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SOME PROPERTIES OF SIMPLE I-REGULAR SEMIGROUPS
by

R.J. Warne

Let S be a regular semigroup and let Eg denote its set of idempotents.
As usual, Eg is partially ordered in the following manner: if e, f€ Eg,
e < fif and only if ef = fe = e. We then say that Eg is under or assumes
its natural order. Let 7 denote the integers. If Eg, under the natural order,
is order isomorphic to / under the reverse of the usual order, we call
S an I-regular semigroup. We determined the structure of /-regular semi-
groups mod groups in [10].

In section 1, we develop the ideal extension theory of simple I-regular
semigroups. In section 2, we obtain the maximal group homomorphic
image of a simple I-regular semigroup including the defining homomor-
phism. In section 3, we determine the nature of the congruences admitted
by a simple I-regular semigroup, and we describe the idempotents
separating congruences.

In the special case S is bisimple, the results of this paper reduce to the
corresponding results for I-bisimple semigroups (bisimple semigroups
S such that Eg is order isomorphic to I under the reverse of the usual
order) [6,7].

Unless otherwise specified, we utilize the definitions, terminology, and
notation of [1].

1. Ideal extension theory

In this section, we determine the translational hull S of a simple
I-regular semigroup S. All ideal extensions of S by a semigroup T
with zero, o, can then be described if one knows the structure of T
and the partial homomorphisms 0 of 7* = T'\0 into S such that
AB = 0 in T implies that A6B6 € S [1]. This determination is carried
out if T'is a completely 0-simple (Brandt) semigroup. We also completely
determine the extensions of a Brandt semigroup with finite index set by a
simple I-regular semigroup (with zero appended) by specializing our
general determination of the extensions of a Brandt semigroup by an
arbitrary semigroup [5, theorem 1].

Before commencing, let us state the structure theorem for simple /-
regular semigroups.

181



182 R. J. Warne 2]

Let Cf = IxI under the multiplication (a, b)(c, d) = (a+c—min(b, c),
b+d—min(b, c)). We called C} the extended bicyclic semigroup in [6].

THEOREM 1.1 (Warne, [10]). S is a simple I-regular semigroup if and
onlyif S = (U(G;:j =0,1,--+,d—1))x Cf, where dis a positive integer,
{G;:0 £j < d—1} is a collection of pairwise disjoint groups, and CY is
the extended bicyclic semigroup, under the multiplication

(95> (m, m))(h,., (p; @) = (&, (m, n)(p, q)) (*)

gseGs,g,.eG 0Lr,s<d-1) and t=
nd+s—1

9(fuss, ,,[Iv,)(h H v,)(f.. ,,,ql"[v,)

r—1 pd+r1

(fo- ..,ml'[vj)(gs H v,)(fp-,. ..Hv,)h,, or

where

@I T @ = max(.9)

according to whether n > p, p > n, or p = n where y; = Vjmoaaj€ 1,

Jj 2 0) is a homomorphism of Gjmeaay iNt0 G(js1ymeaa- JUXxtaposition

denotes multiplication in C; and in the appropriate G;. For meI°, the

non-negative integers,n € I, f, , = ko, the identity of G, while, form > 0,
d-1 -1

-1
Smn = Uil IIOYj)m_I“(wz)d(l_[on)m-z " Ui m- 1l 1—[0?1)“("+m)d
j= i= j=

where {u,,:kel} is a collection of elements of G, with w, = ko for
k > 0. In (*) [152; y; will denote the identity automorphism of G (mea ay-
Let S be a simple I-regular semigroup. In connection with theorem
L1, we write S = (4, Go, Gy, ", Gam1, CT5 Vo5 V1> ™" % Vam15 Hia)-
For convenience, we write o, , = YmVm+1 ' *° Ya—1 if m < n and let
o, » denote the identity automorphism of Gy(moa a)-

LemMA 1.1. A simple I-regular semigroup is left and right reductive.

Proor. This lemma is an immediate consequence of theorem 1.1. We
will utilize the multiplication of theorem 1.1 without explicit mention.

THEOREM 1.2 Let S = (d,Go, G, "', Gac 1, CF 3 V05 Vis* " *s Yam15sMia)
be a simple ILregular semigroup. Let W = {(0,p):0:1— Gy, pel,
and (i+1)0 = mg 11,40 [19267;) M@+ p+1ya for all ieI}. Let p;(iel)
denote the inner right translation of (I, +) determined by i+ W, under the
multiplication

*©, w)(n, p) = (6 0 p,,n, w+p),
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where o denotes pointwise multiplication of mappings and juxtaposition
denotes iteration of mappings is a group. Let S be the translational hull of
S. Then, S = Wu S (W n S = [0), under the multiplication

(6, a)" (n,p) = (6, a)(n, p)
(gsa a, b) ) (h,, ¢, d) = (gsa a, b)(h,., ¢ d)

where juxtaposition denotes multiplication in W and S and
r-1
©. )" (9-> 2, b) = ((a=p)0 [17:6,> a=p, b)
j=

(9,>a,b)-(6,p) = (gr(bﬂr_livj)a a, b+p).

PRrROOF. Let A be a left translation of S. Then, if e, is the identity of G,,
(eO’ i l)). = (15’ iél ’ l+lpl)

where 6:1- U(G;:0=<j=<d-1);6,:1>1; and p,:1—1° the
non-negative integers. Since (eq, i, i)(eo, i+1,i+1) = (eq,i+1,i+1),
we have the following two possibilities: If ip; = 0,

(i+1)6 = mgs +1)(i0%, Jms1y where i6€G,,
(i+1)p, =0, and (1.1)
(i+1)6, = id, +1

while, if ip, = 1,
(i+1)6 =is
(i+1p, = ip,—1 (1.2)
(i+1)6, = id;.

Let us first consider the case ip, = O for all i € 1. In this case it is easily
seen that A|D,, where Dy = {(go,m, n):go€ Gy, m,nel}, is a left
translation of D,. Hence, since D, is the I-bisimple semigroup (G,, C7,
g, 4, Mia) [6, theorem 1.2] (notation of [6]),

(e, i, D)A = (i6, i+p, i)
where p € I and ¢ is a mapping of I into G, such that
(i+1)6 = mG{ ps1)aidto, a MG+ 170 (1.3)

by virtue of [7, 8] or by [9, proof of theorem 1]. Hence, since (g,, i, j) =
(e09 i: i)(grs i,j)s

(gra ia j)'q-(d, p) = ((ia)“o,rgr’ i+p’ ]) (14)
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where A = A, ,, p € I and & is a mapping of I into G, satisfying (1.3).
Conversely, (1.3) and (1.4) define a left translation of D, by [7] or
by [9, proof of theorem 1]. By (1.3),

(9rs a,B)As, 5y = (€0, @, @)As, p)(9rs @, D).
Thus,

((g,, a, b)(hs’ 2 d))}'(!’. p)
= (eq, a+c—min(b, c), a+c—min (b, c))is, »(g:> a, b)(hs, ¢, d)

= (e, @ @), (9> a, b)(hs, ¢, d) = (9., a, b)As, ks, ¢, d).

Hence, A, ) is a left translation of S.

Next, suppose that there exists u € I such that up; # 0. Utilizing (1.1)
and (1.2), we obtain: (¢+i)p, = 0, where ¢ is a unique element in 7, for
i20, and (t+i)p, = —i for i < 0; (¢t+i)d, = a+i, where ael, for
i 20,and (t+i)6, =afori<0;and (1+i)0 = f; ' gs%, 4% af:, fOor i >0,
and (t+i)0 = g;e G, for i < 0. Since (eq, i, i)(eq, i+n, i) = (eq,
i+n,i)for all n = 0, we are able to determine (eo, i+, i)A. Next, since
(9, i+n,i+m) = (eq,i+n,i)g,, i, i+m) for iel, m,nel® we are
able to determine (g,, i+n, i+m)i. By [3] and theorem 1.1, every ele-
ment of S may be written in the form (g,, i+n, i+m) where g, € G,,
iel,andm,neI°. Weleti = t+qand determine (g,, t+q+n, t +q+m)A
in terms of the values of J, p,, and &, given above. In this calculation,
we utilize the identity f,,. o/fv m+n = fu.n®% q for m,ceI® and nel
[10]. (This identity may be developed by a routine calculation.) Finally,
if @y =t+q+n and b, = t+q+m, we show that (g,,a;,b;)A =
(95> a, t)(g,, ay, by), ie. 4 is an inner left translation. (We omit the
details of these calculations as they parallel calculations given in [7] and
[9)).

In a similar manner, it may be shown that the semigroup of right trans-
lations of S consists of the inner right translations of S and the transfor-
mations of S defined by

(9r> i )P, wy = (9:(J0,,), iy j+W) (1.5)
where w € I and § is a mapping of I into G, such that
(i+1)0 = m(;.}_l)d(ioa(), d)m(i+w+ 1)d fOI’ all i € I. (1.6)

It is easily seen that p,,,, as defined by (1.5) and (1.6) is not an inner
right translation of S, and A, , as defined by (1.4) and (1.3) is not an
inner left translation of S. Hence, by lemma 1.1 and [7, lemma 1}, 45, ,
and p,, 4,5 are not linked and Ay, _, 5 and p, ., are not linked. Simi-
larly, A, ¢, ay and pgg,, 4. 5 are linked if and only if (4,, ¢, d) = (g;, a, b).
Next, suppose that pg, ,,yand 4, , arelinked. Then pg, )| Do and A¢, 5| Do
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are linked. Thus, by the proof of [9, theorem 1] or [7], w = —p and
6 = p_,,0. By the proof of [9, theorem 1] or [7], ps, w)|Po and A, _,.6, —w)
|Do are linked. Thus, (g, a, b)pe,w(t c; d) = ((gs, @, b)(eo, b, b))
P, w)(h,, ¢ d) = (gs’ a, b)((eo, b, b)P(o, W)(eO’ 9 c))(h,, ¢ d) = (gs’ a, b)
((e09 ¢ c)'l(p_wa, —w) (hn ¢ d)) = (gs’ a, b)((h,, c, d)'l(p-wo, —w))' Thus’
Po, wy and A(,_ o, —, are linked. The mapping p — (4, p), where p is a right
translation of S and A is the left translation of S linked with p, is an
isomorphism of the semigroup of right translations of S onto S. If
P@. 9> Pin,p) € SN\, pe, DP,») = P@opgn a+p BY (1.5) and (1.6). Hence
S\S is a semigroup. The mapping (6, p) = p(, ;) is an isomorphism of
W, under the multiplication *, onto S\S. Clearly, W is a group. The
remainder of the theorem is a consequence of [1, p. 12, lemma 1.2],
(1.4), and (1.5).

ReMARK 1.1. In the case d = 1, we obtain [7, theorem 1] (see also [8]).

COROLLARY 1.1. Let S be a weakly reductive semigroup and let S be its
translational hull. Let T be a O-simple semigroup having proper divisors of
zero. If S = 8 or S§\S is a subsemigroup of S, then every extension of S
by T is given by a partial homomorphism [4].

Proor. Replace D by § in the proof of [7, theorem 3].

REMARK 1.2. Let S = (d, Gy, Gy, ", Gazys Yo V15" " Ya—1> Mia)
be a simple I-regular semigroup. S has d D-classes, Dy, Dy, -, Dy_;y.
D, ={(g,,a,b):9,€G,:a,bel} is the I-bisimple semigroup (G,, Cy,
A, ria> Mg, ). (Notation of [6]). Let T be a 0-bisimple semigroup.
To determine the partial homomorphisms of 7\0 into S one must just
determine the partial homomorphisms of 7\0 into D, for each re{0,1,
2, ++,d—1}. In the case T is a completely 0-simple semigroup, (a Brandt
semigroup), these determinations are given mod groups by [7, theorem 2]
({7, corollary 1]). By lemma 1.1, theorem 1.2, and Corollary 1.1, if T
is a 0-simple semigroup with proper divisors of zero, every extension of
S by T is given by a partial homomorphism. In particular, this is valid
if T'is a completely O-simple semigroup (Brandt Semigroup) with proper
divisors of zero.

COROLLARY 1.2. Let S=(d,Gy, Gy, Gy_1,Ct, 80, " 84—y,
my,) be a simple I-regular semigroup and let T = M°(R; K; A; P) be a
completely O-simple semigroup (with zero, 0') without proper divisors of
zero. Let V be an extension of S by T. Then, either V is given by a partial
homomorphism and an explicit multiplication is thus given by employing
remark 1.2. (Conversely, every partial homomorphism of T\0' into S deter-
mines an extension of S by T), or V = (T\0") U S under the multiplication
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A) (a;s,)*g,, m,n) 1

= (m k== (B0 9,000 Pr, 017 [1 5101, m=l=io=t3,1)
B) (g,,m,n)*(a;s, 4) 1

= (9,((nBs © pr,, 04 0 Pr,+s, )’z):l;loaj), m, ky+i,+1;+n)

where (g;, m,n) € S and (a; s, A) € T\O', o denotes pointwise multiplica-
tion of mappings, a — i, is a homomorphism of R into (I, +),a - 0,is a
mapping of R into H = {B : (B, a) € W for some a € I} (see statement of
theorem 1.2) such that 0,, = 0, o p; 0,for alla,b € R, s — fis a mapping
of K into H, s — kg is a mapping of K into I, A — v, is a mapping of A
into H, and A — t, is a mapping of A into I such that i,, = t;+k, and
0p., = 740 ppiBs Conversely, (A) and (B) define an extension of S by T.

Proor. The proof utilizes theorem 1.1, theorem 1.2, corollary 1.1, and
[1, theorem 4.20 and theorem 4.22]. It is similar in nature to the proof of
[7, theorem 4] (see also [8]) and [9, theorem 4] and it will be omitted.

REMARK 1.3. In the case d = 1, we obtain [7, theorem 4][see also [8]).

REMARK 1.4. In the special case that 77\0’ is a group R, V is either
given by a partial homomorphism or (A) and (B) become

r-1
a*(gr’ m, n) = ((m—ia)ea .]__[()’ngr’ m—iaa n)
j=

r—-1
(9,, m, n)*a = (g,((n8,) l_loyj), m, n+1i,).
j=

REMARK 1.5. If T is a 0-simple semigroup without proper divisors of
zero, an extension of S by T is either given by a partial homomorphism
or by the equations in the above remark with @ — 0, a mapping of 7\0’
into H and with a - i, a homomorphism of 7\0’ into (I, +).

We close this section by giving a specialization of [5, theorem 1]. The
theorem is obtained by combining theorem 3.1 (below), [5, theorem 1],
and [5, lemma 1]. The theorem is quite similar to [9, theorem 7].

In the theorem below, capital roman letters will denote elements of T*.

THEOREM 1.3. Let S = M°(G; J; J; A), where J is a finite set, be a
Brandt semigroup; let T* = (d, Uy, Uy, -, Us_y, CTs Yos Y1o" "%
Ya—1, My) be a simple I-regular semigroup; and let V be an extension of
S by T. Then, there exists a homomorphism w: A — w, of T* into H,,
the full symmetric group on some r element subset Q of J. This homomor-
phism is explicitly given by theorem 2.4. For each A € T*, there exists a
mapping Y4 of Q into the group G such that
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(Y )(iwa¥p) = ipp for all ieQ.
The products in V are given by

AoB = AB (1.7)
(a;1,j) 0o A = (a(jYa), i, jwa) if jeQ
= 0', the zero of S, if j€Q (1.8)
004 =0
Ao(asi,j) = ((iwg'Ya iwg',j) ifieQ
=0 if i€Q (1.9)
Ao =0,

Conversely, let S be a Brandt semigroup and let T* be a simple I-regular
semigroup. If we are given the mappings w and \J , described above and
define product o in the class sum of S and T* by (1.7)—(1.9), then V is an
extension of S by T.

2. The maximal group homomorphic image

The major purpose of this section is to determine the maximal group
homomorphic image of a simple I-regular semigroup including the de-
fining homomorphism.

To do this, we first determine the homomorphisms of a simple regular
w-semigroup (a simple regular semigroup S such that Eg is order isomor-
phic to I°, the non-negative integers, under the reverse of the usual order)
into a group (theorem 2.1). Utilizing this result and our determination of
the maximal group homomorphic image of an w-bisimple semigroup (a
bisimple semigroup S such that Eg is order isomorphic to 7° under the
reverse of the usual order) [6, theorem 3.4], we determine the maximal
group homomorphic image a simple regular w-semigroup including the
defining homomorphism (theorem 2.2). Finally, utilizing theorem 2.1,
theorem 2.2, and ‘an inverse limit process’ and ‘an inductive process’
(introduced in [6]), we determine the maximal group homomorphic
image of a simple I-regular semigroup. We also completely determine
the homomorphisms of a simple I-regular semigroup into a group. This
result was used in section 1.

The multiplication for a simple regular w-semigroup S (due to Munn
[2]) may be obtained from theorem 1.1 by considering the triples
{(9»mn):9.€G. (0=<r <d—1), mnel®. Thus, we may write
S=(d,Go,Gy, ", Gy1, Cis Vo5 V1> "> Ya—1) Where C; is the bi-
cyclic semigroup.
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TueoreM 2.1. Let S = (d,Go, Gy, "> Ga—1, C1s Yos V15" s Ya-1)
be a simple regular w-semigroup and let H be a group. For each i€ {0, 1,
-+, d—1}, let f; be a homomorphism of G; into H and let z € H such that

fae1Co =%a1fo, where xC, = zxz"' for xeH, (2.1)
and
fr = ’err+1 for 0sr= d-2. (22)
Then,

(gr9 m, n)¢ = Z_m(grfr zn (2’3)

is a homomorphism of S into H and, conversely every such homomorphism
is obtained in this fashion.

PROOF. Let ¢ be a homomorphism of Sinto H. Define (g,,0,0)¢ = g, f,.
Clearly, £, is a homomorphism of G, into H. Let (e,, 0, 1)¢ = z, where
e, is the identity of G,. Hence (g,, m, n)¢ = z™™g,f,z" and (2.3) is valid.
Since (g4-174-1>0,0)(eo, 0, 1) = (e, 0, 1)(g4-1,0,0), (2.1) is valid.
Since, for 0 < r < d-2, (4,,0,0)(e,+1,0,0) = (g,7,,0,0)(e,+;, 0, 0),
(2.2) is valid.

Conversely, let us show that (2.3) subject to the conditions (2.1) and
(2.2) defines a homomorphism of S into H. Clearly, ¢ is a well defined
mapping of S into H. Form (2.1) and (2.2), we obtain

aj,afo =f;C. (2.4)
By induction, we obtain
U'b;fj = b;a; ufoz (2:5)

for each positive integer r and each b;e G; (0 £ j < d—1).
Utilizing (2.5) and (2.2), it is easy to show that (2.3) defines a homo-
morphism of § into H.

REMARK 2.1 In the case d = 1, we obtain [6, theorem 3.5].

THEOREM 2.2. Let S = (d, Gy, Gy, ", Gy_15,Cy, Vo, V15" Ya—1) be
a simple regular w-semigroup. Let N = {g € Golg(yoy1 " " * Va-1)" = ko,
the identity of G, for some neI°}. Then, N is a normal subgroup of
Go. Let g — g be the natural homomorphism of G, onto Gy[/N. Define
X0 = xYgy1 " *V4—1 Jor xeGy. Then, 0 is an endomorphism of G,/N.
Define a relation ¢ on Go/N x (I°)? by the rule ((Go, a,b), (hy,c,d))ec
if and only if there exist x,y € I® such that x+a = y+c, x+b=y+d and
G060 = ho0”. Define a binary operation on V = Go/N x(I°)*[c by the rule

(gO » 4, b)a(ho » C, d)¢ = (go 00};0 Gb, a+c, b+d)a..
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Then, V is a group which is the maximal group homomorphic image of S.
The canonical homomorphism of S onto V is given by
d—1

(9., m,n) = (g, []y;»m+1,n+1), where g,€G,
i=r

Proor. For simplicity, let a, , = ;f';,,l y;if m > nandlet o, , denote
the identity automorphism of G,meaay- Let T = {(go,a, b) : go € Gy;
a, b € I°}. Then, T is the w-bisimple semigroup (G, Cy, %, 4) by theorem
1.1 and [6, theorem 1.1] (notation of [6]). Thus, by [6, theorem 3.4], ¢
is an equivalence relation and ¥V is a group. By a routine calculation
(ko5 0, 0), is the identity of ¥ and (g, ', b, @) is the inverse of (o, @, b)o-.
We first employ theorem 2.1 to show that £ is a homomorphism of .S into
V. Let z = (Ko, 0, 1), and g,f, = (4,%,4,1,1), for 0 < r < d—1. By
a straight forward calculation, (2.1) and (2.2) of theorem 2.1 are valid,
and (g,, m, n)¢ = z""g,f.2"

Since

(yOs m, ")C = (m),d, m+1, n+1)a
=(go0, m+1,n+1),

= (go, m, n),,
¢ maps S onto V.

Let 6 be a homomorphism of S onto a group X. We show that 6|T'is a
homomorphism of T onto X. By theorem 2.1, for each r€ {0, - - -, d—1},
there exists a homomorphism §, of G, into X and ap € X such that (2.1)
and (2.2) of theorem 2.1 are valid and

(g,» m, n)6 = p~"g,5,p"

where g,€G,. Thus, if xe€X, there exists g,€ G,, a, b€ I° such that
x = p~°,6,p"
Hence, utilizing (2.1) and (2.2) of theorem 2.1,
X = p—agr')’r5r+1 pb '
=D °GrYr " Va-204-1 Pb
= p‘(a+1)grar,d60p(b+l)
= (g9,%, 4,a+1, b+1)é.

By [6, theorem 3.4], ¥ is the maximal group homomorphic image of T
under the homomorphism

(90> a, b)p = (9o a, b),.
Hence, there exists a homomorphism 7 of ¥ onto X such that ¢n = J|T.
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We will show that ¥V is the maximal group homomorphic image of S
under the homomorphism £. We note that

(Go>m,n),n = (go,m, n)?n 2.6)
= (go > m, n)o'

Hence, by (2.6), (2.2), and (2.1),

(grs my n)in = (8:%a> m+1,n+1),1n
= p "™ N(g,a, )80 0"}
= p~"g,6,p"
= (g,, m, n)d.

REMARK 2.2. In the case d = 1, we obtain [6, theorem 3.4].

The following remarks will be utilized in giving the canonical homo-
morphism in theorem 2.3 (below) a convenient form.

Let S = (d, Gy, Gy, " **, Gy—y, CY. Yos V1> "% Ya-1> u;y) be a simple
I-regular semigroup. Let o, , = VY ¥Pm+1* * * Ya—1 fOr m < nlet o, , de-
note the identity automorphism of G,,(moa 4)- L€t @; denote a non-negative
integer. Define

-1 -2 .
Jar-1,i41UG+1a%00a """ Ug+1ya®o,a¥arna if ag Z 2 @.7)

lid,ay = { e ;
aa ko, the identity of G,, otherwise.

By the proof of [10, theorem 1]*, S = (U(Sy :i€l, i < 0))A where S,
is the simple regular w-semigroup Sy = (d, Go, """, Gy-1, C15 Vi, 0>
Yid,1 " s Vid,a-1)ia the congruence A defined in [10],

Yid,a-1 = Ya-1 Cu(;il,d, (2.8)
and
Via,s =7 for 0<s<d-2 (2.9)
under an isomorphism ¥ (defined in [10]).
Forg,e G, for 0 £ r £d—1,
gr> M, N); A= S:_I“:'"_I “'Si_lui si_lai’ r9r
( )(+1)a ((sia d,0,d 4 %, 0,45 )%a>0,rd (2.10)

((Sia* $10%d,0,a " * * Sia%4, 0,4)%a,0,r)s m+1, n+1)A
where if m = 0 (n = 0) the right (left) multiplier of g, is k,, the identity
of G, and
Sig = "(—iiz)d Uii+1)ds (2-11)
9a-1Yia,a-1 = si:ll(gd—l'y(i+ 1)d, d—1)Sid (2.12)
By the proof of [10, theorem 1], if ¥,, is as in [10],

* In [10], S;, is denoted by X;y.
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(9r>a15b1)ia = ((tia, o, aO,r)gr(ti;,lbl o, p)s @y +is by +D)¥y  (2.13)
and
(9rs a1 +i, by +D) Py = ((ti-d,lax %0,,)9r tia,by %o, G15 D1)ia-  (2.14)
THEOREM 2.3. Let S = (d, Gy, G1,"**, G 1, CT, Vo> Pis* "% Vam1» Uia)
be a simple I-regular semigroup. Let N = {g e Gy|lg(voY1 """ Ya-1)" = Ko
the identity of G,, for some neI°}. Then, N is a normal subgroup of
Go. Let g - § be the natural homomorphism of G, onto Go/N. Define
X0 = xyo7yy " Ya—1 Jor x € G,. Then, 0 is an endomorphism of Gy/N. De-
fine a relation ¢ on Go/N x(I°)* by the rule ((§o,a,b), (ho,c,d))eo if
and only if there exist x, y € I° such that x+a = y+c, x+b = y+d, and
Gob* = ho0®. Define a binary operation on H = Go[N x(I°)*/a by the
rule (Go, a, b)s(ho, ¢, d)e = (§o0°h o0, a+c,b+d),. Then, H is a group
which is the maximal group homorphic image of S. The canonical homor-
phism of S onto V is given by

(xia 0% 7 1 - X 0xig (tia)a- 1%, )9 ,(tid, b- 1%, )i
“Xigt Xig0 x0T a —1i, by —i), for i £ ~1.

:,0,0)6 = If a :i (bd= i), tl:e correspo:zding ;acto)r 1fs ko ;

(9,%.4, a—i+1, b—i+1), for i =0, (2.15)

where (g,, a, b) € (ko, i, i)S(ko, i, i) and where

xo = ko,

X_g = fig ! whilefori £ =2,

Xig = ﬁ&’(ﬁiio) T ﬁ(-;-}-l)d0~(i+1)ﬁ(i+2)d 9—(“1)17(“3)49_(”2) re g0

9,80 = 9,0, 4 whilefori < —1

11 —=1 —(+1)=—— p=i-1- —(i+1), .. = -
9,01 = iy “—40"'“(i+1)d0 ¢ )gr“r,de ’ “(i+1)a0 G+D.. u_,0u,.

ProoF. As our proof parallels that of [6, theorem 3.6], we will just give
a sketch of the proof. We first use theorem 2.1 to determine a homo-
morphism ¢, of S}, into H for each i € I with i < 0. Let x;; and 6, be
defined as in the statement of the theorem. In the notation of theorem 2.1,
let z;; = (x4, 0, 1)o, 9, 17,0 = (9,00, 1,1)5 and g, £, .4 = (9:0 14> 0, O)
fori < —1 where g,€ G, (0 £ r < d—1). Utilizing (2.8), we show that
(2.1) and (2.2) are valid.

Hence, by (2.3),

(9rs My )i i =
(C Xia'0%ia")(9r 0ia)(Xia * X1+ * * X,40"" 1), mym), if i S —1.
If m = 0(n = 0) the corresponding factor is k, ;
(9r0.0, m+1,n+1), ifi =0, (2.16)
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defines a homomorphism of S;, into H.

We note that (g,, m,n)o ¢, = (m, m+1,n+1),. Hence, by theorem
2.2, ¢, is a homomorphism of Sy onto H.

Let us define xA¢ = x¢, if x € S;;. We will show that ¢ isa homomor-
phism of S¥ onto H. We note that (g,,1, 1)@ = (9:,0,0)¢+1)aPi+ 1)a-
Utilizing (2.11), we obtain (sy, 1, 2)igPi = (Ko, 0, 1)+1)aP+1ya- The
desired result is then a consequence of (2.10).

Let G* be an arbitrary group and let p be a homomorphism of S¥ onto
G*. We denote Ap|S;; by p;y. Thus, p;, is a homomorphism of S}, into G*.
Since H is the maximal group homomorphic image of S, under the ho-
momorphism ¢, by virtue of theorem 2.2, there exists a homomorphism
y of H onto the subgroup S,p, of G* such that (g,, m, n)edoy = (.,
m, n),p, for all (g,, m,n), € S,.

Next suppose that (g,, m, 1)q+1aPi+13a? = (9r> M M)+ 1)a P+ 1)a
where 7 is a homomorphism of H onto S 14 Pi+1)a-

By virtue of theorem 2.1, there exists v;; in G* and a homomorphism
M., 1a of G, into G* for each re {0,1,2,---,d—1} such that v,(g,;-,
ﬂd—l,id)vizl = G4-1%Viaa-1Mo, a @04 Gy 14 = GrVia, rMr+1,0a fOr 0 =1
d—2. Furthermore (g,, m, n),piq = vig™ (g, 1y, 1a)0is for (g,, m,n); € Sy.
Since (g,,0,0) 41504 = (g,,1,1).44, when g, € G,, by (2.10), (9, 0,0); + 14
Pa+na = (9r> 1, Digpua. Thus, g,7, 14 = 0:4(9g, 7, +1)a)Va - Hence,
since  (ko, 0, 1), yaPi+ya = (ia> 1 2)iapia by (2.10), v = (s
Mo, i+ 1)+ e ThUS, g, 1 = (Sia (9. Ui+ 1)d,r, a)Sia) Mo, G+ 1)a-  Uti-
lizing (2.8), (2.9), and (2.2), we obtain 53 (g, %+ 1ya,r,a)Sia = i+ 1ya
(9%, a)H(i+1)0- Hence, (S;ll(gra(i+1)d,r,d) Sia> 0, 0)i+1ya Pi+1ya =
(9-50, 0);y¢;4 and (g,, O, 0)iapia = (9r, 0,0);30:47. We also note that
(si:ils 0, 1)(i+1)a¢(i+1)a = (ko,0,1);¢ ;4 by (2.16). Hence, (ko ,0, Diapia=
(ko,0,1)14017y. Thus, (g,, m, n)yuduy = (g,, m, n)iupi for all (g,, m, n)
€ Sy;. Hence, H is the maximal group homomorphic image of S¥
under the homomorphism ¢. We put ¢ in the form (2.15) by combining
(2.16) and (2.14).

Remark 2.3. In the case d = 1, we obtain [6, theorem 3.6].

The following result is needed to give an explicit determination of the
extensions of a Brandt semigroup by a simple I-regular semigroup (theo-
rem 1.3).

THEOREM 2.4. Let S = (d, Go, Gy, "5 Gam1, CY s V0> V15" " " Va-15 Uid)
be a simple I-regular semigroup and let X be a group. Let {z;;:iel,i < 0}
be a sequence of elements of X and for each re{0,1,---,d—1} let
{fu,r:i€l,i <0} be a sequence of homomorphisms of G, into X such
that
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Sia,a-1Crig = Va-1 Cu(,i,,dfid,o,
Sia,r = Ve fiare1 Jor 0 S = d-2,
Zi+1)d = Zi:l1((“(_#}-2)11u(i+1)d)f0,id)zil:i’ and
fr,(i+l)d =fr,iaCZia

For each (g,,a,b)e (ko,i,i)S(ko,i,i), define (g,,a, b)¢ =z
((tah—i%0, 1) 9:(tia,5-1%0, 1)) fr. ia 201 ' Then, ¢ defines a homomorphism of
S into X and conversely every such homomorphism is defined in this fashion.

Proor. We utilize theorem 2.1, (2.14), and the ‘inverse limit’ process

(see [10]).
3. The congruences

In this section, we show that each congruence p on a simple I-regular
semigroup S is a group congruence (S/p is a group), an idempotent
separating congruence (each p-class contains at most one idempotent)
or that S/p is a simple I-regular semigroup with fewer D-classes than S.
We determine the idempotent separating congruences in terms of certain
normal subgroups of the structure groups of S. The group congruences
of S are in a 1—1 correspondence with the normal subgroups of the
maximal group homomorphic image of S.

THEOREM 3.1. Let S be a simple I-regular semigroup. Let p be a con-
gruence on S. Then p is a group congruence, p is an idempotent separating
congruence, or S/p is a simple I-regular semigroup with t D-classes where
t < d, the number of D-classes of S.

Proor. Let {(f;,n,n):0 < i < d—1,nel} denote the set of idem-
potents of S. Each D; = {(g;, m, n); g;€ G;, m,ne I} is an I-bisimple
semigroup for 0 < i < d—1. Thus, by [6, theorem 4.2], p|D; is a group
congruence or an idempotent separating congruence for 0 < i < d—1.
Suppose that p is not an idempotent separating congruence. First sup-
pose that p|D; is a group congruence for some i. Hence, (f;, 0,0)p =
(fi> k, k)p for all k € I. Let (f;, n,n) € Ep, and (f;, p, p) € Ep, and sup-
pose that (f;, n,n) < (fx, p,p)- Thus, (f;,n+1,n+1) < (f;, n,n) <
(/o> P, P) < (fi» P—1, p—1). Hence, (f;, n, n)p = (fi, p, p)p and p is a
group congruence. Next, suppose that p|D; is an idempotent separating
congruence for each 0 < i £ d—1. Then, there exist (f;, n, n), (f;, 4, q)
€ Egsuch that (f;, n, n) p = (f, 4, q)p. Thus, D;p and D, p lie in the same
D-class of S/p. Hence, S/p is a simple I-regular semigroup with # D-
classes with ¢ < d.

REMARK 3.1. In the case d = 1, we obtain [6, theorem 4.2].
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REMARK 3.2. We may replace ‘simple I-regular’ by ‘simple w-regular’
in theorem 3.1. The proof is analogous.

We next determine the idempotent separating congruences of a simple
I-regular semigroup.

Let Gy, Gy, - * *, G4, be a collection of disjoint groups and let y; be a
homomorphism of G; into G;,., for 0 < i £ d—2 and let y,_, be a
homomorphism of G, into G,. Let ¥; be a normal subgroup of G;
for0 <i<d-lsuchthat V;y,c V;,,forc i< d—2and V74,
< Vo. Then, (Vo, Vi, -+, V4-q) will be called a yo—y; "+ — 74—y
invariant d-tuple of (G, Gy, **+, G4—q). Let (Vo, Vi, -+, V4-y) and
(Uo, Uys -+, Upmy) be yo—yy— +++ —y4—y invariant d-tuples of (G,,
Gy, Gy—y). Then, we say (Vo, Vi, Vaey) S (U, Uy, * -+, Upy)
ifand onlyif V; = U;for0 £ i < d—1.

In the proof of the following theorem, we will utilize a theorem of Pres-
ton [6, theorem 4.3]. We also utilize the notation of this theorem. We
will sketch the following proof where it parallels the proof of [6, theorem
44].

THEOREM 3.2. Let S = (d, Go, Gy, ***, Ga_1s CTy Yos Vis ' " Vae1>
my,) be a simple I-regular semigroup. There exists a 1 —1 correspondence
between the idempotent separating congruences on S and the yo—y,— * - *
— 94— invariant d-tuples of (Ggo, Gy, ", Gy_q). If ptVo¥r»Ve-0 g5
the idempotent separating congruence corresponding to the yo—7y,—
“ e+ —ys_y invariant d-tuple (Vo, Vi, "+, V1), (g, @, b)p*o Va0
(hs,c,d) if and only if r=s5, a=c, b=d and V,g9, = V,h,. If
(Vos Vis- s Vaer) and (Uo, Uy, - -+, Uy_y) @re two yo—7y1— *** — Y4y

invariant d-tuples (Vo, Vi, *, V4—y) € (Uy, Uy, + +, Uy—,) if and only
if p(Vo, Vigeoory Vd—l)c_: p(Uo, Ugy-o oy Ua-1)_

Proor. Let (Vy, Vi, V4oy) be a yo—y;— *** —7,-y invariant
d-tuple of (Gy, Gy, '+, Gy—q). Let Ny, a0y = {(v,, 2, a):0,€V,} and
let N = U(Ng,, q,4:0 £ r < d—1, acl).Byaroutine calculation, N, ,. 4
is a subgroup of S isomorphic to V,. By [6, theorem 4.3] py is an idem-
potent separating congruences of S. We denote py by p¥o ¥t Va-n,

Let p be an idempotent separating congruence of S. Then, by [6, theo-
rem 4.3] p = py where N is given in the statement of [6, theorem
4.3]. Ne..,a,0 = {(v,, a, a) 1 v, € V,} where V, is an invariant subgroup
of G,. Since (e,+,0,0)(e,,0,0) = (€,+1,0,0),(e,+1,0,0)(v,,0,0) e
Neyer,0,00- Thus v,9, < V,,, for 0 <r<d-2. Since (ey,0,1)
(ed—l ,0, 0)(80’ 1’ 0) = (e09 0, 0)’ (eO’ 0’ 1)(”11—1 , 0, 0)(80’ L 0) € N(eo,O,O)'
Thus, v5_y7s-1€V,. Hence, p = p¥>¥"»Va-0 and we have the
desired correspondence.

REMARK. In the case d = 1, we obtain [6, theorem 4.4].
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ReEMARK. We may replace ‘simple I-regular semigroup’ by ‘simple
regular w-semigroup’ in theorem 3.2. The proof is analogous.
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