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§0. Introduction

The class of almost Lindelôf, also called "measure-compact", spaces
has been studied by several authors. In particular, the almost Lindelôf
property in powers of R is studied by Moran [11], Kemperman and
Maharam [7], Hechler [6] and Fremlin [3]. In [11], and independently
in [7], it is proved that Rc is not almost Lindelôf. Moreover, it is possi-
ble that 1  c and RS1 is not almost Lindelôf ([6]). On the other hand,
if Martin’s axiom is true, then Rx is almost Lindelôf for every
x  c ([3]).

This paper is concerned with the almost Lindelôf property in pro-
ducts of separable metric spaces. If all factors of the product space are
complete, the situation remains unchanged. The general case is very

different, even if only one factor is arbitrary. It is proved that if c is real-
valued measurable, then a) R’ is almost Lindelôf for every x  c and b)
there exists a separable metric space Y such that Rx x Y is not almost
Lindelôf for any uncountable cardinal x. This result, at least for x = N1,
remains valid under weaker assumptions of set theory and yields a
negative answer to a question of Gardner [5]. Moreover, assuming
Martin’s Axiom, it is proved that R" x Y is almost Lindelôf for every
separable metric space Y and every x  c. The above are based on the

results of sections 2 and 3 which do not depend on axioms of set theory.

§1. Définitions and preliminaries

Let X be a completely regular (Hausdorff) space. The Baire (resp.
Borel) sets in X are the members of the least 6-algebra B(X) (resp.
Bo(X)) generated by the zero (resp. closed) sets in X. We say that X is
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almost Lindelôf if for every (non-negative, finite, countably additive)
Baire measure ,u on X and every cozero covering of X there is a

countable 0/1’ ~ U such that X - u 4Y’ is of ,u-measure zero. An equiva-
lent definition is that every Baire measure on X is i-additive (see [12]).
We recall that every closed subspace of an almost Lindelôf space is

almost Lindelôf ([8]). Also, if a space X is not almost Lindelôf then

there exists a nonzero Baire measure ,u on X and a cozero covering * of
X such that ,u( U) = 0 for every U ~ U ([ 11, Theorem 2.1]).

Finally, we mention a few results concerning the Baire sets in pro-
ducts of separable metric spaces. If {Xa}ax is a family of separable
metric spaces and X = 03A0axXa with the product topology, then B(X)
coincides with the least 03C3-algebra of subsets of X such that the canon-
ical projections prXa:X ~ (Xa, B(Xa)), a  x, are measurable (see [3,
Proposition 4] and [15, Theorem 4]). Since every uncountable Polish
(i.e. separable complete metric) space is Baire isomorphic to the Cantor
set {0, 1}B0 ([9]), it follows from the previous result that the spaces R’,
NX and {0, 1}x are Baire isomorphic for every infinite cardinal x. We
also note that the weight (i.e. the least cardinal m such that there exists a
base for the topology of cardinality m) of these spaces is equal to x.

§2. Powers of separable metric spaces

We begin with a refinement of the construction of Kemperman and
Maharam [7] as modified by Hechler [6].

THEOREM 2.1: Let 03BB be a probability Baire (resp. regular Borel) measure
on a completely regular space Y such that Y is the union of ~ x sets of À-
measure zero for some cardinal x. Then there is a probability measure ,u
defined on the product a-algebra B(Nx) Q B(Y) (resp. on B(Nx) ~ B0(Y))
such that NX x Y is the union of ~ x sets of y-measure zero, each of the
form U x E where U is cozero in Fl" and V is cozero (resp. open) in Y

PROOF: Let {Ca}ax be a covering of Y with À(Ca) = 0. Using the
property of regularity, for each oc  x and each n ~ N we can find cozero

(resp. open) sets Va, n such that Ca c Va,n+1 ~ Va,n, 03BB(Va,n) ~ 1 n and V- 1
= Y We set Da = ~ Va,n. Then Ca c Da and À(Da) = 0.

n

We now define a function ~ : Y ~ Nx  Y by setting g(y) = ( f (y), y),
where f(y) is given by
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For every a  x we have {y ~ Y : f ( y) (a) = 1} = Da and {y ~ Y : f(y)(a)
= n &#x3E; 1} = Va,n-1BVa,n, so f is B(Y) (resp. Bo(Y)) to B(Nx) measurable.
It follows that 9 is also measurable and so we can define a measure ,u on

B(Nx) Q B(Y) (resp. on B(Nx) Q B0(Y)) by setting 03BC(A) = 03BB(~-1(A)).
Next we define

for each oc  x and each n E N. The family {Ga,n} is a covering of NX x Y
Indeed, if(x,Y)ENX x Y then y E Ca c Da for some oc  x. So (x, y) e Ga, n,
where n = x(a).

Finally, we check that each of the elements of the above covering has
03BC-measure zero. To do this, it is enough to observe that

The proof is complete.
If B(Nx x Y) = B(Nx) Q e(Y), then under the assumptions of the

above theorem (for a Baire measure 03BB) we have that NX x Y is not
almost Lindelôf. For instance, this is true when Y is a product of sep-
arable metric spaces. This fact will be used several times in the sequel.
We note here that if Y = NS0 we can reduce Theorem 2.1 to the case of
[6] and [7] using a closed covering of Y

COROLLARY 2.2: Let Y be a noncompact separable metric space and x
an infinite cardinal. The space yx is almost Lindelôf if and only if there is
no probability Baire measure on yx such that yx is the union of ~ x sets
of measure zero.

PROOF: Assume that there is a probability Baire measure on Yx such
that Y" is the union of ~ x sets of measure zero. By Theorem 2.1,
NX x Yx is not almost Lindelôf. Since Nx x Yx is homeomorphic to a
closed subspace of Y" x Yx ~ Y", it follows that V is not almost

Lindelôf.

Now assume that Y" is not almost Lindelôf. Then there is a proba-
bility Baire measure ,u on Yx and a cozero covering of Y" of sets of ,u-
measure zero. Since the weight of Y" is equal to x, there is a subcovering
of e of cardinality ~ x. This completes the proof.
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By the above corollary, the almost Lindelôf property in a fixed power
of separable metric spaces is a Baire measurable property. If we restrict
ourselves to powers of R we have:

COROLLARY 2.3: For every infinite cardinal x the following are

equivalent:
(i) R" is almost Lindelöf;
(ii) there is a family {Xa}ax of noncompact completely regular spaces

such that 03A0ax Xa is almost Lindelôf ;
(iii) for every family {Xa}ax of Polish spaces, 03A0axXa is almost

Lindelöf.

PROOF: (iii) - (i) - (ii) are trivial.
(ii) ~ (i). Since 03A0ax Xa is almost Lindelôf, it is realcompact. There-

fore each Xa is a realcompact noncompact space and so it contains a

copy of N as a closed subspace. Now Nx, being homeomorphic to a
closed subspace of 03A0ax Xa, is almost Lindelôf. Since R" and Nx are

Baire isomorphic, it follows from Corollary 2.2 that Rx is almost

Lindelôf.

(i) ~ (iii) We observe that 03A0axXa is almost Lindelôf if (and only if)
03A0a~A Xa is almost Lindelôf, where A = {a  x : Xa is infinite} (cf. [12,
Theorem 5.3]). Thus we can assume that each Xa is infinite. Since every
infinite Polish space is Baire isomorphic to NSo (if uncountable) or to N
(if countable), 03A0axXa is Baire isomorphic to Nx which is almost Linde-
lôf. If 03A0axXa were not almost Lindelôf then 03A0axXa, hence also N’ ’
would be the union of some family of ~ x sets of measure zero (for some
probability Baire measure). This contradicts Corollary 2.2 and

completes the proof.
The next result due to Fremlin [3] contains some other useful charac-

terizations of the almost Lindelôf property in Rx. We include a proof
which uses Theorem 2.1 and is simpler than that of Fremlin.

THEOREM 2.4:([3, Theorem 7]): For every infinite cardinal m the follow-
ing are equivalent:

(i) R" is almost Lindelôf,-
(ii) in any Radon measure space the union of :::; x sets of measure zero

has inner measure zero;

(iii) in any Radon measure space the union of ~ x closed sets of measure
zero has inner measure zero.

PROOF: ~(ii) ~ ~(i). Assume that (ii) fails. Then, using the property
of regularity, there is a compact space Y and a Radon measure 03BB ~ 0 on
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y such that Y is the union of ~ x sets of 03BB-measure zero. By Theorem
2.1, there exists a probability measure y defined on 88(fBj") O Bo(Y) and
a covering {Ua x Va}ax of Nx  Y such that Ua is cozero in Nx, Va is

open in Y and 03BC(Ua x Vx) = 0. As in the proof of [12, Theorem 5.3],
using the compactness of Y we find a family W of some finite inter-
sections of the sets Ucx, a  x, such that ~ W = Nx and prNx(03BC)(C) = 0 for
all C ~ g. It follows that Nx, hence also Rx, is not almost Lindelâf.

(ii) - (iii) is trivial.
-(i) ~ ~(iii). If (i) fails, there exists a probability Baire measure ,u on

Rx and a cozero covering of IR" such that 03BC(Ua) = 0. Let R

= R ~ {~} the the one-point compactification of R and define a Radon
measure v on Rx by setting v(B) = 03BC(B n Rx) for all Baire sets B in jR".

Let Vx be a cozero set in Rx with Ua = Vx n Rx and set Za = {x E R’: x(a)

= ~}. Then Rx = U Za ~ U Ya and v(Za) = v(Va) = 0. Since each Ya is
a countable union of zero sets in [R", we conclude that (iii) fails.

We note that in (iii) of Corollary 2.3 we can replace the completeness
of the separable metric spaces Xcx by the weaker assumption that every
measure on Xa is Radon. Indeed, let us assume that Rx is almost Linde-
lôf and that 03A0axXa is not. We proceed as in the last part of the proof
of the above theorem considering a metrizable compactification Xa of
each Xa. By the assumption for Xa, there is a 03C3-compact subset Ca of X03B1
with prX03B1(03BC)(C03B1) = 1. Then we define Za = {x ~ 03A0ax Xa : x(a) ~ Xa - Cj,
Va, oc  x, and a Radon measure v on 03A0ax Xa as above and we con-
clude that 03A0axXa is covered by ~ x sets of v-measure zero, contradict-
ing Theorem 2.4. However, as we will see later, the result is not valid for
arbitrary separable metric spaces.

§3. Products of R" with metric spaces

This section is concerned with the almost Lindelôf property in spaces
of the form Rx  Y, where Y is a separable metric space and x is an
infinite cardinal. First we note that the separability of Y is not essential.
Indeed, if Y is an arbitrary metric space then R" x Y is almost Lindelôf
if and only if Y and Rx x Z, for every closed separable subset Z of Y, are
almost Lindelôf. This follows from the well-known result that a metric

space Y is almost Lindelôf if and only if every Baire measure on Y is
supported by a closed separable subset. Thus, in the sequel the separa-
bility of Y can be replaced by the almost Lindelôf property.
The next proposition together with Theorem 2.1 will be used for a

characterization of the almost Lindelôf property in Rx x Y
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PROPOSITION 3.1: Let X be a compact space, (Y, 9’) a measurable space
and 03BC a probability measure defined on B(X) 0 Y (resp. on B0(X) 0 Y
with prx(p) regular) such that X x Y is the union of ~ x sets of ,u-measure
zero for some cardinal x. Let À denote the measure pry(p) on Y. Then,
either Y is the union of ~ x sets of À-measure zero, or X is the union of
~ x sets of v-measure zero for some probability Baire (resp. regular Borel)
measure v’ on X.

PROOF: Let {Ra}ax be a covering of X x Y such that 03BC(Ra) = 0. By
[2] and [16], there is a strict À-disintegration of ,u, that is, a family
(u(y))y~Y of probability Radon measures on X such that for every
R E B(X) (8) 9’ (resp. R E 8lo(X) ~ 9’)

where Ry = {x ~ X : (x, y) ~ R}. In particular, we have

for every a  x. Therefore each of the sets

has À-measure zero. If these sets cover Y we have finished. Otherwise,
there is yo E Y such that u(yo)(RYO) = 0 for all a  x. Since X is the union
of the family {Ryoa}ax, the measure v = u(yo) has the desired properties.

The following corollary summarizes Theorem 2.1 and Proposition
3.1.

COROLLARY 3.2: Let Y be any (nonempty) completely regular space and
x an infinite cardinal. Then the following are equivalent:

(i) there exists a probability measure ,u defined on B(Nx) ~ A(Y) (resp.
on B(Bx) ~ Bo(Y) with prY(03BC) regular) such that NX x Y is the union of
~ x sets of ,u-measure zero;

(ii) the same as (i) with each of the sets of ,u-measure zero of the form
U x V where U is cozero in NX and V is cozero (resp. open) in Y;

(iii) either there exists a probability Baire (resp. regular Borel) measure
À on Y such that Y is the union of :::; x sets of À-measure zero, or Nx is not
almost Lindelôf
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PROOF: (ii) ~ (i) is rivial and (i) - (iii) follows from Proposition 3.1

(since N’ is Baire isomorphic to the compact space {0, 1}x) and Corol-
lary 2.2.

(iii) - (ii). If Nx is not almost Lindelôf then there exists a probability
Baire measure v on Nx such that N" is the union of  x cozero sets of v-

measure zero. It is easy to see that, for any fixed yo E Y, the measure ,u on
rBJ" x Y defined byu(A) = v(A’’°) has the desired properties. On the other
hand, if there exists a measure 03BB on Y as stated in (iii), then (ii) follows
from Theorem 2.1. We note that if 03BB is regular Borel, then by the con-
struction of p we have pry(p) == 03BB, so pry(p) is regular.

THEOREM 3.3: Let Y be a separable metric space and x an infinite car-
dinal. Then the following are equivalent:

(i) Rx  Y is almost Lindelôf
(ii) R" is almost Lindelôf and there is no probability Baire measure on

Y such that Y is the union of ~ x sets of measure zero.

PROOF: ~(i) ~ ~(ii). Assume that R" x Y is not almost Lindelôf.

Since the weight of Rx x Y is equal to x, there is a probability Baire
measure ,u on Rx x Y such that R’ x Y is the union of  x (cozero) sets
of y-measure zero. Since Rx is Baire isomorphic to the compact space
{0, 1}x, we can apply Proposition 3.1. Thus either Y is the union of  x

sets of prY(03BC)-measure zero, or Rx is the union of ~ x sets of v-measure
zero for some probability Baire measure v on Rx. In the latter case Rx is
not almost Lindelôf (by Corollary 2.2). Thus in either case (ii) fails.

~(ii) ~ ~(i). Of course, if Rx is not Lindelôf (i) fails. Now assume

that Y is the union of ~ x sets of measure zero for some probability
Baire measure on Y By Theorem 2.1, rBJ" x Y is not almost Lindelôf.

Since Nx x Y is homeomorphic to a closed subspace of R" x Y it follows
that R’ x Y is not almost Lindelôf.

If we require R" x Y to be almost Lindelôf for every separable metric
space Y, then we get a stronger condition. As the next theorem shows,
this condition can be characterized using Lindelôf M-spaces instead of
compact spaces used in Theorem 2.4.
We recall that a completely regular space X is a Lindelôf M-space if

and only if it admits a perfect function onto a separable metric space or,
equivalently, if it is homeomorphic to a closed subspace of a product of
a compact and a separable metric space (see [13] for additional in-
formation and the definition of the M-property). We also note that
every Baire measure on a Lindelôf M-space (in fact, on any Lindelôf
space) has a unique extension to a regular Borel measure.
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THEOREM 3.4: Let x be an infinite cardinal. 1hen the following are
equivalent:

(i) R" x Y is almost Lindelôf for every separable metric space Y
(ii) for every regular Borel measure on a Lindelôf M-space, the union of

~ x sets of measure zero has inner measure zero;
(iii) for every regular Borel measure on a Lindelôf M-space, the union of

~ x closed sets of measure zero has inner measure zero.

PROOF: ~(ii) ~ ~(i). Assume that (ü) fails. Using the property of regu-
larity and the fact that the Lindelôf M-property is hereditary on closed
subsets, there exists a Lindelôf M-space X and a probability regular
Borel measure y on X such that X is the union of ~ x sets of 03BC-measure
zero. We consider X as a subspace of Z x Y for some compact space Z
and some separable metric space Y and we extend y to a measure  on
é3o(Z x Y) by setting (A) = ,u(A n X).

In order to apply Proposition 3.1 for , we first check that PÃ o(Z x Y)
= PÃo(Z) 0 f!À(Y). To do this, it is enough to show that

G ~ B0(Z) ~ B(Y) for every open G c Z x Y Let {Vn}n~N be a base for

the topology of Y Then G = U (Ui x Vnt) where Ui is open in Z and

ni ~ N for all i ~ I. If we set In = {i ~ I : ni = n}, then G = U ( U Ui x Vn)
and so. G ~ é3o(Z) Q B(Y).
Now, by Proposition 3.1, either Y is the union of ~ x sets of prY()-

measure zero, or Z is the union of ~ x sets of v-measure zero for some

Radon probability measure v on Z. In the latter case Rx is not almost
Lindelôf (by Theorem 2.4), while in the former R" x Y is not almost
Lindelôf (by Theorem 3.3). Thus in either case (i) fails.

(ii) ~ (iii) is trivial.
~ (i) ~ ~ (iii). We have that R" x Y is not almost Lindelôf for some

separable metric space Y If Rx is not almost Lindelôf then (iii) fails

(Theorem 2.4). So we can assume that R" is almost Lindelôf. Then, by
Theorem 3.3, Y is the union of ~ x sets of 03BB-measure zero for some

probability measure 03BB. Using Theorem 2.1, we can find a probability
Baire measure 03BC on rBJ x x Y and a cozero covering {Ua}ax of rBJ x x Y

such that 03BC(Ua) = 0 for all a  x.

We now show that there is a Baire isomorphism
~ : Nx  Y ~ {0, 1}x x Y such that the image of every cozero set in

Nx x Y is a countable union of zero sets in {0, 1}x x Y. To do this, we
note that there is a function f : NS0 ~ {0, 1}So which is continuous one-
to-one and onto such that the image of every open set in NS0 is an F, in
{0, 1}S0 (see [9, p. 442]). Then we define 9 : (NS0)x x Y ~ ({0, 1}S0)x x Y
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by setting ~((xa)ax, y) = ((f(xa))ax, y). Identifying (NS0)x and ({0, 1}S0)x
with NX and {0, 1}x, we see that ç has the desired properties.

, Finally, using ç we transfer ,u and the above cozero covering of
N’ x Y to a measure v and a zero covering of {0, 1}x x Y Since

{0, 1}x x Y is a Lindelëf M-space, it follows that (iii) fails.

§4. Applications

We now come to some applications of axioms of set theory. As
Fremlin has shown, using Theorem 2.4, if Martin’s Axiom is true then
R" is almost Lindelôf for every x  c ([3, Proposition 8]). Using this
result and [10, §4, Theorem 1], we deduce immediately from Theorem
3.3 the following.

COROLLARY 4.1: If Martin’s Axiom is true, then R" x Y is almost

Lindelôf for every separable metric space Y and every x  c.

If we assume that c is a real-valued measurable cardinal the situation

is différent (Corollary 4.3). The next proposition is needed for this pur-
pose. We recall that a measure is said to be m-additive, for some car-
dinal m, if the union of less than m sets of measure zero has measure

zero.

PROPOSITION 4.2: Assume that there exists a real-valued measurable

cardinal m :::; c and an m-additive probability measure ,u defined on all
subsets of m such that the measure algebra of ,u is not generated by less
than m of its elements. Then R" is almost Lindelôffor every x  m.

PROOF: Suppose that R’ is not almost Lindelôf for some x  m. Then

there is a probability Baire measure on R" such that R" is the union of
~ x sets of measure zero. Since Rx is Baire isomorphic to {0, 1}x, this is
true for {0, 1}x and let v be the unique extension of this measure to a
Radon measure on {0, 1}x. Also, let be the usual product measure on
{0,1}x. By [4, Proposition 1 D], there is a function f : {0,1}x ~ {0,1}x
such that f(03BB) = v, i.e. v(A) = 03BB(f-1(A)) for every Borel set A c {0,1}x.
Since m is a regular cardinal, we can assume that ,u is homogeneous

and, using Maharam’s representation theorem of measure algebras, we
can find a family {Ba}ax of stochastically independent subsets of m of
,u-measure 1/2. Then we define g : m - {0,1}x by
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It is easy to see that g(03BC) = 03BB.

Finally, we set h = fog and we have h(03BC) = v. Since ,u is m-additive

and v is not, this leads to a contradiction.

COROLLARY 4.3: If c is real-valued measurable, then
(i) R’ is almost Lindelôf for every x  c; and

(ii) there exists a separable metric space Y such that Rx x Y is not
almost Lindelöf for any uncountable cardinal x.

PROOF: (i) Assume that c is real-valued measurable and let ,u be any
c-additive measure defined on all subsets of c and vanishing on
singletons. By an unpublished result of Fremlin and Kunen, ,u satisfies
the hypothesis of Proposition 4.2 for m = c and so (i) follows.

(ii) According to a result of Solovay (see [14]), if c is real-valued

measurable there exists a non-Lebesgue measurable set of reals Y of
cardinality S1. Then the Lebesgue outer measure induces a nonzero
measure on Y and using Theorem 3.3 we deduce that Rs1 x Y is not
almost Lindelôf. Therefore Rx x Y is not almost Lindelôf for any

x ~ X1.

Another weaker axiom that can be used instead of the assumption
that c is real-valued measurable is the Measure Extension Axiom

(MEA) which is stated as follows: there exists a non-separable proba-
bility measure space (X, y, 03BC) such that for every countable family W of
subsets of X, ,u can be extended to a measure on the 03C3-algebra generated
by Y and W. This axiom was formulated by Prikry and its consistency
with ZFC was proved by Carlson [1].

Prikry [14] has proved that MEA implies the existence of a non-
Lebesque measurable set of cardinality S1 and S1  c. As we see from

the proof of Corollary 4.3, part (ii) remains valid if we assume MEA.

Moreover, MEA is suincient for part (i) of Corollary 4.3 at least for
x = S1.

Corollary 4.3 shows that, under a set theoretical assumption, a pro-
duct of an almost Lindelôf and a separable metric space need not be
almost Lindelôf and so answers in the negative a question of Gardner
[5, p. 108].

REMARKS: As in [3] we define xo as the least cardinal x such that Rx
is not almost Lindelôf. It is noted there that S1 ~ xo ~ c and that
Martin’s Axiom implies xo = c. By Corollary 4.3-(i), if c is real-valued
measurable then xo = c (and MEA implies xo &#x3E; S1). Further, if p is the
least cardinal x such that 2X &#x3E; c, then p  xo whenever p is real-valued

measurable. This follows from Proposition 4.2 since, by a result of
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Prikry, the hypothesis of 4.2 is satisfied if m = p is real-valued

measurable.

Using powers of arbitrary separable metric spaces, one might similar-

ly define a cardinal x1, namely the least cardinal x such that Y’ is not
almost Lindelôf for some separable metric space Y However, x = S1.
This follows from the next example, due to Fremlin, of a separable
metric space Y such that YS1 is not almost Lindelôf.

EXAMPLE 4.4: Consider the unit circle T c R2 as a group and let be
the normalized Lebesgue measure on it. List the uncountable compact
subsets on T as {K03B8}03B8c. If c = Ni then RS1 is not almost Lindelôf and
so we can assume c &#x3E; S1. (In any case the construction below works
but this assumption makes it clearer what order we have to do things
in.) Choose {03B103BE}03BES1 in T such that

Choose {03B203B603B8}03B6S1, 03B8c in lexicographie order such that 03B203B603B8 ~ K03B8 and

[There will be less than c points to dodge each time.] Set

Now define f:T ~ Ts1 1 by f(03B1) = (03B1 - 03B103BE)03BEX1 1 and let 1À be the Baire
measure f(03BB) on TX1. We claim that 03BC*(YX1) = 1. Indeed, if B is a Baire
set containing YX1, then f-1(B) ~ n (Y + 03B103BE) for some 03B6  S1. Since

03B203B603B8 ~ n ( Y + 03B103BE) n K03B8 for every 03B6, 03B8, the outer 03BB-measure of n ( Y + 03B103BE)
is one, so 03BB(f-1(B)) = ,u(B) = 1.

Let v be the induced Baire measure on YS1. We show that there is a
covering of YS1 1 by cozero sets of v-measure zero. To do this, it is

enough to show that f(T) ~ YS1 = ~ or, equivalently, n (Y + 03B103B3)

= ~. Suppose, if possible, that a E n (Y + (Xy). Then for each y  N1
there are 0(y)  c, 03B6(03B3)  Ni and 03BE(03B3) ~ 03B6(03B3) such that rx = 03B203B6(03B3)03B8(03B3) - 03B103BE(03B3)
+ 03B103B3. By the choice of 03B203B603B8, all pairs 03B6(03B3), 0(y) must be the same; say 03B6(03B3)
= 03B6, 0(y) = 0 for every y. Then oc = 03B203B603B8 - 03B103BE(03B3) + (Xy for every y, and 03B103BE(03B3)
- 03B103B3 = 03B203B603B8 - a for every y. By the choice of ay, this can happen only if
03BE(03B3) = y for every y. But now y = ç(y) ~ 03B6(03B3) = 03B6 for every y which is
absurd. Therefore YS1 is not almost Lindelôf.
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