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1. Introduction

An important question in Banach space theory is "does every
infinite dimensional Banach space contain el or an infinite dimen-
sional subspace with separable dual" (equivalently, a shrinking basic
sequence [3])? A natural approach to this question is to ask for

something even stronger: does every weakly null normalized basic
sequence in a Banach space have a shrinking subsequence? This
conjecture is false. One example is the unit vector basis of a Lorentz
space dw,1 (see also Maurey and Rosenthal [5]). dW,l is hereditarily el.
In this note we give an example of a normalized weakly null sequence
(fn) so that

(i) if (fn’) is any subsequence of (fn), then its closed linear span has
nonseparable dual (hence no subsequence is shrinking), and

(ii) the closed linear span of (f") does not contain an isomorph of
.
Our example is thus another example of a normalized weakly null

sequence with no unconditional subsequence. Our construction does
not use the Maurey-Rosenthal technique. Instead we are indebted to
J. Bourgain [1] for our immediate inspiration. The example also draws
upon two other beautiful works: Rosenthal’s basic result on éi [7]
and James’ tree space, JT [2]. JT was one of the first examples of a
separable space not containing el with nonseparable dual (another
example was discovered simultaneously by Lindenstrauss and Stegall
[4]).
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The effect of this example is that in order to answer the question
posed in the first paragraph of this paper it will be necessary to work
with more general block bases of a given basis than just its sub-

sequences. On the one hand this is unfortunate since much progress
in general Banach space theory has dealt with subsequences of a
given basis. The combinatorial result known as Ramsey’s theorem has
been especially useful in this regard (see [6] for a brief discussion).
The combinatorics needed to handle general block bases is extremely
complicated. On the positive side, we may take consolation in the fact
that these questions are truly deep and their solution should give us
great understanding of general Banach spaces.

2. The example

We first shall define a Banach space Y and then choose a particular
weakly null sequence (fn)~n=1 C Y. The space Y will be a sort of James
tree space with the nodes infinite dimensional rather than one dimen-
sional. Some notation is necessary.

Let K;; = [(j - 1)/2i, j/2i] be the closed dyadic intervals in [0, 1] for
0 ~ i  ~ and 1 ~ j ~ 2i. Let Co(Kij) = {f E C(Kij) : f((j - 1)/2i) = f(j/2i
= 0}. If g E Co(K;;), let g E C[O, 1] be the linear extension of g which is
identically 0 outside of Kij.
Let T be the dyadic tree whose nodes are indexed by {(i, j) : 0 ~ i 

oo and 1 s j S 2’l with the natural order. Thus (i, j) ~ (i’, j’) if Ki,j’ Ç Kij.
By a segment 03B2 in T we mean a linearly ordered set of the form
{(i, j1), (i + 1, j 2), ..., (i + n, in )1.

If (gij)(i,j)~T is a set of functions with g;; E C0(Kij) for all (i, j) E T and all
but a finite number of gij identically 0, we define

where the "sup" is taken over all collections of disjoint segments,
(Qk)1=1
Y is the completion of the set of all such (gij).
Before we define (fn) we shall require a simple lemma.
Let 03B4i ~ 0 so that for all io,

Recall that a Lorentz sequence space dw, p where w = (wi) satisfies
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has norm defined by

where (ai) is the decreasing rearrangement of ai’. Note that if (gi ) is
any block basis of the unit vector basis for dw, p then

LEMMA: There exists a collection of Lorentz sequence spaces (dwij,2)(i,j)~T
satisfying the following condition ((fnij)~n=1 denotes the unit vector basis of
dwii,2): for each (io, jo) E T there exist scalars (an)~n=1 such that

PROOF: Actually, given (io, jo) E T, (an)~n=1 will be a constant sequence.
Thus we wish to choose wij so that given (io, jo) there is some

t = ~(i0, jo) so that

if (i, j) ~ (i0, j0).
We use induction. Choose w0,1 to satisfy (2) and choose ~(0, 1) so

that ~03A3~(0,1)n=1fn0,1~&#x3E;203B4-10. Thus to satisfy (6) for (i0, j0) = (0, 1) we need
only require that if (i, j) ~ (0, 1), then ~03A3~(0, 1)n=1)fnij~ ~ 2. This is easily
accomplished by requiring wijn ~ 3/~(0, 1) for 2~n~~(0, 1). Choose
w1,11 = 1 and 3/~(0, 1) ~ w1,12 ~ ... ~ w1,1(0,1) = w&#x3E;0. Choose ~(1, 1) so
large that if w1,1n = w f or 1(0, 1) ~ n ~ ~(1, 1) then (6) is satisfied for
(i0, j0) = (1, 1) and (i, j) = (0, 1). This is possible because lim w0,1n = 0.
Let w1,1n f or n &#x3E; ~(1, 1) be chosen to satisf y (2). 
The inductive procédure is now clear. If (wij)(i,j)~F have been chosen
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for a finite set F, we need only require later wi,jn’s to be sufficiently
small for a finite number of n’s (n &#x3E; 2) in order to satisfy (6) for
(i0, j0) ~ F. Then we keep wy constant for a long interval to get the
other half of (6).
From now on we shall regard each dwij,2 to be isometrically embed-

ded into C0(Kij). Define

Note that for a fixed i,

and thus f E Y. Also (fn) is semi-normalized (1~~fn~~03A3~i=05-i)
which is sufficient for our purposes.

It remains to show that (fn) has the desired properties. We begin
with the easiest one.

(ln) is weakly null: It suffices to show that for all subsequences (fni)
and for all k,

If i is fixed, then by (3)

Thus

and (7) is proved.
Now let (fns) be any subsequence of (fn), and let [(fns)] be the

closed linear subspace it generates.
[(fns)]* is nonseparable: We first define a large collection of func-
tionals. For t E [0, 1] and g = (g;;) E Y, let

where f3t is the infinite branch determined by t. Thus if t is not a

dyadic point, then 03B2t = {(i,j) : t ~ Kij} is uniquely determined. If t is
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dyadic then there are 2 branches naturally determined by t, however,
both branches yield the same value in (8). Clearly 03B4t is in the unit ball
of Y*.

Claim. There exists 03B4 &#x3E; 0 and C  00 so that for all (io, jo) E T there
exists u E [(fns)] with ~u~ ~ C, 03B4t(u) &#x3E; 5 for some t E Kio,jo and 03B4s(u) ~
8/2 if s ~ Ki0,j0.
Let us believe the claim for the moment and see why this implies

[(fns)]* is not separable. Note that if tn ~ t in [0, 1], then 5tn ~ 5t
(weak*). Thus if u E [(fns)], then the function ù given by ù(t) = 03B4t(u)
is in C[O, 1]. By the claim we may inductively choose a subtree T’ C T
and (uij)(i,j)~T’ ~ [(fni)] with Iluijil ~ C, ùij(t) &#x3E; 5 if t E Kij with (ij) E T’
and Üij(S) ~ 8/2 if s E KiT with (i’, j’) E T’and Kii n KiT = 0. Now for
each branch 03B2 of T’, let t03B2 = ~ (i,j)~03B2 Kij. It is clear that ~03B4t03B2 - 03B4t03B3~ ~
312C if 03B2 ~ y, where the norm of 5t13 - 03B4t03B3 is calculated in [(fns)]*. Thus
[(f"s)]* is not separable.

Proof of the Claim : Fix (io, jo) E T and let (an)~n=1 satisf y (4) and (5)
above. Define

Fix i ~ io.Then by (5) we have

If i = io then by (4) and (5)

It follows that

And so by (1), Ifulf s 2.
We shall show that 03B4t(u) ~ 1/2 for some t E Kio,jo and 03B4s(u) ~ 1/4 if

s ~ Ki0,j0. Choose t so that
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Thus

Furthermore if se Ki0,j0 then

This proves the claim.

[(fn)] contains no isomorph of ~1: This is the most complex part of
the example. Suppose (gm) ~ [(fn)] is equivalent to the unit vector
basis of el. We may assume that (gm) is a normalized block basis of
(fn) of the form gm = 03A3pm+1-1n=pmbnfn where (bn ) are scalars and p  p2 
···. Fix (i, j) E T. Then since ~gm~ = 1, for (i, j) E T we have

and thus for all k by (3),

However (g"‘ ) is equivalent to the unit vector basis of ~1 and thus there
is a constant y &#x3E; 0 so that ~03A3k1 gm~ ~ yk for all k. Now the expression
in (9) is the (i, j)-coordinate of 03A3k1 gm in Y. Thus by taking long
averages of the form 03A3k1 gm/~03A3k1 gm~ and using the standard pertur-
bation arguments we obtain a normalized sequence (h "‘ ) C Y which is
equivalent to the unit vector basis of el and satisfies

We shall show this is impossible.

Claim : There exists a subsequence (hm’) of (hm) so that (03B4t(hm’))~m=1
converges for all t E [0, 1].
Indeed as above let hm E C[O, 1] be given by hm(t) = 03B4t(hm). Then

~hm~C[0,1] ~ 1 and we shall show (hm) has a pointwise convergent
subsequence. Suppose not. Then by Rosenthal’s theorem [7] there
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exists a subsequence (hm’), r ~ R and 03B4 &#x3E; 0 so that if Am =
{t : hm’(t) &#x3E; r + 03B4} and Bm = {t : hm’(t)  r} then (Am, Bm ) is Boolean

independent. This means that if EAm = Am for E = +1 and EAm = Bm
for E = -1, then ~ki=1 ~iAi~ f or all k and all Ei = ± 1, 1 ~ i ~ k. We

may assume r + 8 &#x3E; 0.

Since (hm’) are continuous, Am and Bm are open sets. Fix k and
consider the 2k dis joint nonempty open sets OE =

I km=1 EmAm (E = (,E. k). 1 Choose io sufficiently large so that the oscil-
lation of hm’ on Kb,; is smaller than 8/2 f or each 1 ~ m «-5 k and

1 ~ j ~ 2i0. Thus for each j, Ki0,j ~ 0~ ~ Ø for at most one ~ = (~i)k1.
Choose m so large that if h "’’ = (hm’ij) then hm’ij = 0 if i ~ i0. Since
o, fl Am ~ Ø for all E, hm’ is greater than r + 8 at some point in at least
2k distinct Ki0,j’s. It follows that 1 = ~hm’~ ~ (r + 5)2k/2. But k was
arbitrary and thus the claim is proved.
Form a new séquence (xm) by taking différences of (hm’) and

normalizing. (xm) is thus équivalent to the unit vector basis of el,
satisfies (10) and the functions (im) are weakly null in C[O, 1]. Some
séquence of convex combinations of (xm) converges to 0 in norm in
C[O, 1]. The corresponding functions (Um) in Y are still equivalent to
the unit vector basis of el, satisf y (10) and ~Um~C[0,1]~0.
Choose a subsequence (ums) of (Um), integers is ~ ~ and ~s ~ 0 so

that

This may be done inductively. Let m1 = 1, i0 = 0 and ~1 = ~Um1"~.
Choose il so that (13) holds for s = 1 (we may assume that each Um is
supported only on a finite number of nodes in T.) Let E2 be very small
(according to (11)) and choose m2 so that (12) holds. Choose i2 so that
(13) holds and continue in this manner.
We shall show that ~03A3k1 Ums~ is of the order k112 and thus obtain a

contradiction to the fact that (ums) is equivalent to the unit vector
basis of éi.

Fix k and suppose
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for a certain collection of disjoint segments (03B2r)~1. Replace each

segment 0, by three segments as follows. Suppose 03B2r =
{(i0, il), (iO + 1, j2),,.., (io + n, in)}, mth is S io  iS+1 and is’ ~ i0 + n  is’+1.
Let

Thus we have split 03B2r into initial, middle and terminal segments,
some of which may be empty. Then

If p = 1 or 3 we have

since at most one ums has non-zero coordinates at (i, j) E (3r,p. Also

This is because by (13) each (3r,2 is a segment which either passes
entirely through the support of ums or is disjoint from it, and (12) and
(11).
Consequently for all k, ~03A3ks=1 Ums~ ~ 3(2k 1/2 + 3), which was to be

shown. 
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