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On the geometric means of an integral function
by

Kuldip Kumar

1.

Let f(z) be an integral function of order p and lower order A
and
(1.1) lim sup log n(r) _ P
r>oo inf  log 7 M

n(r) being the number of zeros of f(z) in [3] = r. Let G(r) and
g;5(r) denote the geometric means of |f(2)|, defined as

(1.2) G(r) = exp {%J‘ log [f(re"")]de}
and

(1.8) gs(r) = exp {(6—';13[ fzﬂ log|f(me“’)|w"dmd0}

In this paper we have obtained some of the properties of G(r)
and g;(r). Let

_ ("n(=)
(1.4) N(r) —fo wa
and
(1.5) lim SUP 2() _

r—oo Inf 7P d

Using Jensen’s formula in (1.2), we have

(1.6) log G(r) = log [f0)+ | ) g

From (1.1), we have, for any ¢ > 0 and r > ry = ry(¢)

M < p(r) < rPrte,
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272 Kuldip Kumar 21
Using this in (1.6), we have, for almost all values of r > r,
G (r) < G'(r) < rPTIHEG(r).
Again from (1.5), we have for any ¢ > 0 and r > 7,
‘ (@—e)rP < m(r) < (c+ey?
Substituting for n(r) from (1.6), we have, for almost all r > 7,

(d—e)rP1G(r) < G'(r) < (c+e)yr?1G(r).

2.

We shall now obtain some of the properties of gs;(r). We may
write (1.8) as

log gs(r) = +1 )J log G(z)a? d.

Now, using (1.4) and (1.6), we get

(2.1) log g5(r) = 0(1)+ (6;{;11 j N(z)x’ du.

THEOREM 1. Let {(z) be an integral function of order p(0 < p < o0)
and let {(0) 7~ 0. Further,

@) o
lim inf V) _ 4
r—00 rP ’
then
lim inf 108 &(r) - A(6+1)
r—>0c0 7P = (pF+06+1)°
(ii) of
lim sup *\/ N(T)
r—>00 rP ’
then
lim sup log g;(r) < «(6-+1) )
r—>00 re - (P+6+1)

Proor. (i) Since

lim inf N (") _ 5,

r—>00 rP
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therefore, for any ¢ > 0 and r > r; = ry(¢), we have

N(r) > (B—e)r?,

and so from (2.1)

log g4(r) > 0(1)+ Mﬂ (rp+a+1_,.g+a+1),._.,_l.

(p+06+1)
Taking limit on both the sides leads to
lim inf 108 &(r) _ B(0+1) .
e S (pet)
(ii) If
lim sup '/ N (r)
r—00 rf ’
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we have, for any ¢ > 0 and r > r, = ry(e), N(r) < (a+e)rr.
Substituting this in (2.1), integrating and proceeding to limits,

the result follows.

THEOREM 2. Let f(2) be an integral function of finite non-integral

order p, and let

lim 102 &(") — »  and  lim log G(r) _
r—>00 re r—>00 rP
then
v(p+06+1) = p(é+1).
Proor. Since
lim log &s(r)

r—>00 reP ’

therefore,

rP(v—e) < log gs(r) < rP(v+e), for 7 > ry(e).

Hence,
(6+1) (5+1
e e log G(2)a’dz = J log G(z)2®dz
_(641) pi 1
5 log G(z)2’ dz, (0 <9< ———)

= 0(1)+ log g,(r)— (1—7)*** log gs{(1—n)r}
o(1)+v{(pF+0+1)n— - -}t —e{2—(p+d+1)n+ - -

5+1

-}1‘/’
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But,
(0+1) (7 (6+1) log G(T)j‘r
— log G Sdy < ~— i ——— d
) og G(z)z’dx =< peFe} (I_Wm dw
(941)7 log G(r)
oty for—(6+1)y < 1.
Hence,
log G(r) v{(p+o+1)y— - H1—(0+1)n)
— oo (64+1)y
_s{2——(p—|—6—|—1)17+ H1—(0+1) }

(0+1).

Since 5 is arbitrary, we get

lim inf 108 G(r) _ »(p+9+1) .

(2-2) r—>00 rP = ((S—I—l)
Further,
o41) pltor 0--1) pa+mr
(7-3+1 ) log G(z)a’ dw = (_rr?wr)f, log G(z)a’ d
0+1
(T—L)J log G(z)a? de < o(1)+»{(p+6-+1)n+ -+ -}
er‘l"f{?—l*(P—l—é'f‘l)’?—i‘ e, for <1,
but,
1 (1+9)r
%—I%I)f log G(w)w"dw > (6+]—)7] log G(T),
hence,
log G(r) v{(p+o+1)n+ - -} ef2--(p+o+1)m+ - -}
—— < o1 .
rP o(1)+ B+1) 511
Therefore we get
(2.3) lim sup 108 G(r) _ »(p1-0+1)

r—>00 re - (6+1)
Combining (2.2) and (2.8), we get the result.

3.

Combining (1.2) and (1.8), we obtain

-1 rr d
oy = o [ |, 1 7 g Glonae]
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Using (1.6) in this, we get

{ga(r)}l"“”

(3.1) o

—1
Xp {FEN—(rj . n(m)w"dm} .

Let us set

e 2200

We now prove the following:

TaeorEM 8. If f(2) is an integral function of order p(0 << p << )
and f(0) # 0, such that n(r) ~ ¢(r)rer, where ¢(r) is a positive
continuous and indefinitely increasing function of r and $(cr) ~ ¢(r)
as r — oo for every constant ¢ > 0, then

P=p=exp{ i }

prto+1
Proor. Since n(r) ~ ¢(r)r°r we have for any ¢ > 0and r = ry(¢)
(3.2) (I—e)p(r)rer < m(r) < (1+e)p(r)re

or .
(l—e)f $(e)zPtdx < f ' n(@)e’de < (1+¢) f ' é(@)ar da.
Now, by Lemma V([1], p. 54),

J‘¢ wnerau B

for every positive «, and so we get

(3.3) (jré+)1 G(r)rPrti+lLo(1) <f z)z? dz
D e,

Again, from (8.2), we have

——s)f d(z)xr1de <f d < (1+¢) f é(z)e"rda,

giving,

(1—e)

P1

(3.4) d(r)yr"14+0(1) < N(r) <

AF) 4 (ryres0(1).
P1
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Combining (3.8) and (8.4) leads to

—p1  [(L—&)p(r)r"14-0(1) -1 [
(put0+1) [ (1+e)(r)r ] r"“N(r)fo ekt da
—pP1 (14¢)d(r)rPr+o(1)
~ (p1+6+1) [ (1—e&)p(r)re ] .

Taking exponentials and proceeding to limits, we have, since &
is arbitrary and n(r) ~ ¢(r)res,

lim exp —1 fr s }= {___"_Pl__}
{r"“N(r) . n(z)z’ de exp Pt

r—00

THEOREM 4. If f(2) has at least one zero and f(0) = 0, then

(1) el=<p=<P=<1;
) .
(ii) = exp (5+1 .

Proor. (i) Integrating by parts the integral in (3.1), we get

{?((:)):wm = exp [~1+ %:%—l()r)fo N(a)o!ds).

Since N(r) is non-decreasing function of r, we get
p=e! and P 1.
Since n(r) is non-decreasing function of r, (8.1) gives

{ga(r)}l”""’ —n(r) } .

G(r). (3+1)N(r)

G(r) > exp :

But we know ([2], p. 17) that

lim inf (") _,

r—00 N(T) ="

and so

o[ ()

I wish to express my sincere thanks to Dr. S. K. Bose for his
guidance in the preparation of this paper.
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