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On the distribution of a sequence in a compact
group *
by
J. H. B. Kemperman

1. Introduction

If {z,} is a sequence of real numbers such that each derived
sequence {z;,,—;}, b a positive integer, is uniformly distributed
modulo 1 then so is the original sequence {;}. This important
result due to van der Corput [6] can be sharpened and generalized
in many different directions, cf. the survey [5] by Cigler and
Helmberg.

For instance, even under weaker assumptions, one can assert
that each arithmetic progression {z;;_;} (L and j fixed) is uni-
formly distributed modulo 1, see [4], [7] and [12].

Further, the group K of real numbers modulo 1 can be replaced
by a connected compact abelian group G. After all, a sequence
{z:} in G has asymptotically a uniform distribution if and only
if g(a;) is uniformly distributed in K for each non-trivial character
¢(z) of G, (= continuous homomorphism of G into K).

As was shown by Hlawka [7], the above difference theorem
carries over to any additively written compact group, commutative
or not. Subsequently, Cigler [4] (see also Tsuji [14]) generalized
this result by replacing the ordinary Cesaro sum by a very general
regular summation method. In [8] Cigler replaced points in G by
probability measures on G. For the special case of a Cesaro type
summation, Hlawka [9] considered in stead a function (k) of the
real variable k taking values in a compact group G.

In the present paper (which is independent of Cigler’s work,
see [10]) the van der Corput difference theorem is carried over
to a very general situation which covers all of the above cases.
Our method has the advantage that it is based upon an estimate
(Lemma 5.8) of the same type as van der Corput’s fundamental
inequality, which should also be useful in deriving quantitative
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2] On the distribution of a sequence 139

results on the speed of convergence towards a uniform distribution.

In order to bring out more clearly the essential ideas of the
proof, I have first taken up (sections 2 and 3) the special case
of a sequence {z(k)} of real numbers modulo 1. The general setting
is given in section 4, the corresponding difference theorem in
section 5. As will be seen, the method of section 5 could be regarded
as a straightforward generalization of the one in section 2. The
sections 6 and 7 are devoted to certain interesting corollaries of
the results in section 5.

2. Auxiliary results

In the sections 2 and 8, 4 = (a,;) denotes a fixed nonnegative
regular summation method; n, k =1, 2, .... Thus,
a4, =0, lima, =0,

n—-00

while

(2.1) lim |[o, ]| = 1, where [ja, || = 3, Gy

n—00 k=1

For each sequence 3 = {z(k)} of complex numbers with

[I2]] = sup [2(k)| < oo,

put

(2.2) . {z(k)} =k§1ank2(k)

It follows that

(2.3) loen {2 (k) —2(E+1)} < (18] |12]],
where

(2'4‘) ”ﬂn” = z |a'n, n k+1|9

(@,,0 = 0). One has ||8,|| = 2/n in the particular case 4 = (C, 1),
that is, a,, = 1nif 1 <k <n,a, =0if k > n.

The following result is analogous to the fundamental inequality
of van der Corput [6], see [2, p. 71]. As will be seen, it can be
generalized to much more general situations.

LeEmMmA 2.1. Suppose that ||z|| =< 1. Then, provided ||«,|| > 0, we
have for each positive integer m that

(2.5) el |74 Jots {z(k)}lZS mllﬂnll-!- = el

+25 (1_ ) Relo ol R0}



140 J. H. B. Kemperman [8]

Proof. Without loss of generality, we may assume that ||a«,|| = 1.
Let n be fixed, and take

(2.6) y = a,{z(k)}, thus, |y|=1.
Obviously,

m—1 m—~1

—e m—1 i2
> 3 ((k+p)—y)(z(k+g)—y) = Eo (2(k+p)—y)| =0.

=0 ¢=0

Multiplying by a,; = 0 and summing over k, this gives

S w,{s(k-+p)T+ 3 2 Refa, fa(k+p)atit )]

=0 2>q

—m 3 2Re[7 a,{z(k+p)}]+m?y[* = 0.

By (2.8) and |[2|| = 1, replacing in the last sum z(k-+p) by z(k)
introduces an error

m—1

=m 2021’”13';” = m¥||Bl|

in absolute value. Replacing in the second sum z(k+p)2(k+q)
by z(k+p—q)z(k) introduces an error

= 2 241811 = dm?| |8l

»>q

in absolute value. Finally, the first sum has its absolute value
at most equal to m. Using (2.6), one obtains (2.5).
Next, let L be a given positive integer, and put

00

(2.7) Pni = z Qy kL—j> (j=01,.., L-1)
k=1
and

bn,L = Z lan,k_an,k+L|; (an,k =0 fork < 0).

k=—o00
LemMA 2.2. If ||2]| < 1 then, for each positive integer m,

L-1 1] .
D Pus |— Ean,u,_; z(kL—j)
k=1

2.8) oo M
<1 Aot 4+ 25 (1= k-+hL)a(k)
<~ I+ 5 by, = 3 (1) Relufa(-HAL (R}

Proof. Apply (2.5) with (a,.) and z(k) replaced by (a, rz—;)
and z(kL—j), respectively, (j =0,1,..., L—1). Adding the
resulting inequalities, one obtains (2.8).
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From now on, let us assume that

lim ||,]| = 0,
n - 00
that is,
o0
(2.9) lim z |@p,x—p k1] = 0,
n-00 k=1

(as is true for most of the classical summation methods). It follows
by (2.1) and (2.7) that
limp, ; = L7}, (j=0,1,...L—1).

n-00

Consequently, by Lemma 2.2,

LeMMA 2.8. Suppose that ||z|| < oo. Let L be a positive integer
such that
. —_— 2 m-1 h —
(2.10) lim lim— Y (1—- -77—z) Rela,{z3(k+hL)z(k)}] = 0.
— a=1

m—00 -0

Then
(2.11) lim ¥ a,_,3(kL—j) =0, G=0,...,L—1).

n-o00 k=1
Note that, by (2.8), the left hand side of (2.10) is always
nonnegative. By Hdlder’s inequality, a sufficient condition for
(2.10) is that, for some 1 < r < oo,
—_—1 m1
lim lim — Y |«,{z(k+hL)z(k)}|" = O.
m=00 oo 1Y h=1

Letting
lim |o, {z(k+R}2(K)} | = v

n-o0o
a further sufficient condition for (2.10) is that y,; tends to zero
when the positive integer h tends to infinity through some set
S of integers of upper density 1.

3. Van der Corput’s difference theorem

Let G denote the additive group of real numbers modulo 1. Let
further 4 = (a,;) be a given real and nonnegative regular summa-
tion matrix satisfying (2.9). A sequence of points {z(k)} in G
is said to have a given regular Borel measure p as its asymptotic
A-distribution if
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(o]

(8.1) lim 3 anf(e(t) = [ @)
holds for each complex-valued continuous function f on G; such
a function may be identified with a continuous function on the
reals of period 1.
Clearly, » must be a nonnegative measure on G of total mass 1,
a so-called probability measure. If so then (8.1) is equivalent
to the condition that
-3 1
(8.2) lim Y a, e?7®) = | e27ive (dg),
n-00 k=1 0
for each integer p = 1, 2, . ... If uis the Haar measure (= Lebes-
que measure) on G then (8.2) becomes
(8.8) lim Y a,, e?"»*®) = 0, p=12...).
: n-00 k=1
If (8.8) holds we say that the sequence {#(k)} is uniformly distrib-
uted with respect to the summation method 4 = (a,;).
Applying Lemma 2.3 with

Z(k) — e21ripz(k)’

(p a fixed positive integer), we obtain the following generalization
of van der Corput’s [6] difference theorem.

THEOREM 8.1. Let L be a fized positive integer, and suppose that,
for each positive integer h, the sequence

{(wk+hL)—a(k); k=1,2,...)

has an asymptotic A-distribution t,, say. Suppose further that,
for each positive integer p, there exists a sequence {m;} of positive
tnlegers, m; — oo, such that

8.4)  lim ~ (1 — i) fl 2% 1 (dz) = 0
' joo My p=1 m;/ Jo " '
Then, for each fized j = 0, 1, . . ., L—1, we have that the sequence
{x(EL—7)} is uniformly distributed with respect to the regular
summation method (La, 1)

Essentially the same result was obtained independently by
Cigler [4]; his method is related to a treatment by random vari-
ables in [11]. Tsuji [14] proved a certain special case of Theorem
8.1 with L =1 and



[61 On the distribution of a sequence 143

A = pk(p1+ ... +pn)—l if1<k =mn,
=0 if k> n,

(p, >0, 3 p, = +00). He assumed that both p, and p,/p,,s
(h=1,2,...) are decreasing in n. In view of (2.9), it is actually
sufficient that p, is monotone, p, = o(p;+ ... +p,).

In the special case 4 = (C, 1), Theorem 8.1 can also easily be
deduced from the van der Corput fundamental inequality. Under
the additional assumption that each sequence {z(k+h) — z(k)}
(h =1, 2,...)is uniformly distributed modulo 1, this was already
done by Korobov and Postnikov [12].

4. Generalities

In generalizing Theorem 8.1, we note that the sum in (8.1)
can be written as

f 1(2(2)) an(dz).
VA

Here, Z denotes the collection of all positive integers. Further,
a«, denotes the nonnegative measure on Z having a mass a,; at the
point, k, k =1, 2, .. .; its total mass ||a,|| tends to 1 as n tends
to infinity. Moreover, we can write

a(k+hL) = 2(T"k),

where T denotes the transformation 2’ = z+L of Z into itself.
Finally, the quantity b, ; in (2.8) is precisely the total variation
of the signed measure

Pu(d) = o (T71A4)—a,(4), (4C2).

With this in mind, we now introduce the following entities.

(i) First, a fixed measurable space Z = (Z, NA). That is, Z
is a given abstract set, U a o-field of subsets of Z with Z e %.

(ii) Second, a fixed directed set D. In other words, the relation
m = n is defined for certain ordered pairs of elements in D such
that m = m, while m = n, n = p imply m = p; finally, given m,
n € D, there always exists a ¢ € D such that bothg = mand ¢ = n.

(iii) For each n € D, let «, be a given finite and nonnegative
(o-additive) measure on the measurable space Z. We shall assume
that

(4.1) lim f a,(dz) = 1,
n zZ



144 J. H. B. Kemperman (7]

the limit being taken in the sense of the directed set D.

(iv) Next, let T denote a fixed measurable transformation of
Z into itself. By f, we shall denote the finite signed measure on
Z defined by

(4.2) Ba(4) = e (T724)—a,(4),
for each 4 € A. It folows that

(4.8) f [h(T2)—h(z)]an(dz) = f h(=)B.(dz),

for each bounded and measurable complex-valued function 4(z) on
Z; (if no integration limits are specified the integral extends over
all of Z). Later on, we shall assume that

(4.4) lim [|8,]| = O,
where

181l = f 1Bald2)]

denotes the total variation of the measure §,.

(v) Let further G denote a given compact Hausdorff space. By
C(G) we shall denote the Banach space of all complex-valued
continuous functions f on G with norm

Ifll = sup [f()|.
zeG

By the Riesz representation theorem, there is a 1 : 1 correspond-
ence between the bounded linear functionals u(f) on C(G) on the
one hand, and the regular complex-valued (finite) Borel measures
u on G on the other hand, namely by means of

(4.5) u(f) = f f@h(do), (f C(G)).

The norm of the functional u(f) is precisely the total variation
||#|| of the corresponding measure u.

Let M(G) denote the linear space of all such bounded linear
functionals on C(G). The topology in M(G) will be taken as the
weak* topology. That is, a subset F of M(G) is said to be open if,
for each y, € F, one can find a number ¢ > 0 and finitely many
fis « + » fm in C(G) such that

{u:lu(f)—p(f)l <ei=1,..,m}CF.

In other words, the net (also called generalized sequence) {u,,}
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of elements in M(G), (m running through some directed set E),
converges to an element y, in M (G) if and only if {u,,(f)} converges
to uy(f) for each f in C(G).

(vi) For each n € D, let z,(2) be a given measurable function
from Z to G, (“‘measurable’ taken with respect to the o-field of
Borel subsets of G).

We shall be interested in the asymptotic distribution of the
values z,(z) in G. More precisely, for each n e D, the formula

(4.6) salf) = fz H(2a(2)) ad2), (f € C(G)),

defines a nonnegative regular Borel measure u, on G of norm
[|#all = |lta]l. Equivalently,

[ patae) = | L oolde)

for each Baire measurable subset V of G. Thus, the measure «,
acts as a sort of weight function on Z.

DerFINITION. We shall say that the net
(4.7) {.(2), n € D}

of measurable functions from Z to G has the measure y, on G as
its asymptotic distribution (with respect to the summation method
{an, n € D}) if lim, u, = p,, that is, if

(4.8) tim jz Hn(2)) an(d) = L H(@)olde)

holds for each fe C(G).

This in turn implies that (4.8) holds whenever f is a bounded
function on G such that uy(4,) = 0, where 4, denotes the set of
points z, € G at which f is discontinuous; this generalizes a result
of Hlawka [8]. His proof carries over immediately; namely, if f
is bounded and p4(4,) = 0 then ([1], p. 104, 109) for each number
€ > 0 there exist real and continuous functions f, and f, on G
such that f,(z) < Re(f(z)) < fo(z) and po(fo—1,) < &.

5. A general difference theorem

From now on, we assume that (4.4) holds. Further, we shall take
G as an additively written compact group, (not necessarily,
commutative). By » we denote the Haar measure on G, normalized
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in such a way that ||»|| = 1. If (4.8) holds with u, replaced by
» (all feC(G)) we say that the net (4.7) is (asymptotically)
uniformly distributed.

THEOREM 5.1. Suppose that, for h as a sufficiently large positive
integer, the net

(5.1) {z,(T*2)—,(2), n € D}

of functions from Z to G possesses an asymptotic distribution
t, € M(G) which tends to the uniform distribution v as h tends to
infinity. Then the net {z,(2), n € D} is itself uniformly distributed.

This result corresponds to the special case L = 1 of Theorem
8.1. In generalizing the full Theorem 8.1, we shall assume that the
measurable space Z = (Z, %) is the direct product of the pair of
measurable spaces Z’' = (Z',%') and Z"" = (Z'", A"’), such that

(5.2) (Tz)" = 2.

Here, we think of a point 2 € Z as a pair of points 2’ € Z’, 2" € Z”,
(the coordinates of z). Thus, (5.2) states that each section 3" =
const. is invariant under the transformation T.

Note that this assumption trivially holds on taking Z' = Z,
(Z'" as a set consisting of one point only). Usually, also other
decompositions are possible. For instance, if Z consists of the
positive integers (or the positive real numbers) and Tz = z+L,
this is true with 2’ = {0, L, 2L, ...} and Z'" as the interval
(0, L], (Z being a direct sum of Z’ and Z”).

Let us denote by p, the measure on Z’’ which is the marginal of
o,, in other words, the projection of the measure ¢, on Z = 2’ x Z"
onto the component Z”’. In the present case we shall further
assume, as we may in most applications, that there exists a
function «,(4 | 2''), A e W', 3"’ € Z"', which is a probability measure
in A for each fixed 2/, and a measurable function in 2’ for each
fixed A4, such that

6.8) [ m@otas) = [ [ [ net 2 mnata)|outas),

for each bounded and measurable function h(z) = h(z’, 2’’) on Z.

THEOREM 5.2. Suppose that, for h as a sufficiently large positive
integer, h = hy, the met (5.1) has an asymptotic distribution ,.
Let U be a given unitary representation of G and suppose that

(5.4) lim ml Y (1 — %) fc U(z) 1,(dz) = o,

my—00 h=ho
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for some sequence {m} of integers tending to infinity. Then

(5.5) lim [ @,(")®, (") pa(dz") = 0,
neDJZ”
where
(5.6) D,(z'") =f U(z, (2, 2'"))an(d2']2").
7

Theorem 5.2 generalizes certain results of Cigler [8], [4] and
Hlawka [7], [9], compare sections 6 and 7.

By a unitary representation U = U(z) of degreer (r=1,2,...)
of the given compact group G we shall mean a continuous mapping
of G into the group of all complex-valued unitary matrices of
order 7, such that

(5.7) Uz+y) = U(z)U(y) for all 2,y € G.

A matrix is said to be unitary if its inverse U~! exists and is equal
to its adjoint U*, (u}; = u;,). Thus, (5.7) implies

(5.8) U©) =1, U)*=U(—a),

(I denoting the identity matrix of order ).

The so-called trivial representation U, is the representation of
degree 1 defined by Uy(z) = 1 for all # € G. The unitary represen-
tation U = U(x) of degree r is said to be irreducible if no non-trivial
linear subspace of the r-dimensional Euclidean is invariant under
all the transformations U(z), € G. As is well-known, there exists
a family

(5.9) {U,,yel}

of irreducible (mutually inequivalent) unitary representations
of G (possibly of different degrees), such that all the matrix
elements of all the U, (z) together span a linear manifold which is
dense in the Banach space C(G). Finally, if U is any non-trivial
irreducible unitary representation of G then (as can be seen from

(5.7))
(5.10) f U(z)v(dz) = 0.
¢

It follows from these remarks that the net {z,(2)} has (with
respect to the summation method {«,}) asymptotically a uniform
distribution if and only if, for each non-trivial irreducible unitary
representation U = U (z), one has



148 J. H. B. Kemperman [11]

(5.11) limj U(z,(z))a,(dz) = 0.

This shows that Theorem 5.1. is a special case of Theorem 5.2;
(take Z = Z'x Z"" with Z"' consisting of one point only).

That Theorem 8.1 is a special case of Theorem 5.2 can be seen
from the remark following (5.2) and the well-known fact that the
group K of real numbers modulo 1 has as its irreducible unitary
representations the functions

Uy(z) = e*mir=, (p an integer).

The proof of Theorem 5.2 is based on the following generalization
of Lemma 2.2. Here, if V' is a complex rXr matrix we denote
by V > 0 the property that V is positive definite in the sense
that w.V.w* = 0 for every complex 1 Xr vector w =(w,, .. .w,).
One always has V.V* > 0. We write V< W or W > V if and
only if W—V > 0. This is a true partial ordering, for 0 V « 0
implies V = 0.

LemMA 5.8. Let U = U(x) denote a given unitary representation
of G of degree r. Define ®D,(3") by (5.6) and ¥, , (neD, h =0,
1,...)by

(5.12) Vor = f U(@,(T*z)—2,(2))x,(dz).
Then
| XCE RSN

518) < — [lanll[+ o + 15 h)qf v
(518) < o llalll+ 5 mllBallT+ 3 (1= ) (Pt ¥20)

Here, I denotes the identity matriz of order r.
Proof. Let n € D be fixed. The inequality being trivial when

||xn]] = 0, we may assume that ||«,|| = 1. Consider the rXxr
matrix
m~-1
V(z) = Zo (U(@a(T?2) ) —Dn(z")).
p=

By V(z)V(2)* > 0, (5.7) and (5.8), it follows that

m—-1 m—1

0« Y 3 Ur,(T7%)—2,(T%)) +miP, (2" )P, (=" )*
=0 a=0
m—1

—m 3, [U(2,(T72))Pa(2")* + D, (2" )U(2,(T72))*].

»=0
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We now integrate this relation over all of Z with respect to the
nonnegative measure o,. By (5.8), the second term yields

mgf D,(2"")P, (2" )* pu(dz").

The terms with p = ¢ in the double sum yield a contribution mlI,
while the terms with p # ¢ yield

[Wﬂ, D—G+ T:’ P—a +AP—G, 0+A:—G,G ¢

0sg<ps=m-1

Here,

(5.14) A4 =f [Dy(T2)— D, (2)]e, (d2),
where

Dy, (z) = U(z,(T"z)—,(2)).
By (5.8) and (5.6), the last sum yields a contribution

m—1

—m 3 (2] 0,610 pulda ) +P AP,

7=0
where

v, = f [U (a(T%) — U (1,(2)) 10, (" ().
Note that, by (5.2), we may write

(5.15) 7o = [ (E@%) - B@kao),
where
E(2) = U(2,(2)@u(z").

Adding all these contributions, (and dividing by m?), one obtains
(5.18) provided it can be shown that

Ah,q<<q”ﬂn”°15 Vq«Q”ﬂn“'I

Let w = (w,, ..., w,) be any complex 1Xr vector of Euclidean
length 1. It sufficies to show that

Wl w* = ¢ l1Ball, wVao* = q|lBall-

But U(z) is unitary, thus, |wD,(z)w*| < 1; similarly, by (5.6),
|lwE (z)w*| =< 1. Hence, multiplying (5.14) and (5.15) on the left
by w and on the right by w*, the desired result follows by (4.8).

Proof of Theorem 5.2. It is given that, for h = h,,
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li:n Yo =f U(z)z,(dz) = V,, (say).

It follows by (4.4) and (5.18) that, given ¢ > 0 and the positive
integer m, m > hy, one has for n sufficiently large (in the sense
of the directed set D) that

o< [ 8.0 palds”)

< (e o lmall) 4 - b3l (- %)(VH‘V:)-

h=h,

Letting m tend to infinity and using (5.4), one obtains (5.5).

6. Random functions

Let again G be an arbitrary additively written compact group;
by » we denote the Haar measure on G, |[|»|| = 1. Let further
A= (ay) (n,k=1, 2, ...) be a given nonnegative regular
summation method satisfying (2.9).

Following Cigler [8], let us consider the asymptotic 4-distribu-
tion of a sequence {o;} of probability measures on G (= nonnega-
tive regular Borel measures of total mass 1). Namely, we shall say
that {0;} has an asymptotic 4-distribution ¢ if

im 3 a,0, =0,
n-00 k=1

that is,
lim 3 a, o0x(f) = o(f) for all fe C(G).
n-o0 k=1

This generalizes (8.1); for, take o) as the measure having all its
mass at the single point z(k) € G.
Given the measures x” and '’ on G, let us define the measure

rya
(6.1) W © u)(f) = f f fa—y)' (de)u (dy),

(f € C(G)). The following generalization of Theorem 8.1 is due to
Cigler [3].

THEOREM 6.1. Let L be a fized positive integer. Suppose that,
for h=1,2,..., the sequence

{O'k+hL © Uk}
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has an asymptotic A-distribution v, say. Suppose further that
lim — > 7, =
m-o0 M hgl »
Then, for eachj = 0,1, ..., L—1,
lim L z an’kL_jO'kL__j = 9.
k=1

n-00

Theorem 6.1 in turn is a consequence of Theorem 5.2. Let
(2, #, P)

be a fized measure space, where P is a probability measure on the
o-field #. By a random variable taking values in G we shall mean
a measurable function X () from 2 to G. Its so-called distribution
is the probability measure on G defined by

(6.2) ulf) = fa 1(X () P(do), (f € C(G)).

The joint distribution of two random variables X’ and X"’ taking
values in G is defined as the probability measure on G X G which is
the distribution of the random variable (X'(w), X" (»)) € GXG.
If this joint distribution is the direct product of the distributions
u" and p'" of X" and X"/, respectively, then the random variables
X'’ and X" are said to be independent; notice that in this case the
random variable X’'—X"' has its distribution precisely equal to
B e u

Consider a sequence {o;} of probability measures on G. Taking
(2, #, P) as the direct product of the measure spaces (G, ;)
and letting X;(w) denote the k-th coordinate of a point w in this
product space, one obtains a sequence {X;} of independent random
variables, such that the distribution of X, is equal to o;.

Let Z, D, a,(n € D) and T be as in section 4; we assume that
(4.4) holds. Suppose further that Z = Z’'x Z", such that (5.2)
and (5.3) hold. Next, for each ne D and z€ Z, let X,(3) =
X,(2, w) be a given random variable. We shall assume that
X,(2, ) is jointly measurable in z € Z, w € Q.

DeriNITION. The net -
{X,(=), n e D}

of “random functions” on Z will be said to have the asymptotic
distribution u, with respect to the given summation method
{an, m € D}, if



152 J. H. B. Kemperman [15]

(6.8) limf U,z %n(dz) = 1.
n JZ

Here, u, , denotes the distribution of the random variable X, (z),
that is,

(6.4) fn o(f) = L HX (2 0))P(dw), forall feC(G).

Relation (6.8) generalizes (4.8) and denotes that

©5)  tim [ g f)n(ds) = ) for all { € CCG).

If u is the Haar measure on G then (6.5) is equivalent to

(6.6) lim‘J~ U,z (U)a,(dz) = 0,
n Z
to hold for each non-trivial unitary representation U of G.

THEOREM 6.2. Suppose that, for h as a sufficiently large positive
integer, h = hy, the net of random variables

(6.7) (X (T"2)—X,(2), n € D}

has an asymptotic distribution t,, say. Let U be a given non-trivial
unitary representation of G such that

(6.8) }Lrg m;t h:-‘iho (1 — %) f U(z)t,(dz) = 0,

for at least one sequence {m,} of positive integers tending to infinity.
Then

(6.9) lim| @,(:")®,("*p.(dz") = O,
n JZ”
where
(6.10) 0ue) = [ Ul 1),
Z'

Proof. In view of (6.4), this is an immediate consequence of
Theorem 5.2, with Z’, «,(dz’ | 2’’) and 2,(z) replaced by

Z'xQ, a,(dz' |2")P(dw) and X, (3, o),

respectively; (a slightly stronger conclusion would result if in
stead we replace Z'' by Z'' x 2).

Theorem 6.1 is obtained as the special case of Theorem 6.2,
where Z is the set of positive integers, a, the measure of mass a,;
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atkeZ (k=1,2,...), T the translation 2’ = 2+ L; finally, the
X,(2)=X() (=1, 2, ...) are taken as independent random
variables, such that X(k) has a preassigned distribution o,,
compare the remarks following Theorem 6.1.

7. Further applications

(I) Suppose that in Lemma 5.8 the quantity z,(z) and/or the
measure «, depends on a hidden parameter Ae A. If further
lim, ¥, ; = 0 uniformly in 4 then the left hand side of (5.18) tends
to zero uniformly in A; this remark implies a result of Hlawka

[7, p. 10].
Actually, uniform convergence of a net {y,(41), n € D} is nothing
but ordinary convergence of the net

{v.(2), (n,4)eDx A4},

where DX A is the directed set defined by (n,4) < (n', ") if
and only if » < n’. In other words, uniform convergence with
respect to a hidden parameter can simply be handled by merely
replacing D by a new directed set.

(II) Suppose we take Z as the collection of all vectors (y;, . . ., ¥,)
in r-dimensional Euclidean space having positive integral co-
ordinates. Let D be any directed set. For each n € D, let Q, be a
given r-dimensional interval in Z of the form

., =Sy, =d,, ji=1,...,7

(cqy = d,; positive integers), and let «, denote the measure on Z
defined by

u,(4) =14 n Q,|/|Q,| for each set A C Z,
(| B| denoting the number of elements in B). Then (4.6) reduces to
Ba(f) = 1Qal™ % Hzn(2)).
Let us further choose T as the translation

T(Yrs Yos - - o Ye) = (W1+Ls Yoo o 5 Yr)s

with L as a fixed positive integer. Finally, assume that (4.4) holds;
this is equivalent to the assumption that

lim (d, ;—¢, ;) = + .

The resulting special case of Theorem 5.1 generalizes a result of
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van der Corput [6, p. 411]. More can be said on applying Theorem
5.2

(III) Let us finally consider the case where Z is chosen as the
interval (0, o) of all positive real numbers, together with the
a-field of all Lebesgue measurable subsets of Z; this case was first
studied in detail by Kuipers [18].

Let D be any directed set. For each n € D, let «, denote the
measure on Z defined by

(7.1) o, (4) = J; a,(3)dz.

Here, a,(z) denotes a given Lebesgue measurable function on
(0, o0), such that

(7.2) a,(z) =0, f a,(x)dz = 1.
)
Suppose further that, for each fixed z, > 0,
(7.8) limf ’ a,(z)dz = 0; limf |a,(z+2¢)—a,(z)|dz = 0.
n [} n 0

As an important illustration, choose

a,(2) =1/d, if 0 <z < d,,

.4
(7.4) =0 ifz>d,

where d, is any positive function on D such that lim d, = c0. In
any case, the assumption (7.3) implies that the basic condition
(4.4) with respect to each transformation from Z into Z of the
special form

(7.5) Tz =z2+L,

where L is a fixed positive real number.

Let {z,(z), n € D} be a given net of measurable functions from
Z to a fixed compact group G.

Definition. By H we shall denote the collection of all positive
numbers s, such that the net

{2, (z+h)—z,(2), n € D}

is asymptotically uniformly distributed with respect to the
summation method {«,, n € D}, that is

lim | U(z,(z+h)—2,(2))a,(z)dz = 0,
z

neD
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for each non-trivial irreducible unitary representation U = U(z)
of G.
For L > 0, m as a positive integer, put

(7.6) H;(m) = [number of k= 1,...,m with kL ¢ H].

It follows from Lemma 5.8 (with Z’' = Z) that the net {z,(2),
n € D} is itself uniformly distributed (with respect to the summa-
tion method {«,, n € D}), provided that

(7.7) lim 1 inf Hy(m) = 0.
m—oco M L>0

Condition (7.7) holds, for instance, if H contains a measurable
subset of density 1 at 0 (such as an interval (0, ¢) with ¢ > 0),
and it holds also if, for some L > 0, we have kL € H for all positive
integers k (outside some set of lower density zero). This generalizes
a result of Hlawka [9] who took a,(z) of the form (7.4), z,(z) =
z(z) independent of n (and continuous in 2 for the case (0, ¢) C H).

By an obvious modification of Lemma 5.8, one easily obtains the
more general result that {z,(z), » € D} is uniformly distributed
whenever one can find arbitrarily large sets {2, . . ., 2,,} of positive
numbers z; such that, for all but o(m?2) pairs (3,, 2;) with 2, < z,,
one has z;—z; € H. However, it is not sufficient that H contains
an interval as can be seen from counter examples of the type
z,(3) = 2(2) = y([z/c]), where {y(k), k =1, 2, ...} is a sequence
having two successive differences uniformly distributed modulo 1.

Let L > 0 be fixed, and let us consider in a little more detail
the case that

(7.8) kLeH for all k=1,2,...,

(except for the integers k in some set of lower density zero). One
may regard the measurable space Z as the direct product of

Z'={0,L,2L,...} and Z" = {":0 <2 < L}.
In the notation (5.3), one has

Pa(dz”’) = R,(2"")dz", where R,(z) = ¥ a,(3+kL),
=0

k:

(R,(z) < oo for almost all z). By (7.8) and Theorem 5.2, we have,
for each non-trivial irreducible unitary representation U of G, that

(7.9) lim f g @, (2|U)®,(2|U)* R,(z)dz = 0,
n 1]



156 J. H. B. Kemperman [19]

where

P,(x|U) = Ru(2)7* 3 a,(z+kL)U(z,(3+kL))
E=0
if R,(2) > 0; (actually, (7.9) holds under much weaker conditions
than (7.8), see Lemma 5.3.)

Now, suppose that G is second countable (so that we need to
consider only denumerable many representations U) and further
that D contains a countable cofinal subset.

It follows from (7.9) that each cofinal subset of D contains
a cofinal subsequence {n,} such that for almost all 0 <z < L
one has

lim @, (:|U)R, (2)? =
=00
for each non-trivial irreducible unitary representation U of G.

Let us finally assume that a,(z) is of the special form (7.4)
with d, — oo. Then R,(2) — 1/L, consequently, the above {n,} is
such that, for almost all 0 <z <L we have the sequence
{,,(2+kL)} uniformly distributed in the sense that

[d,/L]

lim (2/d,) 3 f(ene+h0)) = [ j@plde)
j»00 k=1 G

for each f € C(G), » denoting the Haar measure on G. In particular,
if D denotes the positive integers and d, = n, and further z,(2) =
z(2) is independent of n, it follows from (7.8) that, for almost
all real numbers z > 0, the sequence {z(3+kL), k =1,2,...}
either has no distribution at all or it has the uniform distribution,
(both with respect to the ordinary Cesaro summation).

REFERENCES

BourBaki, N.
(1] Eléments de Mathématique, Livre VI, Intégration, Hermann et Cie, Act. Sc.
et Ind. no. 1175, Paris, 1952.

CassgeLs, J. W. S.
[2] An Introduction to Diophantine Approximation, Cambridge University Press,
Cambridge Tracts no. 845, Cambridge, 1957.

CIGLER, J.
[8] Folgen normierter MaBe auf kompakten Gruppen, Z. Wahrscheinlichkeits-
theorie vol. 1 (1962) pp. 3—13.

CIGLER, J.
[4] Uber eine Verallgemeinerung des Hauptsatzes der Theorie der Gleichver-
teilung, J. fiir d. reine angew. Math. vol. 210 (1962) pp. 141 —147.



[20] On the distribution of a sequence 157

CiGLER J. und HELMBERG, G.
[5] Neuere Entwicklungen der Theorie der Gleichverteilung, Jahresber. Deutsch.
Math. Ver. vol. 64 (1961) pp. 1—50.

Corrurt, J. G. VAN DER
[6] Diophantische Ungleichungen I, Zur Gleichverteilung Modulo Eins, Acta
Math. vol. 56 (1931) pp. 878 —456.

Hrawka, E.
[7] Zur formalen Theorie der Gleichverteilung in kompakten Gruppen, Rend.
Circ. Mat. Palermo Ser. II vol. 4 (1955) pp. 1—15.

Hrawka, E.
(8] Folgen auf kompakten Rdumen, Abh. math. Sem. Univ. Hamburg vol. 20
(1956) pp. 223 —241.

HrLawka, E.
[9] Uber C-Gleichverteilung, Ann. Mat. pura appl. Ser. IV vol. 49 (1960) pp.
811 —326.

KempPERMAN, J. H. B.
[10] Generalized distributions modulo 1, Int. Congress of Math., Abstracts p. 36,
Stockholm, 1962.

KeMPERMAN, J. H. B.
[11] Probability methods in the theory of distributions modulo 1, this Vol.,
p. 106.

KoroBov, N. M. and PosTNIKOV, A. G.
[12] Some general theorems on the uniform distribution of fractional parts,
Dokl. Akad. Nauk SSSR vol. 84 (1952) pp. 217 —220.

Kurpers, L.
[18] De asymptotische verdeling modulo 1 van de waarden van meetbare functies,
Thesis, Amsterdam, 1947.

Tsuar, M.
[14] On the uniform distribution of numbers mod. 1, J. Math. Soc. Japan vol. 4
(1952) pp. 313—3822.

(Oblatum 29-5-63). University of Rochester.



