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Introduction

This paper is concerned with connections between the Iwahori-Hecke algebra
of a Coxeter group W and the combinatorial structure of Bruhat intervals. The
main result is that the Kazhdan-Lusztig polynomials and inverse Kazhdan-
Lusztig polynomials associated to a pair of elements of W can be defined using
a natural labelling (by the reflections T of W) of the edges of a graph associated
to the corresponding Bruhat interval. The definition involves certain orderings
of the edges of the graph, which can be regarded as describing a refinement in
this context of the combinatorial notion of shellability of the interval. In fact,
CL-shellability of Bruhat intervals has been proved by Bjorner and Wachs
[3,4], and a byproduct of the results here is a proof of EL-shellability of Bruhat
intervals, which is a stronger result conjectured by Bjorn er.

The construction of the Kazhdan-Lusztig polynomial P, , here yields a
family of polynomials which “interpolate” between g~ ‘@ ~!'V2pP_ () and
g ~1D2p (g~ '). These polynomials are parametrized by certain subsets of
T which we call initial sections of reflection orders; the polynomials corre-
sponding to the finite subsets are, up to some renormalization, precisely the
coefficients arising when one expresses products T,C;, as linear combinations
of the basis elements T, (where for v, we W, T, and C,, respectively denote the
corresponding standard and Kazhdan-Lusztig basis elements of the Hecke
algebra). It is known that for finite Weyl groups and also for “universal”
Coxeter groups (see [5,7]) that these coefficients are Laurent polynomials in
q*'* with non-negative integral coefficients. We conjecture that the polynomials
interpolating between g~ ‘@ ~!/2P_(q) and ¢!®7IV2P_(¢71), (and also
similar polynomials defined here for the inverse Kazhdan-Lusztig polynomial
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0.,(q) also have non-negative integral coefficients for arbitrary Coxeter
systems, extending the conjecture by Kazhdan and Lusztig on non-negativity
of the coefficients of Kazhdan-Lusztig polynomials. Non-negativity of P,  and
0., is known for crystallographic Coxeter groups (by interpreting them in
terms of intersection cohomology of Schubert varieties for associated Kac-
Moody groups) but non-negativity of the interpolating polynomials is not
known even in that case.

The interpolating polynomials defined here are closely analogous to certain
polynomials associated to shellings of face lattices of convex polytopes by
Richard Stanley (see [15,section 6] where the relevant polynomials are
denoted f(P;, I;, x)). Stanley’s polynomials are also conjectured to have non-
negative coefficients in general (this has been proved, in the special case of
rational convex polytopes, for a subset of these polynomials by interpreting
them in terms of intersection cohomology of associated toric varieties).

In subsequent papers, we will define Bruhat-like orders <, on W paramet-
rized by initial sections A of the reflection orders of T, and extend the
definitions of Kazhdan-Lusztig polynomials and the corresponding interpolat-
ing polynomials to certain intervals in these orders. It will be shown that these
polynomials and Stanley’s polynomials may be given a common construction
involving labellings (by elements of a vector space) of the edges of the Hasse
diagram of the corresponding poset. We also begin an attempt to construct
quadratic algebras from these labelled posets, the representation theory of
which would provide a common explanation for many conjectural properties
of these families of polynomials, and which should be related to classical Lie
representation theory in the case of crystallographic Coxeter groups (especially
finite and affine Weyl groups).

In the case of face lattices, Stanley’s polynomials may be defined as sums
(with certain simple polynomial coefficients) of a special subset of these
polynomials which are analogous to Kazhdan-Lusztig polynomials. There is a
similar expression for interpolating polynomials for Kazhdan-Lusztig poly-
nomials as sums of Kazhdan-Lustig polynomials, but this is not suitable as a
definition since in this context the relevant coefficients are more complex (they
include the polynomials R, of [11], for instance) and are not a priori
well-defined. To overcome this difficulty, we utilize a representation of the
Hecke algebra as an algebra of functions under a twisted convolution product.

We explain this representation first in the simplest case of a finite Coxeter
system (W, S). Let # = Z[q'/?, g~ /*] be the ring of Laurent polynomials in an
indeterminate q'/2 over Z. Let ar a be the ring involution of # determined by
q'*+>q~ 12 The set of functions W x W— % becomes an #-algebra s# under
the twisted convolution product
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(P, w)y= Y floy™', yw)g(y, w)

yeWw

for f, g: W x W— 2 and v, we W. Moreover, the ring # has an involution [ — f
defined by f(v, w) = f(v, ww,) where w,, is the longest element of W.

One can show that the generic Hecke algebra #(W) of (W, S) over # can be
embedded as a #Z-subalgebra of #; for reS, the standard generator T, of
H#(W) corresponds to the function Wx W— # with (r, v)>q'/* for all ve W,
(1,v)>q — 1 for ve W with rv < v in Bruhat order, and (w, v)—0 for other
(w, v)e Wx W. Moreover, f+f induces the Kazhdan-Lusztig involution
Y wew @ T Y ew @, Tl on A(W). Let ¢,: W x W— Z correspond to the
Kazhdan-Lusztig basis element C), of #(W). For x <w, one has that
e, (x, 1) =g IW7IN2P  (g) and ¢, (x, wo) = "' 2P (g™ "'). The inter-
polating polynomials for P, are precisely the Laurent polynomials c,,(x, v) for
varying ve W. For finite W, a reduced expression w, = r, ---r, for the longest
element of W induces a total order < on T by the rule r; <r;rr; <
co Xry e P Fale— 1 -+ 1y (recall each element of T occurs precisely once in the
above listing). One can use these orderings of T and the above description of
the Kazhdan-Lusztig involution to give a characterization of the function c,,
completely in terms of its values.

For infinite W, the absence of a longest element precludes the possibility of
such a simple description of c,,, and the symmetry of the values of c,, is lost (in
general, for instance, one cannot obtain g™ ~'2P_ (4~') as a value of c,).
One therefore considers instead the Hecke algebra # (W) as a subalgebra of
an algebra of functions W x &/ — £ under essentially the same twisted convol-
ution product as before, where ./ is a certain subset of the power set of T
endowed with a left W-action. Roughly, an element of &/ may be thought
of as the set of reflections in the positive roots (of the reflection representa-
tion of W) lying on one side of some (linear) hyperplane. The W-action is
given by (w, A)— N(w) + wAw ! where + denotes symmetric difference and
N(w) = {te T|l(tw) < l(w)}. The map w+ N(w) identifies W (with left W-action
by multiplication) with the elements of .o/ with finite cardinality, and comple-
mentation in T of elements of ./ corresponds to right multiplication by w, in
finite Coxeter systems. The interpolating polynomials are then the values
assumed by the functions c,: W x o — % corresponding to the Kazhydan-
Lusztig basis elements C;,.

To characterize the c,, for infinite Coxeter groups, and to describe EL-
shellings of Bruhat intervals, we use certain total orderings < of T with the
property that all their initial sections are elements of .«Z. For finite W, these
“reflection orders” are precisely the orders on T obtained from a reduced
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expression for the longest element as described above. To describe the orders
in general, recall that positive roots are naturally in bijection with T. The orders
on the positive roots which correspond to reflection orders on T may be
characterized as follows; the restriction of the order to the positive roots lying
on the plane spanned by any two positive roots is one of the two possible
orders in which a ray from the origin, undergoing a full rotation in the plane
beginning at a negative root, would sweep through the positive roots on that
plane. It is most convenient for our purposes to define reflection orders by an
algebraic condition equivalent to this, and to define ./ as the set of all initial
sections of all reflection orders on T.

The arrangement of this paper is as follows. Section 1 provides a framework
for our later constructions by describing a procedure which associates a family
of Laurent polynomials to certain directed graphs with edges labelled by
elements of a totally ordered set. Section 2 is concerned with the definition and
properties of reflection orders and the set .o/ of their initial sections; these facts
will be used extensively in future papers. Section (3.1)—(3.3) describes in detail
the representation of the Hecke algebra as an algebra of functions under
twisted convolution product, leading to the interpolating polynomials for the
Kazhdan-Lusztig polynomials. In (3.4), this result is applied to give a natural
characterization of the polynomial R, , (x, ye W) [11] as a generating function
for a set of paths in the corresponding Bruhat interval. Sections (3.4)—(3.7)
describe the dual construction to that in (3.4)—(3.7), giving interpolating
polynomials for the Q, . Sections (3.8)—(3.9) list some conjectures generalizing
those of [7], [8, 7.16] and describe some evidence for them. Finally, in Section
4, we apply (3.4) to show that reflection orders give rise to EL-shellings of
Bruhat intervals.

A number of results in this paper appear in [8], notably the definition and
basic properties of reflection orders, and the result (3.4) (which was proved
there by a different argument that does not depend on the Hecke algebra).

1. Some constructions in incidence algebras

(1.1) Let # = Z[u, u '] be the ring of Laurent polynomials in an indetermi-
nate u, and let ar—a and a— a(ae ) denote the two ring involutions of #
determined by # =u""' and & = —u respectively. Set « =u —u~ ' and note
that x = & = —o. Let 2% = {Zc,u"e#]all ¢, > 0}.

Fix a locally finite poset (X, <); thus, X is a set, < is a partial order on X
and each interval [x,z] = {yeX|x<y<z}(x, zeX) is a finite set. Let
M = M 4,(X) denote the incidence algebra of X over #. Recall that the set
underlying .# is the set of functions f: X x X — Z such that f(x, y) = 0 unless
x <y, and that for f, ge .4
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(fo)x,2) = Y f(x. 9 2) (x, zeX).

ye[x,z]

Define ring involutions f — f and f+ f of .# by the formulae f(x, y) = f(x, y),
G, y) = f(x, y(feM, x, ye X).
Let r denote any element of .# satisfying conditions (i), (ii) below:

1 (xeX)

For example, take r = a~ 'a where ae ./ satisfies a(x, x) = 1(x € X ). Elements
r satisfying (i), (i) arise naturally in [11], [16] and [6].

(1.2) PROPOSITION. Let re . satisfy (1), (i) above.

(i) There exists a unique pe .# satisfying (a)—(c) below:
(@ plx,x)=1 (xeH)
(b) p(x, yyeu 'Z[u™'] (x, ye X, x # )
() p=rp
(i) There exists a unique q€ ./ satisfying (a)—(c) below:
(a) g(x, x)=1 (xe.H)
(b) q(x, yyeu 'Z[u™'] (x, yeX; x # )
) g=gqr
(i) If ¥ =# (i.e. r(x, y)e Z[o] for all x, ye X) then p~ ' = §.
Proof. The proof of (i) is by an argument in [14] which we briefly recall. Fix
x <y (x, ye X).Suppose p(z, y) is defined for all z with x < z < y and satisfies

piz,y)= Y. r(z, w)p(w, y) for all such z. (1.3)
welz,y]
Let B(X, ) = Y zecem X, 2)P(z, ). One must show that there exists a unique
element p(x, y)eu 'Z[u~ '] satisfying p(x, y) — p(x, y) = B(x, y). This will be the
case provided B(x, y) = — B(x, y).

But
Bx, y)= 3 F(x, 2)p(z, y)
ze(x,y]
= Y Flu2) X rz wpws y)
ze(x,y] welz,y]
= 2 ( Y, Hx, 2 w))p(w, y)
we(x,y] \ze(x,w]

= Y —r(x, wpw, y)

we(x,y]

— B(x, y) as required.
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A similar argument proves (ii).

(i11) Suppose 7 =7 Then gp=qrp=qp= c:lp = —(};
If x, yeX and x # y, we have gp(x, y)eu 'Z[u~'] and gp(x, y) = gp(x, y),
hence gp(x, y) = 0. Since gp(x, x) = 1 (xe X), it follows that p is invertible and
pl=4
(1.4) We now describe a simple construction which produces pairs of mutually
inverse elements in .#; in many natural situations these elements satisfy (i), (ii)
of (1.1).

Fix any subset E of {(x, y)e X x X |x < y}; regard E as the edge set of a
directed graph Q = (X, E). For neN, let C, denote the set of paths of length n
in Q; that is,

C,={(xpo. .., x)eX""|(x;_y, x)eEfori=1,...,n}.
For x, ye X let
C,(x, ») = {(xq, .. ., x,)€C,|xo = x, x, = y}.

Ift=(xp,...,x,)€C,,definet,€e C, (i=1,....,n — 1) by 1, = (X;_ , X;, X; 1 ,)-
For any subset I of C,, let

Anx, y) = {teC,(x, y)|reli=1,...,n— 1)}

and define r; e .4 by

ri(x, y) =3 #(ALx y)a" (x, ye X).

neZ

(1.5) PROPOSITION. For any subset I of C,, r; ' =7, where J = C,\I.
Proof. 1t is sufficient to show that if x < z then

Z rI(xa Y);'J(y, Z) = 0.

velx,z]

The left-hand side is equal to

Y Y Y st

n>0 1€Cp(x,z) keD(r)
where for © = (x,, . . ., x,)e C,(x, 2),

Dr)={kl0<k<nmeli=1...,k—1),1,eJli=k+1,...,n—1)}
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But for n > 0 and e C,(x, z), either D(t) =0 or D(r) = {j — 1,j} for some
j(1 <j < n); in either case,

Y ofar Tk =0.

keD(t)

(1.6) A special instance of the construction in (1.4) arises when the edges of E
are labelled by elements of a totally ordered set, and I is the set of paths of
length 2 with decreasing label. For our applications, we need to examine this
situation more closely.

For xeX, let E, = {(y, z)€E|y = x or z=x.} Assume that < is a total
order on a set A and A E — A is a function which restricts to an injection
A E.— A for each xe X. Let .o/’ be the set of all initial sections of A i.e.
o' ={A < Ala<bforall ae 4, be A\A}.

Suppose given a function hy: X — # such that for all xe X, there are only
finitely many ye X such that y > x and hy(y) # 0. It is easily seen that there is
a unique function h: X x /" - # with the following properties:

(1) h(x, &) = hylx) (xeX)
(i) h(x, A) = 0 unless there exists y > x with h(y, &) # 0.
(ii1) for each x e X. there exists a finite subset A" of A such that f(x, 4) = f(x, B)
if AnA"=BnA'(A, Be<)
(iv) if te A and A = {f' e A|t' <t} then
_ fh(x, A) +ah(x, A) if X'eX, (x, X)eE and Ax, x') =1
hx, Av{t}) = {h(x, A) if no such x'e X exists.
The following fact is also easily verified:
(1.7) PROPOSITION. With notation as in (1.6), define I = C, by

I'={(x, y, 2)0€ C,|ix, y) > Ay, 2)}.
Then
h(x’ A) = Z VI(X, y)h(y’ Q)

(1.8) Suppose now that in (1.6), (1.7) A and 4 are such that r; = r¢ . It follows
from (1.2)(i) and (1.7) that for any ye X there is a unique function h: X x /'
— A satisfying conditions (iii), (iv) of (1.6) and the following conditions

h(x, A) =0 unless x < y

Wy, @)=1 and h(x, F)eu Z[u '] (x #Y)

h(x, &)= h(x, A) (xeX).



98 M. J. Dyer

(1.9) The construction described in (1.6) may also be applied to the opposite
poset of X. Specifically, E' = {(x,y)e X x X|(y,x)eE} is the edge set of a
directed graph, and E’ is naturally labelled by A:E'—> A where X
(x, y) = Ay, x)(x, y) € E).

Suppose that h: X x o/ - Z is obtained by applying the construction in
(1.6) to the reverse poset of X, using E’ as edge set and A’ as edge-labelling, and
that i: X x o/ - Z is as in (1.6). Moreover, suppose that the following holds:

{xe X |h(x, A)h'(x, A) # O for some A€ .o/}

is finite, Then it is easily checked that

Y h(x, A(x, A)= Y h(x, D (x, &) forall Ae.of.

xeX xeX

Similarly, if : X — Z is a function such that l(x) — I(y) is an odd integer for
all (x, y)e E, then

Y (— 1)'™®h(x, A)H'(x, A) is independent of A€ ..

xeX

(1.10) We mention, without proof, the following facts.

(1) Let re # satisfy r(x, x) = 1(xe X), r(x, y)eaZ[a] (x, ye X, x # y) and set
s =71 Define

irt . p—k
R, =Y (—1y*1-k( Rket (0<j<p-—1)
’ k=1 +1—k

where R%(x, y) is the coefficient of «” in (r — 1)¥(x, y), and define S ;,p Similarly
using s instead of r.

Then it may be shown that R; , = S
are of interest when, for example,

(@) X is an Eulerian poset [16] and r(x, y) = o«'™(x < y) where I(x, y)
denotes the length of the interval [x, y], or

(b) X is a Coxeter group with Bruhat order, and r = R as defined in (3.1).

(i) Suppose that in (i), r = r, for some I = C,. Then it may be shown that

»-1-j.p(0 <j<p — 1). These equations

R, ,(x,y)= #{1€C,(x, )| #{il1 <i<p—1,1,¢l} =j}0<j<p—1).
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2. Orderings of reflections of Coxeter groups

Let (W, S) be a Coxeter system and . W— N denote the corresponding length
function. Without loss of generality, assume that (W, S) is realized geometrically
as a group of isometries of a real vector space V as in [10, 3], and adopt the
notation there. In particular, IT denotes the set of simple roots, ®* the set of
positive roots and for non-isotropic o€ V, r,: V— V denotes the reflection in a.

Let T = UweW wSw™ 1 be the set of reflections of (W, S) and regard the power
set 2(T) as an abelian group under symmetric difference:

A+B=(AUB\ANB) (4,BcT).

Define N:W —>2(T) by Nw)={teT|ltw)<Iw)}; then N is the
unique function W — 2(T) satisfying N(r) = {r}(reS) and N(xy)= N(x)
+ xN(y)x " Y(x, ye W).

Recall from [9] that if W’ is any reflection subgroup of W (ie. W’
= (W' N T)) then y(W) = {te TIN(t)n W’ = {t}} is a set of Coxeter gener-
ators for W'. A reflection subgroup W’ of W is said to be dihedral if
#(W) = 2.

(2.1) DEFINITION. A total order < on T is called a reflection order if for
any dihedral reflection subgroup W’ of W either r <rsr < --- <srs <s or
s <srs < --- <rsr <r where {r,s} = y(W').

" Here, for example, r < rsr < --- < srs < s means that

(rsr)ams1 S(@sr)zp01 (1 <2m + 1 <2n+ 1 < ord(rs))
(8 Yams1 (578 )zmer (1 <214+ 1<2m+ 1 < ord(rs)I
(rSr a1 (578 )2ni1 (1 <2m+ 1, 2n + 1 < ord(rs)).

<
<

(2.2) Before proving the existence of reflection orders, it is convenient to note
the following more geometric formulation of their definition.

Any total order =< on T determines a total order <’ on ®* by the condition
a =<' iff r, <r,. The order < is a reflection order iff the order <’ has the
following property: if o, 8, ye®*, a <"y and f = co + dy where ¢ >0, d >
then o <" B <"y,

To see this, one checks first by direct calculation that the result holds if

= {a, p} where
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(oc|,/3)e{—cosE
n

neN,n}Z}u(— oo, —1].

The result for general (W, S) reduces to this case since

(i) If W’ is a dihedral reflection subgroup of (W,S) and x(W') ={r,,r,;}
(a0, fe @) then (x| f)e{ —cosn/nneN, n = 2} U(—oc0, —1] [9, (4.4)]

(i1) if o, B, ye®@* (o # y) then <{r,, rg, r,> is dihedral iff BeRo + Ry (see [9],
(3.2)).

(2.3) PROPOSITION. Let I, J be disjoint subsets of S and let W, = I},
W, =<(J) be the corresponding parabolic subgroups of W. Then there is a
reflection order < on T such that

() t<t ifteW,nT and t' e T\W,
(i) t<tif teT\W,and t e W, n T

Proof. Let U denote the affine hyperplane

U-{3 e

aell

£ e-1f

aell

of V spanned by IT and define

Y= {O(EU'(OC[OC)>0, (oc—|z_)17ic"eq)+}

Note that the map ¥ —» ®* defined by a+— o/(c| 2)!/? is a bijection.
Let f: V — R denote an arbitrary R-linear map such that for aeTl,

=0 if roel
fla) { =1 if r,eJ
€, 1) if r,eS\(IUJ)

Set P, = {ve V| f(v) > 0}. Note that P = P satisfies conditions (i)—(iii) below:
(i) 0¢ P (ii) if x, ye P then x + ye P (iii) if xe P and ceR, ¢ > 0 then cxeP.
Choose a maximal subset P 2 P, of V satisfying (i)—(iii) above (if V is
finite-dimensional, this can be done by a simple direct argument). Define a total
order <’ on ¥ by setting « <’ B iff § — ae P U {0} («, f€P). Note that if &, f3,
ye¥, a <7y and B =ca+ (1 —c)y where 0 <c <1, then « <" =<"y. Using
(2.2), one sees that the total order < on T defined by r, <r;iff o <’ (o, f€'¥)
is a reflection order.

Now suppose 2, fe¥ and r,e W, but ry¢W,. Then one may write
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a=Y gcy where ) pc,=1 and ¢, =0 unless r,el, and similarly,
B=Y,ndy where Y nd, =1 and d,#0 for some yeIl with r,eS\I. It
follows that f(x) = 0 and f(B) > 0 whence  — o€ P, = P, which gives r, <r,.
Similarly, t < ¢ if te T\W, and ' e W, n T

(2.4) REMARKS

(i) The reverse of a reflection order is a reflection order.

(ii) Let (W', S’) be a reflection subsystem of (W, S) (i.e. W’ is a reflection
subgroup of W and S’ = y(W’)). The restriction of a reflection order on T
to an order on W' n T is a reflection order on the reflections of (W', §’)

(iii) If < is a reflection order, reS, te T and r <t then r <t for all t e TN
{r, t) (since re y(<r, ty). In particular, r < ¢ iff r < rtr.

(2.5) PROPOSITION. Let < be a reflection order on T, and reS. Then the
partial order X' on T defined by

t=r
t<"tiff {or t#r, r <t and t <t
or t#r, t'<r and rtr<rtr

is a reflection order on T.

Proof. To show that <’ is transitive, it will suffice to show that if ¢, t,, t,eT
and t; <'t,, t, <'t; then t; <'t;. Note that r¢ {t,,t;} so r <'t;. Hence we
may assume t, #r. Consider first the case t;<r. Then rt;r<r so
rt,r < rtyr <r (since t, <'t;) and thus ¢, <r. From t, <'t, it follows that
rt,r < rtyr. Hence rt,r < rtyr, proving t, <'t, as required. Now suppose r < t,.
Since t, <'t;, it follows that r < t,; hence t; < t, < t; which gives t, <'t;. The
remaining case is t, <r<t;. Here, t; <'t, and rt,r <r so rt;r <rt,r <r.
Therefore t, < r <t;, proving t; <'t;. The proof that <’ is reflexive and
antisymmetric is similar (and simpler).

To show that <’ is a reflection order, fix a dihedral reflection subgroup W’
of W and write y(W’) = {t,t'} where t <. One must check that either

<ttt < - L'<Y or U<t < - <Lt <"t

Consider the case t <r<t. Then t<tt't <--- <t'tt' <t'. Now y(rW'r)=
{rtr, rt'r} (by [9, (3.2) ())]) and rtr <r <rt'r, so rtr <rtt'tr < --- <rt'tt'r <rt'r.
Note that if t;, <r<t, then t; <'t,. It follows that t <"tt't <'--- <"t'tt’
<'t. The remaining cases (t <t <r, r<t<t, t=vr, t'=r) are treated
similarly.

(2.6) Since N(xy) = N(x) + xN(y)x ! (x, ye W), there is a W-action on the set
2(T) defined by w- 4 = N(w) + wAw ™! (we W, 4 = T). Note that w-(4+T) =
w-A)+ T weW,A<T).
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Let .o/ denote the set of all initial sections of reflection orders on T. Thus, if
A < T, then A e .o/ iff there is a reflection order < on Tsuch that a < b for all
a€eA and be T\ A.

(2.7 LEMMA. If Ae<s/ then A+ TeAand w-Ae o/ for all we W.

Proof. Let Ae o/. Then A + Te .o/ by (2.4)(i). To prove w- Ae o/ (we W) it is
sufficient to show that r- A e .&/(reS). Suppose first that r¢ 4; if A is an initial
section of the reflection order =<, it is easily checked that r-A is an initial
section of the reflection order <’ defined in (2.5). On the other hand, if re 4
then rA =r- (4 + T) + Te </ by what has already been shown.

(2.8) COROLLARY. If A, Be o/ are initial sections of a reflection order <,
yeW and N(y~')n A = N(y~ ') N B then there is a reflection order <' of which
y+A and y- B are both initial sections.

Proof. The proof of this easily reduces to the case ye S, when it is clear from
the proof of (2.7).

(29) LEMMA. Let Acs/ and te T\A. Then t-A = A + {t} iff there exists a
reflection order < on T such that A = {t' e T|t' < t}.

Proof. Suppose Ae.o/ andt-A = A + {t}. Let <, <’ be reflection orders of
which A4, t- A are initial sections, and set B = T\(A + {¢}). There is a unique
partial order <" on T such that

(i) the restrictions of <X and <" to partial orders on A4 coincide
(i) the restrictions of <’ and <" to partial orders on B coincide
(i) ¢’ <"t" for all e A U {t}, t"e Bu {t}.

It is easily checked that <" is a reflection order and 4 = {t'e T |t' < t}.

Conversely, suppose that < is a reflection order and A = {'e T|t' <t}. To
show that t- 4 = A + {t}, it is sufficient to show that for any dihedral reflection
subgroup W’ of (W,S) with te W' we have (t-A)n W' =(A + {t})n W ie.
[NO) AW+ HAAW) ! = (A W) + {t}. By (2.4)i) and [9, (3.3)(ii)], this is
just the assertion of the lemma for the dihedral Coxeter system (W', y(W’)).
Therefore it is sufficient to check the claim when (W, S) is dihedral, which is
easily done.

(2.10) REMARK. Suppose that <, <X’ are reflection orders on T and that 4
is an initial section of both < and <{’; set B = T\A. Then there is a unique
order <" on T satisfying conditions (i), (ii) of the proof of (2.8) and such that
a<"b for all ae A, be B. It is easily checked that <" is a reflection order.

In the remainder of this section, we give a number of additional facts
concerning reflection orders and their initial sections. These won’t be needed
in subsequent sections, but are of some independent interest.
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(2.11) LEMMA. Let T be a finite subset of ®* and A = {r,|aeT} = T. Then
the following are equivalent:

(i) Aeot

(i) A = N(w) for some we W

(iii) there exists a non-zero linear function ¢:V —>R such that T =
D" N0, )

Proof. We prove that (i) = (ii) by induction on #(A). If #(A4) = 0, (ii) holds.
Otherwise, let <X be a reflection order of which A is an initial section and let ¢
denote the maximum element of 4 in the total order induced by <. Then
A={teT|t'<t}. By (29) and (2.7), A\{t} =t Aes/. By induction,
t-A = N(w) for some we W, so A =t-N(w) = N(tw).

To prove (ii)=(iii), define ¢:V—>R by ¢ ,enC,%) = senC,- Then
Ot =¢ 10,0)n®. If A=NwlweW) then T =0 nw(—-d")=
[(=¢°w™ )70, c0)] nD™.

The implication (iii) = (i) does not depend on finiteness of I'. Suppose
I'=®"n¢ (0, c0)). It is easily seen that there is a total order < on V
(compatible with the vector space operations) such that I' = {ae®* |a < 0}.
As in the proof of (2.3), < gives rise to a reflection order of T, and

= {r,|yeT'} is an initial section of this order.

(2.12) REMARK. Let I' = ®*. Say that I is closed if the conditions «, BeT,
ye®*, y = ca + df where ¢, d = 0 imply that yeT.

Note that if {r,|a€I} €& then both I" and ®*\I" are closed. The converse
is open.

(2.13) PROPOSITION. Let (W, S) be a finite Coxeter system with longest
element wy, and t,, . . ., t,(n = l(w,)) be the elements of T. Then the total order
< on T such that t, <t, < --- <t, is a reflection order iff there is a reduced
expression wy =r ---r,(r;€S) such that t,=ry---r,_r;r;_y--r (i=1,...,n).
Proof. Suppose t, < --- < t, defines a reflection order. Using (2.11), define
v,eW(i=0,...,n)by {t,,...,t;} = N(v). Write v; = v,_, r;(r,e W;i=1,...,n).
Then N(v;) = N(v;_,) + v;_, N(r,)v,_l from which N(r)) = {v;"}t,v,_,}. Hence
r,eS (i=1,...,n. We now have N(r,---r)={t,....t;} (i=0,...,n) so
ti=ryrpery Also, I(ry o) = #{ty, ..., t,} =n=1Uwy)sor; -1, =w,
The converse follows from (2.11) and the following fact, which is valid for
arbitrary Coxeter systems: if a total order < on T is such that all its initial
sections are elements of .o/, then < is a reflection order. The proof of this fact
easily reduces to the case when (W, S) is dihedral, and is left to the reader.

(2.14) PROPOSITION. Let =< denote a fixed reflection order on T. Fix we W
and write N(w) = {t,,...,t,} wheret, <.-- <t,. Then for 1 <i<n,
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! I(t;w) + 1
#{teN(nw)lt,.«}:M_i_

Proof. The proof is by induction on I(w). The result holds if (W) = 0. Suppose
I(w) = 1 and choose re S n N(w). Write r = t, (1 < i, < n). We show first that

#{te Norw)|r <t} = l(w) — i,

Let W’ be any maximal dihedral reflection subgroup of W with re W’. Now
ZNW)N W)= #£(New)n W)+ 1 and either t <rforallte W nTortxr
for all te W' n T. Hence

#{eNw) AW |[t>r) = #{eNW) AW |t >r).

Summing over all the distinct maximal dihedral reflection subgroups W’ with
re W', one finds

#{teN(rw)|t>r} = #{te Nw)|t > r} = Uw) — i,.

Now consider the case 1 <i < n, i #i, Suppose first i <i, Then t,<r,
rt;r <r. Let < be the reflection order on T defined in (2.5).
Suppose firstly that re N(t;,w). The map ¢+ rtr induces a bijection

{teN(@t;w)|t <t;} - {te N(t;w)|t <'rt;r}.

The result now follows by applying the inductive hypothesis to

#{te N((rt;r)rw) | rt;r <'t}

The case r¢ N(t;w) is similar; one notes that ¢+ rtr induces a bijection
{teN(t;w)|t <t;} - {te Nrt;w)\{r} |t <'rt;r}.

This proves the assertion of the proposition for i < i, The result for i > i,
follows by applying the result for i < i, to the reverse order of <.

3. Reflection orders and the Hecke algebra

(3.1) Asin (1.1),let # = Z[u, u~ '] where u is an indeterminate. Hence forward,
we write g'/2 in place of u (thus, u" = ¢"'?, ne Z) in accordance with standard

notation for the Hecke algebra.
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Recall that the generic Hecke algebra s# (W) of (W, S) over # is the unital
associative #-algebra which has a free #-basis {T,},., and multiplication
determined by

rw

v T if rw>w
T, +aT, if rw<w (reS, weW)
where o = g2 — g~ V2 [11].
There is a ring involution h+—h of # defined by ¥, . a, T, =Y ep @, T
where ar—>a(ae ) is as in (1.1). For we W, define R(x, w)e # by

T;All = Z R(X, W)T_;

xeW

Regard R as an element of the incidence algebra .# of W (1.1) where W is
equipped with Bruhat order; then one has R~ ! = R. Let pe.# be the element
determined by (1.2)(i) (with r = R). For fixed we W, Y . p(x, w)T C,, where
C,, is the unique element of T, + Y, ., ¢~ "?Z[qV*]T, such that C, = C,
[11, (1.1c)]. Note that R = pp~ .

(3.2) Let o/ be as defined as in (2.6). For Ae.«/ and ye W, we will sometimes
write yA for y- A. Let 5#' denote the set of functions f: W x o/ — % such that
{weW|f(w, A) # 0 for some Ae .o/} is finite. Regard #’ as an #-module in
the natural way.

Note that #” becomes an associative #-algebra under the product defined
by

(fo)w, A)= 3, fx, yAg(y, A) (f, geAH’, (w, A)e W x o).

x,yeW
xXy=w

The identity element is d: W x o/ — # where for (w, A)e W x o, d(w, A) = 1
if w=1 and d(w, A) =0 otherwise. There is an Z-antilinear ring involu-
tion of ', denoted as usual by h—h (he#’), such that for hes#’,

h(w, A)=h(w, A+ T).
Let s# denote the set of those f € #” such that (3.2.1), (3.2.2) below hold:

(3.2.1) For any we W, there is a finite subset T" of T such that if A, Be.«/ are
initial sections of the reflection order <X and ANT =BnT then

J(w, A) = f(w, B).
(322) If Ae o/, teT\Aand t- A = A + {t} then
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[ fw, A) if wt<w
flw, tA) = {f(w, A) + of (wt, A) if wt > w.

(3.3) PROPOSITION

(i) The set # defined above is a subalgebra of H#'.
(i) The map 0: # — H (W) defined by 0(f) = e f(W, T, is an isomor-
phism of R-algebras.
(iii) If fe# thenfe# and O(f) = 0(f).

Proof. Let 0: # — # (W) be the #-linear map f+— . f(W, @)Tw. We first
show that 6 is injective. Let Q denote the Bruhat graph of (W, S) [10, (1.1)];
recall that Q is defined to be the directed graph with vertex set W and edge set
E = {(wt, w|weW, teN(w™!)}. Define a function LE—T by Ax, y)=
x " y((x, y)e E). Applying the discussion of (1.6) (for a fixed reflection order <
on T) and making use of (2.9), one sees that 6 is injective.

Next we show that the set of those fe #’ satisfying (3.2.1) is a sub-
algebra of #’. Suppose f, ge #’ satisfy (3.2.1) and fix weW. Let X =
{xeW|f(x,A) #0 for some Ae/} and Y = {x"'w|xeX}; note X, Y are
finite by definition of #”. For x€ X (resp. ye Y) choose a finite subset S, (resp.
S;) of T such that f(x, 4) = f(x, B) (resp. g(y, A) = g(y, B)) if A, B are initial
sections of a reflection order <X and AnS, =BnNS, (resp. AnS, =BnNS)).
Let T' = | ),ey (N(y ") U Sy Uy~ Y((Usex Sx)¥)- Suppose A, B are initial sections
of a reflection order < with An T’ = BN T'. By (2.8), for any ye Y there is a
reflection order of which y4 and yB are both initial sections. Moreover, for
xeX and yeY f(x,yd)= f(x,yB) since yAnS,=yBnS_; also
9(y, A) = g(y, By e Y). Hence

fo)w, A=Y f(x, yAg(y, A)

(x,y)eXxY
xy=w

= Y f(x, yBg(y, B) = (fg)w, B),

(x,y)eXxY
xy=w

proving fg satisfies (3.2.1).

Now we show that the set of those f e #” satisfying (3.2.2) is a subalgebra
of S#'. Suppose f, ge #" satisfy (3.2.2). Suppose A€/ and te T\A satisfy
tA = A+ {t}. Note that yty~'(y4) = yA + {yty " '}(yeW). Let x, yeW. If
yt >y, it follows that yty !¢ yA, that xyty~! > x iff xyt > xy and that

f(x, yA) xyt < xy

f(x’ ytA) = {f(x, yA) + af(xy[y_ 1, yA) Xyt > Xxy.
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On the other hand, if yt <y then yty~'eyA, and xyty~ ! > x iff xyt < xy.
For any x, ye W write

I x<y
0 otherwise

I(x, y) ={

If we W, we have

(fg)w, tA) =Y f(x, yty~(yA)g(y, tA)

xXy=w

= Y [f(x, yA) + od(x, xyty™ ) f(xyty ™', yA)[g(y, 4) + ag(yt, A)]

xy=w
yt>y

+ Y [f(x, yA) — al(x, xyty~ ") f(xyty ™', yA)lg(y, A

xy=w
yt<y

Y f(x, yA)g(y, A) + ad(wt, w)h(w, A) + ol(w, wt)k(w, A)

xy=w

where

hw, A) =Y, f(x, yA)g(yt, A) — Y, flxyty™', yA)g(y, A)

xy=w xy=w
>y yt<y

and

kiw, A) =Y, [(f(x, yA) + af (xyty ™', yA)g(yt, A) + f(xyty~*, yA)g(y, A)].

xy=w
yt>y

Now if wt <w,

h(w, A) = Y f(x, ytA)glyt, A)— Y, flxyty™ ', yAg(y, A) =

xXy=w Xy=w
yt>y yt<y

and if wt > w,

kw, A) =Y. [f(x, ytA)g(yt, A) + flxyty !, yA)g(y, A)]

xy=w
yt>y

= (f9)wt, A).
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Hence (fg)(w, tA4) = (fg)(w, A) + al(w, wt)(fg)(wt, A) as required to complete the
proof of (i).
Define e, € # (reS) by

1 w=r
ew,A)={a w=1,red

0 otherwise.

Then 6(e,) = T, and 6(e,h) = T.0(h) (he #). This implies that 6 is bijective (since
H(W) is generated as an Z-algebra by {T),.s); hence # is generated as an
R-algebra by {e,},.s and 0 is an #-algebra lsomorphlsm proving (ii). To prove
(iii), it is sufficient to note that e,e # and 6(e,) = T, ! (reS).

(3.4) COROLLARY. Let < denote a fixed reflection order on T and for x,
we W let R(x,w) be as defined in (3.1). Then

Rx,w=Y Y a

neN (t1,..., tn)

where for fixed ne N, the inner sum is taken over those (t,,...,t,)€ T" such that
X <Xty <Xtyt, <. <xt;-t,=wandt,<t,_ <--<t.
Proof. Let Q, E and / be as in the proof of (3.3). As in (1.6), define I = C, by

I={(x,y, 2)€C, | Ax, y) > Xy, 2)}-

Recall the definition of r;e # from (1.3), and note that (3.4) simply asserts that
R=F,.

Fix we W and let f = 0~ Y(C,,). Note that f(x, &) = p(x, w) where p is as in
(3.1). Let o7’ denote the set of initial sections of < and let i: X x o/’ > X
denote the restriction of the function f to X x ./’. Then h satisfies (1.6)
(i))—(iv), and h(x, A) = 0 unless x < w. It follows from (1.7) and (3.3) (iii) that

h(x, §) = h(x, T) = ). r;(x, y)h(y, ¢)

yeWw

ie. p(x, w) =Y ,cwry (X, ¥)p(y, w). Since x, w are arbitrary, p = r;p.
Hence R = pp~! = 7, as required.

(3.5) One may also apply the construction in (1.6) to the reverse Bruhat order
to obtain a certain module for s#. The following sections sketch the details,
paralleling (3.1)—(3.3).

Let £ (W) denote the set of possibly infinite formal £-linear combinations
Y ew a,t,(a,eR), regarded as an #-module in the natural way. It is easily
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checked that there is a left #(W)-module structure on (W) such that

L3 ai)- % b

weW weW
where
b {arw if rw<w
w .
a,, + aa, if rw>w.

There is an #-antilinear map A (W) — A" (W) defined by
Y agt,— Y < Y a,R(z, w)> T
weW weW \z<w

we denote this map by k+ k(ke 2 (W)). Then k — k is an involution (i.e. k =k,
ke A (W)) and hk = hk (he #(W), ke A (W)); the last claim may be proved
using [11, (2.0.6)] but will be obvious after (3.7).

Let g be the element of the incidence algebra .# defined by (1.2) (ii)
(with r = R) and define D;, = Zyew q(w, y)t , (weW); note there is some
conflict with the notation of [15]. Then D, is the unique element of
Ty + Yys>wd ?Z[q '*Ti, such that D), = D;,.

(3.6) Let A" denote the set of functions f:Wx o/ > #, regarded as an
#-module in the natural way. For he #’ and ke 4", one may define hke "
by

(hk)w, A) = > h(x, yA + T)k(y, A).
x,yfl;Vv

It is easy to check that this makes 4 into a left #'-module. For ke 4", define
ke A" by k(w, A)=k(w, A+ T). Then k=k(ke #”) and hk=hk(he #', ke A").

Let " < 4" denote the set of those fe #" which satisfy (3.2.1) above and
(3.6.1) below:

(3.6.1) If Ae o/, te T\A and tA = A + {t} then

f(w, A) if we>w

f(w, tA) = {f(W, A) + of(wt, A) if wt<w

(3.7) PROPOSITION.
(1) Regard A" as an A -module via the imbedding # < #'. Then A is an
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A -submodule of A

(i) Let n: A" — A (W) be the R-linear map defined by n(f) = Zwew flw, Q)}'w ‘
(feX). Then n is an isomorphism of R-modules, and for he #, f €A one has
n(hf) = O(hm(f) where 0 is as in (3.3)
(iii) For fe A one has fe A and n(f) = n(f)

Proof. As in the proof of (3.3), one may show that # is injective, that hf € 4
if he # and feA and that nle,f) = O(e n(f)reS, feA). To prove (i) and (ii),
it is therefore sufficient to show that n is surjective. Suppose Y . a,t,, € # (W).
For any reflection order <, let &/ denote the set of initial sections of <. Using
(1.6) one obtains a function f.: W x o/ — Z such that f_(w, &) = a,, (3.2.1)
holds and (3.6.1) holds provided A€.«/_ and t4 €.«/_; in fact, in (3.2.1) one may
take T' = N(w™'). To complete the proof of surjectivity of #, one must show
that if <’ is another reflection order on T with Ae./_ then f_(w, A4) =
f<(w, A). We prove this by induction on I(w).

Let <" be the reflection order constructed in (2.10). Write
Nw YN (T\A) = {t,...,t,} where t, <'---<'t, (note t, <"---<"t,) and
define

A;={teT|t<'t}={teT|t<"t,} (i=1,...,k).

Note that f_.(w, T) = f<.(w, T) by (1.7) and (3.4). Making repeated use of
(3.2.2), one finds

J<w, A) = fow, T) — al f(wty, AY) + - + f<(wty, A]
= f<w, T) —alfo(wty, A) + -+ + fan(wry, A)]
(by induction)
= [, A).
Similarly, by using (3.2.2) to relate f_(w, A) and f_(w, ), one has
J<w, A) = fo.(w, A).
Hence
J<w, A) = f.(w, A),

completing the proof of (i) and (ii).
To prove (iii), one checks from the definition of #" that f e 4" if f e #". Then
n(f) = n(f) follows from (1.7) and (3.4).
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(3.8) For we W, let ¢, = 0~ }(C,)e # and d,, = n~ '(D,,)e #". We now state a
number of conjectures concerning the ¢, and d,,.

For A = W, let Q4 5/(A) be the full subgraph of the Bruhat graph Q g on
vertex set A [10]. Note that there is an obvious notion of isomorphism for
pairs consisting of a directed graph together with a subset of its vertices.

CONJECTURE 1. For v, weW and Ae./, the Laurent polynomial
cw(v, A) (resp. d,(w, A)) is completely determined by the isomorphism
type of the pair (Qu g ([v, w]), {xe[v,w]|v™ 'x€4}) (resp. of (Quy s5)([v, W]),
{xe[v,w]|w 'xe 4}).

CONJECTURE 2. For v, weW and A€o/ we have (a)c,,(v, A)e#* and
(b)d,(w, AyeR™.

CONIJECTURE 3. For v, we W we have (a) ¢,c\€ Y cp 27 ¢, and (b) c,d, €
Y xew Z 7 dy. (One allows infinite sums in (b), though I know of no example in
which the sum is not finite).

Conjectures 3(a), (b) may also be formulated directly in #(W) as follows:
3@)CiCye ew 21 Cllx,ye W) 3(b) CiCy e .cp 2 C,(x, ye W).

(3.9) We now describe some special cases in which these conjectures are known
to hold.
(i) For dihedral groups, Conjectures 1-3 may be checked by straightforward
computation.
. (i) For finite Coxeter groups, Conjectures 3(a) and 3(b) are equivalent and
the four conjectures 2(a), 2(b) above and 2(a), 2(b) below are all equivalent:

20y T.Cie Y, #°T. (x,yeW)

zeW

2A0YTAT e Y R7C, (x, yeW)

zeW

(see [8] or [13]).

Now for finite Weyl groups, 3(a)’ is proved in [15] and 2(b)' is implicit in
[5], so Conjectures 2 and 3 both hold for finite Weyl groups (see [13], [12]).

For W of type H; and H,, one has P,,eZ" and Q,,e#" [1]; hence
conjecture 2 holds in case A = & and W is finite.

(i) For crystallographic Coxeter systems, 3(a) is known [15] and conjecture
2 holds for 4 = F (ie. P, Q,,, € Z") ([15], [6]); the latter implies that in this
case, the sums of the coefficients of ¢/, (v, A) and d,(w, A) are nonnegative for
any Ae.o/.

(iv) For “universal” Coxeter systems (i.e. free products of cyclic groups of
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order 2), 3(a) and 3(b) are known by [8] and 2(a) may be proved by adapting
the methods of [7]. Conjecture 2(b) for finite A4 is equivalent to 2(b)’ and is
proved in [8].

(v) In general Coxeter systems, Conjecture 1 is known for I(w) — l(v) < 4
Conjecture 2 holds for I(w) — l(v) < 3. Moreover, if [(w) — l(v) = 4, the coeffi-
cient of ¢"? in ¢),(v, A) and d,(w, A) is non-negative unless perhaps n = 0 (in
particular, P, ,,e 2" and Q, ,€#"; these last facts are proved in [8]).

(vi) Suppose that x, ye[v, w] and x~'ye T imply |(x) — (y)| = 1; this is
actually a condition on the isomorphism type of the poset [v, w] (see [10]).
Then c,,(v, A) and d,(w, A) reduce to polynomials defined in [16] and Conjec-
ture 1 holds trivially for [v, w].

(vii) For arbitrary (W, S), d,(w, A) = q '™2q#AN"Nwe W, Ae.o/); this
follows from (2.14).

One expects a similar result to (vii) for d,(w, 4) when Q,, =1 and for
cw(v, A) when P, = 1.

(3.10) REMARK. Let #,; denote the subset of J# consisting those f € # such
that for we W, te T and A€ o/ with wt > w and tA = A + {t} one has

1/2
fow, t4) > {qlﬁ(m’ A e
q " f(wt, A) teA.
(ie. the inequalities hold coefficient by coefficient). One may check that if f,
ge A, then fge | and fe . It is natural to ask whether c, e # (we W), 1
have proved an analogous property in the situation of [16] for Eulerian lattices
of rank <4 with “nice” shellings (see (4.8)).
An affirmative answer to the question here would imply that P, , < P, , if
< x; I have checked P, ,, < P, ,, (v < x) for W of type 45, B,, D, and Hj.
To conclude this sectlon we mention an identity involving the coefficients of
the polynomials R(x, w). The proof, which uses (3.4) and (2.14), will be omitted.

(3.11) PROPOSITION. Write R(x, w) = Y ;on, R;(x, W) (R, (x, w) €N). Then
k o
(l(w) ) Z Z ( [(k)sz J]/2> Ri(x,w) (0O<k<Iw)+1)

(o —m 4+ 1)
m! ’

—1
where for ae R and meN, <OC>=OC(OC )
m

The specialized result for k=1 is just Iw)=)Y . . R,x, w) ie
=#{x:x<w,x 'weT}.
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4. EL-labellings of Bruhat intervals

Let (W, S) be a Coxeter system; maintain the notation of section 2. For
IS KcR, let Df={weW|I<Nw ')nSc K} [2]. Note that if veD¥
then N )W, = W,n T and Nv" ') n(S\K) = .

If u, weDf and u < w, define [u, w]f = {zeDf|u <z < w}. It is known
that if u, we Df (u < w) then all maximal chains u = ug < u; < - <u,=win
[u, w]¥ have the same length p = I(w) — I(u) [4, 5.1 and 3,5].

Let < denote a fixed reflection order on T with the following properties:

Q) ' >tif te T Wy, and t'e T\Wj «
(i) ¢ >tif e T~ W, and te T\W,.

(4.1) LEMMA. Let u, we W with u < w and l(w) — l(u) = 2.

(i) There exist unique x, ye W such that u <x <w,u<y<w,u ‘x<x"'w
and u='y >y~ 'w. Moreover, y " 'w<x"'wand u”'x <u~ly.
(i) If u, weD¥ and y is as in (i), then ye D¥.

Proof. The reflection subgroup of W generated by {z~'v|z, ve[u, w]} is
dihedral by [10, (3.1)]. Using (2.4)(ii), one sees that to prove (i) there is no loss
of generality in assuming that (W, S) is dihedral (cf. the proof of [10, (2.1)]). We
leave the verification that (i) holds if (W, S) is dihedral to the reader.

Now suppose that u, we D¥ but y¢ DX. Then either yr > y for some rel or
yr <y for some reS\K. Suppose first that yr > y(rel). Since wr <w, it
follows that y = wr,and w™'y =re W, n T. But u~'y >y~ 'w so our assump-
tion (ii) on < implies u~'ye W, n T. Hence w™ 'ue W,. But

Nu Y)nW,=Nw H)nW,=W,nT
and
Nw Y =Nw tu)y+w 'uNu Yu 'w

which gives a contradiction since N(w™'u) n W, # . Hence yr < y for all rel.
Similarly, yr > y for all re S\K, so ye Df.

Note that the proof of (ii) could be adapted to directly prove that [u, w]¥
has the chain property for any u, we D with u < w.

(4.2) Let u, we W with ue W and l(w) — l(u) = p. For any maximal chain
m=(ug,...,u,) W=uy>-->u,=u) in [uw], define a p-tuple
Mm) = (ug 'uy, ..., u, *yu,)eTP. Give T° the lexicographic ordering induced by
the ordering < on T; thus, (4y,...,4,) <(4,...,4,)(4;, Aie T) if for some
(l<i<p),wehave 1, =4,...,4_,=7i-1and 4, < /.

i
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(4.3) PROPOSITION. Suppose that u, we D¥ in (4.2). Then

(i) there exists a unique maximal chain m, in [u, w]X such that
Mmg) = (Ay,..., 4, satisfies 1y < - < 4,

(i) If m is any other maximal chain in [u, w]f¥ then A(my) < A(m) in the
lexicographic order on TP.

Proof. Let m, be the maximal chain in [u, w]f whose associated p-tuple
AMmg) = (4, ..., 4,) is lexicographically first amongst those p-tuples arising
from maximal chains of [u, w]§. We show that 4, < .- < Ay

Write mg = (ug,...,u,) where uy=w>u; >+ >u,=u. Suppose that
A; > Ay for some i(1 <i< p—1). Then u;~}u; > u; 'u;, ;. The Bruhat inter-
val [u;_,, u;, ] has 2 atoms, of which u; is one; let u; # u; be the other. By (4.1),
we have uje[u,w]f and uYu;<uYu,. It follows that mg=
(Ugs - > Uy 1> Ui, Uy y, - -, 4,) 18 @ maximal chain in [u, wlF with A(m)) < A(my),
contrary to choice of m,. Hence 4, < --- < 4,,.

To complete the proof, it is sufficient to show that there is at most one
maximal chain m in [u, w] such that

Mm) = (4y,...,4))
satisfies
A< < Ay

Now it is known (e.g. by [11], (2.0.b)-(2.0.c))] that R, ,, = g"/2"™ =™ R(y, w)
is a monic polynomial in g of degree I(w) — l(u) = p. Hence R(u, w) is a monic
poynomial in & =q~'? — q'? of degree p. By (3.4), there is exactly one
maximal chain m in [u, w] such that A(m) = (4, ..., 4,) satisfies 4] < --- < 4.

(4.4) In the terminology of [2], (4.3) asserts that the poset [u, w]¥ is EL-
shellable. An argument similar to that above shows that if one equips T? with
the lexicographic ordering induced by the reverse of < on T, one obtains an
EL-labelling of the opposite poset of [u, w]f. It remains open whether the
generalized quotients W/V of [4] are EL-shellable.
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Notes added in proof

(1) I can now show that the coefficients of ¢ in Q, , and P, ,, are non-negative
for general Coxeter systems. (ii) For a finite Weyl group, one can show all
¢, €, in (3.10) using results in the preprint “Shuffled Verma modules and
principal series modules over complex semisimple lie algebras” by R. Irving.



