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COMPLEMENTS, BASELESS SUBGROUPS
AND SYLOW SUBGROUPS OF INFINITE WREATH PRODUCTS

by

B. Hartley

1. Introduction

Throughout this paper W will denote the complete standard wreath
product H 7 K of two non-trivial groups H and K. We have

W=HK HnK=1,

where H is the base group, that is the set of all functions f: K —» H made
into a group by pointwise multiplication, and acted on by K according
to the rule _

XK = f(Kk™Y)(f € H, k, k' € K).

By the support supp f of an element f'e H we mean as usual the set of
all k € K such that f(k) # 1. If a is any infinite cardinal then the set H,

of all fe H such that |supp f| < o is clearly a normal subgroup of W.
The group
w,=H,K

will be denoted by H 2, K and called the a-restricted wreath product of
H by K; H, is its base group. When a = R, of course we obtain the
usual standard restricted wreath product H ? K. We shall denote this by
W, and its base group by H.

A subgroup X of W, will be called baseless if H, ~ X = 1. Evidently
every baseless subgroup of W, is isomorphic to some subgroup of K.
The questions which concern us here are:

Q1. Which baseless subgroups of W, are conjugate in W, to subgroups
of K?

Q2. What are the isomorphism types of the maximal baseless subgroups
of W,?

In Section 2 we shall show how some of the answers obtained to Q2
may be used to construct locally finite groups containing certain given
sets of locally finite p-groups as Sylow (that is, maximal) p-subgroups,
thereby justifying the title of the paper.
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4 B. Hartley 21

The answers to the above questions are particularly simple when
o > |K|, in which case we are dealing with the complete wreath product.
For every baseless subgroup of W is conjugate to a subgroup of K
(Lemma 3.2 (i), which is essentially [5] Theorem 10.1), and so every
maximal baseless subgroup of W is isomorphic to X itself. In general,
however, the situation is more complicated. Most of the methods of this
paper only allow us to deal with baseless subgroups of W, with the
property that every subset of cardinal < o generates a subgroup of
cardinal < a«, and so we call groups with this property a-bounded. Of
course this is no restriction unless @ = X, in which case it amounts to
local finiteness. Our first main result is then as follows; here an N-group
is one which satisfies the normalizer condition, and a cardinal « is regular
if « is not the sum of fewer than o cardinals each < «.

THEOREM A. Suppose that o < |K| and let S be any o-bounded N-
subgroup of K of cardinal a. Then there exists a maximal baseless o-
bounded N-subgroup S* of W, such that H,S* = H,S. In particular
S* >~ 8.

Suppose further that o is regular, and let T be any baseless a-bounded
N-subgroup of W,. Then either |T| = o or T is conjugate in W, to a
subgroup of K.

We shall see in Section 3 that the assumption that « is regular cannot
be omitted above. In the first part of the theorem, notice that we are
referring to the maximal members of the set of baseless a-bounded
N-subgroups of W,; similar conventions apply in the sequel. In the case
when K itself is an a-bounded N-group and a is regular we obtain from
Theorem A a complete answer to Q2. For in that case every subgroup of
cardinal a of K is isomorphic to some maximal baseless subgroup of
W,, and the only maximal baseless subgroups of W, which do not arise
in this way, if any, are the conjugates of K. The latter possibility only
occurs if |[K| = B > «, and in that case it seems rather surprising that
the cardinal of a maximal baseless subgroup of W, must be either « or f
and intermediate cardinals do not occur.

The case o = R, of Theorem A is of course of special interest and so
we state below some of the information obtained from Theorem A for
that case. Notice that R is regular.

CoroLLARY Al. Suppose that K is a locally finite N-group. Then every
countably infinite subgroup of K is isomorphic to some maximal baseless
subgroup of W.

Let T be any baseless subgroup of W. Then either T is countably infinite
or T is conjugate in W to a subgroup of K. In particular, if K is uncountable,
then the complements to H in W are conjugate.
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We are not aware to what extent, if any, the normalizer condition may
be weakened in Corollary Al. Some information about Ql, and in
particular about the conjugacy of the complements, can however be
obtained without the hypothesis of local finiteness, and we return to this
question later.

In the case of general K, the only restriction which we have been able
to obtain on the maximal baseless subgroups of W, is the elementary
fact that they have cardinal at least «, provided that o is regular and
a = |K| (Corollary 3.3). Theorem B shows that a wide range of «-bound-
ed subgroups of cardinal o of K may be isomorphic to maximal baseless
subgroups of W, and it seems conceivable that all such subgroups of K
may occur in that way. However this is certainly false without the restric-
tion of a-boundedness; for example Theorem D shows that if K is free
abelian of rank 3 then the maximal baseless subgroups of W = H1K
have rank 1 or 3.

THEOREM B. Suppose that o < |K| and let S be an a-bounded subgroup
of cardinal o of K. Suppose further that S contains a subgroup U such that

@) Ul =«
(ii) for each o-bounded subgroup L with S < L £ K, there exists an
element x € L— S such that U* £ S.

Then there is a maximal baseless a-bounded subgroup S* of W, such that
H,S = H,S*. Thus S =~ S*.

Evidently (ii) holds whenever U <a K, and in fact it holds whenever U
is an ascendant subgroup of K in the sense that there exists an ordinal p
and subgroups {U, : ¢ < p} such that U, = U, U,< U,,, if ¢ < p,
U, = U,Ku U, if u < p is a limit ordinal, and U, = K. For suppose
S < L = K and let o be the least ordinal such that U, n S < U, n L.
Then o is neither a limit ordinal nor zero and we have UL U,_; n S =
U,_.;nL< U,n L. Thus U, n L contains elements x ¢ S, and any
such element satisfies U* < S.

We therefore have

CoroLLARY Bl. Suppose that o < |K| and let S be any o-bounded
subgroup of cardinal o of K which contains an ascendant subgroup of
cardinal o of K. Then there is a maximal baseless a-bounded subgroup S*
of W, such that H,S = H,S*.

In the case when K is an N-group every subgroup of K is ascendant in
K and so Corollary B1 yields an alternative proof of Corollary Al. In
fact the obvious similarity between Theorem B and the first half of
Theorem A allows us to deduce them both from a simultaneous generali-
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zation (Lemma 4.2), the statement of which is unfortunately more
complicated than either.

We have not been able to extend the results of Theorem A to cover the
baseless locally nilpotent subgroups of W, for general «, but the following
gives some information about the case a = X,.

THEOREM C. Let © be a set of primes and let S be a countably infinite
periodic locally nilpotent n-subgroup of K. Suppose that H is abelian and
either

(i) H contains a subgroup of order at least 4 which contains no non-
trivial n-elements, or
(ii) the Sylow 2-subgroup of S is finite and H is not a n-group.

Then there is a maximal baseless periodic locally nilpotent subgroup S*
of W such that HS = HS*.

Evidently conditions (i) and (ii) both hold unless H is the direct
product of a ©-group and a cyclic group of order at most 3. Notice that,
in contrast to Theorem A, no information is given here about the
uncountable baseless locally finite and locally nilpotent subgroups of W.
It does not seem clear whether they necessarily lie in conjugates of K.

In the last section (Section 6) we consider the baseless subgroups of
W = H ! K which contain elements of infinite order. These turn out
to be surprisingly well behaved, provided they possess a suitable flavour
of generalized solubility.

THEOREM D. Let L* be a baseless subgroup of W = H ? K and suppose
that L* is a radical group whose Hirsch-Plotkin radical is not periodic.
Then unless L* is a polycyclic group of Hirsch number one, L* is contained
in a conjugate of K.

Conversely, let L < K be polycyclic of Hirsch number one. Then there
is a baseless subgroup L* of W such that HL. = HL* and L* is not contained
in a conjugate of K.

Here we use the term radical group in the sense of Plotkin [6]; a radical
group is one possessing an ascending series with locally nilpotent factors.
The Hirsch number of a polycyclic group is the number of infinite factors
in a cyclic series of the group.

CoroLLARY DI. Suppose that K is a radical group with non-periodic
Hirsch-Plotkin radical. Then the complements to H in W are conjugate if
and only if K is not a polycyclic group of Hirsch number one.

As a consequence of Corollary D1, Corollary 3.3 and the remarks after
Lemma 3.5 we obtain a criterion for the conjugacy of the complements
to the base group in the case when K is countable and locally nilpotent.
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COROLLARY D2. Suppose that K is countable and locally nilpotent.
Then the complements to H in W are conjugate if and only if K is neither
infinite periodic nor finite-by-infinite cyclic.

Some information about the uncountable case can be obtained from
Theorem A and Lemma 6.5.

2. Groups with many Sylow subgroups

There are a number of examples in the literature to show that the
Sylow p-subgroups of a locally finite group G may fail to be isomorphic
in various rather spectacular ways, even when the group G has rather
restricted structure (for example [4], [7]). In this section we indicate how
a number of other such examples may be constructed on the basis of
Theorems B and C. Some rather similar examples have recently been
obtained by Heineken [2] in a different way. We make the obvious remark
that if a p-subgroup P of a group G happens to be a Sylow n-subgroup
of G for some set @ of primes containing p, then P is a Sylow p-subgroup
of G.

THEOREM E. Let q be a given prime, let a be a given infinite cardinal,
and let 6 be the smallest cardinal satisfying the condition

y<a=a 9.

Then there exists a periodic metabelian group G of cardinal 6 which
contains as a Sylow q’'-subgroup a copy of every infinite abelian q'-group
of cardinal not exceeding o.

Since, if y < o, we have o’ £ o* = 2% it follows that 6 < 2% Notice,
however, that equality may occur. For example, define o, = &, and
a; = 2%"'for 1 £ i < w, the first infinite ordinal. Thenif a = ), ., a;
we have

a0 = o - 2 2%02% - = 2B = 2%,

Hence 6 = 2* in this case.

However in the case « = &, we evidently have = 8o, and so we
find in particular that there exists a countable periodic metabelian group
which contains, as a Sylow p-subgroup, a copy of every countably infinite
abelian p-group for which p # ¢. This result is in a sense best possible
in view of the following:

PRrOPOSITION. Let G be a periodic metabelian group which contains, for
each prime p, a Sylow p-subgroup S, of type C,». Then G is locally cyclic
and S, is its unique Sylow p-subgroup.

PrOOF. Let R be the Hirsch-Plotkin radical of G. Then S, n R is the
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unique Sylow p-subgroup of R and so R is locally cyclic. Therefore R is
the union of finite characteristic subgroups and if C = C4z(R) then G/C
is residually finite. Hence S, < C for all primes p. Now clearly C is nil-
potent, whence C = R and so S, £ R. Therefore S, is the unique Sylow
p-subgroup of R and S, < G. It follows that S, is the set of p-elements of
G, whence G = {S,; all p) = R, as claimed.

However the proof of Theorem E will show that a non-periodic metabe-
lian group may well contain, for every prime p, every abelian p-group of
cardinal at most o as a Sylow p-subgroup.

Proor ofF THEOREM E. Let C be the direct product of groups of type
C,«, one for each prime p # g, and let K be the direct product of «
copies of C. Now every infinite abelian group 4 can be embedded in a
divisible abelian group of cardinal |4| and it follows from this that K
contains a copy of every infinite abelian ¢’-group of cardinal not exceed-
ing a. Let H be a cyclic group of order ¢ and for each infinite cardinal
B < o let L, denote the base group of H 2, K. Finally let L = Dry <, L
be the direct product of the groups L, (f infinite) and let G = LK be the
natural semidirect product of L by K. Then G is periodic and metabelian.

Let S be any infinite subgroup of K. We shall show that G has a Sylow
q’-subgroup isomorphic to S. Now |S| = f for some f < o, and since
My = L;K = H; K, Theorem B shows that there is a subgroup T of
M, which is isomorphic to S and has the property that any larger sub-
group of My meets L, non-trivially. Therefore T is a Sylow ¢’-subgroup
of My. Let U be a g'-subgroup of G containing 7, let L; = Dr,,; L, and
let U*=L;U. Then as G=L; M, we have U* = L;(U* n My) and
U* n My complements Ly in U*. Therefore U* n M is a ¢’-subgroup
of M, containing T, whence U* n M, = T. Hence LyU = L;T and
U= (L;'{ N U)T = T since L;‘ is a g-group. Therefore T is a Sylow
q’-subgroup of G.

It remains to consider the cardinal of G. Let y < a. Now evidently the
number of y-element subsets of K is at most o’, and since K can be
partitioned into y subsets each of cardinal « it follows that the number of
such subsets is precisely o’. Therefore the number of maps of K into H
with support of cardinal y is «’2” = a”. Hence |Ly| = ), <, a” and so,
since L is generated by the sets L, for all f < a, we have |[L| <
Ypca(Xy<pa?’) < ad =9, since § = « and in the double sum there oc-
cur at most o summands each of which is at most ad = d. Since |L,| =
of for all y < « it follows that in fact |L| = 8, whence |G| = da = 6.

By similar arguments we can establish the following result which is
somewhat more general than Theorem 3 of Wehrfritz [7], although the
ideas behind the proof are essentially the same.
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THEOREM F. Let q be a given prime and for each prime p # q let
n, 2 0 be an integer. Then there exists a countable periodic metabelian
group satisfying Min-p for all p # q and containing, for any p # q, a
Sylow p-subgroup isomorphic to any given countably infinite abelian
p-group of rank not exceeding n,.

Proor. We may assume without loss of generality that n, > 0 for some
p # q. Let K be the direct product of a collection of groups consisting
of n, copies of C,~ for each p # g, let H be cyclic of order g, and let
W = HUK. Then it is immediate from any of Theorems A—C that W
has the properties required by Theorem E.

THEOREM G. Let {P,:Ae A} be a given set of infinite locally finite
p-groups. Then there exists a locally finite and locally soluble group G
containing a copy of each P, as a Sylow p-subgroup.

It will be seen from the proof that G may often be chosen to inherit
special properties from the P, ; for example if the P, are all soluble and
of bounded derived length then G may be chosen soluble, and so on.
The case |A] = 2 of the Theorem G has been known for some time and
is due to Heineken [3]. His construction is rather different from ours in
that it starts from the free product of the two groups in question. It has
since been substantially generalized by Heineken [2].

Proor oF THEOREM G. Let K be the direct product of the P, and
suppose that |K| = a. Let H be a cyclic group of order ¢ # p and, for
each infinite f < «, let L; be the base groupof H 1y K. Let L = Dry., L,
and let G be the semidirect product LK, which is clearly both locally
finite and locally soluble.

Let A€ A. Then |P,;| = p for some infinite f§ < a. Now M, = L;K =
H; K and Theorem B shows, since P, <1 K, that Mj has a Sylow
p-subgroup T = P,. It then follows as in the proof of Theorem E that
T is a Sylow p-subgroup of G.

Theorem G allows us, for example, to obtain a locally soluble group
containing every countably infinite locally finite p-group as a Sylow
p-subgroup; however the group so obtained has cardinal 2. We can
improve on this by using Theorem C, but since it does not seem to be
known whether there exists a countable locally finite and locally soluble
group in which every countable locally finite p-group can be embedded,
we have to sacrifice local solubility.

THEOREM H. There exists a countable locally finite group which contains,
for each prime p, a copy of every countably infinite locally finite p-group
as a Sylow p-subgroup.
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Proor. It was shown by P. Hall [1] that there exists a countable
locally finite group U which contains every countable locally finite group
as a subgroup. Let p;, p,, * - - be the primes in natural order, let H, be a
cyclic group of order 9 and let H; be a cyclic group of order p; for i > 2.
We now define G; = U and inductively G,,; = H,,,0G; for i = 1.
Let G = ({2, G;, G; being embedded in G;,, in the obvious way.
Then for i >0 we have G = N;;{G;y1,N;w; 0 Gy =1, where
N, , is the product of the base groups of G, ,, G;+3, " - -. Let P be any
countably infinite locally finite p;-group. Then P is isomorphic to a
subgroup of G; and Theorem C shows that there is a subgroup P* ~ P
of G;,, which is such that any larger locally nilpotent subgroup of
G;+, meets the base group of G;;, non-trivially. Hence P* is a Sylow
pi-subgroup of G;.. Since N;,, is a p;-group it follows easily that
P* is a Sylow p,-subgroup of G, as claimed.

3. Preliminary results

In the notation already established, let X be a set of baseless subgroups
of W,. We shall say that X is W,-contained in K, and write X <y _K, if
every member of X is conjugate in W, to a subgroup of K. Let B denote
the set of all baseless a-bounded subgroups of W, and let B, be the set
of all members of B of cardinal < f, where f is some infinite cardinal.
We shall be interested in investigating the B, with respect to the property
of being W, -contained in K, and the following elementary remark will
often be used without mention.

LeEMMA 3.1. Let G = AB, A <1 G, A n B = 1 be the semidirect product
of two groups A and B.

(i) Suppose C* < G satisfies C* N A =1, and let C = AC* n B.
Then C* is conjugate in G to a subgroup of B if and only if C** = C for
some ae A.

(i) Let X < Banda,a' € A.Then X* < B” ifand only if a'a™ ! € C4(X).

PrOOF. (i) Suppose C*! < B for some g € G. Then writing g = ab
(ae 4, be B), we obviously have C** < Bn AC* = C. Since also
C £ AC*, we obtain C = (4n C) C* = C**, as required. The
converse is clear.

(ii) Suppose that X* < B*, and let ¢ = a’a~ . Then X < B and so,
for x € X, we have x = b° = [c, b~']b for some b € B. Since the product
AB is semidirect it follows that x = b and [c, 5~ '] = 1; therefore
[e, x™'] = 1 for all x € X and we have ¢ € C,(X). The converse is again
clear.
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LemMmA 3.2. (i) If @ > |K| then B <y, K.
(ii) Suppose that a < |K| and let B be the least cardinal such that o
is the sum of B cardinals each < o. Then By <y _K.

COROLLARY 3.3. If « is regular then B, <y K.

PrOOF OF LEMMA 3.2. (i) As previously explained, this is essentially
well known (cf. [5] Theorem 10.1) since the condition a > |K| simply
states that we are considering the complete wreath product H 2 K.
However it will be useful to give a proof. _

Let S be a subgroup of W = H{ K such that H S = 1. Then

HS = HT

where T = HS N K, and each element of S is uniquely of the form
h.t with t e T. We have, if t,,t, €T,

-1
he tyh,t, = h, B tity,
whence
By, = hy hST

(317}

or, evaluating at k € K and rearranging,

(1) htltz(k)—lhtl(k)htz(ktl) =1

Let ue H. Then (h,t)* = u=' hu'"'t. We wish to choose u so that
this element lies in K for all ¢ e T; this is equivalent to the condition
u thu' =1forallteT,or

2) u(k)™ "h(k)u(kt) = 1
forallkeK, teT.

Let {s,} be a right transversal to 7 in K. Thus K = (J; s, T and
5;Tns,T = 0if A # p. Define ueH by

u(s;t) = h-i(s;t) (teT).

Then, if ¢,, ¢, € T and we substitute k = s,t,, ¢ = ¢, in (2), we obtain

u(syt,) " he (sat)u(satyty) = hey-i(k)hy, (K)hye, - (k2 ),
which is 1 as can be seen by replacing 7, by (¢,7,)" ' in (1).

(ii) This follows by the argument of (i). For let S be a subgroup of
cardinal < f of W,. Then we can view W, in a natural way as a subgroup
of W, and so we have S* < K, where u is the element of H constructed
in (i). It will clearly suffice to show that u € H,. Now u clearly takes the
value 1 at all points outside the union of the supports of the A, (t € T).
Since A, € H, each such support has cardinal < «, and since |T| < B it
follows that the support of u has cardinal < o. Thus u € H,, as required.
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The corollary is immediate since if « is regular then f§ = « in Lemma
3.2. Notice that the regularity of « is essential in Corollary 3.3. For let «
be any irregular cardinal and write & = Y ,.47;, Where 4 is a set of
cardinal f < a and y, < a for all 1 eA. Let K be any group of cardinal
o which contains a free abelian subgroup L of rank 8. Then |[K:L| = «
and so the set of right cosets kL of L in K may be partitioned as the
union U 2e4 C, of pairwise disjoint sets C, such that C, consists of y,
cosets. Let W, = H!,K, where H is some non-trivial group. Further
let {x,:AeA} beabasis of L, let 1 # te H, and let y, = h;x,, where
h, is the element of H, taking the value ¢ at each point which belongs to
some coset in C;, and 1 elsewhere. Then the support of 4, has cardinal
By, = max{B, y,} < « and so A, does in fact belong to H,.

Now the following is well known and easy to verify:

LEMMA 3.4. Let W = H K, where H and K are any groups, let S < K

and let f e H. Then f centralizes S if and only if f is constant on each right
coset of S in K.

Thus the elements 4, all centralize L and so the y, generate an abelian
group M. Any non-trivial element y € M has the form y = y3! - - -y«
where k > 0, the A; are distinct elements of A4, and the n; are non-zero
integers. Since y = x}! - - - x3* mod H, no such element lies in H,, and
so H,n M = 1and M€ B,.

On the other hand let # € H,. Then supp 4 has cardinal § < « and so
we have § = [supp A| < 7y, for some 1 € A. Then

yi= (hs x}.)h = hf{[h, le]xp
Now the support of [, x; '] has cardinal at most & while that of A% has
cardinal 2y, > 4§, and so [, x; '] takes the value 1 at some point of
the support of 4%. At such a point the value of A:[h,, x; '] is different
from 1. Hence % ¢ K and it follows that M" £ K. Therefore M is not

conjugate to a subgroup of K.
The following result provides a partial converse to Lemma 3.2 (i).

LemMma 3.5. Suppose that B <y, K. Then |S| < o for every a-bounded
subgroup S of K.

The proof requires a technical lemma which will find further application
later.

LEMMA 3.6. Let « be an infinite cardinal, let S be an a-bounded group of
cardinal o containing a subset U also of cardinal o, and let n > 0 be an
integer. Then there exists a tower {S, : ¢ < a} of subgroups of S such that
Us<eSo =S, IS,| < aif 6 < a, and |(UN S,4,)S, : S,| = n for all
g < a.
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Here we are thinking of « as an ordinal which is not equivalent to any
of its predecessors. By the statement that {S,:0 < a} is a tower we
mean that Sy = 1, S, £ S,4, for 6+1 <, and S, = |J,<, S, for
limit ordinals p < o. The notation |(U N S,+,)S,:S,| denotes the
number of right cosets ¢S, of S, contained in the set (U n S, 4)S,.

ProOF OF LEMMA 3.6. In the case « = 8, S is a countably infinite
locally finite group and we require simply a tower 1 = S, < §; < -
of finite subgroups of S such that S = ()2, S; and

(U S;41)S;: 81 =n

for all i. The construction of such a tower is completely straightforward.

In the case a > R, the restriction of a-boundedness is of course
vacuous. In this case, let {s,:7 < a} and {u, : v < a} be the elements
of S and U respectively. It will clearly suffice to construct, for ¢ < a,
subgroups S, of S satisfying

(i) t<o=>s,u€S,,
(i) |S,| < max (R,, |o]),
(i) (U N S,+1)S,: S, = n.

For (i) gives S = | ), <. S, and (ii) gives |S,| < aif 6 < o, since a > R,
and « is not equivalent to any of its predecessors.

Let S, = 1 and suppose that, for some 0 < p < a, we have the
subgroups S, for ¢ < p. If p is a limit ordinal we put S, = (), <, S,.
Then (i) holds, and since |S,| < max(R,,|p|) for ¢ <p we have
IS,| < max(Rolpl, |p|*) = max(R,, |p|). If p has the form o+1 then
IS, < o by (ii) and so |US, : S,| = a. Therefore there exists a least
ordinal 4 such that |{u,: 7 < 4}S, : S,| = n. Now 1 > ¢ by (i) and the
fact that n > 0, and so if we put S,.; = {S,, s, ¥, : T < 1), then (i)
holds with ¢ replaced by o+ 1. Further, A necessarily has the form u+1
and we have {u, : T < u} < {u, : T < u}S,, which is the union of at most
n—1 right cosets of S, and so has cardinal at most max(X,,| o|). There-
fore |u| < max(R,, |o]) and so

1Al = lu+ 1] = |u| = max(Ro, lo]) = max(xo, |p|),

recalling that p = ¢+ 1. It follows that |S,| < max(R,, |p|), and so (ii)
holds. Since (iii) holds by the choice of A, the proof is complete.

Proor oF LEMMa 3.5. Suppose that K contains an a-bounded subgroup
of cardinal exceeding «. Then K contains an a-bounded subgroup S
of cardinal « precisely. Taking U = Sandn = 3 in Lemma 3.5, we obtain
a tower {S, :y < «} of subgroups of S satisfying
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() 1,41 1S, 2 3ify <«
and
4) IS,] < aify < a.

For each y < a choose a right coset D, # S, of S, in S,, . Then for
each B < « the set J,<; D, is a subset of S; and so has cardinal < «
by (4). Let ¢ # 1 be a selected element of H and let y; be the element of
H, which takes the value ¢ at each point of (), <, D, and 1 elsewhere.
Since Dy, N Dy, =0 if B; # B, it is clear that if f <7 then yyy,,'1 takes
the value ¢ on |J,<,<, D, and 1 elsewhere. Thus y,y; ! is constant on
each right coset of S; and so by Lemma 3.4 we have

%) v, V5 e Cr(Sp)ifp <y <o

Let Sy = S}* (B<a). Then if f<y<a we have from (5) that
Sy =58 <8/, and so |Jz<, S5 is a subgroup S* of W,. Clearly
§* n H, = 1 so that S* € B.

To complete the proof it remains to show that $* £ K* for all
ye H,. Suppose then that $* £ K*. Then for y < « we have

Syt < K

whence by Lemma 3.1 we have y y;,'; € Cg. (S,+,)- Hence we have
Y = Cy4+1 Vy+1, Where ¢, is constant on each right coset of S,,; in K.
In particular ¢, takes the same value at each point of S,.,. Unless
that value is ! it follows that the support of y contains D,. If it is "
then supp y contains S,.; —(S, U D,). Therefore, by (3), we obtain in
either case a coset E, # S, of S, in §,,,, which is contained in supp y.
Therefore supp y contains | J,<, E,. Since this set can evidently be
mapped onto S its cardinal must be «, which contradicts the assumption
that y € H, and completes the proof.

Notice that if « = |K| and K is a-bounded then we can choose S to be
K itself, thereby showing that the complements to H, in W, are not
conjugate in that case.

4. Proofs of Theorems A and B

The following elementary result will frequently be required.

LEMMA 4.1. Let ¢, d, y be functions from a group K to another group H
and let f = cdy. Let U be a proper subgroup of K and x € K— U. Suppose
that c is constant on each right coset of {x) in K and d is constant on each
right coset of U in K. Suppose further that u and v are elements of U such
that y(u) # y(v) and ux, vx lie in a single right coset C of U which satisfies
C nsuppy = 0. Then f(t) # 1 for some t € {u, v, ux, vx}.
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Proor. We have c(u) = c(ux) = 4, c(v) = c(vx) = p say; also
d(u) = d(v) = 0, d(ux) = d(vx) = p since by assumption ux, vx lie
in a common right coset of U. Further y(u) = o, y(v) = B, y(ux) =
y(vx) = 1. Therefore f takes the values Aga, uof, Ap, pp at u, v, ux, vx
respectively. The assumption that all these values are equal evidently gives
A = p and hence a = f5, contrary to our hypotheses.

We shall deduce Theorem B and the first half of Theorem A from our
next lemma, which generalizes both.

LemMmA 4.2. Let W, = H?, K and suppose that a < |K|. Let U< S
be a-bounded subgroups of cardinal o of K and let T be the set of all sub-
groups T of K containing S and satisfying the condition

(*)if S < L £ T and L is a-bounded, then U* < S for some x € L—S.
Then there is a baseless subgroup S* of W, satisfying
(i) H,S = H,S*.
(ii) For all Te T, S* is maximal among the baseless o-bounded sub-
groups of W, contained in H,T.

Now the hypotheses of Theorem B imply that K € T; thus Theorem B
is an immediate consequence of Lemma 4.2. To deduce the first half of
Theorem A we take S to be any a-bounded N-subgroup of cardinal o
of Kand U = S. If S* is as in Lemma 4.2 and T* is a baseless a-bounded
N-subgroup of W, containingit, then H,T* = H,T,where T = H,T* n K
is an N-subgroup of K. Clearly T € T, whence Lemma 4.2 gives S$* = T%,
as required.

PrROOF OF LEMMA 4.2. As in the proof of Lemma 3.5 we find it useful
to think of « as an ordinal which is equivalent to none of its predecessors.
Then by Lemma 3.6 with n = 3, there exists a tower {S,:0 < a} of
subgroups of S such that

(i) Ua<a Sa' =S,

(i) 1S, < aifo < o

(iii) if ¢ < « then there exist elements u,, u, € U N S, such that
the three cosets S,, u,S,, u,S, are all distinct.

Now let D, = u,S, for ¢ < o and let 1 # b e H. The sets D, are
pairwise disjoint, and there exists for each ¢ < o a uniquely defined
element y, in H, which takes the value b at each point of | J,<, D, and
1 elsewhere. Notice that |U 1<e D3] £ 15,1 < a by (ii). Clearly if t < o
then y,y. ! is constant on each right coset of S, and so belongs to
C7,(S,). Let S¥ = S (0 < a). Then S} < S if 1< and so S* =
(Us<aSy is a subgroup of W, which clearly satisfies
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1) H,S* = H,S, H nS* = 1.

Thus S* € B.

Suppose now that T e T and suppose that $* < L* < H,T for some
baseless a-bounded subgroup L*. Then H,L* = H, L for some subgroup
L of T containing S. We wish to show that L* = S*, or equivalently,
that L = S. Suppose then that this is not the case. Then by condition (*)
of the lemma and the fact that L =~ L*, we have

() U~ < S for some x € L—S.

For each ¢ < a let T, = {S,, x>. Now for ue L let u* denote the
unique element of L* congruent to u modulo H,. Then u — u* is an
isomorphism of L onto L* which maps S, onto S (¢ < «) and so we
have

3) TF = (Si, x*Yy £ L* (o < a).

We now show that T is conjugate under H, to T, for ¢ < a. If
o = R, then S, is finite by (ii) and so T,, being X,-bounded, is finite.
Hence T is finite and so T.* is conjugate to T, under H, by Corollary 3.3
and the fact that X, is regular. Therefore we may assume that a > X,
in which case Corollary 3.3 is inadequate since « may be irregular.

Let teT,. Then t*e T is uniquely expressible in the form A,¢ with
he H,. Let 4 = [supp y,|, ¢ = |supp A,| and B = max(4, g, Xy). Then
B is infinite and < o. By (3) we have, if te T,

*ep *e,

* o
ht =1t =s}x .- shexTen

where s;€S,, ¢; = 1 and n = 0. We show by induction on » that
|supp 4] < B. To do this it suffices to show that if |supp 4] < f and
het' has either of the forms ks’ (s€S,) or htx* (s= £1) then
[supp 4| < B. In the first case we have

—t-1 g 1;-1

ht't’ = htya ya' ts.
Then
hy = htya—t-lyz_lt_l;

the support of this is contained in the union of three sets each of cardinal
at most B, and so |supp .| < B in this case. In the second case, /4, is

either
h,H " or bR

and similar considerations apply.

We now have that if S(f) = supp 4, then |S(¢)| £ p for each teT,.
LetX = (J,er, S(t) U T,. Then |X| £ B|T,|+|T,| = max(B, |T,|) < «.
Hence, if Y = (X)), then |Y| < a. Therefore H, contains every function
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from K to H with support contained in Y; the group generated by these
functions and Y is evidently isomorphic to H Y and contains T.¥.
Lemma 3.2(i) now shows that T¥ is conjugate in this group to a sub-
group of Y. Hence T is conjugate to 7, under H, and we have

4) T) = T;°(z,e H,, 0 < ).

Now T2 < T7*if 6 < 7 and so

®) z.z; ' € Cg(T,) (o < 1),

by Lemma 3.1. Also S? < T? and so the same lemma gives
(6) z.y; ' € Cg(S) (v < a).

Since xe T, for all ¢ = 1 we have from (5) that z,z; ' € Cg,(x) for
1 < ¢ < 7, and consequently, using (6), we can write

(7) Z = crd‘tyr’

for any 1 £ © < a, where ¢, € Cg,(x) and d, € Cg, (S,). We shall deduce
from this that, for each ¢ < «a, the support of z; contains at least one
point from the set B, = {u,, u,, u,x, u,x}. Since S n Sx = @ it is easy
to see that these sets are pairwise disjoint, from which it follows that the
support of z; has cardinal at least «, contradicting the fact that z, € H,.

Consider than an ordinal ¢ < a. Now by assumption we have U* < S
and so we can write

®) Uy X = XU, , UL X = XU,

for suitable v,, v, € S. Choose T < a such that {S,,, v,,v,> < S, and
express z, in the form (7). Then using Lemma 3.4, we have that c, is
constant on each right coset of {(x) in K and d, is constant on each right
coset of S,. From the definition of y, we have that y,(u,) = b # 1 =
v.(u,). Also (8) gives that u,x and u,x lie in xS,; since supp y, < S, this
coset does not meet the support of y,. Therefore Lemma 4.1 gives that
zy(w) # 1 for some we B, = {u,, ul,, u,x, u,x}, concluding the proof
of Lemma 4.2.

CONCLUSION OF THE PROOF OF THEOREM A. We now have to consider
the baseless a-bounded N-subgroups of W, = H, K, where o < |K|
and « is regular.

Let S* be such a subgroup. Then as usual we have H,S* = H,S, where
S = H,S* n K. Let U be the set of all subgroups of cardinal < a of S.
Then since S is a-bounded, it is the union of the members of U, and any
two members of U generate a third. By Corollary 3.3 there exists for each
UeU an element yy € H, such that U*Y £ S*. Choosing such a yy for
each Ue U, we have
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©) s* = ) U,
UeU
and from Lemma 3.1

(10) yoyrteCg(V)ifvV < U.

Since the elements y,; may be varied at will by premultiplying by elements
of Cg,(U), that is by elements of H, constant on right cosets kU of U in
K, we may further assume that

(11) yu(c) = 1forallce C

if C is a right coset of U on which yy is constant.

Let R be a right transversal to S in K; thus K = (J,.x S and
rSnr'S=0ifr#r'.

We distinguish two cases.

CASE 1. There is a subgroup Fe U such that, for every F < Le U,
there exists an element z;, € H, with y z ' € Cg (L) and supp z;, < | J,rF.

In this case we may suppose that supp y; < | J,.g #F whenever F< L
€ U. We may also assume that F < S, since otherwise S* is conjugate to
a subgroup of K by (9) and so we may choose E so that F < Ee U.
Let E < LeU. Then by (10) we have y, = cyg, where ¢ is constant on
each right coset of E in K. Let r € R. Then both y; and yg take the value
1 at each point of rE—rF; therefore c takes the value 1 at each such point,
and hence ¢ takes the value 1 at each point of rE. Therefore the functions
y. and yg coincide on rE, and since each of them has support lying
in (J);er 'F £ Jrcr rE, we obtain yg =y foral E< LeU.

Now if Ue U and L = (U, E), then a-boundedness gives L € U. Then
using (10) we have

U’v = U!‘L)’{rl.vv = Ut = U’F < K°=
Hence by (9) we have S* < K’ in this case.

CASE 2. No subgroup F € U satisfies the hypothesis of Case 1.

In this case, thinking of « as an ordinal which is not equivalent to any
of its predecessors, we construct a strictly ascending tower {7, : ¢ < a}
of subgroups of S satisfying

(i) T,eU (6 < a),
(ii) supp ¥, < Urer "Tos1 (0 < @),
where y, = y;_, and
(iii) if 0 < @, ze Hyand y,41 2~ ' € Cg, (Tp41),
then supp z £ | J,cx 7.

We begin by putting T, = 1. Let 0 < 7 < « and suppose we have the
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subgroups T, for ¢ < 7. If 7 is a limit ordinal we put T, = (), <.7,.
Then |T,] < a since |7] < o and « is regular. If 7 has the form 641 then, by
a-boundedness, we can choose a subgroup T, e U such that T, < T, and
supp ¥, < UrerT,. By the hypotheses of Case 2, T, will not serve as F
in the hypothesis of Case 1, and so T, is properly contained in a subgroup
T, ., € U satisfying (iii). Also (ii) holds by construction, and so the tower
can be obtained.

Let T = J, <o T,. Then we have |T| = a. In fact |T| = « since the
tower {T,} is strictly ascending; on the other hand, it follows from (i)
that |T| < a? = o

We shall now show that 7' = S, thus showing that |S| = « and com-
pleting the proof of Theorem A. Suppose if possible that T < S. Then
since S satisfies the normalizer condition there is an element x € Ng(T' ) —T.
Foreach ¢ < o let U, = <T,, x) and z, = yy_. Then from (10) we have

(12) vz e Cr(T) (o < )
and
(13) z.z; ' e C5(U,) (6 £ 1 < ).

Hence a fortiori z,z7 ' € Cg,(x) if 1 £ 7 < a, and so from (12), we can
write

(14) Zy = ctd‘ty‘t’

where ¢, € Cg (x),d, € Cg(T,), forany 1 £ 7 < a.

Let 0 < a be an ordinal of the form u+ m, where u is a limit ordinal
or zero and m is an odd positive integer. Ordinals of this form will be
called ‘odd’, and the number of odd ordinals < « is clearly «. We claim
that there exist elements u,, u, € T,.,—T,_; and an element r, belong-
ing to the transversal R such that

(15) u;'uleT,,
(16) Volrotis) # Yo(ratis).

Indeed, in the contrary case, y, takes a constant value on each right
coset of T, lying in rT, .., with the possible exception of rT, itself, and on
rT,, y, is constant outside r7T,_,. This holds for all » € R. Therefore by
(ii) there is an element e, € H, which is constant on right cosets of T},
and is such that suppe; 'y, < (Urer rT,—1. However this contradicts
(iii) above, and so the desired elements u,, u,,, r, indeed exist.

Now if 7 = ¢ then we have from (10) that y, = f, y,, where f, belongs
to the centralizer in H, of T, and so is constant on right cosets of T, ;
hence from (15) and (16) we obtain

@17) Vrou,) # y(rsu)ift 2 o.
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For each odd ordinal ¢ < a let B, = {u, u,,, u,x, u,x} and let
B: = UreR rB,.

Since x¢ T and u,, u,eT,,.,—T,_,, the sets B, are pairwise disjoint;
hence so are the sets BY. We shall show that the support of z, contains at
least one point from each B, thereby establishing that |supp z,| = « and
obtaining a contradiction.

Now x normalizes T and so we have
(18) Uy X = XU,, Uy X = XU,

with v,, v, € T. We choose 7 < a such that T, = <T,,,, v,, v,) express
z, in the form (14) and evaluate the result on the set r,B, = {r,u,,
Folly, Follg X, Fotly X} NOW ¢ (ryu,) = c(ryt,X), c.(r,u,) = c,(r,u, x), and by
(18), d(r,u,) = d(r,u,) and d,(r,u,x) = d(r,u,x). From (17), y.(r,u,)
# y.(rsu,) and from (ii), since x e Ng(T)—T, we have y(r,u,x) =
v.(r,u,x) = 1. Putting these facts together as in Lemma 4.1 we easily
find that the support of z, meets r, B, non-trivially, as required to com-
plete the proof.

5. Proof of Theorem C

The arguments here are similar in spirit to those of Theorems A and B,
but differ somewhat in the technical details. The following lemma plays
the part previously occupied by Lemma 4.1.

LeMMA 5.1. Let G = (U, x) be a finite nilpotent group generated by a
n-subgroup U < G and an element x. Suppose that X is a proper normal
subgroup of G containing x. Let A be an abelian group and let ¢, d, y be
Sunctions from G to A satisfying the following conditions:

(i) c is constant on each right coset of {x) in G,
(ii) d is constant on each right coset of U in G,
(iii) supp y < U but y is not constant on the set U—(U N X).
(iv) y(U) is contained in a subgroup B of A which has no non-trivial
n-elements.

Let f = cdy. Then f(w) # 1 for some w ¢ X.

Proor. The proof is by induction on |G|. In making the inductive step
there are two cases to consider, and the first of them also starts the
induction.

Casel. U< G. Letu, v be points in U — (U n X ) such that y(u) # y(v).
Then u, v, ux, vx are points not lying in X and satisfying the hypotheses
of Lemma 4.1. Therefore f(w) # 1, where w is one of these points.
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CASE 2. U is not normal in G. Now x # 1 as U < G; hence X # 1 and
so X contains a non-trivial element z of prime order p belonging to the
centre of G. Let ¢ — # be the natural homomorphism of G onto G = G/{z).
Then U < G since otherwise G = U{z) and U< G; also U is a n-group.
Evidently X is a proper normal subgroup of G containing X.

Let ¢ € A%, the multiplicative group of all functions from G to 4
under pointwise multiplication, and let @ be the element of AG defined by
() = [lueci () (t € G). The map ¢ — @ is a homomorphism of A¢
into A satisfying

€)) ot = ot (pe A% 1eG),

where ¢t is the element of A% defined by ¢¢(u) = @(ut ') (ue G) and G
acts on 4G in a similar way. If L < G then the centralizer of L in AS
consists precisely of the functions constant on the right cosets of L in G;
furthermore (1) shows that C,o(L) < C,z(L).

We therefore have that ¢ and d are constant on the right cosets of (X}
and U respectively in G; this can in any case be verified directly without
difficulty. Evidently (U ) < B and so in order to apply induction to G
it remains to verify (ii) for G. We now subdivide Case 2 further.

Case 2a. z¢ U. Clearly j() = 1 unless in U # @, that is unless
i < U{z). Thus supp j < U. Let u, v be points in U— (U n X)) such that
y(u) # y(v). Then i, 7 ¢ X since ze X, and y() = y(u), y(?) = y(v),
since u and v are now the unique points of U in #, o respectively. Therefore
y(#) # y(v). It now follows by induction, since f =¢d y, that there
exists an element 7 ¢ X such that f(7) # 1. Therefore f(w) # 1 for some
weft, and clearly w ¢ X.

CAse 2b. ze U~ X. Suppose first that there is a coset # of {z) in
U— (U n X) on which y is not constant, and let u, v be points of @ such
that y(u) # y(v). Now v = uz* for some integer A and so vx = uz*x =
uxz* € uxU. Thus ux and vx lie in the right coset uxU of U, which does
not meet supp y < U. Therefore by Lemma 4.1 we have f(w) # 1, where
w is one of the points u, v, ux, vx; since none of these points lies in X the
result follows in this case.

Therefore we may suppose that y is constant on each coset of {z) lying
in U—(U n X). Now as in case 2a we find that supp j < U. Further-
more let u, v be points of U— (U n X) such that y(u) = o # f = y(v).
Then y(&t) = o?, j(¥) = B? and of # PP since p € = and B has no non-
trivial n-elements. Evidently i, 5 ¢ X and so induction yields an element
¢ X such that f(f) # 1. Hence f(w) # 1 for some w € #, and certainly
w ¢ X. This establishes Lemma 5.1.
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Proor or THEOREM C. We have a countably infinite periodic locally
nilpotent n-subgroup S of K and have to construct a maximal member S*
of the set of baseless periodic locally nilpotent subgroups of W = H2 K
satisfying HS = HS*, under the assumption that A is abelian and
satisfies certain other conditions to be found in the statement of the
theorem.

CASE 1. The Sylow 2-subgroup of S is finite and H is not a w-group.
Let S, be the Sylow 2-subgroup of S. Then by constructing an arbitrary
tower of finite subgroups from S§; to S and refining it suitably we can
write S = ()2, S;, where

(2) 1=So<S1<"'

are finite subgroups of S such that S; is maximal and of index at least
three in S;, for i = 1. For each i = 0 let D; # S; be a right coset of
S;in S;;+;. Let {¢> be a non-trivial cyclic subgroup of H containing no
non-trivial n-element and let y; be the element of H which takes the value
t at each point of ( J; . ; D; and 1 elsewhere. Then y;, y; ' € C5(S;) and
so if we define S;* = S (i 2 0) then S* = (2, S;* is a subgroup of W
satisfying HS = HS*, H n S* = 1.
Notice that

) suppy; = S; (i 20),
and
(4)  y; is not constant outside any proper subgroup of S; (i = 2).

Indeed if u is either 1 or ¢, then since |S; : S;_;| = 3 the set of points
s € S; at which y,(s) # u contains a right coset of S;_; other than S;._,
itself and so generates a subgroup of S; properly containing S;_;.
Since S;_; is maximal in S; this subgroup must be S; itself, and so y;
cannot take the value u at all points of the complement of a proper
subgroup of S;.

CASE 2. The Sylow 2-subgroup of S is infinite but H contains a subgroup
B of order at least 4 containing no non-trivial n-elements. In this case we
proceed rather differently to obtain conditions (3) and (4). We construct
a tower (2) of finite subgroups of S such that, for i = 1, either
[S;:8;_;]| =4 or S;_, is maximal and of index at least three in S;. This
is obviously possible. Let 1,¢,,7,, 3 be distinct elements of B. If
[Si+1:S;] =4 let w; be the element of H which takes the values
1, ¢4, t,, t; on the respective right cosets of S; in S;.,, and 1 elsewhere.
Otherwise let w; be the element of H taking the value 7, on some right
coset D; # S;of S;in S;,; and 1 elsewhere. Thenif y, = [[;<; w; (i 2 1),
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we have y;, y; ' € C5(S;) and so, defining S;* = S}* and S* = |2, S/,
we obtain HS* = HS, H n S* = 1 as before. It is not difficult to see
that (3) and(4) hold.

Suppose now that there exists a periodic locally nilpotent subgroup
T* > S* satisfying H n T* = 1. We may suppose that T* has the form
(S*, x*> where x*¢ S*. Let x be the unique element of K which is
congruent to x* modulo H and let T = (S, x), T; = {S;, x) (i = 2).
Then HT* = HT and HT;* = HT,; also T = )i, T; and T is locally
nilpotent. Since T} is finite we have from Corollary 3.3 that T;* = T}* for
some z; € H. Arguing as in the proofs of Theorems A and B, we obtain
z;y; ' € C5(S;) and z;z{ ' € Cg(x) for i = 1, whence we can write

) zy = ¢;d;y;
for any i = 1, where ¢; € Cg(x) and d; € Cg(S;).
Suppose now that we have n points u,, - * -, u, of T lying in the support

of z, . We shall show how to construct a further such point u,. ; , thereby
showing that the support of z, is infinite. This contradiction will show
that the assumption T* > S* is false and establish the theorem. Let
W = (S, x,uy," ", u,y, which is finite since K is locally finite. Let i
be the first integer = 2 such that W < T, and let X be the normal closure
of Win T;. Then X < T; as T; is nilpotent. Consequently since T; =
{S;, x> and x € X we have X n S; < S;. We now express z; in the form
(5), and verify the hypotheses of Lemma 5.1 with G =T;, U = §,,
A = H. These are all immediate except perhaps for conditions (iii) and
(iv) of the lemma; these follow from (3) and (4) above and the construc-
tion of y;. Lemma 5.1 therefore gives that z,(w) # 1 for some w ¢ X, as
required to complete the argument.

6. Non-periodic baseless subgroups of W

In this section we consider only the ordinary restricted wreath product
W = H! K, and show that under fairly general conditions the presence
of sufficiently many elements of infinite order in a baseless subgroup of
W will ensure that it is W-coniained in K.

The main result of this section, stated in the introduction, is Theorem
D. It falls into two parts, the first of which is an immediate consequence of

LemMMA 6.1 Let L* be a baseless subgroup of W and suppose that the
Hirsch-Plotkin radical of L* is neither periodic nor finite-by-cyclic. Then
L* £y K.

To obtain the first part of Theorem D, suppose that U is a baseless
radical subgroup of W with non-periodic Hirsch-Plotkin radical R, and



24 B. Hartley [22]

U £y K. Then by Lemma 6.1 we have that, if T is the torsion subgroup
of R, then T is finite and R/T is infinite cyclic. Let C; = Cy(T), C, =
Cy(R/T). Then U/C, is finite (i =1, 2) and so U/C; n C, is finite. But
C = C, nC, £ R. For otherwise C > C n R and so C/C n R contains
a non-trivial characteristic locally nilpotent subgroup X/C n R. Then
X< U and we have [X, CNR]ZCnTand [X,CnT]=1. From
this it follows easily that X is locally nilpotent and hence that X < R,
a contradiction. Therefore we have that U/R is finite, and so U is polycy-
clic and of Hirsch number one.

For the converse suppose that L is any polycyclic group with Hirsch
number one, let F be the largest finite normal subgroup of L, and let
S/F be the Hirsch-Plotkin radical of L/F. Then S/F contains no non-trivial
finite normal subgroup and so must be infinite cyclic. Since S/F contains
its centralizer in L/F it follows that |L : S| is either 1 or 2 and L is an
extension of F by a group which is either infinite cyclic or infinite dihedral.
Therefore the proof of Theorem D is completed by our next lemma.

LemMMA 6.2. Suppose that L < K is an extension of a finite group F by
a group which is either infinite cyclic or infinite dihedral. Then there is a
baseless subgroup L* of W such that HL = HL* but L* £, K.

ProoF. We deal first with the case when L/F is infinite dihedral. Then
L/F is generated by an element xF of infinite order and an element ¢F
such that ¥ = x~! modulo F.

Let y = tx~'. Then y ¢ F but y*> € F. Choose 1 # he H and let u be
the element of H taking the value # on F, A~ ! on yF = Fy, and 1 else-
where. Then ue Cz(F) by Lemma 3.4. Since right multiplication by y
interchanges the two cosets F and yF we have ' = u~!. Therefore
u* " =u"! and so (ux) = x 'xu'x* = x 'xu'x"! mod F. Hence,
modulo F, we have (ux)' = x~'u**"" = x~1u~!. Therefore, if x* = ux,
then x* normalizes F and x* = x*~! mod F.

Let L* = (F, x*, t)>. Then HL* contains x and it follows that HL* =
HL. An arbitrary element of L* — F is congruent modulo F to an element
of the form x*" ¢, where n is a non-zero integer and ¢ = 0 or 1. Such an
element, being congruent modulo H to x"#°, cannot lie in H. Therefore
HnL*< HnF =1 and L* is baseless.

Finally, if L* <y, K then we have L* = L" for some w € H. It follows
that ux = x* = x* = [w, x !]x, whence u = [w, x"']. But Fu Fy =
{F,y> and {x) n {F, y> = 1 since {F, y> is finite. Therefore no right
coset of {x) in K contains more than one point of supp u. Since u has
the form [w, x~1] it follows that ¥ = 1, which is a contradiction.

The case when L/F is infinite cyclic may be discussed similarly. Let
L/F = {xF). Let 1 # he H and let u be the element of H taking the
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value . on F and 1 elsewhere. Finally, if x* = ux, then L* = (F, x*)
satisfies our requirements.

It therefore remains only to establish Lemma 6.1, and we do this in
several stages. The first two steps give results which are probably well
known.

LEMMA 6.3. Let A be a normal subgroup of a group G complemented by
each of two subgroups B and B*, and let C = B n B*. Then C4,(C n C?) # 1
for each be B—C.

PrOOF. Let b € B and suppose that C,(C n C?) = 1. We have b = b*a
with b* € B*, ae A. Let ce C n CP. Then ¢* ' € C and so C contains
[e, 6711 = [e,a™b* '] = [e, b* ' [c,a '1""". Of these factors, the
first lies in B* while the second lies in A. Since their product lies in
C £ B*, we have [c,a”!] = 1. This holds for all ce C n C?, whence
a centralizes C n C? and so @ = 1. Therefore b = b* € C.

COROLLARY 6.4. Let L, L* be baseless subgroups of W such that L < K
and HL = HL*, and let M = L n L*. Then M n M is finite for each
le L— M. In particular M contains the normalizer in L of each of its
infinite subgroups.

ProoF. Since Cg(J) = 1 for every infinite subgroup J of K, Lemma
6.3 gives immediately that M n M' is finite for /e L— M. The rest
follows.

Examples in which two distinct complements to H in W have infinite
intersection seem to be fairly uncommon and we know of none in which
K is locally finite. But if K is freely generated by two elements x and y
and 1 # he H, then x and hy evidently generate a subgroup which
complements H and has infinite intersection with K.

LEMMA 6.5. Let L < K and let L* be a baseless subgroup of W such that
HL = HL*. Suppose that either

(i) L contains a central element x of infinite order such that L|{x) is
infinite, or

(ii) L contains an infinite locally finite normal subgroup M and an
element x of infinite order such that M is the union of the finite subgroups
of M normalized by x.

Then L and L* are conjugate under H.
ProoF. (i) For each t € L let t* = h,t (h,e H) be the unique element of

L* which is congruent to ¢ modulo H. Then ¢ — ¢* is an isomorphism.
Hence x*t* = t*x* for all ¢t € L, whence we obtain

M hoh' " = b
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for all te L. Let {k,} be a set of right coset representatives of L in X and
let {z,} be a set of coset representatives of {x) in L. Evaluating (1) at
the point k, x' and using the fact that x and ¢ commute, we obtain

hx(k}. xi)h,(k;, xi+ 1) = ht(kl xi)hx(k;_ txi)
or

(2) hx(k;, txi) = ht(k;~ xi)— lhx(k}. xi)h,(k;_ Xt 1).

Now 4,(k;x') = h.(k;x') = 1 when i is sufficiently large or small, and so,
for a fixed A and ¢, we may multiply the equations (2) in order of increasing
i to obtain

T hllated) = T hlkax).

1= —o 1=—

It follows that the value of the product

._H ho(k;t,x")
is independent of p. Now since |L : {x)| = co there must be a right
coset of {x) contained in k;L on which A, takes the value 1 identically.
We therefore must have
(3) ._1'[ h(k;t,x") =1
for all 1 and p.
We now define an element w e H by

@ w(ky1,x7) = ( n h(kst, ),

the product being taken in order of increasing j. The equations (3),
together with the fact that the support of %, only meets finitely many of
the cosets k;2,{x), ensure that the support of w is finite. A straightfor-
ward calculation shows that [w, x™'] = h,. Hence

x*=hx=[w,x x=x"

and so (x> < L n L**"". Since {x) is infinite and central in L, Corollary
6.4 now gives L = L**™" as required.

(i) Let F be the set of all finite subgroups of M normalized by x.
Then M = (Jp.r F, and since M is locally finite, any two members of
F generate a third. Let ¢ — t* be the usual isomorphism of L onto L*.
Then M* = {)p.f F*, and by Corollary 3.3 there exists, for each
FePF, an element Ay € H such that

F*r — F,
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Let x* = hx (h € H). Now x* normalizes F* (F e F) and so x*** normal-
izes F. Hence [F, x*"*] < F and so, if f€ F, then F contains

LS, (hx)'"] = [f, B Thp, x7'1x] = [f, X0S ke, x7 1T

It follows that
[fs th[hF’ x_l]] =1

and so
(6) R [hp, x" '] € Cy = Cg(F)

if FeF.
Let T be a right transversal to M{x) = N in K, so that K = | J,.r IN
and INNt'N = @ if t # t’. We now distinguish two cases:

Cast 1. There exists a subgroup FeF with the following property:
given F < EcF, there exists an element hye H such that hi hg' € Cg
and

supphp < Xp= |J | &x'F.
i=—oteT
In this case we may suppose without loss of generality that supp Az < Xr
for all F < Ee€F. Choose such an E and let E < D € F. Then by a now
familiar argument we can write A, = chy, where ¢ is constant on each
right coset of E in K. Now no right coset of E is contained in Xr and so
any such right coset contains a point at which both 4, and h; take the
value 1. Hence c¢ takes the value 1 at such a point, and therefore at
every point of the right coset in question. Therefore ¢ = 1 and h, = kg
forall E £ DeF. Then
M*= = | ) D*= = |)D*» = | JD = M.
Dkg-.}E DgE Dké)E

Therefore M < L n L**=. Since M < L, Corollary 6.4 now gives
L = L*"= as required.

CAaSE 2. Case 1 does not hold. Under this assumption we shall obtain
a contradiction, thereby showing that Case 2 does not in fact arise. To do
this we assume that we have a finite subset 4 of supp 4 and show that a
further point of supp 4 can always be found, thereby contradicting the
finiteness of supp 4.

Now the elements #x° form a right transversal to M in K and so we have
A £ Xy for some F e F. By hypothesis there is a subgroup Ee F with
F < E and such that &g is not congruent modulo Cg to any element with
support in Xr. Therefore there exists a right coset C of E in K such that
hg is not constant on the set C—(C n X¢). Now since x normalizes E
but no non-trivial power of x lies in E, the sets Cx' (i=0, +1,- - ) are
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distinct right cosets of £ in K. Only finitely many of them meet the support
of kg and so, by considering a suitable Cx' instead of C, we may suppose
that Ay is not constant on C—(C n Xg), but is constant on Cx~'—
(Cx™! N Xg). Since Xy is invariant under right multiplication by x, it
follows that there exist points ¢, ¢, € C—(C n Xj) such that hg(c,) #
hg(cy), but hg(cyx™') = hg(c,x™1). It follows that [hgp, x™'] takes

distinct values at ¢, x~! and ¢,x~'. From (6) we have

HE = cplhe, x“]"‘,

where c is constant on each right coset of E and in particular on Cx~!.

Therefore one of ¢;x~ ! and c,x™ ! lies in the support of #"= and hence
in the support of 4. Both of these points lie outside X and hence outside
A, and so the argument is complete.

Let X denote the class of all groups which have a central infinite cyclic
subgroup with infinite factor group. We define two X-subgroups X and
Y of a group G to be connected if there is a finite chain X = X, X,, - -,
X, = Y of X-subgroups of G such that X; n X, isinfinitefor 1 < i <
n—1. Connectedness is evidently an equivalence relation and so any X-
subgroup of G will have a connected component in the set of all X-sub-
groups of G. Now if M < K and M* are baseless subgroups of W such
that HM = HM* and if X and Y are X-subgroups of M such that
XEMn M* and X nY is infinite, then Corollary 6.4 shows that
Y < M~ M*. For Y contains a central element y of infinite order.
Since y normalizes the infinite subgroup X n Y of M n M*, we obtain
ye M n M*, and hence, since {y) is infinite and central in Y, we obtain
Y £ M n M*. It follows that M n M* contains the connected compo-
nent of X in M. A little more argument yields

LeMMA 6.6. Let L < K and suppose that L contains a non-trivial normal
subgroup M which is generated by a connected set of X-subgroups. Let
L* be a baseless subgroup of W such that HL* = HL. Then L** = L for
some he H.

PROOF. Let X be an X-subgroup belonging to the connected set gener-
ating M. Then, in the usual notation, we have HX = HX*, and Lemma
6.5(i) gives that X*" = X for some h e H. Therefore M n M** = X.
The remarks above give M = M*" < L*" and finally, as M < L,
Corollary 6.4 gives L = L*".

The relevance of these concepts to the proof of Lemma 6.1 is that most
non-periodic locally nilpotent groups can be generated by a connected
set of X-subgroups.

LeEMMA 6.7. Let G be a locally nilpotent group with torsion subgroup T.
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Then G is generated by a connected set of X-subgroups unless either G is
finite-by-cyclic or T is infinite and G|T is locally cyclic.

ProoF. Suppose first that G/T is not locally cyclic. Let S be the set of all
finitely generated subgroups S of G such that S/S n T is not cyclic. Then
clearly G = (Jses S Now a finitely-generated nilpotent group with
finite centre is necessarily finite and so, if S € S, then S contains a central
element xg of infinite order. Since S/S N T is not cyclic, S/{xs> cannot
be finite, and so S € X. Since {S;, S,> e Sif S,, S, €8, it follows that S
is a connected set of X-subgroups generating G.

Now suppose that G/T is locally cyclic. We may suppose that T is
finite and 7 < G. Let x be an element of infinite order in G and t e T.
Then x* centralizes T for some k > 0 and so, if ye G, we have 1 =
[y, x*F = [y, x*] by the usual commutator identities. Therefore z = x**
is in the centre of G. If G/{z) is finite then we find that G/T is cyclic.
Therefore G € X unless G is finite-by-cyclic.

ProoF OF LEMMA 6.1. We have HL = HL*, where L = HL* n K.
Let R be the Hirsch-Plotkin radical of L, and let T be the torsion sub-
group of R. Then by hypothesis 7'< R and R is not finite-by-cyclic.
Therefore, by Lemma 6.7, either R is generated by a connected set of
X-subgroups or T is infinite and R/T is locally cyclic. In the first case the
result follows from Lemma 6.6. In the second case let x be an element of
infinite order in R. Then since R is the union of its finitely-generated
subgroups containing x, and each of these has finite intersection with T,
we see that the hypotheses of Lemma 6.5 (ii) hold with M = T. Therefore
the result follows in this case from Lemma 6.5 (ii).

Added in proof: Since submitting this paper, I have been informed that
some of the results it contains have been obtained independently by
Dr. D. Segal.
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