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Unitary groups in projective octave planes!
by
F. D. Veldkamp

0. In this paper we consider groups of projectivities in an octave
plane which commute with a polarity in that plane. These groups
behave in a way similar to the classical unitary and orthogonal
groups. In general, not much can be said if the polarity is elliptic.
But if we deal with a hyperbolic polarity, then the corresponding
unitary group has a simple normal subgroup generated by unitary
transvections. This is also a consequence of Tits’ results [29]
which are placed in the more general framework of algebraic
groups; our results are derived with the methods in use for the
description of octave planes and they give some more detailed
information.

There are three types of hyperbolic polarities. First, the
hermitian linear polarities already considered in [10, II], [21]
and [22]; the corresponding unitary groups are simple and of
type F,. Then there exists a nonhermitian linear type of polarities;
the corresponding group has a simple normal subgroup generated
by the unitary transvections, which is a group of type C,, already
found by Tits [27] in the case of octaves over the reals. Finally,
we have a nonlinear type of hyperbolic polarity which gives rise
to a quasi-split outer form of the group Eg; these groups have
already been considered by Tits [28] who used different techniques.

This paper is divided into three chapters. Ch. I deals with
polarities in octave planes and some general results about unitary
groups; it generalizes results already found for octaves over the
reals by Tits [26, 27]. In II, the structure of these unitary groups
is examined in more detail, especially in the case of hyperbolic
polarities. In IIT, methods of algebraic group theory are applied
to determine the type of the groups under consideration. For this
purpose, roots and rootvectors of some Lie algebras are explicitely
computed.

! This research was partially supported by the National Science Foundation
under Grant No. NSF-GP-4017 during the author’s stay at Yale University.
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214 F. D. Veldkamp [2]

For notations and preliminary results on Jordan algebras and
octave planes we refer in general to [22]; as a general background
we also need [18, 19, 20 and 21].

There are some deviations from the rule on notations we have
just fixed. Thus, linear transformations will, with a few excep-
tions, be denoted by italic capitals. We shall write #(C) instead
of P, for the projective plane over the octave field C. The line
of points  such that (u, ) = 0, will be denoted by «* instead of 4.

A (15 y3, 73)-hermitian matrix

& Z3 71_1 V3Ts
?’51 V1%3 &, &y
o 7;1 Yoy &s

will in most cases be denoted by (&;, &,, &35 @y, @y, @3); this nota-
tion, of course, does not show explicitely the coefficients y;, y,,
y3, but these will be equal to 1 in the greater part of this paper.

We shall frequently need the crossed product @ Xy of elements
z and y of a Jordan algebra of 8 X8 hermitian octave matrices;
see e.g. [22, p. 418]. For convenience in computations we give
here the expression of this product in matrix form in case
y1 = ys = y3 = 1, which is easily derived from the formula

(zXy, 2) =8z, y,2>:
(&1, &a5 &35 @1, @, @3) X (M35 s, M35 Y15 Yas Ys)
= (Cla C25 533 %15 g, za),
where
G =EiaMirat N bapa— (245 ¥2)
8 = Eppo¥ip1tPore@isa—EYi— 024,
subscripts taken mod 8. Of course, it is easy to derive a similar
formula for arbitrary (y,, y,, y3)-hermitian matrices, but the
above formula will suffice for our purposes.
The author wishes to express his gratitude to Professor T. A.
Springer for some critical remarks. In particular simpler proofs
for theorems 5.1 and 5.7 are due to him.

I. Polarities, unitary groups

1. Let K be a commutative field of characteristic == 2,8, C
an octave field over K and #(C) a projective plane over C.
P(C) can be described with the aid of any Jordan algebra
A = A(C; yy, s, v3) of 8X8 (¥4, V25 ¥3)-hermitian matrices with
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entries in C. A choice of such a coordinate algebra A defines a
polarity =z, in #(C), which maps a point « on the line u*; we will
call =, the standard polarity with respect to the coordinate al-
gebra A. Any duality of 2(C) can be written as

w=umy T,

where 77 is the collineation of #(C) induced by the o-linear
transformation T of 4 satisfying

det Tx = vo (det x) for all .
We shall call
v=detT.
Since
TexTy = »T'! (xXxy) (see [21, p. 455]),

the action of # on a line u* is given by
au* =TT 11y,
Hence = is a polarity if and only if
vI'IT = 4,
for some A £ 0 in K, i.e.,
(1.1) m==,"T7 is a polarity < T = aT’, a € K, a # 0.

Since 7" is ¢~-linear, it follows that ¢% = 1. From (1.1) we get
by taking the transposed

T = o(a)T,
Hence
ao(a) = 1.
If ¢ = 1, this implies « = 4+1. But « = —1would give T’ = —T,

hence (2, Tz) = 0 for all 2 since char. K # 2. So every point
would lie on its polar, which is impossible in a plane (see [22,
p. 424]). So in this case we get « = 1. If ¢ 5 1, then by Hilbert’s
“theorem 90’ there exists a p such that « = p~1¢(p). Replacing
T by pT we find that we may assume T = T’. Thus we have
shown

(1.2) = is a polarity if and only if it can be written as
wo==7, T,

where the collineation "T7 is induced by a o-linear transformation
T of A satisfying

det (Tz) =vo (detz), 6* =1, T =T'.
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We call a point u isotropic with respect to = if w € nu, otherwise
nonisotropic.

(1.8) If the point u, is nonisotropic with respect to r, it can be
embedded in a polar triangle u,, u,, u;.

Proor. It suffices to show the existence of a nonisotropic point
U, € ;. Assume v and w € nu, are isotropic. Then nv = (u, X v)*,
nw = (u; X w)*. Take x e wv, £ u,, # v, Yy = 72 N AW, T = 7L N T7Y.
Then nz = (zXy)*. Take u, = (u, X2)* N wuy, 43 = 72 N U4,
then zu, = (u, X u3)*. v, w, u, and uz are harmonic, hence w, 7= 4,
since K has characteristic £ 2.

2. Let u,, uy, u; form a polar triangle. Three noncollinear
points can be transformed into any other three noncollinear points
by an element of the little projective group (see [21, p. 461]),
hence we may coordinatize 2(C) in such a way that

u, = (1,0, 0; 0,0, 0), u, = (0,1, 0;0,0,0), u; = (0,0,1;0,0,0).
For the polarity # = 7,"1" we then have
(2.1) Tu; = Au;, t=1,2,3.

The subspace R = {e—wu,)+ E, in the Peirce decomposition of 4
with respect to wu, is spanned by the points € uf = nu,. For
such an @, u, € 7z, hence Tz € R. Consider

y = &uta, z € R.
Then
Ty = A 0(&)u+Te, Tz e R.

Now dety = &,Q,(z) (see [21, p. 452]) and det (Ty) = vo (dety),
hence we must have

210(61)0:1(Ta) = 1’C"(‘:"ﬁ)o’(Ql(a’))
Q1(Tz) = 271 v (Qy(2))-

Since Tu; = A;u;, T must leave invariant the orthogonal com-
plement C (with respect to Q;) of {u,>+<uz> in R. Replacing
u; by u, and w4 respectively in the above argument, we find that

(2.2) T = [A1, A9, 455 T4, Ty, T3],
which is defined by
(615 &as Exs @1, @y, 13) = (A 0(&1), A90(£3), Ag0(&3); Ty, Tomy, Tyas).

The T, are o-linear transformations of C.
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In this representation of T, the condition

(2.8) det (Tx) = va (det )

is equivalent to the following conditions (2.4—5—86).
(2.4) AAsdg = v,

(2.5) N(T,z) = A;7'vo(N(z)) for all zeC,

(2.6) (Tyay, Tomy, Tyas) = vo((ay, @y, x3)) for all @, @y, 3 €C.
Here we use in (2.6) the notation
(2.7) (@1, @y, @3) = @y (Ty23) + @5 (@5 5)

= (1, &y (2, 25))-

In the terminology of [12, p. 185], Ty, T, T3 form a related triple
of semi-similarities in C. (2.5) and (2.6) are equivalent to (2.5) and

(2.8) Pizy) = 37T a2 )(Tiredy)s

subscripts taken mod 8 (see [12, p. 185] or [17, p. 152]). Here
T.2=T,z. Applying N on both sides of the equation (2.8) one
obtains (2.4) (see [16, p. 16]), so (2.4) is a consequence of (2.5—6).

Let T denote the transposed of T; with respect to the bilinear
form (.,.) on C related to N. One easily verifies that

(2.9)  [A1, 45, 233 T4, Ty, T3] = [0(Ry), 0(Ae), 0(Ag); 2, T, g Ty, 03 T]
where

W = Vi1 Vi OV Vir)
From mow on we coordinatize P(C) only with Jordan algebras
A(C; y1, y5, v3) such that y, = o(y;), 1 = 1,2, 8.

Then «; =1 in (2.9), hence the condition T = T" in (1.2)
becomes equivalent to

(2.10) Ay = o(4,), t=1,2,3
(2.11) T,=T; t=1,2,3.
From (2.4) and (2.10) it follows that v = o(»). (2.5) implies
that (2.11) can be replaced by

(2.12) T2 = u; = 71, t=1,2,38.

Conversely, assume that a proper semi-similarity T of C is given
satisfying (2.5) and (2.12) for ¢ = 1. By [8] and [81] we can find
T, and T; such that (2.5) and (2.6) are satisfied for some 2,
(¢t=2,8), if v is given. T, and T, are unique up to factors p
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and p! respectively, p € K, = 0. Is (2.12) satisfied for ¢ = 2, 8?
T? = u,, T? and T3 form a related triple, hence T2 = ay, T3 = oy
for some oy, a3 € K.

Then
pa ety oy (Zg, By, #3) = (Tiay, Thwy, T3as)
= 3 (,, @y, X3).
So 15 Tas X3
Pattgtg = V2 = iy fisfig
Uglty = Ugflhs.
Furthermore, 2 e
a;N(z) = N(Tiz) = piN(z).
o = .
Thus we find: either ay = p,, 03 = pg, or oy = —u,y, 03 = —puz.

Considering first the case ¢ # 1, assume that we have T, and T
such that T? = —pu,. If F denotes the fixed field of K under o,
then K = F(#), 92 e F, o(#) = —9. Replacing T,, Ty, T3 by
T,, 8T,, 91T, we get a related triple satisfying (2.5), (2.6)
and (2.12). (2.5) and (2.12) imply that o(u,) = u,, for

42N (@) = N(p,z) = N(T?2) = p,0(u,)N(@).
T, and T; are uniquely determined by 7T, up to multiplicative
factors p, p™! respectively. Now N(pT,z) = p?u, N(z) and
(pT3)? = po(p)ps, hence we must have p = o(p) in order to
satisfy (2.12). Let us now turn to the case o = 1. First assume
Uy = B2, B, e K. Then U, = f;'T, is a rotation, U3 = 1. So U,
is a product of an even number of reflections in C. If T, = §,,
take T, = Bylv, Ty =1. If T, = B,S,S,, S, and S, reflections
in a* and b' respectively, (a, b) = 0, then it follows from [38,
p. 159—160] that

Ty : 2 — ByN(a)N(b)ta=t(bx).
An easy computation shows that
py = B3N (a)N(b)7.
Making use of the relations (1.2) and (1.4) of [2, p. 408] and (10)
of [18, p. 419] — also to be found in [4, p. 210], formula (1.5")
— and taking into account that (a, b) = 0, we find
T3z = fEN(a)N(b)*a-[b{a~(b2)}]

— BEN(a)N(b)*(a~*ba~1)(ba)

= —p3N(a)*N(b)~*(ba~"a")(bx)

= —B2N(a)N(b)a.
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Hence
Tg = —Hs.

Therefore 87T, cannot be a (2,6)-involution.

From the above computations, however, it follows that for a
(4,4)-involution BT, we get the desired relation T35 = u,; for
a (6,2)-involution g7, we obtain again that T3 = —u,.

Finally, consider the case ¢ =1, u; ¢ K% Extend K to K(7),
7% = u,. The linear extension of T, to C ®x K(n) = C’ satisfies
T? = 52 If 7 is the K-automorphism of K(n) mapping  on —,
then on C’

T,(1 ®7) = (1 ® )T,

hence T,z = nz implies T;(1 ® 7)z = —n(1 @ 7)z. From this
relation one easily concludes that n~'T, is a (4,4)-involution on
C’. Hence T, can be extended to a related triple 7', Ty, Tgon C’
such that the relations N(T;z)= u;N(z), T? = u;, hold. On C we
can also find a related triple of similarities T, T,, T3, such that
T2 = +u,. The linear extension of T, to C’ must be a multiple
of Ty. T3 = —pu, would therefore imply T2 = —u,, a contra-
diction. Hence T3 = p, and T: = u,. Thus we have shown

(2.18). Let 62=1, veK, v=290(v). If T, is a o-similarity of C
with N(Tyz) = pu,N(z), T3 = p, (hence o(u,) = u,), then there
exist o-similarities Ty, T4 such that T,, T,, T3 form a related triple,
N(T,z) = u,N(z), T2 = p,, if and only if one of the following
conditions holds.

1)o=1, T = «.

(2) 0 =1, uy e K2, Vu7'T, is a (4,4)-involution.
(8) o =1, u ¢ K~

(4) 0 =1, T, is a proper o-similarity.

Then o(p;) = p; for i =1,2,8. T,, T, are unique up to multi-
plicative factors p, p=t, respectively, with p = o(p).

REMARK. The above proposition also holds in case C is a split
octave algebra, since in its proof it is of no importance whether
C is split or not.

In the case o0 £ 1 we want to derive conditions for a g-similarity
to be proper. Let e, ..., g be an orthogonal basis of C. We
assume that the discriminant

det (3(e:5 €;)) = N(es) ... N(es) = B
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satisfies 8 = o(f), i.e., B € F, the field of o-invariant elements
of K. K= F(#), 9 =aceF, o(d) = —9.

det (3(Te;, Te;)) = pBa(f) = up, if N(Ta) = po(N(z)).
On the other hand, if

det T = A with respect to ey, . . ., €5,
then
det (3(Te,, Te;)) = A2B.
Hence
A= +ut

Let f, ..., fs be another orthogonal basis of C. f, =3, ye;,
det (y;;) = 6. Then N(f;) ... N(fg) = 628 = . If we require
again o(6%2f8) = 628, then we must have 6% € F.

With respect to f,, . . ., fg we put

det T = A,
then
A = o(d)671A.

Since 6% € F, we have either 6 € F or é e 9F, hence accordingly
0(6)01=1o0r —1. Now e K2 n F = F2 u aF?% For f =1 we
define T to be proper if A = u® Then it follows from the above
considerations:

(2.14) Let K= F(#), 9* = a€ F, o the nontrivial I-automor-
phism of K. Furthermore assume that C is an octave algebra over K.
Lete,, ..., eg be an orthogonal basis of C with N(e;)...N(eg) = f e F.
Let T be a o-similarity of C such that det T = A with respect to
s ... €3, N(Te) = puo(N(z)) for all 2z e C. Then T is proper if
and only if either f € F?, A = pt or f e aF?, A = —u.

REMARK. The proof of (2.14) can also be formulated in the

Clifford algebra of the quadratic form N; cf. [80]. It actually
works in any space of even dimension.

An important special case is the following one. Let T be a
o-similarity with ratio u, 72 = u, u € F2. Then C decomposes
in two F-spaces L, L_:

ze L, (L_) if and only if T = y/uz (—+/uz),

where 4/u is either one of the roots of yx in F; thus our notation
depends on this arbitrary choice. Obviously, C =L, @® L_ as an
F-space, 9L, =L_,9L_= L, hence F-dim L, = F-dim L_ =38.
For zeL,
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uN () = N(v/iz) = N(Ta) = po(N(2)).
Similarly for € L_, hence
o(N(z)) = N(z) for zeL,, L_.

So for any orthogonal F-basise;,...,ez0f L AL),N(ey)...Nleg)e F
Te, = v/ue; (—1/ue;), hence det T = ut. So

T proper <> N(e;) ... N(eg) € F?,
T improper <> N(e;) ... N(eg) € a F2.

3. Let = be a polarity. If there exist isotropic points with
respect to &, then we call = hyperbolic, otherwise elliptic. A line
is called isotropic if it is incident with its pole, i.e., if it is the
polar of an isotropic point. Let u be isotropic. If v € wu, # u,
then u € mv # nu, hence v ¢ nw. Therefore

(8.1) On an isotropic line there is exactly one isotropic point,
viz. its pole. Through an isotropic point there is exactly one isotropic
line, viz. its polar.

(8.2) DEFINITION. If 7 U5 a hyperbolic polarity, the set € () of all
isotropic points is called the conic defined by m. For u € €(x), nu
is called the tangent to € (=) at u. v e P(C) is called an outer point
of €(n), if (v) N €(x) consists of at least two points, and an inner
point, if m(v) N €(n) = 0.

If there is no danger of confusion, we shall often write € instead
of €(n), to be well distinguished from C, which denotes a com-
position algebra, in particular an octave algebra.

On %(n) we choose two distinct points v and w, on 7w a point
U, # w. Take u, = 7w N wu,, ug = wu; N wu,. After a suitable
coordinate transformation (in the middle projective group) we
may assume that wu; = (1,0, 0;0,0,0), u, = (0,1, 0; 0,0, 0),
u3 = (0,0,1;0,0,0), v =(1,0,1;0,1,0), w= (0,1, 1;1,0,0),
where we have coordinatized 2(C) with an algebra 4(C; 1,1, 1).
Uy, Uy, Uz form a polar triangle, hence # = 7," 7" with a o-linear
transformation

T = [Ay, 295 435 Ty, Ty, T5].

We may take 4; = 1.

o = (uyXv)*, mw = (wXu)¥
hence
T(1,0,1;0,1,0)=a(1,0,1;0, —1,0),

T(0,1,1;1,0,0) = §(0,1,1; —1, 0, 0).
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From these relations and from 4; = 1 it follows that 1, = 43 =1,
T,1 = —1,T,1 = —1.

Since T3 = py, T3 = uy, we have u; = g =1. v = A A3 = 1.
Hence p3 = 1. T,1 = —1 implies 7, = T,. Hence by (2.8)

Ty(zy) = Ty - Tsy.

Putting 2 = 1 respectively y = 1 in this formula we conclude
that T, = T, = —T5. Hence there is a o-automorphism U of C
such that T3 = U, Ty = T, = —U. From (2.13), (2.14) and the
discussion after (2.14) it follows that we have

(8.8) If mis a hyperbolic polarity, then 2 (C) can be coordinatized
with an algebra A(C; 1,1, 1) in such a way that x = n,"T", where
T=[,1,1;~U, —~U, U], U a o-automorphism of C satisfying
any of the following three conditions.

1) o=1,U=1.

(2) ¢ = 1, U s a reflection in a quaternion subfield of C.

(8) 0 #1, 02 =1, F = fized field of K under 6, C =CrQ@pK
where Cp is an octave field over F, U = 1 ® o.

4. In this section we consider the group PU(x) of projectivities
of #(C) which commute with the polarity n. Let # = =,"T" for
some standard polarity #,. Then we have the following theorem.

(4.1) (i) S € PU(=) if and only if there exists a A such that
S'TS = AT. Such a 2 satisfies A = o(4).

(ii) Every element of PU(x) can be writien as "S™ where S'TS=T.
For such an S, detS-o(det S) = 1.

(iii) If 0 = 1, i.e., if & is a linear polarity, then every element of
PU(x%) can be written as "S7 with S'TS = T, det S = 1; such an
S is uniquely determined by "S".

Proor. (i) The action of S on the lines is given by
v¥ — (S 1o)*,

hence S e PU(x) if and only if TS = AS’-'T for some 4, so
S'TS = AT. Taking the adjoint of both sides of this equation,
one gets S'TS = ¢(A)T since T = T'. Hence 1 = o(4).

(ii) From S'TS = AT it follows that detS - o(det S) = 43,
since det S’ = det S. [21, p. 455, prop. 8]. Hence A= p-a(p)
with p = A71det S. So (p™1S)' T(p~1S) = T and

det (p~1S)o(det (p715)) = 1.
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(iii) Let S € PU (%) with S'TS = T. Then (det S)? =1 by (ii).
If det S = —1, take —S instead of S’. If S'TS =T, detS =1,
and (AS)'T(AS) = T, det (AS) =1, then A*> = 1 and 4% = 1, hence
A=1.

II. The unitary groups of hyperbolic polarities

5. Let n be a hyperbolic polarity, = = 7,"T", in the plane Z(C).
We may suppose that 2(C) is coordinatized by an algebra
A(C;1,1,1) in such a way that 7T =[1,1,1; —U, —U, U],
where U is a o-automorphism of C of one of the types enumerated
in (3.8).

We now want to determine the central collineations in PU (x).
First consider a dilatation 'S7. By [21, prop. 6] we may assume
that S = d, ,,,. We first point out two corrections of this prop. 6
of [21]. In (b), read d,,., = d, ,,,-1 instead of d, ., = dj 421
(d) has to be read as follows: If wel' is o-linear, then
du(a),;;(a);a-()l) = uda,b;lu—l‘

Now 'S7e PU(x) if and only if (Sz, TSy)= «(z, Ty), for a
fixed o. If S = d, ;. ,, this means

—1 —
Tda,b;AT - “‘Za,b;/U
hence
dTa, ib;cr()() = ocdb,a;)\_x .

Hence Ta = b and 47! = g(4). Since (a, b) #0, we find a ¢ na.
Thus we have shown

(5.1) A dilatation S" belongs to PU(n) tf and only if one can
write S = d, p,., with a ¢ na, Ae(1) = 1.

For A = —1 we get unitary reflections in this way. If 0 =1,
the unitary reflections are the only unitary dilatations different
from the identy.

The existence of unitary reflections has the following conse-
quence. Let a be an isotropic point, b* a line through a, # na.
Let ¢ be any nonisotropic point on b*. ¢ does not pass through a,
hence a is not fixed under the unitary reflection with center ¢
and axis mc. Therefore, b* contains more than one isotropic
point. From this it follows:

(5.2) If a is an isotropic point with respect to w, any line # ma
through a contains an isotropic point # a, hence any point # a
on ma is an outer point.
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Finally, we want to determine the transvections in PU(x).
Let TS? be such a transvection with center c. Since all lines
through ¢ are invariant under "S7, their poles are fixed under
F'S7. Hence nc must be the axis of "S7. If a is any isotropic point
not on mc, its image b is also isotropic. Therefore, by [21, prop. 5],
S =1, 4, 1,- We assert that b may be any isotropic point # ¢
on the line axec.

(5.8) Let a, b, ¢ be any three collinear isotropic poinis, ¢ # a,
# b. Then there exists a unique unitary transvection with center c
and axis wc which maps a on b. Any transvection in PU(n) is of
this form.

Proor. Only the existence still needs a proof. The action of
ta5.mc ON lines is given by 7, ,.5,. Geometrically it is clear that

Zo,5,7¢ 15 @ transvection whose “‘axis” is ¢. If p is any point on
7e, then p X a is mapped on p X b. Therefore

ta, b;Te — atp)(a, pXb; c*
t4 5, 7 i unitary if and only if
Tta,b;Tc T——l = ‘Bza,b;Tc'
By [21, prop. 5], this is equivalent to

(*) tTa, To;e — o(/L‘;tha,pr;c

a and b are isotropic, hence lie on ma and nb. ma N #nb is a point
of zme; take p = na N @b, then pxa = yTa, pXb = 6Tb, hence
the above equality (*) holds. This implies that ¢, ,., € PU(n).

We shall call the linear transformations £, ,., as in [21, prop. 5],
normalized transvections. Every projective transvection is induced
by a normalized transvection.

6. In this section we study the unitary transformations leaving
an outer point fixed.

Let u, be an outer point. We coordinatize as in (3.8) such that
u; = (1,0,0;0,0,0), nty =u¥. a=mn,"T", T=[1,1,1; —U, U, U].
In the Peirce decomposition with respect to u, we consider
R = {(e—u>+E,.

x is an isotropic point on uf if and only if z e R, X2 =0,
(z, Tz) = 0. Any @ € R can be written as = (0, &,, &, ;, 0, O).
& Xz = 0 amounts to

&8 —N(z,) = 0,
1.e., to
Qi(z) =0 (see [21, p. 452]).
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Furthermore,
(z, Ta) = &y0(&)+E30(&5)— (2, Uny)-

We now distinguish the cases 0 = 1 and ¢ # 1.

First assume ¢ = 1. On R we define quadratic forms @+ and
Q- by
QH(z) = ${Qs(2)+3(z, Ta)},

(6.1)

Q= (2) = {—0:(2)+3(x, Tx}).
Then
(6.2) Ql = Q+_Q_,

i@, Tz) = Q*(z)+Q ().
We shall also need the bilinear forms related to @+ and Q—;
Q*(z, y) = QF(a+y)—0*(2)—0*(y)
Q= (%, y) = O~ (z+y)—Q(2)—0~(y)-
In the subspace #; = 0 of R we change coordinates:

é.2 = l(§2+§3)9 52 = C2+C39
{3 = %(52—53), &3 = {p—C5.

(6.3)

(6.4)

In these coordinates we find
Qi(z) = Cg_Cg_N(wl)s
Yz, Tz) = G340~ H(2y, Ury).
Let R* be the radical of Q—, R~ that of Q*. Then
R=R+® R-.

(6.5)

For @ € R, write
x =g+, xzteR*Y, x~ € R-.
From (6.2) it follows that for z € R,
(6.6) zXe =0« Qtxt) = Q(z7).
(6.7)  is an isotropic point < Q*(zt) = Q=(2~) = 0.
For the two standard forms for U corresponding to ¢ = 1 in (3.3)
one easily finds @+, Q—, R+ and R—:
(6.8) IfU =1, then
Q*(@) = §3—N(z), Q-(x) = .
dim Rt =9, »(QT|Rt)=1.
dim R- =1, »(Q-|R™)=0.
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If U is the reflection in a quaternion subfield D of C, we write
zeCasa=a+a2" witha eD, 2"’ | D, soUr =a' —z". Then

Q*(x) = {3—N(z), Q@ (¢) = 3+N(ay).
dim R+ =5, »(Q+|Rt)=1.
dim R- =5, »(Q-|R-)=0.

Here v denotes the index of a quadratic form. Note that in either
of the above cases, Q+ is not equivalent with Q—.

We can now determine the group of the transformations
TSV e PU(x) with "S7u; = u;. By (4.1) we may assume that
S'TS =T, detS = 1.

(6.9). o = 1. Let u, be an outer point.

(i) If TS'e PU(n), S'TS =T, detS =1, Su; = Au,, then
Su; = u,, S leaves R+ and R- invariant.

(ii) Let S+ : Rt — R+, S—: R~ — R~ be linear transformations,
S+ @® S—: R — R the transformation with restriction S*+(S~) to
R+(R-). S+ @ S~ can be extended to a linear transformation S of
A leaving det invariant and such that S'TS = T, Su, = u,, if
and only if

St eO0* (Q*|R*), S-eO*+ (Q7|R"), sp (S*)=sp(S7)

sp denoting the spinornorm of a rotation. For given S+ and S—,
the extension S is umique up to a unitary reflection with u, as
cenler and mu, as axis.

If G denotes the group of all extendable S+ @ S—, then the fol-
lowing sequence is exact

1> (QHR*) > G 5 0+(Q-|R") —~ 1,

where 2 denotes the commutator subgroup of the orthogonal group,
i the mapping St — S+ @ 1~ (1~ = identity on R~), j the mapping
St@® S-S5

Proor. (i) Since

(Suy, TSuy)=(uy, Tuy),

we find 42 = 1. Let Sy denote the restriction of S to R. From
det S = 1, and Su, = Au, it follows that

Q:(Spa) = 271 Q4(@).

$(Sge, TSpz) = Y=, Tz).

For 4 =1 it follows that Sy leaves Q+ and Q~ invariant, hence
SgR+* = R*, SR~ = R-~.

Furthermore,
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For A = —1, we find that
Q*(Sgz) = Q= (), Q(Sgz) = Q*(z).

Since @+ is not equivalent with @, this is impossible.

(ii) Put Sp =S+ ® S—. If S, can be extended to an S as
desired, Sg has to be a rotation with respect to Q,; see [19, prop.
8] or [21, p. 456—7]. Hence St and S— are either both a rotation
with respect to Q+ and Q— respectively, or both a nonrotation.
First assume S+ and S— are rotations. Then S+ @ 1~ is an even
product of rotations S, defined by

S, =8S,2,

where S, is the orthogonal (with respect to @, in R) reflection
in the hyperplane a*, a nonisotropic in R+, and

Z = _So—ul : (Las Gy @) = (8o — L5, — @)
(see [21, p. 453]). Note that S, is a rotation in R, not in R+
and R-.
Let us first consider the extension of S, to a linear transfor-
mation leaving det invariant; cf. [21]. If
a = (0’ 0(2, a3; aly 09 0):

the extension S of S, to E, must be of the form

y=(0,0,0;0,y,, y3) > 3¥(0, 0, 0; 0, atgy, -+ F3, %2¥Ys+7Fads),
where y € K, y 5~ 0 can be arbitrarily chosen.
If a € R*, then oy = a3, Ua, = a,. An easy computation yields
(Sy, TSy) = §y*(«3—N(a)))(y: Ty)
= 1*Q*(a)(y, Ty).
In a similar way, 1 @ S— is an even product of rotations S,

ac R~. ae R~ means ay = —ag, Ua; = —a,. Hence the exten-
sion S of S, to E, satisfies

(Sy, TSy) = 1»*Q~(a)(y, Ty).

From these it is clear that S+ @ S~ can be extended to a linear
transformation S leaving det and (-, T -) invariant such that
Su, = u, if and only if

sp (ST) sp (S7) = 1 (mod K*?),
or
sp (SF) = sp (57).
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Q+|R+* has index 1, so the spinornorm on O+(Q*|R*) can assume
any value in K*/K*2, Hence S~ can be any element of O+(Q~|R™);
once S~ is chosen, S+ is unique up to an element of 2(Q+|R*),
since this coincides with the subgroup of elements of O+(Q+|R*)
with spinornorm 1.

Next let St and S~ be nonrotations with respect to Q+ and Q—
respectively such that S+ @ S~ can be extended to an S in the
required way. Since for any Sy e O+*(Q~|R~) there exists an
S¢ € O+(Q+|R*) such that S§ @ Sy can be extended, we may after
multiplication of S— by a suitable element of O+(Q—|R~) assume
that S—= —1-. This will lead to a contradiction. We distinguish
two cases. If U = 1, we reason as follows.

(0,1, —1; 0,0, 0) € R,
hence
(0,1, —1;0,0,0) - (0, —1, 1; 0, 0, 0).
Then for z,, 2; € C,
(0,1, —1; 0, &, @3) = (0, —1, 1; 0, ¥, Y3),
with y,, y; € C, The invariance of the cubic form det implies
N(zy)—N(z3) = —N(y2)+N(ys)-
The invariance of (., T .) gives
—N(y)+N(2s) = —N(ys)+N(ys)-
Combining we get
N(@y) —N(w3) = —N(73)+N(3),
which obviously cannot hold for all x,, 23 € C.
In case U is a reflection in a quaternion subfield D of C, we
reason as follows. Choose z, € C, @; L D, N(ay) # 0.
(0,0, 0;2,,0,0)e R, hence
(1,0,0; 2,,0,0) - (1,0, 0; —z, 0, 0).
The invariance of def then yields
N(#;) = —N(y),

which contradicts the assumption N(z,) # 0.
Thus we have shown that it is impossible for S+ and S to
be nonrotations.

To complete the proof of the theorem, take S* = 1+, 5— = 1-.
The only unitary transformations leaving u, and all points of
nu, fixed are the identity and the unitary reflection with center
u, and axis zu,.
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Now we turn to the case o # 1. Let K = F(#), olF =1,
(9) = —d, 9> = a € F. By (8.8) we may assume

C=CrQrK, U=1Q®o,
Cr being an octave field over F. ‘

In R we introduce again the coordinates {,, {;, #;, where
{a 3 are as defined in (6.4). We use the following notation.

&= C;+9¢ with £}, ¢ e F, 1 =2, 8.

(6‘10) ’ ’7r . ’ ’r
&, = x;+92, with z;, 2, € Cp.

We split R into a direct sum of two F-linear spaces R+ and R—,
where

Rt = {& = ({y, L3, )|l = {3 = 0,2 = 0}

R~ = {z = ((s, L5, )|l = {5 = 0, 2} = 0}
Furthermore, two F-quadratic forms Q+ and Q- on R and an
F-bilinear form (., .> between R+ and R~ are defined by

QH(@) = £y’ —aly*—N(a}), ze R,
Q(z) = g —aly®+aN(a)), ze R,
@b, &™) = Lyly — L3l — 3@y, ),

ot = (83, &, @) e RY, a = (Ly, &, a)') e R~

(6.11)

(6.12)

R~ is the radical of @+, R+ that of Q—. Obviously,

Q1(z) = Q+(x)—Q~(2)—20at, x> if
(6.18) & = at+a-, axte R+, a2~ e R-.
3z, Tz) = Q*(2)+0Q(a).

We now want to consider the linear transformations S of 4 leaving
det and (-, T -) invariant and such that Su, = u,. In this way we
do not obtain all 'S7 e PU(xn) with "STu; = u,, i.e. Su; = Au,.

(6.14) o #~ 1. Let u, be an exterior point.

(i) Let 'S € PU(x) with S'TS = T, detS =1, Suy, = uy. Then
S leaves the F-subspace R+ invariant.

(ii) Let S+ be an F-linear transformation: R+ — R*. Then there
exists an "S71 e PU(n) with S'TS = T, detS =1, Suy = u,, such
that S|R+ = S+ if and only if S+e Q(Q*|R*), Q denoting the
commutator subgroup of the orthogonal group. S is uniquely deter-
mined by S+ up to a unitary reflection with u, as center and mwu,
as axis.
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Proor. (i) 'ST leaves mu, invariant, hence S transforms R
into itself. Since S leaves det and (-, T -) invariant, its restriction
to R leaves Q, and (-, T ‘) invariant, hence also Q@+, @~ and
{+, +>. Since R+ and R are the radical of Q— and Q+ respectively,
they are invariant under S.

(i1) Assume that S* can be extended to S as required. S leaves
R+ and R~ invariant. Now we notice that

?R+ = R-, 9R- = R+.
S is K-linear, hence its restriction S— to R~ satisfies

IS+ = S-9.
Hence
S— = 9S+H1,

The fact that S leaves Q@+, 9~ and {, -> invariant is, because of
the last relation, equivalent to

Q+(S*tz) = Q*+(x), z e Rt
Let S+ be written as a product of Q+-reflections in R+:

Sp=3S,Sg S a; € R+,

a

Sk = S|R is the K-linear extension of S+, hence
Sp= Sal,R' Saz,R. o Sak,R’

where S, p denotes the K-linear extension of S, to R. Now we
have the relations
Qr(r~) = —aQ—(z~), a~e R~

—(8a+) = —aO+(a+ +e R+
(6.15) Q—(dzt) aQt(xt), ate R+.

Q*(xt, 92) = 2ulat, =), ateRt, x— e R,
where  Q*(z, y) = Q*(z+y)—QH(z)—QF(y).

The fact that S, are Q*-reflections in R* therefore implies
that S, pare Q;-reflections in R. Since Sy has to be a Q,-rotation,
it follows that k is even. But then we can write, as in the case
c=1,

Se=S, S, bee R,
where
S;‘ = Sb‘,R : Zs
Z : (Lgy g5 1) —>(8a5 —C3, — ).

Now a similar computation as in the proof of (6.9), (ii), shows that
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S+ can be extended in the required way if and only if sp (S*+)=1
(mod F?), i.e., if St e 2(Q+|R*) since Q+|R+ has index > 0.

If S+ = 1+, 'S7 leaves u, and the points of nu, fixed, hence S
is a unitary dilatation d, , ;,. Since u; = Su; =d, , ;. U = A2uy,
we find A2 = 1. Hence S is the identity or a unitary reflection.
This completes the proof of (6.14).

We conclude this section with the determination of the isotropic
points on the line mu,, u, an outer point. We keep the same
notations as above.

First assume o = 1. As seen in (6.7), x = a++4-a~, o+t e Rt,
&~ € R—, is an isotropic point if and only if Q+(a*) = Q—(z~) = 0.
Since Q~|R~ has index 0 by (6.8), 2~ = 0. So
(6.16) z = (0, &, &; @,,0,0), Ux, = a;, &2 = N(z,).

If o # 1, the situation is as follows. # € R is an isotropic point
if and only is Q,(z) = ¥(», Tz) = 0. Hence

x=at+a-, ateRY, 2 e R,
with

Q*(a*) = Q= (27) = <at, a7) = 0.
By (6.15), the latter condition can be written as

Q*(z*) = Q*(@7'a7) = Q*(at, §7'27) = 0.

Hence, if we can prove that Q+|R* has index 1, we can conclude
that

- = pdat, pelF, Qt(x+t)=0.
Thus we find that
(6.17) xz = A0, &, 0(&,); @y, 0, 0),
with

z; € Cp, £30(83) = N(@y).

Remains to show that Q+|R+ has index 1. Let » = »(Q*|R*).

v = 1 is obvious: see (6.12). Assume » > 1. Thus the F-quadratic
form

ﬂf—“ﬂg—ﬂ?,—N(mo), Zy € Cr, (1, ) = 0,
has index > 1. Hence there must exist an isotropic point ortho-

gonal to the hyperbolic plane given by the equations 7, = 0,
&y = 0, hence the form

ans+N(zy)

is isotropic. So there exists an x,€Cp, (1,2,) =0, with
a-+N(z,) = 0. Hence
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#?+N(zy) = N(d+z,) =0,
which contradicts the fact that N is anisotropicon C = Cp Qp K
Therefore » = 1.

7. Let u, be an outer point. We need some information about
unitary transvections with center on mu,.
We choose coordinates in the usual way such that

u, = (1,0, 0;0,0,0)
a=(0,1,1; —1, 0, 0)
¢=(0,1,1;1,0,0)
and such that # = 7,"T? with
T—=[1,1,1; —U, —U, U]
(cf. proof of (8.8)). Then by (6.16) and (6.17)
b = (0, oy, 6(23); @4, 0,0), Uay, = a, (so for o #1:a,eCp).
Furthermore,
= (0,1,1; —1, 0, 0).

We now apply the results on transvections of [21, p. 458 —9].
The transvection S whose axis is w¢ = (T¢)* and which maps
a on b is given by

= 1+4+aF+3a?F?, F3? =0,
where o = (a, ¢)71(b, ¢)7},
Fa = 2(Tc) X (vXz)—L(=, c)v,
v = (b, ¢c)a—(a, c)b.
A straigtforward computation yields

(7.1) F(&y &, &3 @y, @y @3) = (115 N2> M35 Y15 Y2» Y3)
with
7, =0
Ny = 2(oy—0(t)) €3+ (—2at-0(o) — (1, @1)) (1, @1)+2(ay, 24)
M3 = 2(h°‘2+“(°‘2))53+(“2—0(“2 —(1, al)) > 1) +2(ay, )
Y= (“2_‘7(“2)_(1, a1)+2a1) 52+(—°€2+0 (o) —(1, al)+2al)53
—2(1, zy)a,+2(a,, 2;)
Yo = (2g—0(ax) — (1, @y)+2d;) &3+ (—op+0(2g)—(1, a;)+2a,)
Ys = w3(oc2—a(ocz)—(l, al)—|—2a1) +52(_°‘2+°'(°‘2)‘“(1’ a1)+2d1)
Y-

Il
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A tedious but not difficult computation shows that
(Fz, Ty)+ (2, TFy) = 0 for all 2, y.

From this one easily derives that S leaves (-, T +) invariant,
which yields another proof of (5.3).

We want to draw some other conclusions of (7.1) that will be
useful in the sequel. It is not hard to verify that in the case
¢ = 1 the infinitesimal transvection F maps R~ on 0. Hence
for the restriction Sp of S to R we have: S— = 1. Hence the Sg,
S a unitary transvection with center on nu,, belong to a group
which is isomorphic to Q(Q+|R+) (see (6.9)). Since the latter
group is simple, it is generated by the Sp; for the S generate a
normal subgroup of it. In the case o 5 1 the situation is similar.
According to (6.14) the restriction of Sp to R* belongs to 2(Q+|R+).
This group being simple, it is generated by the restrictions to
R+ of the unitary transvections with center on mu,.

8. In this section we consider the group generated by the
unitary transvections. It will turn out to be a simple group.

(8.1) DEFINITION. T (%) is the group generated by the normalized
unitary transvections. PT = PT(m) ts the subgroup of PU(x)
generated by the projective unitary transvections.

Obviously, PT is a normal subgroup of PU.

PT(z) = {FSV|S € T(n)}.
(8.2) Let 'S be a unmitary reflection in an outer point. Then
rSie PT.

Proor. Let u, be the center of "S7. Take coordinates as in the
previous sections. So the axis of r'S7 is mu, = uf. Choose the
following isotropic points on u;:

a = (0, ay, 0(%s); @1, 0,0)
b = (0, o(ay), a3 d;, 0, 0)
where a, # d;, Ua, = a,, ayo(ay) = N(a,).
¢=(0,1,1;1,0,0)
d=(0,1,1; —1, 0, 0).
Let Sy, S, and S; be unitary transvections:

S, has center @ and maps ¢ on d
S, has center b and maps d on ¢
S;3 has center ¢ and maps S,S,d on d.
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Let € e = (Tc)*, then we may assume
& = (1, N(@,), N(@5); N(xz), T3, &5)-
SS12 = pTeX (X (TdX (axXx))).
A straightforward computation yields
S2S12 = A(1, N(2p), N(33); N(25), 25, Z5)
with
3 = (agt0o(ep)—(1, @) (ap+0(og)+(1, @y))
- (o(ae) —aptay—ay) (ay—0(oy) +a,— )
= —((2g+0(xg) )2—(1, “1)2)_1N(°‘2+0(°‘2)+a1*‘“-1) Ly
- _wz.

Hence
rS3S,S5,'x = Sz for z € me,

rS;8,S,7d = d = rSVd.

But from (5.1) it follows that there are no unitary dilatations
with center d, axis c*, except the identity. Hence 'S =rS;5,5;".

(8.8) Let c € €. Then PT ,, the stabilizer of ¢ in PT, is transitive
on the set of points - ¢ on mc and transitive on the set of lines
s ze through c.

Proor. Let @, y € e, both ¢, @ % y. Let u; be the fourth
harmonic of ¢ with respect to # and y. u, is an outer point, so the
unitary reflection "ST with center u,; belongs to PT. 'S¢ =g,
F§$72 = y. The second statement is deduced from the first one by
considering the polars of the points on nc.

(8.4) PT <is doubly transitive on € and transitive on the set of
ouler points.

Proor. On any line containing two isotropic points there exists
a third isotropic point. Hence (5.8) insures transitivity of PT
on €. (8.83) and (5.8) imply that PT, is transitive on the points
of € # c. The remainder of the proof is obvious if one keeps in
mind that the polar of an outer point contains isotropic points.

Before we prove the simplicity of PT we need one more lemma.

(8.5) Let TS be a unitary transvection with center c. Then there
exists a unitary transvection V1 with center ¢ such that "V 12 = S7,

Proor. Take an isotropic point @ # ¢. 'S7a = b. Let V7 be a
transvection with center ¢ which maps @ on d. Then V72 = 57
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if and only if ¢ and d are harmonic with respect to a and b. So it
suffices to show: If a, b, ¢ and d are four harmonic points and
a, b and ¢ are isotropic, then d is isotropic. Take coordinates as
usual such that

a=(0,1,1; —1,0,0)

b=(0,1,1;1,0,0)

¢ = (0, ay, o(ay); a4, 0, 0).

The (not unitary) reflection with center a and axis a* maps c
on d (see proof of prop. 7, p. 95 in [19]). From [21, p. 460, formula
(17)] one derives that

d = (0, o(ay), ay; dy, 0, 0).
Hence d is isotropie.

Now we have the tools to prove the following theorem.
(8.6). PT is a simple group.

Proor. We apply lemma 4, p. 39 of [6]. Consider PT as a
permutation group of €; it is clear that this is a faithful representa-
tion. PT is doubly transitive on %, hence primitive.

For ce ¥, let H, be the group of unitary transvections with
center ¢. H, is a commutative group; see e.g. [1, theorem 2.8,
p- 57] or [19, prop. 5, p. 98]. All groups H,, c €%, are conjugate
in PT and they generate PT. H, is a normal subgroup of the
stabilizer of ¢. So there remains to be shown that PT is its own
commutator subgroup. It suffices to show that every unitary
transvection "S7 is in the commutator subgroup PT’ of PT.

Let u, be an exterior point such that the center of "S™ lies on
7wu,. By (8.5) there exists a transvection V7 with the same
center as "S" such that 'S7T = V712, At the end of section 7 we
have seen that Vj belongs to a simple noncommutative group
generated by transvections; hence Vj, is a product of commutators
in that group. From this it follows that either 'V € PT’ or that
Wl =TV,"TW1, ™,7e PT’, "W = unitary reflection with
axis wu,. In the former case 'S7 e PT", in the latter case

rS1 = ry,1Irwiry,1ryt
= MV, 21T WI-1r AT, sinee TW-1 = T,
e PT".

An immediate consequence of (8.2) and (8.6) is the following
proposition.

(8.7) PT 1is generated by reflections in outer points.
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9. This section is devoted to a study of the full unitary group
PU(x) of a hyperbolic polarity and its relation to the subgroup
PT(n) generated by unitary transvections.

(9.1) Let 7t be a hyperbolic hermitian polarity; so we may assume
¢ =1,U = 1. Then PU(n) = PT(n), t.e., PU(7%) is simple.

Proor. This is a special case of a theorem proved by N. Jacobson
in [10, II, section 11]. We shall give here a simple geometric
proof. Let 'S7 e PU. Since PT is transitive on the set of outer
points (see (8.4)), we may after multiplication of S by elements
of PT assume that "S7u, = u,, %, an outer point. Then
Sp=St*®S-. Now dim R~ =1, Q-|R- = {2 (see 6.9)), so
S=|R~ = 41.If S7|R~- = —1, we multiply S by a unitary reflec-
tion in wu,, which belongs to PT since u, is an outer point. Hence
we may assume that S-|R- = 1. From the last paragraph of
section 7 it follows that 'S™ is a product of an element of PT
and possibly a unitary reflection in %,. Since u, is an outer point,
the latter reflection belongs to PT, hence so does 'S™.

(9.2) Let = be a hyperbolic monhermitian linear polarity, i.e.,
we may assume ¢ = 1, U a reflection in a quaternion subfield D
of C. Then PU(n) is generated by unitary reflections.

Proor. Assume ST e PU. After multiplication of 'S7T by ele-
ments of PT, we may again assume that Su; = u,, u, an outer
point. We coordinatize again as in (8.8) and in section 6. Then,
as in section 6,

SR=S+@S~.

S~ can be an arbitrary rotation in R~ with respect to Q—, hence
it is an even product of reflections in R-.

Consider any nonisotropic point a € uf. The unitary reflection
in a can easily be computed from [21, formula (17), p. 460]. Its
restriction to R—, S—, turns out to be —S,, where a = at+a-,
ate R+, a~e R~ and S, is the orthogonal reflection (with
respect to Q—|R~) in (a~)*. Since a~ can be any nonzero element
of R-, it follows that the possible restrictions to R~ of unitary
reflections in nonisotropic points of uj generate O+(Q~|R~).
Therefore, after multiplication of 'S? by a product of unitary
reflections, we may assume that

Sul - ul, SR == S+ (‘B 1-.

But then we see as in the previous theorem that S+ is the restric-
tion of a transformation V, V1 e PT, to R*, so 'S7 is a product
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of that "™/ and, possibly, the unitary reflection in w,. This
completes the proof.

Finally, we consider the case that & is a hyperbolic nonlinear
polarity, hence o # 1. All coordinate systems in the remainder
of this section are supposed to be chosen as in section 6, so
C=CrQ@pK, U=1Q 0, T=1[1,1,1; —U, —U, U]. We shall
prove that PT(x) is the subgroup consisting of the 'S € PU(x)
with S’TS = T, det S = 1. First we need a definition and a lemma.

(9.8) DEFINITION. Let m be a hyperbolic nonlinear polarity, u,
an outer point with respect to m. If "S' e PU(x) leaves the point
u, fized and S is normalized such that S'TS = T, then y(S) e K*
is defined by Su; = p(S)u,.

Since S leaves (-, T -) invariant, y(S)o(y(S)) = 1.

(9.4) The possible values of y(S) for S € T(x) are the fo(B)72,
where fo(f) = N(z) for some x € Cp, x 7~ 0.

Proor. Let S € T(n), Su; = y(S)u,. The products of unitary
transvections with center on uf = m(u,) are doubly transitive
on the isotropic points of 4§ and are induced by V e T'(n) with
Vu, = u,. Hence we may assume that 'S" leaves two isotropic
points v and w on uf fixed. Since (v, Tw) # 0, the invariance
of (-, T -) under S implies that

Sv = pv, Sw = a(p)'w.

Since det S =1, y(S) = p~1o(p). We shall determine the possible
values of p. S is a product of normalized transvections. For any
two isotropic points # and y there exists a normalized unitary
transvection W with Wa = ny. Hence we can write S in the form

S=5152"'Sk,

where each S, is a product of at most three transvections with
S;v = p,v for some p;. So we consider the case that S is a product
of at most three normalized unitary transvections, Sv = pv;
such an S need not leave the point u, invariant, of course.
(i) S is a transvection. Then v must be its center, hence Sv = v.
(i) S = S,5;; S; and S, transvections with centers @ and b,
respectively; S;v = 2. We choose coordinates in #(C) such that

v=1(0,1,1;1,0,0) and z = (0, 1, 1; —1, 0, 0).
Then
a = (0, a, o(a); a,, 0, 0) and b = (0, 8, o(B); by, 0, 0),

where a;, b, € Cp and ao(a) = N(a,), fo(f) = N(b,).
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By [21, prop. 5],

S,8,v = (v, Ta)(z, Ta) (@, Tb)(v, Tb) v = pu.
Now
(v, Ta) = a+o(x)—(1, Uay)
= a+to(a)—(1, a;).
Since
o(1, a) = o(UL, a,) = (1, Ua,) = (1, ay),
(v, Ta) e F.

Similarly for the other factors, hence p € F.

(iii) S = S3S5,5:; S;s S; and S; normalized transvections with
centers a, b and ¢, respectively.

Call S;v = 2, Sy = y. We may coordinatize so that
U= (0, 19 1; 19 09 0)3 r = (09 5, G(f); &y, 0, 0), Yy= (19 09 1; 09 19 0)
with z; € Cp, &0(§) = N(z,).

S3S55:v = (v, Ta)(x, Ta)(x, Tb)(y, Tb)(y, Tc)(v, Tc)v.
A computation as in case (ii) yields that

(v, Ta)(z, Ta) e F.

Now we want to compute (z, 7b)(y, Tb)™'. In the proof of
(8.8) we have seen that there exists a unitary reflection V' which
transforms the line through # and y in that through x and v. The
pole of the former line is 7 = (o(£), &, o(£); @y, 0(&), &,), that of
the latter line is ¢ = (1,0, 0; 0, 0, 0). Hence the centre s of V
must be the fourth harmonic of « with respect to £ and r, which is
s = (40(&), &, 0(&); @y, 20(&), 2&,). By [21, formula (17)],

Vy=4d, p, 1y = —y+2(s, Ts)(y, Ts)s+8(s, Ts) 1 Tsx (sxc).
For y = (1, 0, 1; 0, 1, 0) this yields
Vy = 10(8)71(0, § 0(£); —y, 0, 0) = {o(§)7'y"
Call Vb = b/, then

(z, TO)(y, Tb)™ = 40(&)(x, TO')(y', TO").
Again
(@, TV')(y', TV') e F.

In the same way we can compute (y, Tc)(v, T¢)™2. To this end,
z has to be replaced by v in the above computations, hence & by
1; thus we find

(y, Te)(v, Te) e F.
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Therefore
p=o()p peF, fo(f)=N(z),  z¢Cp.

Combining (i), (ii) and (iii) we find that for S € T(x) with Su, =
y(S)s, .
7(S) = Bo(B)~* with Bo(8) = N(b,), b, e Cp.

Finally, we have to show that any value of this form can be taken.
Let g be given with go(8) = N(b,). From (iii) it is clear that
there exists an S; e T(%) with S;v = pv, p = Bp, (take 2, = b,
& = o(f) in (iii)), with p, € F. By (8.8) there exists a unitary
reflection S, € T'(%) with Syv = v which maps the line through v
and S;w on the line through v and w. Finally, a suitable transvec-
tion S; with center v (hence S;v = v) will transform S,S;w into
a multiple of w. Then y(S;5,S,;) = Bo(8).

ReMARK. It is not hard to show that the possible values of
y(S) in (9.4) are the 1 e K satisfying Ao(1) =1, A = N(m) for an
m e C with m - Um = 1. But the form for y(S) of (9.4) will be
more convenient for later computations.

(9.5) Let = be a hyperbolic nonlinear polarity. Then

(i) PT (=) = {TS7 e PU(n) |det S = 1};

(i) PU(w)/PT (=) =~ N/N3, where N is the multiplicative group
of the A € K with Ac(A) = 1 and N3 consists of all third powers of
elements of N;

(iii) PU(x=) is generated by unitary transvections and dilatations.

(iv) PT(x) is the commutator subgroup of PU(x).

Proor. (i) Every 'S7e PT is induced by a product of normalized
transvections, hence by an S with det S =1. Conversely assume
rS7e PU, det S = 1. After multiplication of S by a product of
normalized transvections, we may assume that

Suy = y(S)uy, Sv = pv, Sw = o(p)'w.

Here u, is an outer point and v and w are isotropic points on
au, = uy. We choose coordinates in such a way that

u; = (1,0,0;0,0,0), v=(0,1,1;1,0,0), w=(0,1,1; —1,0,0).

We use the notations of section 6 for the case o # 1.
In R we have

Q1(Sz) = pa(p)1Qy(z),
(Sz, TSz) = (2, Ta).
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Consider S* = ¢(p)S. Then

Q1(S*z) = pa(p)Qs(2),
(S*z, TS*z) = po(p)(z, T).
Hence
Q*(S*z) = pa(p)Q*(),
Q=(S*z) = po(p)Q~(),
(S*zt, S*x~) = po(p){S*at, S*az—>.

This implies that S* leaves R+ and R- invariant. With £,, 5,
s & as defined in (6.10), z+ e R+ can be denoted by z+ =
(&35 &35 @), @ € Cpp. Then

Qt(zt) = {oP—aly®—N(a}).
Now S*v = po(p)v, S*w = w. v and w € R*; in the coordinates
introduced for R+ we have
v=(1,0;1)and w = (1, 0; —1).
Let L = v+ n w' in R+, hence
L= {(0’ le,; w;) I wi €Cp, (1, m,l) = 0}‘
S*L =L. If L, = {(0, 0; 2} |2y € Cp, (1, @;) = 0}, dim L, =1,
dim L = 8 (dim over F), hence S*L, n L, % 0. So there exists an
element (0, 0; z;) # 0 of L, with S(0, 0; ;) = (0, 0; ;) € L,. Then

Q+(0, 0; y;) = pa(p)Q*(0, 0; @,),

ie., N(yy) = po(p)N(@y),
po(p) = N(by), by € Cp.
But ¥(S) = p~ta(p)s

so by lemma (9.4) there exists an S; € T'(w) with y(S;) =y(S)"L.
Therefore 'SS;7 € PU, det (SS;) =1, y(5S;) = 1.

From the last paragraph of section 7 it follows that 'SS;" is an
element of PT, up to a unitary dilation "7 with center u,. But
we may assume that y(W) = 1, hence W is a unitary reflection
in an outer point, which belongs to PT.

(ii) If 'S7 e PU, S'TS = T, then det S € N. Hence

rS7 — det S mod N3

is a homorphism of PU into N/N3. By (i), its kernel is PT. Let
AeN. Then there exists a unitary dilatation "S? with S'TS=T,
det S = 24, viz. d, , ;ye if 7w, = uf. Hence det S = 1 mod N°.
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(iii) Let 'S7 € PU, S'TS = T. As seen in the proof of (ii), there
exists a unitary dilatation S; with detS; = det S mod N3. Hence
S=3S5,S5, 7S,'e PU(n),detS, =1mod N3, hence rS,'e PT,
which is generated by transvections.

(iv) PT is a simple noncommutative group, hence PT is con-
tained in the commutator subgroup of PU. On the other hand,
PU|PT is commutative by (ii), hence PT is the commutator sub-
group of PU.

II1. Applications of algebraic group theory
to the groups PU(7)

10. If =z is a linear polarity, then the linear transformations S
with S'TS = T, det S =1 form a linear algebraic group. It can
be shown that K is a field of definition, but we shall not give the
proof here. PU(x) is isomorphic with this group, hence is also a
linear algebraic group. If z is a nonlinear polarity, we shall see
that PT(x) is an F-form of an algebraic group.

11. We want to consider the linear groups of transformations S
with det S =1, (Sz, TSz) = (z, Tz) for all z, over a field K such
that C is split and T = [1, 1, 1; —U, —U, U], where U is as in
(8.8). Thus we have included all K-linear extensions of L-linear
transformations 7" which correspond to a hyperbolic polarity, if C
is split over K but not split over L. In this way we will be able to
determine the algebraic type of the groups PU(x) for o =1,
PT(m) for ¢ + 1, = being a hyperbolic polarity. In case 0 = 1 we
actually may include the elliptic polarities z, since we can prove

(11.1) Leto =1,T,, Ty, T3 as in (2.18). There exists a finite
separable extension L of K over which C is split and such that the
L-linear extensions of Ty, Ty, Ty can be brought in either of the
following forms by switable coordinate transformation in the algebra
4(C;1,1,1).

1) —Ty,=—-T,=T5;=1.
(2) —T, = —T, = T; = reflection in a split quaternion sub-
algebra of C.

Proor. Consider a coordinate transformation in 4(C; 1, 1, 1) of
the form [, B,, Bs; By, By, Bs]- This changes T = [A;, Ao, 433
Ty, Ty, T] into [4,5], 2263, Asf3; By T1 By, BTy By, ByTy By).

(1) Assume first that T = [ve;?, vag?, vag2; a5, o, @3], Where
detT = v = a; ay05. After repeated quadratic extensions of K we
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may assume that o7 = —f2, ozl = — B3, oaz* = B2 for By, Bs, B3 € K.
Call 8,8,8; = u. By a coordinate transformation [uf;?, uBy2, ufs’;
Bis B2y B3] we get T in the form [1,1,1; —1, —1,1]. Another
quadratic extension may be needed to split C.

(2) T, # a, for any a, € K. Let T% = u,. After repeated quadra-
tic extension of K we may assume that the y, are squares. By a
similar coordinate change as in case (1) we can get u; = u, =
s = 1. Then —T; must be a reflection in a 4-dimensional sub-
space V of C by (2.13). N|V is nondegenerate, so after quadratic
extensions of the coordinate field KX we may assume that N|V is
a hyperbolic form. By Witt’s theorem, V' can be transformed in a
split quaternion subalgebra D of C by a rotation B,.Extending B,
to a related triple B;, B,, B; we find a coordinate transformation
[...; By, By, Bs], which brings T in the form [...; —U, —AU,
A71U], U being the reflection in D. Applying a similar argument as
in case (1) weget T = [1,1,1; —U, —U, U].

12. For the study of the algebraic groups mentioned in the
previous section we need some facts about certain Lie algebras
of type D,, F, and E;. We recall some results of Freudenthal
[8] in a form adapted to our present needs; we also refer to
Jacobson [11] and Soda [16, 17].

Let C be a split octave algebra. We choose a normal basis in C
[16, p. 1.4]: e, @y, @y, &3, &, Yo Y1» Y2, Where the matrix of the
bilinear form (-, -) on C with respect to this basis is

0 I

(I 0)’
0 denoting the 4 X4 0-matrix, I the 4 x4 identity matrix, and
where et+é =1, 2 =¢, 2=2¢, ¢ =¢é¢ =0, ex, =z, ey, =0,
ex; =0, &Y, =Y, ;%1 = Yira> YiYis1 = Zisa- A complete multi-
plication table is to be found at the end of this paper, table 1.

We first consider the Lie algebra of skew linear transformations

X of C, i.e. X has to satisfy

(Xz, y)+(z, Xy) = 0 for all , y.

This is a split Lie algebra of type D,; in the sequel we will denote
it by D,. According to [11, p. 140, 141] a splitting Cartan sub-
algebra H of D, is given by

H = {{wo, ®y, Wgy Vg, — By — Wy, — W9y —W3}| B EK},

where {1, . . ., 15} denotes the 8 x 8 diagonal matrix with o;; =4,.
The roots with respect to H are +w;+w,, ¢ < §; as simple roots
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we may take a4y = w0, —w,, o = 0y—wy, 0ty = Wy— W3, t3 = Wyt W;.
In table 2, at the end of this paper, one finds a complete list of
roots « and rootvectors X,. There we use the following notation:
foraeC, L,: X —>ax, zeC,

R,:x—>uza, zeC,

T,= L,+R,.
For (a,1) = (b, 1) = (a, b) = 0 one has

LL,=—-L,L,, R,R,=—R,R,.

From the alternativity of C one derives

[Rb’ La] = [Lb’ Ra]‘

Table 2 is derived from [16, p. 5.6]. It is not hard to check that
X2 = 0 for all roots a.
A triple L,, Ly, Ly of elements of D, is called Lie related or a
Lie triple if
(L1, g, 3)+ (24, Loy, @)+ (@, @y, Lywg) = 0
for all 2, @y, 3 in C; (.,.,.)asin (2.7). L, L,, L, are Lie related
if and only if they satisfy the principle of local triality in C:
Ly(2y) = (Lis1@)y+a(Lysy), (subscripts mod 3),

where L,z = L,z Any one of L,, L,, L, determines the other two
uniquely. If L,, L,, L, are Lie related, then so are L), L),
L, for even permutations p, and L), Ly, L, for odd per-
mutations p. The mapping

A:L;—~L,,
is an exterior automorphism of D,. For (1, a) = 0 we get (see
[8, p. 15] or [16, p. 5.2])
(12.1) AL, = —-T,, AR,=L,, AT,= —R,.

We want to determine the action of 4 on the Cartan subalgebra
H of D,. If we denote {wy, w;, ®y, W3, —®Wy, — W1, —@y, —w3} by
(wgs @1, Wy, w3) for brevity, then a basis of H is given by

%Te—e' - (19 09 09 0)

(Ly,> L., = (=1, —1,1, 1)
(L,,, L] =(—1,1, —1,1)
(L,,, L,,] = (-1, 1,1, —1).
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This is easily verified using table 1. With (12.1) and table 1 the
action of 1 on these vectors is easily determined. It turns out that
AH = H and that, in coordinates (wg, w;, w,, w;), we get for 4 the
matrix
-1 -1 —1 -1

1 1 -1 -1

1 -1 1 —1

1 -1 —1 1

(12.2) i=1

(cf. [8, p. 18]). For convenience we mention the formula for A2:

-1 1 1 1
-1 1 —1 -1
12.3 2=1
(12.8) -1 —1 1 —1 ’

-1 —1 -1 1
i.e., the transposed of A.

13. We now consider the Lie algebra of derivations of the Jordan
algebra A = A(C; yy, ys, v3)- This Lie algebra is of type Fy; we
shall call it F, in the sequel. If we have

%, = (1,0,0;0,0,0), u,=(0,1,0;0,0,0), wu3=(0,0,1;0,0,0),

then D e F;, Du; = Duy = Du, = 0 < D = [0, 0, 0; Dy, D,, D,],
where D,, D,, D; are a Lie triple, i.e. D, = AD,, D3 = A2D,. We
shall use the notation

[0, 0, 0; D,, AD,, 22D, = AD, for D, € D,.

A is a representation of D, which is the sum of three nonequivalent
representations. Any D € F, can be written in a unique way as

(18.1) D = D'+a,,
where D'u, =0 (i =1, 2, 8), i.e. D" € AD,, and where a, is the
derivation of 4 defined by

a,:x— [a, x],

a being a skew hermitian octave matrix with zeros in the main
diagonal. Obviously

[ad9 bd] = [a9 b]da
[AD, a,] = (ADa),;, D e D,.

As a Cartan subalgebra for F, we take AH, H the Cartan sub-
algebra of D, we have introduced. As rootvectors with respect to
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AH one finds the images under A of the rootvectors of H in D,,
and the a,; with

0 0 0 0 0 —yilysd,
a=1]0 0 a;}, |0 O 0
0 —yzly,d, 0 a, 0 0
0 a; O
or | —y'y;dy 0 O],
0 0 o

with a,, a;, @; running over the normal basis e, x,, 2;, 25, &, Yo, Y1»
ys of C. As roots we get those of D, and

Fo,, HFwyto;tw,4w;),

all possible combinations of 4+ and — being permitted. For the
above rootvectors a,, a; # 0, a3 = 0. For proofs we refer to [8,
p- 21—25].

14. In this section we consider the Lie algebra of linear trans-
formations T of 4 = A(C; y4, ys, ¥3) satisfying

(T, z, 2y = 0 for all z,

where <{.,.,.> is the symmetric trilinear form associated to the
cubic form det; cf [8, p. 836 —40]. We shall see that this is a Lie
algebra of type Eg; we shall call it E.

Let t € A. By [18, formulas 15,2 and 7]

{tz, x, xy = %(t, €) det .
Hence, for (¢, ¢) = 0, the mapping
t, 2 —> 1z
belongs to Eg. For arbitrary T € E,, consider ¢t = Te.

(t,e) = (t,exe) =8t e,e) =8{Te,e,e) = 0.
Hence

belongs to Eg and T,e = 0. Therefore, T, is a derivation of 4, so
T, € F,. Consequently each T € E; can uniquely be written as

(14.1) T =T,+t,, T,e€F,, teA, (e)=0.
Define for any two 8 X 8 matrices # and y with entries in C,

zy = ¥z - y+y* - @*),
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where - denotes the ordinary matrix product and where * is the
mapping

(@:)* = (vi'vs&5)-
For 2, y € A we have the usual Jordan product in 4. For z € 4,
t = —1*,

iz = i, 2] = 4t,a.

For an arbitrary 8 X8 octave matrix #, define
l,:x—~>teforxzeA.

By (18.1) and (14.1), the T € E, are the transformations of the
form

(14.2) T = D-+t,.

DeAdAD,, t = (t;) a 83 X8 octave matrix with ¢,,e K for ¢ =1, 2, 8,
titlaatily = 0.

Let H be the Cartan subalgebra of D, we used in the previous
section. Let I be defined by

& 0 0
I={s,ls=|0 & 0], &eK 3& =0}
0 0 & ¢

A Cartan subalgebra of E is
(14.8) J=AH+I.
For DeD,and s, €1,
[4D, s,,] = (ADs),, = 0.

Therefore, the images under A of the rootvectors of D, with
respect to H are also rootvectors in E, with respect to J. Let
a,, denote the 8 X 8-matrix (z,;) with 2, = 8,,6,,4, a e C, and
Apem = (a’ma)m'

Let p, g, r denote any permutation of 1, 2, 8. For D € D, and
s, € I we have

[AD +Sm> am,m] = ( (}'r—-l Da )M - %(51: - fq) am)m .

Hence, for a = e, z,, ,, 3, €, Yo Y1, Y2, We find rootvectors a,, -
For the computation of the corresponding roots we need the ma-
trices of 4 and A2 given in (12.2) and (12.8). The result is given in
table 8 at the end of this paper. For convenience in later computa-
tions we have chosen @ = —e, —&;, . . ., —Y, in case of a root
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of the form l(w)—}(&,—&), Uw)—$(E—E&1), Uo)—3(E—E), Ue)
being a linear function in wg, w,, @, ®3.
As a simple root system we take

% = Wy—wg

%oy = ‘03‘1‘%(52—“53)

o = ‘03_%(52—53)

X34 = %(wo—wl"wz“ws)‘{‘%(fl—éz)
3. = %(wo—wl——w2—w3)——%(§1—§2)
%y = Wy—W,.

The corresponding Dynkin diagram is

%y
o o I e o
X34  Gay 1 Op X3

A straightforward computation yields that
(a'z)a,m)2 =0 if N(a) =0.

From this it follows that all rootvectors of E, we have written
up in table 8 have square 0, which was already proved for the
rootvectors of D,.

15. Let X € E;, X2 = 0. Then
S=expX =14+X
leaves the cubic form det invariant, for

(X, y, 2)4<z, Xy, 2)+<z, y, Xz> = 0,
for all z, y, 2, hence

14Xz, 1+X)z, 14Xz = <@, 2, 2)+3(Xz, 2, 2)
+8{Xa, Xz, 2>+ {( Xz, Xz, X&) = <&, @, v).

Let G be the group of linear transformations S of 4(C; vy, V2, ¥a)
such that det Sz = detx, and PG the factorgroup of G over its
(finite) center. The adjoint representation of PG in Eg is faith-
full, hence the transformations exp (tX,), where te K and X,
any rootvector of Eg, generate a subgroup of G whose image in
PG is isomorphic to the Chevalley group of type Eg (see [5]).
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Since PG is simple (see [10, III]), PG is isomorphic to the Che-
valley group of type Eg (cf. also [15]). This is also an isomorphism
in the sense of algebraic groups, since it induces an isomorphism
in the Lie algebras, which are ~ E,.

From now on we assume that y;, = y, = y; = 1 and that C is
split. Furthermore we assume that 7 is of the type considered in
section 11, i.e., T = [1, 1, 1; —U, —U, U], where any of the three
following conditions holds. (i) U = 1; (ii) U is a reflection in a
split quaternion subalgebra of C; (iii) K is a quadratic extension
of F with Galoisgroup (o), C = Cp®pK with a split octave
algebra Cp, U =1 ® o. We consider the projective group PU* of
those S? for which

det (Sz) = det z, (Sz, TSz) = (x, Tz), for all a.
This includes groundfield extensions of the groups PU(n), = a

linear polarity, and PT(x), = a hyperbolic nonlinear polarity.
PU+ is the subgroup of elements of PG fixed under the auto-
morphism
(15.1) o:S—>TS-1T,
IfS=exp X =1+X, XeE,, X? =0, then
TS T =1-TX'T.
So we must compute the action of
p: X > -TX'T
on the Lie algebra E,.We take T as in section 11.
(i)o=1,T=1[1,1,1; —1, —1, 1].
Let X = D+4,, as in (14.2). Since DeD,, D' = —D. t,, is
computed as follows
(t, y) = (2, t*y).
Hence (2,) = (t*),,.

For t = a;;, t* = 4;,, if we assume y; = y, = y3 = 1. So we

can determine X, for all rootvectors X,, making use of table 3.
The result can be expressed in the following way. Define the

mapping 7 of the rootsystem of E, by ¢ = « if « is a root of D,,
t(Uw)+m(§)) = Uw)—m(&),
lw) = Uwy, 01, @3, w3)

m(f) = m(&y, &3, &3)

where

and
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are linear forms in the w; and &, respectively. Then

X, =—-X,.
So
¢:S—>TS1T1

maps exp (X,) on exp (X,,). Hence ¢ is the outer automorphism
of PG defined by the diagram automorphism
Qg > Oy, Olgy > Oy, Olgy <> Gg_, 0y —> Oy,

In this way one obtains the wellknown result that in this case
PU+ is the Chevalley group of type F,. For the details of the
remainder of the proof one has to make use of Steinberg’s results
in [23] and [25]. The technique is the same as in the following
two cases, where we shall give complete proofs.

(i) T=1[1,1,1; —U, —U, U], U a reflection in a split qua-
ternion subalgebra D of C. For C we take a normal basis e, z,, z;,
Xy, €, Yoo Y1» Yo as in section 12. Since any two split quaternion
subalgebras of C are conjugate under an inner automorphism of
C by [9], we may assume that e, ¢, z,, y, form a basis for D. Hence

U:e—e &—é xy— Ty Yo = Yo

By —> —@y, By = — By, Yy = — Y1, Yo > — Y-
Let X, be a rootvector of E;. First assume « = w;—w,, a root of
D,. Then X, = —X, and

X, = —TX,T'=TX, T = (—1)™X,
if

o = My Gg—+My 0 My tp-+Mz g,
as is easily computed with the aid of table 2.
Hence

p(exp X,) = p(1+X,) = 1+ (—1)™X,.
Now let X, = a,;,, as in table 8. Then
X = —TX'T'= —Td;;,, T = —(Ud)jsm-
Making use of the mapping v as defined in case (i), we find: For

X, = Qijms @ = € & Xy, Yo,

For

= Qijmy A = Zy5 T3y Y15 Yo
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The action of ¢ on the Cartan subalgebra J of E is computated
in the following way (see section 14).

J=AH DI
£ 0 0

I={s,)s=|0 & 0],&€eK, Y& =0}
0 0 ¢ ’

H is the Cartan subalgebra of D,. As a basis of H we have
T, [L,,,L,], i =0,1,2. For DeD,, D' = —D. Furthermore,
TAT, ;T = ATye-ve = AT,
TA[L,, L, ]T7 = A[Ly,,, Ly,,] = A[L,,, L, ]
Thus we see that
¢X = X for X e AH.

Fors, e,
P = —T(sm)' T = (—S)m‘

Detine the Lie algebra
L = {X e E¢|lpX = X}.

Then
L=/AH & ® K(X,+¢X,).

L has AH as a Cartan subalgebra. As rootsystem we find {+a},
where « runs over
Wo— Wy, Wy— W3, We+ Wy, W+ w0y, W, (i=0,1, 2, 8),
3wyt w,+wy,4wy) (all combinations of signs possible).
This is a simple Lie algebra of type C,. As primitive roots we
may take
B1 = Hwo—w1—wy—w;3), fy = w3 f3 = wy—wg Py= ;.
Define
M = {X e E¢|lpX = —X}.

Then
E6 - L ('B M .
L 1 M with respect to the Killing-Cartan form.
We have

[L,L1CL, [L,M]CM, M, M]CL.
Now S e PG is fixed under ¢ if and only if the automorphism
AdS : X - SXS1, X e E,,
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commutes with ¢ (on Eg). Hence ¢S =S if and only if S
leaves L invariant, hence also M since M = L*. So for ¢S = S,
AdS|L € Aut(L). Assume AdS|L = 1. We shall prove that this
implies S = 1.
AdS M = M. Since
I={XeM|[4AH, X] = 0},
we have
AdS I =1

So AdS leaves the Cartan subalgebra J of E, invariant, hence
it transforms rootvectors in scalar multiples of rootvectors. The
vectors

X1 4+mey T X1(r-mer»
which belong to L, are fixed under AdS. Hence

AdS Xl(w)+m(£) = Xl(m):tm(ﬁ)’
AdS X Ho)—m(E) = X Hw)Fm(E) *

From this we can compute the action of ¢ on I.

Denote
£ 0 0
0 & O el
0 0 53 m

by (&;, &, &), then AdS must act on I as follows:
1, —1, 0)—->¢gQ1,—1, 0),&=-+1
(1, 0, —1)—>¢(1, 0, —1),& =41
(0, 1, —1)-—>¢4(0, 1, —1),& = £1.
Since the sum of the vectors on the left hand side is zero, so must

be the sum on the right hand side. Hence

g, =8 =& = —+1=ne¢
Then
AdS (X ywyime) = Xy +eme -
Hence

AdS (Xl(w)+m(£) —Xl(w)-—m(é) ) = S(Xz(w)+m(£) _Xl(o))—-m(&) )'

Let « = 4,4 w,, with (4, §) %% (0, 1), # (2, 8). Then X, e M.
There exists a root I(w)-+m(&) such that a+I(w)+m(&) is again
a root, say l'(w)+m(&). Then, for some N 5~ 0, we have

[Xas Xl(w)m(§)+Xl(m)—m(§)] = N(Xl’(m)-l-m(E)_Xl’(w)-—m(g) )9
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since [M, L]C M. Let AdS act on both sides of the equation;
then we find
AdS(X,) = &X,.
Therefore
AdS|M = .

So AdS =1 or ¢. Now ¢ is a product of the outer automorphism
X - -X

and an inner automorphism, hence ¢ is an outer automorphism.
Therefore AdS = ¢ is impossible, hence 4dS = 1. This means
that the mapping

S - AdS|L

is an isomorphism of PU* into Aut(L).

We have seen that L is a Lie algebra of type C,. The rootvectors
of L with respect to AH are the X,+¢X, 5= 0. Since X, and ¢X,,
are rootvectors of Eg, exp ({(X,+¢X,)),te K, belongs to the
Chevalley group correspondong to Eg, i.e., to PG. This implies
that AdPG|L contains Aut (L), the commutatorsubgroup of
Awut (L), which is the Chevalley group of type C,.

Now assume K algebraically closed. Then by [25,4.6 and 4.7],
Aut (L) is simple and AdPG | L = Aut (L). Aut (L) has a Lie
algebra ~ L and PU* has a Lie algebra which contains an algebra
~ L. Hence the isomorphism S — AdS | L induces a surjective
transformation in the Lie algebras, hence is also an isomorphism
in the sense of algebraic groups. [14, th. 1] implies that AdPG |L
= Aut (L) over any field K. By [25, 4.6], Aut (L)/Aut (L) =
K*|K*2,

REMARK: In [25, 4.6] it is said that f = 8 if X' is of type C,;
this must be f = 2.
Summarizing our results we have shown

(15.2) Let C be a split octave algebra over a field K, T = [1,1, 1;
—U, —U, U], U a reflection in a split quaternion subalgebra of C.
Let PU+ be the group of transformations ™S™ with det (Sz) = det =,
(S, TSz) = (2, Tx) for all @, and let PU* be the commutatorsub-
group of PU+. Then PU* is isomorphic with the Chevalley group
of type Cy and PU+|PU+ ~ K*|K*2,

(i) o£1, T=[1,1,1; —U, —U,U], U =1 Q o. The ac-
tion of
:S—>TS1T
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on the exp (tX,), X, a rootvector of E,, is the same as in case (i)
except for a “twist”” with o:

exp (tX,) = exp (¢(t)X,,)-

This means that ¢ acts on the Lie algebra E, as the Steinberg
automorphism. PU*, the subgroup of elements of PG fixed under
@, is a group G® which contains the Steinberg group G! of type
Eg; see [28, p. 891]. G®/G! is isomorphic to the group of self-
conjugate characters on P, extendable to P, modulo the subgroup
of self-conjugate characters on P; here P denotes the free abelian
group generated by the weights on a Cartan subalgebra of Eg, P,
the subgroup generated by the roots. By an argument as used
in [25, p. 1126, last paragraph of section 6] one obtains the result

G?|G! ~ K*3 n F|F3.

Now K = F(8), 9> =ae F. Assume ¢ = (§+n9)3 e F, for §,ne F.
Then
3&n-+nta = 0.

Hence n =0, so ze F3, or —8 = ap? pe F. Then n = 4-pé,
hence
x = £4-3abn? = —88 = (—2£)3 e F3.

So K*3 A F = F3, therefore G®* = G.
Thus we have shown

(15.8) Assume K = F(9), 9% € K, o the F-automorphism #1 of
K. Let Cp be a split octave algebra over F, C = Cp Qp K, U =
1®0, T=1([1,1,1; —U, —U, U]. The group PU+ of transforma-
tions ™S with det Sw = det x, (Sx, TSz) = (@, Tz) for all z, is a
sitmple group, viz., the group of rational points (over F) of the Stein-
berg group of type Eg, i.e. the quasi-split outer form of the group
Eg over F.

16. We conclude this paper with some remarks.

Let # be a hyperbolic nonhermitian linear polarity. So we may
assume n = ny1, I =[1,1,1; —U, —U, U], U a reflection in a
quaternionsubfield D of C. We have seen that PU (=) is generated
by reflections and that PT(x) is simple. Nothing has been said
about PU(n)/PT(x). If one extends the ground field such that
D and C are split, then PU(n) extends to PU+, which has a simple
normal subgroup PU+* such that PU+/PU* ~ K*|K*2, PU* is
generated by the exp (1X,), te K, X, a rootvector, which are
transvections. It seems likely that in the case C non split, PU(x)/
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PT(x) ~ K*/K*?, which isomorphism would be induced by a
kind of spinornorm; then we would have PT(x) = PU(x)’, the
commutatorsubgroup of PU(x). But we have not been able to
furnish a complete proof of these conjectures.

In (11.1) we showed that if ¢ = 1, any polarity can be brought
in one of two standard-forms over a sufficiently large extension
field. If o # 1, a similar result does not hold. Actually, if one
considers a polarity different from the type considered in (15.8),
one finds a unitary group which may be another form of E4. For
instance, if F =R, K=C, U=U; ® 0, where U, is a re-
flection in a split quaternion subalgebra of the split octave
algebra Cp, then the corresponding unitary group is a real form
of Eg corresponding to an outer automorphism of the complex
form, different from the real form we have found in (15.8). There
seem to be some interesting problems in this direction; undoubt-
edly there is a close relationship with the work on Lie algebras of
type Eq done by J. Ferrar in his Yale dissertation [7].

In this paper we have paid no attention to the geometry of re-
flections with respect to a polarity, as was done in [22] for the
case of hermitian linear polarities. In case of a linear non-hermitian
polarity it seems that the theory will be much more complicated
than in the hermitian case; this makes it doubtful whether the
geometry of a group of type C,, which can be described in other
ways, is worth so much energy. In case ¢ % 1, & as in (9.8), the
corresponding geometry of reflections shows similar features as in
the hermitian linear case. The generalized theorem of three re-
flections [22, 27.1] seems to hold in the following form: a product
of three reflections S, , S, , S, is involutory if and only if v;, v,,
vy lie on one and the same F-line, where F is the subfield of o-
invariants in K. It seems that the proper algebraic apparatus to
cope with this kind of problems still has to be developed.

It is very likely that the results of section 15 can also be derived
by working in the algebraic groups themselves without making
use of Lie algebras. On the other hand, section 15 shows that there
is quite a lot in the theory of algebraic groups that can be done
with Lie algebras.
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TasLE 1. Multiplication 2 -y for a normal basis

N e Zo Zq é Yo Y1 Y2
[4 e X, Xy 0 0 0 0
Zy 0 0 —% Zy —e 0 0
2y 0 —Y: Yo 2, 0 —e 0
Zy 0 Y 0 Z, 0 0 —e
é 0 0 0 é Yo % Y2
Yo Yo —é 0 0 0 zy —x,
Y1 Yo 0 0 0 — Xy 0 Z,
Y2 Y 0 —é 0 @, —x, 0
TasLE 2. Roots and rootvectors for Dy
o Xy

%o = 01— W, ’%[va ’ Rmo] = va Rzo

o = Wo— W, 3 [Lzl > Lz’] = Lzl Lza

g = Wy—W3 %[R"x’ R”a] = Rzl Rv’

oy = Wy+ws %[Tzl s Tzz] = Lzl L:ts + Rwl Rz’ + [Rxl ’ Lacs]
oo t0ry = Wy— W, %[La:a > Lzo] = Lzz Lzo

otg 0ty = ;— W3 ‘}[sz sz] = Ra:o Rv,

otg+otg = 0;+w; %[Tzi s Taco] = Lz’ La:o + Rz’Rzo + [st s Lz0]
g t+oty +0og = Wy—Ws ‘}[Lzo ’ Lzl] = Lzo Lzl

otg+og 0y = w;+w, '}[Tzos Tzl] = LzoLa,-l'*‘Rzo Rz1+ [Ra:o, LZIJ
Ot +0tg+0ty = Wy +W; %[Rv,p va = R,

ap+0ty oy +ag = W+ w,
20ty 0y +atg oy = wo 0y

For « > 0, X_, is deduced from X, by replacing z; by y, and y; by ;.

TasLE 3. Roots and rootvectors for Eg

root rootvector a
w;—w; [0, 0, 0; D, AD, A2 D], with
(0=1,j =<8,T1%#]) D=Xmi_miasintable2
wo—3(E:—&5) g3, m —e
w;—3(E,—&3) A3, m —Zy
wy—#(E3—&s) g3, m —
ws—3(Ea—Es) Qg3,m —&q
—wo—#(53—E&s) Qa3,m —&
—w,—$(£—E&s) Ay, m —Y%



256 F. D. Veldkamp [44]
TABLE 8 (continued)

root rootvector a
—w;—3(&—&s) A23,m —%
—w3—3(Ea—&s) 33, m —Y
—wo+3(83—&5) A3z, m e
0, +3(5,—&5) A3z, m Zy
wy+3(8;—&s) Q3a,m &y
w3+3(Ea—&5) 32,m g
wo+3(8,—&5) Q33 m é
—o;+3(&:— &) Q33,m Yo
—wy+3(8s—&s) QA33,m Y1
—w3+3(8,— &) A33,m Ys
’}(wo+w1+wz+wa+53“51) Q13,m €
Howo+ 0 —ws—w;+&3—§;) A13,m o
Howo— 0y +wy—w3+E—&) Q13,m (21
Hwo—w;— Wy +wg+E;—&;) 33, m 2
H—wo— 0 —wy— w3 +&3—§;) Qy3.m é
H—wy— w1+ o, tws+E—61) Q13,m Yo
H—wo+w;—wy+w3+E,—&;) Qy3,m Y
H—wo+v, +w,—w5+E—§) Q13,m Y
H—we—w;—w,—w3—(§3—61)) A3y, m —e
Hwo+w,—we— 03— (§3—&1)) CQ31,m — &y
Hwo— 0 +0;— 03— (§;,—&4)) A31,m — &
Hwo—w;— 0 +w5— (§3—&1)) 31, m — &y
3(wo+0; + 0y +w3— (§3—&1)) A31,m —é
H—wo—w; +wy+ws—(§:—&1)) A31,m —Y%
H— oo+, —wy+wy—(§3—E1)) As1,m —Y%
H—wo+w; +w—w3— (§5—61)) A31,m —Ya
$H(—wo 0+ oy +os—(§,—§5)) 2,m —e
H—wo+w;—wy— 03— (§;—E&3)) Q12,m — &y
3 —wo— 0+ —w3—(§,—&,)) Q1o m —y
3 —wo—w;— w3 — (§,—§,)) Q19,m — &y
Hwo—w;—w,—w3—(§1—&3)) Q12,m —é
$(wo— 0, + w3+ w;—(§,—&5)) A13,m =Y
o+, —wy+w;— (5,—65)) Qia,m —Y
o+, +w—wz— (£, —E3)) Qig,m —Y:
Hwo—w;—wy— w3+ &—&,) A,m ¢
H—wo+ 0, —w;— w3+ £—&) As1,m &y
H—wo—0;+w— w3+ £,—&,) Az1,m EA1
$H(—wy—w;— w3+ §,—E5) Qo1,m Ty
H—wo+w; +wy+wy+ §,—§,) Qa1,m €
Hwy—w, +wy+wz+ 51_52) Aoy, m Yo
Hwot+o,—ws+ows+ &,—&,) A1, m Y
Howo+ o, +w,—ws+ £—§,) A31,m Y2
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