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Laws of large numbers for functions of
random walks with positive drift

by
A. J. Stam

Summary. Let Xy, Xy, - be independent random variables, X, Xg,- - -
having the same distribution with characteristic function ¢ and first moment
4 > 0, the absolute first moment being finite. Let S = Xy 4 -+« + X}, k=1,2,---
The paper gives conditions under which, for nonlattice and integer valued X,

respectively,
n np
{ 2 f(Sk)—M‘lJ~ f(t)dt} /b(n) -0,

k=1 0
or

n [nu)
{ > f(Sk)—ut ﬁf(k)} /b(n) -0,
k=1 k=0

either in probability or a.s.

For bounded f and b(n) = n these conditions take a simple form: For convergence
in probability it is sufficient that, respectively, limsupjy| 0 |p(w)] <1 or the X
are integer valued with span 1. If moreover E|X3|? < o for some p > 1, there is
convergence a.s.

As an application the condition on the renewal density in the Chung-Derman
theorem on recurrent sets is eliminated.

Proofs are based on renewal theory.

1. Introduction

Throughout this paper we assume that X, X,, X;, -+ are
independent nondegenerate random variables, that X,, Xj, - -
have the same distribution function F(&) & P{X, < &}, k = 2,
and that

(1.1) f|m[dF < o,
(1.2) s fmdF > 0.

We denote the characteristic function of X, k = 2, by ¢ and the
distribution function and characteristic function of X, by F,
and ¢,.
A random variable Y will be called here a lattice variable if
299
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Y/c is a.s. integer valued for some ¢ > 0. The span of a non-
degenerate lattice variable Y is the largest ¢ for which Y/c is

integer valued.
Let

(1.3) S = X+ Xp+ o +Xa, k=12

We intend to study convergence of

3 /(S /b(n),

k=1
where it will be assumed that

(1.4) lim b(t) = -+ oo,

t—>00

(1.5) b(s) < b(), 0<s<t< o.

More precisely, we want to find conditions on the function b, the
complex valued function f and the distribution of the X, such
that for n — oo, either in probability or almost sure,

|3 Hsa—s [ 1) /b(n) o,

k=1

if the X, are nonlattice, and
n [na]
(3 150413 1) fom) o,
k=1 k=0 /

if the X, are integer valued. Here [a] L max {n :n < a, ninteger}.

Ergodic theory provides us with a number of results of this kind
applying to processes of a type far more general than the random
walk. On the other hand ergodic theory is mainly restricted to
b(n) = n and it imposes certain integrability conditions on f we
do not require here. Ergodic theorems as given by Dunford and
Miller [7] and Chacon and Ornstein [2] assume that the shift
operator has norm not larger than 1, which does not hold for
random walks.

We mention the work of Robbins [14], where f is assumed
periodic or almost periodic and u = 0 or E{|z;|} = 4 oo is not
excluded, Kallianpur and Robbins [11], where f vanishes outside
an interval, Harris and Robbins [10], where f e L;, Brunk [1],
where b(n) = n and the E{f(S;)} exist, and Shur [15], where
b(t) = t and [f|? is integrable with respect to a subinvariant meas-
ure of the transition matrix of the process. Kallianpur and
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Robbins [11] and Skorokhod and Slobodenyuk [16] study the
central limit problem for >%_; f(Sk)-
Our proofs are based on renewal theory. Let

(1.6) Nla, b) £ number of k with S, € [a, b),

(1.7) Ula, b) £ E{N[a, b)}.

For any distribution function G, bounded or not, we write
(1.8) Gla, b) £ G(b)—G(a).

Accordingly the process N (¢) and the function U(t) are defined up
to an additive random variable or constant, respectively, by (1.6)
or (1.7) and

(1.62) N()—N(a) = Nla, b), —o<a<b< o,
(1.78) U(b)—U(a) = Ula, b), —wo <a<b< co.
If the X, are integer valued, we put

(1.9) =, & number of k& with Se=n, n=-+--—1,0,1,2,---,
(1.10) u(n) £ E{z,}, n=---—1,0,1,2,--

It is possible to choose F; in such a way that the process
{N(t), t = 0} has stationary increments, in particular

(1.11) U(t) = wpt, t=0.
This is accomplished by taking

F,(&) =0, §=0,
(1.12) F,(&) = uzt f(f {1—L(x)}de, £>0,

where L is the distribution function of the strict ascending ladder
heights in the random walk {X,, X,+X;,-- -} and

(1.13) g 2 fde,

which is finite (Feller [8], Ch. XII). That N{a,, b;),j =1, -, m,
under (1.12) have the same joint distribution as N[a;+h, b;,+h),
j=1,---,m,if

0=a,<b=<a,<: =<a, <b,; h > o0,

is seen by considering the first entrances in [a,, ) and [a,-+ A, o©).
These must be strict ascending ladder points of the random walk
{Sk}. Our assertion follows from the well known stationarity



302 A.J. Stam [4]

property of the initial distribution (1.12) for the residual lifetime
in a renewal process with distribution function L of times between
renewals. The relation (1.11) follows with lim, , t-1U[0, t) = p~t.

If the X, k = 2, are integer valued, it is possible to take X,
integer valued with a distribution such that the process
{z,,m = 0,1,2,--}is stationary, in particular

(1.14) u(n) = u, n=0,1,2--"

To this end we take

(1.15) P{X, =n}=ug* >pLk), n=0,1,2---,
k>n

where p.(k) is the probability that a strict ascending ladder
height in the random walk {X,, X,4+Xj, - - -} is equal to k and
pr = 2 kpy(k).

Following Takéacs [19], Appendix 8, we call the processes
{N ()} and {z,} homogeneous renewal processes if the distribution
of X, is given by (1.12) and (1.15), respectively. For easy reference
we will call the corresponding process {S,} the homogeneous
random walk and we will use the terms basic renewal process and
basic random walk if F, = F. The expected numbers of renewals
in the basic process will be denoted by U, and u,, so that

(1.16) Uy(b)—Uy(a) = Uola, b) = § Fmia, b),

m=1
where F™) is the m-fold convolution of F, and, for integer valued
Xk’

(1.17) up(k) = 3 p(k), k=-++, —1,0,1,2,-",

m=1

where p™ (k) = P{X,+ -+ +X,.,, = k}.
We start studying the convergence to zero of the expressions

(L1s)  aT) 2| f[ | (O f:ﬂt)dt} / b(T),

and, for integer valued X,

119) a0 LS f0s—st'3 1) /)
For the homogeneous renewal processes

(1.182) AT) = B0 [, 1IN @)

n—1

(1.192) A(n) = {b(n)}‘lkgf(k)ik,
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where ~ denotes centering at expectation. The right-hand sides
of (1.18) and (1.19) contain a random number of summands f(S;)
and afterwards they will have to be compared with sums of a
deterministic number of terms.

Our study of (1.18) and (1.19) is based on consideration of
second moments, i.e. only wide sense stationarity is used. This
means that our results on a.s. convergence will not be the best
possible. Moreover, if limsup, ., [¢(%)] =1 in the nonlattice
case, our methods fail to a large extent (cf. the last part of section
4). Therefore it would seem important to look for ergodic theorems
ensuring a.s. existence of lim,,_, , 3@, and limg, o, fa(T, 7)dZ(7)
for stationary processes {{;} and processes {Z(t)} with stationary
increments. The only general result of this type (Cohen [4]) known
to the author did not seem to fit the problem at hand.

One of our results on (1.18) made it possible to eliminate the
condition on the renewal density in the Chung-Derman recurrence
theorem (Chung and Derman [3], Derman [5]). We refer to section
6 below.

AssuMPTIONS. Throughout the paper the assumptions on the
random walk, stated on the first page, will apply, and also (1.4)
and (1.5). The sets of further assumptions in our theorems will
be suitable subsets of the following list of conditions:

(1.20) lixtrfup b(at)[b(t) < oo, a>1,
(1.202) lin:up b(t+e)/b(t) < oo, c>0,
(1.21) X, is integer valued with span 1, k=2,
(1.22) li]nllsup lp(u)] < 1,

(1.28) fm2dF(w) < o,

(1.24) p(u)—1—tuu = O(|u|'t?), u — 0,

for some 6 € (0, 1), which is implied by

(1.24%) [ lep+dF (@) < oo,

v
A

(1.25) P S ) S ¢ < oo, n

n—1

(1.26) lim {b(n)}~2 %lf(i)lz =0,

7n—00
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(1.27) kg If(k)[b(k)|?(%log k)2 < oo.
There exist & («) | 0 and g(z) | 0 such that
(1.28%) S (r) < o,

r=1
(L28%) 37 Clog WE(YI S I/ < o
(1.28¢) %r%g(r) < o0,
(1.289) :é:l (Blog k)2&{~"(*log k)|f(k)/b(k)|2 < oo,

with 0 the same as in (1.24). Sufficient for (1.28) is

(1.288)* § (Blog k)™ {b(k)}—2k g I1G)I2 < oo,
(1.28b)* éﬁog k) |f(k)[b(k)[2 < oo,

for some «; > (1—0)/6 and «, > (8—0)/6.

[nt+né

(1.29) lim limsup {b(n)} z] I1G) = o,
8§40 mn-oo j=[n—nd]
(1.80) Py D < e < oo, T=T,,
T
(1.81) lim {b(T)}2 f I#(t)2dt = o,
T—>oo 0
(1.32) f2°° [F(®)/b(t)[2(2log t)2dt < oo.

There exist ¢ (2) | 0 and &(2) | 0, such that

(1.832) gsf(r) << 0,

r=1

(1.33%) [ el 1(log t){b(t)} 2t [ @) pdvdt < oo,

(o]
(1.88¢) > r2eb(r) < oo,

(1381) [ (log 1) (*log 1)If(1)b(¢)2dt < oo,

with 6 the same as in (1.24). Sufficient for (1.88) is
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(1.332)* f;” (Alog t) (b(t)}2¢71 [ 1f(x) 2dvdt < oo,

(1.330)* [ 7 (log s f()/b(t) 2t < o,
for some a; > (1—0)/0 and o, > (3—0)/0.
T4T8
(1.84) hm limsup {b(T)}™* f |f(z)|dz = 0.
10 Tooo T-T8

The principal conditions for convergence to zero in probability
of (1.18) are (1.22), (1.81) and (1.23) or (1.80), and for (1.19)
they are (1.26) and (1.28) or (1.25). We use (1.84) and (1.29) for
extending results on (1.18) and (1.19) to sums >} f(S;). The other
conditions on f, ¢ and F are applied to obtain a.s. convergence.
For bounded f and b(n) = n, simple results appear.

Sections 2 and 8 deal with convergence in probability and a.s.
for integer valued X;. In sections 4 and 5 we consider convergence
in probability and a.s. for nonlattice X;, mainly under (1.22).
Section 6 is on recurrent sets.

2. Convergence in probability, X, integer valued with span 1

Lemma 2.1. Under (1.21) the centered homogeneous renewal
process %, =g,—u"l, m =0, is wide sense stationary with
covariance function

at o o
R(k) = E{Z, 21} = p 00 +p g (h) -+ tg(—h)—p~

(2.1)
n=0 nt+th=0h=-—2 —1,01,--

where wuy(h) is defined by (1.17). The process has spectral density

(2.2) plu) = —— LloC)l ul < .

2ru |1—q(u)l?

Proor. We have

E{znzn+h} = z z P{S:r =N, Sk = n+h}

j=1 k=1
= O, z P{S = n}—l— z - z P{S = n}p"‘“’)(h)
j=1 k=it+l
+ Z 2 P{S; = n+h}pi="(—h),
k=1 f=k+1

where p™(r) = P{X,+ +-- +X,,,, = r}, and (2.1) follows with
(1.17) and (1.14).
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In Spitzer [17], section 9, it is shown that

200 +to(k)+uo(—k) = p~+(27) " f:'” v(uw)e*du,
where
p(u) = 2Re{l—p(u)}™ = 1+{1—|p(u)2}1—p(u)
It follows that
R(h) = f;p(u)e"""du.

LemmaA 2.2. Let p(u) be given by (2.2).

(a) If (1.21) holds, p(u) is bounded for 0 < ¢ < |u| < 7.

(b) If (1.21) and (1.28) hold, p(u) is bounded on [—z, 7].

(e) If (1.21) holds and there is no a such that X,—a has span
d > 1, then p(u) is bounded away from zero on [—z, 7].

Proor. The lemma follows from well-known properties of
characteristic functions (Loeve [12], § 12, 13; Lukacs [13],
Section 2). With respect to (c) it is noted that either

lim u=2{1—|p(u)|?} = 4+ ©
u—0
or, if not, [#*dF < oo by Fatou’s lemma.

THEOREM 2.1. Let A(n) be defined by (1.19). Under (1.21) we
have for the homogeneous and the basic renewal process: If either

(a) (1.28) and (1.26) hold,
or
(b) (1.25) and (1.26) hold,

(2.3) lim E|A(n)|2 = 0.

n—>00

Proor. First consider the homogeneous renewal process. From
(1.192) and lemma 2.1

@4 EaE = Gy [ pol’S fkedu.
Under (1.28) we have by lemma 2.20
Elan)* = CRI}S )P,

and (a) follows.
To prove (b) we put
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n—1 n-1 n
) = p}* 3 3 16)(k) j p(w)e™ - dg

-

<cfb(n)}? 3 M )f(E)]

k3]

TR 3 GTR) [ pueobaul
|k—i|>M -

With the Riemann-Lebesgue lemma and (1.25) we may take M
so large that the second term here is smaller than %e. The first
term then is smaller than e for n = n(e) by (1.26), as is seen by
making use of the Schwartz inequality.

For the basic process the theorem is proved by writing for the
homogeneous process

EMn) = ? P{X, = rfE{A(n)2X, = 7},

and considering the term with r = 0, where P{X, = 0} > 0 by
(1.15).

If (1.21) holds and there is no a such that X,—a has spand > 1,
the condition (1.26) is necessary in order that we have (2.8) for
the homogeneous renewal process. This is seen from (2.4) and
lemma 2.2¢,

For the random walk (1.8), lattice or not, we define the random
variables

(2.5) M,(t) < min {&: S, = 1}, t>o,
(2.6) M@) £ M,(t)—1, t> 0.
To convert A(n) into a nonrandom sum we need the following
lemmas on M (¢).

LeMma 2.8. For any random walk satisfying (1.1) and (1.2),
irrespective of the distribution of X;,

lim 1M (t) = p%, a.s.

t-> 00
Proor We have
v(8)
(2.7) M,(¢) = klek,

where 7, denotes the kth strict ascending ladder epoch of the
random walk (Feller [8], Ch. XII. 1) and y(¢) the number of steps
in which the strict ascending ladder process reaches [¢, o).

The 4, are independent and for £ = 2 have the same distribution



308 A. J. Stam [10]

with finite expectation. A similar assertion holds for the ladder
heights and we have

(2.8) M = ,“E{lz}a

where p; is the expectation of the mt ladder height, m = 2. We
refer to Feller (8], Ch. XII. 2, theorem 2. From the strong law of
large numbers of renewal theory, applied to the ladder process,

(2.9) lim ¢-1y(t) = pzb, a.s.,

t— 00
and from the strong law of large numbers for the 4,

(2.10) lim {y(¢)}* z A = hmn -1 E Ay = E{lz} a.s.

t—00 k=1

The lemma follows from (2.7), (2.10), (2.9) and (2.8).

LemMMA 2.4. Under (1.21) we have for the homogeneous random
walk: If either
(a) (1.28) and (1.26) hold,

or
(b) (1.25) and (1.26) hold,
then
M(T) Te—1
|2 50— 3 1) foire) Zo.
k=1
Here
(2.11) z* £ min {n : n integer, n = a}.

Proor. Let A(n) be defined by (1.19). Then

-1

T
(2.12) zT*)—{g su—wkg-of(k)}/b(r*)——A<T)+B(T>,
with

at MT)
= {b(T*)} glf(sk),

8, <0
B(T) = (B(T*)} 3 {(Sh).
k>M(T)
0=8,<T
Since N(— o0, 0) < o0, a.s.,
(2.18) lim 4(T) = 0, a.s.

Moreover e
|B(T)| = {b(T*)}1G(T*) max |f(h)],

0=h<T*
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where G(T%*) is the number of k with &k > M(T) and S; € [0, T*).
Now G(T*) has the same distribution as N[—T*,0) and
N[—T*,0) < N(— 0, 0). From (1.26) it follows that

lim {(T*)}* max |f(h)| = 0.

T—>o0 0<h<T+
So
(2.14) B(T) 5 o.

The lemma follows from (2.12), (2.18), (2.14) and theorem 2.1.
For the final result of this section we also need the following
lemma on convergence in probability.

LeMMaA 2.5. Let {Y(t), t = 0} be any family of complex valued
random variables. If to every sequence #; — o0 and every ¢ > 0
there is a subsequence {z;} of {f;}, depending on &, with

limsup |Y(7;)| < &, a.s.,

j—>00
then Y (¢) Eoast > .

Proor. The assumption of the lemma with Fatou’s lemma
implies that to every sequence #, — oo and every & > 0 there is
a subsequence {z,} with

limsup E 0(|Y(7,)]) <e,

j—00
where 0(z) < z(1+z)1, z = 0. So
lim E0(|Y(t)]) = o,
t—00

and the lemma follows.

THEOREM 2.2. Under (1.21) we have for the homogeneous and
the basic random walk: If either

(a)(1.20), (1.23), (1.26) and (1.29) hold,
or
(b) (1.20), (1.25), (1.26) and (1.29) hold,

then for n — o

P

(2.15) (3 150-u 3 100 / b(n) % o.

CoroLLaRrY 1. Under the conditions of the theorem

SHSbi) 5 4
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with A necessarily degenerate, if and only if
[nu]
kZof(k)/b(n) — Au.
CoroLLARY 2. Under (1.21), if f is bounded,

n [nu] P
w1 3 15—t 3 1) 0.
=1 £=0

Proor. First we consider the homogeneous process and show
that for T — o

at M(T [T/u] !
(216)  w(T) L | kgl’ (59— 3 150 Jur) Lo

with M(T) defined by (2.5) and (2.6). We make use of lemma
2.5. Take ¢ > 0 fixed. By (1.29) there is 6 = d(¢) > 0 with

(T+T8)*
(2.17) limsup {ub(T)}* 3 |f(k)| <e.
T—c0 k= (T—T8)*
Here a* is defined by (2.11). By lemma 2.3 there is 7,(d) a.s.
finite such that for T' = 7,(d)

M(T+T9)
lo(T) < B(T)* 2 1Skl
k=14+-M(T—T8)
{M(T+T8) (T4+T8)*—1

S fS)—ut Y If(k)l}//b(T)

k=1 k=0

(2'18 ) {M(T—m (T—T'8)*—1

)
S S —pt S lf(k)l}/b(T)

k=1 k=0
(T+T8)*—1

b (T) 3 (k)]
k=(T=T8)*
The conditions of the theorem are such that lemma 2.4 applies
to |f| as well as to f. So, with (1.20) and (1.5), to any sequence
T, — o there is a subsequence {T';} for which the first and second
term on the right in (2.18) converge a.s. to zero, and (2.16)
follows with (2.17) and lemma 2.5
From (2.16) and lemma 2.4, with (1.5),

[Tp] T*—1 P
(3 is0-um3 110 / b(1*) %o,

Here T*—1 may be replaced by [T] and by taking T = nu and
making use of (1.20) or (1.5) we find (2.15).
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The assertion for the basic process follows by conditioning
with respect to X, in the homogenecous process, noting that
P{X, = 0} > 0 by (1.15). Cf. the proof of theorem 2.1.

3. Convergence almost sure; X, integer valued with span 1

We use the technique for proving a well-known theorem on
a.s. convergence of series of orthogonal random variables (Doob
[6], Ch. IV 4, theorem 4.2).

LemMA 3.1. Let {v(n),n = 0,1, 2, - - -} be any complex valued
stochastic process. Then for r =0, 1, 2, - - -,

n

(8.1) |3 o)< W(r), 2r < < 2rH,
k=27+1

with
a r 2rv—1

(3.2) W(r) = (r+1) ;0 kEﬁ In(v, k)I2,

n(v, k) = v(274+k2"+1)
(3.8) +o(2 +k2"+2)+ - - - +o(27+(k+1)27),
k=o0,1,---,27—1, »=0,1,:-,7.

Proor. We refer to Doob [6], Ch. IV. 4, proof of lemma IV. 4.1.

Levuma 8.2. If in lemma 8.1
Z)(k) = CpWg, k= 0,1,2,---

where {w,} is a wide sense stationary process with bounded
spectral density, then

ar+1

(3.4) EW(r) = A(r+1)2 3 |e,% r=0,1,2,- -,
§=2741
with A independent of r.

ProoF. Let g be the spectral density of the process {w,}. Then
from (8.8), since g(d) < 4y, w1 ==,

2r-v—1 2rv—1 gy 27 (k41)2¥ .
E D nvE))2= > j > che'”"|2g(l)dl
k=0 k=0 J—7m h=2T4k2v41
2rv—1 274 (k+1)2¥ 2r+l
< 2n4, > > lalP=2ad4y 3 g%
k=0 h=2r4k2v41 h=274+1

and the inequality (8.4) follows with (3.2).

Lemma 8.8. If in lemma 3.1
'U(k) = Cp Wy, k= 0,1,2,---,
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where {w;} is a wide sense stationary process with spectral density
g satisfying

2(2) < bjAJsL, _n <1<
with 0 € (0, 1), then forr =0,1,2, - - -,
or+1 2 2r+1
(8.5) EW(r) < A(r-+1)26 { b3 |c,~|} FBOA1RE S o,
j=2741 j=2741

for any choice of §, € (0, ), the constants 4 and B not depending
on r or §,.

ProorF. Starting as in the proof of lemma 3.2 we find

2r-v—1 Brv—1 [ 20 (k1)2¥ 2 (o,
ES mkPr=s S { |c,-|} j blAP-1dA
%=0 k=0 \j=2rikovi1 -8,
2r-v—1 274 (k1) 2¥ ) 2
+ 3 f bl S et da
E=0 Jo,=|A|=7 h=2rkevil

2rv—1 274 (k+1)2¥ 2rv—1 2r (k41)2”

2
<2003 S el pembt S S ol

k=0 j=2r1k2vy1 k=0 h=2r1k2v{1

or+1 2 or+l
=2b0—1éf{ > [c,.|} 427621 Y e,
j=27+1 h=2T+1

and the inequality (8.5) follows with (8.2).

THEOREM 3.1. Under (1.21), (1.28) and (1.27) we have for the
homogeneous and the basic renewal process

o) i (3 S f00) / bin) = 0, as.

Proor. First consider the homogeneous process. It will be
shown that the series

(8.7) g 1(k)z:[b(E),

where 2, = z,—pu~1, converges a.s. The relation (3.6) then follows
with Kronecker’s lemma (Loeve [12], sec. 16.8, p. 238, Feller [8],
p. 288).

In lemma 3.1 and 3.2 we take

o(k) = cwy, wp =%, ¢ =[f(k)bk), k=0,1,---

The spectral density p, given by (2.2), of the process {w,} is
bounded on [—=, #] by lemma 2.2P. So

N N
E| 3 awl* = 274, 3 lol?
k=M k=M
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and with (1.27) it follows that the series (8.7) converges in quad-
ratic mean to a finite limit ». Similarly

N oo
Ejo— 3 cowi|> < 274, 3 leil?
k=1 k=N+1

< 9ndyflog N} 3 (tlog k)E lo? < A,{flog N}
k=N+1
with (1.27). So
) 2r oo
S Elp— dcwl? = > A7 < oo,

r=1 k=1 r=1

and therefore
29‘
(3.8) lim Y ¢w, = v, a.s.
ro00 k=1

Forn =1, 2, - - - let r, be the integer with
ol < p < 2,
Then by lemma 8.1

n 27n
(8.9) Z Crp Wy, = z cwp+R(n),
k=1 k=1
(8.10) IR(n)|2 < W(r,), n=12---,

the W(r) being given by (8.2) in terms of the v(k) defined above.

From lemma 3.2
or+1

2EW(r)} =43 (r+17 3 lol?
r=1 r=1 j=2741
oo 2r+l 0o
=433 ¥ (Yogj)?lel* = Az 3 (logj)? |e;* < oo
r=1 =271 =3
with (1.27), so that
(8.11) lim W(r) = 0, a.s.
The a.s. convergence of (8.7) now follows from (3.9), (3.8), (3.10)
and (3.11).

For the basic process the theorem follows from the fact that
(8.6) holds for the homogeneous process a.s. on the event {X; = 0}
which has positive probability by (1.15).

THEOREM 3.2, If (1.21), (1.20), (1.24), (1.25) and (1.28) hold,
then for the homogeneous and the basic renewal process

(8.12) lim A(n) = 0, a.s.,

n-»00

with A(n) defined by (1.19).
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Proor. First we consider the homogeneous process. From
(1.24) and lemma 2.2a it follows that the spectral density p(u)
given by (2.2) satisfies

(8.13) p(u) = A,lul?=, —n = [ul = .

So, from (1.192), lemma 2.1 and (1.25)

Bl = 4002 {3 o) [ e du

n—1 2
+ A {b(n)}~2601 L e Igof(k)ei"’“ du

< A260+A360-1{b<n)}-2:§ HE)?

Taking 6 = d(n) = g,(r) for n = 27, with £,(r) as in (1.28), we have
with (1.20)

3 E@IR S 4, 3 () +4, 3 BE))ed )2 ok

<4, Elsl(r)JrA glg 2—'_22%; {b(7) g f(k)[2
SAZAAZ 3 A7 og OIS R
= 4y 3 () +As 3 o 1(2logf){b(y'>}—27‘-1k§)lf(k)12 <,
by (1.282) and (1.28). So
(3.14) lim A(27) = 0, a.s.

r—00

Forn =1, 2, let r, be the integer with
21 < n < 2,
Then, with (1.5), (1.20) and lemma 3.1,
(8.15) [A(n)] < [A(2™)]|+ Ag{b(2m+1)} 1 Wi(r,),

where W(r) is defined by (8.2) with v(k) = f(k)%,k =0,1,2, - -~
By (3.18) lemma 8.3 applies with ¢, = f(k), w, = Z;. We take
0, = &,(r) in (8.5) with &,(r) the same as in (1.28¢) and (1.289).
Then, with (1.25)
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3 Byt B} < 4, 3 (412 0r)
4, 3 (L BT S FG)

where the first term converges by (1.28¢) and the second term is
majorized by

0 ar+l

453 3 (Uogg)? &5 (log H)If(7)/b()I?

r=1 =2741 o
= Ay X (Alog 7)? &5 (Blog 7)If()/b(j)I* < oo,

i=3
by (1.284), so that
(8.16) lim {b(27+1)}~2 W(r) = 0, a.s.
The relation (8.12) follows from (8.15), (8.14) and (3.16).
For the basic process the proof is the same as in theorem 3.1.

To convert A(n) into a sum of a nonrandom number of terms
we need the following two lemmas.

Lemma 8.4. For any random walk satisfying (1.1) and (1.2), let

(8.17) L(t) £ max {k: S, < t}, t> 0.
Then, irrespective of the distribution of X,
(8.18) lim t71L(t) = p%, a.s.

t—> o0

ProoF. By w we denote points of the probability space on
which the X, are defined. Let

42 {w:n1S,(0) - pu, t71 M(t) - 1},
where M (t) is defined by (2.5) and (2.6). Since M () = L(¢),
(8.19) £t < liminf 1 L(2, o), wed.

t—> o0

If for w e A fixed limsup,, . t1L(t, ) > u~l, there would be
d(w) > 0 and a sequence #,(w) — o0 with

Lty(w), 0) = {p1+0(0)t(w), k=1,2,---
This implies the existence of integers v, (w), k =1, 2, - - -, with
(8.20) Sy (@) < t(o),
(8.21) (@) = {p+-0(w) (o).
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Since S, (w) = nu{l+e¢,(w)} with lim,_, . £,(w) = 0, the relations
(3.20) and (8.21) are contradictory. So

(3.22) limsup t-1L(¢, w) < p71, weAd.

t> o0

The lemma follows from (8.19) and (8.22), since P(4) = 1 by the
strong law of large numbers and lemma 2.3.
LemMma 8.5. If either
(a) (1.21), (1.28), (1.27) and (1.29) hold,
or
(b) (1.21), (1.20), (1.24), (1.25), (1.28) and (1.29) hold,
then for the homogeneous random walk

tim °3 f(5)—' 3. 00) /b(T*) —0, as.

T—oo \ k=1

Here T* is defined by (2.11) and M(T) by (2.5) and (2.6).

Proor. Since the conditions (a) and (b) are such that theorem
8.1 or 3.2 applies, and since N(— o0, 0) < 0, a.s., it is sufficient
to prove that limy_,, £(T) = 0, a.s., where

Te_1 M(T) /
—{ S twn—3 (0} oT").

k=0
S,20
We have
BT = BT 3 IS
k>M(T)
(8.23) oy O
(3 vy 3 |f<sk>|}/ b(T*).
*=0 SkZO
Now
Ty L(T)
(8.24) S = 3 1S,

where L(2) is defined by (8.17). Lemma 2.8 and lemma 3.4 imply
that to every 6 > 0 there is 7(d) a.s. finite such that

L(t—16) < M(¢), t > 7(9).
Therefore, taking into account (8.24), we have for T > z(9),

(T—T8)*—1 L(T—T8)

M(T,
S RS S S = g’ F(Se)l-

k=0 k=1
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So, with (8.28), since N(— o0, 0) < 00, a.s.,

limsup |{(T)| < limsup {b(T*)}‘1 T‘E_fl l]‘(li:)lz,c
T =00 T-o0 —T8)
Te_1 (1—T38)*
—timsup | 3 ()= 3 VfE)
Te—1
bt 3 1)) [T, as
(1 T8y

The conditions (a) and (b) are such that theorem 3.1 or 3.2
applies to |f|. Therefore, with (1.5)

T*—1
limsup |£(T)| < limsup b(T*)}1 3 [f(k)], a.s.
T-oo T-oo (T-Té)*

So ¢{(T) — 0, a.s., with (1.29).
TaEOREM 3.8. Under (1.21), if either

(a) (1.20), (1.23), (1.27) and (1.29) hold,
or
(b) (1.20), (1.24), (1.25), (1.28) and (1.29) hold,

we have for the homogeneous and the basic random walk

lim{z‘y‘(S,c ‘u—lzf }/b(n =0, a.s.
n->00 k=1 k=0
CororLARY 1. Under the conditions of the theorem

n—1

2 [(Se)[b(n) — 2, as.,

k=0

with 4 necessarily degenerate, if and only if
[np]
k%f(k)/ﬂb(n) -4
CoroLLARY 2. If (1.24) holds and f is bounded,

llmn_l{zfsk) ,u“lz]‘(k)} =0, a.s.

n—00 k=1

Proor. For the homogeneous process the theorem is proved
in the same way as theorsm 2.2, except that no subsequences
need to be taken. Lemma 3.5 holds for f as well as for |f| and
plays the same role as lemma 2.4 in the proof of theorem 2.2.
For the basic process we consider the event {X; = 0} in the
homogeneous process. This event has positive probability by
(1.15).
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4. Convergence in probability; F nonlattice.

Throughout this section we assume that |f|2 and therefore [f|
is integrable over finite subintervals of [0, c0), an assumption
implicit in (1.81).

We make use of the Fourier representation, given by Feller
and Orey [9], of the symmetrized basic renewal function, defined

by
(1)  K(b)—K(a) = K[a, b) = U,[a, b)+Uy(—b, —al,
where

(1.16) Uyla,b) = 3 F™[a,b), —oo <a<b< o.

m=1

LeMmA 4.1. Let F be a nonlattice distribution function satis-
fying (1.1) and (1.2). If g € L, is continuous and vanishes outside
some finite interval, and if

y(u) £ fexp (tuz)g(x)dz, — 0 < U < o0,
is nonnegative and belongs to L, then

(1.2) g(0)+ [ g@)dK (@) = wy(0)+(2m) ™ [ y(w)or(u)du,
where

oy(u) = 1—|p)H1—p@)%, —oo <u < o,
with ¢ the characteristic function of F.

Proor. Since our assumptions differ slightly from those in [9],
we sketch the proof. Let the distribution functions K,, 0 < r < 1,
be defined by

K,(b)—K,(a) = 3r™{F™[a, b)+F™[—b, —a)}.

Integrating the relation

(4.3) g(—a—t) = (2a) [ y(u) exp (iua-+iut)du

with respect to dK,(z), applying Fubini’s theorem and using
(4.8) with z = 0, we find

1—r2|g(u)|®
[1—re(u)l®

With the Lévy-Cramér continuity theorem it follows that for
74 1 the measure with density function

et du.

g(—t)+ f g(e—t)dK () = (2m) f ()
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(2n) 1y (w){1—r2 ()21 —re(u)|~

converges completely to a finite measure m, with characteric
function

(4.4) 1) = g(—)+ [ gle—t)dK (@).

The measure m, is absolutely continuous on (— o0, 0) U (0, )
with density (2z)~'y(u)o,(u) and

ma((0}) = lim (7)1 [ 40t = 1500,
So
(#5)  x(t) = py(0)+(2a) [ y(u)oy(u) exp (itu)du,
and (4.2) follows from (4.4) and (4.5) with ¢ = 0.
LemwMA 4.2, If F is nonlattice and if the function kA € L, vanishes

outside some finite subinterval of [0, o), we have for the homo-
geneous renewal process

(4.6)  E|[h@)dN(®)? = pg(0)+u [ g(y)dK (y),

with K defined by (4.1) and

(4.7) gy) < [ h@h@+y)de, —oo <y< .
Moreover

(48) E| [ ()N (1) = [ 1hu)i2o(w)du,

with

(4.9) (u) & f h(z) exp (tuz)de, —o0 < u < o0,
(4.10) o(u) & 1P —0 < u< o.

- 2mpll—g(u)®’

Proor. Let F,, be the distribution function of S,, and F®™) be the
m-fold convolution of F. Then
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2

EUthr:E

gh(sf)

= S}flhlzdF,.—l— E §: ffh(m)ﬁ(m—l-y)dFj(m)dF(k—j)(y)
i1

J=1 k=j+1

+3 3 [[rematyrenrony)

k=1 j=k+1
= f |h]2dU+ff{h(m)ﬁ(m+y)+ﬁ(m)h(m+y)}dU(w)dU0(y).

The relation (4.6) follows with (1.11), since h(z) =0, z < 0,
and with g(y) = g(—y).
The function g defined by (4.7) satisfies the conditions of lemma
4.1. We note that
y(u) £ [ exp (iuy)a(y)dy = |h(—u)P

So from (4.6) and (4.2)
E |[ haN[" = u=2y(0)+ (22)* [ y(u)oy(u)du
= |u [ h@)da*+ [ hw)Po(u)du,
and (4.8) follows with E{[hdN} = p~* [h(z)d.

LeMMA 4.3. Let o(u) be defined by (4.10)

(a) If(1.22)holds, o(u)is bounded for 0 < ¢ < |u| << 00, & > 0.
(b) If (1.22) and (1.23) hold, o(u) is bounded.
(e) If (1.22) holds, o(u) is bounded away from zero.

We refer to the proof of lemma 2.2.

THEOREM 4.1. Let A(T) be defined by (1.18). If either
(a) (1.22), (1.28) and (1.31) hold,

or
(b) (1.22), (1.80) and (1.81) hold,

we have for the homogeneous renewal process

(4.11) lim E|A(T)[? = o.

T-oo

Proor. From lemma 4.2
EJAT)? = BT} [ Ifr(w)2o(u)du,

with o(u) given by (4.10) and
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fr(u) = [ f2(t) exp (iut)dt, —0 <u< o,
fz(t) = f(t), te[0,T), fglt)=0,  t¢[0,T)

The assertion (a) follows with lemma 4.8 and Parseval’s formula.
To prove (b) we note that o(u) is bounded for |u| = a > 0 by
lemma 4.32 and therefore, with Parseval’s formula

EJAT)2 < (D)} [° 1fr(@)Po(u)dute,(T)}2 [ 1)z

Here the second term tends to zero for T — oo by (1.31). The
proof that the first term tends to zero is similar to the proof of
theorem 2.1P.

We note that under (1.22) the condition (1.81) is necessary
for (4.11). This follows from lemma 4.3¢°.

TaEOREM 4.2. If either F, is absolutely continuous, or, F,
being arbitrary, some F™) has an absolutely continuous compo-
nent, we have under the conditions of theorem 4.1

AT) So.
Here F™) denotes the m-fold convolution of F.

Proor. First consider the case that X, has an absolutely con-
tinuous distribution of special type, viz.

400
(4.12) Fy@) = Gol2) = 2 . Fy(z—ka),

=00
where the o, are positive and have sum 1 and F; denotes the
distribution function given by (1.12). Since F; has positive
density on some interval, we may and do take a so that G, has
positive density on (— o0, + o).

Whether the process is homogeneous or not, we have for

T = t, finite

(418)  A(T) = {b(T)}—lél HSO+YA(T),

@i v 2 ([ psoave-w [ rad [y

[_Srv T—Sr)
where {N,y(t), —o0 <t < oo}, the renewal process defined on
X,p1s Xp1+X,pe, - -, is independent of S,. The first term in
the right-hand side of (4.18) tends to zero for T — oo, irrespective
of the distribution of X,.
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Let {T;} be any sequence with T} — co. By theorem 4.1 there
is a subsequence {r;} with lim,_, 4(z;) = 0, a.s., for the homo-
geneous process, and therefore lim;, Y, (7;) = 0, a.s., for every
r. So the event 4, £ {lim,_ , Y,(r;) = 0} in the product space of
S, and the Nj-process has probability 1 if the distribution of S,
is Fy» Fe-1 where F, is given by (1.12) and # denotes con-
volution.

Now let || || denote total variation and U, the unit step function
with jump at ¢. Then

[|Go# FW—Fp & F®|| < 3 oy||Fp s Uy F™—Fp % F™)||,
%

where the right-hand side tends to zero for n — oo since
NFp#Ugs FM—F; « F™||

tends to zero as n — oo (Stam [18], theorem 5).

Therefore, if X; has the distribution (4.12), we may take
r = r(¢) so large that P(4,) > 1—e&. But by (4.13) this implies
that P{lim,, A(r;) = 0} > 1—e&. Since this holds for every
g > 0, we proved the existence of a subsequence {z,} of {I}
with A(7;) - 0, a.s. So A(T) converges to zero in probability if
F, = G,.

For general absolutely continuous F, the theorem follows from
the fact that I, is absolutely continuous with respect to G,.

If some F™) has an absolutely continuous component, the
theorem follows by an argument similar to the first part of the
proof, now starting from the convergence of A(T) for F; = G,.
The relation P(A4,) > 1—eé& now follows from the fact that we
may take r so large that the component of F, = F—1 that is
absolutely continuous with respect to G, = F" 1, is larger than
1—e.

LEMMA 4.4. If either

(a) (1.22), (1.23) and (1.81) hold,
or
(b) (1.22), (1.80) and (1.31) hold,

then for the homogeneous random walk
M(T) T P
{ 2 f(Se)—p fo f(t)dt}/ b(T) = 0.
K=1

Here M (T) is defined by (2.5) and (2.6).
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Proor. By theorem 4.1 it is sufficient to show that E(T) £ 0,
where

BT 2| f[ | [N G) gT 15| / b(T)

M(T)
= —{B(T)}™ Z FSe)+Ho@* > f(Sk)
Sk<0 kelg)le"))

Here the first term tends to zero a.s. since N(— o0, 0) < 0, a.s.
For the second term, denoted by D(T'), we have
(4.15) D(T) oo {b(T)}™ Z f(5h+T)

Spel—

where X o0 Y means that the random variables X and Y have the
same distribution. Also

(416) | 3 HSi+T) =N(—00,0) max [{(S,+T),
S,e[-T,0) Se[—T,0)
(4.17) max [{(S+T)| oo max [f(S,),
S,e[~T,0) i>M(T)
8,0, T)
(4.18) max f(S)| <[ ifiran].
i>M(T) [0, T)
S;e[0,T)

Since E{[y r) |fI2dN} = u~t [7 |fI2dt, it follows from (1.81) and
(4.15)— (4.18) that D(T) > o.
THEOREM 4.3. If either

(a) (1.22), (1.20), (1.23), (1.31) and (1.34) hold,
or

(b) (1.22), (1.20), (1.80), (1.81) and (1.34) hold,

then for the homogeneous random walk, as n — co,

{élf(sk)—u—l f:”fdt} / b(n) > 0.

CororrARY 1. Under the conditions of the theorem

3 H(Sbn) =2,

=1

necessarily degenerate, if and only if [¢#fdt/b(n) — Au.
CoroLrary 2. For the homogeneous random walk, if (1.22)

holds and f is bounded,
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n np P

w3 p(s0—umt [“1at) So.

E=1 0

Proor. The theorem is proved by the same method as theorem

2.2 for the homogeneous process. Lemma 4.4, 2.8 and 2.5 are

applied in the same way as lemma 2.4, 2.8 and 2.5 in the proof
of theorem 2.2.

THEOREM 4.4. If either F,; is absolutely continuous, or, F,
being arbitrary, some F has an absolutely continuous com-
ponent, theorem 4.3 and its corollaries continue to hold for the
nonhomogeneous random walk.

Here F™ denotes the m-fold convolution of F.

Proor. The theorem follows from theorem 4.8 in the same way
as theorem 4.2 follows from theorem 4.1. The relations (4.18)
and (4.14) are replaced by

(3 150—w [ 1al) / bla) = B} 31(5)

k=1

T R R L

=1 0

If (1.22) does not hold, the proofs given above fail. Some

results on convergence in probability however may be obtained

under additional conditions on f. A function f on (— 00, - 0)

will be called here a strict step function on [0, o) if for some
d>0

(4.19) f@) =c,, kd=2<(k+1)d, k=0,1,2,---.
THEOREM 4.5. Let A(T) be defined by (1.18). If F is nonlattice
and if either

(a) (1.20%), (1.80) and (1.81) hold and f is a strict step function
on [0, o),
or

(b) (1.20%), (1.80) and (1.81) hold and to every & > 0 there
is a strict step funection f, on [0, c0) with

(4.20) THTN2 [ lf—fel2dt <&, T =Ty,

with T, independent of ¢ then for the homogeneous renewal
process

(4.21) lim E|A(T)[2 = o.

T-o00
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Proof of (a). Let f satisfy (4.19). Then with (4.8), (4.9), (4.10)

N-1
z Cp giukd
k=0

with o(u)u—2sin? Jud € L; by lemma 4.1. With the Riemann-
Lebesgue theorem, in the same way as in the proof of theorem
2.1b, we may show that limy ., E|A(Nd)|? = 0 and then (4.21)
follows with (1.5), (1.202) and (1.81).

Proof of (b). First we show that any f, in (4.20) satisfies
(1.80) and (1.81). With f, = f+(f.—f) and Minkowski’s in-
equality (1.81) follows for f.. With the Schwartz inequality and
(4.20)

E|A(NA)|? =f4«u‘2 sin? fud

i a(u)du/bz(Nd),

(4.22) (b(T)} foT f—foldt < &b, T=T,,

and (1.80) follows for f,.
Then with Minkowski’s inequality, f, satisfying (4.20) with
£ =,

(4.28)  E}A(T)? < Eb ® 1G¥(n, T),

J 0.2y AR B(T)

where

Gon T) = E [, o, ((—1,)aNb(T)]".

Using (4.6) and (4.7) and then (4.20), the Schwartz inequality
and (4.22), we find

GO, T) < (uT) n+p K [—=T, T} [ 1f—1,2dtjo(T)+p~7,

with K given by (4.1). Since K[—T7,T] <¢,T for T = T,,
theorem 4.5 follows from (4.23), (4.20) and theorem 4.52.

From theorem 4.5 we may derive results analogous to lemma
4.4, theorem 4.3 and theorem 4.4. We note that if the conditions
of theorem 4.5 apply to f, they also apply to [f|.

5. Convergence almost sure if limsup |p(u)|< 1
luj-»o00
Throughout this section we assume that |[f|? and therefore |[f|
is integrable over finite subintervals of [0, c0), an assumption
implicit in (1.82), (1.88) etc. We use the same methods as in
section 3.

LemMma 5.1. If (1.22) and (1.23) hold and if « € Ly(a, b) for
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0 <a<b< oo, then there is W(r), r =0, 1,2, - - -, such that
for the homogeneous renewal process

2 n =241, .., 2r+l

1 AN @) < W(r), ’
(5.1) fwo«) o swe, TZoT0
and
(5.2) EWr)} < AGr+17 [2 [w)tdt, 7 =0,1,2,- -

Proor. From lemma 8.1 with v(0) = 0 and
(5.3) o(h) = j[h_m «(2)dN (2), h=1,2, -
it follows that in (5.1) we may take

r 2rv—1

(5.4) W(r) = (r+1) Z'o kZO In(v, k)2

with 5(», k) defined by (3.3), so that

k=0,1,,2~"—1,
f «(t)dN (1),

[27-HK2%, 27+ (K+1) 2¥) VY= 09 ]-9 cr,T.
From (4.8), (4.9), (4.10), where o(u) is bounded by lemma 4.3,
it follows with Parseval’s formula that

(5.5) n(v, k) =

Ely(v, k)2 < ¢ [2 57 ja(t)|2ds

2r k2
and (5.2) follows with (5.4).
Lemma 5.2. If (1.22) and (1.24) hold and if « € Ly(a, b) for

0 <a <b< w, then there is W(r), r =0,1, 2, - - -, such that
for the homogeneous renewal process (5.1) holds and

6:6) E(W(r)} = A(r-+1)200 {[2 |a(lat]’
5.6 "
+B(r+1)26f_1 f:: |0€(t)|2dt, r=0,1,2,--",

for any 4,€(0,1), r =0,1,2, -+, the constants 4 and B not
depending on r or §,. The constant 6 in (5.6) is the same as in
(1.24).

Proor. By lemma 8.1 we may take W(r) as in (5.4) and (5.5).
By (1.22), (1.24) and lemma 4.32

o(u) = ¢yful’ Jul = 1, 0(u) ¢, lul 21,

and so from (4.8), (4.9), (4.10) we have
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8, 274 (k+1) 2¥
Eln(, k)* = ¢ [ tul?=du ([ 7 a(t)lde)?

2T -k2Y
e, 801 f f2'+(k+1)2v
2%r

ac(t)e"“‘dtl2 du
271 k2v

o [ (2012
=c
3% {J. 2r.k2y

2 o1 [+ (Er1)2Y
Jo(#)1d8)"+ 21,0 | e

|a(t)|2dt.

The inequality (5.6) now follows with (5.4), with the aid of the
relation

V-1 (27 (k1) 2¥ 2 . 2 2r+1 2
2 {f Ia(t)ldt} < {EJ = } = { f [a(t)ldt} )
E=0 \Jorizow EJ... 2r
In the proof of theorem 5.1 below we need a continuous version
of the Kronecker lemma used in proving theorem 3.1.

LeEMMA 5.8. Let H be of bounded variation on finite subintervals
of [0, o0), let |g| be integrable with respect to |dH| over finite
subintervals of [0, c0) and let b(¢) be nonnegative and non-
decreasing on [0, o). Then, if

lim b(t) = 400, lim gdH = s,
o0 To0 J[0,7)

with s finite, we have

lim {b(T)} f[ - b(t)g(t)dH(t) = O.

T-oo

ProoF. Let S(t) = [igdH, t > 0, S(t) = 0, ¢ < 0. The lemma
follows from the relation

[0, P03S® = bTIST) A= [, SHOBT),

where A is a constant, S*(t) = ¢(¢)S(¢)+{1—q(¢)}S(t*), with
0=4¢q() =1 and A and ¢(?) depend on the behaviour of b(t)
at its discontinuities.

THEOREM 5.1. Let A(T) be defined by (1.18). If (1.22), (1.23)
and (1.82) hold, we have for the homogeneous renewal process

lim A(T) = 0, a.s.

T->o0

Proor. By lemma 5.8 it is sufficient to show that limg,_, . 8(T)
exists and is finite, a.s., where

BT) 2 [, FOb®HN).
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By methods similar to those used in the proof of theorem 3.1 it
may be shown that

(5.7) lim g(n) = w (finite), a.s.

n—-oo

Instead of lemma 2.1, 8.1 and 8.2 one has to apply lemma 4.2,
where o(u) is bounded by lemma 4.8, and lemma 5.1 with
o = f[b.

Finally let n, denote the integer with npy < T << np+1. Then

(5.8) B(T) = B(nz)+ |, . (1/b)NV,
(5.9) oo 1, (112N < o),

where, forn =10,1,2, - - -,
em) = [ UbLAN] = [ IfBlAN +-2ut [T |fjbde.

Here the first term tends to zero a.s. by (5.7) applied to |f|,
where it is noted that the conditions of the theorem also apply
to [f]. The second term tends to zero by (1.82), since

(5.10) [ ipplae < ([ flbizdt)?.

n

n, n+1)

It follows now from (5.8), (5.7) and (5.9) that §(7) — w, a.s.

THEOREM 5.2. Let A(T) be defined by (1.18). If (1.22), (1.20),
(1.24), (1.80) and (1.88) hold, then for the homogeneous renewal

process
lim A(T) = 0, a.s.

T-o00

Proor. From (1.24) and lemma, 4.32
o(w) = eyful? Y, Ju] £ 1, ofu) < ¢, ful = 1.

By methods similar to those used in the proof of theorem 3.2,
applying lemma 4.2 with Parseval’s formula and lemma 5.2
with « = £, it may be shown that
(5.11) lim A(n) = 0, a.s.

Finally, let ny be the integer with ny < T << np+1. Then,
with (1.5) and (1.20),

[A(T)| = |A(ng)|+csé(nr),

(5.12)
En) = et} 0NN @), n=0,1,2,"
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We have
En) = B0y [ IfldN 2410} [T

Here the first term tends to zero a.s. by (5.11) applied to |f],
and the second term by (1.5), (5.10) and (1.834). The theorem
now follows with (5.12) and (5.11).

,7+1)

THEOREM 5.8. If either F, is absolutely continuous, or, F,
being arbitrary, some I has an absolutely continuous com-
ponent, theorems 5.1 and 5.2 continue to hold for the nonhomo-
geneous renewal process.

Proor. The theorem follows from theorem 5.1 and 5.2 in the
same way as theorem 4.2 follows from theorem 4.1, except that
no subsequences need to be taken.

LEMMA 5.4. If either

(a) (1.22), (1.23), (1.82) and (1.84) hold,
or
(b) (1.22), (1.20), (1.24), (1.30), (1.33) and (1.34) hold,

then for the homogeneous random walk
M(T) T
lim { S f(Se)—ut f f(t)dt} / B(T) = 0, as.,
T-oo \ k=1 0

where M(T) is defined by (2.5) and (2.6).

ProoF. The lemma follows from theorem 5.1 and 5.2 in the
same way as lemma 8.5 follows from theorem 3.1 and 8.2, the
main difference being that Y7 g f(k)z, is replaced by [ 1 fdN.

THEOREM 5.4. If either

(a) (1.22), (1.20), (1.23), (1.82) and (1.84) hold,
or
(b) (1.22), (1.20), (1.24), (1.80), (1.83) and (1.34) hold,

then for the homogeneous random walk

lim { S H(Se)—pt f i fdt} /b(n) — 0, as.

n-o00 \k=1 0

CororLARY 1. Under the conditions of the theorem

n

> H(Sk)/b(n) — A, a.s.,

k=1

with 4 necessarily degenerate, if and only if [¢#fdt/b(n) — Au.
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Cororrary 2. If (1.22) and (1.24) hold and f is bounded,

lim n-1 { S H(Sy)—pt f " fdt} —0, as.

n-00 k=1 0

Proor. The theorem follows from lemma 5.4 by essentially
the same methods as theorem 2.2 from lemma 2.4. Since the
theorem is on almost sure convergence it is not necessary to
consider subsequences.

TaeorEM 5.5. If either F; is absolutely continuous, or, F,
being arbitrary, some F has an absolutely continuous com-
ponent, theorem 5.4 and its corollaries continue to hold for the
nonhomogeneous random walk.

ProoF. The theorem follows from theorem 5.4 in the same way
as theorem 4.2 from theorem 4.1 ,but without taking subsequences
and with the same modification as in the proof of theorem 4.4.

The first part of theorem 5.5 also may be formulated as follows:
For the basic random walk

lim {ﬁ Hy+Sy)—pt f " fdt} / b(n) = 0, as.,

n-o00 k=1 0

for almost all y with respect to Lebesgue measure.

6. Recurrence

Here we consider the theorem of Chung and Derman on re-
current sets. (Chung and Derman [8], Derman [5]).

Throughout this section we assume that fe L,(0,T), T > 0.
As before, the conditions

(1.1) f |z|dF < oo,
(1.2) 7 d=ffwdF >0,

essential for our results, will be assumed to hold.

THEOREM 6.1. Under (1.22), if f is nonnegative on [0, o) and if

(6.1) J; 1)t = + oo,

e |l

then for the homogeneous random walk



[33] Laws of large numbers for functions of random walks 331

gf(Sk) = 4 o0, a.s.

k=1
CoroLLARY. Let 4 be a Lebesgue measurable subset of [0, o0).
Under (1.22), for the homogeneous random walk, P{S; € 4, i.0.}

is zero or one according as A has finite or infinite Lebesgue
measure.

i.0.: infinitely often.

Proor. We put
(6.3) y(T) & j[o o fAN, T >0,
(6.4) b(T) = E(Y(T)} = p | fdt, T > 0.
By Chebychev’s inequality, for b(T) > ¢,
PY(T) < ¢} = (0(T)—c}2E|T(T)P%,

where for T — oo the right-hand side tends to zero by theorem
4.10, since (1.81) and (1.80) follow from (6.2) and (6.4), respec-
tively. Now limg_ ., Y(T') exists, finite or +co. By what was
shown above, the limit must be - 00, a.s., and the theorem follows
by taking into account that N(— o0, 0) < o0, a.s.

ProorF oF coroLLARY. That P{S; € 4 i.0.} =1 if 4 has infinite
Lebesgue measure follows from theorem 6.1 by taking for f the
indicator function of A. Then (6.1) implies (6.2).

THEOREM 6.2. If f is nonnegative on [0, 00) and if (1.22), (6.1)
and (6.2) hold, then for the basic random walk

%]‘(y-{—Sk) = 400, a.s.,

k=1

for almost all y with respect to Lebesgue measure. If moreover
some F™ has an absolutely continuous component,

§f(5k) = 40, a.s.

E=1

Proor. From theorem 6.1, by the same method applied to
derive theorem 4.2 from theorem 4.1, but without taking sub-
sequences. Cf. the proof of theorem 4.4.

In the same way, from the corollary to theorem 6.1:

THEOREM 6.3. Let A be a Lebesgue measurable subset of [0, o).
Under (1.22) for the basic random walk P{y+S; € 4 i.o.} is zero
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or one for almost all y with respect to Lebesgue measure, according
as A has finite or infinite Lebesgue measure. If moreover some
F@™) has an absolutely continuous component, a similar assertion
holds for P{S; e 4 i.0.}.

If the X, are integer-valued with span 1, the theorem of Chung
and Derman may be derived from theorem 2.1°. The counterpart
of theorem 6.1 now may be simplified to:

2 f(Se) < 0, as., if %]‘(k) < o,

2 f(Sk) = o, as., if %f(k) = oo.
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