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§0. Introduction

Let K be a finitely generated extension field of @, let I' be a finitely generated
subgroup of the multiplicative group K* of non-zero elements of K, and let
o, ..., o € K¥ Many problems of number theory lead to equations of the

types
4 x o= 1 in x.....xel )
or more generally

oux, + 4+ oax, = 1 in x,...,x,el, ()

n

where, in particular, T is the unit group of a subring of K which is finitely
generated over Z. Hence the above equations are called unit equations and
weighted unit equations, respectively. For a general survey on these equations
and their applications we refer to Evertse, Gyory, Stewart and Tijdeman [7].

For n = 2, several results are known about the number of solutions of (1).
In 1985, Evertse and Gyory [6] derived in case n = 2 an explicit upper bound
for the number of solutions of (1) which is independent of «, and «,. Two

tuples (o, ..., a,), (B, ..., f,) with non-zero entries in K* are called
I'-equivalent if there are ¢,, . . . , ¢, € ' such that §, = ag, fori =1, ..., n
Obviously, the number of solutions of (1) does not change when («,, . . . , o,

is replaced by a I'-equivalent tuple. In 1987, Evertse, GyOry, Stewart and
Tijdeman [8] proved that in case n = 2 (1) has at most two solutions for all
but finitely many I'-equivalence classes of pairs («,, ,) € (K*)*.

In the present paper we shall partly generalize the results mentioned above
to the case n > 2. We shall prove (cf. Theorem 1 in §1) that the number of
solutions of (1) with

Y a,x, # 0 for each non-empty subset J of {1, ..., n} )

1eJ
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can be bounded above by a number (not explicitly computable by our
method) which does not depend on «, . . ., «,. This provides a refinement
of a theorem of Evertse [2] and van der Poorten and Schlickewei [11] which
says that (1) has only finitely many solutions with property (2). By using
Theorem 1 we shall also extend our result on equation (1) to systems of
weighted unit equations (cf. Theorem 2). Our Theorem 1 will be deduced in
§4 from the following generalization (cf. Theorem 4 in §1) of the result of
Evertse, Gyory, Stewart and Tijdeman [8] mentioned above: apart from the
tuples («;, . . . , ,) belonging to at most finitely many I'-equivalence classes
depending only on n and T, the set of solutions of (1) is contained in the
union of fewer than 2" proper linear subspaces of K". We shall derive this
bound in §3, by combining a generalization of the method applied in [8] for
the case n = 2 with the result of [2] and [11] quoted above. Finally, we shall
give an application of Theorem 4 to the case n = 3 (cf. Theorem 5 in §1).

We shall consider equation (1) also over function fields. Let K be a
function field of transcendence degree 1 over an algebraically closed field Ik
of characteristic 0, let T" be the group of S-units in K where S is a finite set
of valuations on K, and let «, . . . , &, be non-zero elements of K. A solution
(x;, ..., x,) of (1) is called degenerate if ,x,, . . ., a,x, belong to k. As
an analogue of Theorem 4, we shall derive an explicit upper bound for the
minimal number of proper linear subspaces of K" in the union of which the
set of non-degenerate solutions of (1) is contained (cf. Theorem 6 in §2). This
bound is also independent of o, . . . , a,. In deriving our bound we shall use
an effective upper bound of Brownawell and Masser [1] for the heights of
solutions of (1) and a “‘higher dimensional gap principle”.

Applications of our results are given in the recent papers [13] and [5].

§1. Weighted unit equations over finitely generated fields

Let K be a finitely generated extension field of @, » = 1 an integer,

a, . ..,oao,clements of K* and I' a finitely generated multiplicative sub-
group of K*. A solution (x,, . . ., x,) of the weighted unit equation
ox, + - +oax, = 1 in x,...,x,el (1)

is called non-degenerate if

Y. a,x, # 0 for each non-empty subset J of {1, . .., n} ()

jed
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and degenerate otherwise. It is clear that if T is infinite and if (1) has a
degenerate solution then (1) has infinitely many degenerate solutions. For
non-degenerate solutions we have the following result.

THEOREM 1. The number of non-degenerate solutions of (1) is at most
C, = C/(n, '), where C, is a number depending only on n and T

This is a refinement of a result of Evertse [2] and van der Poorten and
Schlickewei [11] (cf. Lemma 1 in §3 and the Remark made after the lemma)
on the finiteness of the number of non-degenerate solutions of (1).

For n = 1, Theorem 1 is trivial. For n = 2, the solutions of (1) are all
non-degenerate. In the case n = 2 an explicit expression for C, has been
evaluated by Evertse and Gyory [6]. As we mentioned above, forn > 2 we
are not able to make explicit the bound C, occurring in Theorem 1.

Let £ = 1 be an integer. As a generalization of equation (1), consider the
system of weighted unit equations

all'xl + T + a]nxn = aIO
in x,...,x,el 3)

O Xy + 0 oy, X, = 0
where o, € Kfori =1,...,kandj = 0,...,n, and at least one of the
a,, is different from zero. We shall say that a solution (x,, . . ., x,) of (3) is
degenerate if X, _, o, x, = 0 fori = 1,..., k and for a proper non-empty
subset Jof {1, . . ., n}, and non-degenerate otherwise. In §4 we shall deduce

from Theorem 1 the following

THEOREM 2. The number of non-degenerate solutions of (3) is at most
C, = Cy(n, '), where C, is a number depending only on n and T'.

For k = 1 Theorem 2 reduces to Theorem 1, hence Theorem 2 and
Theorem 1 are equivalent.

In the remainder of this section it will be assumed that n = 2. In §4 we
shall prove in an elementary way that Theorem 1 is equivalent also to the
following theorem.

THEOREM 3. All solutions of (1) are contained in the union of at most
Cy, = Cy(n, T') (n — 1)-dimensional linear subspaces of K", where C, is a
number depending only on and T .
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The tuples («,. ..., a,), (B, ..., B, in (K*)" are called ["-equivalent if
B, = a¢forsomee eI fori = 1,..., n Itisobvious that the number of
(non-degenerate) solutions of (1) as well as the minimal number of (n — 1)-
dimensional subspaces of K" containing all the solutions of (1) remain
unchanged if (o, . . ., a,) is replaced by a I'-equivalent tuple. The main
result of this section is as follows.

THEOREM 4. For all but finitely many T-equivalence classes of tuples
(%, - .., 0,) € (K*)", the set of solutions of (1) is contained in the union of
fewer than 2"+ (n — 1)-dimensional linear subspaces of K".

As we shall see in §4, Theorem 3 easily follows from Theorem 4 and
Lemma 1 of §3.

It is possible to generalize Theorems 1 to 4 to the case that K is any
subfield of C and I' is any subgroup of finite rank of C*. For the proofs it
suffices to replace Lemma 1 of §3 on unit equations as we use it by a more
general version due to Laurent [9] (cf. Remark 2 in §3).

For n = 2, Theorem 4 implies that apart from finitely many I'-equivalence
classes of pairs («,, a,) € (K*), the equation

X, + oy, = 1 in x,xel “4)

has fewer than 2° solutions. We note that Evertse, Gyory, Stewart and
Tijdeman [8] proved a similar result with the upper bound 2 which is already
best possible.

For n = 3, a result of similar type can be deduced from Theorem 4. To

state this result we need some further notation. Let {z,,...,z,} be a
transcendence basis of K over Q. Then Kis a finite extension of degree d, say,
of the field K, = Q(z,, . . ., z,). The polynomial ring O = Z[z,, . . ., z,]

is a unique factorization domain in which the prime elements are the rational
primes and the primitive irreducible non-constant polynomials in ¢. To
every prime element 7 of ¢ corresponds an (additive) valuation v, on K, with
the property that v ,(n) = 1 and v,(a/b) = 0 if a, b are elements of ¢ not
divisible by 7. Thus we have a set of pairwise inequivalent valuations on K
with value group Z. Each of these valuations can be extended in at most d
different ways to K. Let m, denote the set of these extensions, and let S be
a finite subset of m, of cardinality s. One can show that

I:={aeK:v@ =0 forall vem\S} (5)

is a finitely generated multiplicative subgroup of K*. Moreover, every
finitely generated multiplicative subgroup of K* can be embedded in some
subgroup I’ of K*.
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THEOREM 5. For all but finitely many T-equivalence classes of & = (o, 0, 03) €
(K*)*, the equation

o X, + 0x, +o3x; = 1 in x, x,, x;€ly (6)
has fewer than 2** x 7" non-degenerate solutions.

Theorem 4 implies that apart from finitely many [';-equivalence classes of
a € (K*)’, the solutions of (6) are contained in the union of at most 2*
proper linear subspaces of K’. However, the non-degenerate solutions
(x,, X,, x;) contained in such a subspace satisfy a weighted unit equation of
the form

Buxy + Bux, = 1 in x,x, €T )

for some distinct i,, i, € {1, 2, 3} and some f,,, fi, € K*. Now Theorem 1 of
Evertse and Gydry [6] implies that the number of solutions of (7) is at most
4 x 7**> and hence Theorem 5 follows.

We note that in view of an example given by Evertse, Gyory, Stewart and
Tijdeman (cf. [8], §§0,5) the bound occurring in Theorem 5 cannot be
replaced by a bound which is polynomial in terms of s.

The above results suggest the following

CONIJECTURE. It is possible to give an explicit expression C(n), in terms of n
only, such that for every o, ..., a, € K* the number of non-degenerate
solutions of the equation

ux, + 0+ oax, = 1 in x],--~’xnerS

is at most C(n)**".

§2. Weighted unit equations over function fields

Let K be a function field of transcendence degree 1 with algebraically closed
constant field Ik of characteristic 0. Thus Kis a finite extension of |k(z), where
t is a transcendental element of K over k. The field K can be endowed with
a set M, of additive valuations with value group Z for which

k = {0} u{xeK:v(x) =0 foreachvin My} ®)

holds. Let .S be a finite subset of M. An element o of K is called an S-unit
ifo(a) = 0for all v in M\S. The S-units form a multiplicative group which
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is denoted by Us. The group Us contains lk* as a subgroup and Uj/Ik* is
finitely generated. We shall prove the following analogue of Theorem 4 for
the function field case. As usual, e denotes the number 2.71828 . . . .

THEOREM 6. Let K, |k, S be as above. Let g be the genus of K[k, s the
cardinality of S, and n = 2 an integer. Then for every a,, . . ., o, € K*, the
set of solutions of

ux, + - +ax, = linx,...,x,eUs
with a,x,, . . ., o,x, not all in k )
is contained in the union of at most
{log (g + 2} x fe(n + DY+

(n — 1)-dimensional linear subspaces of K".

Note that when «,, ..., «, are not all S-units, the condition that
o X, ...,a,x,do not all belong to kk holds for all S-units x,, . .., x,. If
o,. .., o,areall S-units, then the solutions of (9) with o, x,, . . ., a,x, € k

are not contained in the union of finitely many (» — 1)-dimensional linear
subspaces of K".
For n = 2, Theorem 6 gives the upper bound

{log (g + 2)} (B3e)**?

for the number of solutions of (9). We note that in case n = 2 Evertse [4]
established the upper bound 2 x 7% for the number of solutions, a bound
which is better and independent of g.

Theorem 6 will be proved in §5. The proof will involve the following
results: a “gap principle” by which one can estimate the minimal number of
(n — 1)-dimensional subspaces of K" containing all solutions of (9) with
bounded heights; and an explicit upper bound, due to Brownawell and
Masser [1], for the heights of the non-degenerate solutions of (9). (We
mention that, independently, J.F. Voloch [15], Thm. 4) derived the same
upper bound for the heights of the solutions x,, . . ., x, of (9), but subject
to the slightly stronger condition that o, x,, . . . , a,x, are linearly independent
over k. The bound obtained in [1] and [15] sharpens an earlier inequality of
Mason [10].) We remark that by using the method of proof of Theorem 4
instead of the gap principle just mentioned it is possible to get a bound
similar to that of Theorem 6, but with a much worse dependence on the
number of unknowns n.
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REMARK. The higher dimensional gap principle for weighted S-unit equations
over function fields has an analogue for number fields (cf. §5, Lemma 6)
which gives an upper bound for the number of subspaces containing the
solutions of (1) with small height if T is the group U, of S-units in some
algebraic number field K. By combining this gap principle with a mean to
deal with the large solutions, such as a quantitative version of Schlickewei’s
p-adic subspace theorem over number fields, it would be possible to obtain
an explicit upper bound, independent of the coefficients, for the number of
subspaces containing all solutions (or for the number of non-degenerate
solutions) of (1) with I' = Us. Just before this paper went to press, at
the Conference on Diophantine Approximations in Oberwolfach (14-18
March, 1988), Schlickewei announced that he succeeded in making his
subspace theorem quantitative. He used this together with a gap principle
that he obtained independently of us, to show that (1) has at most
(C(n, d)s)* non-degenerate solutions, where I' = Us as above, s is the
cardinality of S, d = [K: Q] and C(n, d) is some explicit function of n
and d.

§3. Proof of Theorem 4

We shall use the same notation as in Section 1. Theorem 4 will be proved
by an extension to the case n > 2 of the method used in [8] for the case
n = 2. The basic idea of our proof is as follows. Any n + 1 solutions

X, = (X1, ...,%x,),0i=0,...,n, of (1) satisfy the equation
Xy ... X, 1
AKXy, ... X, LX) = | - : = o
( ’ a ) Xn—l.l <. XMAIJI 1
X,_, ... X, 1

We shall show that if the set of solutions of (1) is not contained in the
union of fewer than 2"*" proper subspaces of K", then there are a
subsumX = X, + X X,_, + - + Z X, of the polynomial A, solutions
Xo» - -+ s X,y of (1) with £, = Z,(x,, ....%,_)# 0 (k=0,...,n),
and » linearly independent solutions y,, . . ., y,_, of (1) such that ,(y,) = 0,

I (y,) # 0 for each proper non-empty subsumX’ of Zfori = 0, ....,n — 1,
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where I, = £, + £, X,, + -+ + £,X,, and /. is defined similarly. But

I (y,) is the sum of at most (n + 1)! elements from I', hence, applying
Lemma 1 below with i = 0,...,n — 1 one can prove that the y,/y,
(i=0,...,n—=1;j=1,...,n) belong to a finite subset of K* depend-
ingonlyonnand I'. Since (y,,/Yo1» - - - » Y/ Vo) fori =0, ..., n — lare
linearly independent and, by (1),

S @y0,)(yylve) = 1 for i=0,...,n—1,
=1

it will follow that the a,y,, (j = 1, ..., n) belong to a finite subset of K*
which depends only on n and I'. This will prove the assertion of Theorem 4.

We now turn to the detailed proof of Theorem 4. We shall need two
lemmas.

LEMMA 1. Let n = 1 be an integer. The equation
xx+ " +x, =1 in x,...,x,el
has only finitely many non-degenerate solutions.

REMARK 1. In case that I is contained in an algebraic number field (algebraic
number field case), this lemma has been proved independently by Evertse [2]
and van der Poorten and Schlickewei [11]. In their paper, van der Poorten
and Schlickewei gave a rough sketch of a specialization argument by which
this lemma in the general case can be deduced from Lemma 1 in the algebraic
number field case. Up to now, no complete exposition of this specialization
argument has been published. For the sake of completeness only, we shall
show in the Appendix how to derive Lemma 1 in the general case from
Lemma 1 in the algebraic number field case. However, our arguments will
be different from those of van der Poorten and Schlickewei. Instead of a
specialization argument we shall use our Theorem 6 on S-unit equations
over function fields.

REMARK 2. Using the above version of Lemma 1, Laurent [9] generalized
Lemma 1 to the case that K is any subfield of C and T is any subgroup of
finite rank of C*.

To state Lemma 2 we need some further notation. Next let n > 2 be an
integer. For every a = (o, ..., a,) € (K*)", denote by [, the linear
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polynomial o, X; + - - - + a,X, — 1 and by H, the (n — 1)-dimensional
linear subvariety (i.e., a hyperplane not necessarily containing 0) of K"
which consists of y € K" with /,(y) = 0. For every subset ¥ of H, we define
M(¥, H,) as the smallest number of hyperspaces (i.e. (= — 1)-dimensional
linear subspaces) of K", the union of which contains .%. If Kk = 1 is an

integer and

PXX,,....X) = Y a. . X'...XpeKX, ..., X]
(..o o)el
with a finite, non-empty subset / of k-tuples of non-negative integers, then
by a subsum of P we mean a polynomial

Oy, ..., X)) = ) an WX X}

(ty,.. si0)ed

where J is a non-empty subset of /.

LEMMA 2. Let a € (K*)" and let & be a subset of H, with M(¥, H,) =
20tV Then for k = 1, . . ., n the following holds: there are x, =
(Xors + oo s Xon)s -+ - s Xy = (Xe_1 s v o v s Xey ) € S such that all subsums
of all (k x k) subdeterminants of the matrix

1 Xy .. X,
Ay, = |
1 Xk-l,l ce - Xk—l.n
are non-zero for Xo = Xo, . . . X1y = Xi_10-

Proof of Lemma 2. We shall proceed by induction on k. For k = 1 the
lemma is obvious. Suppose that the lemma holds for k = p — 1 where
p = 1 (induction hypothesis). We shall prove it for k = p.

For convenience, we shall assume throughout this section that X,, =
Xo="""=X,=1and x,y0 = - - = x,, = 1. By the induction hypo-
thesis there are x, = (Xg1, - - -5 Xp)s - - > X, 5 = (X, 215X, 5,) €S
such that all subsums of all (p — 1) x (p — 1) subdeterminants of A
are non-zero at xg, . . . , X,
determinant of 4,,,

p—1lan
_».. Let B be a subsum of some p x p sub-

A/o,,l e Xo‘,,,

) AT AN
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say. Then B can be written as B, X,-1, + - - - + B, X,-1,,, where each B,
is either identically O or, up to sign, a subsum of some (p — 1) x (p — 1)

subdeterminant of 4, , . To the subsum B we associate the linear polynomial

,(X) = B,X, + -+ B X,

where B, is obtained from B, by replacing X, . . . , X, 2, DY Xo0s - o X, 20
respectively. At least one of the polynomials B, is not identically 0, whence
is, up to sign, a subsum of some (p — 1) x (p — 1) subdeterminant of
A, . Therefore, none of the polynomials /; is identically 0. Moreover, each
polynomial /, is linearly independent of /,, since each /; has at most p < n
non-zero terms, whereas [, has n + 1 non-zero terms. There are at most
("+') p x p subdeterminants of 4,,, and each subdeteminant has less
than 27" subsums. This implies that there are at most (";') 2" polynomials
ly. But ("3")2" < 2"V hence, by the assumption M (¥, H,) = 2"*",
there must be an x, , in &% with /3(x, ;) # 0 for each subsum B of each
p % psubdeterminant of 4,,. This implies at once that B(X,, . . ., X,_;) # 0
for each subsum B of each p x p subdeterminant of 4,,. O

Proof of Theorem 4. We have to prove that M(I'" n H,, H,) < 2"*" for
all but finitely many I'-equivalence classes of a € (K*)". Suppose that
MT" ~ H,, H) = 2"*"" for some a € (K*)". We shall show that the set of
« having this property is contained in the union of at most finitely many
I'-equivalence classes.

Each subsum X of the determinant

XOO st XOn

can be written as XoX,, + £, X,, + - - + Z,X,, where X is either

identically 0 or, up to sign, a subsum of some n x n subdeterminant of
A, fori = 0,..., n Ziscalled full if none of the polynomials 2, . . . ,
is identically 0. By Lemma 2 there are X, = (Xg;, - « - » Xou)s + « - » Xy =
(X,_14s -+ -5 X,_12)In " N H, such that each subsum of each n x n sub-
determinant of 4, is different from zero in x;,, . . ., x,_,,. To each subsum
T of A we associate the linear polynomial l; = £, X, + £, X, + -+ + £ X,
where £ is obtained from I, by substituting x,, . . . » X,_,, for Xo, - . .,
X,_, . respectively. By our choice of x,, . . ., x,_,, none of the polynomials

Iy is identically 0. Further, for every y in I'" n H, there is a subsum X

n
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such that

Is(y) = 0, I.(y) # 0 for each subsum X" of ¥ with X’ # X.
(10)

This follows from the fact that A(x,,...,X,_,,¥) = 0 for each y in
I'" n H,. Elements y of I'" n H, with property (10) are said to be Z-
associated.
The set of subsums of A is divided into three classes:
(I) the subsums which are not full;
(1I) the full subsums X for which the set of Z-associated y in I'" n H, is
contained in a single hyperspace of K”;
(I11) the full subsums X for which I'" n H, contains n linearly independent
X-associated elements y,, . . ., ¥, ;.
If ¥ is not a full subsum of A, then obviously /s is linearly independent of
[,. Further, A has fewer than 2"+ subsums. Hence the set of elements y in
I'" n H, which are X-associated for some X in class I or Il is contained in
the union of fewer than 2”*"" hyperspaces of K". Therefore, class I1I is
non-empty. We shall show that this implies that « must belong to one of at
most finitely many ['-equivalence classes depending on n and T" only.
Let £ be a subsum of A in class III. Then X can be written as

5 X X,) = i{z Pk<x0,...,xnl)}Xm,

1=0 kel

where each P, is a monomial, multiplied by 1 or — 1, and each index set J,
is non-empty. Consider the equation

( h \
2 2 =0,
1=0 kelJ,
{ Y Y z4 # 0 for each tuple of subsets > inz, el
1=0 kelL,
. . fori=0,...,n
Ly, ..., L,of Jy, ..., J,respectively, for which
. and k € J,
at least one L, is non-empty and at least one
\ L, is different from J, )
(1D

The number of terms in equation (11) is at most (n + 1)!. Hence, by
Lemma I, each quotient z,,/z, must belong to a finite set ¢, = K* which



340 J.H. Evertse and K. Gydry

depends only on n and I'. Let y = (y,,...,»,) be a Z-associated
element of I n H,, and let y, = 1. Then z, = P.(Xy, ..., X, )y,
i=0,...,n kelJ)isasolution of (11). Hence for each i, k, J, /,

P (Xg, . - -5 X, 1) Y c
Pl(xos A ] xn—l)y/‘

Z.

But this implies that for any two Z-associated y = (y,, ..., ¥,), ¥ =
(¥1s--->y)inT"n Hyand all 4, jin {0, . . ., n} we have

Y2 [V
22 g, (12)
.Vj/)’j %

where y; = 1 and % is a finite subset of K*, depending only on n
and I', which is obtained by taking all quotients of the elements of #,. Let
now y,, - .., Y,.; be n linearly independent, X-associated elements of
I'" n H,. These exist, since by assumption, ¥ belongs to class III. Let
;= (Vs - >y fori=0,...,n — 1, and put

B = oy, for j=1,...,m

w; = Vil for i=0,...,n—1, j=1,...,m
and

w, = Wy,...,w,) for i=0,...,n—1
Then g = (B, ..., B,)is -equivalent to a. Further, w,, w,, . . . , w,_, are
linearly independent in K", and, in view of y,, . . ., y,_, € H,,

Y Bw;, =1 for i=0,...,n—1
j=1

By Cramer’s rule, 8, . . ., B, are uniquely determined by the w, . But, by
(12), each w;; belongs to %. Hence the tuple g = (B, ..., B,) belongs
to a finite subset of (K*)" which depends only on # and I'. Since a is
I'-equivalent to B, this implies that « belongs to one of at most finitely many
I'-equivalence classes depending only on n and I'. This completes the proof
of Theorem 4. O
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§4. Equivalence of Theorem 1 and Theorem 3. Proofs of Theorems 3 and 2

In this section we shall first show that Theorems 1 and 3 are equivalent.
Then we shall deduce Theorem 3 from Theorem 4, and Theorem 2 from
Theorem 1.

We shall use the notation introduced in §1. In particular, K is a finitely
generated extension field of @, and T is a finitely generated multiplicative
subgroup of K*. Our aim is to prove that the following two statements are
equivalent:

(1) For n = 1, and for every («,, . . . , a,) € (K*)", the equation

n

ux, + - +ax, =1 in x,...,x,el ey

has at most C,(n, I') non-degenerate solutions, where C,(n, I') depends only
onnandT,

(ii) For n = 2, and for every (v, . . . , a,) € (K*)", the set of solutions of
equation (1) is contained in the union of at most Cy(n, I') (n — 1)-dimensional
linear subspaces of K", where Cy(n, I') depends only on n and I'.

Proof. First we shall prove the implication (i) = (ii). By (i), the set of
non-degenerate solutions of (1) is contained in at most C,(n, I') (n — 1)-
dimensional linear subspaces of K". Further, the set of degenerate solutions
of (1) is contained in fewer than 2" (n — 1)-dimensional linear subspaces of
K". This proves (ii).

We shall now show that (ii) = (i). We shall prove (i) by induction on the
number of unknowns n of (1). For n = 1, (i) is trivially true with
C,(1,T) = 1. Let p = 2, and suppose that (i) has been proved for all
positive integers n < p. We shall show that this implies (i) for n = p.

By (ii), the set of non-degenerate solutions of (1) is contained in the union
of at most Cy(p, I') (p — 1)-dimensional linear subspaces of K”. Let
denote one of these subspaces, and consider the non-degenerate solutions
(x15 - - ., x,) of (1) contained in V. There exist y,, . . ., y, € K, not all zero,
such that

X + -+ y,x, = 0 identically on V.

This implies that each solution (x,, . . ., x,) € V of (1) satisfies
Onxy + "+ 6x, = 1 (13)
for some positive integer s with s < p, where J;, ..., J; are non-zero

elements of K. For every non-degenerate solution (x,, . . . , x,) of (1) which
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satisfies (13) there is a non-empty subset J of {1, . .., s} such that

Y 8,x, = 1, ) &,x, # 0 for each non-empty subset L of J.  (14)

jeJ JeL

Now the induction hypothesis implies that the number of tuples (x, :j € J)
where (x,, ..., x,) is a solution of (1) with property (14) is at most
C,(|J], T') (here |J| denotes the cardinality of J). But it follows again from
the induction hypothesis that the number of non-degenerate solutions of (1)
with given values for x, (j € J) is at most C,(p — |J|, I'). The total number
of non-degenerate solutions of (1) with property (14) is therefore bounded
above by C,(J],T)-C,(p — |J|, T'). Further, the number of tuples
(s .- -, 7,)and (b, . . ., ,) considered above is at most C;(p, I'), and
the number of subsets of {1, . . . , s} of cardinality j is at most (7). Hence it
follows that the number of non-degenerate solutions of (1) is at most

C/(p, T) = G(p, r)p; (j’) C,(j, T)Ci(p — j. ).

This completes the proof of (i). O

Proof of Theorem 3. We may suppose without loss of generality that K is
generated over @ by the elements of I'. Indeed, if (1) has at most n — 1
linearly independent solutions then all solutions of (1) are contained in a
single (n — 1)-dimensional linear subspace of K”. Otherwise, if there are n
linearly independent solutions of (1) then, by Cramer’s rule, the coefficients
o, ...,d, of (1) are uniquely determined by the coordinates of these
solutions and hence belong to the field Q(I").

It follows from Theorem 4 that there exists a finite set # of elements of
K", depending only on n and I', with the following property: If the set of
solutions of (1) is not contained in the union of fewer than 2"*" (n — 1)-
dimensional linear subspaces of K", then (o, . . . , @,) is '-equivalent to one
of the elements of #. Further, denoting by I', the multiplicative subgroup
of K* generated by I' and the coordinates of the elements of ¢, we have

a,...,a €I, Itis clear that the group I', is finitely generated and
depends only on » and I'. For any solution (x,,...,x,) of (1),
(o, x;, ..., 0,x,) 1s a solution of the equation

wHo4+y, =1 in y, .. yel,. (15)

It follows now from Lemma 1 and the equivalence of Theorem 1 and
Theorem 3 that the set of solutions of (15) is contained in the union of at

COMP 2715-14
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most C,(n, I') (n — 1)-dimensional linear subspaces of K”. This implies,
however, that the set of solutions of (1) is also contained in the union of at
most C,(n, I') (n — 1)-dimensional subspaces of K". This completes the
proof of Theorem 3. O

Proof of Theorem 2. We shall proceed by induction on n. For n = 1,
Theorem 2 is true with C,(1, ') = 1. Let p = 2 be an integer, and suppose
that the assertion has been already proved for all positive integersn < p. As
we shall see, this implies Theorem 2 for n = p.

We may suppose without loss of generality that «,, # 0 and hence that
o,y = 1. For every non-degenerate solution (x,, . . ., x,) of (3) there exists
a non-empty subset J of {1, ..., p} such that

Y oo,x, = 1, Y o,x, # 0 for each non-empty subset L of J.  (16)

jeJ jelL

It follows from Theorem 1 that the number of tuples (x,: je€ J) where
(x,, ..., x,) 1s a non-degenerate solution of (3) with property (16) is at
most C,(|J|, I'). Further, the induction hypothesis implies that (3) has at
most C,(p — |J|, I') non-degenerate solutions with given values for x,
(j e J), where C,(0, I') = 1. Hence the number of non-degenerate solutions
of (3) having property (16) isat most C,(|J|, ') x Cy,(p — |J|, I'). Finally,
taking into consideration all possible non-empty subsets Jof {1, . . . , p}, we
obtain that the number of non-degenerate solutions of (3) is bounded above
by

Cp.T) =Y (j’) C.(i,T)C(p — j, T).

=1

This proves Theorem 2. O

§5. Proof of Theorem 6

We use the notation introduced in §2. In particular, K is a finite extension
of Ik(r), where Ik is an algebraically closed field of characteristic 0 and ¢ is a
transcendental element of K over Ik. Further, g denotes the genus of K/lk,
and M, the maximal set of additive valuations on K with value group Z.
Then M, satisfies (8), as well as the Sum Formula:

Y o(@) = 0 foreveryain K*.

ve Mg
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Let S be a finite subset of M of cardinality s. If S = ¢ (i.e. s = 0) then
(8) implies that the S-units in K are just the elements of Ik*. In this case it
follows from (9) that

ajx, + - + o,x, = 0 for all solutions of (9) in S-units x,, . . ., x,,

where o], . . ., a, denote the derivatives of «,, . . ., a,, respectively, with
respect to ¢. This shows that for S = (¢ all solutions of (9) are contained in
a single proper subspace of K". Therefore, it suffices to prove Theorem 6 for
non-empty S.

By P"(K) we denote the n-dimensional projective space over K, that is the
collection of lines of the vector space K"*' through the origin; these lines in
K'*" will be called projective points. The projective point through
X =(x,...,x,) #0 is denoted by (x> or (x,:...:x,), where
Xy, - - - » X, are called the homogeneous coordinates of the projective point;
they are determined up to a common factor. P"(lk) (n = 2) denotes the set
of lines in K"*' through the points in k"*'\{0}. Thus

Pr(k) = {(A&y: A& . .. AE) (&, .., &) e k'TI\{0}, A € K*}.
A proj?ctive subspace of P"(K) is the collection of lines of a linear subspace
o
Oflfor eéch X = (X, ..., X,) € K'"""\{0} and v € M we put
v(x) = min (v(x), . . ., v(x,)).

Further, for each (x) € P"(K) we define the height H({x)) by

HKx)) = — ) v(x)

ve Mg

By the Sum Formula, H({x)) is well-defined, that is independent of the
choice of the projective coordinates of (x). It is easy to check that

P'(k) = {<x) e P'(K): H({x)) = 0},
and

H((x)) = 1 forevery <(x)e P"(K\P"(k).
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Let # be the (n — 1)-dimensional projective subspace of P"(K) defined

H o= {(xg:...:x,)€eP(K):xg + -+ x, =0}

Forany v = (vy, . . ., v,) € (K*)""! and any finite, non-empty subset S of
M, let ¥(v) be the subset of # defined by

v(ﬁ) - = ‘v<ﬁ> for everyveMK\S}-
Vo Vi

Ifoa, = —v /vy, ...,a, = —v,/v, then there is a one-to-one relationship
between the elements of & (v) and the solutions of the equation

oy, + -+ oy, = lin S-units y,, ..., y,

: . a7

with o), v, ..., a,y, not all in k.
Namely, a solution ( y,, . . ., y,) of (17) corresponds to the projective point
(Vo:vyi ...,y in £(v). In order to prove Theorem 6, it suffices to

prove the following

THEOREM 6. Let K, |k be as above, and let S be a finite, non-empty subset of
M of cardinality s. Then for every v € (K*)"*!, the set of projective points in
F(v) is contained in the union of at most

{log (g + 2)} x {e(n + 1)}(n+l)\+2
(n — 2)-dimensional projective subspaces of H .

In the proof of Theorem 6 several lemmas will be needed. The first is a
combinatorial lemma.

LEMMA 3. Let B be a real number with 0 < B < 1,let ¢ = 1 be an integer,
and put R(B) = (1 — B)~'B?®~Y_Then there exists a set W of cardinality at
most max (1, (2B)"")R(B)!~', consisting of tuples (I, . . . , L)withT, 2 0

forj=1,...,qand T/_ T, = B, with the following property: for every set
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of reals G, ...,G, M with G, 20 for j=1,...,qad Z!_ G =2 M
there exists a tuple (I, . . ., I')) € #" such that

GzIM for j=1,...,4q.

Proof PutF, = e=9, A = ¢ ™. Then0 < F, < 1forj=1,..., gand

7_F, = A. Further, G, 2 I’'M forj = 1, ..., qif and only if F, < A"
forj =1,...,q Now Lemma 3 follows at once from Lemma 4 of [3].
(]
Foreachv = (v, ..., v,) € (K*)"*" and each finite, non-empty subset S
of My, put

n

Asw) = Y ) {v(v) — o)}

ve Mg\S 1=0

The quotient A(v)/H (v) can be considered as some kind of S-defect for v,
in the sense of Vojta’s conjectures (cf. [14], Chapter 3). A¢(v) measures, in
some respect, how far v is away from a tuple of S-units. The quantity Ag(v)
will play an important role in the proof of Theorem 6’. In the sequel, we fix
atuplev = (v, ..., v,) € (K*)""" and a finite, non-empty subset S of M,
of cardinality s. The next lemma states that projective points in .#(v) cannot
have large heights.

LEMMA 4. For every {x) = (x,: . ..: x,) € FL(v) with non-vanishing subsums:
Y. x, # 0 for each proper, non-empty subset J of {0, . . ., n}, (18)
jed

we have H({x)) < in(n — 1){2g + s + A5(v)}.

Proof. If v(vy) = v(v,) = - -+ = v(v,) for all v in M \S then A4(v) = 0
and v(x,) = -+ - = v(x,) for all (x,:...:x,) € F(v) and v in M\S.
Further, we have (x> = (1. x;/x,: .. .:x,/x,) where the coordinates

are all S-units. Hence Lemma 4 follows at once from Theorem B of
Brownawell and Masser [1]. Now suppose that there are v in M \S for which
v(vy), . . ., v(v,) are not all equal, and let S” be the set of these v. Let s
denote the cardinality of S”. For each v in S’ we have, noting that its value
group is Z,

Z {o(n) — o)} 2 max @(,). . . . . o(y,)) — min @), . . . . 2(,))

v
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Hence

n

Az Y Y (o) - vw) = 5.

veS 1=

Now Lemma 4 follows by applying Theorem B of Brownawell and Masser
[1] in the same way as above, with S U S’ instead of S. |

The next lemma (a higher dimensional “gap principle”) is our main tool
to estimate the number of (n — 2)-dimensional projective subspaces of #
containing the projective points of #(v) with heights not exceeding some
given bound.

LEMMA 5. Let B be a real number with nf(n + 1) < B < 1, andlet P > 0.
Then the set of projective points {X) of S (v) with

(19)

—1

P < H(X)) < L_BAS(v)+{1+(n~+;l—1%B—1_—’Z}P

is contained in the union of at most (n + 1)*{e/(1 — B)}*~' (n — 2)-dimen-
sional projective subspaces of H .

Proof. Let (x> = (xy:x,:...:x,) € ¥ (v). First we shall show that
ZS io {o(x)) — v(x)} = (n + DHEKX)) — As(v). (20)

Indeed, by the Sum Formula and the definition of the height we have

D i {v(x) — v(x)} = (n + DHKx)) — 3, i {o(x;,) — v(x)}.

veS 1=0 ve MK\S i=0
(21

Further, since (x> € ¥ (v) we have v(x,/v,) = - - - = v(x,/v,). Thus
i {o(x) — v(x)} = i {o(v,) — v(v)} for all v in M\ S.
1=0 1=0

Together with (21) and the definition of A(v) this implies (20). For v € S,
leti, € {0, ..., n} be a fixed element such that v(x; ) = v(x). Then (20) can



348 J.H. Evertse and K. Gydry

be rewritten as

ZS ; {o(x) —v(x)} = (n + DH(()) — A45(v) (22)
where i # i, is used as an abbreviation for i€ {0, . . ., n}\{i,}.

We now apply Lemma 3 to (22). We infer that there is a set ¥ of tuples
(T, )ues.. » ., Of cardinality at most R(B)" ' with T, = Oforallve S,i # i,
and X, %, ., T, = B, such that there is a tuple (I',),.s,,, € #, With

o(x) — v(x) = [, ((n + DHEXDY) — A;v) forallve S, i # i,. (23)

It is easy to check that R(B) < ¢/(1 — B)forall Bwith0 < B < 1. Taking
into consideration that there are at most (n + 1) possibilities for the tuple

(i,),cs» we infer that each (x> = (x,:...: x,) € & (v) satisfies at least one
of at most (n + 1)°(e/(1 — B))* ' systems of inequalities of type (23). Hence
it suffices to prove that the set of projective points {x) = (x,:...:x,) In

& (v) satisfying both (19) and (23) for fixed tuples (i,),cs. (I)pes, 4., 18
contained in a single (» — 2)-dimensional projective subspace of # .
Suppose that the projective points in ¥ (v) satisfying both (19) and (23) for
some fixed tuples (i,),cs, (I',),cs., 4, are not contained in a single (n — 2)-
dimensional projective subspace of . Then there are {x,>, . .., <{x,» in
& (v) satisfying (19) and (23) such that the vectors x,, . . ., x, are linearly
independent over K. Suppose that x, = (x,, ..., x,) fori=1,...,n,
and that H((x,>) £ H((x,)) £ -+ - < H({x,)). For each v in My, let

Xioy X1o@ - -+ Xiow
. n
A, = v . - > o(x,)
. =1

Xno()  Xno) + - Xnowm

where | 4| denotes the determinant of matrix 4, and ¢ is some permutation
of (0, . . ., n). (o also acts on 0). Since <x, >, . . ., {X,,» € #, A, is indepen-
dent of . Further, A, is independent of the choice of the homogeneous
coordinates of the projective points <{x,), . . ., <{X,,, respectively. Since
X,, . . . , X, are linearly independent over K, the determinant in the defini-
tion of A, is non-zero. Hence the Sum Formula implies that

> A = H(<X ?)- (24)

ve Mg

uM:
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We now estimate A, from below. First take v € S, and let g be a permutation
of (0, ..., n) with (0) = i,. The determinant in the definition of A, has
n! terms, each being of the type

ixt(l)‘a(l)xrﬂ)ﬁ(l) st xr(n)‘a(n)’
where 1 is some permutation of (1, . . ., n). For one of the permutations t
we have
n n
Av g v('xr(l).a(l) < xr(n).ﬂ(n)) - Z v(x:) = Z {v(xf(l),d(l)) - v(x‘[(l))}‘

1

=1 1

I

(25)
But by (23) and H(x,,,») = H({x,)), we have
v(xm),a(,)) - ‘U(xz(z)) 2 ra(:).v((n + l)H(<xr(,)>) — As(v)

> T, (1 + DHEX,Y) — Agw) for i=1,...,n.

Together with (25) this implies that for each v in S,

Av;<

= < ) 11) ((n + DH((x,)) — A5(v)).
1# 1y

M=

Fa(,).v> ((n + DH(X,)) — A5(v))

1]

Hence

Y A, = B((n + DH(x,)) — Ag(v)).

veS

Now take v € M\ S. Let ¢ be a permutation of (0, . . ., n) such that
U(V,) = v(v) = min (v(v,), . . ., v(v,)). Again, there is a permutation 7 of
(1, . .., n) such that (25) holds:

{v(X00) — ”(’;r(:>)}~

M=

A,z

1=1

Il

But since v(x,y/vy) = - -+ = v(x,/v,) fori = 1,..., n, we have

V(Xoy00)) — V(X)) = V() —o(v) for i=0,...,n,
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and v(v,q) — v(v) = 0, so that

X

8.2 % (o) = o0} = 3 o) — o®)} for ve M,\S,

This implies that

> A,z A).

'ueMK\S

By combining this inequality with (24) and (25) we infer that
Y. HKx») z B((n + DHKX,)) — A5(v) + A45(v),
i=1

whence

(n — DH(x,Y) = iﬂ«xi»

1\

{Bn + 1) = 1JH(x,) + (1 — B)A(v).

Since by assumption H({x,)) = P, we obtain

S()+{1+B(n+l)—n}P

H(x,») 2
n—1

which contradicts the fact that {x, ) satisfies (19). Thus our assumption that

the projective points in & (v) satisfying both (19) and (23) do not belong to

a single (n — 2)-dimensional projective subspace of J# leads to a contra-

diction. This completes the proof of Lemma 5. m|

REMARK. Let K be an algebraic number field. Then it is possible to choose
a set of multiplicative valuations {| |},.,, on K which are normalized in the
usual way and which satisfy the Product Formula I1, , |¢|, = 1. For each
vin My, put v(a) = log ||, for « € K*, v(0) = oo. Let S be a finite subset
of My of cardinality s containing all archimedian valuations. Define the
height H and the quantity A(v), the set % (v), and the projective space #
in the same way as for function fields. Then one can derive the following
analogue of Lemma 5 for algebraic number fields, in essentially the same
way as for function fields.
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LEMMA 6. Let B be a real number with nf(n + 1) < B < 1, and let P > 0.
Then the set of projective points {x) of & (v) with

| — B i 1B —
P < H(X) < Av) — logn! + {142+ DB nlp
n—1 n—1 n—1

is contained in the union of at most (n + 1)‘(e/(1 — B))*~' (n — 2)-dimen-
sional projective subspaces of H# .

In the algebraic number field case, two other “higher dimensional gap
principles” have been established recently by J.H. Silverman ([12], Thm. 8)
and W.M. Schmidt (announced at the Number Theory Conference in
Budapest, 20-25 July, 1987).

Proof of Theorem 6’. The projective points (x,: x,: . .. :x,) in £ (v) for
which X, _, x, = 0 for some proper, non-empty subset J of {0, ..., n}
obviously belong to at most 2"*' (n — 2)-dimensional projective subspaces
of #. In the sequel we consider the remaining solutions, i.e. those with

Y. x, # 0 for each proper, non-empty subset J of {0, . . ., n}. (18)
jeJ
Let B be a real with r/(n + 1) < B < 1 which will be specified later. It

follows by repeated application of Lemma 5 that for each integer K > 0and
each Q with

1 - B

Q>(n+l)B—n

As(v),

the set of projective points {x) of ¥ (v) with

1 -8B
Q- (rz—ﬁ-l—)B——nAS(v) S H(KXx))
(n+ DB — n)* 1 - B
< {‘ y —_1—-} T 20

1s contained in the union of at most

e ns—1
k x (n + 1)S<I_B>

(n — 2)-dimensional subspaces of #. Together with Lemma 4 and the fact
that each <{x) in P"(K)\P"(k) has height =1 we obtain the following:
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Let

1 -8B

Q0 =1 +m/‘15(")

and let k£ be the smallest integer such that

(n + DB — n)* 1 — B
R e (A e i)

>1n(n — D2 + 5 + A;(¥) + Ag(). 27)

(n+ 1)B—n

Then the set of projective points of &(v) is contained in the union of at most

ns—1
n+1 s €
2 +k><(n+l)<1_B> (28)

(n — 2)-dimensional projective subspaces of . (Here we included also the
solutions with certain vanishing subsums). We choose

1

(n + 1)<1 + 1).
ns

Then [(n + 1)B — n]/(n — 1) = 1/[(ns + 1)(n — 1)], whence n/(n + 1) <
B < 1 and

(n+ B —n 1
log <1 T ) s + D= 1) 29)

B:=1—

Further, since s > 1,

in(n — D2 + s + As(v) + {[1 — BJ[(n + DB — nl}4s(v)
I+ {[1 = Bl(n + DB — nl}As(v)

nn — D2 + s + A45(v) + (ns/(n + 1))AsO)
1+ (ns/(n + 1)Ag(v)

< 1 + Qg + ).
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In view of (27) and (29) this implies that
k < 2n— 1)(ns + 1)log G(n* + 1)2g + 5)) + 1.

Now a straightforward computation shows that the number in (28) is
bounded above by

2 4+ 2(n — D(ns + 1) log {3(n* + DQg + s)} + 1](n + 1) x

X {e(n + 1) (1 + n%)}m

3e(n — Dns log {1(n* + 1(2g + 3)}
etin + 1)

X {e(n + 1)}(n+l).\+2

lIA

{log (g + 2)} X {e(n + 1)}(n+1)3+2'

This completes the proof of Theorem 6’ m]

Appendix

In this Appendix we shall prove Lemma 1 of §3 in the general case, suppos-
ing that this Lemma is true in the algebraic number field case. Let I" be a
finitely generated multiplicative subgroup of the group of non-zero elements
of a field of characteristic 0, and let K be the smallest subfield containing I'.
Then K is finitely generated over Q and has finite transcendence degree over
Q, g say. By the equivalence of Theorem 1 and Theorem 3 shown in §4, it
suffices to prove that the set of solutions of the equation

X+ "4+x, =1 in x,...,x,el (A)
is contained in the union of at most finetely many (n — 1)-dimensional
linear subspaces of K”. We shall prove this assertion by induction on the
transcendence degree g.

If ¢ = 0, then our assertion follows from Lemma 1 in the algebraic
number field case (cf. [2], [11]) and from the equivalence of Theorem 1 and
Theorem 3. Suppose that our assertion holds for all ¢ < p, where p = 1.
Assume that K has transcendence degree p. There is a subfield K’ in K for
which K/K’ has transcendence degree 1. Denote by Ik the algebraic closure



354 J.H. Evertse and K. Gyory

of K’, and by L the composite of the fields K and k (in a fixed algebraic
closure of K). Then L is a function field with constant field k. By the
induction hypothesis, the solutions (x,, . . ., x,) of (A) with x,, . .., x, €
I' n k* are contained in only finitely many (n — 1)-dimensional linear
subspaces of K". Further, by Theorem 6, noting that I" can be contained in
the group of S-units for some finite set of valuations S on L, the solutions
(x;, . - -, x,)of (A) for which at least one of x|, . . ., x, does not belong to
I' n Ik* are contained in finitely many (» — 1)-dimensional linear subspaces
of L. But this implies that the solutions in question belong to finitely many
(n — 1)-dimensional linear subspaces of K". Thus our assertion is proved
for g = p. ]
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