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On the mean values of integral functions
and their derivatives represented
by Dirichlet series *

by

Satya Narain Srivastava

Consider the Dirichlet series

(=]
(L.1) f(s) = 2 a,e*n (s = o+it, 4, =0, 4, < A,,; — O withn).
n=1
Let o, and o, be the abscissa of convergence and the abscissa of
absolute convergence, respectively, of f(s). If ¢, = o, = o0, f(s)
represents an integral function.
Let the maximum modulus over a vertical line be as

M(o) = lub. |f(o+it)]

—o0<t<oo

and the maximum term as

u(0) = max |a, e+,
n20

If
lim sup 25 ® logn =D < oo,
we know ([1], p. 68)
(1.2) M(o) < u(o+D+e), (e > 0; 0 > o(¢)).
The mean values of f(s) are defined as
1 T

(18)  Io)=Io, ) =lim | If(c+it)ds

T—co 2T -7

I]‘(a,'—{—1,t)|2 e dx dt,

(1.4) mg, 1(0) = my, (0, f) =
where k is a positive number.

* This work has been supported by a Senior Research Fellowship award of
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[2] Mean values represented by Dirichlet series 335

In this paper we obtain a lower bound of m, ,(o, /') in terms
of m, (o) and o, where m, 4(o, f') is the mean value of f®)(s).
the first derivative of f(s), that is

o pT
(1.5) my (0, fV) = lim f f D (@4-it) e dw d.
’ T—oo 1€*7 0 V-1

We also study some properties of my (o).
We first prove the following lemmas.

LEMMA 1. m, ,(0) ts a steadily increasing function of .

Proor: We have
|f(3)|2 — z Ia |232”A“+ zz a eo’(lm+/\n)+tt(l,,.—l")
m#n
the series on the right being absolutely and uniformly convergent

in any finite {-range. Hence integrating term by term we obtain

1 7T g sin T'(A,,—A,)
— 2 2620 S 2 (A —2n)
o[ o= 3 japenet 3308, Tk,

m#n

The term involving T is bounded for all T, m and n so that the
double series converges uniformly with respect to T and each
term tends to zero as T — oo0. Thus we get

n=1

6 I f— 1' 1 ’ Zd — S 2,20,
(18) Do) =Jim [ jf)di =3 [ae

The series in (1.6) is absolutely and uniformly convergent and
so again integrating term by term we obtain

L 7 MJ f If(x+it)|2e**dx dt
(ez/lﬂa'_e——ko')

=2 IS
"gllani Y

my (o) = hm
(1.7)

my, () is steadily increasing follows from (1.7).
LemMMA 2. log m, (o) is a convex function of o.
Proor. From (1.8) and (1.4), we have

2 o
Mox(0) = = f I, () da.
1]

Therefore,
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d(]og m2,k(‘7)) _ {212(0)_km2,k(6)}

d(o) Mg, 5(0)
[2h0e)
—{m2,lc(0) k}’

which increases with o > o, since €*?I,(¢) is a convex function
of €¥“my, (o) ([2], p. 185).
Hence,

d?*(log my (o))

Jo2 >0 for o> o;.
o

LemwMa 3. If f(s) is an integral function of Ritt-order p and lower
order A and D << oo, then

. sup loglog m, ,(a)  p
lim | | ——= 287 P
00 INT c A

Proor. We have from (1.6)
(1.8) {u(0)}? = I (o) = {M ()}~
If D < o, we get from (1.2) and (1.8)
p(o) < {I,(o)}} < M(o) < u(6+D-+¢) &> 0; 0> a(e).

Therefore,
. sup log log I,(o) . sup log log u(o)
Im,6 =~ ——= " =1lm,6 , —-——2—A
o0 IDNT c o—soo INT o
(1.9)
. suploglog M(c) p
= lim |, _— ="
o—soo INT ] A

Also, since I,(z) is an increasing function of ,

2 o
meple) = = [ L@pede
0

< vaekmdw
0

= ekcr
2
=+ Ta(0)(1 =)

and we get, on using (1.9),

lim 5P log log m, ,(0) < lim sup log log I,(¢) p .

oo INT o oo INT o A
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Further for £ > 0

2 o+-h
My x(0+h) = ——j I, (z)e* da
0

ek(cr-HL)

2 o+h
= ey f I, (x)e*dz
a

215(0)

=
-k

(1—e**)

and we again get, on using (1.9),

lim > lim sup log log I,(o) _P
oo INT o oo INf o A

sup log log m, (o)

and thus Lemma 8 follows.

2

THEOREM 1. If my (o, fV) is the mean value of f(s) the first
derivative of an integral function f(s) other than an exponential
polynomsial, then

log my (o) —1

@) mae ) 2 5 | as(0)

4

for ¢ = o, where o, is a number depending on the function f.

Proor. We have

my, (0, 1) = lim

f f O (+-3t)|2e* da dt

_)oochr
o AR _— ). 2
— lim ! ff lmf(w—Ht) f(@(1—e)+-1it) o dadt
T—oo Teka' 7| €—0 EX
ztim tim o [ (i faa—o) Hilpedzar

By Minkowski’s inequality ([3], p. 384)
(5 Weti—if@a—e)rinyealt = ([ faripa)
—{[%, 1t (@(1—e)+it) 2at) .

Hence,
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My 10, fV) = lim lim —o— j ’ [{ f_TT ]f(w—}—it)lzdt}&

&0 T—oo £20%2 T€* 0

_ UT ]f(m(l——s)—l—it)|2dt}%]2 Fde

-7

= lim lim _l—r [{efwr |f(m+it)]2dt:1lr

£—0 T—soo €202T€F7 J o _r
T 32
— {e"”f |f(w(1—s)+it)i2dt} ] dx.
-7

Again, using Minkowski’s inequality, we obtain

Mg o(0, fV) = lim lim —I-——H f g f ) lf(m-}—it)lzdmdt}%
0 =T

£50 T—sc0 £ o?T ek

_ U:ekme If(w(l—s)—{—it)]zdwdt}%]z

. 1 3*8700' k((o—0€) &/ (1—E)) 372
= lm(l) &2 I:{mz’k(a)}%— {(1 €) ¢ mz,k(o‘-—aa)} :\
& _
— i [ =0 st
&0 &G

Now take g(o) = log m,(0)/o; g(a) is a positive indefinitely
increasing function of ¢ for o > oy, = 0,(f), in fact log m, (o)
is a convex function of o, and so we have

My, (0, fV) = lim {

e N2 (1—¢ )—% elo—0e)g(0—0¢e) [2) 2
=0 }

&0

= lim

&—0

2
— {’@ £o9(o)/2 __ l eo‘g(o‘)/2}
2 20
1 {log My (o) —1
22 o

{ew(tr)/2_(1+8/2+%82+ . .)3(0—08)9(0”2}2
Eo

}Zmz,k(a).

CoroLLARY 1. If my (0, fV) is the mean value of M) (s), the
first derivative of an integral function f(s) other than an exponen-
tial polynomial, then

{m2,k(09 f‘”)}*
]im .Sup m2,k(0) P
o—oo inf g A

v

2
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where p and A are the Ritt-order and lower order of f(s) respec-
tively, and D < 0.
This follows from Theorem 1 and Lemma 3.

3

THEOREM 2. Let my (o, f7), (r=1,2,:--,p), be the mean
value of {7 (s), the r-th derivative of an integral function f(s) other
than an exponential polynomial. If A =6 > 0 and D < oo, then

My 1(0) < Mg (0, V) <+ -+ < m2,k(09 )
for ¢ > 6y = max (oy, 65, * * *, 0,).

Proor: Writing the above corollary for the r-th derivative,
we have

1 { My, (05 1) :%

lim SUP my,(0, f771) =P,

o—oo INf o A
Therefore,

My (0, ) > 27X my 4 (o, fr1))
for ¢ > o,.

Ifiz=6>0
My, 10, [7) > my (0, f71)

for ¢ > o,.

Giving r the values r =1, 2, - - -, p, we get
My 1(0) < Mg (0, fV) < -+ < my 4(o, fP)

for ¢ > 0y = max (0y, G5, * **, 0,).

4

THEOREM 3. Let my (o, ) be the mean value of f\*(s) the p-th
derivative of an integral function f(s) other than an exponential
polynomial. If A = 6 > 0 and D < oo, then

1 {log my (o) —1

2p
(1) ma(o ) > o [PETED N (o)

for ¢ > 0y = max (oy, Gy, * * *, Gyy, 07, O3, * * *, OL).

Proor: Writing (2.1) for the r-th derivative, we have
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my (0, 1)
My, (0, f71)

v

1 {10g My, (0, f"‘“)—l}2
22 c

for ¢ > of.
Giving r the values r = 1, 2, - - -, p and multiplying them, we
get

My (0, ) 1 {108' My (0, f(p_l))*l}z
My 1(0) 22p o

v

{log My (0, f“’fz’)—l}z {log mz,k(a)_l}z
G o
for ¢ > oj = max (o}, 03, * * *, 03).
Using Theorem 2, we get
m2,k(0'= 1®) 1 {log m2,k(6)_l}2p
My 1(0) 220 o
for ¢ > o, = max (0y, 65, " **, 0,3, 01, O3, * * *, Ob).

CoroLLARY 1. If my (0, ') is the mean value of f)(s), the
p-th the derivative of an integral function f(s) other than an
exponential polynomial, then

m2,k(as ]‘(13) )} 1/2p
p

l {
lim 'Sup m2,k(a) Z ,
o—oo INf o A

where p and 1 are the Ritt-order and lower order of f(s) respec-
tively, and D < oo.
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