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1. Introduction

We discuss the isogenies of prime degree of elliptic curves defined over
algebraic number fields (cf. [Se]). For the field Q of rational numbers,
Mazur [Ma2] solved it, completely. He also solved this problem for
imaginary quadratic fields k and the prime numbers p which remain prime
in k. In the latter case, he showed that for a given imaginary quadratic field
k, there are no isogenies of prime degree p defined over k except for finitely
many prime numbers p as above. An isogeny ¢:E — F of degree p
corresponds to a non-cuspidal k-rational point (E, ker(¢)) on the modular
curve X (p) (cf. [D-R], [Mal,2]). For a given imaginary quadratic field k
of class number one and for a rational prime p which splits or ramifies in
k, we have isogenies of degree p which are represented by elliptic curves
with complex multiplication by ¢, defined over k. We call a point x on
Xo(p) is a C.M. point if x is represented by an elliptic curve with complex
multiplication. Let » be an order of an imaginary quadratic field L, and
H = H, be the ring class field associated with the order o with degree
h=h,=[H:L] (cf. [Lal]). Then there are h isomorphism classes of elliptic
curves E over H with ring End(E) of endomorphisms isomorphic to . If a
rational prime p splits or ramifies in L, then E with a level p structure
defines a C.M. point belonging to X,(p)(H). Therefore, if an algebraic
number field k contains the Hilbert class field H; of an imaginary quadratic
field L, then X ,(p)(k) contain non cuspidal points for the primes p as above.
So, we set our problem as follows: Find a finite set S = S(k) of prime
numbers p such that the sets X (p)(k) consist of the cusps 0 and oo, and
the C.M. points for prime numbers p not belonging to S. For arbitrary
algebraic number field k of finite degree, we classify the non cuspidal
k-rational points on the series of the modular curves X ,(p) into three cases
for the prime numbers p larger than an effective constant.

Let x be a non cuspidal k-rational point on X (p) which is represented
by a pair (E, V) for an elliptic curve E and a subgroup V of order p defined
over k (cf. [D-R], § VI, Prop. 2). We denote it by x = (E, V),. Let A be the
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character of G, = Gal(k/k) induced by the Galois action on V(k). Then 4
is called the isogeny character of (E, V), (cf. [Ma2]), and A'? is indepen-
dent of the choice of the representative (E, V), of x.

THEOREM A. There exists an effective constant C, depending only on k
such that for any prime p > C,, the non cuspidal k-rational point on X ,(p) is
one of the following three types:

Type 1 A'2 or (20, ")'? is unramified.

Type2 2'* =65 and p=3 (mod 4).

Type 3 k contains an imaginary quadratic field L and its Hilbert class
field H, . The rational prime p splits in L

peoy = pp.

For any prime q of k prime to p,
o) =a'? (mod p)

for any ae L™ with ae; = NyL(q).

For the estimate of the constant C,, see the proof of Theorem 1. For the
case of Type 1, we can apply the result of formal immersion of Kamienny
[Kal,2] for the algebraic number fields of degree <8. For the case of Type
2 and quadratic fields k, a modification of Goldfeld’s theorem ([Ma2]
Appendix) can be applied.

THEOREM B. Let k be a quadratic field which is not an imaginary quadratic
field of class number one. Then the non cuspidal k-rational points on X (p)
appear only for finitely many prime numbers p.

For each quadratic field k in Theorem B, the finite set of the exceptional
prime numbers is effectively estimated, except for at most one prime
number. This prime, if exists, concerns with the Siegel’s zero of the
L-functions of quadratic characters (cf. [Ma2] Appendix). Under the
Goldfeld conjecture ([Ma2] Appendix), the case of Type 2 is solved for any
algebraic number field of odd degree (cf. Theorem 6). The k-rational points
of Type 3 are expected to be the C.M. points for almost all prime numbers
p. But, even for the imaginary quadratic field k of class number one, we
have not solved this case. We add a result under a strong condition on
reduction. The classification of algebraic points on X (p)’s can be applied
to some other cases. The condition on the reduction as above is satisfied
for the fine objects of the Shimura curves over Q etc. of Type 3. We will
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describe the results for the fine objects of the Shimura varieties in the next
paper.

NOTATION. For a fractional ideal a of an algebraic number field k of
finite degree, N(a) as its norm N,(a) and I, (a) (resp. P,(a)) is the ideal
group consisting of the ideals (resp. principal ideals) prime to a. For a finite
extension k of Q or Q,, ¢, is the ring of integers of k, and for a prime ideal
q of o,, k(q) = o4/q. For an elliptic curve E over k, E,, is the Néron model
of E over Spec ¢,.

2. Classification of algebraic points

For each prime number p > 5, let X,(p) be the modular curve over Q
which is associated with the elliptic modular group I'(p). The affine open
subscheme X o(p)\{cusps 0, o0} is the coarse moduli space of elliptic curves
E with a cyclic subgroup V of order p (cf. [D-R]). For any field k of
char(k) # p, any non cuspidal k-rational point x is represented by a pair
(E, V) defined over the field k (cf. [D-R], § VI, Prop. 3.2). Let k be an
algebraic number field of finite degree, and x = (E, V), be a non cuspidal
k-rational point on X,(p). Denote by A the isogeny character which is
induced by the Galois action on V(k):

2:G, = Gal(k/k) > Aut V(k) = F,.

The character A!'? is unramified outside of Supp(p) (cf. [Mf] p.46). The
character A" is independent of the choice of the representative (E, V), for
n=|Autc(E, V)| (n =2,4 or 6, and n =2 unless the modular invariant
J(E) = 0 or 1728). Denote also by A!2, the corresponding character of the
ideal group I,(p) consisting of the ideals of k prime to p. By the classifica-
tion of the finite flat group schemes (cf. [O-T], [Ral]) and the theory of
the Tate models, we have the following lemma. This lemma is also valid
even if the rational prime p ramifies in k.

LEMMA 1. Assume that k is a Galois extension of Q and that the rational
prime p is unramified in k. Then for a fixed prime p of k lying over p, we have
integers a,, 0 < a, < 12, for o€ Gal(k/Q) such that

A(0) = (mod p)
for e =%_a,0 and ack™ prime to p.

Proof. We denote also by A'? the character of the idéle group of k which
corresponds to the character 1'2 of the ideal group I,(p). We may assume
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p = 5. Let B be a prime of k lying over the rational prime p, and Ay be the
restriction of 1 to the group of units of ky. Denote by F the maximal
unramified extension k§" of ky. Then E ® F has semistable reduction over
a cyclic extension K of degree e dividing 12 (cf. [Mf] p. 46). Using the
classification of the finite flat group schemes (cf. [O-T],[Ral]) and the
Tate module (cf. loc. cit.), we see that

Jp(@)'? = Ny o, (@® (mod P)

for a positive divisor ay, of 12. Rewriting it in the classical form, we get this
lemma.

REMARK 1. The integers ay’s take the values 0,12;4,8 (only if the modular
invariant j(E) = 0 (mod p) and p = 2 (mod 3)); 6 (only if j(E) = 1728 (mod p)
and p = 3 (mod 4) (cf. [Mal], Chap. 3; [Ma2]).

REMARK 2. Let w, be the fundamental involution of X(p) defined by
(E, V)—(E/V, E[P)/V).

Then, for the point w,(x) = (E/V, E[p]/V), the isogeny character is A= 647"
for the cyclotomic character 6, (cf. loc. cit.). The corresponding sum is

=) (12 —a,.

Let q be a prime of k prime to p (p = 5), and F be a finite extension of k,.
If A is unramified over F, then E® F has semistable reduction (cf. [S-T],
[SGAT]). Hence, we can take the field F as a cyclic extension of k, of degree
e dividing 12 (cf. [Mf] p.46). We first consider the case when E ® F has good
reduction. Let &, be the special fibre of the Néron model of E ® F over Spec of.
Take an element a€k with ae, = q" for the class number h = h, of k. Under
the same notation ¢ as Lemma 1,

of + of = tr(Frob'?")  (mod p),
for the Frobenius map Frob on E;. By the Riemann—Weil condition (see e.g.,
[Lal], [Mf]), there exists a constant C depending only on k such that for all
the primes p > C,

oaf = ﬁllh

for a root 8 of Frob on E. Therefore the assumption of the following lemma
is satisfied for the prime numbers p > C.
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LEMMA 2. Under the same notation and the assumption as Lemma 1, take a
rational prime q, q # p, which splits completely in k. Take a prime q of k lying
over q, and an element aek™ with 6o, = q" for the class number h = h, of k.
Assume that

of = ﬁ12h

for a root B of the Frobenius map of an elliptic curve defined over F,. Then ¢ is
one of the following forms:

Type 2 & = 6Ny and p = 3 (mod 4).
Type 3 k contains the imaginary quadratic field L = Q(f), and

&= 12N, or 12Ny p

for the complex conjugation p of L. Further, if p = 13 or p =1, the
rational prime p splits in L

per = Pp.

Proof. The field L = Q(p) is an imaginary quadratic field, so that o is a
rational number or L = Q(«%). We first discuss the case when of is a rational
number. The principal ideal (¢®) = " is equal to ()" for an integer r, and for
the rational prime g which splits completely in k. Then r = 6h and ¢ = 6Nwo.
In this case, a, = 6 for any g, hence p = 3 (mod 4) (cf. Remark 1). Now assume
that L = Q(o) is an imaginary quadratic field. The ideal («°) = ¢" is G, =
Gal(L/L)-invariant, so that ¢ = N,,.-(a + bp) for some integers a, b, 0 < q,
b < 12. Then ¢° = t*t’ for r = N,;.(q), and q° = (8'?). Hence, (a, b) = (12, 0) or
(0, 12). The remaining statement follows from the fact that the character 1 is
F, -valued and the rational prime p is unramified in the field k.

REMARK 3. In the latter case of Type 3 of the above proof, the ideal t is the
principal ideal (B) or (B).

Let q be a prime of k prime to p. If E® k, has potentially multiplicative
reduction, then A(o,)*> = 1 or N(q)? (cf. [Mf] p. 46, [Ri]). Now, we can classify
the k-rational points on X (p) by the type of the characters 1'2. For a given
algebraic number field k of finite degree, and all prime numbers p larger than
an effective constant C, = Cy(k), we can classify the k-rational points on the
modular curves X (p) into three types. For the estimate of the constant C,,, see
the proof of Theorem 1.

THEOREM 1. Let k be an algebraic number field of finite degree. There exists
an effective constant C, = Cy(k) such that for any prime number p > C,, the
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associating character A'* of any non cuspidal k-rational point on the modular
curve X o(p) is one of the following three types:

Type 1 A'% or (A0, ')'? is unramified.

Type2 2'? =65 and p =3 (mod 4).

Type 3 k contains an imaginary quadratic field L and it also contains the
Hilbert class field H; of L. The rational prime p splits in L

Doy = Pp.
For any prime q of k prime to p,
A'*(e,) = a'? (mod p)

Sor any aek™ with ao; = Nyp(q).

Proof. We may assume that the rational prime p is unramified in k and
p > 13. Let K be the Galois closure of the extension k of Q. Let x = (E, V), be
a non cuspidal k-rational point on X (p) with the isogeny character A, and
¢=2,a,0 be as in Lemma 1. If ¢ = 0 or 12N, o, then A'? is of Type 1. We
discuss the other cases, so Za, # 0, 12d for d = [k:Q]. Take a rational prime
g, 4 # p, which splits completely in K, and take a prime q of K lying over q. If
the K-rational point x has potentially multiplicative reduction at the prime q,
then

Mo)= £1 or +g¢q (mod p),
(cf. [Mf] p. 46, [Ri]). Let hy be the class number of K, and take an element
ae K* with aog = q". There are only finitely many prime numbers p which
divide

Nijo(ef —1) or Ngjolaf — g'2").

Therefore, we may assume that the K-rational point x has potentially good
reduction at q. If ¢ is not of the Type 2, 3 of Lemma 2, then

(XS # Bthx
for any root B of the Frobenius map of any elliptic curve over x(q) = F,. Then,
there are only finitely many prime numbers p which divide a nonzero rational

integer

Nkgpyo(@® — B12%)
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for a root B as above. Now, we discuss the cases of Type 2 and 3 of Lemma 2
for the Galois closure K of the extension k over Q. In the case of Type 3, the
rational prime p splits in L; pe; = pp. Changing p by p, if necessary, we may
assume that A'2? is unramified at the primes of K lying over p and it ramifies
at the primes of K lying over p. Then for any ae(k - L) prime to p,

A(@) = Nigr(@)'? (mod p).

The character A'?° Ny, is unramified outside of Supp(p) and ramifies at the
primes lying over p, so that k contains L. Then, for any aek™ prime to p (or
to p in the case of Type 3),

112((0()) = {Zk/o(“)fz (mod p) Type 2 1)
k(@) (mod p) Type 3

Let M = M(k) be the set of rational primes g which split in k and are prime
to 6h for the class number h = h, of k. Let N = N(k) be the set of the primes
q of k lying over the rational primes g in M. Further, take a finite subset S of
N such that (S mod P,) generates the ideal class group C, =I,/P, of k. It
suffices to discuss the case for the prime numbers p prime to any prime g in S.
By the same argument as above, we may assume that the k-rational points of
Type 2 and 3 are all potentially good reduction at any prime q in S for the
prime numbers p larger than an effective constant which depends only on k.
Further, we may assume that for each prime q in S and aek™ with as, = g,

of = Bth (2)

for a root f = B, of the Frobenius map of an elliptic curve over x(q) = F,
(for the prime numbers p larger than the constant as above). In the case of
Type 2, B = {./ —q for a 12h" root { of unity. The prime g in S does not
divide 6k and Q(f) is an imaginary quadratic field, so that

B=+tV—4a
Thus,
ilz(o'q) =p1?= Nk/Q(q)6 (mod p).

With the congruence (1), this gives the result for the case of Type 2. In the
case of Type 3, the relation (2) gives the equalities of ideals that

(Nur(@'?") = (Nep(@)'? = (B)"*".
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Then

Ny(@) = (B),

which is a principal ideal of L. By our assumption, (S mod P,) generates the
ideal class group C, of k, so that N, ,(I,) is contained in the principal ideal
group P, of L. Then, by the class field theory (cf. [La2]), k contains the
Hilbert class field H; of L. If B*?* = y!2* for a root y of the Frobenius map
of an elliptic curve over k(q) = F,, then y = {p for a 12h™ root ¢ of unity.
As the prime g does not divide to 6k, so that { belongs to the imaginary
quadratic field L. Then,

A'%(e,) = B'* (mod p).

With the congruence (1), this gives the result for the case of Type 3.

3. Algebraic points of Type 1

Kamienny [Kal] solved the problem of the p-torsion points on elliptic
curves over quadratic fields. It leads the complete result of the problem of
torsion points on elliptic curves over quadratic fields (cf. [Kel,2], [Mo],
[K-Mo]). Kamienny’s idea is a generalization of Mazur’s formal immersion
at the cuspidal section co ([Ma2]). He also proved the formal immersion at
the cuspidal section (0, ..., o0) for the cases of degree <8 ([Ka2], [K-M]),
and solved the problem of the p-torsion points on elliptic curves over the
algebraic number fields of degree <8. Abramovich [Ab] improved it and
solved this problem for the algebraic number fields of degree < 12. These
results solve the case of Type 1 for algebraic number fields of degree <12.

We first explain the formal immersion of Kamienny (cf. loc. cit.). Let X,
be the nth symmetric product of the modular curve X = X,(p):

X=X x - x X)/S,,

[ —)
n-times

where S, is the symmetric group of n-letters. Let f, be the morphism of X,
to the jacobian variety J = J(p) of X(p) defined by the following morphism
of nth product of X to J:

M=

(Xq5.005x,) 1l ( (x) — n(oo)).

i=1
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’Ehen~ S induces naturally the morphism g, of X, to the Eisenstein quotient
J = Jo(p) ((Mal]). Let X,z = X((p),z be the modular curve over Z associated
with X(p) (cf. [D-R]), and X, 1z be the symmetric nth product of X/, and
X(‘,{;‘“"‘ be the smooth part (/Z) of X, 1z Then fi,), g, induce naturally the
morphlsms S and g, of X(,‘,‘,‘/"Z""‘ to the Néron models J,z and J 1z, respectively.
For the prime numbers g > n, q # p,

X ®@Zy= X, ®Z,
and for the prime number g = p > n,

F':;l/ozolh®z X(h")/z®Zp’
where X, is the open subscheme of X, obtained by removing the super-
singular points of characteristic p (cf. [D-R]).

THEOREM 2 (Kamienny, Abramovich). For each integer n < 12, there exists
prime numbers p, and q, such that g, ® Z, is a formal immersion at the
cuspidal sections (oo, ..., ) and (0,...,0) for any prime numbers p > p, and
q 24y

REMARK 4. For n=1, p;, =17, q;,=3 and for n=2, p,, =73, g5, =7
([Kal],[Ma2]). For the other cases 3 < n < 12, the known estimates of p,, and
4. are not fine enough (cf. [K-M], [Ab]).

Let k be an algebraic number field of degree n < 12, and x be a non cuspidal
k-rational point of X o(p). Then x defines a Q-rational point x,,,={x°|o:k & Q}
on X,, which is not the cuspidal sections (0,..., o) nor (0,...,0).

COROLLARY 1 (Kamienny, Abramovich). Under the same notation as above,
forn <12, if p > p, and q = q,,, then

X ® F, # (00,..., oo)/pq nor (0,. ..,0),Fq.

REMARK 5. For a positive integer n, denote by S(n) the set of torsion primes
(cf. [K-M)), i.e., for any prime p in S(n), there is an isogeny of prime degree p
over an algebraic number field of degree not greater than n. Kamienny and
Mazur (loc. cit.) showed that the set S(n) is of (natural) density zero.

Now we can show the result for the case of Type 1.

THEOREM 3. Let k be an algebraic number field of degree <12. Then there
exists an effective constant C, depends only on k such that X ((p)\{0, co} has no
k-rational points of Type 1 for any prime number p > C,.



338 Fumiyuki Momose

REMARK 6. For a given algebraic number field k, it is easy to estimate the
constant C,, see the proof of Theorem 3.

Proof. Take prime numbers p > p, and q > g, with g # p. We may assume
that p > 5 and the rational prime p is unramified in k. Let x = (E, V),
be a non cuspidal k-rational point on X (p) of Type 1. Changing x by w,(x) =
(E/V, E[p]/V), if necessary, we may assume that 2'?* = 1 for the class number
h = h, of k (cf. Remark 2). By Corollary 1, there exists a prime q of k lying over
the rational prime g such that x ® x(q) is equal to 0, or a non cuspidal point
over k(q). In the first case, E has potentially multiplicative reduction at q, and
the restriction of 4 to the inertial subgroup I, of q is +6, (cf. [D-R]). Then,

1= l]Zhllq — 0}’2'1’

so that p — 1 divides 12h. In the latter case, the elliptic curve E has potentially
good reduction at q. Then, for a root § of the Frobenius map of an elliptic
curve over k(q),

1 + N(q)IZh = Bth + Bth (mOd p)

The absolute value of R.H.S. < 2N(q)®"(, by the Riemann—Weil condition (cf.
[Lal], [Mf])), so that the prime numbers p > (N(q)®* — 1)? do not satisfy the
above congruence.

REMARK 7. For an algebraic number field k of finite degree, denote by T(k)
the set of prime numbers p such that the modular curves X ((p) have non trivial
k-rational points of Type 1. The result on the torsion primes [K-M] (cf.
Remark 5) shows that this set T(k) is of (natural) density zero.

4. Algebraic points of Type 2
Let x = (E, V), be a k-rational point on X (p) of Type 2, and A be its
isogeny character as in Theorem 3. We first prepair several lemmas.

LEMMA 3. The isogeny character A is of the form
A=yoy

for an integer m with 2m = p + 1/2 (mod p — 1), and a character \ of order
dividing 6.
Proof. Put y = 26, ™ then y!? = 1126, ° = 1. Since p = 3 (mod 4), y°® = 1.

LEMMA 4. Let g be a prime of k lying over a rational prime q, q # p. If E
has potentially multiplicative reduction at q, and the rational prime q splits in
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the imaginary quadratic field Q(./ —p), then
N(a) = ¥(o,)*> (mod p).

Proof. In this case, A(g,) = +1 or £N(q) (mod p) (cf. [Mf] p. 46). Then,
by Lemma 3 and the assumption of this lemma,

Y(6)’N(@q)*" = (6,)°N(@) =1 or N(q)* (mod p).

LEMMA 5. Let q be a prime of k lying over a rational prime q,q # p.

Suppose that E has potentially good reduction at q, and that q is of odd degree

and N(q) < p/4. Then the rational prime q remains prime in Q(/ — p).
Proof. By Lemma 3,

{W(0)* + ¥(o) ?}N(@)' """ 12 = 2 + B> (mod p),

for a root B of the Frobenius map of an elliptic curve over x(q) = 2,/q and
a 6" root Y(o,) of unity. If the rational prime g splits in Q(\/—p), then

(B + P> =4N(q) or N(a) (modp).

Then the Riemann—Weil condition: |8 + B| < 2./N(q) (cf. [Lal],[Mf])
and the assumption: N(q) < p/4 lead that f + f = +2./N(q) or +./N(q),
which contradicts that  + B is a rational integer and q is of odd degree.

For quadratic field k, we make use of a Goldfeld’s theorem ([Ma2]
Appendix). We first explain his conjecture ([Ma2]). For an algebraic
number field L, denote by D; the discriminant of L.

CONJECTURE (Goldfeld). For any algebraic number field k of finite degree,
there are only finitely many quadratic fields L which satisfy the condition that
any rational prime g < |D;|/4 does not split in the composite k- L.

Goldfeld (loc. cit.) proved this conjecture for quadratic fields k. The
discriminants D; of the exceptional quadratic fields L are effectively
estimated, except for at most one L (cf. loc. cit). In our case, the condition
C below is satisfied for any algebraic number field k of finite degree by
Lemmas 3, 4 and 5.

CONDITION C. Any rational prime g with g < p/4 does not split in
k(\/—-p), unless g2 + g + 1 = 0 (mod p).

For a quadratic field k, we cannot apply the above Goldfeld’s theorem
to our case, directly. But, a slight modification solves our problem. His
proof admits at most two exceptional primes g with 2 < g < p/4.
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PROPOSITION 1. For any quadratic field k, there are only finitely many
prime numbers p which satisfy the condition C.

Proof. We explain here the modified parts of the Goldfeld’s proof. Let S
be the set of rational primes which ramify in k. It is enough to consider the
prime numbers p > |D,|. Let K = k(\/—p), and

[ =029 [[A—q72)

qeS

g(s) = Lk(s)

for the zeta function {g(s) of K, and the Riemann zeta function {(s). For
t > 0 and an integer r > 5, let

_ 1 2+io (t/4)s
Fo _Ef T G D6+

B 1 2+iw (t/4)s
00 = 2z f«, 9 TG

Then, Goldfeld ([Ma2] Appendix) showed that

F@t) =t"*(c, + c,logt) + c5 + o(t ™%,
G([) > C4tp—z _ C5p3/8+st1/2

for the constants ¢,, ¢, and c¢; depending only on k, and the positive
constants ¢, and c5 depending only on k and any given positive number ¢,
and for a function ¢(t) = O(t) which depends only on k. The last inequality
as above is valid, except for at most one prime number p (see loc. cit). The
condition C leads that F(p) = G(p) or

F(p) — 2F <B> +F <ﬁ2> — G(p) + 2G (’—’) +G (%)
q q q q

for a prime number g with g < p/4 and ¢*> + g + 1 =0 (mod p). In the
latter case, except for at most one prime number p,

L.H.S. = O(p'* log p) + O(p''%)

1 2
RHS. > ¢c,p'~* <1 - a) — csp?BFH(1 — g7 122

1—¢ 7/8+¢

C
>fp —csp
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Taking a positive number ¢ with 0 < ¢ < 1, we get the result.
Proposition 1 and Lemmas, 3, 4 and 5 give the following Theorem 4.

THEOREM 4. For any quadratic field k, the k-rational points on X (p) of
Type 2 appear only for finitely many prime numbers p.

REMARK 8. K. Murty taught me that the G.R.H. leads Goldfeld conjec-
ture. In fact, G.R.H. implies that Condition C is satisfied only for finitely
many prime numbers p for a given algebraic number field k of finite degree.
For any algebraic number field k of finite degree, we may expect that the
modular curves Xy(p) have no k-rational points of Type 2 for almost all
prime numbers p.

We show that the assumption of the Goldfeld conjecture is satisfied for
algebraic number fields of odd degree (cf. Condition C). We first study the
Mordell-Weil group of the jacobian variety J = J(p) of the modular curve
X,o(p). Let

T = Z[T;, Wp]l#p
be the subring of End(J) generated by the Hecke operators T, for prime
numbers [, [ # p, and the automorphism w, defined by the fundamental
involution of X y(p). Then End(J) ® Q is a product of totally real algebraic
number fields of finite degree, and the index [End(J) : T] is finite (see [Ri],

[Mal] Chap. 2). Let .# be the Eisenstein ideal generated by n,=T,— [ — 1
for all prime numbers [, [ # p, and w, + 1. Then

T/$ ~ Z/nZ

for the numerator n of (p — 1)/12 ([Ma1l]). Let

A=<ﬂ J")J and J=Jp) =J/A.

n=1

The quotient J is called the Eisenstein quotient of J. Let j:J — J be the
natural map, and C = {cl((0) — (o0))) be the cuspidal subgroup of J. Then

J(Q)or = C >~ Z/nZ

and j maps isomorphically the cuspidal subgroup C onto the Mordell-Weil
group

J(Q) = j(C)
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(see loc. cit.). For an abelian variety B over Q, and a subring R of Q not
containing 1/p, let B,y = Bz be the Néron model of B over the base
T = Spec R, and B, be the special fibre of B, at s = Spec F,,, and B be its
connected component of the unit section. Further, denote by B° the open
subgroup scheme of B,s which is obtained by removing the connected
components of B, other than Bj. Let

M=JQ) =J5(Z) and M°=J%(Z),
which are T-modules. Then we know that
Jy=JsxCy and M=M°@®C,

where C;=C®F, (loc.cit). For each prime ideal q of T, let T, 6 =
lim T/q™T.

P—

PROPOSITION 2. For any prime ideal q over ., M°® T, = {0}.

Proof. 1t follows from the facts that M° ® T, is of finite order, and M° is
a free Z-module ([Mal] Chap. 3, Th. 3.1, Lemma 3.3).

Let A = Pic%(4), JY = J and J¥ be the dual abelian varieties, and
0>A>J—>JT-0
be the natural exact sequence. Let
0-JY>J—>A4" >0
be the dual exact sequence, and
D=AnJ"

which is a finite subgroup. For a finite subgroup V of J over Q, denote by
Vs the flat closure of V' in the Néron model Js. for §" = Spec Z[1/2] (cf.
[Ra2]).

LEMMA 6

(1) For each prime ideal q over 1, D ® T, = {0}.
(2) Dys is contained in Jfs..
(3) 0> D5 - Jfs = Jfs x A)s* = 0 is exact.

Proof. The first statement (1) follows from the fact that the natural map

JRT,>J®T,
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is an isomorphism (see [Mal] Chap. 3, Cor. 1.4). The natural map of J
onto J x A" is an isogeny with kernel D. Then kernel of the induced map
¢ of Jis to Jis x A is contained in J,s[N] for an integer N > 1.
Applying the specialization lemma of finite flat group schemes (cf. [Ra2],
[Ma2]) to the finite part D,fs» (loc. cit), we see that the quasi-finite flat
subgroup scheme D)5 is the kernel of the induced map ¢. Let Gr(D) be the
graded module of D as T-module. Then by (1), Gr(D) ® T, = {0} for any
prime q over I. The quotient group J,/J3 is naturally isomorphic to the
cuspidal subgroup C as T-module. This proves (2) and (3).

THEOREM 5
Jo(Z) = {0}.
Proof. By Lemma 6(1) and (3), we have the long exact sequence
0— D(S') = M° - J°(S") x AV(S") > H(S", Djs’) = ---.
For each prime ideal g over I, by Proposition 2 and Lemma 6(1), we get
Jo(s) ® T, = {0}.

While J(Z) = J(S") = J(Q) = C as T-modules. This gives the result.
COROLLARY 2

(1) M° = AQ).
() j(€);nJ3 = {0}
(3) The image of A, in J is contained in J3.

Proof. Lemma 6 gives (2) and (3), directly. Then M° is contained in A(Q),
and M°® C =M = A(Q) ® C ([Mal] Chap. 3). This shows (1).

We now discuss the algebraic points of Type 2. Let k be an algebraic
number field of degree d, and K be its Galois closure over Q. Let
x = (E, V), be a k-rational point on Xy(p) of Type 2. Assume that p is
unramified in k and p>5. Then p=3 (mod4), and the special fibre
x ® k(p) is a section of the supersingular point with modular invariant =
1728. Let X, = X o(p),z be the canonical model of X ((p) over Z, and Z be
the minimal model of X = X (p) over Z (cf. [D-R]). Then natural mor-
phism

g‘_)X/Z
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is obtained by blowing up at the supersingular point(s) of characteristic p
with modular invariant = 1728 (and 0 if p = 2 (mod 3)). Denote by F the
fibre over the supersingular point with modular invariant = 1728. Let B be
a prime of K lying over the prime p. Then x’ defines the section of the
minimal model & whose special fibre at B is a section of F — {nodes} (see
[D-R] [Ma2]). Let

P = cl((0) — (0))
be the generator of the cuspidal subgroup C. Let

f(x) =cl (Z (x?) — d(OO))

be the Q-rational point of the jacobian variety J = J(p) for the embed-
dings o of k into K. We denote by f(x), etc. the special fibre at s = SpecF .
Let j:J — J be the natural map, and g(x) = j(f(x)).

LEMMA 7. Assume that p is unramified in k. Then, for d = [k: Q]
2f(x) =dP (modJY).

Proof. Let o4 be the ring of integers of K. The construction of the Néron
models commutes with the étale base change Spec oy — Spec Z,, (cf. [Ra2],
[SGAT]). The quotient group J,/J? is described by the vertical divisor
group of & at p and the intersection matrix (cf. [Ma2] Appendix, [Ra2]).
Then an elementally calculation gives the result.

For a rational prime g, let e(q) be the maximal value of the ramification
indices of all primes of K lying over gq.

LEMMA 8. Let q be a rational prime with

-1
e(qq <q—1 or (q, num (%)) =1,

and q be a prime of K lying over q. Assume that p is unramified in k, and that
the special fibres of x° at q are all cusps, and d, of them are the O cusps, and
d, =d — d, are the o cusps, then

g(x) = d, j(P).

_ Proof. The special fibre f(x)yq = d1P)y- The cuspidal subgroup j(C) =
J(Q) is a finite group of order n = num((p — 1)/12) ([Ma2]). Then lemma
follows from the specialization lemma (cf. loc. cit. [Ral]).
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PROPOSITION 3. Assume that p is unramified in k and p > 12d + 1 for
d = [k:Q] and that x,, are cusps for all primes lying over a rational prime
q,q > d. Then the degree d is even.

Proof. Under the same notation of Lemma 8, by Corollary 2 and
Lemmas 7 and 8, d;, —d, =0 (mod(p — 1)/12). Then by our assumption
onp,d, =d,.

PROPOSITION 4. Let k be an algebraic number field of odd degree. Under
the Goldfeld conjecture [Ma2], the k-rational points on X o(p) of Type 2 exist
only for finitely many prime numbers p.

Proof. By Lemma 5 and Proposition 3, the assumption of Goldfeld
conjecture is satisfied.

5. Algebraic points of Type 3

For a given algebraic number field k of finite degree, the k-rational points of
Type 3 are excepted to be the C.M. points for large prime numbers p. We
discuss this case under a strong condition on reduction at primes. Let
x = (E, V), be a k-rational point on X,(p) of Type 3 with the isogeny
character A. For our problem, it suffices to discuss the case when p > 5 and
the modular invariant j(x) = j(E) # 0, 1728. Then 22 is independent of the
choice of the representative (E, V), of x. Let L, H; and p be as in Theorem 3
for this x. Then, for any ideal q of k prime to p,and a € L™ withae;, = Ny 1(q),

A% =a'? (modp).

Let ¢ be a primitive 12™ root of unity, and L' = L({), and take a prime B
of L over p. Then we can lift 1 uniquely to a (primitive) L' *-valued Hecke
characters ¢, of Type A, of k:

@, (mod P) =1 and ¢,(0) =«

for aek™ with « =1 (modc¢,). Denote by k* the class field of k which
corresponds to the ideal group

{ael (c) @ (a)eL}.

Then there exists an elliptic curve which has complex multiplication by o,
over k* and whose l-adic representations are induced from ¢,° N, (cf.
[Lal]). Now take an elliptic curve E; with complex multiplication by ¢; over
the class field H;, and denote by ¢, its associating Hecke character. Denote
by w(L) the number of the roots of unit of L.
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LEMMA 9. If p = S and the modular invariant j(x) # 0, 1728, then

(1) k* is independent of the choice of the representative (E, V), of x.
(2 (¢,°N kl/k)w(L) =(pL°N kA/HL)W(L)‘

Proof. Let (E', V'), be another representative of x with isogeny character A'.
Then A’ = A® y for a character y with y*=1, since Aut(E) ={+1}. Then
¢, =0, ® x, so that k* = k* For any ideal a of k* prime to the conductors of
¢, and ¢, the principal ideals ¢,(Nix(a))e L = @ (N g, (0))oy.

COROLLARY 3. If k* =k and w(L) =2, we can choose a representative
(E, V), of x whose associating Hecke character is ¢ ° Nyy, .

Let H 1, be the minimal class field of L such that ¢, ° Nj /g, is unramified,
and k; = k-H .- Then the chosen elliptic curve E; has everywhere good
reduction over H;. Let e(p) be the maximal value of the ramification indices
of the primes B of k; lying over the rational prime p.

LEMMA 10. Assume that p>5, 6e(p) <p —1, k* =k and w(L) = 2. Let
(E, V), be the representative of x as in Corollary 3. Then E has everywhere
semistable reduction over k.

Proof. The isogeny character of (E, V), is @, ° Ny, (modp), which is
unramified outside of Supp(p) and p > 5. Then E,, has semistable reduction
outside of Supp(p) (cf. [Mf]). Let P be a prime of k; lying over p, and R be
the ring of integers of (k;)y. We first consider the case when B divides p. The
finite group V), extends to a finite étale group scheme V over R. By the
universal property of the Néron model (cf. [SGA7], [Ra2]), the embedding
Vi, & Ep, extends to a morphism V — Eg. Since e(p) < p — 1, the specializ-
ation lemma of finite flat group schemes (cf. [Ral],[Ma2]) shows that the
E r @ x(*B) contains the étale group V & x(P). E has semistable reduction over
extension K of degree < 6, and the natural morphism of E  ® Ok to E,,, sends
isomorphically, since 6e(p) < p — 1. Then E  is semistable (cf. [Mf] p. 46). For
the prime P dividing the prime p, applying the same argument to (E/V),,, we
see that (E/V) g is semistable, hence E  is semistable.

The elliptic curves with complex multiplication have everywhere potentially
good reduction. The Kamienny’s result for quadratic fields L [Kal] shows that
any L-rational point on X(p) (for p > 73) has potentially good reduction at
remain primes ¢, q > 7. But, we have a little information for splitting primes.
We here add a strong condition on the reduction. Let S be a finite set of primes
of k, and L be an imaginary quadratic field whose Hilbert class field H; is
contained in the given algebraic number field k. For a positive constant C, let
M(k, L, C, S) be the set of k-rational points x on the modular curves X (p) of
Type 3 for prime numbers p > C which satisfy the conditions below:

(1) x has potentially good reduction outside of S.
(2) The associating Hecke character is L™ -valued.
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PROPOSITION 5. If L is not either of Q(\/ —_1) or Q(\/—_3), then for a
constant C, M(k, L, C, S) consists of C.M. points.

Proof. Choose a constant C’ > 5 such that any rational prime > C’ does not
ramify in the field k; of Lemma 10. By Lemma 10, any point x in M(k, L, C, S)
is represented by an object (E, V), such that E,, has everywhere semistable
reduction, and good reduction outside of S. There are only finitely many such
elliptic curves Ej, up to isomorphism over k; (cf. [Fa] Chap. 5, [C-S] Chap.
2). If E does not have complex multiplication, then E does not have any cyclic
subgroup of order p over k for large p ([Se]).

For a finite set S of primes of k, denote by X ,(p)(k, S) the subset of X (p)(k)
consisting of the points which have potentially good reduction outside of S.

COROLLARY 4. For a constant C, the k-rational points in X o(pXk, S) of Type
3 are the C.M. points for the prime numbers p with p > C, p = 11 (mod 12).
Proof. Let x be a k-rational point on X y(p) of Type 3, and 4, L and ¢, be as
before. Then the rational prime p splits in L, and ¢, is I({,)*-valued for a
primitive m = (12, p — 1) root of unity. If p=11 (mod12), then L=

QL/—1), Q(/—3)and m = 2.
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