and let U denote
G(R). Then G acts on (X, £) and the norm || - || is invariant under the induced
action of U.

By an one-dimensional parameter Hermitian subgroup of G' we mean an injec-
tive homomorphism A: G, = (G, Uy ) = G = (G, U) which is induced by an
injective homomorphism A: G,, — G over Spec R of group schemes. As before
we abbreviate this to ‘) is a 1-phs of G".

We define u(g, z) as in Section 2.1. We fix a uniformizer 7 of K and a set of
roots {7'/™: n =1,2,...,} such that (7!/™*)™ = 71/ For any rational number
t = a/b, ((a,b) = 1,b > 0) we define n* to be (7!/%)®. Then for any 1-phs A of G
we define f(t) = p(A(n?), z) over Q. It is easy to see that the function f(t) does
not depend on the choices of 7 and its roots. We call a point = in X critical with
respect to the Hermitian action, if for any 1-phs ), the function f(t) = u(A(7?), )
is critical at ¢ = O as in (2.1).

THEOREM 2.7. Let (X, L, G) be assumed as above, and let x be a point of X.
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(1) The function p(g, z) is bounded below as a function on the orbit Gz iff  is
semistable with respect to the linear action of G. Moreover if x is semistable,
then the infimum value of this function is reachable on the orbit Gz.

(2) The equality infyeq (g, ) = p(e, z) holds iff  is a critical point of X where
e is the unit element of G. Moreover, if x and y = gx are both critical points,
writing g = upA(m®) with u in U and t in Q by the Cartan decomposition
theorem, then for any u € U and any t between 0 and to, the point ul(nt) is
critical.

(3) The set of critical points of X is the set of points of X which have semistable
reductions over Spec R. Moreover any stable point has a semistable reduction.

Proof. (1) Replacing L by a power and embedding X to projective spaces by
sections of £, we may assume that X = P" and £ = O(1) with metric induced
from the standard metric on K"+!

”(fL‘(), o 7xn)” = mlaxll',l

For z* € K™*! be a point which has image z in P", then

llgz* |l
llz=|

p(g,z) = log

The function p(g, z) is bounded below on Gz if and only if ||gz* || is bounded below
by a positive constant. The first statement of Part 1 of the theorem follows from
the definition of stability, while the second statement follows from Proposition 2
in [Bu].

(2) Let y = gx be any point in the orbit of . By the Cartan decomposition
theorem we have an 1-phs ), a rational number ¢, and a element ug € U such that
g = up\(m®). Let f(t) = u(A(n?), z) then

N(e, :I:) = £(0), H(gam) = /1'(67 y) = f(tO)'

Diagonalizing K™*! according to the action of A, we may assume that

Aa)(ag, . ..,an) = (a®ay,...,a""ay),
where ay, . . . , ay, are integers. If z* = (zy, . .., z,) has image z then
I ()| |z
f(t) = log =——— = max ( to; log || + log .
¥ e e e loglTl g gy

So f(t) is a concave up function of Q. The only critical points are minimal points,
and the set of minimal points must be a closed interval of Q. This implies that x
is a critical point iff at z the function u(g,z) has minimal value. If both = and y
are critical points then they are minimal, so are points with form uX(7?) foru € U
and ¢ between O and t¢. This proves Part 2.

(3) This follows from Part 1 and 2, and Proposition 1 in [Bu].
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3. Reductions of stable cycles at Archimedean places
3.1. DEFINITION OF CRITICAL METRICS

By an effective cycle of dimension n, we mean a cycle of a codimension 0 on
a reduced scheme X4 = |J X; whose irreducible components are of dimension
n: X = X;m;X;, m; >0. Let £ be a line bundle on X4, and let V' C I'(X, £)
be a linear system of dimension N + 1 which defines an embedding X;eq C P(V).
We say X is stable (resp. semistable) with respect to V' if the corresponding Chow
point in P[Sym?(V)®(+1)] is stable (resp. semistable), where d = Z;m; deg(X;)
is the degree of X. Now we assume that X.q is a complex projective variety.
Let || - || be a semipositive and smooth metric on £. We can define the distortion
function b)).;|(z) on Xreq as follows. Let (, ) be the L?-Hermitian structure defined
by the metric || - || on £ as follows

(s1,82) ka/ (s1,82)(z) dz,

where dz = ¢|(L, || - ||)™/ deg X is the induced measure on X. Let {so,...,sn}
be an orthonormal basis of V' with respect to this Hermitian structure. Then

by (= N+ T - Z llsill* (=

It is easy to see that by|.|| is independent of choice of the s;’s and has integral 1. We
say that || - || is critical with respect to V' if b = 1. The main result of this section
is the following theorem.

THEOREM 3.2. Let X, L be given as above.

(1) If || - || is a critical metric on L with respect to V then X is semistable with
respectto V.

(2) If X is stable with respect to V then there exists a unique critical metric on L
with respectto V.

3.3. A CHARACTERIZATION OF CRITICAL METRICS

We say a metric || - ||gs on L is the Fubini-Study metric induced by a Hermitian
structure on V' if for an orthonormal basis {sg,...,sy} of V'
N /2
(]
lIsllrs = <Z — )
i=0 ! 8

First of all we claim that a metric || - || on £ is critical with respect to V' if and only
if || - |2 = (N 4 1)|| - ||, where || - ||ps is the Fubini-Study metric induced by
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L?-Hermitian structure induced by || - ||. In fact, let {so, . . . , sy } be an orthonormal
basis of V' induced the norm || - || on L. The induced Fubini-Study metric || - ||gs is

Ilsill?(z)
|3”FS <Z ”8”2 H,‘ ’

which is ||s||2(z)/(N + 1) if and only if %||s;||*(z) = N + 1, and by definition if
and only if || - || is critical.

By this for the proof of (3.2), we may restrict our discussions on Fubini—Study
metrics induced by the set M of Hermitian structures on V. For any m € M, let
Lm = (L,]|*|lm) be the line bundle £ with the corresponding Fubini-Study metric.
Then the Deligne pairing [,(n"'l) is the one-dimensional vector space £{"*+1) with
a metric depending on m. Fix one m in M. For any g in SL(V') one defines a new
Hermitian structure gm as follows: for any v € V, ||v||gm := ||gv||m. Let v(g) be
a real function on SL(V') defined by the isometry Lgm it o £ g O(v(g)).
Then we have the following characterization of cntlcal metrics.

THEOREM 3.4. The Fubini-Study metric induced by the Hermitian structure m
on V is critical with respect to V if and only if, for any 1-parameter subgroup
A: C — SL(V) which sends elements with absolute value 1 to unitary elements
of SL(V), the real function f(t) = v(\(e?)) is critical at t = 0.

Proof. To give an 1-parameter subgroup A as in the theorem is equivalent to
give an isometry V ~ CM*! and integers a; (0 < 7 < N) such that Za; = 0. The
corresponding action A(g) has the form

A(g)(an s ,mN) = (ga()mOa ce agaNmN)'

Fix a ) and choose an isometry V ~ C¥*! and a;’s as above. Let ¢; be the real
function defined by the isometry

*C)\(e‘)m =Ly ® O(¢t)a
then

O(f(£) = (Lm ® O()) ™V @ (L)

n ag n—i )
=0 (;/X@ [—Efﬁt} C'l(ﬁm)z> : (3.4.1)

To prove the theorem, we need to study the leading terms of the Taylor expansions
of ¢ and (00 /m1)¢:. Let s be a section of O(1), then

||3||,\(et)m,1=s

Tg,...,ZN) = —lo
9(@0, -, TN) & slmrs
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D |51”i|2

> i’

= JlogY" el
i

= —%log

where ||s||m s be the Fubini—Study metric induced by the Hermitian structure m
of V, and ||z;|| = |zi|/1/2Zi|zi|? is the norm of z; as a section of L. Using the
identity 3;]|z;||? = 1, one has

(3

¢ = 4log [Z(l + 2a:t) ||z + O(tz)}
= 5log [1 +2t Y agllzi|® + O(tz)]

=t (Z aiﬂwi”z) +0(#),

where O(t?)’s are all smooth functions on PV for small . Similarly

80, 8 ¥ e*o|al?
i 2wy, e2eit||z; |2

1 [Ei 4t 0)|zi|? (3 e4*0l|zill*) (s e Ollws?)

2m | X5 etz (X 2|z ]|2)?
_ 1263 a09|mi* + O(#)
27 1+ 0(t)

80
= tZ ai;{”ﬂ?inz +0(8),

where O(t)’s and O(#?)’s are smooth functions and smooth forms on P for small
t. Bring these to (3.4.1), one has

t) = 3 ty a;llz; 2 Otzl
£t Jz::l/xlz el + O(#)
_ n—j
x [-tzai%nzinz + o<t2>] (LY

_ /X £ a2l Pl (Lm)" + O(2)
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= tdeg X Y _aillzill}. + O(t?), (3.4.2)
A

where || - || 2 is the Hermitian structure on V' induced by the Hermitian metric on
Ly, and the measure dz = ¢} (L)™' / deg X. From (3.4.2), one sees that f(t) is
critical at ¢ = O for all 1-parameter subgroup of SL(V) as in the theorem if and only
if for any orthonormal basis {so, ...,sy} of V and any integers a; (0 < i < N)
with Ya; = 0, the following equation holds

> aillsill3. = 0.
1

Since j||z;]|2, = N + 1, f(t) is critical at t = O for all 1-parameter subgroup
as in the theorem if and only if {so,..., sy} is an orthonormal basis of V' with
respect to the Hermitian structure induced by the metric on £,,,. Now the theorem
follows from the discussion in (3.3).

3.5. PROOF OF (3.2)

Fix a Hermitian structure 7 on V. Let z € P[(Sym? V)®(+1)] be the Chow point
corresponding to X . Then (1.6) gives a canonical isometry Lﬁ,'fﬂ) ~ N (z), where
N is the O(1) bundle of P[(Sym¢ V)®("+1)] with the Chow metric defined in (1.5).
It follows that v(g) = (g, z), where p is defined in (2.1). Now (3.2) follows from
(3.4), (2.2), and the positivity of the Chow metric on N:

THEOREM 3.6. For the standard Hermitian structure on & = CNT! consider
the induced Chow metric || - ||cn of the O(1) bundle N on P[(Sym? CN+1)®(n+1)]
defined in (1.5).

(1) The metric || - ||ch is continuous and positive in the sense of (2.1).
(2) The metric || - ||cn is ample. This means that for any point x in X and any
€ > 0, there exists a nonzero section | of a positive power N™ such that

Nlllsup < €™]2|()

Proof. (1) We prove the continuity first. By definition in 1.5 we need only prove
that the integral

i / AN
L e I IAG MDY,

defines a continuous function on P[(Sym¢? CV+1)®(»+1)], We prove this by using
an argument in the proof of Proposition 1.5.1 in [B-G-S]. Let (p, q) be a point
in P[(Sym® CN+1)®(+1)] x P(£V)"*!, Then in term of local coordinates = =
(z1,Z2, ..., T N(n+1)) in a neighborhood of p, we can write

log [|w'| A &y (Mi)"
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N(n+1)
= a(p,2)(log | (p, )| + g(p,a) ] da; Ads,

j=1

where a(p, =) and g(p, ) are smooth functions of p and z, and f (p, ) is polynomial
in z with coefficients holomorphic in p. By Weierstrass’ preparation theorem, after
a possible linear change of the local coordinates , we may write in a neighborhood
of g

h
f(pa m) = (‘T{L + Z Sj(pa T2y axN(n+l))x:lj> U(p,$),

i=1

where s; and u are holomorphic functions such that u(p,0) # 0. By Lemma 1.5.3
in [B-G-S], for a small neighborhood U of 0 in C, a small neighborhood V" of 0
in CN(+1)=1 3 small neighborhood W of p in P[(Sym? CN+1)®(+1)] and any
smooth function p(z1, ... TN (n41),p) in U X V x W with compact support, one
has that the integral

/[],0(331, - s TN(n+1), D) 10g | f (p, 7)| dz1 A dZy,

defines a continuous function ¥(z2, . .., Zn(n+1),P) on V X W. By Fubini’s The-
orem we have

/ (@1, » Ennan)> P) 08 | £ (p, )] dzy A ATy
UxV

N(n+1)
:/ ¢($2’---mN(n+1)) H dacj /\di‘j.
v i3

It follows that the integral

N(n+1)
| o, onany ) oglf o)l [T doj Ads,
UxV j=1

defines a continuous function on W. Using partitions of unity, this shows the
continuity of

Lo Toglw'll A (M)
p(gV)n+l

Now we want to prove the positivity. Let f: D — P[(Sym? CN+1)®(n+1)]
be a finite morphism. We need to show that for any smooth function ¢ on D with
compact support, the integral [, ¢c} (f*(N, || - llcn)) is positive if ¢ is semipositive
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and nonzero. Let IV € P[(Sym? CN+1)®(n+1)] 5 p(CN+1)7+! be the universal

hypersurface in P(CN+1)"+1 of degree (d, . . ., d). By (1.5.2) we have an isometry
I'\I

Sym? CN+1)®(n+1)]> K,

N llen) = (MG, .., MY (P[(

where M; endows with Fubini—Study metric and K is a constant line bundle with
a constant metric. By [D, Sect. 8.5] we have

SN o) = [ A (M.

I /P[(Synt! cN+1)®(r+D]

Let p: T, — D be the pull-back by f of I" — P[(Sym? CN+1)®(+1)] Since
f is finite, the morphism q: T, — P[(Sym? CN+1)®(+1)] is generically finite.
There is a Zariski open subset U of T, which is étale over P[(Sym? CN+1)®(n+1)],

The image V' = ¢(U) of U is a nonempty open subset (in the complex topology)
of P[(Sym? CN+1)®(n+1D)] If 4 is semipositive and nonzero, then

Lewl-lee = [ oo Ado”
= /V (gp*9) N\ s (M)
>0

1=0

This proves the Part 1 of the theorem.

(2) By Part 1 and Theorem 2.2 in [Z1] (Please notice that the ample metric here
was called semiample metric in [Z1]), we need only show that for a projective space
PM and a positive continuous metric || - | on @(1), there is a sequence of smooth
metrics || - ||, on O(1) convergent uniformly to || - || and such that the curvatures
of || - || are positive. Let ¢ be a positive function on U := U(M + 1) such that
Jy #du = 1 where du is the invariant measure on U with volume 1. We define a
new metric || - |4 on O(1) as follows. If s is a section of O(1), then

log|Isl4(z) = /U log [|u~"s | (") p(u) du,

where U acts on both O(1) and PM in the standard way. We claim at first
that || - || is smooth. For this let || - o be the standard Fubini-Study metric
which is smooth and invariant under the action of U. Consider functions f(z) =

tog([| - @)/ lo(a)) and fy(z) = log(| - (z)/ I -lo(a) then
fola) = [ ™ ")p(u) du
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Fix a point zop on PM and let p: U — PM be the map p(g) = gzo. Then
p*(f4)(9) = Jy p*(f)(u"'g)p(u) du, now p*(f,) is smooth by standard argument
on convolution of distributions. Since p is surjective and smooth, it follows that f4
is smooth, and so is || - ||4. We claim at second that || - ||, has positive curvature.
This follows from the following identity of distributions and the positivity of ¢

COW,I-19) = [ A©O, 11D 2)6() du.

Finally we choose a sequence of positive smooth functions ¢, on U such that
supp(¢,) — {e} as n — oo, where e is the unit element of U. Then the metrics
| - ll4, convergesto || - ||. This proves the second part of the theorem.

3.7. QUESTIONS

(1) Let X be a variety in P(V'), where V is a finite dimensional vector space over
a discrete valuation field K with valuation ring K. Assume that X is stable in
P(V'). Then (2.7) tells us that after replacing K by a finite extension, there is a free
submodule V over R such that the Zariski closure X of X in P(V') has a semistable
special fiber. Motivated by (3.2), I would like to ask the following question: Can
one describe X without the reference to group action? For example, by Mumford
[M, Sect. 5.1], a (moduli) stable curve X in sense of Deligne—Mumford [D-M] is
stable in P(I'(w%)) whenn > 5.

(2) Let X be a smooth complex variety and let £ be an ample line bundle such
that X is stable in I'(L™) for n > 1. Fix a section [ of £ ata point z in X. Let || - ||,
be the metrics on £ such that ||I|l, = 1 and || - || give critical metrics on L™ by
(3.2). Motivated by a conjecture of Mumford on the existence of asymptotically
stable limits [F-M, p. 187], I would like to ask the following question: Does the
critical metrics || - ||, converges to a continuous metric on L?

(3) Let X be a complex curve or surface with ample canonical line bundle wx. By
Gieseker [G], Mumford [M] we know that X is stable in I'(w’ ) for n sufficiently
large. (For higher dimensional varieties, Viehweg [V] proves some stability on
Hilbert points.) By Riemann’s uniformization theorem and Yau’s Theorem [Y1]
we know the existence of Kéahler—Einstein metric on X. If the critical metrics on
wx converges, is the limit equal to a Kdhler—Einstein metric? 1 should mention
that the idea that projective stability is related to the existence of a Kihler—Einstein
metric is due to Yau and Tian ([Y2], [T], [D-T]).

4. Heights of semistable cycles
4.1. DEFINITION OF HEIGHTS

With S = SpecZ,& = ON+1 and the standard Hermitian structure at £ ® C =
CN+1, constructions in Section 1 give a Chow metric || - ||cn on the O(1) bundle
of P[(Sym? £)®(»+1)]. Let (P, ), || - |lcn) denote the uniform categorical quotient
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of semistable points of (P[(Sym? £)®+D] A/||| - |ic) by the action of group
scheme SL(IV + 1). Notice that for a section k of A at p € P, the norm ||k|| is
defined to be the supremum norm of & on the fiber of P[(Sym? £)®(+1] over p,
where we also consider k as a rational section of A on this fiber [Bu, Z2]. We
will show at the end of the section that the metric on A is continuous and ample.
For any semistable cycle X of dimension n and degree d in IPg ,letp € P(Q) be
the quotient of the corresponding Chow point. We define the G.LT height A(X) to
be Ay, (2)/(n + 1)d. Notice that if z is defined over a number field K which
extends to a finite morphism Z : Spec Ox — P then h, | (z) = degZ* (A, || - [|)/
[K: Q.

For a (not necessary semistable) cycle X C ]P’g defined over a number field K
and a Hermitian vector bundle £ on Spec Ok with an isomorphism £ ~ KN+1,
let X be the Zariski closure of X in P(£) and L be the restriction of the O(1)
bundle of P(£) on X. We define the height hg(X) of X with respect to £ by the
following formula

. C1 ([,g)n+] . degS
C (m+1degX[K:Q (N+1K:Q’
It is easy to see that hg (X) is invariant if we replace K by an extension and replace

X and &£ by their base changes. The following proposition gives a characterization
of G.L T height without reference to group action:

he(X)

PROPOSITION 4.2. Let V be the direct limit of the set Vi of vector bundles on
Spec Ok with an identity € ® K = KN+ as K varies in the set of number fields.
Let X be a cycle of PN+ over Q.

(1) The cycle X is semistable if and only if hg (X)) is bounded below as a function
of E €V. A

(2) If X is semistable then h(X) = infgey he (X).

(3) If X is stable, there is a Hermitian vector bundle £ in'V defined over a number
field K such that (i) the canonical isomorphism det€ ® K ~ K induces an
isometry det& ~ Ok, (ii) the Zariski closure X of X in P(&) has semistable
fibers at all finite places, and (iii) the Hermitian structures at archimedean
places of K induces the critical metrics on O(1)|x.

(4) If X is semistable, let X* be a stable limit cycle of X in PN, Then h(X) =
he(X*) where £ is defined for X* as in Part 3.

Proof. For any £ € Vg, replacing K by an extension, we may assume that
det€ = L£N*! is a power of a line bundle £ with an identity Lx = K which
is compatible with the identity detx = K. Let & = £ ® L™! we see that
he(X) = hg(X) and the identity £5 = KV *! induces the indentity det £’ = Ok
By replacing £ by £, we assume that £ already has the property of £’.

For any place v of K, let g, be an element of SL(N + 1, K,,) such that (i) if v
is finite, &, = ngf,V +1 where we consider both sides as subsets of K{,V +1 and (ii)
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if v is infinite, for any element z € K+, [|zlle, = [|guz||lon+1. It is easy to see
that (g,) is in SL(N + 1, A® K) and £ is uniquely determined by (g, ) in the coset
K\ SL(N + 1,A ® K) where K consists elements whose components at a place v
are in SL(N + 1, 0,) if v is finite and in the unitary group U(N + 1, K,,) if v is
infinite.

Let X (resp. X') be the Zariski closure of X in P(OXT') (resp. P(£)). Let £
(resp. L£') be the restriction of the line bundle @(1) to X (resp. X'). Let = be the
Chow point in P[(Sym? KN+1)®("+1] corresponding to X. For each place v, let
1(gy, z) be a real number defined by isometry as in (2.1) and (2.6)

N(gyz) = N(2) ® O(pu(gv, 7))

Notice the embedding X, = X' ® O, — P(&,) is isomorphic to the embedding
of the Zariski closure of g,(X) in P(OY*!). By (1.4) and (1.6), the isomorphism
on Spec K induces an isometry of line bundles over Spec K,

(L., LYy ~(L,...,L) ® O(u(gy, T)).
This gives

he(X) = hon (X) + @.2.1)

1

n+ DdK : Q Zv:“(g’”x)'

By (2.2) and (2.6), if X is not semistable then u(gy, ¢) is not bounded below
as a function of g,, the formula (4.2.1) shows that hg(X) is not bounded below.
If z is semistable, let p be the corresponding point on P. Then at each place v,
A(p) ~ N(z) ® O(infy, pu(gy,z)), therefore h(X) = infg he(X). This proves
Part 1 and 2. If x is stable, then at each place v, by (2.1), (3.2), (2.7), there is a
point g0z in the orbit SL(K,, N + 1)z such that g0z has semistable reduction and
infy, 1(gy,z) = p(g9,z). The vector bundle £ corresponding to (g9) will satisfy
the conditions of Part 3. Part 4 follows from the fact that k(X ) = h(X*) since they
correspond to same point in P.

4.3. POSITIVITY OF h(X)

The lower boundedness of hg has already been proved by Cornalba—Harris [C—H]
in the function field case and Bost [Bo] in the number field case. Part 1 of (4.2)
therefore gives inverse of their results. In function field case we may say more: Let
X be defined over k(t) over a constant field k = k in stead of Q, then P is replaced
by P, = P x Speck. Let p be the corresponding point for X. Then A(X) = 0
if and only if p is defined over k. In other words, every stable limits X* of X is
defined over k. The nonnegativity has already proved by Cornalba and Harris, and
the implication A(X) = 0 = X defined k is already proved by Bost when X is
stable. I would like to conjecture that this is still true in number field case. Here we
want to prove the following lower bounds:
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THEOREM 4.4. If X C P§ is semistable, then

JRREAACI |
)=32 2 o

n=1m=1

is the Faltings height of the projective space PV,

Our proof is based on a recent paper of Soulé [So2]. He proves that hg(X) +
deg&/(N + 1)[K: Q] is bounded below by the average of the successive minima.
By the Bombieri—Vaaler version of the Minkowski Theorem, his result gives a
lower bound of hg depending on K over which £ and X are defined. Our basic
improvement is to eliminate this dependence. We start from the Gieseker—Mumford
criterion on stability:

LEMMA 4.6. Let X = X{_m;X; be an effective and semistable cycle in PV
over a field k, let 1o, ... ,rN be integers such that Yr; = 0, and let € > 0 be any
number. Then forp > 0 there are monomials of z; of degree d, [T k=0%; Yk (1€igs,
1<J<h ;i = dim[(X;, O(p)|x,)), such that (i) for each i (1<z<s) monomials
I, x?”’“ (1<j<hyi) generate T'(X;, O(p)|x;, and (ii)

Z MyTEjk < (Z mzpth)

ijk

Proof. By approximation, we may assume that r; are rational numbers.
By eliminating denominator we may assume that all r; are integers. Let z €
P[(Sym? kN+1)®(+1)] be the Chow point for X, let A be the 1-parameter sub-
group defined by r;’s then A(¢)z be the Chow point for A(t)X. Let u(A(t), z) be
the integer such that the isomorphism over k(t) gives isometry (i.e isomorphism
over k[t])

N (A1) = N(2) ® O(u(A(?), 2))-

Since z is semistable, we must have p(A(¢), z) > 0, see (2.6).

For each, let z; be the Chow point of X; on P[Sym® (kN +1)"*+1] and u(\(t), z;)
be defined as above. By linearity of the Deligne pairing and Theorem (1.4) one
has p(A(t),z) = Z;m;u(A(t), ;). Now the lemma follows by noticing that
—u(A(t), 2;) is the leading term of weights of T'(X, O(p)|x;) as p approaches
to infinity.

The following lemma is also crucial in the proof of (4.4).
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LEMMA 4.7. Let £ be a Hermitian vector bundle on Spec Ok. For any € > 0,
there is an extension K' of K and line subbundles Ly, . .. , Ly of € such that L;’s
generate € over Spec K and

deg€ < Zdegﬁ +[h(@®Y) + (N + De][K' : Q.
i=0

Proof. For an arithmetic variety X defined over Spec O and an ample line
bundle £ with a semipositive Hermitian metric, we define the height function
h: X(Q) — R as follows. For any 2 € X(Q), let Z: Spec Og(;) — X be an
extension over Spec O, then h(z) := deg(Z(L))/[K (z) : Q). For each i between
0 and n = dim Xk, define

e; = sup inf _ h(x),
codimY=: z€X(Q)-Y (Q)

where Y runs throught the set of closed subvarieties of X . By [Z1, Sect. 5.2] we
have

c ([’)n—H

m?[K o) gq'

Applying this formula to X = P(E"), one obtains points z, . . .,z in X (Q) such
that xg, . . . , £y are not in any hyperplane, and

Zh z;) < deg(EV) + h(PY) + (N +1).

Here we use the equality ¢;(£)"+! = deg€Y + h(PY) proved in [B-G-S], Sec-
tion 4.1.2, (4.1.4). Let K' = K(xzy, ...,zn) and let L£; be the line subbundle of £
corresponding to z;. Then the above formula gives the estimate of the lemma.

4.8. PROOF OF (4.4)

Write X = Ym,;X; with X; integral. By (4.2), it suffice to prove that hg(X)> —
(1/N 4+ 1)h(PY) for any Hermitian vector bundle £ over some Spec Ok such that
deg& = 0. By Lemma 4.7 for any € > 0, there are line subbundles Lo, ..., Ly of
& which generate £ generically and

Z deg £;> — [K : Q[(N + 1)e + h(BM))]. 4.8.1)

For each 1, let z; be a nonzero section of £;. These sections give an embedding
X — PN, Setr; = —degL; + 1/N + 1ZN  deg £;. Then by (4.6) forp > 0,
there are monomials of z; of degree d, [Th_, m;‘”’“ (1<i<s 1<) hy =
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dimI'(X;, O(p)|x;)). such that (i) for each i (1 < % < s), monomials I'[k Oma”’“
(1 € 7 < hyp;) generates I'(X;, O(p)|x;), and (ii)

Z MiTkQGjk < (Z mzpth) 4.8.2)
ijk

Let 7: X; — SpecOg be the structure morphisms, and let m,(O(p)|x;)q be
m.(O(p)| x;) endowed with the quotient metric from Sym?(€), then we have mor-
phisms of vector bundles which are isomorphisms over Spec K

sz

SR L = m(O)x:)g-

k=13=0

Since the norm of this morphism is < 1, we have

Z m; deg T (O(p)|x;)q

P z miQjk deg ,Cj
ijk

1 N
= Z Mk <—Ti + N—+1 igodeg ﬁ,)

ijk
1
— (Z m,-aijk'rj) + _N——!T—l- (Z degﬁi) (Z miphip) .
ijk 7 %
By (4.8.1) and (4.8.2) we therefore have

Zmi deg 7. (O(p)|x;)q

1 N
- (25 + N—Hh(]P )) (XZ: m,-hip) . (4.8.3)

Let 7. (O(p)| x; )sup be 7 (O(p)|x;) endowed with supremum norm. Then || - [|,>
II - l|sup» therefore

X[ﬂ*((')(P)Ixi )sup]?X["r* (0(p)|Xi)lI]

4.8.4)
= deg[m.(O(p)|x;)q] + o(Phip)-
The arithmetic Hilbert—-Samuel formula [Z1, Sect. 1.4] gives
n+1
i X (O@)x sl _ @)™ w5

pooo phplK:Q  (m+ DAK:Q



HEIGHTS AND REDUCTIONS OF SEMI-STABLE VARIETIES 103

Now the theorem follows from (4.8.3), (4.8.4), and (4.8.5).

4.9. CONTINUITY OF QUOTIENT METRICS

Now we want to show that continuity of the quotient metric for a Hermitian action.
This fact is implicitly used in [Z2] without proof. I am grateful to the referee for
pointing out this incompleteness in [Z2]. Combining Theorem 3.6 and the following
Theorem 4.9, we have that the metric on quotient line bundle A defined in 4.1 is
continuous and ample.

With notation as 2.1. Let X be a complex variety, £ be an ample line bundle
with a continuous metric || - ||. We assume that this metric is ample. This means
that for any z € X and any € > 0, there is a nonzero section [ a positive power L"
of L such that ||{||sup < €™||!||(z). Let G be a complex reductive group, and U be
a maximal compact subgroup. Fix a Hermitian action of (G,U) on (X, L).

Denote by m: X*° — Y = X*%//G the uniform category quotient of the set
X% of the semistable points of X by G. As schemes, X is Proj(®,50l'(X, L™))
and Y is Proj(®,50l'(X, £™)%). Denote by M the O(1) line bundle on Y. Then
7* M is naturally identified with £ xss. We define a metric || - |4 on M as follows:
foranyy € Y and m € M(y)

Imllg) = sup [[x*mi|(z).
zer—1(y)

THEOREM 4.10. The metric || - ||q defined as above on M is continuous and

ample.

Proof. The ampleness is already proved in [Z2] 2.4. We are remain to prove the
continuity. We will reduce the problem to case that (X, O(1)) = (PY, O(1)) with
standard Fubini—Study metric. In this case the continuity is proved by Burnol [Bu]
using a result of Neeman. We will use repeatedly the following principle.

Given a sequence of continuous and convex norm functions g, on I'(X, L")
(n > 1) which induces metrics || - ||, on £ such that || - || are quotient metrics on
L™ from gy, through the morphisms

I'(X, L") ® Ox — L,

and also induces metrics || - ||}, on the O(1) bundles £,, of P, = P(I'(X,L"))
through the morphisms

NMX,L")®Op, = Ly

Assume that g, is U-invariant then we have induced Hermitian actions of (G, U)
on (P,, L,). Assume that || - ||, converges to || - || on £ (The convergence must
be uniform, since metrics are continuous). Then our principle is that the continuity
parts of the theorem for (P,, £,,) (n > 1) imply that for (X, £). Actually on one
handlet || - ||; and || - ||¢,» be the metricson M on Y = X*°//G induced from || - ||
and || - ||, then || - ||4n uniformly converges to || - ||. On other hand let || - |} ,, be
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the induced metrics on the quotient line bundles M,, on Y, = P;3%//G then there
are embeddings jn: Y — Y, such that j; My, = £ and jy| - lg., = || - |7, Now
the continuities of || - ||, (n > 1) imply the continuities of || - ||, » and in turn
imply the continuity of || - ||,.

Since the norm || - || is the limit of the quotient norms || - ||sup,» induced from
the norm functions || - ||sup on (I'(X, L") (n > 1) by continuity and ampleness
of || - ||, it suffices to show the theorem for (P(I'(X, L"), O(1)) with metric on
O(1) induces from || - ||sup- We therefore reduced the theorem to (X = PN, £ =
O(1)) where the metric on (1) is induced by a continuous convex norm function
g: CN*+1 — {0} — R, which is invariant under the action of U. Approximate this
norm by strictly convex smooth norm functions g,: C¥*+! — {0} — R, . Notice that
||l - ||» may not be invariant under U. Average them over U: g, (z) = [;; gn(uz) du.
Then g, are smooth, strictly convex, U-invariant, and convergent to g. Replacing
g by g,, we may assume that X is smooth, and the metric on £ is smooth and has
strictly positive curvature. For each n let h,, be the Hermitian structure on I'( X, L)
induced by the metric on £ and the curvature of L. Then h,, is U-invariant. Let
Il - ||nr be the metric on £ whose nth power is the quotient metric induced from
the Hermitian structure hy,. Then a theorem of Tian says that || - ||, converges to
|| - I. So we reduced to the case that X = P¥ and £ = O(1) with the Fubini-Study
metric.
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