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Introduction

Let X be a smooth projective curve over C, and let U, be the moduli space
of rank 2 semistable vector bundles on X with trivial determinant. When X
is non-hyperelliptic, a canonical desingularization of U, has been con-
structed by Narasimhan and Ramanan [5] using the Hecke correspondence.
Let H, denote this desingularization. The main result proved in this paper
is the following.

THEOREM 1: Let X be a smooth projective curve over C of genus g = 3 which
is non-hyperelliptic and let U, be the moduli space of rank 2 semistable vector
bundles on X with trivial determinant. The cohomology group H*(H,, Z) of the
Narasimhan-Ramanan desingularization H, of U, is torsion-free and of
rank 2g.

The motivation for proving that H® is torsion-free is as follows. The
moduli space U, is known to be unirational, but it is not known whether it
is rational. As the torsion subgroup of H*(V, Z) is a birational invariant
of a smooth projective variety (see [1]), it was of interest to determine
H*(H,, 7) for some non-singular model H, of U,.

Narasimhan and Ramanan state that (see [5, page 292]) the desinguliza-
tion H, can be blown down along certain projective fibrations to obtain
another non-singular model of U,. A proof of this is given in §4 below
(Prop. 4A2). This new desingularization has the same third cohomology
group as the original desingularization.

The arrangement of this paper is as follows. Let K be the singular locus
of U,. Let Z = H, be the complement of the fibres of H, » U, over the
points of K of the form j @ j~' where j is an element of order 2 in the
Jacobian. For any x € X, there is a natural conic bundle C over Z which
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degenerates into pairs of lines over the divisor Y which is the inverse
image of K in Z. Sections 1 to 3 are devoted mainly to proving that the
total space of this conic bundle is smooth. This allows us to apply the result
proved in [6] which relates the topological Brauer class of the P'-bundle
on Z-Y determined by C to the cohomology class in H*(Y, Z) which
is associated to the 2-sheeted cover of the degeneration locus Y deter-
mined by C.

In §4 we show that multiplication by c, (N, ;) gives an injective map from
H*(Y, Q) to H*(Y, Q) where N, , is the normal bundle to Y in Z. Finally
in §5 we complete the proof of Theorem 1.

Remark on notation: In this paper, we have followed the notation used in [5].
In particular, for a point x on the curve X, L, denotes the line bundle defined
by the divisor x, and U, denotes the moduli space of all rank 2 stable vector
bundles E on X for which det E is isomorphic to L,. The moduli space of
all rank 2 stable vector bundles on X whose determinants are isomorphic to
L for some x € X is denoted by Uj,.

§1. The morphism from H, to Hilb (U,)

Let H, = Hilb (U,) be the desingularization of U,, and let x € X be
any point. As a subscheme of Hilb (U, ), H, parametrizes a flat family
W < U, x H, of subschemes of Uy. By [5] Lemmas 7.9 and 7.12 for any
point y € H,, the Hilbert polynomial of the subscheme W} of U, with respect
to the ample generator of Pic U, is 2m + 1 where W} = W n U, where
W” is the fibre of W over y. As H, is an integral scheme, it follows from the
constancy of the Hilbert polynomial that the family W, = W n (U, x H,)
of subschemes of U, parameterized by H, is a flat family.

The above flat family has a classifying morphism ¢: H, - Hilb (U,). It
follows from [5] §7 that ¢ is injective. In this section, we prove (Lemma 1.3)
that if / = [, U [, is a limit Hecke cycle (see §7 of [5] for the precise
definition) over a non-nodal point of K = U,, then the differential d¢ of
¢: H, — Hilb (U,) is injective at the point / € H,.

LEMMA 1.1: Let S be a non-singular variety, T a non-singular curve, and
P: S — T a smooth morphism. Let V < S be a 2-dimensional closed reduced
subscheme such that either (i) V is irreducible and the morphism V — T is
smooth, or (il) V = V, U V, is a union of exactly two irreducible components
each of dimension 2, and the morphisms V, - T, V, > T,and Vi "V, - T
are smooth where V, N V, is the scheme theoretic intersection of the reduced
schemes V| and V, which we assume is a non-singular curve.
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Let t € T be a closed point and let S, (resp. V,) denote the fibre of S
(resp. V') over t. Then
(1) V is a local complete intersection in S.
(2) V, is a local complete intersection in S,.
(3) The normal bundle N, s of V, in S, is the restriction to V, of the normal
bundle N, s of V in S.

Proof of Lemma 1.1: As V, and V, are nonsingular subvarieties of the
non-singular variety S such that the scheme V|, n V, is a non-singular
variety, the reduced scheme V' = V, u ¥, is a local complete intersection by
[5] Lemma 8.2. This proves (1).

If Vis irreducible, by assumption the morphism V' — T is smooth. Hence
V, is a nonsingular variety in particular a local complete intersection. If
V = V, u V, then as above, both V|, and V,, are non-singular varieties. As
Vi n V, - Tisalsosmooth, it follows that the scheme theoretic intersection
of V;,and V,,is a regular scheme and hence the scheme ¥, (which is reduced)
is a local complete intersection as above. This proves (2).

To prove (3) we prove the dual statement about conormal bundles,
namely, that N} ~ NXg| V. A local section of N¥s| V] is locally defined by
a local section of N*; which is a differential I-form on S which kills vectors
tangent to V. This defines a 1-form on S, which kills vectors tangent to V.
This defines a morphism of vector bundles from Ns| V, to N¥. From the
hypothesis of this lemma it is easy to see that this morphism is injective on
each fibre hence an isomorphism as these vector bundles are of the same rank.

LEMMA 1.2: Let P: S —» T be as in lemma 1.1. Let W < S x R be a flat
family of subschemes of S parameterized by a variety R, such that for each
pointr € R, the subscheme W' < S satisfies the conditions imposedon V < S
inlemma 1.1. Let t € T be a point and let the family W, = W n (S, x R) of
subschemes of S, parameterized by R again be flat. Let §: R — Hilb (S) and
¢: R — Hilb (S,) be the classifying morphisms for the families W and W,. For
re R, let

¥.: T, Hilb (S) > T,,, Hilb (S,)

be the restriction map from H°(W', Ny.s) to H'(W', Ny.s) where
Nyrs, = Nwrs| W by lemma 1.1. Then the following diagram of vector spaces
is commutative.

do

T,R T, Hilb (S)
do v

T, Hilb (S,)

r
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Proof of Lemma 1.2: By functoriality, it is enough to prove a similar statement
where the variety R is replaced by Spec k[¢]/(¢?). In this set up, the lemma
follows immediately by taking a suitable affine open cover of S and looking
at the defining equations of the family with respect to this open cover.

Now let H, be the desingularization of U, and let ¢: H, — Hilb (U,) be
the morphism defined at the beginning of this section.

LEMMA 1.3: Let | = [, U I, be a limit Hecke cycle over a non-nodal singular
-1\

point {j @ j~'> e Uy, and let | be represented by a point y € H,. Then the
differential map

de,: T,H, - Ty, Hilb (U,)
is injective.

Proof: Let P: S — T be the map det: U, — X. Then the hypothesis of lemma
1.2 is satisfied by the restricted universal family W parameterized by H,, and
so d¢, is the restriction map from

HO (1, ]vI,UX) - HO (l\’ IVI’ UXllr)
The injectivity of this map follows from lemma 1.4 below.

LEMMA 1.4: Any global section of N, which restricts to zeroanl, = [ n U,
is identically zero.

For the proof of lemma 1.4, we need the following

LEMMA 1.5: Let U be a non-singular variety and let Y|, Y, be closed non-
singular surfaces in U which intersect transversally along a non-singular curve
X. Let Y = Y, U Y, (which is a local complete intersection). Then there is a
short exact sequence of sheaves on Y, as follows.

0- NY,,U - Ny,u| Y, - Nx,y, ® NX,YZ -0

In particular, any global section of Ny ;| Y, which vanishes identically over
X is the image of a global section of Ny, .

Proof of Lemma 1.4: Let N' = N, |l, and N> = N, |/,. Then we have the
following exact sequence on /.

0> Ny > N'"ON?25NylX -0
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Let 6 € H (I, N, ) which restricts to zero on /, = [ n U,. Then 0 defines
sections 6, and 0, of N' and N? respectively such that 6, = 0 on /,, =
LnU,0,=00onk,and 0, = 0,on X = I, n },. By lemma 1.5 we have
an exact sequence.

0> N,y >N >N, ®N,,, >0

Now /, = P(E,) and l, = P(E,) where the vector bundles E, and E, occur
in exact sequences

0->j>>E - 0,—>0
0> 2> E >0 >0

In/ = [, v [, the bundles P(E,) and P(E,) are identified along the sections
defined by j* and j ~* respectively. Hence, Ny, ~ j?and Ny, ~ ;>. Hence
we get the short exact sequence

()—»[V'[I’UX—>N1—>(9X—>O

Now, 0, € H° (I, N') vanishes over /, , = I, n U,. Hence the image of 6, in
H° (X, 0y) must vanish at x € X and hence be identically zero. Hence by
exactness of the sequence, 0, € H’ (/,, N') is the image of an element 0] €
H°(l;, N, ,). Now, 0] must also be zero on /, . Hence to complete the proof
of lemma 1.4, it is enough to show that any global section of N, , which is
zero on [, = [} n U, is identically zero.

The bundle N, ,, occurs in the following exact sequence.

0 - Nl.,P(D,) - ]VII,UX i NP(D,),UXIII -0

Hence we have to prove that any global section of N, p,, and any global
section of Np(p, ¢, |/} which vanish over /, , are identically zero. Now, N, 4,
is isomorphic to a direct sum of g — 2 copies of T where 7 is the hyperplane
bundle on /;, = P(E,). As E, occurs in the exact sequence

0>/ > E > 0,0
it follows that dim H° (/;, t) = 1, and the non-zero sections vanish precisely

over X < /. Hence, any section of N, s, which vanishes over /, _ is identi-
cally zero. We now consider Ny, |l. We have the following exact
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sequence on P(D,) (see [5], lemma 6.22)
0 — trivial = Npp)y, = 7' @ T*F(j) = 0

where “trivial” denotes a trivial vector bundle, n: P(D;) — X is the projec-
tion, and F(;) is a vector bundle on X. Restricting attention to /, = P(D,),
we get

0 — trivial = Npp |l = T @ nFF(j) = 0

where ©,;: [, > X. Now, it is obvious that any global section of 77' ®
n¥ F(j) is identically zero, while any global section of the trivial bundle is
constant. Hence, any global section of Ny, |/, which is zero on /, , is
identically zero. This completes the proof of lemma 1.4.

Proof of Lemma 1.5: By [5] Lemma 8.2, there is an exact sequence
d" NFy LY, - NYT.U - Nl\:‘}’: -0

We apply the functor Hom (—, 0y ) to the above sequence to get the short
exact sequence

0> Nyy—> Nyl >€¢-0

where € is the cokernel sheaf of the first morphism. Note that a non-zero
section of ¥ is defined by a homomorphism a: Ny, | Y, — Oy, which does not
extend to a homomorphism from Ny, to O,,. Hence it follows that the
support of ¥ lies inside X. Now, let P € X and let f be a regular function on
Y, defined in a neighbourhood of P which locally defines the divisor X. Then
there exists a local basis (e, . . . , e,_,) for Ny, and a local basis (e, . . .,
e,_,) for N}, in a neighbourhood of P such that the homomorphism
Nyyl Y, = Ny is defined by e] - f-e, and ¢f > ¢, for2 < i< n — 2,
where n = dim U. Note that when restricted to X, e, defines a local frame
e, of Ny,, by the exactness of

0 - N¥ylY, — N;":.U - N)?.‘Yz - 0.
Let o be a local homomorphism from Ny, | Y, to ¢, such that

oc(e{) = &5 “(e:x—z) = &n-2
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where the g; are regular functions defined locally. To & we associate a local
section & of L, ® NX% defined as follows where L, is the line bundle on Y,
defined by the divisor X. Note that f~' is a local frame for the line bundle
Ly. Then we define @ = g,-f~' ® ¢,. Now, « extends to a local homo-
morphism from Ny, to Oy, if and only if g, vanishes along X. Hence we
locally get a well-defined isomorphism between € and L, ® NX y,- It is easy
to see that these local isomorphisms patch together to give a global iso-
morphism between € and L, ® ny Now by the adjunction formula,
Ly|X ~ Nyy,,and hence Ly ® Ny p NX y ® NX y, Which completes the
proof of the lemma.

§2. The special Hecke cycle
A. Preliminaries

Let x € X be fixed. Then for a general j € J, we can identify a point of H,
over {j @ j ') € U, which represents a limit Hecke cycle having some
special property. In this section, we define such a special Hecke cycle / (see
definition 2.8) and then explicitly determine the normal bundle N, ,, of its
restriction /, = / n U, in U, (see lemma 2.11).

A crucial part of the argument in this section is the following tech-
nical lemma about the normal bundle of the union of two smooth curves
which intersect transversally inside a smooth variety. We shall use this
lemma for
L= L,vul, cU.

LEMMA 2.1: Let U be a smooth variety and L, and L, smooth closed curves in
U meeting transversally at a single point s. Let the tangent space T,U have a
direct sum decomposition

WU = Ve V,®d - --®YV,

s

where V, = T,L, and V, = T,L,. Let the normal bundles of L, and L, in U
have direct sum decompositions as follows

NL.,U = HLOF® - ®F,

NLZ‘U = GIC'BG}@"'@GM.
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Under the quotient map
¢: T,U - (N, v),

let the images of V,, ..., V, be contained respectively in the subspaces
(F)y, - -« s (Fn)s of (N, v),, and let the induced maps V; — (F,), for i # 1be
isomorphisms. Similarly, let the images of V, V;, . . ., V,, under the quotient
map ¢,: T,U — (N,,,U), be contained respectively in the subspaces (G,);,
(G3)ss - - -5 (G,), of (N, v),» and let the induced maps V; — (G,), for i # 2 be
isomorphisms.

Under the above hypothesis, the normal bundle of L, v L, in U has the
following direct sum decomposition. Let for i = 3, F. v G; denote the bundle
on L, U L, obtained by identifying (F), and (G;), through their isomorphisms
with V.

Let F,(s) and F,(s) denote the line bundles F,(s) = F, ® O, (s) and
G (s) = G, ® O,(5). Then

Nyonw = (F() v Gi(s) @ (El—)} F v G,-)

where F,(s) v G,(s) is the line bundle on L, U L, obtained by some identifica-
tion between the fibres of F,(s) and G,(s) at s.

Proof of Lemma 2.1: We shall prove the dual statement about the conormal
bundle of L, u L,, namely,

NXoo = Ff(=s) v G¥(—s) (‘D( E* v G,*)

i=3

We have an exact sequence

0—- N* LulL - NX oy — TFLz -0

Now, N , ~ F* @ F¥ @ - - - @ F}}, and the map N* , — T‘?‘JL2 maps
F* to zero for i > 3. Hence N}*,, | L, is canonically isomorphic to # @
Ff @ - - @ E¥where Z is the kernel sheaf of the map px _, TFLZ, which
is just F;*(—ys), the sheaf of all section of F;* which vanish at s. We thus get
an isomorphism

(=)@ FF® - ®F}f—> Aol Ly
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Note that at the point s, the image of (F*) under f; for i > 3 in (N*,, ),
is precisely the subspace of (N, ), corresponding to V* = T*U.

Similarly, we have an isomorphism
8G9 DGD - ®GF ~ NL.uLz.UlLZ

such that for i > 3 the image of (G*), under g, in (N, ), is precisely the
subspace corresponding to V;* < T*U.

Hence under the isomorphism g;'-f, between the fibres over s of
FX(—s) @ FF® - @ FE¥and G*(—s) @ Gf @ - - - ® G}, the image
of (F*), (i = 3) is precisely (G*),. Now it is easy to see that the induced
maps from (F;*(—s)), to (G*), are all zero for i > 3. Hence under g;”' - f,,
(F¥(—s)), maps isomorphically onto (G*(—s)),. Hence N* . , is isomor-
phic to the direct sum

FH (=) v G¥ (=) ® (@ F* v G*).

i23
This proves the lemma.
B. The special Hecke cycle

In this subsection we define the special Hecke cycle. Let D,, = H' (X, ;> ®
L;")forj* # 1, and let P(D,,) be imbedded in U, as in the §6 of [5]. P(D, )
parameterises a family of triangular bundles, and hence the imbedding
P(D,,) - U, hasalift P(D,,) - H,, where H. — U, is the dual projective
Poincaré bundle. Let s(j,x) = P(D,,) n P(D, ), and 5(j,x) = P(D;,) n
P(D, ). Let J' be the subset of J where j* # 1. When x is fixed, we get
morphisms u: J* — U, and i:J’ — H_where u(j) = u(j~') = s(j, x) and
a(j) = mn(j~") = 5(j, x). Note that j is the lift of uto H,.

Remark 2.2: 1t can be checked that the differential of u is everywhere
injective on J'. As fi is the lift of y, it follows that dj is also everywhere
injective on J'.

LeEMMA 2.3: Consider the morphism J — U, which is defined by the family
R ® R~ of vector bundles on X parameterized by J where R — X x J is the
Poincaré line bundle. Then the open subset of J on which the differential of this
map is injective is a non-empty set.

Proof: Let K < U, be the singular set with reduced subscheme structure.
Then the morphism J — U, factors through K — U;,. Let ¢ # K, < K be
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the smooth open part of K and let J, < J be its inverse image. As J —» K
is surjective, J,, — K, is surjective. Now, dim J,, = dim K, = g, and both
J, and K, are smooth. Hence there exists a point in J, at which the map
J, — K, is of maximal rank. This proves the lemma.

DEFINITION 2.4: Let x € X be fixed. By (2.2)-(2.3), there exists a non-empty
sub-set of J such that

P#FLHX/®L) = 0,H'X,j7®L,) = 0,

the differential of the map u: J — U, sending j +— s(j, x) is injective (in
particular the differential of ji: J/ — H| is injective) and the differential of the
map J — U,:j+— {j @ j') is injective for any j in this open subset of J.
We will call such a j a general point of J.

LEMMA 2.5: Let x € X be fixed and let j be a general point of J (see 2.4). Then
the tangent space to H, at the point 5 = 5(j, x) has the following direct sum
decomposition.

T:H, = T;P(D,,) ® T:P(D..,) ® di(T,J)

Proof: We have a commutative diagram

J —L 5 H

N/

Uy

where v(j) = {j @ j~')>. Now as j € J is a general point, dv is injective at
Jj. Hence by the commutativity of the above triangle, d/ is injective on the
image du(T;J) of T,J inside T;H,. On the other hand, dh is zero on both
T.P(D,,) and T,P(D,_, ), which in turn are linearly independent as shown
in [5] §6. Hence the three subspaces are linearly independent in 7T:H, . As
their dimensions add up to 3g — 2 which is the dimension of T;H,, the
lemma is proved.

LEMMA 2.6: For ageneral j,let L, = T.H, be the kernel of the differential map
T:H, —» T,U, at the point 5 = 5(j, x). Then there exists a general j € J such
that the projection of L, on each of the three direct summands of T H, given
by lemma 2.5 is non-zero.
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Remark 2.7: Though we do not need it here, with some extra calculations we
can in fact prove that the conclusion of lemma 2.6 is true for all general j.

Proof of Lemma 2.6: P(D;,) and P(D,_, ) intersect transversally inside U, .
This shows that L, is not contamed in TP( <) @ T;P(D,_, ). Hence the
projection of L, on dji(7;J) is always non- zero for a general Jj. Also, as du
is injective by remark 2.2, L;is not contained in dii(7;J). Hence the projec-
tion of L; on T;P(D;,) ® TP(D .,) is always non-zero for a general ;.
Now, the condltlon that the pI‘OjCCthH of Lyon T; P( ,) is zero is a closed
condition in the Zariski topology. By the 1rreduc1b1hty of the open subset of
J of general points j, we see that if the lemma is false, then either
im L, = T; P( ) for all general jorim L, = T; P(D,, P(D._, ) for all general ;.
Note that the open subset V' < J of all general Jj, is stable under j — j ..

Hence we get a section of the canonical map of J to the Kummer variety
over a non-empty open set (namely the image of V). This contradiction
proves the lemma.

Now choose a general j satisfying lemma 2.6, and let i, € TP( s
it, € T;P(D,_, ) and i, € dji(T;J) be the projections of a non-zero vector in
L,. Note that &, + 4, + i, € L;. Hence, if u, u,, u; € T, U, are the images
of i, i,, i1, respectively, then each u; is non-zero, butu, + u, + u; = 0. Let
L,and L, be lines in P(D;,) and P(D, , ) respectively, each passing through
s = P(D,,) n P(D,_, ), given by the tangent vectors u, € T,P(D,,) and
u, € T,P(D,_, ). By §6 of [5], there exists a unique limit Hecke cycle / such
that [, = L, u L, where [, denotes / n U,.

DEerFINITION 2.8: The limit Hecke cycle / above will be called a special Hecke
cycle and /. = L, u L, will be called a restricted special Hecke cycle.

Remark 2.9: Note that L, and L, are defined by the tangent vectors u,,
u, € T.U, above. The vector u; above, which satisfies v, + u, + u; = 0, is
tangent to the image of u: J* - U,.

Remark 2.10: The lines L, = P(D;,) and L, = P(D,.,) have the following
direct description (which we do not use). L, is given by the 2-dimensional
kernel of the linear map H'(X, j> ® L;') » H'(X,j* ® L,) and a similar
description holds for L,. The vector u; € du(7;J) lies in the image under du
of the kernel of the map H'(X, Oy) » H'(X, L,) where H' (X, Oy) = T,J.

C. Normal bundle of the restricted special Hecke cycle

LeMMA 2.11: Let x € X be fixed and let j € J be a general point for this x. Let
I, < U, be the restricted special Hecke cycle corresponding to (x, j), with
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I, = L, U L,, where each L, is a line in the projective space P,. Then the
normal bundle N, _,, of I, in U, has the following direct sum decomposition into
subbundles.

Ny~A®@BdC®D
where

A~0,(1) v 0,()
B~"® (0,(1) v O,(~1)

g2
C~® (O,(-1) v 0,Q1)),
and D ~ @*~' O is the trivial bundle of rank g — 1.

Proof: Choose splittings of the tangent spaces of P, = P(D,) n U, and
P, = P(D,_,) n U, at the point s = P, n P, as follows. Let T,P, =
Vi ® Viandlet S,P, = V, @ V, where V|, = T,L, and V, = T,L, while V
and V, are arbitrary supplements. Let u; € du(7;J) be as in remark 2.9, and
choose an arbitrary splitting

du(T;J) = Kus) @ Vs

Then by lemma 2.6, we get a direct sum decomposition of T, U, as follows.
LU = Vehoelhelael

Note that dim ¥, = dim V;, = 1,dim V; = dim V, = g — 2and dim V; =

g — 1.Now the normal bundle N, , of P,(i = 1, 2)in U, occurs in the exact
sequence (see [5] lemma 6.22 and the proof of lemma 7.10)

0- H 0.6 (9,\')13, - NP,,U‘ - (911 (- 1)®g72 -0

such that under the canonical map T,U, — (N, ), the subspace du(7;J) <
T,U, maps identically on H'(X, Oy) = (N; y.),- Hence the splitting of
du(T;J) as {u;) @ V; induces a splitting of the trivial bundle H' (X (OX),,
on P, fori = 1, 2, and we denote these splittings by H'(X 0 ),, ~F @ F
and H' (X, Oy),, ~ G, ® G, where the bundles F,, F;, G,, G are all trivial.
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Now, as H'(P", ¢0(1)) = 0 for any projective space, we can choose a
splitting of the exact sequence

0 - H'(X, Oy)p > Npy — Op (—1)%772 50
for i = 1, 2 to give direct sum decompositions as follows.

Np,u

x

~F®F® 0, (—1)%?
and

Npy =G @ Gy @ Op (—1)72

X

Now, the normal bundles N, , for i = 1, 2 fit in the exact sequence
0> N,p—> Ny = NpylLi >0

As N, , ~ @2 O, (1), the above exact sequence splits, and so we can
choose a direct sum decomposition

NL,,U,, = (OL, (1)@g—2 @ NP,,leLi

Let F,, F, be the restricted bundles F,|L, and F|L, on L, while let
G, = G,|L, and G; = G,|L,. Note that F,, F;, G,, Gs are trivial bundles.
Now define bundles F; and F, on L, and G;, G, on L, by F; = O, (1)%77,
F, = 0, (—1)®%72,

Gy, = 0, (=1)%?% and G, = O, (1)%?
Then we get the direct sum decompositions

NL.,U ~F,®F ®F, ® F;

X

while

Nyv =G ®G, @G, ® G;.

X

Now from the definitions of the Vs, F;’s and G,’s above it is immediate that
the hypothesis of lemma 2.1 is satisfied. Hence by lemma 2.1, the normal
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bundle of [, = L, U L, in U, has the direct sum decomposition
Ny =F@E) v Gl v GeF v G @F v G
F(@s) v Gs) =0, 1) v 0,(1) = 4

while it is obvious that
F,v G x(0,0) v O,(-1)%* = B,
F,v G =(O,(-D)v 0,1)%?* = C

and
F,v Gz=0f' =D

This completes the proof of the lemma.

§3. The conic bundle over the desingularization
We first recall the definition of a conic bundle as given in §4 of [5].

DEFINITION 3.1: A scheme C together with a very ample line bundle 4 is said
to be a conic if its Hilbert polynomial is 2m + 1. A scheme C over T is said
to be a conic bundle over T if with respect to a line bundle on C its fibres are
conics and the morphism C — T is proper and faithfully flat.

For example, let Hilb (U,) be the open subset of Hilb (U,) where the
Hilbert polynomial is 2m + 1. Then the correspondence variety ¥ <
U, x Hilb (U,) is a conic bundle over Hilb (U,)".

Remark 3.2: Let E be a rank 3 vector bundle on T together with a global
section ¢ of the projective bundle P(S*E*) where S?E* is the second
symmetric power of E*. This section ¢ defines a subscheme C < P(FE) such
that C — T 'is a conic bundle as defined above. By [5] Remark 4.4 (iv), every
conic bundle C — T arises in the above manner, where a possible canonical
choice for the vector bundle E is the first direct image R'(n), »* where 7
C — T is the projection and w is the relative dualizing sheaf on C over T.
In the subsequent discussion we assume that every conic bundle C is defined
as a subscheme of P(E) where E = R'(m,)w’. However, it can be shown
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that (though we do not need it) the type of the conic bundle (see below) is
independent of the choice of the vector bundle E.

Note that a global section of P(S?E*) is the same as a line subbundle
L = S*E* which defines a quadratic form ¢ on E with values in L*. The
discriminant det g of ¢ is a section of the line bundle (A’E*)* ® L. The
degeneration locus Y = T of the conic bundle C — T is defined by the
vanishing of det ¢. At a point ¢ € Y, the fibre C, is a double line or a pair of
distinct lines depending respectively on whether rank ¢ is 1 or 2.

DEFINITION 3.3: Let ¢ be a smooth variety and C — T be a conic bundle for
which the degeneration locus Y is an irreducible divisor. Let C degenerate
into pairs of distinct lines at all points of Y. Then the ¢ype 7(C) of the conic
bundle is by definition the multiplicity of vanishing of the discriminant det
q over the divisor Y.

Consider the morphism ¢: H, — Hilb (U,)" defined in §1 where Hilb (U, )
is the open subset of Hilb (U, ) for which the Hilbert polynomialsis 2m + 1.
The correspondence variety over Hilb (U, ) is a conic bundle € and hence
its pull-back ¢*& to H, is a conic bundle on H,. The degeneration locus of
¢*% is the closed subset n~'(K) which is the inverse image of the singular
locus K < U, of U, under the map n: H, » H,. Let K, = K be the set of
nodal points of K. Let Z = H, be the open subset Z = H, — n~' (K,). Let
the conic bundle C —» Z be the restriction of ¢*¢ — H, to Z < H,.
Then the degeneration locus for C is the irreducible divisor Y = n~!

(K — Ky) = Z.
LEMMA 3.5: The degeneration locus Y is a non-singular variety.

Proof: Let R - X x J’ be the Poincaré line bundle, where J’ < J equals
{jlj* # 1}. Then the first direct images R'(p,),R* and R'(p,), R
are locally free sheaves on J’, each of rank g — 1. Let ¥ — J’ be the
P¢~2 x P¢~2 bundle which is the fibred product of the corresponding
projective bundles. As described in [5] §7, each point of ¥ determines a limit
Hecke cycle/ = I, U I, = U, in a canonical manner, and so ¥ parametrizes
an algebraic family of subschemes of Uy each of which is a limit Hecke cycle
and hence has the same Hilbert polynomial. As ¥ is an integral scheme, the
above family is flat and so we get a morphism f: ¥ — Hilb (U,). It is easy
to see that Y is the image of this morphism. As ¥ is non-singular, to prove
the non-singularity of Y it is enough to show that the tangent level map df
is injective. Let g: ¥ — Hilb (U,) be the composite map g = ¢ o f where ¢:
H, — Hilb (U,) is as defined earlier. Then it is enough to prove that dg is
injective. since the one point union P(D,,) v P(D,-, ) imbeds in U,, it is
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obvious that dg is injective along the fibres of ¥ — J’. On the other hand,
let be ¥ be over jeJ’, and let v e T, ¥ project to a non-zero vector
w e T,J'. Let the image g(b) of b in Hilb (U, ) be the restricted Hecke cycle
denoted by L, u L,. Note that L, n L, is the point s(j, x) = u(j) defined
in §2. Then v € T, ¥ corresponds to an infinitesimal deformation of L, U L,
such that the corresponding infinitesimal displacement of the intersection
point u(j) in U, is the tangent vector du(w), which is non-zero by §2. Hence
the infinitesimal deformation of L, U L, is non-zero. Hence dg is injective,
which proves the iemma.

Over 7Y, the conic bundle C — Z degenerates into pairs of distinct lines.
This defines a 2-sheeted covering of Y. The following lemma is obvious and
we omit its proof.

LEMMA 3.6: The 2-sheeted cover of the degeneration locus Y defined by the
conic bundle C — Z is not split. In fact, it has the same topological structure
as the pull-back of the 2-sheeted cover J' — K’ (where J' = {je J|j* # 1}
and K’ = K — K,) under the map n: Y — K'.

Next consider the restriction C,_, of C — Z to the openset Z — Y, over
which it defines a P'-bundle. Under n: H, —» U, the open subset Z — Y
maps isomorphically onto the open set U, — K. Let H_ be the dual projective
Poincaré bundle on U, where U, = U, x {x} < U, x X and consider the
Hecke map h: H, —» U, as defined in [5] §5.

LEMMA 3.7: There exists an isomorphism of varieties from C,_y to H, — h™"
(K) which makes the following diagram commutative

C,y—> H,— h"' (K)

|

Z-Y=5 U, - K

Proof: Let C, be the correspondence variety over the Hilbert scheme
Hilb (Uy), which contains H, as a closed subscheme H, < Hilb (Uy). Let
H be the dual projective Poincaré bundle on U,, with the Hecke map A:
H — U,. Then it follows from the identification of H, = Hilb (U, ) with an
appropriate closed subset of the relative Hilbert scheme Hilb (H, U,) (see [5]
§5 onward) that the restriction of the correspondence variety C; over
Hilb (Uy) to the subset Z — Y is canonically isomorphic to the fibration A:
H — h' (K) » U, — K under the isomorphism n: Z — Y > U, — K.
Now by definition of the morphism ¢: H, — Hilb (U,), we just have to
intersect the family H — h™' (K) = Uy x (U, — K) with the subset
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U, x (U, — K) to obtain a family of subvarieties of U, parameterized
by Uy, — K ~ Z — Y whose classifying map is ¢|Z — Y. Now, (H —
h=" (K)) n (U, x (U, — K)) is H. — h~'(K) which proves the lemma.

The remaining part of this section is devoted to providing the following
result about the conic bundle C on Z. For the proof of this, we need all the
lemmas proved in §1 and 2.

THEOREM 3.8: The total space of the conic bundle C over Z is smooth.

Proof: The theorem follows immediately from the following two lemmas
(Lemmas 3.9 and 3.10).

LEMMA 3.9: Let C be a conic bundle over a smooth variety Z for which
the degeneration locus is a smooth irreducible divisor Y over which C degen-
erates into pairs of distinct lines. Let L, U L, be one of these degenerate
conics. Let L, n L, = {s}. If C is non-singular at the point s € C, then C is
non-singular.

LEMMA 3.10: Let |, = U, be the restricted special Hecke cycle for a general
j € J, which is represented by a point y € Y, where Y is the degeneration locus
of C> Z. Letl, = L, v L,andlet {s} = L, n L,. Then the variety C is
smooth as s.

Proof of Lemma 3.9: Let Y < C be the canonical section of the conic bundle
over the degeneration locus Y, so that ¥ is exactly the set of all meeting
points of the pairs of lines. Then, as is true for any conic bundle over a
smooth variety such that the degeneration locus is also smooth over which
it degenerates into pairs of distinct lines, the singular locus of C is contained
in Y. Since Cis smooth at s € Y, it now follows that the image n(s) of s under
n: C — Z has an open neighbourhood V in Z such that the total space of
the restriction of C to V is smooth. Hence by Proposition 3 of [6] the
restriction of C to Vis of type 1. Now it follows from the definition of type
that t(C) = 1. Hence by Proposition 3 of [6], C is non-singular.

The remaining part of this section is devoted to the proof of Lemma 3.10.

LEMMA 3.11: Let U be a smooth projective variety and let W < U x S be a
flat family of closed subschemes of U parameterized by a variety S such that
each fibre W, is a local complete intersection for t € S. Let t € S be a point and
let P be a point on W,. Then the Zariski tangent space T,W < T, U x T,S
to the total space W at P is the fibred product T,U x y, T,S where Ny is the
fibre at P of the normal bundle Ny, , of W, in U and the fibred product is taken
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with respect to the canonical map T,U — N, and the composite map
T,S - H'(W, Ny,v) = Np

Proof: Lemma 3.11 follows from a standard argument which we sketch for
the sake of completeness. It is enough to prove a corresponding statement
in which the parameter variety S is replaced by Spec k[¢]/e%. Let W be the
flat infinitesimal deformation of a local complete intersection W, = U
parameterized by Spec k[e]/e? which corresponds to an element & e H°
(Wo» Ny,.v)- Then by looking at the defining equations for W, < U in an
affine neighbourhood of P in U, it is easy to see that the sections of W over
Spec kl[e]/e* which specialize (for ¢ = 0) to P € W, are in a linear bijection
with the elements of 7, U which map to ¢, € N, under the canonical map
T,U — N,. It follows that the tangent space to W at P € W, is the inverse
image of (¢, ) under T,U — N,. This is the desired result over Spec k[¢]/e’.

LemMA 3.12: Let E,, E,, E, be vector spaces with linear maps f,: E, — E, and
fri E, = E,. Let E; be another vector space with a linear map g: E; — E, such
that

(i) g is injective

(1) There exists a vector n € E, such that n ¢ g (E,) and f,(n) = 0. Then we
have

dim (E, x g E,) > dim (E, x g E;).

Proof: Because g: E; — E, is injective, we have an inclusion E, x , E; <
E, x g E,. Now as f,(n) = 0, the pair (0, n) € E, X, E,. But n ¢ g (E3),
and hence E, x ; E;is a proper subspace. This proves the inequality as all
spaces are assumed to be finite dimensional.

We can now prove Lemma 3.10 by assuming the following two lemma
which are proved later.

LEMMA 3.13: Let I, = U, be the restricted special Hecke cycle for a general
je J,andlet s € I_be the intersection point L, n L, wherel, = L, U L,. Let
N, be the fibre of the normal bundle N, ,, at s. Let f,: T.U, — N, and f,:
H°(I,, N, y)— N, be the canonical maps. Then the fibred product
T,U, x, H° (I, N, y,) is of dimension 3g — 1 where g = genus(X).

LEMMA 3.14: Let [ = U, be the special Hecke cycle for a general j. Consider
the restriction map

g H (I, Ny,) - H' (I, N, v,)
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where N, y =~ N,y |l as proved before. Then there exists n € H° (., N, )
such that at s € I, n(s) = 0 € N,, and n does not lie in the image of g.

Proof of Lemma 3.10: The dimension of H,is 3g — 3 and so the dimension
of Cis 3g — 2. Hence to prove the non-singularity of C at s, it is enough
to prove that dim 7,C < 3g — 1. Now, by lemma 3.11, 7, C is the fibred
product T,U, x y T,Z.Now, T,Z ~ H°(l,N,;;,) and the map T,Z — N, is
the composite map

H (I, Ny,) > H (I, N, y)) = N,
By Lemma 1.3 of §1, the map
H(I, Niy,) > H (I, N, v)
is injective. By lemma 3.12 and 3.14, we get the inequality
dim 7,C < dim T,U, x, H° (I, N, ;).
Hence by Lemma 3.13, dim 7,C < 3g — 1. This proves the lemma.

Proof of Lemma 3.13. Let f;: E, - E, and f,: E, - E; be vector space
homomorphisms. Then

dim (E, x g E,) = dim (im (f,) nim (f,)) + dim ker (f;) + dim ker (f,)
as follows from the short exact sequence
0 — ker (/) @ ker (f;) = E, Xy E; > im (f;) nim (fy) - 0

In the present situation, f, is the canonical map 7,U, — N, where N, is the
fibre of the normal bundle of /|, = L, U L, at s. Hence the kernel of f| is of
dimension 2 as it is the subspace T,L, @ T,L,, while with respect to the
decomposition

Ny=~A®BOC®D

given by Lemma 2.11, it is easy to see that the image of T.U, —» N, is
B, @® C, ® D,. Also, it follows immediately from Lemma 2.11 that the
kernel of the natural map f,: H° (I, N,_,) = N, is of dimension 2g — 2,
while the image of f, is A, @ D,. It follows that im (f,) n im (f;,) = D,,
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which is of dimension g — 1. Hence dim T,U, xy H’ (., N, ;) equals
g— 1+ 2+ 2¢g —2 = 3g — 1. This proves the lemma.

To complete the proof of Theorem 3.8 only lemma 3.14 remains to be
proved. We prove it by explicitly constructing the required element #.

Construction of n: By Lemma 2.11, N, y ~ A® B® C @® D where
A~ O, (1) v O, (1). Let n be a non-zero section of 4 such that » restricts
to zero on L, (such an # is unique upto a non-zero constant multiple.)

Proof of Lemma 3.14: If possible, let  as constructed above be the restric-
tion to /. of some element n" € H® (I, N,;,). We show this leads to a
contradiction. Since by definition # vanishes on L, = /, , the restriction of
n’ to 1, . is zero. Hence by the proof of Lemma 1.4 of §1, #” vanishes all over
l,. Hence #’ is an element of I, = H° (/, N, ), where T, denotes the set of
all global sections of N, which restrict to zero on /. Let I, = H°
(Z;» N, y,) denote the set of all global sections of N, ,, which restrict to zero
on /, .. Assume for the moment that there exist linear maps g and g, which
make the following diagram commute,

I —£— H (0 b, Nlmlz,lz)
| | (3.15)

L. —— T.L,

where the vertical maps are the restriction maps. Moreover, assume that
g # 0.Now,, n [, ~ X,and N, ., , ~ ;2. Hence H(l, n b, N, ,,,) = 0.
Hence g(n’) = 0. This is a contradiction as n” + n and g.(n) # 0.

It now only remains to define the maps g and g, which make the above
diagram commute, such that g (n) # 0. For this consider the following
general situation. Let U be a non-singular variety and let V;, V, be smooth
subvarieties whose scheme theoretic intersection ¥, = V, n V, is a smooth
variety which is a divisor in both V| and V,. Let V be the reduced scheme
Vi u V,. By [5] lemma 8.2, V' is a local complete intersection. Lemma 1.5
goes through in this case also, and we get a short exact sequence

0> Nyy—= NylVi> Nyyw @ Ny, » 0

In particular, any section of N, ;| ¥; which vanishes over ¥} is the image of
a section of N, ,. Note however, that the image of a section of Ny ; in
Ny |V, does not necessarily vanish over V;,. We now describe a necessary
and sufficient condition on a section ¢ € I' (¥, N,, ) for its image ¢’ € I’
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Vi, Ny yl V) to vanish everywhere on the divisor ¥; = V. Consider the
geometric vector bundles N, , —» V|, and N, ,, — V;. Then there is a
canonical imbedding of schemes i: N, ,, = N, , which makes the following
diagram commute

Ny, v, s Ny v
| |
W — W

Note that i is deduced by the composite morphism
TV,|Vy = TU|Vy— Ny 1V

which factors through N, ;.. Then following the proof of Lemma 1.5 we see
that a section o € H® (V;, N,, ;) maps to a section of H° (V;, N, ;| V}) which
vanishes over V; if and only if ¢ | V; lies inside i (N,, ,,) = N,, ;. We thus get
a canonical linear map g: I, - H° (V;, N, ,,) where Iy = H® (V,, N, 4| V})
is the subspace of all sections which vanish over V}.

Now let the hypothesis of Lemma 1.1 of §1 be satisfied (with U in place
of S). Then for any point te T we have canonical isomorphisms
Nys, ~ Nys|Viand Ny, =~ Ny, | V;,. These isomorphisms induce linear
maps

H* (Vy, Nys| Vi) = H (V5 Ny s | V)

and H° (V;, Ny, ,,) = H(Vy, Ny, 1,). The first of these maps induces a map
I, - I, where I, =« H° (V,,, N, 5|V,,) is the subspace of all sections
which vanish over V{,. We also have canonical linear maps

g I — H® M, NVO,VZ) and g I, — H° Vois NVOJ,Vz_,)

as defined in the last paragraph. It is immediate from the definition of these
maps that the following diagram is commutative.

r() —_— HO(VO, NVosz)

|

L, —— H (Vs Ny, 1))

Finally, note that I, is canonically isomorphic to the subspace of H°
(V, N,s) consisting of all sections which vanish everywhere on V, while
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similarly, T, is canonically isomorphic to the subspace of H® (V,, N, )
consisting of all sections which vanish everywhere on V.

We apply the above discussion to the case where S — T is the map det:
Uy - X, t € Tis the point x € X, and V' < S is the special Hecke cycle /.
This gives us the desired commutative diagram (3.15). From the definition
of the map g, it is clear that g () # O for the given #. This completes the
proof of Lemma 3.14, and hence that ot Theorem 3.8.

§4. Normal bundles of some divisors in H,

In §4-A, we determine the normal bundles Ny, ,, of the divisors 7, which are
contained in the fibres of H, —» U, over nodal points k € K. (Prop 4.A.3).
From this we deduce, in particular, that H; can be blown down along the
fibres of the P’-fibrations 7, — G to obtain another non-singular model for
U, (Proposition 4.A.2).

In §4-B, we determine the restriction of the normal bundle Ny , to a fibre
of Y over a non-nodal point of K (Prop. 4.B.5). We use it in §4.C to prove
a technical lemma (lemma 4.C.1) about the Chern class of Ny ,.

Section 44

We first define the geometric normal bundle N, , of a smooth subvariety U
of a scheme V. Let I be the ideal sheaf of U in V, and let S(I/I*) be the
symmetric algebra of I/I*. Then N, is by definition of the linear bundle
Spec S(I/I*) over U. The fibre of the scheme N, over a point P e U is
isomorphic to 7, V/T, U. In case V is also smooth, N, , is just the total space
of the usual normal bundle N, .

Let k € K < U, be a nodal point of K. The fibre of H, — U, over k is the
union S, U T, where S, is a P?~2 bundle over the Grassmannian of lines
in P#~! while T, is canonically isomorphic to the space of all conics in PH'
(X, Oy) (which is a P’ bundle over the Grassmannian of planes in a P#~"). Let
W = H'(X, 0,), and let G = Grass (3, W) be the space of 3 dimensional
linear subspaces of W. Consider the tautological rank 3 subbundle E of the
vector bundle W x G on G. Then for each nodal point k € K, T, is isomor-
phic to the total space of the projective bundle P(S2E ") on G, where SE
is the rank 6 vector bundle of quadratic forms on E.

PROPOSITION 4.A.1: The restriction of the normal bundle Ny, to a fibre of
T, — G is isomorphic to Ops (—1).
The above proposition immediately implies the following.
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PROPOSITION 4.A.2: The variety H, can be blown down along the fibrations
T, — G (one for each node k) to obtain another smooth variety.

Proposition 4.A.1 follows from the next proposition by restricting the line
bundle Ny, ;. to a fibre of 7, - G.

PROPOSITION 4.A.3: Let n: P(S?E") — G be the projection. Then under the
canonical isomorphism of T, with P(S?E"), Ny, y, is isomorphic to the line
bundle n*A’E ® Opsrpv, (= 1).

Proof: Let C — P(S*E") be the bundle of all conics in PH'(X, Oy).
Note that the total space C of this conic bundle is a subvariety of the

fibre product P(E) x ; P(S*E"). On P(E), we have the tautological exact
sequence

0> Opy (—1) > 1) E> Q-0
where Q is the quotient bundle (rank Q = 2). This gives an isomorphism
Opy (1) ® Q0" > 0 ® nf(E,A3EV ....... €))

Let n, and =, be the projections of the fibred product P(E) x; P(S’E") on
to the two factors. Then we have a natural morphism

TEQ® nfE ® n¥S’EY - 0

P(E)xgP(S2EV)
When restricted to C = P(E) x; P(S*E"), it induces a morphism
T Opey (= 1) @ 1FQ @ 73 Upapey (— Dl = Oc.
Let the restrictions of n¥ Op) (— 1) and nf Op ., (— 1) to C be denoted

respectively by O, (— 1, 0) and O (0, — 1), so that the above morphism can
be written as

(QC(_L 0) ® QC® (QC(O’ _1) i (QC

where Q. denotes the pullback of Q under C — P(E). This induces a
morphism.

0c(0, —1) = Q¢ ® Oc(1, 0).



332 N. Nitsure

Composing this morphism with the earlier isomorphism (1), we get a
morphism

0c(0, —=1) > Qc ® NE¢
where E is the pullback of E under C — G. This induces a morphism
NE:® 00, —1) > Qc
Now, taking direct image under
n,: C —» P(S’EV),
we get a morphism
T*ANE ® Opsop., (—1) = (1), 0 ce 2

of sheaves on P(S*E"). Now, it is easy to check that for any conic C, =
PH'(X, 0,) (which is the fibre of C — P(S*E") over a point ), dim H°
(C., Qc,) = 4. Hence (m,), QO is locally free of rank 4. For any conic C,,
(2) gives a linear map

?,: (n*ASE ® (OP(S2EV) (‘_ l))u - Ho (Cu’ QC,,)a

whose domain is a 1-dimensional vector space. By using explicit equations
for C, in terms of coordinates on PH' (X, (), it can be checked that the map
@, is injective, and further, its image is contained in the kernel of the map

H’ (C., ch) - H° (O (QP(E)u -H® NC,,,P(E)M)

(where P(E), = PH'(X, 0,) is the 2-plane containing C,) which is induced
by the composite map

Oc, = Opg), (—1) ® TP(E),|c, = Opp, (—=1) ® N, pg),

Now, let N be the normal bundle to Cin P(E) x; P(S*E"), and let T},
be the tangent bundle to P(E) along the fibres of P(E) — G. Let the pullback
of T} to C again be denoted by T7 ;). Note that O-(—1,0) ® Tpr) =~ Qc-
The morphism T}, — N induces a morphism Q¢ — O-(—1, 0) ® Nc.
Taking direct image under n,: C —» P(S*E"), we get a morphism

(M) Qc = (M) (Oc(— 1, 0) @ N).
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Now, for any u € P(S’E"), the restriction of N, to C, is isomorphic to
Ne, pey,» and it is easy to check that for all u,

dim H° (C,, Opg, (—1) ® N, pey) = 3

Hence, (7,),(0O-(— 1, 0) ® N,) is a vector bundle of rank 3.
We thus have the morphisms

TNE ® Opgapo) (— 1) = (1), Oc = (1), (0c(~ 1, 0) ® N)

of vector bundles on P(S*E") such that the first morphism is everywhere
injective, while the composite is identically zero. Now, it follows from the
proof of Proposition 8.5 of [5] that the geometric normal bundle N, _,, to
T, (~ P(S’E")) in the scheme H, (which contains H,) is canonically isomor-
phic to the inverse image of the zero section of the vector bundle morphism

()4 Qc = (1) (Oc(—1, 0) @ N).

Hence, the line bundle n*A’E ® 0,2, (— 1) is a subbundle of Ny, ,. On
the other hand, the normal bundle Ny, , is also a subbundle of Nz , . By
lemma 8.9 of [5], N, 4, is of rank 1 over the open subset of 7}, corresponding
to non-degenerate conics. Hence the line subbundles 7*A° ® 0,5, (— 1)
and Np, 4 coincide over an open subset, and hence coincide everywhere.
This completes the proof of proposition 4.A.3.

Section 4B

Let C — Z be the conic bundle of §3, with degeneration locus Y. The fibre
F, of Y — K over a non-nodal point k € K is isomorphic to P¢~? x P#2.

PROPOSITION 4.B.1: The restriction of Ny, to F, is isomorphic to the line
bundle O(—1, —1) on P¢~2 x P¢2 ~ F,.
The proof of the proposition depends on the following lemmas.

LEMMA 4.B.2: Let ye Y, and let y € Y lie over y, where Y < C is the
canonical section of C over Y. Then the image of the differential map dn:
T,C - T,Zisequal to T,Y.

Proof: As C is smooth (§3) one has dim 7;C = dim C. As Y > Yis an
isomorphism T, Y is contained in the image of dn. As y is the intersection
point of the pair of lines L, U L, which is the fibre of C over y, the kernel



334 N. Nitsure

of drn is at least 2 dimensional. Now, dim T,C = dim T,Y + 2. Hence the
lemma follows.

LEMMA 4.B.3: Let C, denote the fibre of C over y € Y, which is a pair of lines
in U, meeting at a point s. Then the subspace T,Y < T,Z is precisely the
kernel of the composite map

( C,,U\)s
T,Z - H'(C, U)—)stU\»

Further, the induced map
(Ny,z)y - (NC|,U‘ ),/im T, U,
is an isomorphism

Proof: Consider C = U, x Z. Then y = (y, s), and T,;C is the fibred
product of 7, U, and T, Z over (N, , ),- Hence a vector v € T, Z has a lift to
T;Cif and only if its image in (N, y, ), is contained in the image of 7, U, . But
by lemma 4B2, v € T,Z has alift to T;Cif and only if v € T, Y. This proves
the first assertion of the lemma and the induced map

(Ny,z)y - (Nc,u‘ ),/im T, U,

is injective. As both these spaces are 1-dimensional, the above map is an
isomorphism, which proves the lemma.

Remark 4.B.4: 1t is easy to see that there is a line bundle L on Y whose fibre
at y is (N¢, ),/im T,U,. The above lemma infact shows that there is a
canonical isomorphism N, , — L.

Now, let L,, L, be smooth curves in a smooth variety U, which meet
transversally at a point P € U. Then (N,,,, ;)p/im T, U is canonically dual
to the kernel K, of the linear map N/, , = TFU. An element of K, is
represented by an element f € ¢, , which vanishes over L, u L, and which
satisfies df(P) = 0. Asdf = 0, for any u, v € T, U we can define the Hessian
u(v(f)) € k of f with respect to u, v. This gives a well-defined linear map

T,U® T, U ® K, — k,
which induces a linear map

T,L, ® T,L, » (N o, 0)P/im TpU
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which we call the Hessian map. The following lemma is easy to check using
local coordinates.

LEMMA 4.B.5: The Hessian map T,L, ® T,L, = (Ny  1,.v)p/im TV is an
isomorphism.

Proof of Proposition 4.B.1: Let k = {j @ j~'), be a non-nodal point of K.
Then the points of F; represent the degenerate conics of the form L, u
L, c U,, where L, and L, are lines in the subspaces P, = P(D,;,) and
P, = P(D,,,)of U,.. Both L, and L, pass through the points = P, n P,.
Hence, F, is canonically isomorphic to P(T,P,) x P(T,P,). Note that the
fibre of the line bundle ¢ (— 1, — 1) on the above product over the point of
Fcorresponding to L, u L,is T,L, ® T.L,. Hence the proposition follows
from lemmas 4.B.3 and 4.B.5.

Section 4C
In this subsection we prove the following.

PrOPOSITION 4.C.1: Let C € H* (Y, Q) denote the rational Chern class of the
line bundle Ny ,. Then the map H*(Y, Q) —» H*(Y, Q) which sendsnto C U n
is injective.

Proof: All cohomology groups considered here are with coefficients Q.
Consider the 2-sheeted cover ¥ — Y; the map H*(Y) —» H?*(Y) is injective.
Note that Y is the fibre product E, x , E, where E, and E, are the P#~?
bundles whose fibres over jare PH'(X, j?) and PH' (X, j~?) respectively. Let
6,, 0, € H*(Y) denote the rational chern classes of the pullbacks to ¥ of the
line bundles (', (1) and (", (1). The natural Z/2-action on Y interchanges 6,
and 6,. By the Leray-Hirsch theorem, H*(Y) is freely generated as a
module over H*(J') by the elements 6]"6;* € H™**(Y) for 0 < m,,
m, < g — 2. Hence the elements of H*>(¥) which are Z/2-invariant have the
form a + A(0, + 6,), where a € H*(J') and 4 € Q.

Now, it follows from Prop. 4.B.1 that the pullback to ¥ of the chern class

= C,(Ny ) € H*(Y) has the form

¢ = a—(91+0:)

where a € H*(J'). We shall show that forany n € H*(Y),if C U n = 0 then
n=20 Letne H*(Y) be the pullback of #. As 7 is invariant n==>b+
A0, + 0,) for some be H*(J') and Ae Q. Then Ul =aub +
(Aa — b)(0, + 6,) — A6, + 6, If ij U C = 0, then by successively
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equating to zero the coefficient of 0,0, and 6, + 6,, we see that 77 = 0.
Hence n = 0.

Remark 4.C.2. From the description of the normal bundle Ny , given
by Proposition 4.A.1, it is easy to check that cup product with the
integral Chern class of N;_, defines an injective map from H*(7}, Z) to
HY(T,, Z).

§5. Determination of H*(H,)

In this section we complete the proof of our main theorem that
H*(H,) ~ 7. All homology and cohomology groups are with coefficients
Z unless otherwise indicated.

LEMMA 5.1: Let P — B be a topological P' bundle over a path connected
base space B with H'(B) = 0. Then the homomorphism H*(B) — H*(P)
is surjective, and its kernel is generated by the toplogical Brauer class of the
P! bundle.

Proof: Applying the Leray spectral sequence and using that H°(B) = Z,
H'(B) = 0, it is easy to check that the homomorphism H*(B) — H*(P) is
surjective, and its kernel is generated by a single element y which is the image
of the generator of H°(B, H*(P")) under the transgression map Ey? — E>°.
Since twice the generator of H°(B, H*(P')) comes from the Chern class of
the tangent bundle along fibres of P, we see that 2y = 0. Hence, {0, y} is the
kernel of H*(B) - H*(P). Let B € H*(B) be the topological Brauer class of
P — B.The P'-bundle on P which is the pull back of P — B has a canonical
global section, hence is topologically banal. By the functoriality of f, it
follows that p lies in the kernel of H*(B) — H*(P), i.e., B € {0, y}. Finally,
when B = 0, the P!-bundle P — B is topologically banal, and hence the
map H*(B) - H*(P) is an inclusion. Hence when f = 0, we must have
y = 0. It follows that § = 7, which proves the lemma.

Next, as in §3, let H, be the dual projective Poincaré bundle on
U(=U, x {x} € UQ2, 1) x X), and let h: H, > U, be the Hecke map.

LEMMA 5.2: We have H*(H, — h™'(K)) ~ 7*.

Proof: By Alexander duality, H,(H,, H, — h~"(K)) ~ H"'(h~'(K)) where
n = dimgH, = 6g — 4. Substituting this in the long exact homology
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sequence of the pair (H,, H, — h™'(K)) we get the exact sequence
H,(H,) > H"*(h"'(K)) » Hy(H, — h™'(K)) » Hy(H,)
- H"(h~'(K)) » Hy(H, — h™'(K)) > H,(H,) ¢

Now, h~!'(K) is an irreducible variety of dimension 2g — 1, so dimg
h™"(K) = 4g — 2. Hence H" 3(h"'(K)) = 0 for g > 3 and H" *(h™'
(K)) = 0 for g > 3. When g = 3, dimgh~'(K) = n — 4. Observe that
if V is an irreducible subvariety of dim r of a smooth projective variety
W, then the map H, (V) — H, (W) is injective, and hence the map
H*”(W) - H”(V) has a torsion cokernel. Hence when g = 3, the map
H,(H) — H" *(h~'(K)) (which is just the natural map H" *(H ) —
H"*(h~'(K)) by Poincaré duality) has a torsion cokernel.
Hence, from (1) we see that

Hy(H, — h™'(K)) = H,(H,) (2)
while there is a short exact sequence
0->T-> H(H, — h'"(K))> H(H)—>0.... 3)

where T is a torsion group. As H,_ is the projective bundle given by a
vector bundle on U, the homology of H, is the Kunneth product of the
homologies of U, and P'. Now, U, is simply connected, rank H,(U,) = 2g,
and H,(U,) is torsion frec since as is casily scen, U, is rational (see
also Atiyah & Bott [2]). Hence by the exact sequences (2) and (3),
H,(H. — h™'(K))istorsion frec and rank H,(H, — h '(K)) = 2g. Now an
application of the universal coefficient theorem complctes the proof of the
lemma.

LEMMA 5.3: The cohomology group H* (Z — Y) is of rank 2g, and its torsion
subgroup is generated by the topological Brauer class B of the restriction of the
conic bundle.

Proof: By lemma 3.7, H. — h~'(K) is isomorphic to the total space of the
restriction of Cto Z — Y. As U, is simply connected, as H, is a P'-bundle
on U,, and as h™'(K) is of real codimension at least 4 in H_, it follows that
H, — h™'(K) and hence Z — Y are simply connected. Now the lemma
follows immediately from lemmas 5.1 and 5.2.
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LEMMA 5.4: The Chern class o € H*(Y) of the line bundle associated to the
2-sheeted covering of the degeneration locus Y of the conic bundle C is
non-zero. Moreover, H'(Y) = 0.

Proof: By lemma 3.6, the 2-sheeted covering of Y is not split, hence it
determines a non-zero element a* € H'(Y, Z/2). The element o« € H*(Y) is
the image of o* under the connecting morphism for the cohomology
sequence for the short exact coefficients sequence 0 - Z - Z — Z/2 — 0.
Hence to prove that o # 0, it suffices to prove that H'(Y, Z) = 0. Note that
topologically Yis a P¢~2 x [P¢~2 bundle over the space K — K, where K is
homeomorphic to the Kummer variety and K, is the set of its nodal points.
Moreover, H'(K — K,) = 0 (see [7]). Hence it follows immediately by the
Leray spectral sequence for the fibration ¥ - K — K, that H'(Y) = 0.

The proof of the next lemma makes crucial use of the main result proved
in [6].

LEMMA 5.5: We have H*(Z) ~ 7.
Proof: Consider the Gysin sequence
H'(Y) > H(Z)-> H(Z - Y) > H(Y) » H'(2Z)

Since by lemma 5.4, H'(Y) = 0, H*(Z) - H*(Z — Y) is injective. By
Theorem 3.8, the total space of the conic bundle C — Z is smooth. Hence
by Corollary 1 of [6], the topological Brauer class f € H*(Z — Y) maps to
the Chern class « € H*(Y) of the line bundle associated to the 2-sheeted
covering of Y. Since by lemma 5.4, « # 0, § does not lie in the subgroup
H*(Z) of H*(Z — Y). Since by lemma 5.3, {0, B} is the torsion subgroup
of H*(Z — Y) it follows H*(Z) is torsion free. Now, we have a com-
mutative triangle

H*(Y, Q) —— H%(Z, Q)

HY(Y, Q)

where the map H*(Y, Q) —» H*(Y, Q) is given by cup product with
C,(Nyz). Since this map is injective by Proposition 4.C.1 the map H*(Y, Q) —
H*(Z, Q) is injective, so that H*(Z, Q) ~ H*(Z — Y, Q). The lemma now
follows from lemma 5.3.

Now consider the projection n: H, — U,. By theorem 8.14 of [5], the fibre
over a nodal point k € K = U, is the union S, U T, where S, is a P*~*-bundle
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over Grass (2, g) while T, is a P*-bundle over Grass (3, g). Note that
dim S, = 3g — 6,and dim 7, = 3g — 4. Let T be the union of all T, as k
varies over the nodal points of K (2% copies in all).

Note that Zis open in Hy — T, and (Hy — T) — Z = U, (S, — T})
which is of complex dimension 3g — 6, hence of real codimension 6 in
H, — T. Hence H*(Hy, — T) ~ H*(Z) ~ 7*.

Next, consider the Gysin sequence

H\(T) > H(H,) » H*(H, — T) » H*(T) > H*'(H,)

Note that H'(T) = 0. By a combination of remark 4.C.2 and an argument
used in the proof of lemma 5.5, the map H*(T) —» H*(H,) is injective.
Hence, H*(H,) ~ H*(H, — T) ~ 7%, which proves theorem 1.
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