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Let X = G/P be a homogeneous space of a semisimple complex Lie group G,
P being a parabolic subgroup, and let E be a homogeneous vector bundle on X.
Assume that E satisfies the following positivity condition: the highest weights of
the associated P-module are dominant. It is then a standard consequence of Bott’s
theorem [3, 5, 19], that E is spanned by global sections and has no cohomology
in positive degrees, HY(X, E) = 0 for ¢ > 0. The aim of this paper is to prove
extensions of this vanishing property to Dolbeault cohomology, HP%(X,E) =
HI(X, % ® E). One of the motivations for understanding Dolbeault cohomology
groups of homogeneous bundles is that they play an essential role in the standard
proofs of vanishing theorems for general ample vector bundles [4, 10, 14, 15].

Although the bundle Q% of holomorphic p-forms on X certainly does not have
dominant highest weights, we discovered the following unexpected phenomenon:
if X = G/P—Y = G/Q is a homogeneous fibration with fiber Z, and if E
has dominant highest weights, then the relative Dolbeault cohomology groups
HPA(Z,E|z) still have dominant highest weights as Q-modules, see Proposi-
tion 2.6. This is reminiscent of the well-known fact that the action of Q on HPP(Z)
is trivial. This observation allows reduction to quotients G/ P with P maximal.

The most favorable case is that of compact Hermitian symmetric spaces, which
was investigated by one of us [17,18] with the help of some deep results of
Kostant [9]. We say that X is a symmetric space tower if there exist fibra-
tions X - Y] — --- = Y; — {0} whose fibers are compact Hermitian symmetric
spaces. If E is a homogeneous vector bundle on such a space X with dominant
highest weights, then HP7(X, E) = 0 whenever ¢ > p. Note that this is sharp,
since HP'P(X') # 0 for all p, and allows us to obtain a refined version of the Nakano
vanishing theorem for ample line bundles.

Symmetric space towers include products of ordinary flag manifolds, but not, for
example, Grassmannians of isotropic subspaces of dimension greater than one in a
given symplectic vector space. Nevertheless, if G is a product of classical groups
and E has dominant highest weights, we prove that H?4(X, E) = 0 whenever
¢ > 2p. The main point is to understand the highest weights of Q% which are not
given by Kostant’s results: we use simple geometric descriptions of the tangent
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bundle and standard results from classical representation theory to extend these
descriptions to p-forms.

In the final section we give results for the case of the exceptional groups and
classical groups of low rank where direct computation can be applied to yield to
the desired vanishing theorems.

1. Preliminaries

We recall some well-know facts and establish the notation used in later sections.
General references are [1, 7].

Let G denote a simply-connected semi-simple complex Lie group and fix a
maximal torus H C G. Let A be the lattice of weights with respect to H and
let ® C A denote the set of roots of G. Let B D H be a Borel subgroup of
G and let the positive roots T of G be chosen so that B is generated by the
root groups corresponding to the negative roots, ®~ = —®*. Let ay,...,ay,
¢ = rank G, be the simple roots of G and let \y, . .., \; be the basis of A dual to the
simple roots with respect to the Killing form: (\;, ;) = 2(X;, @)/ (j, @) = dsj.
The set of dominant weights is denoted by A™ and consists of A € A such that
(A, ;) = 0for 1 < ¢ < 2. A weight is singular if (A, @) = 0 for some root o € ®.
Let§ = %Ea€¢+a = A; + -+ + A denote the minimal non-singular dominant
weight.

Let W be the Weyl group of G, the finite group of reflections of the weight lattice
A generated by simple reflections o;(p) = p — (4, )i, p € A1 =1,...,L
For every weight A € A there is a 0 € W such that o()\) € A™; () is called
the dominant conjugate of A and the index of ), ind (1)), is the minimal number of
reflections needed to take A to o()). It is given by ind (\) = #{B8 € & | (A, B) <
0}. When X is non-singular, then o is unique and ind (A) = len (), where len (o)
is the minimum number of simple reflections required to express o as a product of
simple reflections.

Let P be a parabolic subgroup of G. We may assume that P contains B so that
P is generated by B and the root groups corresponding to the positive roots, <I>}§,
of P.Let Ip C {1,...,£} denote the set of indexes of the simple roots ¢, 7 € Ip,
that generate ®}. We say that a weight A = nyA; + - -+ + ng) is P-dominant if
n; = (A, ;) > 0 forall i € Ip. The set of all P-dominant weights is denoted by
Ab.

Let E be a P-module, i.e., E is a finite-dimensional complex vector space
and P acts on E via a holomorphic representation P — GL(E). The weights
(resp. P-dominant weights) of E are denoted by Ap(E) (resp. A} (E)). The
irreducible P-module of highest weight A € A} is denoted by V7, the set of
weights (respectively dominant weights) of V2 is denoted by Ap()) (resp. A (M)
When P = G the subscript is sometimes dropped. The weights of P are naturally
imbedded in the weights of G, Ap C A, and the group Wp of reflections of Ap
(generated by simple reflections o; for i € Ip) is naturally a subgroup of W.
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A P-module Ej determines a homogeneous vector bundle £ on X = G/P:
E = G x Ey/ P where the action of P on the product G x Ej is the usual diagonal
action. Conversely, any homogeneous vector bundle on X can be written in this
form. To avoid excess notation, we sometimes use the same letter to denote both
the P-module and the associated homogeneous vector bundle. We shall also use £
to denote the sheaf of germs of sections of E.

Every P-module F has a filtration by P-submocjules, E=EyDE D---D
E, D E;yq1 = 0, such that the quotient modules E; = E;/FE;; are irreducible
P-modules of highest weight u;. We call these weights the highest weights of E
and denote the set of them by A} (E) = {u1,...,pt}. Although such filtrations
of E are not unique, the set of highest weights A§+(E) is uniquely determined
by the decomposition of E into irreducible components E; with respect to the
reductive group H - Sp where Sp is a semisimple Levi factor (generated by the
roots @; U _q>;) of P.

Let T'x be the P-module defined by the isotropy representation of P on the
tangent space of X = G/ P at the identity coset. Then the weights of T’y are called
the roots of X, ®% = Ap(Tx) = ®* \ ®}. The vector bundle Q% = APTx
of holomorphic p-forms on X is naturally homogeneous and the weights of the
associated P-module are Ap(Q%) = {—Zgecs8| S C %, #5 = p}.

A fundamental tool for calculating the cohomology of a homogeneous vector
bundle is Bott’s Theorem [3]. We shall use the following version of this theorem,
see for example [5, 19].

LEMMA 1.1 Let E be a homogeneous vector bundle on X = G/ P. If \ is a highest
weight of the G-module HY(X, E), A € AT™T(HY(X, E)), then A = o(u+ ) — &
where | € AF" (E), o(u + ) is the non-singular dominant conjugate of i1 + 9,
o € W, and q =ind (u + 6) = len (o). In particular, if I(E) is the set of indexes,
ind (u+0), of non-singular weights +6 where i € ALY (E), then H1(X, E) = 0,
ifq & I(E).

2. Dolbeault cohomology

We retain the notation and conventions from the previous section. Let G be a semi-
simple complex Lie group and P a parabolic subgroup of G defined by a set of
indexes Ip. In this section we prove some general propositions about the Dolbeault
cohomology of a homogeneous vector bundle E on X = G/ P. We assume that the
highest weights of E are dominant. In particular, F is generated by global sections
and HY(X, E) = Oforq > 0, see [20, Lemma 3.4]. The first goal is to find an integer
function ux, independent of E, for which HP4(X, E) := HY(X,0% Q E) =0
whenever ¢ > ux (p). Since this notion appears frequently, we make the following
definition.
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DEFINITION 2.1 An integer function ux is called an upper bound for the homo-
geneous Dolbeault cohomology on X if, for any homogeneous bundle E on X
with dominant highest weights, HP4(X, E) = 0 whenever ¢ > ux (p).

The basic technique for finding such an upper bound is to apply Lemma 1.1 to
OF, ® E by estimating the index of appropriate weights.

LEMMA 2.2 Let E and F be P-modules. Any weight w € AL+ (E ® F) can be
expressedas a sumw = p+v € Af;, where p € ALY (E) andv € Ap(X) for some
A € AT (F).

Proof. The weights A} (E®F) are determined by the decomposition of E® F
into irreducible components with respect to a semisimple Levi factor Sp of P. As
an Sp-module, E® F = @, , V5 ® V) where the sum is over u € AF*(E),
A € ALY (E). It follows from Steinberg’s formula that the highest weights w that
appear in the decomposition V5 ® V2 = @, n, \(w)V§ have the formw = p+v
where v € Ap()), see, e.g., [7,24.4]. 0

LEMMA 23 Let A € A, p€ AL andv € Ap(\). If p+ v € A}, thenind (u +
v) < ind ().

Proof. 1t is enough to prove that if 3 € & and (i + v, 8) < O then (v, 3) > 0,
because this implies

ind(u+v) =#{8>0]|(p+v,B) <0} <#{B>O0[(4,8) <0} =indp.

If 8 € ®F then (1 + v, 8) > 0 by assumption. So let 3 = B¢ m;(B)e; € 3.
Write A = £ (A, ;)\ with (X, ;) > O for all 4, and v = Ef_ (v, 05)); =
A — Zicrp,mi(v)a; where mi(v) > 0 for i € Ip. Then (v,a;) = (A ;) —
Yierp,m;i(v)ci; where ¢; j = (a;, a;) are the entries in the Cartan matrix for G.

Assume for the moment that v € A;(A) so that (v,a;) > 0 for ¢ € Ip. Let
m;(8) = m;(B)(a;, a;)/2 for all j. Then

¢
,B) = > miB)v,a;) > Y m;(B) (v, ;)

3=1 J¢Ip
= Y mi(B)h ) — Y mi(v)eis] >0,
J¢lp ielp

because ¢;; < 0 when i # j. Now, if v ¢ A}, then there is a 0 € Wp and
vo € AJ()) such that v = owg. Since 0@} = @, we see as above that (v, 8) =
(vo,0718) > 0. O
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DEFINITION 2.4 Let X = G/P. Foreach 0 < p < dim X define
mx (p) = max{ind (u + 8) | p € AFT(Q%)}.

Little is known about the function mx for general X, although it is easy to
check that mx (1) = 1. In the next section we show that mx(p) > p, and for
compact hermitian symmetric spaces mx(p) = p, for 0 < p < dimX. There
are other homogeneous spaces, however, for which mx (p) is strictly greater than
some p, although in all the examples we computed, m x (p) remains ‘close’ to p,
see Section 5. In any case, we now show that m x is always an upper bound for the
homogeneous Dolbeault cohomology on X.

PROPOSITION 2.5 Let X = G/P and let E be a homogeneous vector bundle
on X. Assume the highest weights of E are dominant, AIJE.Jr (E) C A™. Then
HP4(X, E) = 0 whenever ¢ > mx(p).

Proof. By Lemma 2.2, A};*L(Qg( ® E) consists of weights of the form p +
v € A} where p € AL (Q%) and v € Ap(}) for some A € ALT(E). By
Lemma 2.3, ind (1 + v + ) < ind (1 + 0) < mx(p). Therefore, by Lemma 1.1,
HY(X,Q Q® E) =0if ¢ > mx(p). O

The Borel-Le Potier spectral sequence can be used to ‘lift’ vanishing theorems
for the Dolbeault cohomology of vector bundles on certain homogeneous spaces
to spaces that fiber over them. An important part of the process is understanding
the relative cohomology of the fiber. The next proposition addresses this point.

PROPOSITION 2.6 Let X = G/P—Y = G/Q be a homogeneous fibration
with fiber Z = Q/P where P C Q are parabolic subgroups of G. Let E be
a homogeneous vector bundle on X and assume that the highest weights of the
associated P-module are dominant, AI";Jr (E) C A™. Then the highest weights of
the Q-module HP(Z, E|z) are also dominant, AE"'(H””I(Z, E|z)) C AT,
Proof. By Bott’s Theorem (Lemma 1.1),aweight{ € AL*(HY(Z,Q ® E|z))
has the form & = o(n + §) — & where 0 € Wg and n € AFT (2} ® E). We know
that (£,0;) > 0 for i € Ip, so we must show that (§,c;) > O for j ¢ Ig.
By Lemma 2.2, 7 = p + v for some p € A} (E) and v € Ap(Q%). By [9,
Lemma 5.9], Ag(d) = {6 — XgesB|S C @5} Since v = —XgegB for some
subset S C @3 C <I>5, it follows thatn 46 = p+ 6 — Xge g0 is a weight of the Q-
representation Vé‘ ® Vés. Therefore, its (Q-dominant conjugate, o(n+ ), must have
the form 1+ 9 — Zﬁebgnﬂﬁ withng > 0, by Lemma 2.2. Let 8 = icr,mi(B8)

with m; > 0. Then, ifj ¢ IQ, (§,aj) = (u,aj) - 2ﬂ€¢$,i€IQn5mi(ﬁ)(ai’aj> Z
0, since {(a;, ;) < 0 wheni # j. a

In the context of homogeneous fibrations, this result extends to Dolbeault
cohomology certain general positivity properties of direct images of dualizing
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sheaves: if f: X — Y is a surjective map between smooth projective varieties,
then f.wx/y is semi-positive as soon as a normal crossing hypothesis is ful-
filled, see [8, Corollary 3.7]. Moreover, if L is an ample line bundle on Y, then
H{(Y,wy ® ij*u)x/y ® L) = 0 whenever i > 0, [8, Theorem 2.1].

We now give a general lifting property that is useful for the inductive proofs of
Sections 3 and 4, as well as for calculations with the tables of Section 5.

PROPOSITION 2.7 Let m: X = G/P =Y = G/Q be a homogeneous fibration
with fiber Z. Let uy and uz be upper bounds for the homogeneous
Dolbeault cohomology on' Y and Z, respectively. Then the function ux(p) =
max{uy (t) + uz(p — t)} is an upper bound for the homogeneous Dolbeault
cohomology on X.

Proof. Let E be a homogeneous bundle on X with dominant highest weights.
The Borel-Le Potier spectral sequence ([2, 10, 11]) associated to E and 7 is
defined by the filtration of Q% ® E, Ft» = Q5" A 7*Q% ® E, with quo-
tients GY? = FiP/Ft+1P = OP~' @ 7*Q% ® E. The terms of order one are
PEMTY = HI(X,G"P) and the sequence converges to HP(X, E). Now, ?EW™
is itself the abutment of the Leray spectral sequence associated to Rim,G? =
HP~%3(Z, E|7)®0¢ whose terms of ordertwo are E;” = H (Y, HP~%1(Z, E|z)).
By assumption, HP~%J(Z, E|7) = 0 whenever j > uz(p — t). Also, by Propo-
sition 2.6, the highest weights of HP~%7(Z, E|7) as a Q-module are dominant.
Therefore, E3” = 0fori > uy (t). If ¢ = i+ j > max;{uy (t) + uz(p —t)} then
for each t either j > uz(p—t) ori > uy(t) and so @, ;—, E;” = 0. This implies
that P EL9™* = 0 and hence that HP4(X, E) = 0 whenever q > ux (p). O

3. Symmetric space towers

We now turn our attention to compact hermitian symmetric spaces and spaces built
from them which we call symmetric space towers. A compact hermitian symmetric
space X is adirect product, X = X X - - - X X, of irreducible hermitian symmetric
spaces X; that are quotients of simple complex Lie groups by maximal parabolic
subgroups. The possibilities for the type of simple group and for the complement

» = {m} are as follows (the simple roots are numbered as in [22]): type Ap,
m = 1,...,£¢ (Grassmann); type By, m = 1 (quadric); type Cy, m = £; type Dy,
m = 1 (quadric), £ — 1, or ¢; type Eg, E7, m = 1.

For a general homogeneous space, X = G/P, where G is semisimple and P is
parabolic, it is well-known that HP9(X) = HY(X, Q%) # 0if and only if p = q.
One way to see this is to use Bott’s Theorem (Lemma 1.1) and the following fact
proved in [9]

p€ALT(QE) andp+4
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is non-singular if and only if

p=0() -8 forceW'(p)={oceW|o '@, C d", len(s) = p}.

It follows directly from this statement that mx(p) > p. In general, there are
weights p € A;JF(Q’}() such that p + § is singular. While such weights do not
contribute to the Dolbeault cohomology groups HP*4(X) they can play a role in
the Dolbeault cohomology of a homogeneous vector bundle E on X . For compact
hermitian symmetric spaces, the situation is much simpler since the vector bundle
of holomorphic p-forms decomposes into a direct sum of irreducible P-modules,
see [9]:

a(d)—6
= @ vgO
ceWl(p)

In other words, for these spaces AL* (%) = {0(d) — 6|0 € W'(p)} so that
mx(p) = p. As a corollary of Proposition 2.5, we then obtain the following
vanishing theorem which generalizes results for line bundles in [17, 18] and for
Grassmann manifolds in [14]

COROLLARY 3.1 Let X be a compact hermitian symmetric space and let E be a
homogeneous vector bundle on X. Assume the highest weights of E are dominant.
Then HP(X, E) = 0 whenever q > p.

This statement can be extended to a wider class of homogeneous spaces by
applying Proposition 2.7 to fibrations X — Y, where Y is a compact hermitian
symmetric space, and using induction on the fiber Z. For this purpose we make the
following definition.

DEFINITION 3.2 The homogeneous space X = G/P is said to be a symmetric
space tower if there exists a sequence of parabolic subgroups, P = Qo C Q; C
- C Qs C Qs+1 = G suchthat Z; = Q;/Q;—1 is a compact hermitian symmetric
space fori = 1,...,s + 1. Thus, X is a tower of homogeneous bundles,

Z Z VA
x4y, By, .. LY, = 7,4,

where Y; = G/Q; and the fibers Z; are compact hermitian symmetric spaces for
all 4.

Note that if G is a product of simple groups of type A, and P is any parabolic
subgroup then X = G/P is a symmetric space tower. Also, a symmetric space
tower fibers over a compact hermitian symmetric space with a fiber that is again
a symmetric space tower. This permits the induction argument in the proof of the
next theorem.
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THEOREM 3.3 Let X be a symmetric space tower and let E be a homoge-
neous vector bundle on X. Assume the highest weights of E are dominant. Then
HP9(X, E) = 0 whenever q > p.

Proof. If X is already a compact hermitian symmetric space we may apply
Corollary 3.1. Otherwise, let 7: X = G/P — Y = G/Q be a non-trivial fibration
of X where Y is a compact hermitian symmetric space and the fiber Z = Q/P is
again a symmetric space tower. By Corollary 3.1, an upper bound for the Dolbeault
cohomology of Y is given by uy (p) = p. By induction on dimension, we may
assume that an upper bound for the homogeneous Dolbeault cohomology on Z is
also given by uz(p) = p. Therefore, by Proposition 2.7, an upper bound for the
Dolbeault cohomology on X is ux (p) = max;{uy (t) + uz(p — t)} = p. ]

4. Isotropic flag manifolds

We noticed in the last Section that when G is a product of simple groups of type
Ay, and P any parabolic subgroup, then X = G/P is a symmetric space tower.
We now study the case where G is a simply-connected simple group of type By,
Cy or Dy, P is a maximal parabolic subgroup, and we exclude the cases for which
X = G/P is a compact hermitian symmetric space. Let m be the index in the
complement, I, = {m}. Geometrically, X is the space of isotropic m-planes of
a complex vector space V, endowed with a non-degenerate bilinear form. This
form is symmetric when G is of type By or Dy (the dimension of V' is then 2[ + 1
and 2!/ respectively), and skew-symmetric when G is of type C, (V is then 2I-
dimensional). We denote by ¢, ..., &g an orthonormal basis of the characters of
the torus H of G, and we follow the conventions of [22] for roots and weights.

PROPOSITION 4.1 Suppose that X = G /P is not symmetric. If G is of type By
or Dy, then AFT(Q4) = {—em—1 — emy—€m + emt1}, and if G is of type C,,
then A;{,'F(Q}() ={-2em, —€m + Em+1}-

Proof. The linear action of P on the tangent bundle is given by the adjoint
representation of P on the quotient of Lie algebras G /P. Hence, the action of P on
the cotangent bundle is given by the adjoint representation of P on the orthogonal
complement of P in G with respect to the Killing form. If P is the stabilizer of the
m-plane W of V, a straightforward computation then establishes the isomorphism
of P-modules Q4 ~ {g € G, g(V) c Wi, g(Wt) Cc W, g(W) = 0}. This
surjects onto Hom (W /W, W), with kemel {g € G, g(V) C W, g(W*) = 0}
consisting of elements of Hom (V/W+,W) ~ W ® W coming from G. When
G is an orthogonal group, such a two-tensor comes from G if and only if its is
skew-symmetric, hence an exact sequence

0= AW =~ V5 '™ - QL — Hom (W /W, W)

~ Vg tmtem 0
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When G is symplectic, tensors coming from G are symmetric and we get the
sequence

0— S?W ~ Vy%m — Q4 — Hom (WL /W, W)
~ VP—E'"H"‘+1 — 0.
Hence the highest weights of the cotangent bundle. O

Recall that if Sp is a semi-simple Levi factor of P, irreducible P-modules and
irreducible Sp-modules are the same, because the action of the unipotent radical of
P is necessarily trivial. This Levi factor is a product Sp = M x N with M of type
Ay—1 and N of type By, (resp. Cp, Dy), withm + n = [, if G is of type By (resp.
Cy, Dy). Moreover, a weight u is P dominant if and only if V¥ > =V ® V,e with
a = Yjcmpjej and B = Tjsmpuje; dominants. In particular, 8 is a non-increasing
sequence of non-negative integers, that is, a partition, and we will denote by ||
the sum of its parts.

Rather than trying to bound mx (p), it will be easier to give a direct proof of
our next vanishing theorem.

THEOREM 4.2 Let G be a classical simply-connected semi-simple group, and let
P be a parabolic subgroup. Let E be a homogeneous vector bundle on X = G /P,
and assume that the highest weights of E are dominant. Then HP4(X,E) = 0
whenever q > 2p.

Proof. Because of Lemma 1.1 and Propositions 2.6 and 2.7, we may suppose
that G is simple of type By, Cy or Dy, that P is a maximal parabolic subgroup,
and that F is an irreducible P-module. Moreover, it is enough to show that if
X € AFT(9%), » € AT, and pisahighest weightof VA®V}, thenind (p+46) < 2p.

Let us treat the case where G is of type By. Proposition 4.1 implies that
AFT (95 is the set of highest weights of the p-th wedge power of A2V, &V @V
In particular, Vg‘P = (V) ® V2, for some weights o and 8, having non-
negative components whose sum is |a| + |8] < 2p. We may then write V&, =
(Ve @ V£+5ﬂ for some weights da and §3, and da has non-negative com-
ponents.

We divide the set of positive roots @ into the subset <I>i ofrootse,z, 1 < s <,
and €5 + €4, 1 < s < t < I, and the subset T of roots e, — &4, 1 < s <t < L.
Hence a corresponding decomposition for the index, into the sum ind (p + §) =
ind 4 (p + d) + ind _(p + &) with

ind 4 (p + ) = #{y € @[ (p +4,7) <0},
ind_(p+6) = #{y € ®F|(p+6,7) < 0}.
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LEMMA 4.3 Suppose that p + ¢ is regular. Then
ind  (p+6) < Y(ag —n—j+1)%
J
ind_(p+46) < |B] + Zmin(n, a;j).

j
Proof. Since § = TL_;(I +1/2 — j)e;, we have

m
p+6 = Z(’n -1/2- aj + da; +j)€m+1_]‘
Jj=1

+ > (n+1/2+ B + 6Bk — kK)emk-
k=1

Only the negative components of this weight, which are among the m first ones
(recall that 3 + 63 has non-negative components), may contribute to ind 4 (p + 4).
Therefore, it is the sum of the integers [; defined as follows: if n — 1/2 — o +
daj + 7 > 0, then I; = 0; otherwise, [; is the number of indexes ¢ for which
(p+0, i +Emt1-5) < 0, withi < m+1—jori > m.Butthe regularity hypothesis
implies that the corresponding components of p + ¢ have distinct absolute values.
Hence the bound

lj<aj—doj—n—j+1<aj—n—j+1,

which implies our first claim. For the second one, note that we divided p + J into
two decreasing sequences. If hjr = a; + By —j—k+1for1 < j < m and
1 <k < n,then

ind _(p+90) =#{ (j, k), hjx > doj — 0Bk}

Since p € AY, VE = Vi ® V§ with 0 = pi > 71 = pimt1, 50 that daj > o,
for every j. Moreover, 3, being a weight of V7, is in the convex hull of the
conjugates of 7 by the Weyl group on N. This implies that |68k | < 7 for every k,
hence daj — 6B > 0 and

ind_(p+6) <#{ (j,k), hjx >0}

Recall that the conjugate partition o* of « is the partition whose jth component
is the number of components of o greater or equal to j: its Ferrer diagram is
obtained from that of a by reflection through the main diagonal. When § = o, the
integers h; ;. are the usual hook lengths of the partition o. In general, they can be
interpreted as mixed hook lengths, since h;  is the sum of the horizontal distance
to the frontier of the Ferrer diagram of (3, and of the vertical distance to that of o*.
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n

1. Mixed hook lengths. { —/:Iiy—‘iiﬂ
‘ﬂ\

L e

The mixed hook lengths are obviously negative outside the union of these two

Ferrer diagrams. Since we only take into account the m first columns and the n
first rows, we get

m
ind _(p + 9) Z max (G}, min(n, a;)) < |B| + Zmin(n, a;).
j=1 ]

The lemma is proved. m]
For every weight p € ALt (9% ® E) such that p + § is regular, we get
ind (p+0) < laf + 8| < 2p
This proves the theorem for GG of type By. The other cases are quite similar. O

For an ample line bundle L on a smooth projective variety X, the Nakano
vanishing theorem states that HP9(X,L) = O whenever ¢ > dimX — p. If
X = G/ P, then any line bundle on X is homogeneous and it is ample if an only
if the corresponding weight is dominant. Combining this with Theorems 3.3 and
4.2, we obtain the following.

COROLLARY 4.4 Let L be an ample line bundle on X = G/ P. If X is a symmetric
space tower, then HP9(X,L) = O whenever q > %dim X. If G is a classical
semisimple complex Lie group, then HP4(X, L) = 0 whenever q > % dim X.

5. Special cases

In this final section we collect some results related to the Dolbeault cohomolo-
gy of a homogeneous bundle E on a space X = G/P where G has low rank
or is an exceptional group, i.e., G is of type E¢, E7, Eg, F4, or G,. Again, we
adopt the conventions of [22] for indexing roots. Our approach for this case is
to directly compute the function mx when P is a maximal parabolic subgroup.
This establishes a vanishing theorem for HP4(X, E') by Proposition 2.5. Similar
vanishing theorems for a more general parabolic subgroup P can be deduced from
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Table 1. Exceptional Groups

E¢ 112345/67 8 9 10{1112131415]|16 17 18 1920|21 2223 24 25|26 27 28 29 30
24 {12345|78101112|1314151617{1819202022{23 23242425
3 (12346(89121213|1717182021|2225252525(26 26 28 28 27|28 28 28 29
6 |112345|67 8 910{1112141417|17 19 19202021

F, (12345|6 7 8 910/1112131415(1617181920

1 [12345(6 7 81010(1313141415 G, |12345
2 [12356{810141415(1516161919]1819191920 1 (13445
3 (12457(810111314(1617181919/1819191920 2 |12445
4 112356(810101112(1313131415

Table 2. Type B,

12345(67 8 9 10|1112131415|1617 1819 20|21 2223 2425 26
B2 (123
B;2 |12346)67

3112445]6
Bs2 {12345({68 81010{11
12346{78 910111112
12446(88 8 910
12345(67 8101112121414 15
12345|79 91011|1213151516{1717 18
12346(79101113|1313151717(1717 18
12446(88 9 1113(1313131415
12345(678 910|1213141516|{16181819
12345|77 9 1112|1313141516|1819192121|222323 24
12345(79101112|1314 16 18 18|19 20 23 23 23|23 2525 2525 26
12346(79101214|1416 17 1920{2020 21 22 23|24 2424 24 25
12446]88 9 1113{1314151719|191919 192021

S W

e

L
AN B WKV A WD

these by considering fibrations X = G/P — Y = G/Q, where @ is a maximal
parabolic subgroup, and applying Proposition 2.7.

The steps involved in calculating mx are as follows. First, we collect all P-
dominant weights of Q% by calculating u = —X e for all subsets S C Py,
with p = #S5, saving only those that are P-dominant. This list L of weights with
multiplicities is then sorted according to the inner product with 4. Starting with
the first weight u € L, i.e., (i, ) largest, the subdominant weights of A™ () are
computed along with their multiplicities using Freudenthal’s formula. Then, for
each v € A*(u) the multiplicity of v in L is reduced by the multiplicity of v
in V(u). The same procedure is repeated with the next weight in L with positive
multiplicity, and so on, until the end of L is reached. The weights remaining
in L with positive multiplicity at that point are the highest weights, AT+ (QF).
Finally, the index of p1 + ¢ is calculated for each u € AT+ (Q%;) and the maximum
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for each p is mx (p). The length of this entire calculation is roughly exponential

in dim X.

Table 3. Type C;

363

12345

678 910

1112131415

1617181920

212223242526

R

12345
12445

67

Q

12345
12346
12456

67
78 8 910
99 9 910

11
1112

K

12345
12346
12346
12456

67 89

68 91011
79101213
99101215

1212131415
1315151515
1515151515

1617 18
161718

Q
N WD~ WD =W RN =

12345
12346
12346
12346
12456

67 8 910
78 91011
79101212
791012 14
99101215

11

1213141516
13151617 18
1416171919
1515171922

16171819

1919212121
2121232323
2222222222

21222324

232323242526

2222232425

Table 4. Type D,

12345

67 8 910

1112131415

16171819 20

2122232425

2627282930

D42

12345

68 8 9

Ds?2
3

12345
12346

67 81010
78 91011

121213
121314 1415

D¢ 2

12345
12345
12346

67 8 910
78 91111
78101112

12131414 16
1213141516
13141618 18

16 17
1818192020
1818212121

21
2122

Dy

L% I - SR S ]

12345
12345
12345
12346

67 8 910
68 91011
78 91112
78101112

1112141516
1314151516
13151516 17
1415171920

1718182020
1718192122
1920232324
2021232425

21

2224242526
2427272727
2526262728

2627
2929292930
2929292930

The results for the exceptional groups Eg, F4 and G are given in Table 1. The
largest example we computed was G of type E7 and P the sixth maximal parabolic
subgroup so that dim X = 33. The calculation of mx took about 20 hours on a
SPARCstation-5. The values of mx in this case are as follows: mx (p) = p for
1 < p < 18 and for p = 32,33; mx(p) = p + 1 for p = 19, 20, 22, 30, 31;
mx(p) = p+2forp =21, 24,26,28,29; and mx(p) = p+ 3 forp = 23,25, 27.
Most of the exact values of m x for the other maximal parabolic subgroups of E
and of Ejy are out of reach with this method, since dim X ranges from 42 up to 106.
We did find, however, that for any maximal parabolic subgroup of Ey, mx(p) = p
forl1 <p<g4.
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Tables 2—4 give the values of m x for maximal parabolic subgroups of classical
Lie groups of low rank. Some of these are needed to apply Proposition 2.7 to the
general case for exceptional groups, but they are also useful to obtain vanishing
theorems sharper than Theorem 4.2 in the case of the orthogonal and symplectic
groups of low rank. The tables do not include type A, or hermitian symmetric
spaces, since Theorem 3.3 gives the best possible result for those cases.

The number m in the first column identifies the maximal parabolic subgroup,
iLe., P = Pp (). The values of mx(p) are listed sequentially until they reach
dim X . The value of p can be read across the top row.

We close with a general vanishing theorem that can be deduced from the results
of this and the previous sections.

THEOREM 5.1 Let G be a simply-connected semi-simple group with no factor of
type E; or Eg, and let P be a parabolic subgroup. Let E be a homogeneous vector
bundle on X = G/P, and assume that the highest weights of E are dominant.
Then HP(X, E) = 0 whenever q > 2p.

It is not clear whether the upper bound of 2p for the homogeneous Dolbeault
cohomology on X is the best general bound possible. The fact that m x (p) can be
greater than p does not in itself rule out the possibility that an upper bound may
indeed be p.

References

1. Borel, A.: Linear Algebraic Groups, 2nd ed., Benjamin, New York, 1991.
2. Borel, A.: A spectral sequence for complex analytic bundles, in Hirzebruch, F., Topological
Methods in Algebraic Geometry, 3rd ed., Springer, Berlin, Heidelberg, New York, 1978.
3. Bott, R.: Homogeneous vector bundles, Ann. Math. 66 (1957), 203-248.
4. Demailly, J. P.: Vanishing theorems for tensor powers of an ample vector bundle, Invent. Math.
91 (1988), 203-220.
5. Griffiths, P.: Some geometric and analytic properties of homogeneous complex manifolds, I, Acta
Math. 110 (1963), 115-155.
6. Griffiths, P.: Differential geometry of homogeneous vector bundles, Trans. Amer. Math. Soc. 109
(1963), 1-34.
7. Humpbhreys, J.: Introduction to Lie Algebras and Representation Theory, Springer, Berlin, Hei-
delberg, New York, 1972.
. Kolldr, J.: Higher direct images of dualizing sheaves I, Ann. Marh. 123 (1986), 11-42.
. Kostant, B.: Lie algebra cohomology and the generalized Borel-Weil Theorem, Ann. Math. 74
(1961), 329-387.
10. Le Potier, J.: Annulation de la cohomologie a valeurs dans un fibré vectoriel holomorphe positif
de rang quelconque, Math. Ann. 218 (1975), 35-53.
11. Le Potier, J.: Cohomologie de la Grassmannienne a valeurs dans les puissances extérieures et
symétriques du fibré universel, Math. Ann. 226 (1977), 257-270.
12. Littlewood, D.E.: The theory of group characters and matrix representations of groups, Oxford
Univ. Press, Oxford, 1950.
13. Macdonald, I.G.: Symmetric functions and Hall polynomials, Clarendon Press, Oxford, 1979.
14. Manivel, L.: Un théor¢me d’annulation pour les puissances extérieures d’un fibré ample, J. reine
angew. Math. 422 (1991), 91-116.
15. Manivel, L.: Théorémes d’annulation pour les fibrés associés a un fibré ample, Scuola Norm.
Sup. Pisa 19 (1992), 515-565.

\O 00



A BOREL-WEIL THEOREM FOR HOLOMORPHIC FORMS 365

16.

17.

18.

19.
20.

21.

22.

Snow, D. M.: On the ampleness of homogeneous vector bundles, Trans. Amer. Math. Soc. 294
(1986), 585-594.

Snow, D. M.: Cohomology of twisted holomorphic forms on Grassmann manifolds and quadric
hypersurfaces, Math. Ann. 276 (1986), 159-176.

Snow, D. M.: Vanishing theorems on compact hermitian symmetric spaces, Math. Z. 198 (1988),
1-20.

Snow, D. M.: Dolbeault cohomology of homogeneous line bundles, preprint.

Snow, D. M.: The nef value of homogeneous line bundles and related vanishing theorems, Forum
Math. 7 (1995), 385-392.

Snow, D. M. and Weller, K.: A vanishing theorem for generalized flag manifolds, Arch. Math. 64
(1995), 444-451.

Tits, J.: Tabellen zu den einfachen Lie Gruppen und ihren Darstellungen, Lecture Notes in Math.
40, Springer, Berlin, Heidelberg, New York, 1967.



