COMPOSITIO MATHEMATICA

FERNANDO CUKIERMAN

DOUGLAS ULMER
Curves of genus ten on K3 surfaces

Compositio Mathematica, tome 89, n° 1 (1993), p. 81-90
<http://www.numdam.org/item?id=CM_1993 89 1_81_0>

© Foundation Compositio Mathematica, 1993, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique ’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1993__89_1_81_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica 89: 81-90, 1993.
© 1993 Kluwer Academic Publishers. Printed in the Netherlands.

Curves of genus ten on K3 surfaces

FERNANDO CUKIERMAN! and DOUGLAS ULMER?

' Department of Mathematics, University of Kansas, Lawrence KS 66045, *Department of
Mathematics, University of Arizona, Tucson AZ 85721

Received 16 July 1992; accepted in final form 11 September 1992

Introduction

Let C denote a smooth complete algebraic curve and L a line bundle on C. There
is a natural map, called the Wahl or Gaussian map,

@, :\*HC, L) > HC, QL ® L®?

which sends s At to sdt —tds. J. Wahl made the striking observation that if C is
embeddable in a K3 surface then @, is not onto for L = QL ((W], Thm. 5.9); this
raises the natural problem of studying the stratification of the moduli space of
curves .#, by the rank of the Wahl map ®(C) = @q;. Roughly speaking, our
main theorem says that the closure of the locus of curves of genus 10 which lie on
a K3 is equal to the locus where ®(C) fails to be surjective.

In order to state the theorem precisely and explain what is special about the
case of genus 10, we need to introduce some spaces. Let %, be the moduli space
of K3 surfaces with a polarization of genus g, %, the union, over all Se #,, of the
linear series |Og(1)|. Let A" be the closure of the image of the natural rational
map u:%,— M,. As the dimension of Z, is 19+g and the dimension of ./ is
39— 3, one might naively expect u to be dominant for g < 10 and finite onto its
image for g > 11. These expectations hold for g < 9 ([M], Thm. 6.1) and for odd
g = 11 and even g > 20 ([M-M], Thm. 1), but for g = 10, Mukai showed that u is
not dominant ([M], Thm. 0.7). This exceptional behavior is due to the fact that
the general K3 surface of genus 10 is a codimension 3 plane section of a certain
5-fold, so that when a curve lies on a general K3, it in fact lies on a 3-dimensional
family of them. One of our first tasks is to show that " is a divisor when g = 10.

Over the open subset .#9, of #,, of curves without automorphisms we have
the relative Wahl map; let #7° denote its degeneracy locus and ¥~ the closure of
W in M . It is a theorem of Ciliberto-Harris-Miranda [C-H-M] that #" is a
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divisor (i.e. the Wahl map does not degenerate everywhere), and by Wahl’s
theorem < # . Our result can then be stated as follows.

THEOREM. We have an equality of divisors
W =4x .

Moreover, for the general curve C of genus 10 which can be embedded in a K3
surface, the codimension of the image of the Wahl map ®(C) is 4.

It is worth remarking that a priori not every curve of genus 10 on a K3
appears in J¢ : the variety £ consists of pairs (S, C) where Og4(C) is indivisible in
Pic(S). But by Wahl’s theorem, every curve on a K3 has a degenerate Wahl map,
so by the theorem defines a point of 2#". It would be interesting to see explicitly a
family of curves polarizing K 3s of genus 10 degenerating, for instance, to a plane
sextic (which polarizes a K3 of genus 2).

We also note that Voisin proved ([V] Prop. 3.3) that the corank of ®(C) is at
most 3 for a genus 10 curve satisfying certain hypothesis (3.1)(i), (ii) and (iii)
(loc. cit.). These hypotheses hold for a general curve, and (i) holds for a general
curve on a K3. It follows that either (ii) or (iii) fails for the general curve of genus
10 on a K3; as Voisin pointed out to us, a dimension counting argument
suggests that it is (iii) which fails generically.

To prove the theorem we first study the cohomology of a certain 5-fold X,
which is a homogeneous space for the exceptional Lie group G,, using a theorem
of Bott as in [M]. This allows us to show, in Section 2, that " is a divisor and
that for every C which is a smooth codimension 4 plane section of X, the corank
of ®(C) is 4. This establishes the inequality of divisors #~ > 44", In Section 3, we
compute the classes of the divisors #” and 2 and find that #  is linearly
equivalent to 4.¢". The desired equality of divisors then follows.

1. The cohomology of the 5-fold X

One of the main tools in our analysis will be the cohomology groups of a certain
homogeneous variety X used by Mukai [M] to study the moduli space of K3
surfaces of genus 10. To recall the definition, let g be the complex semisimple Lie
algebra attached to the exceptional root system G, let G be the corresponding
simply connected Lie group, and let p: G — Aut(g) be the adjoint representation.
If veg is a lowest weight vector for p, then X = p(G)v is the orbit of v.
Equivalently, if P = G is the maximal parabolic subgroup of G associated to the
longer of the two roots in a system of simple roots for g, then X =~ G/P. The
homogeneous variety X has dimension 5 and is naturally embedded in P(g) as a
subvariety of degree 18; its canonical bundle is isomorphic to O(—3) ([M],
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p. 363). Mukai shows that the general K3 surface of genus 10 is a codimension 3
plane section of X and any abstract isomorphism between two such K3s is
realized by the action of G on the Grassmannian of codimension 3 planes in P(g)
(IM], Thm. 0.2).

Recall that homogeneous vector bundles on X are in one to one corre-
spondence with finite dimensional linear representations of P. For example, if
{ay, a5} is a basis for the root system G, with a, the shorter root, so that P is the
subgroup corresponding to the subalgebra whose roots are all of the negative
roots together with o, then the tangent bundle to X = G/P corresponds to the
(reducible) representation of P with highest weight w, = 3a; +2a,. It has an
irreducible rank 4 subbundle corresponding to the representation of P with
highest weight a, + 3, and the quotient is isomorphic to Ox(1), corresponding
to the irreducible representation of P with highest weight w,. Similarly N, the
normal bundle of X in P(g), has a composition series with quotients of rank 1, 3
and 4 corresponding to irreducible representations with highest weights 0,
4a, + 20, and 60, + 3a, respectively.

Now a theorem of Bott ([B]; see also [M], 1.6) asserts that when E is an
irreducible homogeneous vector bundle on a compact homogeneous variety
X = G/P, at most one of the cohomology groups H'(X, E) is non-zero, and when
non-zero, the group is an irreducible G-module. Moreover, he gives a recipe for
calculating the index of the non-vanishing cohomology group. Application of
this result to the X considered above, which we leave as a pleasant exercise for
the reader (compare [M], Section 1), yields the following result.

LEMMA 1.1

(1) We have h°%X, Ty(—1))=0 and H’X,Ty)=g as a G-module. Moreover,
H(X, Ty(—i)) = hi(X, Ty(—i—1))=0 for i=1,2,3,4.

(2) We have HY(X, Ny(—1))=g as a G-module and h'(X,Ny(—i—1))=0 for
i=1,...,4. Also, (X, Ny(—i—2)=0 fori=0,...,4.

Now suppose that S is a smooth codimension 3 plane section of X and that C
is a smooth hyperplane section of S; then S is a K3 surface and C is a canonically
embedded curve of genus 10. Using Koszul resolutions of ¢5 and (O as O-
modules, one easily checks the following assertions.

LEMMA 1.2

(1) %S, Ng(—1))=14.
) h(C, Ty(—1)lo) =0 and h%(C, Tylc) = 14.
(3) h%C, No(—2)) =0 and h%(C, No(—1)) = 14.

(Here N and Ny are the normal bundles to C and S in the projective spaces
they span in P(g); the last part also uses the standard isomorphism Nglc = N¢.)
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2. The corank of the Wahl map

We retain the notations of the introduction.

PROPOSITION 2.1. Suppose S is a general K3 surface of genus 10. Then
h'(S, Ts(— 1) =3 and h*(S, Ty(—1)) = 1.
Proof. Consider the exact sequence

0- Ts(—1) - Te(—Dls > Ns(—=1) >0
where S € P=P!° is the given embedding. The long exact sequence of
cohomology yields
0 — H°(S, Tp(—1)ls) = H(S, Ns(—1)) » H'(S, Ts(—1))
= H'(S, Tp(—1)ls)-
But the FEuler sequence for Tp|g implies that h%Tp( — 1)|g) = 11 and
h'(Tp( — 1)|5) = 0. Indeed, we have
0 — H°(S, U)'* — H(S, Tp(—1)ls) > H'(S, Os(—1))
— H'(S, U)'' - H'(S, Tp(—1)ls) = H(S, Os(—1)) > H*(S, U)""!
with H(S,05) =0 (S is a K3) and H(S,04( — 1)) =0 ([K], Thm. 2.5);
moreover, the map H?(S, Og(—1)) - H?(S, O5)'! is injective by duality and the
projective normality of S ([Ma], Prop. 2). By Lemma 1.2, h°%S, Ng( — 1))
=14, so h'(S, Ty(—1) =3. As h%S, Ty(—1)) =0, Riemann-Roch implies
h*(S, Ty(=1)) = L.

PROPOSITION 2.2. The locus A" < M, is a divisor.

Proof. First we need some deformation theory. Generally, given a smooth
complete curve C in a smooth complete surface S, we have the tangent sheaf Tg
of S, the tangent sheaf T of C and the restriction Tyl = Ty ® O.. Extending the
latter two sheaves by 0 on S, we can define a coherent sheaf F on S as the fiber
product

F_)TC

Lol
Ts - Tylc.

The sheaf F is locally free of rank 2 and sits in exact sequences
0->Ty(—-C)-»F->T.-0 (2.3)
and

0> F—> T3> Ngs—0. (2.4)
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It is easy to check that the space of first order deformations of the pair C = S is
isomorphic to HI(S, F).

Returning to the case where S is a general K 3 of genus 10 and C is a smooth
plane section of C, the long exact cohomology sequence of (2.3) gives

0— H'(S, Ty(—C) » H'(S, F) > H'(C, To) » H*(S, Ts(—C))
- H*S,F)->0

and by Proposition 2.1, h*(S, Ty(—C)) = 1. But H(S, F)—» H'(C, T) cannot be
surjective as the locus of curves on K3s has codimension at least one in ..
Thus h%(S,F)=0, h'(S,F)=29 and the codimension of the image of
H(S, F) » HY(C, Ty) is exactly 1. But this last map is the differential of the map u
of the Introduction, so the image of u actually fills out a divisor.

REMARK 2.5. Let u: 2 — 4, , be the rational moduli map as in the Introduc-
tion. If A" is the closure of the image of u and N is the normal bundle of 4" in
M, then it follows from the long exact cohomology sequence of (2.4) and the
analysis above that the fiber at (C, S)e 2 (for C a curve in the K3 surface S) of the
bundle u*(N) is the one dimensional vector space H*(S, Tg(— C)).

PROPOSITION 2.6. If C is a smooth codimension 4 plane section of %, then
Corank ®(C) =4. For every C in A", Corank ®(C) = 4.

Proof. By [B-E-L] (2.11), Corank ®(C) = h°%(C, Nc( — 1)) — g where N is
the normal bundle to C in its canonical embedding. But by Lemma 1.2,
h°(C, No(—1)) = 14 for a smooth codimension 4 plane section of X. The second
assertion follows by semi-continuity.

REMARKS 2.7. (a) If C is any smooth codimension 4 plane section of X then the
Clifford index of C is at least 3: if Cliff(C) < 2, C is either hyperelliptic, trigonal,
or a degeneration of a smooth plane sextic and in all these cases, the corank of
®(C) is strictly greater than 4.

(b) It is possible to give (at least) two other proofs of the inequality Corank
®(C) = 4. if C has CIiff(C) > 3, it follows from results in [B-E-L] that
h°(N¢(—2)) = 0 where N is the normal bundle to C in its canonical embedding.
On the other hand, a smooth codimension 4 plane section C of X is clearly 4-
extendable, so applying a theorem of Zak (described in [B-E-L]) and [B-E-L],
2.11, we find Corank ®(C) > 4.

(c) For a third proof, let C be a smooth codimension 4 plane section of X and
consider the commutative diagram

N HOX, Ox(1)) > HO(X, Q%(2)~_¢
b} le H(C, Qx(2)\¢)-
N? HO(C, 0c(1)) » HO(C, Oc(3)< 7
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Here the horizontal maps are the Wahl maps for ¢(1) and the other maps are the
natural restrictions. Now b is clearly surjective, so the image of d = ®(C) is
contained in the image of f. We claim that f has corank 4: the exact sequence of
cohomology of 0 — N¢x(2) - QYQ2)lc = QL2) - 0 gives

H(C, Qx(2)l)~> H(C, Q¢(2) > H'(C, N§x(2) > H'(C, Qx(2)l0)

and the claim follows by observing that h'(Nx(2)) = h'(0c(—1)®%2)) = 4 and
that H{(QL(2)lo) = HY(Ty(— 1)|o)* = 0 (Lemma 1.2).

COROLLARY 2.8. We have an inequality of divisors W > 44 .

Proof. Let M = M}, denote the moduli space of smooth automorphism-free
genus 10 curves over the complex numbers, n: ¥ — .# the universal curve,
o = Qg 4 the sheaf of relative differentials and 4 = det(n,(w)) € Pic(.#). We have
the relative Wahl map

D: \* 1, (@) - 7, (0%

which is a map of bundles of rank 45; let #~ denote its degeneracy locus. By [C-
H-M] the support of #” is a proper subvariety of .# and hence #" is a divisor.

By Proposition 2.6, the universal Wahl map ® has corank at least 4 at each
point of J¢". It follows that det(®) vanishes to order at least 4 along 2#". Indeed,
take a small arc {C,} crossing £ transversally at a general point Coe ¥ and
apply the following observation: if {M,} is a one parameter family of square
matrices then ord,_, det(M,) > dim ker(M,); this is easily seen by diagonalizing
the matrix {M,} over the discrete valuation ring of convergent power series in ¢.

3. The classes of #" and ¢

We continue to use the notations of the Introduction and Section 2. For divisors
D and E, linear equivalence will be denoted D ~ E. If L is a line bundle, we write
D ~ L to mean that the line bundles O(D) and L are isomorphic. We will show
that #~ ~ 28/ and that #" ~ 7. The divisor #"— 4.4 is then linearly equivalent
to zero and by Corollary 2.8 it is effective. But in the variety # = .#9, the only
effective divisor D linearly equivalent to zero is D = 0: since .# has a projective
compactification with boundary of codimension 2, if D were not zero, there
would exist a complete curve T = .# not contained in D and intersecting D;
since D ~0 we have D.T = deg(®O(D)|;) =0, a contradiction. It follows that
W =4x .

PROPOSITION 3.1. # ~ 28/
Proof. Since # is the divisor of zeros of the section det(®), #~ belongs to the
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class ¢, (1, (@®%)—c,(\’ m (). From [Mu], 5.10, ¢;(n,(@®) ~ 374 By the
splitting principle if E is a bundle of rank r then cl(/\2 E)=(r—1)c,(E), so
¢1(\? n(w)) ~ 94 and the result follows.

Computing the class of 2" will require some more preparation. We start with
some enumerative formulas. If f': X — Bis a flat family of curves, where X and B
are smooth complete and dim(B) = 1, it follows from the Leray spectral sequence
that y(X, Ox) = x(B, Og)— x(B, R'f,0). Applying Riemann-Roch and duality to
E=R! fOx, we obtain y(E) = deg(E) + rk(E)y(0p) and R} fO0x = (f0xp)* sO

deg(lxw) = XX, Ox)— (B, Op)x(C, Oc)

where we write Ay for det(f,wy ) and where C is a general fiber of f.

For example, if C = S is a smooth curve on a smooth surface which moves in a
pencil, consider f:§ — P! where § is the blow-up of S at the base locus of the
pencil. Then deg(4,) = 1S, 09 —1+gc= xS, Ug) — 1 + gc since y is a birational
invariant. In particular, if S is a K3 surface,

deg(d,) = 14+ gc. (3.2)

If C is a very ample smooth curve on a smooth complete surface S, let 2 < |C|
denote the discriminant hypersurface, consisting of singular members of the
complete linear system |C|. If we consider a general (Lefschetz) pencil in |C| and
apply the Leray spectral sequence to the constant sheaf C this time, we may
count the number of singular fibers and obtain (see [G-H], pp. 508-510 for
details) deg(2) = 4(g. — 1) + C* + Ziwop(S) In particular, if S is a K3 surface,

deg(2) = 6(gc + 3). (3.3)

LEMMA 34. If S is a general K3 surface of genus 10, then

(a) only finitely many smooth curves C in the linear series |Og(1)| have
automorphisms.

(b) The linear series |Os(1)| contains at most a 2 dimensional family of curves
with a single node and with automorphisms.

(c) S carries a Lefschetz pencil consisting entirely of curves without auto-
morphisms.

Proof. (a) Consider a 19 dimensional family # of K3 surfaces of genus 10 in
P!° which dominates &, (see, e.g., [M] for a construction) and let 2 be the
canonical P° bundle over & (whose fiber at S is |05(1)]). Let k be the dimension,
for a general S in #, of the subset of |04(1)| representing smooth curves with
nontrivial automorphisms. We want to show that k < 0. By the definition of k
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there exists a subvariety o = 2 of dimension 19 + k consisting of smooth
curves with automorphisms, such that .o/ dominates %. Let u: o/ — 4, be the
moduli map.

As S is general, its Picard group is isomorphic to Z, generated by Os(C). It
then follows immediately from the main theorem of [G-L] that S contains no n-
gonal curves for n < 5. But the largest component of curves with automorph-
isms in .#,, which are not of this type has dimension 16 and consists of curves
with an involution such that the quotient has genus 3. Thus the fibers of u are at
least k + 3-dimensional.

On the other hand the dimension of the fibers of u is constant in a linear series
|0s(1)] and generically this dimension is 3 (as follows from the proof of
Proposition 2.2). Thus k < 0 as was to be shown.

(b) The argument in this case is similar, except that we work in A, = #,,, the
boundary component of .#,, representing curves of arithmetic genus 10 with
one node. Here the locus of curves with non-trivial automorphisms has
dimension 17, consisting of hyperelliptic curves of (geometric) genus 9 with two
points conjugate under the involution identified. We find k < 2. (Perhaps a more
refined analysis would improve this estimate.)

(c) This is an immediate consequence of (a) and (b).

PROPOSITION 3.5. A4 ~ T4

Proof. Fix a general Se #,,, and let C < S be a smooth genus 10 curve.
Consider a general Lefschetz pencil | = |C|. By Lemma 3.4 u(l) < .4, where % is
the moduli space of stable genus 10 curves without automorphisms. The Picard
group of the smooth variety ./ is freely generated by A and the classes of the
divisors Ay, A,, Az, A,, As where for i > 0, A, consists of stable curves with a
node that separates the curve into components of genus i and 10—i, and A, is
the divisor of stable curves with a singular irreducible component (as follows
from [A-C] Section 4 and [C] Section 1.3).

Denote ¥ the closure of " in .#. Then we have a relation

j~a.l_bo.AO—bz.Az_bs.A:),—b4.A4—b5.A5 (3.6)

with a, b;e Z. Now we pull-back (3.6) to ! in order to determine a. Since the
surface S is general, its Picard group is generated by the class of C and then there
are no reducible curves in |C|. This implies that A;.I =0 for i > 0 (notice that
since [ is general its singular members have only nodes as singularities). From
(3.3), Ao . = 78 (notice that S, the blow-up of S along the base locus of the pencil
I, is smooth and hence u(!) is transverse to A,) and from (3.2) we obtain 1./ = 11.

To find o .1 = deg u*(N #1.4)li> we need to compute the degree of the line
bundle over ! with fiber H*(S, Ty(— C)) for Cel (Remark 2.5). More precisely,
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suppose [ is spanned by C, = {5, = 0} and C, = {s, = 0} for s, 5, € H(S, L)
(we write L = (x(C)). We have a diagram

ScsxPlbs
r
Pl

and §= {(x, to, t)|to - So(x)+ 1y .5,(x) =0} = S x P! is the zero set of a section of
[*0p1(1) ® g*L. Then

A 1= deg R (Tsxpypi(—5))
= deg R?*f,(g*Ts ® g*(L*) ® f*Up:(—1))
= deg R*f,(¢*T; ® L¥) ® Upi(—1)

which equals (by base change and cohomology) deg HX(S, Ty ® L*) ®
Op(—1)=—1.
Combining these results we obtain the relation

—1 = 11a—78b,. (3.7)

The integral solutions to this equation area a =7+ 78k, b, =1+ 11k for ke Z.
We know (2.8) that #” > 4¢ and (3.1) that #~ ~ 284. Hence 0 < a < 7 and so
k=0, a=717, as desired.

As explained at the beginning of this section, the linear equivalence #~ ~ 4.4
together with the inequality ¥~ > 4 implies #" = 44 "; this completes the
proof of the main theorem.

REMARK 3.8. Note that our computation of the class of 4" in Pic(.#) uses the
inequality a < 7 (coming from Corollary 2.8 and Proposition 3.1) and the
equality 3.7, together with the fact that the coefficients a and b, in 3.7 are
integral. This integrality is why we work in the smooth variety .#,. A more
traditional approach, which we were unable to carry out, would proceed by
writing down several pencils of genus 10 curves, computing their intersections
with 7, 4, and the A;, and then solving the resulting system of linear equations
over Q.
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