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Asymptotic expansions and analytic continuations
for a class of Barnes-integrals

by

B. L. J. Braaksma

§ 1. Introduction

§ 1.1. Asymptotic expansions for [z| - oo and analytic con-
tinuations will be derived for the function H(z) defined by

1

(1.1) H(z) = ——f h(s)z*ds
2m J ¢

where z is not equal to zero and

(1.2) 2* = exp {s (Log |2|+7 arg 2)}

in which Log |2| denotes the natural logarithm of |2| and arg z
is not necessarily the principal value. Further

T I'(1—a;+a;5) [T T(b,—f;5)

(1.8) h(s) = - = ,
H I'(1—b;+B;s) 1;]; I'(a;—a;s)

where p, g, n, m are integers satisfying
(1.4) 0=n=p 1l=m=yq

o(f=1,...,p), B(j=1,...,q) are positive numbers and
a;(j.=1,...,p), b,(j =1, ..., q) are complex numbers such that

(1.5)  o;(by+v) # Bu(a;—1—2) for »,A=0,1,...
h=1,...,m; j=1,...,,n

C is a contour in the complex s-plane such that the points

(1.6) s=(b;+»)B; (G=1,...,m»=0,1,...)
resp.
(1.7) s = (a;—1—v)/a, G=1..,m »=0,1,...)

lie to the right resp. left of C, while further C runs from
s = c0—iktos = co-}ik. Here k is a constant with & > | Im b,|/8,
( =1,...,m). The conditions for the contour C can be fulfilled
on account of (1.5). Contours like C and also contours like C but

239



240 B. L. J. Braaksma [2]

with endpoints s = —¢ ©0+0 and s = 100+ (o real) instead of
s = oo—ik and s = ootk are called Barnes-contours and the
corresponding integrals are called Barnes-integrals.

In the following we always assume (1.4) and (1.5).

In § 6.1, theorem 1, we show that H(z) makes sense in the
following cases:

I. for every z 5 0 if u is positive where

[’} »
(1.8) Hu = gﬂ!f— 21:“:"
II. if 4y =0 and
(1.9) 0< 3] < Bt
where
? q
(1.10) p =11 116

In general H(z) is a multiple-valued function of z.

§ 1.2. The function H(z) and special cases of it occur at
various places in the literature. A first systematic study of the
function H(z) has been made in a recent paper by C. Fox [18]. 1)
In the case that some special relations between the constants
a;, B, a;, b, are satisfied Fox derives theorems about H(z) as a
symmetrical Fourier kernel and a theorem about the asymptotic
behaviour of H(z) for 2 — o0 and 2z > 0.

The function defined by (1.1) but with the contour C replaced
by another contour C’ has been considered by A. L. Dixon and
W. L. Ferrar [12]. C’ is a contour like C but with endpoints
§= —0i+oc and s = 0i+o¢ (o real). Their investigation
concerns the convergence of the integrals, discontinuities and
analytic continuations (not for all values of z) and integrals in
whose integrands the function defined by (1.1) with C || C’
(]| means: replaced by) occurs.

Special cases of the function H(z) occur in papers on functional
equations with multiple gamma-factors and on the average order
of arithmetical functions by S. Bochner [5], [5a], [6] and K.
Chandrasekharan and Raghavan Narasimhan [9]. In these papers
in some cases the analytic continuation resp. an estimation for
H(z) has been derived.

A large number of special functions are special cases of the

1) Numbers between brackets refer to the bibliography. In each paragraph the
footnotes are numbered anew.
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function H(z). In the first place the G-function and all special
cases of it as for instance Bessel-, Legendre-, Whittaker-, Struve-
functions, the ordinary generalized hypergeometric functions
(cf. [15] pp. 216-222) and a function considered by J. Boersma
[7]. The G-function is the special case of the function H(z) in (1.1)
with ¢; =1(=1,...,p), B;=1(=1,...4q). The ordinary
generalized hypergeometric function is a special case of the
G-function with m = 1, » = p among others.

Further H(z) contains as special cases the function of G. Mittag-
Leffler (cf. G. Sansone-J. C. H. Gerretsen [28], p. 845), the
generalized Bessel-function considered by E. M. Wright [31], [385]
and the generalization of the hypergeometric function considered
by C. Fox [17] and E. M. Wright [82], [34].

The results about the function H(z) which will be derived here
contain the asymptotic expansions for |2| — co and the analytic
continuations of the functions mentioned above. The latter
expansions and continuations have been derived by various
methods among others by E. W. Barnes [2], [8], [4] (cf. a correc-
tion in F. W. J. Olver [25]), G. N. Watson [29], D. Wrinch [388],
[39], [40], C. Fox [17], [18], W. B. Ford [16], E. M. Wright
[81]-[86], C. V. Newsom [23], [24], H. K. Hughes [19], [20],
T. M. MacRobert [21], C. S. Meijer [22] and J. Boersma [7]. The
most important papers in this connection are those of Barnes,
Wright and Meijer.

In [8] Barnes considered the asymptotic expansion of a number
of G-functions. In the first place he derived algebraic asymptotic
expansions (cf. § 4.6) for a class of G-functions. These expansions
are derived by means of a simple method involving Barnes-
integrals and the theorem of residues. In the second place he
derived exponentially small and exponentially infinite asymptotic
expansions (cf. § 4.4 for a definition) for another G-function. The
derivation of these expansions is difficult and complicated. The
G-function is written as a suitable exponential function multiplied
by a contour integral. The integrand in this integral is a series of
which the analytic continuation and the residues in the singular
points are derived by means of an ingenious, complicated method
involving among others zeta-functions and other fuictions con-
sidered previously by Barnes. The contour integral mentioned
before has an algebraic asymptotic expansion which can be
deduced by means of the theorem of residues. The investigation
in [8] yields among others the asymptotic expansions of the
ordinary generalized hypergeometric functions. Barnes also
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obtained the analytic continuation of a special case of the G-
function by means of Barnes-integrals (cf. [4]).

In [22] Meijer has derived all asymptotic expansions and
analytic continuations of the G-function. The method depends
upon the fact that the G-function satisfies a homogeneous linear
differential equation of which the G-functions considered by
Barnes constitute a fundamental system of solutions. So every
G-function can be expressed linearly in these G-functions of
Barnes and from the asymptotic behaviour of these functions the
asymptotic behaviour of arbitrary G-functions can be derived.

In [31], [82], [84] and [85] Wright considered the asymptotic
expansions of generalizations of Bessel- and hypergeometric
functions. The majority of his results are derived by a method
which is based on the theorem of Cauchy and an adapted and
simplified version of the method of steepest descents. In [33] and
[86] these methods are applied to a class of more general integral
functions. However, these methods do not yield all asymptotic
expansions: any exponentially small asymptotic expansion has
to be established by different methods (cf. [82], [84], [85]). The
results of Wright have as an advantage over the results of the
other authors mentioned before that his asymptotic expansions
hold uniformly on sectors which cover the entire z-plane. Further
the results of Wright — and also those of H. K. Hughes [19] —
contain more information about the coefficients occurring in the
asymptotic expansions.

§ 1.3. A description of the methods which we use to obtain the
asymptotic expansions and analytic continuations of the function
H(z) is given in § 2. The results cannot be derived in the same
manner as in the case of the G-function in [22] because in general
the functions H(z) do not satisfy expansion-formulae which ex-
press H(z) in terms of some special functions H(z) (if this would
be the case then we should have to consider in detail only these
latter functions as in the case of the G-function).

The analytic continuations of H(z) in the case u = 0 can be
found by bending parallel to the imaginary axis the contour
in the integral (1.1) in which from the integrand some suitable
analytic functions have been subtracted. This method is an
extension of the method of Barnes in [4].

This method can be applied also in a number of cases to the
determination of the asymptotic expansion of H(z) for |3| — o0
if u > 0. Then algebraic asymptotic expansions are obtained.
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However, in some cases all coefficients in these expansions are
equal to zero (“‘dummy” expansions) and in these cases H(z) has
an exponentially small asymptotic expansion. This expansion will
be derived by approximating the integrand in (1.1) by means of
lemma 8 in § 8.8. In this way the difficulties in the researches of
Barnes and Wright (cf. [8], [84], [85]) about special cases of these
expansions are avoided. Contrary to their proofs here the deri-
vation of the exponentially small expansions is easier than the
derivation of the exponentially infinite expansions.

The remaining asymptotic expansions of H(z) in the case
u > 0 are derived by splitting in (1.1) the integrand into parts
so that in the integral of some of these parts the contour can be
bended parallel to the imaginary axis while the integrals of the
other parts can be estimated by a method similar to the method
which yields the exponentially small expansions. Some aspects of
this method have been borrowed from Wright [38].

In the derivation of the asymptotic expansions of H(z) the
estimation of the remainder-terms is the most difficult part. The
method used here depends upon the lemmas in § 5 which contain
analytic continuations and estimates for a class of integrals
related to Barnes-integrals. This method is related to the indirect
Abelian asymptotics of Laplace transforms.

The remainder-terms can also be estimated by a direct method
viz. the method of steepest descents. This will be sketched in
§ 10. In the case of the exponentially infinite expansions
of H(z) this method is analogous to the method of Wright
in [33].

The asymptotic expansions of H(z) are given in such a way that
given a certain closed sector in the z-plane this sector can be
divided into a finite number of closed subsectors on each of
which the expansion of H(z) for |z| — oo holds uniformly in arg z.
Moreover it is indicated how the coefficients in the asymptotic
expansions can be found.

§ 1.4. The results concerning H(z) are contained in theorem 1
in §6.1 (behaviour near z = 0), theorem 2 in §6.2 (analytic
continuations and behaviour near z = o0 in the case u = 0),
theorem 8 in § 6.8 (algebraic behaviour near z = oo in the case
u# > 0), theorem 4 in § 7.8 (exponentially small expansions in the
case 4 > 0), theorems 5 and 6 in §9.1 (exponentially infinite
expansions in the case u > 0) and theorems 7-9 (expansions in
the remaining barrier-regions for x4 > 0). In these theorems the
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notations introduced in (1.8), (1.10) and the definitions I-IV in
§ 4 are used. The terminology of asymptotic expansions is given
in § 4.4 and § 4.6. In § 9.8 we have given a survey from which one
may deduce which theorem contains the asymptotic expansion
for |2| - o0 of a given function H(z) on a given sector. In § 10.2
and § 10.83 some supplements on the theorems in § 6 and § 9 are
given. A

In § 11 the results about the function H(z) are applied to the
G-function: see the theorems 10-17. The asymptotic expansions
and analytic continuations given in [22] are derived again. An
advantage is that the asymptotic expansions are formulated in
such a way that they hold uniformly on closed sectors — also in
transitional regions — while moreover the coefficients of the
expansions can be found by means of recurrence formulae. The
notations used in the theorems and a survey of the theorems are
given in §11.8.

In §12.1 and § 12.2 the results concerning H(z) are applied to
the generalized hypergeometric functions considered by Wright
(cf. theorems 18-22). A survey of the theorems and the notations
are given at the end of § 12.1 and in § 12.2. In § 12.3 a general
class of series which possess exponentially small asymptotic
expansions is considered. In § 12.4 the generalized Bessel-function
is considered. The results are formulated in the theorems 24-26.
The notations used in these theorems are given in (12.45).

§ 2. Description of the methods

§ 2.1. In this section we sketch the method by which the
algebraic asymptotic expansions for |z| — oo resp. the analytic
continuation of the function H(z) in case I resp. IT of §1 will be
derived. First we consider the simplest cases which are analogous
to the simplest cases considered by Barnes in [8] and [4].

To that end we replace the contour C in (1.1) by two other paths
L and L,. L resp. L, runs from s = w to s = w1l resp. w—il
and then to s = oo+l resp. 0o —il, while both parts of L resp. L,
are rectilinear. Here w and ! are real numbers so that

(2.1) w # Re(a;—1—»)[a; G=1..,p; v=0,1, 2,...)
(2.2) w < Reb,/p; G=1,...,m)
l=14max{|Im a;/0;|(j =1, ..., p), [Imb,/B,|(j =1, ..., q),
(2.8) { Im o/u|} (cf. (8.24) for a) if u is positive, while for . = 0
l=14max{|Ima;/o;|(j =1, ..., p), |Imb,/B,|(j =1, ..., q)}
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Then we easily deduce from (1.1) and the theorem of residues that

1 1
(2.4) H(z) = Q,()+ ﬁth(s)z ds — Py Llh(s)z ds
where

Q.(z) = > residues of h(s)z* in those points (1.7) where

(2.5) Re s > w.

Formula (2.4) holds in case I and also in case II of § 1. For the
consideration of the integrals in (2.4) we need approximations for
the function k(s). Therefore we write h(s) as a product of two
other functions. Using

(2.6) I'(s) = n/{sin nsI'(1—s)}

we see that

(2.7) h(s) = hy(s)hy(s)

where if

(2.8) s # (a;—1—v)/a, (f=1,..,p;»=0,1,2,...)
resp.

(2.9) s (b+nB;, (G=1,...m;»=0, +1, +2,...)
we define

(210)  ho(s) = EI P(l—a,-—i—acjs)/lf_[ T(1—b,+8,5)

resp.

(211)  hy(s) = amtns ﬁ sin n(a,-——oc,-s)/l’f[ sin 72(b,— B, ).

For hy(s) resp. hy(s) approximation formulae are formulated in the
lemmas 2 and 2a in § 8.2 resp. 4a in § 4.3. From these formulae
estimates for h(s) can be obtained.

Now define J, by

m P
(2.12) 0 = (2 B;—2 ;).
1 n4l
Consider the case that
(2.18) 8o > Lum.

Then we may derive from the estimates for k(s) mentioned above
that the lemmas 6-7a from § 5 can be applied to the integrals in
(2.4) for certain values of z; the path of integration L resp. L, in
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(2.4) may be replaced by the half-line from s = w to s = w+100
resp. w—1400:

1 w+i00
(2.14) H(z) = Qu(a) + 5 - L_m h(s)z*ds
if =0, (1.9) and
(2.15) larg 2| < 8q—Hum

holds and also if u is positive and (2.15) is satisfied. The integral
in (2.14) is absolutely convergent if x = 0 and (2.15) holds. If
u = 0 then H(z) can be continued analytically by means of (2.14)
into the domain (2.15). If u is positive then

H(z) = Qu(2)4-0(=")

for |z| - oo uniformly on every closed subsector of (2.15) with
the vertex in 3 = 0. Hence by definition IV in § 4.6

(2.16) H(z) ~ Q(z)

for |z] — oo uniformly on every closed subsector of (2.15) with the
vertex in 8 = 0, if u is positive. The asymptotic expansion (2.16) is
algebraic.

In the case that x = 0 another application of the lemmas 6
and 6a shows that the integral in (2.14) — and so H(3) — can be
continued analytically for |2| > g-1.

Next we drop the assumption (2.18) and we extend the method
used above to obtain the analytic continuation of H(z) if u = 0
and the algebraic asymptotic expansion of H(z) for |z| — oo if
¢ > 0 in the general case. Therefore we define (cf. (2.10) for hy(s)):

P,(z) = > residues of hy(s)z* in those points s for which
Res>w as well as s = (a,—1—»)fo; = 1,...,P;
y=20,1, 2,...).

(2.17)

Let 7 be an arbitrary integer and let é;, x, C; and D, be given by
the definitions I and II in § 4.2. Then it easily follows from (1.1),
the theorem of residues, the definition of L, L,, Q,(2) and P,(z)
(cf. (2.5) and (2.17)) and (2.7) that

r—1

(218) H(z) = Quls) + 3 D,Pulae™) — 3 C,P, ()

r—1

in case I and also in case II of § 1. Like in (2.4) we want to stretch
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the path of integration L and L; in (2.18) to the straight line
Re s = w. This is possible if u > 0,

(2.19) 0,—0,_; > um
and
(2.20) —6,+3un < argz < —6,_;—3un

hold and also if 4 = 0, (1.9), (2.19) and (2.20) hold. The proof
depends on the lemmas 6-7a from § 5. The assumptions con-
cerning the integrands in these lemmas can be verified with the
help of the estimates in the lemmas 2, 2a and 4a from § 8.2 and
§ 4.8 for the factors of the integrand in (2.18). Moreover the
lemmas 6-7a applied to the integrals in (2.18) furnish the analytic
continuation of H(z) into (2.20), if x = 0 and (2.19) holds, and
the algebraic asymptotic expansion of H(2) on subsectors of (2.20)
if (2.19) is satisfied and p is positive. The results are formulated in
theorem 2 and theorem 38 in § 6 where also the complete proof is
given. The case with (2.18) appears to be contained in theorem 2
(cf. remark 1 after theorem 2) and theorem 3.

§ 2.2. In this section we consider the exponentially small
asymptotic expansions of H(z). A condition for the occurrence
of these expansions is that n = 0. If n = 0 then Q,(z) =0 by
(2.5) and Q(z) represents a formal series of zeros (cf. (4.26)). So if
n =0, £ >0 and (2.18) are fulfilled then by (2.14)

1 w-4-100
(2.21) H(z) = ——f h(s)z*ds

2m w—i00
on (2.15) where the integral in (2.21) converges absolutely on
(2.15), and moreover by (2.16) and the definitions in § 4.6 we have
H(z) = O(2") for |z| — o0 uniformly on closed subsectors of (2.15)
with the vertex in 2 = 0 and where w is an arbitrary negative
number. Hence in this case better estimates for H(z) have to be
obtained. It appears that H(z) has an exponentially small asymp-
totic expansion in this case.

To derive this expansion we first treat the special case that

n =0,m =g, u > 0. Then 6, = ux by (1.8) and (2.12). So the
sector (2.15) can be written as

(2.22) larg 2| < Zun.

We temporarily denote the function H(z) for which the assump-
tions above are satisfied by H,(z). Further we denote h(s) by
hy(s) in this case. So by (1.8), if
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(2.28) s £ (b;+v)/B; G=1,..,¢v=0,1,2,...)
then
q 14
(2.24) hy(s) = 1;[ F(bj—ﬂjS)/]:[ I'(a;—a;s).
Hence if (2.22) is satisfied then by (2.21)
1 w100

(2.25) Hy(z) = — hy(s)z*ds

2m w—100

where the integral is absolutely convergent.

To the factor hy(s) of the integrand in (2.25) we want to apply
lemma 8 in § 8.8. Therefore we choose an arbitrary non-negative
mteger N and next the real number w so that besides (2.1) and
(2.2) also

(2.26) w < (1—Rea—N)/u
is satisfied. Then we derive from lemma 3 and (2.25):

(2.27) Hy(fu*z2)
N-1 ) 1 w100
=3 (—1)4,(2n)er-1— f I'(1—us—a—j)2*ds
0 2m1 w—ico

w+t00
—ia)s2 [ (o)l (1—ps—a—N)ads

on (2.22); all integrals in (2.27) converge absolutely (cf. § 7.1 for
details of the proof). To the first N integrals in (2.27) we apply
(cf. §7.1)

1 w4200 . 1 ]
(2.28) —j I'(1—pus—o—j)z*ds = —gl-*=9)/kexp (—2/#)

270 J y—ioo U
for j =0,...,N—1 and (2.22). So the first N terms at the
righthand side of (2.27) vanish exponentially on closed subsectors
of (2.22) with the vertex in z = 0.

Next we have to estimate the last integral in (2.27) which we

denote by o(z). So if (2.22) is fulfilled

w100
(2.29) a() =f . pn(8) (1 —pus—a—N)z*ds
B w-ico I'(8—us—a—N)
"f,,,_m G rr——

2*ds

(cf. (8.11) for the notation (4),). These integrals converge abso-
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lutely as this is also the case with the integrals in (2.27). We
estimate o(2) in a crude manner with the method of indirect
Abelian asymptotics (cf. G. Doetsch [18] II p. 41). An alternative
approach will be sketched in § 10.1; there we use the method of
steepest descents.

Here we start with the formula

(2.80) I'(B—us—a—N)z* = gB-2-N/e J:o 2-#s-a—Nexp (—zUrt)dt

for Res = w and (2.22); on account of (2.26) the integral is
absolutely convergent. In the last integrand in (2.29) we replace
the lefthand side of (2.80) by the righthand side of (2.80) and
next we revert the order of integration (justification in §7.2);
then we obtain

(2.81) o(z) = zB-2—M)/s f:° p(t) exp (—z!/~t)dt
for (2.22) where for ¢ > 0:

w4ico dS
2.32 t) = g-m—eN .,
e32) o= pe) e

So o(2*) and p(t) are related to each other by the Laplace trans-
formation. By (8.88)

(2.38) Py (8)/ (1 —ps—a—N), = O(s7?)
for |s| — oo uniformly on Re s < w (cf. § 7.2 for all details of the
proofs of (2.88)-(2.86)). Then it is easy to deduce that
w4100
(2.34) o) < [ lpw(s)e-r—=N|(1—ps—a—N),| - |ds|
é Ktz—,uw—Re a—N

for ¢ > 0 and some constant K independent of . Further it
appears that p(z) = 0 for 0 < ¢ < 1. From this, (2.84) and (2.81)
we derive

(2.85) o(z) = zB-2N/kexp (—2/#)0(1)

for |3] — oo uniformly on every closed sector with vertex z = 0
which is contained in (2.22). From (2.27), (2.28), (2.29) and (2.85)
we may derive

(2.86) Hy(z) = (2n)ePelxa—bmiE (goxrmi)

for |z| — co uniformly on every closed sector with vertex in z = 0
and which is contained in (2.22). Here N is an arbitrary non-
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negative integer, the lower resp. upper signs belong together and
Ey(z) is defined in definition III in § 4.4. From (2.36) we im-
mediately derive the exponentially small asymptotic expansions
of H(z) (or Hy(z)) in the case considered above. This will be
formulated in theorem 4 in §7.8.

Now we consider the case that y > 0, » =0, 0 < m < ¢ and
(2.18) hold. Then by (2.6), (2.24) and (1.8)

q
(2.87) h(s) = hy(s)n™ 1] sin =(b;—pB;s)
m41
f (2.28) is fulfilled. The factor of h,(s) in (2.87) satisfies
q M .
(2.88) am=? T] sinz(b,—B;s) = 3 7€'
m+1 0

where M is a positive integer, w,, . . ., ;s are real and independent
of s with

q
(2.89) <o, <...<wy, oy=np;=un—0 = —w,
m+41
(cf. (1.8) and (2.12)) while 7y, . . ., 75, are complex and independent
of s with
q
Ty = (273)™ % exp (nt 3 b;),
(2.40) mt

q
Ty = (—27i)"%exp (—nt > b;).
m+1

By (2.839) we have if (2.15) holds:
(2.41) —dun <argz+6,—pun <argz+w; <argz+un—8, < fun

for § =0,..., M. Since further (2.25) holds for (2.22), now also
(2.25) with z || ¢’ is valid on (2.15) by (2.41). From this, (2.21),
(2.87) and (2.88) we deduce

(2.42) H(z) = Eff J(z69).

This implies on account of (2.86) and (2.41)

(2.43) H(z) = (2n)*? g T,eEe DT E L (2ei@skAm))

for |z| = co uniformly on closed subsectors of (2.15) with vertex

% = 0 and for every non-negative integer N. In (2.43) the upper
resp. lower signs in the products belong together but for different
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values of § the terms may be taken with different signs. With the
help of lemma 5 from § 4.5 we can now derive the asymptotic
expansion of H(z) in the case we consider here. These expansions
which are again exponentially small are given in theorem 4 in
§7.8.

§ 2.3. We have to consider now the methods which can be
used to obtain the asymptotic expansions of H(z) which are not
algebraic and not exponentially small in the case 4 > 0. Therefore
we consider a sector

(2.44) &o—3(0,+0,41) < argz < &—§(d,,+9,)

where r is an integer, ¢, is defined in definition I in § 4.2 and ¢,
is a positive number independent of z.

Let N be a non-negative integer and w a real number satisfying
(2.1), (2.2). (2.26) and

(2.45) w #= —(v+Re a)/u (»=0, +1, 42,...)

while 7 is defined by (2.8). Then we have to approximate the
integrals in (2.4) on the sector (2.44). This will be done by using
(2.7) for h(s) and approximating h,(s). However, in the general
case it appears that we have to use different approximations for
hy(s) on L and on L, contrary to the case where (2.19) holds and
where we could use the same approximation on L and on L, (cf.
§2.1: (2.18)). Here we introduce integers 2 and # so that

8y41 = F(pn+0,4+06,41), S1g = F(—pm+6,46,_1) —2¢,
A0y, Ak, A<r <

(2.46) {

Here « is given by definition IT in § 4.2 and r and ¢, are the same
as in (2.44). Then we may deduce from lemma 7 and lemma 7a
from § 5, (4.8), (4.9) and lemma 2 in § 8.2 that

f ho(s) {hy(s) + i D,-ei":’——iC,.ei"f’}z’ds = 0(z*)
) L v+1 0
3 A~

ho(8) {ha(5) + 3D, —'3 C,e}ards — O(2)
L, X 0

for |z — oo uniformly on (2.44).
Now define for 2z £ 0 and u > 0:

(2.48) F(z) = 2me ho(s)2°ds.
L
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Then by (2.17) and the definition of L and L,:
1

(2.49) F(z) = —P,(z)+ ——f ho(s)z*ds.
271 L,

From (2.4) and (2.47)-(2.49) we may deduce
(250)  H(:) = Qule)+ I D,Pu(ee)+ 3 (C,D;) Flae')+0(a)

for |z| = oo uniformly on (2.44). Hence it is sufficient to derive
estimates for F(z) for then we deduce by means of (2.50) estimates
for H(z).

To derive the estimates for F(z) we choose a constant & such
that 0 < ¢ < {un. Then by (2.48), lemma 7 in § 5.2 and lemma 2
in § 8.2 we have
(2.51) F(z) = 0(2*)

for |z| - oo uniformly on (5.14). In the same way using (2.49) and
lemma 7a in § 5.3 we obtain

(2.52) F(z) = —P,(2)+0(2*)

for |3] — oo uniformly on (5.29).
For the consideration of F(2) on the sector

(2.58) larg z| < $un+-e
we use the property
(2.54)  |€7#™*[sin n(us+a)| is bounded for 4 Im s = I,

where the upper resp. lower signs belong together. Using lemma 7
from § 5.2, the property (2.54) and lemma 2 from § 8.2 we may
deduce

. ds
2.55 8 ms — W
( ) J.LhO(s)Z ¢ sin 7w (us+a) 0=)
and

) ds
2'5 8 p—UTILS — W
(2.56) LlhO(S)Z e sin sw(us+ao) 0(=)

for |2| = oo uniformly on (2.58). In view of
1 ; .

(2.57) Y (emitmsta) —g—milksta)) [sin m(us+a) = 1,
)

the definition of F(z) in (2.48) and (2.55), (2.56) imply
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ds

sin w(us+o) +O()

(2.58) Fo) = p-e([ = ) () (=474

for |3| - oo uniformly on (2.53). By (8.25) and (2.6) we may
write instead of (2.58)

(2.59) F(p-1urz)
=$ ~mix z (—1)y4 (f f ) (1—us—o—7)(ze~#"¢)*ds
-+ 4—1—2- ey (2)+0(x)
7

for |z] = oo uniformly on (2.53) where
2.60) 7(z) = f —f )r (s)(ze~rmtys ds
(2.60) _”( r Ji )Y s sin (us+o)l(us+oa+N)

= (—1)¥ (J‘L —le) rn(8) (1 —pus —a—N)(ze~#")*ds.

Using (2.59) and (7.1) we infer

1 N1
(2.61) F(ﬂ_ —”Z) = — z A 6(1 a—j)/ p exp (zl/ll)
275’&/1, 0

1 )
—+- ype e~ r(z)4+0(x¥)

for |3| - co uniformly on (2.58). So we have to estimate the
analytic function z(z) on (2.53).

From (2.60), (8.27), (2.54) and the lemmas 7 and 7a from § 5
weé deduce that if argz = Yun+e

I'8—us—a—N)

—pumi sd :
A —ps—a—), &7

w4100
(2.62) t(z)=(—1)”f  rals)

The last integral is of the same type as that in (2.29); the only
difference is that almost all poles of ry(s) are lying to the left of
Re s = w while all poles of py(s) are lying to the right of Re s =w
The integral in (2.62) can be rewritten using (2.30) as a multiple
integral; in this multiple integral we revert the order of integration
like at (2.29) and (2.81). Then we obtain for argz = Yun+e

(2.63) T(2) = (Re—#7t)B—a=N)/k j:o r(t) exp (:'/#t)dt

where for £t > 0
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w+ioco d-S'

w—100

In view of (8.27) we have
(2.65) ry(s)/(1—us—a—N), = O(s72)

for |s| - co uniformly on Res = w. So the integral in (2.64)
converges absolutely for £ > 0 and

(2.66) Ir(9)] < Klgj-roReaN

for ¢ > 0; here K is independent of £. From lemma 2 and (2.66)
we derive that for £ > 1 the function r(¢) is equal to the sum of
the residues of the integrand in (2.64) in the poles s with Re s > w
multiplied by 2x7(—1)¥+1.. The number of these poles is finite and
it follows that the function r(¢) for ¢ > 1 can be continued analyti-
cally for t 5 0. It is easy now to estimate the integral in (2.63)
with the help of the lemmas 6 and 6a from § 5 and the properties
of r(t). The results are formulated in lemma 8 in § 8.

From the properties of F(z) mentioned in lemma 8 and (2.50)
we deduce in § 9 the asymptotic expansions of H(z) for |z| - oo
in the case 4 > 0 which are not contained in the theorems 8 and 4
(though theorem 3 can also be deduced from lemma 8 and (2.50)
again). In § 8 the details of the proofs of the assertions in § 2.3 are
presented.

§ 3. Approximations for quotients of gamma-functions

In this paragraph approximation formulae for the functions
ho(s) defined by (2.10) and h,(s) defined by (2.24) will be derived.
Here and in the following paragraphs we use the notation of § 1.1
and §2.1. Further Log 2 always denotes the principal value of
logz and >} ;... is interpreted as zero if k > L.

§ 3.1. In this section we derive lemma 1 on which the approxi-
mations for ky(s) and hy(s) will be based. Lemma 1 will be derived
from the formula of Stirling in the following form:

Let a be a complex number, ¢ a constant satisfying 0 < e <=
and M a non-negative integer. Then
(8.1) Log I'(s+a) = (s+a—%) Log s—s-+1 Log (2x)

(—1)H1 . g
jG+1)

M-1
+ g Bji(a) - + O(s™™)

for |s| - oo uniformly on the sector
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(8.2) larg s| < n—e.

Here Bj(a) is the value of the j-th Bernoulli polynomial in the
point a. These polynomials are defined by

(3.3) e (et —1) = g B,(a)t}jl, It < 2n.

That (8.1) holds uniformly on the sector (8.2) for |s| — oo means
that there exist positive constants K, and K, such that for
|s] = K, and (8.2):

(8.4) [0(s™)| < K,ls|™

where O(s~™) is the O-term in (3.1).

(8.1) occurs in A. Erdélyi a.o. [15], p. 48 formula (12), however,
without mentioning the uniformity on (8.2). A proof of (3.1)
including the uniformity on (8.2) is contained in a paper by
C. H. Rowe [27]. For a particular case see E. T. Whittaker and
G. N. Watson [30], § 13.6.

From the formula of Stirling we derive

LEMMA 1. :
Suppose g and h are positive integers, p;, (j=1,...,8) and
o, =1,..., k) are positive constants so that

(8.5) p=30,

~Me

andc; (j=1,...,8),d,(j=1,..., k), Aand c are complex constants
with A # 0. Define P(s) by

(.6) P(s) = T Tlpys-+e)/TI Floys-+d)
for
(8.7) pysc, #0, —1, —2, ... G=1,...¢8)

Further we define

g h
(8.8) a= 21: p; Log p,— ; o, Log o,
and
g h
(8.9) b=Yh—g)+ e~ 34,
Then there exist numbers E,, E,,... independent of s but

depending on the other parameters used above, with the following
property:
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If N is a non-negative integer and ¢ is a constant with 0 < ¢ < =
then

(8.10)  P(s) = e“sb{NglE,/<zs+c),-+0(1/(As+c)N>}

for |s| > oo uniformly on (8.2). Here the definition of (is--c);
follows from:

811) (r)g=1,(r);=r(r+1)...(r+j—1)forj=1,2,....
In (8.10) the value of E, is given by

g h
(8.12) Ey = (2n)o ™ - T pirt - T o} .
1 1

Proor: From (8.6) and the formula of Stirling (8.1) we derive
that for |s| — oo uniformly on (3.2)

g h
log P(s) =3 (p,s+¢;— %) Log (p;8)— X (0;5+d,—}) Log (v;s)
1 1
(3'13) g h N-1
=35+ 205+ (g—h) Log (22)+ 3 D,s~+-0(s7™).

Here log P(s) is not necessarily the principal value and the D,
are numbers only depending on 4, p,, ¢, (* =1, ..., 8) and o,,
d, (v=1, ..., h) but independent of the choice of N, of ¢ and of s.

Regrouping the terms in the righthand side of (8.18) and using
(8.5), (3.8), (8.9) and (8.12) we obtain

N-1

(8.14) log P(s) = as+b Log s+ log Eq+ Y D;s~i+gy(s)
where '
(8.15) Pa(s) = O(s7¥)

for |s| — co uniformly on (8.2)
From the relation

N-1 © 1 N-1 v
exp(z D,-w’) =143 i (Z D,.w")
1 :
we deduce
N-1 o)
(8.16) exp (z D,-wf) =1+3 C;w
1 1

where C; (=1, 2, ...) is a number which only depends on those
numbers D, for which A =1,...,N—1 and h < 4. Replacing w
by 1/s in (8.16) we obtain
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(3.17)  exp (z D s—’) =1+ Nz_l C,s~14+0(s~N)

for |s| — oo uniformly on (8.2). On account of the remark after

(8.18),C,;(j=1,...,N—1) only depends on 7, p,, ¢, (» =1, ..., g)

and o,,d, (v=1, ..., k) and is independent of N, of ¢ and of s.
Since e* = l—I—O(w) for w — 0 it follows from (3.15) that

(8.18) exp ¢1(s) = 1+0(gy(s)) = 1+0(s7Y)

for |s| - oo uniformly on (3.2). From (8.14), (8.17) and (8.18)
we deduce

P(s) = e"’s"Eo{l+N§:1st—"+0(s—N)}{{1-I—O(s—N)}

and
N-1

(8.19) P(s) = e**s*{Eg+ > E,C;s774+0(s7V)}

for |s| — oo uniformly on (8.2). This implies (8.10) for N = 0 and
N=1.

Next we derive (8.10) from (8.19) for N =2. First we show
that if k& is an integer with 2 <k < N then

N-1 ) k—1 N-1
(8.20) jzl E,C;s77 = _zlE,./(/ls+c)j+ S ¢, ;57 40(s7N)
= j= i=k

for |s| — co uniformly on (8.2). Here E, (j=1,..., N—1) resp.
i (k=2,...,N—1;5 =k, ..., N—1) are numbers only depend-
ingon 4 ¢, Cyy..., C;, Egresp. k, 4, ¢, Cyy ..., C;, E,
From the expansion of 1/(4s+c), near s = oo it follows that for
2<kE<N-1:
(8:21)  1/(s-be) = () S dy,si+0O(s)
J=k+41
for |s| — oo uniformly on (8.2). Here the numbers d,; only
depend on k, j, 2 and c. (8.21) implies
N—1
(38.22) = M[(As+c)y—A* Y dy ;577 +0(s7N)
j=k+1
for |s| = co uniformly on (8.2). From (8.22) with k=1 we
deduce (8.20) for k = 2. Further if N > 2 and (8.20) holds for
some integer k& with 2 < k < N then from (8.20) and (8.22) we
derive (8.20) with k replaced by k--1. Hence (8.20) holds generally
for 2 <k <N.
Using (8.20) with k£ = N, (8.19) and
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(8.28) O(s~¥) = O(1/(As+c)y)

for |s| - oo uniformly on (8.2) we obtain (8.10) for |s| - oo
uniformly on (8.2).

REMARK: Lemma 1 also occurs in a more elementary form in
the book of W. B. Ford [16] p. 74 and in H. K. Hughes [20],
p. 458.

§ 3.2. From lemma 1 we deduce approximations for hy(s).

LeMMmaA 2.

We use the notation of § 1 (cf. (1.8) and (1.10)). hy(s) is defined
by (2.10) if (2.8) holds. N 1is an arbitrary non-negative integer and ¢
is a constant so that 0 < ¢ < m. Suppose u is positive and define

14 q
(3.24) o« = ?%“‘?’/rl-lz‘(q—l’-l-l)-

Then there exist numbers Ay, A,,... independent of s, of N
and of ¢ and only depending on p, q, oy, a;, B;, b; with the following
property:

If ry(s) is defined by
N-
(5:28) hoo)(Bur)* = 3 A Tlus-+ari) (o) us-+a-+)
if (2.8) and
(3.26) s# —(a+N+o)u  (#=0,1,2...)

hold and if (Bu*)~* has the principal value then ry(s) is analytic in s
i its domain of definition and

(8.27) ra(s) = O(1)

for |s| - oo uniformly on (8.2). In particular
(8.28) Ay = (2m)bo-2r1) yat TT od T1 gt
1 1

Proor: That ry(s) is analytic in s in the domain where (2.8)
and (8.26) hold will be clear.
To prove (8.27) we apply lemma 1 with 1 = g, ¢ = «,

(3.29) P(s) = ho(s)I'(us+a).

Then by (2.10) we have g =p+1, h=¢, p;=o, (j=1,...,P),

Pori =W C=1—a; (j=1,..,p), ¢y =0ao o;=2F; and
d,=1-b,(j=1,...q). From this and (1.8) we derive (8.5).
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Further by (8.9) and (8.24) we have b = 0 while by (38.8), (1.8)
and (1.10): e* = Bu#. Hence by (8.10)

N-=:
(8.80)  ho(s)['(us+a) = (13.“'“)3{%:lAj/(/‘3+“)1+0(1/(/‘3+°‘)N)}

for |s| = oo uniformly on (8.2). The numbers 4, play the part of
the numbers E; in (8.10). So A4, depends on j, p, ¢, «,, a, (v =
L..,p),8,b,(»=1,...,¢q)only. (8.25) and (8.30) imply (8.27)
for |s| — oo uniformly on (8.2). Finally (8.28) follows from (3.12).

ReMARK: Lemma 2 occurs in a slightly different form in
E. M. Wright [82] p. 287 and a special case of lemma 2 occurs in
H. K. Hughes [20] p. 459. For a;=1(j=1,...,p) and f,=1
(=1,...,¢q) this lemma is contained in papers by a.o. T. D.
Riney [26] p. 245 and p. 246, J. G. van der Corput [11] p. 837 and
E. M. Wright [37] p. 88. There recurrence formulae for the num-
bers Ay, A,,... are derived.

The analogue of lemma 2 for the case u = 0 is:

LEMMA 2a.
Let the assumptions of lemma 2 be satisfied save that now p =0
instead of u positive. Then

(8.81) ho(s) = p*si—=0(1)

for |s| - o uniformly on (8.2). In (8.81) B* and st~ have the
principal values.

Proor: On account of (1.4) we have ¢ = 1. As the numbers
B; are positive u would be positive if p = 0 (cf. (1.8)). Hence
p = 1. We now apply lemma 1 with g = p, h = ¢, p; = o, and
¢;=1—a; for j=1,..., g while 0, =8; and d; = 1-b; for
7 =1, ..., h. Then (8.5) is fulfilled on account of x = 0 and (1.8).
Further a = Log $ in view of (8.8) and (1.10), while b = }—«a
according to (8.9) and (8.24). By choosing A=1, ¢ =0 and
N =0 in (8.10) we obtain (8.81).

v

§ 3.3. The following lemma contains approximations for the
function A,(s) defined by (2.24).

LemMmaA 3.

We use the motation of §1. hy(s) is defined by (2.24) if (2.28)
holds and o, Ay, Ay, ... are given by lémma 2. N will be a non-
negative integer and ¢ a constant so that 0 < ¢ < . Suppose u is
positive.
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Then we define

(Bur)—*

(832)  py(s) = (@aPR

hy(s)

N-1 I'l—us—a—7j)
— —1)
% (=14, I'l—pus—a—N)

if (2.28) holds. (Bu*)~* has the principal value.
Then py(s) is analytic in s in the domain where (2.28) holds and
further

(3.8) ox(s) = 0(1)
for |s| > oo uniformly on
(3.34) larg (—s)| < n—e.
(8.82) can be written also as
(3.85) hy(s) = (20> (Bue)
{3 (1P AL Qi) +plo) 1 —ps —o—N)}
for (2.28) and
(3.36) s#(Q—a—N+o)g (r=01,2,...).

Proor: From (8.82) and (2.24) we easily derive that py(s) is
analytic in s in the domain where (2.23) holds.
To prove (8.83) we apply lemma 1 with

(8:87) P(s) = hy(—s)/T'(us-+1—a)
- H T(B,5+b,)[{T(us +1—«) II I(a5+a,)},

g§=¢ h=p+1, p;=f;and ¢; =b; (j=1,...,9), 0;,=«o; and
di=a;j=1,..,p), 0h=p, d, =1—a, A= —pu, c=o and ¢
the same constant as in lemma 8. Then (8.5) holds by (1.8),
e~* = fu* by (8.8) and (1.10), b =0 by (8.9) and (8.24). So (3.10)
implies

ho(=3) o (5 E !
e P el (e

for |s| — oo uniformly on (8.2). The numbers E; are independent
of s.
We easily verify that
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(8.39) (—ps+a); = (—1)T(us+1—a)/I(ps+1—a—7)
j=0,1,...)

where the last two gamma-functions exist if (8.2) holds and |s]
is sufficiently large. For sufficiently large |s| and (8.2) we sub-
stitute the righthand side of (8.89) for the terms (—pus4-a); in
(8.88) and next we multiply both sides of the resulting formula
by I'(us+1—a). Finally we replace s by —s and obtain

(8.40) hy(s) = (Bur)'
N-1
{3 (—1E, (1 —ps—a—i)+O(I(1—ps—a—N))}

for |s|] - co uniformly on (8.34).

For the connection between the numbers E; in (8.40) and the
numbers A4; in (8.25) we now consider only values of s with
arg s = m/2, so arg (—s) = —=[2. Using (2.6) we may derive
from (2.10) and (2.24) that

(8.41) hy(s) = nP~thy(s) I:I sin (b, —B,s)/ 1?[ sin 71(a,—a,5)
for sufficiently large |s| and args — /2. So by (3.40)
(3.42) ho(s) = 1f[ sin 72(b,—B,5)
- {sin n(us +a) 1? sin 7(a, — o, s)}-1 m?-0+1
- Guey {3 BT s ki) + O(1/T s+ a-+N))}
for Js] — oo and args — /2.

To the sine-factors in (8.42) we apply sin z = e*(1—e~%%)/2¢.
Then we obtain in view of (1.8)

L ?
(8.48) TIsin m(b;—pB;s) {sin n(—pus—a) ] sin n(a;—a;s)}
1 1
4 14 q
= (20)?*+1~%exp [#i(3 b,—Y a,+a)] - 11 (1—e2miBs)
1 1 1
o (1 __e27ri(lls+a))—1 l_pI (1 __e2ﬂi(u,s—a,))_1’
1

if |s| is sufficiently large and arg s = n/2. Now for |s| — c0 and
arg s = m/2 we have

1—exp 27i(B;s —b;) = 1+ 0(exp—2aB,|s|]) (G=1,... q)
1—exp 2ni(a;s—a;) = 14+0(exp—2na,|s|) (=1,...,D)
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and so as (1+w)! = 140(w) for w — 0 and because «; and u
are positive:

(1—exp 2ni(x;s—a;)) ™ = 14-O(exp —27a,|s]) (GF=1,...,p)
(1—exp 2mi(us+a))™t = 1+ 0(exp —2mu |s|)

for |s| — oo and arg s = n/2. We use these relations and (8.24)
in (8.48). Then we obtain for |s| - o and args = =/2:

(8.44) I sin z1(b,—B,5){sin (—us—a) TT sin m(a;—o8)}

4 P
— ._2p+1—qH (l_l_o(e—zﬂﬂ,ls])) 1—[ (I—I-O(C—Z"“'[’l))
1 1
. (1+0(e‘2""“|))= __2p+1—a(1+0(e—klsl))
where k is the minimum of the numbers 2zu, 270,(j = 1, . . ., p)

and 278, (j =1,...,¢). So k is positive.
From (8.42) and (8.44) we derive

(8.45) hy(s) = (2n)P~*+1(Bur)*(140(e7!)) {NgE;/F(ueraH )
+ 0(1/I(us+a+N))}

for |s| > o and arg s = #/2.
If =0, 1,...,N—1 then for |s| - o0 and arg s = /2

O(e7™)/I(us+-a+7) = O(e™W) (/‘S+“+;1)(/;;;r(f:rv°;+N —1)

= O(1/I'(us+o«+N)).

Hence (8.45) may be reduced to

(8:46)  ho(s) = (2m)*~*+(Bu*)*
N-1

{3 B,/ (us+at1)+0()/I(us+atN)}

for |s| - oo and arg s = =/2. However, for |s| — c0 and arg s = 72
according to lemma 2 also (8.25) and (8.27) hold. A comparison
with (8.46) shows that (2z)?~**'E; = 4, for j =0,...,N—1.
From (8.40) now (8.85) with py(s)'(1—us—a«—N) replaced by
O(I'(1—us—a—N)) follows for |[s| — oo uniformly on (8.84).
This is equivalent to (8.82) and (8.83) for |s| — oo uniformly on
(3.84).
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§ 4. Some lemmas and definitions

§ 4.1. First a lemma will be proved which gives generalized
Fourier expansions for the function k,(s) defined by (2.11) if (2.9)
holds.

LEMMA 4.
We use the notation of § 1.1. hy(s) is defined by (2.11) if (2.9)
holds. 1 is defined by (2.3).

ASSERTIONS: For Im s =1 we have

k4 m oo
(4‘1) hl (S) — coei'yoc 1—[ (1 _e2m'(a,s—a,)) H z eZWIz‘(ﬂ,B—b,)

n41 1 v=0
while for Ims < —1

(4.2) hl(S) — doe—iy,,c ﬁ (1 __e—zni(a,s—a,)) ﬁ % e—2vm'(ﬁ,s—b,)

ntl 1 v=0
where
(2 B — Z“f)” = d, (cf (2-12))’
n4l
(4.8) co = (2mi)™+"—? exp (2”: a;— > b;)ni,
n41 1
dy = (—2ni)™+"? exp (§ b, — Ep: a;)mi.
k 1 n+l1

After carrying out the multiplications and a regrouping of the
terms in the righthand side of (4.1) resp. (4.2) these formulae may
be written as

(4.4) hy(s) = E ;e resp. hy(s) = z d;e'7s®

for Ims =1 resp. Ims < —1 where the series are absolutely
convergent. Here {y;} (j =0,1,2,...) is an increasing sequence
of real mumbers independent of s; ¢, and d; (j =0,1,...) are
complex numbers independent of s. y,, ¢, and d, are given by (4.3).
The numbers (y;—v,)[27 (j = 1,2,...) are linear combinations
of the numbers a,.,, ..., ay, By, ..., B, with non-negative integral
coefficients.

Proor: In (2.11) we apply sin z = e¥*(1—e~2%)/2i. Then we
obtain
P m
(45) hy(s) = eoee T] (1—eoritesi) T] (1—e*ri0=>9)-1,
n4l1 1
if ¢y and y, are given by (4.3).
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Forj=1,...,mand Ims = ! we have on account of (2.8) and
because f; is positive:

Re {27i(B;s—b;)} = 2nf; Im (—s+b,/8;) = 2nB,(—1+ Imb,/B;) <O
and so |exp 2n¢(f;s—b;)| < 1. Hence

(1 _e2ﬂi(ﬂ,s—b,) )_1 — E e2v.’ri(ﬂ,s—b,)
v=0
for y =1,...,m and Im s == [ where the series in the righthand
side is absolutely convergent. Using this formula with (4.5) we
obtain (4.1) for Ims = L.

Next we carry out the multiplications in the righthand side of
(4.1) and then we regroup the terms such that they are finally
written down in order of increasing powers of exp (is). It will be
clear that the first term then becomes ¢, exp (iy,s) for «; and f;
are positive. Thus we get the first part of (4.4). These operations
on the series in (4.1) are legitimate: for a product of absolutely
convergent series remains absolutely convergent after carrying
out the multiplications; also after a regrouping of the terms in
this series the resulting series is absolutely convergent. So the
series in the first part of (4.4) is absolutely convergent for Im s = 1.

(4.2) and the second part of (4.4) can be obtained by using
sin 2 = —e~"*(1—e2¥*)/24 in (2.11). Then we get

P m
(4.6)  hy(s) = dye™ 70" T (1—e 2mm=2)) TT (1—e 2020y,
n4l 1

with dyand p, given by (4.8). Next we use

(l_e—2m‘(ﬂ,s—b,) )_1 — § e—2wri(ﬂ,s—b,)
=0

for Ims < —land j =1, ..., m. Application of this formula in
(4.6) leads to (4.2) for Im s < — I. From (4.2) we may derive the
second part of (4.4) for Im s < —I. The details of the proofs
are omitted as they are similar to those in the preceding case with
(4.1) and the first part of (4.4). That in the second part of (4.4)
terms exp (—1y;s) occur will be clear from a comparison of (4.1)
and (4.2). Further we see that y,—y, (j =1,2,...) is a linear
combination of the numbers «,,y, ..., «,, #1,..., P, With non-
negative integral coefficients.

§ 4.2. In the formulation of the theorems about H(z) we shall
use numbers which are derived from the y,, ¢, and d; of lemma 4.
They are given by the following two definitions:
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DeFintTiON It {6,} (f = 0, +1, 42, ...) is the monotonic in-
creasing sequence which arises if we write down the set of numbers
y, and —y, (& b =0, 1, ...) in order of increasing magnitude such
that if there are contingently two equal numbers in this set we only
write down this number once, while further 8, = y, (cf. (4.8)).
(So in this sequence 8; < &, if § < h).

For an alternative definition see § 10.3.

If r is an arbitrary integer we may distinguish three different
cases for §,:

a) there exists a non-negative integer g such that 4§, =y,
while 6, £ —y; for j =0,1,....

b) there exists a non-negative integer k such that d, = —y,
while ¢, %= y; for § =0,1,....

c) there exist two non-negative integers g and A such that
0, = Yo = —Va-

DerintTION I1: With the preceding notation we define the integer

kby 8, = —y, = —&8,. Further if r is an arbitrary integer we define
in case a): C, =¢,, D, = 0; in case b): C, =0, D, = —d,; in
case c): C, =¢,, D, = —d,.

§ 4.3. Using the preceding definitions and lemmas we derive:

LeMMA 4a.
We use the notation of §1, (2.8), (2.11) and the definitions I and II1.
r is an integer.

AsserTIONS: In the first place
(47) k=—1,k=—11f ,>0,C,=0 if r<0,D,=0ifr>«.

Further there exists a positive number K independent of s so
that 1)

3 r—1
(4.8) |(hy(s) + 3 Dy — 3. Cre)e%| < K
r 0
for Ims =1 while for Ims < —I:
3 r—1
(4.9) |(hy(5)+3 D€ Ce)e~4| < K.
r 0

Proor: Suppose first —yp, = y,. Then 4, = d;, 6, =0 and
s0 k = 0. Suppose next —y, < y,. Then —y; £ —yo < yo = ¥,
for j,g=0,1,... since {y;}(j=0,1,...) is monotonic in-

1) In the special case §, > 0, k = —1, r = 1 the formulae (4.8) and (4.9) are
related to the second amalgamation lemma in C. Fox [18] p. 419. Cf. the beginning
of § 3 for the notation.
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creasing by lemma 4. From the construction of the §; it follows
now that é_, = —y,, 6, > 0 and x = —1. Hence in all cases
= —1.

If r < 0 then, since §, = yp,, 6, <y =9;(j =0,1,...) and
so 6, #y; (1 =0,1,...). So case a) and case c) of § 4.2 cannot
occur and therefore C, = 0. In the same way one may prove
D, = 0 for r > k. Thus (4.7) follows.

Next we may consider (4.8) and (4.9). From (4.4), definition II
and (4.7) it follows that

(4.10) hy(s) =3 C,e’’" resp. hy(s) = — 3 D,e"**
0 —00

for Ims =1 resp. Ims < —I. The first resp. second series in
(4.10) is absolutely convergent for Im s = lresp. Im s < - -I. Thus
in view of (4.10) and (4.7) we have for Ims = I:

r—1

K
[(hy(s)+ 3 De’r — 3 C,e')e™"|

r 0

x ) S x
— l(z D,.ew,s + z CjeiJ,l)e—iﬁ,sl < 2 |Djle(o,—a,) Ims

r r .

o0 x .
+ z |Cj[e(6,—8,)lms < z ID,-[em'—B’) + z chlez(a,_a,).
r r .

This shows that there exists a number K independent of s such
that (4.8) holds for Im s = L.

In the same way using the second part of (4.10) we may deduce
(4.9) for Im s < —! with a suitable K independent of s. We
choose K so large that in (4.8) and (4.9) the same K can be used.

§ 4.4. In the formulation of theorems about the asymptotic
behaviour of H(z) we use:

DeriniTION III: Suppose N is a mon-negative integer and
u — defined by (1.8) — is positive. Let B resp. a, Ay, Ay, ... be
defined by (1.10) resp. in lemma 2 in §8.2. 2 will be a subset of the
Riemann surface of log z containing some subsector of this surface.
c resp. y will be a complex resp. real constant. Finally if d > 0 and
2 7% 0 then

(4.11) (dze'?)? = exp 6 {Log |dz|+1 (arg 2+y)}.

Then functions which are equal to

1 N-1 .
(4.12) pyy {cZA,(ﬂﬂpzeiv)(1—a_1)/p_|_0(2(1-a-1v)/,‘)}exp (Bubzei? )Lk
VU 0
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for |2| = oo uniformly on 2 will be abbreviated by cEy(ze'?); stated
more precisely:

If an equality holds for |2| — oo uniformly on Q2 and this equality
contains the expression (4.12) then by definition this equality in which
the expression (4.12) is replaced by cEy(ze*?) holds for |3| — o0 uni-
formly on Q and conversely.

Further we define E(2) by a formal series:

1 00
4.18 E(g)=——Y A4 Bo\(1—a—i)/p kg)/k,
(818)  B) = o 3 A,(ura)0=e 0k exp (Butz)

In addition to definition ITI we say that if ¢(z) is an asymptotic
series, h is a non-negative integer, [, ..., I, resp. sg, ..., 8, are
complex resp. real constants then the assertion

H(z) ~ z 1, E(z™) +-p(z)

for |z| — oo uniformly on 2 means: f(z) is defined for the points
g on 2 with sufficiently large |z| and there exists a function ()
also defined for the points 2 on 2 with sufficiently large |z| so
that y(z) ~ @(z) for |3| - o0 uniformly on 2 and so that for
every non-negative integer NV

f(z) = %leN(ze“!)w(z)

for |z| - oo uniformly on Q. Of course it is sufficient that the last
relation holds for arbitrary large N.
The assertion

(4.14) fz) ~ % 1, E(ze")

for |3| — oo uniformly on 2 means that f(z) is defined for the
points z on Q with sufficiently large |z| and that for arbitrary
non-negative integers N

16) = 31, Ex(ae™)

for |3| — oo uniformly on Q. Of course it is sufficient that the last
relation holds for sufficiently large integers N. If (4.14) holds for
|2| = 00 uniformly on 2 and moreover | arg z+s,| < 3un—e for 2
on £2,7=0,..., hand ¢ a constant with 0 < ¢ < 3un then we
say that f(z) has an exponentially infinite asymptotic expansion
for |z| — 00 on Q: The terms in the formal series for E(3 exp is;)
(cf. (4.18)) contain the factor exp (Bu*#ze')"# which tends to
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infinity for |z] — oo uniformly on 2 because
Re(Burze™ )t = |Burz|'¥ cos {(arg 24-s,)[u} = |Bu*2(* sin (/u).
If (4.14) holds for |2] — oo uniformly on £ and
unte < |arg z+s,| < Jum—e for zon 2, §=0,...,h

and ¢ a constant such that 0 < ¢ < un then we say that f(z) has
an exponentially small asymptotic expansion for |z| — oo on 2: The
terms of the formal series for E(z exp is;) (cf. (4.18)) contain the
factor exp (8u*ze®)"* which tends to zero for |z] — co uniformly
on L.

§ 4.5. Here two lemmas concerning the function Ey(z) defined
above will be proved.

Lemma 5.

N, uand Q satisfy the assumptions of definition I11. e is a constant
such that 0 < ¢ < 2un, ky and k, are complex constants and t, and
t, are real constants so that for z on Q:

(4.15) larg 34| < | arg 2+t,| —¢
and
(4.16) larg 3+t +| arg 2+t,| < 2un—e.

Suppose fjinally that
(4.17) f(2) = ky Ex(ze™) +ky Ex(ze™)

for |z| - o uniformly on Q.
Then also for |z| — oo untformly on

(4.18) f(z) = ky Ey(2e™).

Proor: For h =1, 2 we put ¢, = arg 2-+¢,. If z belongs to Q,
then on account of (4.15) and (4.16):

lp1] = |po]—¢ and || 4|y = 2un—e, hence
e < ol —lpy| = 2un—e, & < |@y| gyl = 2un—e.

From this and

cos (@y/u)— cos (y/u) = —2 sin {(|pa| —|@y])/24} sin {(|@a] +91l)/21}

we deduce that for 2 on Q:

cos (@y/p)— cos (@1/u) = —2 sin*(e/2u) < O.
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This last formula implies that for j =0,...,N; 2 on Q and
|2 = 1:
(4.19)  |(ze"s)—=NF exp (Burze™s)liy= =Nk exp — (Burze™)V|
< |3|¥* exp (t, Im o/u)
»exp {(Bu*2])"/* (cos (pa/u)— cos (py/n))}
< [31V¥ exp {t, Tm ofu—2(But|2])'* sin®(e/2u)}.
The last side of (4.19) tends to zero for [z] — o0 and so the lefthand

side of (4.19) is o(1) for |z| = oo uniformly on 2. Hence for
j=0,...,N:

(e#0)1= 0 exp (Bukze™s)k — O(z4—+k) exp (Buracts )i

for |z| = oo uniformly on 2. From this and the definition for
Ey(2) by means of (4.12) we easily derive

ki Ex(ze™) = O(:17* k) exp (Butzets)ile

for |z| — oo uniformly on . This property, the definition of
Eyn(z) and (4.17) imply (4.18) for |2] - oo uniformly on £.

LEMMA 5a.

N, u and Q satisfy the assumptions of definition II1. w is a real
number satisfying (2.1) and (2.2). Q,(2) and P,(z) are defined by
(2.5) and (2.17). h is an integer, h = —1,1t,8q, . . ., S 7esp. lgs « « 1,
ky, ks, ks are real resp. complex constants, e, t,, t, are real constants
so that for z on Q:

(4.20) - larg 2+t < Jun—e,
(4.21) larg 24¢;| ¢ < | arg 3+, = pn.
Suppose

1(2) = ky Ey(ze™)+ky En(2e") k3 Qu(2)

(4.22) n
+ 31, Pu(ae™)+0()

0
for |z| = o uniformly on Q.

Then also (4.18) holds for |z| — oo uniformly on Q.

If in (4.22) the term k, E (2 exp it,) is omitted and if the condition
(4.21) ds deleted then the assertion (4.18) remadins valid.

Proor: If z belongs to £ then (4.15) and (4.16) are fulfilled
according to (4.20) and (4.21). Hence by lemma 5:
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(4.28) 1(3) = ky En(2e™)+ky 0, (2) + ;z’l,Pw<ze"~)+0<z*)

for |3] - oo uniformly on . Further there exists a positive
constant K independent of z such that if 2 belongs to ©Q then

(4:24)  [(ze) Mk exp (Bpurzets)ik| 2 K]g]tesm
- exp {(ButlalY# sin (el

on account of (4.20). From the definitions of Q,(z) and P,(z) in
(2.5) and (2.17) we easily deduce that there exists a real number &
independent of z such that Q,(z) = O(2*), P,(ze*) = O(z*) for
|2] = oo uniformly on Q and for § =0, ..., h. Hence by (4.24)

(4.25) k3 Qu(2)+ ilj P,(26")+0(zt) = O(1)g—=Mie
0
- exp (Burze™s)¥

for [3| — oo uniformly on 2. From (4.25), (4.28) and the definition
of Ey(z exp it;) (cf. (4.12)) we deduce (4.18) for [3] — co uniformly
on Q.

If the term k,Ey(zexpit,) in (4.22) does not appear and
condition (4.21) is deleted then (4.28) holds for |z| — co uniformly
on Q and (4.18) can be deduced from (4.23) in the same way as
above.

§ 4.6. Finally we use in the theorems about H(z):
DEFINITION IV: Q(2) resp. P(2) is defined by a formal series:
(4.26) Q(z) = > residues of h(s)z* in the points (1.7),
(4.27) P(z) = > residues of hy(s)z* in the points
(4.28) 5= (a;—1—)/oy G=1,..,p;»=0,1,...)

Here hy(s) and h(s) are defined by (2.10) and (1.8).

If Q is a sector on the Riemann surface of log 2, & is an integer
with h = —1 and l, ..., [, resp. s, . . ., 8, are complex resp. real
constants then

(4.29) 1(2) ~ Q=)+ %,,.p(zeu,,

for |z| - co uniformly on 2 means that for every real number w
satisfying (2.1) and (2.2)

(4.80) Hz) = Qule)+ zl P, (s™)+0(2")
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for |z| — oo uniformly on Q (cf. (2.5) and (2.17)). It will be clear
that it is sufficient to require (4.80) for a sequence of numbers w
tending to — oo while moreover the term O(z”) in (4.830) may be
replaced by O(z*+*) where ¢ is a constant independent of z and of w.

The terms in the series in (4.26) and (4.27) are of the form
cz* with ¢ and & independent of z save in the case that there are
multiple poles among the points (1.7) or (4.28); then there occur
terms of the form cz* times a polynomial in log z.

An expansion of the type (4.29) is called an algebraic asymptotic
expansion (so also in the case that the formal series in (4.26) and
(4.27) contain logarithmic terms).

§ 5. Estimates for some classes of integrals

This paragraph contains some lemmas which give with some
extensions the estimates which Barnes used for the determination
of the analytic continuations and algebraic asymptotic ex-
pansions in the simplest cases of the G-function and the generalized
hypergeometric function (cf. § 2.1 and [8], [4]). The proofs we
give of these lemmas are similar to those of Barnes.

In the following 2* is always defined by (1.2) for 2 # 0 where
arg z is not necessarily the principal value. If we put any condi-
tion on arg z we always exclude 3 = 0. We always assume that
the path of integration in integrals of the type [+, [¢=*® and

v+ are rectilinear. Finally we use the notation || which means
replaced by.

§ 5.1. The first lemma reads

LemMMa 6.

Let w, I and o be real constants with I = 0. L will be the contour in
the complex s-plane from s = w to s = w1l and then to s = il+ ©
where the parts of L between these points are rectilinear. w, 1 and L
are not necessarily the same as in § 2. S is the set of points s for which
Res = w as well as Im s = 1.

Suppose f(s) is defined and continuous on L and on S, f(s) is
analytic in the interior of S and

(5.1) f(s) = O(s")
for |s| - oo uniformly on S.
Then the integral

(5.2) f H(s)zds

resp.
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(5.8) | " fs)erds

1is absolutely convergent and represents an analytic function of z
on the Riemann surface of log z for 0 < |3| <1 resp. arg z > 0.
The function in (5.8) resp. (5.2) is the analytic continuation of the
function in (5.2) resp. (5.8) for argz > 0, |3| = 1 resp. arg 2 < 0,
0< |3l <1

Corresponding to an arbitrary positive constant e there exists a
positive constant K independent of z so that?)

(5.4) [ f(s)etllds) < K fal
for
(5.5) argz = e.

In particular one may choose K = [+°°|f(s)|e"™™*|ds| (this integral
18 convergent).

If 0 < —1 then the integral (5.2) resp. (5.8) converges absolutely
and is continuous in 2 for 0 < |z| < 1 resp.

(5.6) argz = 0.

If 0 < —1 then corresponding to an arbitrary positive constant k,
there exists a constant K, independent of z so that (5.4) with
K||K, holds for (5.6) and so that

(5.7) [, Hs)=l1ds] < Kolal"
for
(5.8) 0< 3] =1, |larg] = ko

Proor: By (1.2) we have for z £ 0
(5.9)  |a* = |z” exp {(s—w) log z}|
= |2|” exp {Re (s—w) Log |z|— Im s arg z}.

Now let D, be a simply-connected domain on the Riemann
surface of log 2, such that 0 < |2] < 1 on D; and Log |z| resp.
larg z| have negative resp. positive upper bounds on D; which
we denote by —M, resp. M,. So by (5.9) we have for z on D,,
Ims=1and Res = w:

(5.10) |2*] < 3] exp {—M; Re(s—w)+M,l}.

From this and (5.1) it follows that the integral (5.2) converges

1) cf. G. Sansone-J. C. H. Gerretsen [28] p. 53 for this notation.
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uniformly and absolutely in D,. Consequently 2) this integral is
analytic in 2 in D;. On account of the choice of D, the integral (5.1)
also converges absolutely and is analytic in z for 0 < 3| < 1 on
the Riemann surface of log z.

Suppose now ¢ < —1. Let D, be a closed. simply-connected
domain on the Riemann surface of log z such that 0 < |z| =1
and so Log |z| = 0 on D, and such that | arg z| has a finite upper
bound, denoted by M, on D,. Then by (5.9) for zon Dy, Im s = I,
Re s = w again (5.10) holds with M,||0, M,||M,. From this and
(5.1) with ¢ < —1 it follows that the integral (5.2) is uniformly
and absolutely convergent on D,. Hence the integral (5.2) con-
verges absolutely and is continuous in z for 0 < |3| =1 on the
Riemann surface of log 2, if 0 < —1.

Further if (5.8) holds then Log |z| < 0 and so by (5.9) formula
(5.10) holds with M,||0, M,||k,= for s on L and (5.8). From this
we deduce that the lefthand side of (5.7)is at most |2|* exp (koln)
[Llf(s)||ds| for (5.8) and o < —1. Here the last integral is con-
vergent by (5.1) with 0 < —1. Now (5.7) follows for a suitable
K, independent of z and for (5.8) and o < —1.

Now we drop the condition ¢ < —1. Choose a positive constant
¢ and let Dy be a simply-connected domain on the Riemann
surface of log 2 such that 0 < |3| < 1 and (5.5) hold on D; and
such that in D; Log |3| has a negative upper bound denoted
by —M,. Further suppose Ims =0, Res =w but s #w,
6 = arg (s—w) with 0 < 6 < }n. Then by (5.9) for z in Dj:

(5.11) [2°] =< |2]¥ exp {—|s—w|(M, cos 0+¢ sin 0)}.

Since the function M, cos 6--¢ sin 6 is positive and continuous for
0<0< 4n this function has a positive lower bound M; only
depending on M, and ¢ for 0 <6 < }n. So

2°| = [2]” exp (—Msls—w|)

for 3in Dyand Re s = w, Im s = 0 (now s = w is allowed). From
this and (5.1) we may deduce that the integral [ f(s)z*ds where the
path of integration is taken along the smallest part of the circle
|s—w| = R(R >1) between L and the half line Res = w,
Im s = I, traversed from the right to the left, tends to zero for
R — o0 and z in D,. By the theorem of Cauchy and the assump-
tions concerning f(s) this integral is equal to the integral (5.8)
minus the integral (5.2) with the modification that the contours

) cf. E. T. Copson [10] p. 110.
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in (5.8) and (5.2) are replaced by the parts of these contours
inside the circle |s—w| = R. So the difference between these
modified integrals tends to zero for R — o0 and any fixed 2z in D,.
Because for 3 in D; we have 0 < [3] < 1 and consequently the
complete integral (5.2) converges, it follows that for z in D, the
complete integral (5.8) converges and is equal to the complete
integral (5.2).

However, if we only require (5.5) for z and Res =w, Ims =0
then by (5.9)

(5.12) |2*] = |2|¥ exp (—e Im s).

From this and (5.1) (we do not assume ¢ << —1) we infer that the
integral (5.8) converges absolutely for (5.5) and the convergence
is uniform on every bounded closed subdomain of (5.5). So (cf.
footnote 2) the integral (5.8) is analytic in 2 for arg 2 > cand as ¢
is arbitrary positive also for arg z > 0. Because in D, the integrals
(5.2) and (5.8) are equal to each other and because they are ana-
lytic for 0 < |2] < 1 resp. arg z > 0 (the last two domains contain
D;), the function in (5.2) resp. (5.8) is the analytic continuation
of that in (5.8) resp. (5.2) for 0 < |2|] < 1 resp. argz > 0.

From (5.12) we deduce that the lefthand side of (5.4) is at most
equal to [3|” [U+*|f(s)le ®"™¢|ds| for (5.5); the last integral
converges on account of (5.1) (with no extra-condition on o).
From this (5.4) follows for (5.5) and a suitable constant K in-
dependent of z, for example K = [“+®|f(s)|e""™*|ds]|.

Finally suppose ¢ < —1 and (5.6) is satisfied. Then by (5.9)
for Re s = w, Im s = 0 formula (5.12) with ¢ = 0 holds. From this
formula and (5.1) we infer that the integral (5.3) converges
uniformly and absolutely on every bounded closed subdomain of
(5.6) for ¢ << —1; so this integral is continuous in z and absolutely
convergent for (5.6) and ¢ < —1. Further from (5.12) with ¢ = 0
we deduce that the lefthand side of (5.4) is at most equal to
Juo+i|f(s)||ds||2|* for (5.6), where the last integral converges by
(5.1) with ¢ < —1. This implies (5.4) for (5.6) with K replaced by
a suitable constant K, independent of z. By choosing K, large
enough we may take the same K, in (5.7) and (5.4) with K||K,
in the case ¢ < —1 and (5.8) resp. (5.6).

§ 5.2. The second lemma of the Barnes’ type is:

LemMa 7.
Let w, I, L, S and [(s) be defined as in lemma 6 only (5.1) is
replaced by



[87] Asymptotic expansions and analytic continuations for Barnes-integrals 275

(5.18) f(s) = O(1)[T'(us+-c)

for |s| — oo uniformly on S. Here u is a positive constant (u need
not satisfy (1.8)) and c is a complex constant.

Then the integral (5.2) resp. (5.8) converges absolutely and
represents an analytic function of z on the Riemann surface of log z
resp. on the part of this surface where arg z > $un. The function in
(5.2) s the analytic continuation of the function in (5.8) for
arg z < um.

Corresponding to a positive constant e there exists a positive
constant K independent of z so that (5.4) holds if

(5.14) arg 3 = jun+e,

and so the function defined originally by (5.2) or (5.8) is O(2*)
for |z| = oo uniformly on (5.14).

Proor: Let R be an arbitrary positive constant. We want to
apply lemma 6 with

(5.15)  f(s)||R*et*"®f(s), z||zR-1e 3", arg 2|| arg z—Sum.

Here the second f(s) is the function occurring in lemma 7. We
have to verify (5.1) now. For sufficiently large |s| and s on S we
may write

(5.16) 1/I'(us+c) = exp—Log I'(u(s—w)+pw+c).

Applying the formula of Stirling (8.1) with M = 0, s||u(s—w),
al|uw-+c we obtain for |s] - oo uniformly on S:

(5.17)  1/I'(us+-c) = O(1) | exp [—{u(s—w)+pw+c—3}
- Log {u(s—w)}+p(s—w)]|.

If we put 6 = arg (s—w) with 0 <60 < ln for son Sand s #w
then

Re (s—w) = |s—w| cos §, Im s = |s—w]| sin 0,
Log {u(s—w)} = Log |u(s—w)|+f.
Using this and (5.17) we deduce that for |s|] — oo uniformly on S

(5.18) 1/T{ps-+c) = O(1)}s—rolwo+ee-
-exp [—ul|s—w|{(Log |u(s—w)|—1) cos 6 —0 sin 6}+0 Im c].

Using (5.18) and (5.15) we obtain
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(5.19)
f(s) = O(I)R"’|3——w|l‘w+Rec—§

exp [—,uls—w| {(Log |u(s—w)|—1— a log R) cos 04 (g— —0) sin 0}]
y

for |s| - oo uniformly on S. As Log |u(s—w)| — oo for |s|] - oo
on S and as 0 < 6 < x on S, the expression {...}in (5.19) is
non-negative if s belongs to S and moreover |s| is sufficiently large.
So in view of (5.19)

(5.20) f(s) = O(1)|s—uw|#®+Rec~}

for |s| — co uniformly on S. Because |s—w|/|s| and [s|/|s—w]| are
O(1) for |s| > oo uniformly on S, (5.20) implies (5.1) with
o = pw+Rec—1 for |s| > o0 uniformly on S. Herewith the
assumptions of lemma 6 are verified.

By lemma 6 and (5.15) the integral in (5.2) resp. (5.8) (where
f(s) is the function in lemma 7) converges absolutely and re-
presents an analytic function of 2 on the Riemann surface of
log 2 for 0 < |3| < R resp arg z > Jun. As R is arbitrary positive
the integral in (5.2) converges and represents an analytic function
of z on the Riemann surface of log z. The function in (5.2) is the
analytic continuation of the function in (5.8) for argz < lux.

Finally if Res = w, Im s = 0 and (5.14) holds then by (5.9)

(5.21) 2] < [2* exp {— (Jum-te)ls—w]}
From (5.21) we deduce that if (5.14) holds then

(5:22) [ If(s)llds| < Jal* [ If(s)] exp {—(hum-+2) szl }ds].
The last integral is convergent because by (5.18) with 6 = =
and (5.13)

f(s) = O(1)|s—w|*+Rec~} exp (Lun|s—w)).
From (5.22) now (5.4) follows for (5.14) and a suitable K in-

dependent of z where in (5.4) f(s) is the function occurring in
lemma 7. ((5.4) also follows from lemma 6 with (5.15)).

w4100

§ 5.3. The following lemmas 6a and 7a are similar to the
lemmas 6 and 7. The proofs of these lemmas can be given in the
same way as in § 5.1 and § 5.2. Therefore we omit the proofs. It is
also possible to deduce the lemmas 6a and 7a from the lemmas 6
and 7 using complex conjugates and exercise 5 on p. 42 in L. V.
Ahlfors [1].
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LEMMA 6a.

Suppose 1, w and o are real numbers with | = 0. L, will be the
contour in the complex s-plane from s = w to s = w—1l and then to
s = —il+ o0 such that the parts of L, between these points are
rectilinear. L,, w and | are not necessarily the same as in § 2. S, is
the set consisting of the points s with Res =Zw, Ims < —1.

Suppose [(s) is defined and continuous on S, and on L., f(s) is
analytic in the interior of S, and (5.1) holds for |s| — oo uniformly

on S;.
Then the integral
(5.28) j , fs)etds
resp.
(5.24) [ 7T f(s)er ds

is absolutely convergent and represents an analytic function of 2
on the part of the Riemann surface of log z where 0 < |z| < 1 resp.
arg 3 < 0. The function in (5.28) resp. (5.24) is the analytic
continuation of the integral (5.24) resp. (5.28) for 0 < |3| < 1,
argz =0 resp. 3| =1, argz < 0.

Corresponding to an arbitrary positive constant ¢ there exists a
positive number K independent of 2 so that

(5.25) [277 1#s)11ds] < K [zl
for
(5.26) argz < —e.

One may choose K = [Y7"|f(s)|e*™*|ds| (the last integral con-
verges).

If 0 < —1 then the integral (5.28) resp. (5.24) converges absolutely
and is continuous in z for 0 < |z| =1 resp.

(5.27) argz = 0.

If 0 < —1 then to every positive constant k, there exists a number
K, independent of z so that (5.25) with K||K, holds if (5.27) is
satisfied and so that if (5.8) holds then

(5.28) [, (s)etllds] < Kolaf.

LEMMA 7a.
Let w, I, L,, S, and f(s) satisfy the same assumptions as in
lemma 6a save that instead of (5.1) now (5.18) holds for |s| — o0
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uniformly on S,. Here pu is a positive constant (u need not satisfy
(1.8)) and c is a complex constant.

Then the integral (5.28) resp. (5.24) is absolutely convergent and
represents an analytic function of 2 on the Riemann surface of log z
resp. on the part of this surface where arg 2 < —%umn. The function
in (5.28) is the analytic continuation of the function in (5.24) for
arg 2 = —3un. Corresponding to a positive constant ¢ there exists a
positive constant K independent of z so that (5.25) holds for

(5.29) argz < —Lun—e

and so the function defined originally by (5.28) or (5.24) is O(2*)
for |3 = o uniformly on (5.29).

§ 6. Existence, analytic continuation and algebraic
asymptotic expansions of H(z)

§ 6.1. First we derive the domain of definition of H(z) by
means of lemma 2 and lemma 2a.

THEOREM 1.
We use the notation of § 1. Then the function H(2) makes sense
and defines an analytic function of z in the following two cases:

I. u>0,z2#0,
II. u=0 and (1.9) holds.

In these cases
(6.1)  H(z) = —> residues of h(s)z® in the points (1.6).

H(z) does not depend on the choice of C. Further H(z) is in general
multiple-valued but one-valued on the Riemann surface of log z.

Proor: From the definition of C in § 1 it follows that C has a
positive distance to the points (1.6). From this and the periodicity
of the sine-factors in (2.11) we may deduce that h,(s) is bounded
on C.

Suppose first u is positive. Then we apply lemma 2: (8.25) and
(8.27) with N = 0. From this, the boundedness of k,(s) on C and
(2.7) we infer to

(6.2) h(s)e* = O(1) (Burz)|T'(us+«)

for |s] = o0 and s on C. Using this relation we may deduce that
the integral in (1.1) converges and represents an analytic function
of 3 for 2 7 0. The proof of this assertion runs in the same way as
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the proof of the corresponding assertion for the integral (5.2) in
lemma 7 and will be omitted therefore.

Now suppose 4 = 0. Then we apply lemma 2a in § 3.2. (3.31),
(2.7) and the boundedness of h,(s) on C imply

(6.8) h(s)z* = O(st~*)(Bz)

for [s] = o0 on C. It now easily follows that the integral in (1.1)
converges and represents an analytic function of 2 if (1.9) holds.
The proof of this is similar to the corresponding assertion for the
integral (5.2) in lemma 6 and it will be omitted therefore.

From the occurrence of the factor 2* in the integrand in (1.1)
it follows that H(z) is multiple-valued in general but one-valued
on the Riemann surface of log z.

That in case I and case II (6.1) holds can be easily derived from
the theorem of residues and the estimates (6.2) resp. (6.8) which
also hold for |s| - oo uniformly on sets which have a positive
distance to the points (1.6) and which do not contain points
to the left of C. We omit the calculations. From (6.1) it also
follows that H(z) is independent of the choice of C.

REMARKs: If

(6.4)  Bu(b;+2) # Bi(byt»)
for  #h;j,h=1,...,m;Av=0,1,2,...

then (6.1) may be written as

1T T0~B,Ga)]fa) TT T(1—a-+ byt )

65) HE=3 51 ;
- " T TA=by46,(but»)IB) T T(a—a,(By-t0) )
(11 )yz(b,‘+l’)/l9» *

m
in case I and case II. T]’ means: the product of the factors with
1

j=1,...,7 =m save § = h.
If 4 = 0 then in some cases H(z) also makes sense for |z| = 1.
If only a finite number of the points (1.6) are poles of k(s) then
H(z) exists for z # 0.

§ 6.2. In the case that u = 0 we derive the analytic continua-
tions of H(z) in the manner indicated in § 2.1. The result is for-
mulated in theorem 2 in which use is made of the notations of § 1
and of the definitions I, II and IV of § 4.
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THEOREM 2.

Suppose u = 0 and r is an integer. Let D be a contour in the
complex s-plane which runs from s = —ooi40 to s = ©i+a
(0 ts an arbitrary real mumber) so that the points (4.28) lie
to the left of D and so that those points (1.6) which do not occur
among the points (4.28) lie to the right of D. Further let V()
be the sum of the residues of h(s)z* at the points where simultaneously
(1.6) and (4.28) holds. hy(s) resp. hy(s) are defined in (2.10) resp.
(2.11).

Then H(z) can be continued analytically by

(6.6) H(z) = %mfp ho(s) {hy(s)+ éD’.ei6,l—r§ Cjeis;s}zsds__V(z)

into the sector
(6.7) —0, <argz < —0,_ ;.
V(z) is equal to zero if
(6.8)  ay(b;+v) # Bi(ar—1—2)
for j=1,...m;h=n+1,..., p;»,1=0,1,2,...

Further the function H(z) can be continued analytically from the
sector (6.7) into the domain |3| > f~1 by

(6.9) H(z) = Q(z)+ i D,P(ze“’!)—?C,P(ze”’)
Here the formal series for Q(z) and P(z) (cf. (4.26) and (4.27))
are convergent for |z| > 1.

Proor: Let w and ! be real numbers which satisfy (2.1), (2.2)
and (2.8). L and L, are the contours defined in § 2.1. Using (8.81)
we see that the integrals [hy(s)z*ds taken along the contours L
and L, converge for (1.9). Using (2.17) and the theorem of
residues we deduce that if (1.9) holds:

P,(z) = 2;7; (fL—fLI) ho(s)2*ds.

From this and (2.4) we deduce (2.18) if (1.9) holds. To the two
integrals in (2.18) we next apply lemma 6 and lemma 6a of § 5.
First we apply lemma 6 with the same w and [ as in § 2.1 and with

K r—1
(6.10) f(s) = ho(s)8~* {hy(s)+ 3 D,e®—'S C,eP)e—%%,
r 0
z || Bze®, arg z || arg 2+ 4,.
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The singular points (2.8) and (1.6) of hy(s), ko(s)hy(s) or h(s) (cf.
(2.7)) do not belong to S and L (defined in lemma 6) on account
of (2.1), (2.2) and (2.3). Further from (6.10), (3.31) and (4.8)
we derive (5.1) with ¢ = }— Re « for |s| — oo uniformly on
S. Since arg z+46, > 0 on (6.7), lemma 6 and (6.10) imply that
the first integral in (2.18) can be continued analytically on (6.7)
by replacing the path of integration L by the rectilinear path
from s = w to s = w-100.

The second integral in (2.18) can be treated in the same way
as the first integral. Instead of lemma 6 we use lemma 6a with
the same w and ! as above and with

r—1

1(8) = ho(s)B~* {hy(s)+ zx: Djeit’,c_ S Cjeiﬁ,s}e—-id‘,_ls,

(6.11) )
z||Bze'1, arg z || arg x+6,_,.

Further instead of (4.8) we now use (4.9). From lemma 6a and
(6.11) we may deduce that the second integral in (2.18) can be
continued analytically on (6.7) by replacing the path of integration
L, in this integral by the rectilinear path from s =w to s =w—ic0.
Hence the righthand side of (2.18) — and so H(z) — can be
continued analytically by

r—1

(6.12) H(z) = z D; P, (2e%)— 3 C, P, (z¢")
0
1 w+ico r—1
+5= ) {hy(s)+ ZD et — E C;e?)x*ds
T J —ico

into the sector (6.7). The integral in (6.12) is absolutely con-
vergent for (6.7).

Next we consider (6.6). Suppose temporarily that w is so small
that Re s > w for s on D. Then it follows from (8.81), (4.8) and
(4.9) that the integral in (6.6) is convergent on (6.7) and that it is
equal to the integral in (6.12) increased by 2z¢ times the sum of
the residues of the integrand in (6.6) in the poles between D and
Re s = w. From this, (2.7), (2.10), (2.11), (2.5), (2.17) and
the definition of D and V(z) we now deduce (6.6) if (6.7) holds.
From the definition of V() and from (1.5) it follows that V' (z) =
if (6.8) holds.

Next we consider the integral in (6.12). It may be written as

(6.18)

—w—700 —w+100 K r—1 .
(—f +J ) ho(—8){hy(—s)+ 3 D;e™?#— > C e~ )z—*ds
r 0

—w -—w
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if (6.7) holds. The last integrals will be continued analytically
using the lemmas 6 and 6a. Therefore we estimate hy(—s). If

(6.14) s #= —(a;+v)/oy G=1,...,p; v=0, 41, 42,...)
and

6.15) s# —@40)B; G=1,...¢ v=0,+1, +2,...)
hold then we may write (cf. (2.10) and (2.6))

(6.16) ho(—s) = hg(s)hy(s)

where if (6.15) holds we define

(6.17) hy(s) = I1I F(bf‘l‘lgis)/ll_[ I'(a;+a;s)

while if (6.14) holds we define

(6.18) hy(s) = nP¢ ﬁ sin 7zz(1 —b,—ﬂ,s)/ﬁ sin (1 —a;—a;s).
1 1

Then hy(s) resp. hy(s) is equal to the function hy(s) resp. h,(s)
(cf. (2.10) resp. (2.11)) with

(6.19) pllg, qllp, nl|0, m||p, «,l|B;, a;|[1—0b;, B,lle; bsl|1—a;.

The numbers 4 and « defined by (1.8) and (8.24) then remain the
same as before, so u = 0; the number § given by (1.10) now
changes into -1. Consequently we may apply lemma 2a to hy(s)
and so by (8.81)

(6.20) hy(s) = p~*s?*0(1)

for |s| - co uniformly on for example Re s = —w.

Further we apply lemma 4a to k,(s). By (2.12) and (6.19) the
new number 4, is equal to (32a;—Y{8;)n = —un = 0 (cf. (1.8)).
From definition II we now derive x = 0. Further [ satisfies the
new formula (2.8). Hence by (4.8) with » = 0 and (4.9) withr =1
|hg(s)] is bounded on | Im s| = L. This, (6.20) and (6.16) imply that

(6.21) ho(—s) = p—sst20(1)

for |s|] > oo uniformly on Res = —w.
Now to the first integral in (6.18) we apply lemma 6a with
w||—w, the same [ like in (2.8) and with

K r—1
1(8) = ho(—38)p* {hy(—s)+ 3 D,e " — 3 C e~ 01}, 2||f-1z1e~ P,
r 0

arg || — arg 2—90,.
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From (4.8) for Ims =1 and (6.21) we easily derive that the
assumptions of lemma 6a are satisfied. So the first integral in
(6.18) can be continued analytically for |2| > = by replacing
the path of integration by the path from s = —wto s = —w—il
and then to s = co—il. In an analogous way applying lemma 6
we continue the second integral in (6.18) analytically for |z| > g1
by replacing the path of integration by the path from s = —w to
s = —w-+1l and then to s = co}il.

Combining these properties with (6.13) and (6.12) we see that
H(z) can be continued analytically from the sector (6.7) into the
domain [2] > ! by means of

X r—1
(6.22) H(z) = Qu(2)+ 3 D;P,(2e")— 3 C, P,(2e™)
1 oco+il x 0 r—1
+— ho(—8){hy(—s)+ 3 D¢ — 3 C,e#)z2ds
2m co—il r 0

where the path of integration runs from s = co—iltos = —w—il,
then to s = —w+-4l and finally to s = co+il, while the integral
converges for |z| > g1

From the behaviour of hy(—s) for Re s = —w (cf. (6.21)) and
the behaviour of k,(—s) for | Im 5| <1 (cf. (2.11)) we may deduce
that the integral in (6.22) can be calculated by means of the
theorem of residues for |z| > f-1. Then we obtain (6.9) for
[3] > B~ in view of definition IV of § 4.6 where now the series for
Q(z) and P(z) are convergent for |z| > gL

ReEMmARK 1: If 4 = 0 and 4§, is positive then d_, = —d, and
k = —1 by the definitions I and II of § 4.2. If moreover r = 0
then the expression {...} in (6.6) reduces to h,(s). Hence if
4 =0, 6 > 0 then H(z) = Q(z) resp.

(6.28) H(z)= %fbh(s)z’ds—V(z) = %ﬁfah(s)z’ds

for |z| > p~! resp. | arg 2| < §, on account of (6.6), (6.7), (6.9),
(2.7) and the definition of D and V (z). Here ¢, is given by (2.12)
and G is a contour in the complex s-plane from s = —ooi+o to
8 = i-+o (o an arbitrary real number) so that the points (1.6)
resp. (1.7) lie to the right resp. left of G. Moreover if y = r = 0,
dp > 0 then (2.18) and (6.12) (which have been proved above
for (1.9) resp. (6.7)) reduce to (2.4) and (2.14).

REMARK 2: (6.9) may be rewritten as (cf. definition IV of § 4.6)
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(6.24) H(z) = éj—z;fg h(—s)z~*ds+ éDiéfc ho(—s)(ze')—*ds

r—1 1

— 3 C;— | ho(—s)(ze’)*ds
0 1

271 el

where G, and G, are contours of the same shape as C in § 1 but
with the difference that the points

s = (v+1—ay)/o, G=1,..,nv=0,1,2,...)
resp.

s = —(b;+7)/B; G=1,...,.,m;»=0,1,2,...)
lie to the right resp. left of G, and the points

s = (v+1l—ay)la, G=1..,p;v=0,1,2,...)

lie to the right of G;. The integrals in (6.24) are special cases
of the function H(z) in § 1 with special values of the parameters p,
g, m, n, a;, ... that differ from those in § 1. So H(z) can be ex-
pressed as a sum of other functions H(z~le=*%) for |z| > -1 if
p=0.

§ 6.3. We next derive the algebraic asymptotic expansions
for |2| - oo in the case that u is positive. The notation of the
definitions I, IT and IV of § 4 are used again. The method of proof
has been indicated in § 2.1.

THEOREM 8.
Suppose u is positive, r is an integer and (2.19) holds. Let ¢ be a
constant satisfying

(6.25) 0<e< d(6,—08,_,—un).

Then (6.6) holds for (2.20) if D and V (z) have the same meaning
as in theorem 2 and hy(s) resp. hy(s) are defined in (2.10) resp. (2.11).
Further the algebraic asymptotic expansion

(6.26)  H(z)~ Q@)+ S D,p(ze“:)—'i1 C,P(ze™)

holds for |z| - oo wuniformly on
(6.27) bun—o,4e < argz < —Lun—6, ,—e.

If u > 0,r = 0 and (2.18) holds then the assertions (6.6) on (2.20)
and (6.26) on (6.27) reduce to (6.28) on (2.15) and (2.16) for
[3] = o0 wuntformly on
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(6.28) larg z| < 6y—3un—e.

Here we assume that ¢ is constant satisfying 0 < & < d,—Lun.
If r=n=0, u> 0 and (2.13) holds then the righthand side of
(2.16) is a formal series of zeros and then better estimates for H(z)
are contained in theorem 4.

Proor: The proof is similar to the first part of the proof of
theorem 2; only instead of the lemmas 6, 6a and 2a now the
lemmas 7, 7a and 2 are used.

So we start again from (2.18). (2.18) can be proved for 3 # 0
in an analogous way as in the proof of theorem 2. We apply
lemma 7 with (6.10) where g||fu* to the first integral in (2.18).
On account of (8.25) and (8.27) with N = 0, and (4.8) the con-
dition (5.18) with ¢ = « and u given by (1.8) is satisfied on
the set S of lemma 7. Further f(s) is continuous on S and L and
analytic in the interior of S (cf. the proof of theorem 2). So by
lemma 7 and (6.10) with §||fu* we may replace the contour L in
the first integral in (2.18) by the rectilinear path from s = w to
s = w+ oot if (2.20) holds. Moreover

w40l 'Y X r—1 .
(6.29) .L ho(s) {hl(.s-)—i— S D, %C,e“’f’: 2ds = O(z")

for |z] — oo uniformly on (6.27) because by lemma 7 (5.4) holds on
(5.14) (cf. also (6.10) with B||fu*). The integral in (6.29) con-
verges absolutely on (2.20).

In the same way using lemma 7a with (6.11) where g||fu”,
(8.25) and (8.27) with N = 0, and (4.9) we may show that if
(2.20) holds in the second integral in (2.18) we may replace L,
by the rectilinear path from s = w to s = w— o017, that (6.29)
with w-- coé||w— coi holds for |z| - o0 uniformly on (6.27) and
that the integral in (6.29) with w coi||lw— oot is absolutely
convergent on (2.20).

From these properties concerning the integrals in (2.18) we
deduce that (6.12) holds if (2.20) is satisfied and that

(6.30) H(z) = Qulz)+ 3 D, Py(ae?)— 3 C, P, () +-0(a)

for |3| - co uniformly on (6.27). Further the integral in (6.12)
is absolutely convergent on (2.20). In view of the definitions in
§ 4.6 formula (6.30) implies the algebraic asymptotic expansion
(6.26) for |3 - co uniformly on (6.27). From (6.12) we deduce
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in the same way as in the proof of theorem 2 that (6.6) holds on
(2.20).

If (2.18) holds then J, is positiveand so §_; = —dpand k = —1
by the definitions I and II of § 4.2. So if » = 0 and (2.13) holds
then (6.6) and (2.20) reduce to (6.22) and (2.15) (cf. remark 1
after theorem 2), while (6.26) reduces to (2.16) on (6.28). If more-
over n = 0 then Q(z) represents a formal series of zeros (cf. (4.26)).

REeEMARK 1: In §10.2 special cases in which the series in the
righthand side of (6.26) only contain a finite number of non-zero
terms are considered.

REMARK 2: In the course of the proof we have seen that (6.12)
holds on (2.20) and that the integral in (6.12) converges absolutely
on (2.20). If r = 0, x > 0 and (2.18) holds this reduces to (2.14)
for (2.15) where the integral in (2.14) converges absolutely on
(2.15).

§ 7. The exponentially small asymptotic expansions of H(z)

In this paragraph we give the details of the derivation of the
exponentially small asymptotic expansions of H(z) which has
been sketched in § 2.2.

§ 7.1. Here the proofs of the assertions concerning (2.27) and
(2.28) are completed. We assume that u >0, n =0, m = ¢
and (2.22) hold.

If Res < w then (2.23) holds on account of (2.2) and so by
lemma 8 py(s) is defined and analytic in all points s with Re s < w.
IfRes<wandj=0,..., Nthen by (2.26): Re (1 —us—a—j) >0
and so I'(1—us—a—7j) is defined and analytic in s for Re s < w.
Consequently the righthand side of (8.85) is defined and analytic
in s for Re s < w. So by (8.85) the change from (2.25) to (2.27)
will be proved if the convergence of the integrals in (2.27) has been
verified for (2.22).

First we consider (2.28). This formula can be derived by means
of the inversion formulae for the Mellin transformation (cf. G.
Doetsch [18], I p. 212) from (2.80) with N||j+2 (j =0, ..., N—1).
Here we deduce (2.28) from (6.5) and (2.25) by choosing for H(z)
in these formulae the function given by (1.1) and (1.8) with
h(s)=T(1—pus—a—j) (G=0,...,N—1). Then m=qg=1,
n=p=0,b =1—a—j, f; = u. The numbers u resp. « of this
special function H (z) are equal to u resp. a7 (cf. (1.8) and (8.24))



[49] Asymptotic expansions and analytic continuations for Barnes-integrals 287

where the last x and « are the same as those we always use here. By
(2.26) and (2.8) for the old x and « the numbers w and [ satisfy
(2.1), (2.2) and (2.8) for the new p, «, b; and §,. From (6.5) and
(2.4) with (2.5) we derive that this special function H(z) is equal to

(7.1) —1‘ (f —“J. ) I’'l—pus—a—j)2'ds = § (Ll_)h Fll—a—i+n)ln
2ﬂi L Ll h! . /‘

h=0

— ‘u_l z(l-a-:i)//t exp ( __zllp)

forz #0and § =0, ..., N—1. If moreover (2.22) holds then all
conditions for (2.25) are satisfied and from (2.25) and (7.1) now
(2.28) follows if (2.22) is satisfied and § =0, ..., N—1. As the
integral in (2.25) converges absolutely for (2.22) this is the case
also with the integrals in (2.28) for j =0,...,N—1 and con-
sequently with the first N integrals in (2.27). From this and the
absolute convergence of the integral in (2.25) the absolute con-
vergence of the last integral in (2.27) follows for (2.22). The proof
of (2.27) is complete now.

§ 7.2. In this section the proofs of (2.81), of the properties of
p(t) (cf. (2.82)) and of (2.86) are completed. We assume again
u>0,n=0, m=gq and (2.22) hold.

First we consider the properties of p(¢) defined by (2.82). On
account of (2.26) the zeros of (1—us—a—N),, i.e. (1—us—a—N)
- (2—us—a—N) are lying to the right of the line Re s = w. Further
by § 7.1 px(s) is defined and analytic in s if Re s < w. Hence the
integrand in (2.82) is defined and analytic in the points s with
Re s =< w while by (8.83) the estimate (2.88) holds for |s| - c©
uniformly on Re s < w. From this we can deduce the properties of
p(t) using lemma 6 and lemma 6a but here we give a straight-
forward derivation of these properties.

The convergence of the integral in (2.82) and (2.84) for t > 0
follows from (2.88). So (2.84) holds with

w4100 |

(7.2) K = " |o(s)/(1—ps—a—N)ylds|.

w—1i00

It is easily seen that the integral in (2.82) is contiiiuous for £ > 0.
Further for every positive number R the part between w—iR
and w+iR of the path of integration in (2.82) may be replaced
by the lefthand part of the circle |s—w| = R between these points.
The integrand in (2.82) is t*#*~Re*=N 0(s-2) for |s| — oo uniformly
on Re s < w for every fixed value of ¢t with 0 < ¢ =< 1 on account
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of (2.88). Therefore the contributions of the circular part and of
the rectilinear part of the path of integration of the modified
integral (2.82) are O(R™') for R — oo if ¢is fixed and 0 < ¢t < 1.
So p(t) =0 for 0 <t < 1.

Next we prove (2.81) for (2.22). On account of (2.84)

pn(s) {2-ps—a—N

o] w100
7.8) f dt lexp (—=zl/#t If |ds|
@3) ), #le (=0l e =,

é Kf €exp (—t Re zlll‘)tz—llw—Rea—th
0

if (2.22) holds, for the last integral — and consequently the
repeated integral — converges as Re 24 > 0 on (2.22) and as
(2.26) holds. Further the integrals in (2.29) resp. (2.80) are
absolutely convergent for (2.22) resp. for (2.22) and Re s = w.
A theorem of Bromwich ([8] p. 504) now implies that for (2.22)

<] w+4-ic0
(7.4) fo dt exp (—zll"t)J‘ ds > #N 5 o(s)/(L—us—a—N),

w—ioco

w4100 (o<
=f ds Px(s) f dt 17+ N exp (—2'# ¢).
w—ico (1—ps—a—N),J,

From (7.4), (2.80) and (2.29) we infer to (2.81) for (2.22).
Combining (2.81) with (2.84) and the property that p(f) =0
for 0 <t <1 we obtain
(7.5) |o(z)] < K|z@Nlk| Loo t2#w—Rea=N oxp (—t Re 2/#)dt
< K |z®2Ml#| exp (— Re 2'/#) f:otz"""" Rea=N exp {—(t—1)n}dt
if
(7.6) larg 2| < um, Rez'* =7

where 7 is an arbitrary positive constant. As the last integral in
(7.5) is independent of 2, (7.5) implies (2.85) for |3| — oo uniformly
on (7.6).

In view of (2.85), (2.27), (2.28) and (2.29) we have

(1.7)  Hy(=zp=2u*) = p(2m)%?-1 exp (—z/#)
. {Nz—l ( -1 )jA’.z(l—-a_f)/l‘ + 0(2(3—a—N)/'u)}
0

for |3] — oo uniformly on (7.6). Here N is an arbitrary non-nega-
tive integer. Next we use that if j = N or § = N+41 then
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(7.8) gl-a—i/k — O (z0-a-N)/K)

for |z| — oo uniformly on (2.22). From this and (7.7) where we
replace N by N+2 we infer to

Hy(#pu*) = ui(2m)= exp (—2V#)
N-1
. { z (_l)iAjz(l—a—a‘)//t_I_ O(zu‘“‘N)/P)}
0
for |z| — oo uniformly on (7.6). This may be written as (2.836) on

account of definition III of § 4.4. It will be clear that (2.86) then
also holds for || - oo uniformly on

(7.9) | arg 2| < Jum—e
if ¢ is a constant satisfying 0 < ¢ < Jun.

§ 7.3. The exponentially small asymptotic expansions of H(z)
are formulated in the following theorem. The proof depends on
(2.39) and (2.43).

THEOREM 4.
Suppose n =0, u>0 and (2.18) holds (cf. (2.12) for &,).
& and n will be positive constants so that

(7.10) 0 < & < 38— Fum).

¢y and d, are defined by (4.8) and E(2) is given by definition 11T of
§ 4.4.

AsserTIONS: If m = q then

(7.11) H(z) ~ ¢y E(2e'0)
and also
(7.12) H(z) ~ —dyE(ze™)

for |z| — oo uniformly on (7.9). If m < q then (7.12) holds for
[z] = oo uniformly on

(7.18) e Sargz < 6—3un—e
and (7.11) holds for |z| — oo uniformly on
(7.14) tumw—8,+e < ai‘gz < —e.

Further if m < q then
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(7.15) H(z) ~ ¢y E(ze'%) —d, E (z¢ )

for 3| = o uniformly on

(7.16) larg 2| < e.

The asymptotic expansions formulated above are exponentially small
(cf. §4.4).

If m = q then (7.11) and (7.12) also hold for |3| — oo uniformly
on (7.6). If m < q then (7.12) resp. (7.11) also holds for |z| - co
uniformly on the set

(7.17) Re (ze7 )k < —y, ¢ < argz < dp—3un
resp.
(7.18)  Re (zeo)'* < —p, tun—4, < argz < —e. 1)

Proor: If n = 0 and m = ¢ then §, = un (cf. (2.12) and (1.8))
and on account of (3.24) and (4.8)

(2m)TPele DT = ¢ (2m)T Pl = g,

Because further (2.86) has been proved for |z] — co uniformly on
(7.6) and (7.9) in § 7.2 it now follows from definition III of § 4.4
that (7.11) and (7.12) hold for |3| - co uniformly on (7.6) and
(7.9) if m = ¢ (if m = ¢, H(2) has been denoted by Hy(z) in § 2.2).

Now suppose m < q. Then §, < uz by (2.12), (1.8) and because
n = 0. First we assume that ¢ satisfies besides (7.10) also

(7.19) e=w,—w, for 0 =Zh<j=M.

Here we use the notation of (2.88) and (2.39).
By (2.41) we have

$un < arg 2+w;+un = | arg 3+ w,+puxn | for j =0, ..., M.
Hence if
(7.20) Lun—6, < argz < 0, Re (ze0)!F < —q
then using (7.19) and (2.839) we obtain for j =1,..., M—1:
(7.21) |argz+wo+un| + |arg 2+ w,;+pun| = 2 arg 3+wy+w;+2un
= 2arg 3twytowy—et+2un < 2un—e
and for j=1,..., M:

1) An estimate for H(z) in the case that p = 0, m = ¢ and z large positive has
been obtained by Bochner [5] p. 851.
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(7.22) |arg 3+wy+un| = arg 24wy+un = arg 2+w;+un—e

= | arg 3+ w;+un|—es.
By (7.21) and (7.22) we may apply lemma 5 of § 4 with ¢, = wy+u=n
and &, = w;+um, ky =1, ks =1, (j=1,..., M—1; cf. (2.88))
and (7.20) for the set 2. Then we obtain using also (2.48) with the
upper sign forj = 0, . . ., M —1 and with the lower sign forj = M:

(7.28) H(z) = (2n)%? {e(a—})m' 7o Ey(zei(@st#m))
4elmebmig, Ey(zeOrFm)}

for |z| = oo uniformly on (7.20). In view of (8.24), (2.39), (2.40)
and (4.8) this is equivalent to

(7.24) H(z) = ¢y Ey(2e"%) —dy Ey(ze~*%)

for |z| - oo uniformly on (7.20). N is always an arbitrary non-
negative integer.
By (2.41) we have

arg 2+w;—unx = —|arg +w,—pun| for § =0,..., M.
Hence if
(7.25) 0 < argz < 8y—3um, Re (ze”)r < —y
then on account of (7.19) and (2.89):

(7.26) |arg 3+ wp—pum| 4 |arg 24w, —un| = —2 arg 3—wy
—w;42un < —2 arg 3—wy—wy—e+2un = 2un—e

for j=1,...,M—1 while for j =0,..., M—1:

(7.27) |arg 3ty —un| = — arg 2—wy+un
< — arg 3—w;—&+pun = |arg 2+ w;—um|—e.

By (7.26) and (7.27) we may apply lemma 5 of § 4 with ¢, = wy,
—um, by = w;—um, ky =Ty, ky =1, (j=1,..., M—1) and with’
(7.25) for the set 2. From this and (2.48) where we take the lower
sign for j = 1,..., M and the upper sign for § = 0 we infer to
(7.28) and consequently (7.24) for |z| — oo uniformly on (7.25).
Combining (7.20) and (7.25) we see that in particular (7.24) holds
for |3| — oo uniformly on (6.28). The condition (7.19) for ¢ can be
dropped now because the smaller ¢ the larger the sector (6.28) is.
Further we see that (7.15) holds for |3| — o0 uniformly on (6.28)
by definition III of § 4.4 and (7.24). Here (6.28) may be replaced
by the smaller sector (7.16) (cf. (7.10)).
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We now prove (7.12) for [z] — oo uniformly on (7.17) and on
(7.18) and (7.11) for |3| — oo uniformly on (7.18) and on (7.14).
If (7.17) or (7.18) holds then arg z—d, < O and argz+d, > 0
and so

(7.28) |arg 2} 6,| 4 |arg 2—Jy| = arg 3+ 6,— arg 3+9;, < 2um—e
if ¢ satisfies

(7.29) & < um—dy

besides (7.10). If (7.17) is satisfied then

(7.80) |argz—dy| = d, —argz < arg z+6,—2¢ < |arg g+ 0p| —e.

Hence we may apply lemma 5 of § 4 with t; = —d,, t, = d,,
ky, = —d,, ky = ¢, and with (7.17) for the set 2. We then obtain
from (7.24): H(z) = —d,Ey(ze ) and consequently (7.12) for
|| = oo uniformly on (7.17). Here (7.17) may be replaced by
(7.18) because for large |z| the points belonging to (7.13) also
belong to (7.17). The condition (7.29) may be omitted because
the larger ¢ the smaller the sets (7.17) and (7.18) are.
If (7.18) holds then

|arg 34 0y| = arg 349, =< — arg 24-6,—2¢ < |larg 2— o —e.

From this and (7.28) (where temporarily we assume again (7.29))
it follows that we may apply lemma 5 of § 4 with t; = 6,2, = — 0y,
ky = ¢y, ky = —d, and with (7.18) for the set 2. Then (7.24)
reduces to H(z) = ¢y Ey(2e'%), so (7.11), for |z] — oo uniformly on
(7.18). We may replace (7.18) by (7.14) and we may omit the
condition (7.29) for analogous reasons as above at (7.17).

The asymptotic expansions (7.11), (7.12) and (7.15) are ex-
ponentially small on (7.9) if m = ¢ and (7.14) if m < ¢, resp.
(7.9) if m = ¢ and (7.18) if m < ¢ resp. (7.16) if m < q because
these sectors are subsectors of the sector (6.28) and because for
3 on the sector (6.28):

tunte < arg 2+ 6y < 28,—Lum—e,
—28,+iun—+e < argz—0, < —3un—e

where 26, < 2uxn by (2.12) with n = 0 and (1.8). So the definition
of exponentially small asymptotic expansions in § 4.4 can be
applied.
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§ 8. Estimates for some auxiliary functions

In this paragraph the proofs of some approximation-formulae
from §2.8 will be completed and estimates for the auxiliary-
function F(z) defined by (2.48) will be derived. We assume always
© >0 and (2.46).

First we prove (2.47). The first part of (2.47) follows from
lemma 7 in § 5 where we choose w and ! like in § 2.3 and

f(S) = hO(s)(ﬂﬂ‘“)_’{hl(S)—i- i Djei"’s— é C,e“'f’} e—id‘,“a’

v+l
2||Burze v, arg 2|| arg 2+ 3,4,

(8.1)

From (8.1), (8.25) and (8.27) with N = 0 and (4.8) with r|j»+1
it follows that (5.18) is satisfied with ¢ = « and p given by
(1.8). In view of lemma 2 and the choice of w and [ also the other
assumptions of lemma 7 are fulfilled. Since arg 2+6,,; = dun-t¢,
on (2.44) by (2.46) we see that lemma 7 implies the first part of
(2.47) for |z| - oo uniformly on (2.44). In an analogous way
using lemma 7a and (4.9) instead of lemma 7 and (4.8) the second
part of (2.47) follows for |z| — oo uniformly on (2.44). In (2.47)
the sums X%, and >3~! may be omitted because »+1 > « and
A—1 < 0 by (2.46).

Next we consider (2.50). From (2.4), (2.7) and (2.47) we deduce

H(z) = Q,(2)+ Elgif[,h()(s) :2:: Cjei""’} 2tds
for |3| - oo uniformly on (2.44). Hence by (2.48) and (2.49)
(8.2) H(z) = Q,(z)+ 2:: C; F(ze“f)
3D, (Fae)+ Py} +0(e")

for |z| - co uniformly on (2.44). Because C, =0 if 1 <j <0
and D; = 0 if k < j < » (cf. (4.7)) formula (8.2) may be written
in the form (2.50).

The property (2.54) can be verified easily using (2.57) and (2.8).
Further the proof of (2.51) resp. (2.55) can be given with lemma 7
where w and [ are the same as above and
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1(5)1ho(s) (Bu# ) resp. ho(s)(Buk )~ e=4m[sin n(us+a),
2Bz resp. fuk iz,

The assumptions of lemma 7 are satisfied now on account of
lemma 2 with (8.25), (8.27) and N = 0, the choice of w and ! and
(2.54). The assertions of lemma 7 now imply (2.51) resp. (2.55)
for |z| = o0 uniformly on (5.14) resp. (2.53). The proof of (2.52)
and (2.56) proceeds in the same way; instead of (2.48) and
lemma 7 here (2.49) and lemma 7a have to be used.

The deduction of (2.62) from (2.60) for argz = 3un-+te¢ is
similar to the proofs given above: again the lemmas 7, 7a and 2
and (2.54) are used.

The proof of (2.68) with (2.64) for arg 2 = }un+¢ can be given
in exactly the same way as in § 7.2 where (2.81) with (2.82) has
been derived from (2.29) and (2.30).

Next we consider the properties of 7(t) (cf. (2.64)) for ¢t > 1.
By lemma 2 the integrand in (2.64) has a finite number of poles s
with Re s = w. By (2.65) the integral in (2.64) tends to zero for
t > 1and R — oo if the path of integration between w—¢R and
w+iR is replaced by the right part of the circle |z—w| = R
between these points. Hence if ¢ > 1 then r(t) = r*(t) where

ds
(1—us—a—N),’

(8.3) 'r*(t) = (——l)Nf TN(S)t2—,ua—a—N
A

Here A is a finite contour in the halfplane Re s > w which encloses
the poles s with Re s > w of the integrand in (8.3) while these
poles are lying to the right of A. We see that r*(¢) is analytic in ¢
for ¢ # 0, that r*(¢) is in general multiple-valued and that

”'*(t) — tz—pw—Rea—N 0(1)

for [t| - oo uniformly on |argi| < .
Now we can deduce estimates for the function 7(z) defined by
(2.60). Put

( 7,(2) = folr(t) exp (Y#t)dt — Ll r*(t) exp (V#t)dt,
8.4) a 4
Ty(2) = f% r*(t) exp (/#¢)dt
if argz = Jun+e. Then by (2.63
2

(8.5) T(z) = (2e~#7%)@==N)t {r; (2)+ 7y (2)}

if arg 2 = Jun+e. On account of (2.66) and (2.26) the function
7,(3) can be continued analytically for z £ 0 and
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(8.6) 7(2) = O(exp 21#)4-0(1)

for |z| — oo uniformly on (2.58). Because 7(z) is analytic for z # 0
(cf. (2.60)), also 7,(z) can be continued analytically for z # 0.
Now to 7,(z) we apply lemma 6 (cf. § 5) with

w=1%, 1 =0, f(s) = r*(s), z|| exp 2'/#, argz|| Im 3/~

In view of the properties of *(s) the assumptions of lemma 6 are
satisfied. So if

(8.7) dun—e < argz < Yun+e

then Im 2Y/# = |21/#| cos (¢/u) and by lemma 6
(8.8) 75(2) = j:“” r*(2) exp (2V/#1)dt

= — f::—m r*(—1t) exp (—z/#4t)dt.
Further by (5.4)
(8.9) 75(2) = O(exp 3zV/#)

for |z| - oo uniformly on (8.7).
Next we apply lemma 6a to the last integral in (8.8) choosing

(8.10) w=—}, L= }iglelu), f(s)= —r*(—s), 2| exp (—z"*).

Then the integral (5.24) is equal to 7,(z). The properties of r*(s)
guarantee that the assumptions of lemma 6a are satisfied. So

(8.11) Ty(2) = — fL r¥(—t) exp (—=2Y4t)dt
if
(8.12) larg 2| < fun—e

since then | exp (—z'#)| < 1. On the vertical part of L, we have
Res = —3, 0 = Ims = —4tg(e/u). So if (8.12) holds then on
this part of L,

Re(—2Y#s) < 4 Re z/#+}| Im 2V/#| tg(e/u) < Re 2V~
It is now easy to deduce from (8.11) that
(8.18) 75(2) = O(exp z1/#)

for |3| — oo uniformly on (8.12).
Finally we estimate 7,(2) on the remaining part of the sector
(2.58). On account of (8.11) we have
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(8.14) 75(2) = (J.L—- Ll ) r*(—t) exp (—=zY#t)dt
— I.Lr*(——t) exp (—=2'~t)dt

if (8.12) holds. Here L is defined in lemma 6 with (8.10). Ac-
cording to the formula of Hankel for the gamma-function we have

271
i __.t [4 ex _zl/l‘t dt o z(—c—l)/l‘
(J,=J,) orexp (mmna = 1255
if (8.12) is fulfilled. This combined with (8.14) and (8.3) leads to

= 2ni(—1 NJ s+ (a+N-3)/p
72(z) 7”’( ) ATN(S)z T(,us—l—cc—i—N)

—f r*(—s) exp (—2'#s)ds.

L

The first term in the righthand side can be calculated using the
definition of A4, (8.25) and (2.17). The second integral can be

estimated using lemma 6 with (8.10) in the same way as has been
done above. Using (5.4) on

(8.15) —dun—e < argz < —funte
we obtain
(8.16) 7y(s) = 4nd(—1)V2@HV-9k P, (B~ y~#z)+-O(exp J2/#)

for |2| - oo uniformly on (8.15).
Using the properties derived above we prove

LeEmMA 8.

Suppose the number u defined by (1.8) is positive. Let ¢ be a
constant so that 0 < ¢ < }un and let N be a mon-negative integer
and w be a real number so that (2.1) holds and

N> —1—Rea—uReb,B, G=1,...,m)
(—2—Rea—N)/u <w < (—1—Re a —N)/u.

F(3) and P,(z) are defined by (2.48) and (2.17). Further we use
definition II1 (cf. § 4.4). Then

(8.18) F(z) = Ey(2)

(8.17) {

for |2| - o uniformly on (8.12),
(8.19) F(z) = En(3)+0(2"1%*)

for |2| - oo uniformly on (8.7),
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(8.20) F(2) = Ey(2)—Py(2)+0(2"*%*)

for |3 > o uniformly on (8.15), and (2.51) resp. (2.52) holds for
|3| = oo uniformly on (5.14) resp. (5.29).

Proor: According to (2.61), (8.5), (8:6), (8.9) and (8.13) we
have

N—-1
(8:21) F(p-tu~+z) = o exp () 3 A 0—s-in 0(s1-+-r)
2mu 0

+ 0(2") 4 0(z6-+-)/)

for |2| = co uniformly on (8.7) and on (8.12). Here w has to
satisfy only (2.1), (2.2), (2.26) and (2.45) while further N is an
arbitrary non-negative integer. Now we replace N by N+2 in
(8.21) and we assume that w and N satisfy (2.1) and (8.17). Then
(2.2), (2.45) and (2.26) with N||N+42 are fulfilled. Further we
apply (7.8) with § = N and j = N+1; this formula of course holds
also on (2.58). Then we obtain from (8.21)

1 N-1
F(B 1y #3) = —— 1/p (1—a—j)/p 4 O (g1—2—N)/p
(5 u7r2) = oo exp )| 3 4a0-ee 100 )

+ O(zw+3/m)

for |z| — oo uniformly on (8.7) and on (8.12). In view of definition
III this can be written as (8.19) for |3| — oo uniformly on (8.7)
and on (8.12). If (8.12) holds then it is easy to see with lemma 5a
from § 4.5 that instead of (8.19) also (8.18) holds for |3] - c©
uniformly on (8.12).

. In an analogous way as above we deduce from (2.61), (8.5),
(8.6) and (8.16) that for |2| — o0 uniformly on (8.15) we have
{(8.20). The proofs of (2.51) and (2.52) have been given above.

§ 9. The exponentially infinite asymptotic expansions
and the asymptotic expansions
in the transitional regions for H(z)

§ 9.1. In this section the exponentially infinite asymptotic
expansions of H(z) will be deduced from (2.50) and lemma 8 in
§ 8. We assume that the conditions for y, N and w in §8 are
satisfied. Further in the proofs of the theorems we apply (2.50)
on (2.44) where r is an integer, ¢, is a positive constant such that
the sectors referred to in the theorem are subsectors of (2.44), and
4 and v are constant integers satisfying (2.46).
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We always use the notation of the definitions I—IV in § 4.

THEOREM 5.
If u is positive and ¢ is a constant so that

(9.1) 0 < & < 4 min(un, §,—6,_4, 6,,1—9,)

then the exponentially infinite asymplotic expansion

(9.2) H(z) ~ (C,+D,)E (ze®)

holds for |2| - oo uniformly on?')

(9.8) ¢é—%min(ux, 8,,,—96,) <arg z+46, < —e+3min(un, 6,—6,_,).
Proor: Since d; < 8, if § < h (cf. definition I in § 4.2) the last

side of (9.1) is positive and consequently (9.1) can be fulfilled.
Further by (9.8)

(9.4) larg 2+6,| < dun—e.

Let j be an integer such that 1 < j < », § # r. Then we show
first that

(9.5) larg 3-+4d,] = | arg 3+ 6,|+2e.
If j <r and argz+4d, < 0 then by (9.1)
arg 340, < arg 3+96,_; < arg 2+06,—2¢ = —|arg 3+96,] —2¢

and (9.5) follows. If § < and argz+4, > 0, then |arg 344,
= argz+4, and 2(argz+6,) < —2¢+96,—6,_, (this is a con-
sequence of (9.8)), therefore

arg 3+46; < arg 3+6,_; < 6, ,—96,+2(arg 3+6,)—(arg 3+6,)
= —2¢—|arg 23+4,]
and (9.5) follows. So (9.5) is proved for § < r. For § > r the proof
runs in the same manner.

A corollary of (9.5) is that |arg 2+49;| = 2¢ for § = 7. So if j
is an integer the sector (9.83) can be divided into subsectors
0, ..., 8, with vertex 2 = 0, which are independent of z but
dependent of § and which cover (9.8) while on £;:

(9.6) 2¢ < arg 3+6; = un—2¢,

on £,

1) For convenience we use notations like (9.3) to indicate a sector in the z-plane.
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(9.7) arg 2+0; = un—2¢,
on £
(9.8) —un+2¢ < arg 3+0; < —2¢,

while on Q,:
(9.9) arg 3+6; = —un+2e.

However, it is possible that for example £, does not occur and that
Q,, Q, and Q, already cover the sector (9.83). Now we apply
lemma 8 with é||3un—2¢ to

(C;+D,)F (2e™);

on 2,, 2,, 2,, 2, we use (8.19), (2.51), (8.20), (2.52) while if
jllr we have (8.18) on (9.8). So

(910) (C,+D,)F(2¢%)+(C,+D,) F(ze")
= (C,+D,)Ex(3e)+(C,+D;) Ex(ae™)+0(z043/%)

for |z| = oo uniformly on £,,

(911)  (C,+D,)F(2e)+(C,+D,)F(ze)
= (C,+D,)En(2e")+0(x"+*/¥)

for || — oo uniformly on Q,,

(9.12) (C,+D,)F(2e"*)+(C,+D,)F(2¢"1) = (C,+D,)Ey(ze™
+(Cy+D;)En(ze”)—(Cy+D,) Py(2e") +0(2°4/¥)

for |2| - oo uniformly on 2, and

(9.18) (C,+D,)F(2¢)+(C,+D,)F(z)
= (C,4D,)Ex(2e)—(C;+D;) Py (2e™1) -0 (z+31#)

for |3| — oo uniformly on £2,. From the last four formulae, (9.4)
and (9.5) we easily deduce with lemma 5a in § 4.5 that

(9.14) (C,+D,)F(ze**)+(C,+D,)F(ze®r) = (C,+D,)Ex(2e")

for |z| - oo uniformly on Q,,..., 2, and henceforth on (9.8).
Combining this with (2.50) on (2.44), &, = ¢ we see that

(015)  H() = Qula)+ 3 DyPulse®)(C 4 D) En(ae™)+0(:")

for |3] — co uniformly on (9.8). Since (9.4) holds we may apply
lemma 5a in § 4.5 to (9.15). Then we obtain
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H(z) = (C,+D,)Ey(ze")

for |z| = oo uniformly on (9.8). As N is an arbitrary large integer
this implies (9.2) (cf. definition III in § 4.4). Further from (9.4) it
follows that the asymptotic expansion (9.2) is exponentially
infinite on (9.8) (cf. § 4.4).

THEOREM 6.
Suppose u is positive, 8,—9,_, < un and & is a constant so that

(9.16) 0 <& < }min(d,_;—6, 5, 6,—6, 3, 6,13—0b,, pw—3,+6,_,).
Then the exponentially infinite asymptotic expansion

(9.17)  H(z) ~ (C,+D,)E(ze")+(C,y+D, ;) E(2¢"r-)

holds for |z| - oo uniformly on

(9.18) 3(8,—6,y)—¢ < argz+6, < }(6,—6,_1)+e.

Proor: In (2.44) we take g, = e. Then (9.18) implies (2.44).
From (9.16), (9.18) and 4,—4,_; < un we deduce

(9.19) 0 <argz+6, < jun—e
and
(9.20) —Yun+e £ —§(9,—6,_1)—¢ < argz+6,,

< —}(6,—8,1)+e <O
So if j =7 or § =r—1 then by lemma 8, especially (8.18),
(9.21) F(2e") = Ey(ze)

for |2| - oo uniformly on (9.18).

Suppose there exists an integer j such that A <§ < v, j #1,
7 # r—1. Then we prove (9.5) for such a number j. If j = r—2
then by (9.16) and (9.20)

arg 340, < arg 3-+6,_, < arg3+96,_;—4e < —%(6,—6,_1)—38,
so by (9.18) and (9.19)
arg 3+6; = —(arg 3+90,)—2¢ = —| arg 24 06,| —2¢
and (9.5) follows. If § = r+1 then by (9.16) and (9.19)
arg 3-+46, = arg 2+90,,, = arg 3+0,+4e = |arg 31 06,|+4¢

and (9.5) follows.
As (9.4) holds (cf. (9.19)) and (9.5) is satisfied for the value of
j we consider we may derive in the same way as in the proof of
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theorem 5 that (9.14) holds for |2| — oo uniformly on (9.18) by
constructing subsectors 2, . . ., 2, of (9.18) and using lemma 8 of
§ 8 and lemma 5a of § 4.5 (cf. (9.6)—(9.18)). Application of (9.14)
for all values of j with A <j < v, §#7r, § #7r—1 and (2.50)
shows that

(9.22) H(2)—(C,_y+D, ;) F(ze"-1)
= Qu(®)+ ;D,Pw<ze“’)+(c,+D,)EN(ze"’r)+0(zw)

for |3| — oo uniformly on (9.18). If there do not exist integers §
such that 1 < jJ <, §j#7r, §j#r—1 then A=r—1 and v=17r
(cf. (2.46)) and in this case (9.22) follows from (2.50) and (9.21).
So (9.22) holds in all cases.

Like at (9.15) we can deduce from lemma 5a and (9.19) that

H(z)—(C,1+D, 1) F(2¢"-) = (C,+D,)Ex(ze")

for |z| = oo uniformly on (9.18). Combining this with (9.21) and
definition III in § 4.4 we obtain (9.17) for |2| — oo uniformly on
(9.18). By (9.19) and (9.20) the asymptotic expansion (9.17) is
exponentially infinite on (9.18) (cf. § 4.4).

§ 9.2. We now consider the asymptotic expansions in the
remaining sectors. In most cases these sectors are transitional
regions: the righthand side of the asymptotic expansion contains
two asymptotic series, each of which represents the function
asymptotically in a part of the region like in (9.17).

In the following >!... =10 if s > &

THEOREM 7.
If u is positive, 6,—6,_, = un and ¢ is a constant so that

(9.28) 0 <é&e< tmin (6, ,—6, 5, 6,.,—9,)

then

(0:24) H(z) ~ Q)+ 3 D, Plae)—3 C,Pae)
+(C,+D,)E(2¢)+(C,14D,_, ) E(z¢")

for 2] = oo uniformly on

(9.25) tun—e < arg 349, < funte.

Here « is determined in definition II in §4.2.2)

%) Special cases with d, > 0, §, = d_; = #un have been considered by Fox and
Chandrasekharan and Narasimhan (cf. [18] p. 417 and [9] p. 100 and p. 117). They
determine the behaviour of H(z) for 2 > 0 and z — 0.
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Proor: We take gy = £in (2.44). Then (9.25) implies (2.44) and
so (2.50) may be applied. Since §,—6,_; = pum and (9.25) holds
we have

(9.26) —Yun—e < arg 2496, ; < —un+te.

Suppose now j < r—2. Then by (9.28) and (9.26)
argz+6; < argz+90, , < argz+6, ,—2 < —3un—e

and so by lemma 8, especially (2.52),

(9.27) F(ze®) = —P,(ze")4-0(2)

for |3| - oo uniformly on (9.25) if § <r—2. If § = r+1 then
arg 3+, = arg 2+6,,; = arg 2+6,+2¢ = Yun+e

in view of (9.23) and (9.25). Hence by lemma 8, (2.51):

(9.28) F(ze') = O(2¥)

for |z| - oo uniformly on (9.25). To F(ze®) resp. F(ze*-1) we
may apply lemma 8: (8.19) and (8.20) on account of (9.25) and
(9.26). From this, (9.27), (9.28) and (2.50) we obtain

r—2
(90.29) H(z) = Qu2)+ z D, Pu(a®)— 3. (Cyt-Dy)Pulae)
+(C,.—|—D,)EN(28“ )—|—(C,_1—|—D,_1)EN(ZB“’"‘)
= (Crat-Dys) Ple™-1) +0(4+91%)
for |z| - oo uniformly on (9.25). Using (4.7) and (2.46) we see
that (9.29) may be written in the form
r—1
(9.80) H(z) = Qu(z)+ z D, P(ze)— 3. C, Po(zc™)
+(C,+D, )Ezv(ze"’ )+(Cf-1+Dr-1)EN(ze”"‘)+0(2“’*3/“)
for |z| - oo uniformly on (9.25). In view of the definitions III
and IV in §4 this implies (9.24).

REMARK 1. If arg 2+, = 1un then the modules of the terms
in the formal series in (9.24) can be written like |£27(log z)*| where
¢ and 7 are complex constants and k is a non-negative integer.
This follows from the definitions III and IV in §4 and from

lexp(Burzes) A =1 if §=r, r—1 and argz+6, = dun

(use 8,—6,_; = un).
An analogous remark can be made at theorem 8 and theorem 9.
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RemARrk 2. If in (9.24)

r—1

(9.81) Q=)+ 3 D,P(z¢*)— 3 C, P(ze™)

r 0
is a formal series of zeros then in theorem 7 we may replace (9.24)
by (9.17).

Proor: By (9.80), (9.81), definition IV in § 4.6, (2.5) and (2.17)
we have

H(z) = (C,+D,)Ex(ze")-+ (Coy+Dy2) En(ae1) + O(a03/%)

for |z| - oo uniformly on (9.25). From (8.17) and definition ITI
in § 4.4 we deduce that if N = 2

O(z°+3/#)+(C,+D,) Ex(ze®) = (C,+D,)Ey_s(ze')

for |z| — oo uniformly on 3un—e < argz+4, < 1un and the
same formula with r||r—1 for |z| - co uniformly on —}urx <
argz+ 6, ; < —3un+e or fun <argz+6, < tun+e¢ (since
6,—0,_; = pn). From the preceding formulae we deduce

H(z) = (Cr+Dr)EN—-2(ze“')+(Cr—l_l"Dr—l)EN—z(ze“'_l)
for |z| - oo uniformly on (9.25). Consequently (9.17) holds for
|2] = oo uniformly on (9.25).

THEOREM 8.
If u is positive, 6,—6,_, > un and ¢ is a constant so that

(9.82) 0 < ¢ < }min(6,—9,_,—pun, 6,.,—86,)
then
I3 r—1 .
(9.88) H(z) ~Q(z)+ 3 D, P(2¢')— 3 C, P(2¢*)+(C,+D,)E (ze**"
r 1]

for |3| = o uniformly on (9.25).

Proor: In (2.44) we choose g = &. Then (9.25) implies (2.44)
and (2.50) may be applied on (9.25). From (9.82), (9.25) and
0,—0d,_; > pun we deduce that if § < r then

arg 310, < arg 2496, ; < arg z-+06,—un—2c < —Yun—e

and so by lemma 8: (2.52) we have (9.27) for |3| = co uniformly
on (9.25). If § > 7, then by (9.82), (9.25): argz +96; = Jun+-¢
and consequently (9.28) holds for |3| — 0o uniformly on (9.25)
(cf. (2.51)). By (9.25) we may apply (8.19) to F(ze*). So by
(2.50)
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x r—1 i
H(z) = Qu(2)+ gj D; P, (ze")— ; (Ci+Dy)Py(ze™)
+(Co4-D,) Ex(ae)+-0(z>+41%)

for |z| - oo uniformly on (9.25). On account of (4.7) and (2.46)
this is equivalent to

H(z) = Qu()+ 3 D, P, (z")

— 3 C;Py(2¢"1)+(C,+D,) En(zer)+0(2°+3/#)
0

for |3| — co uniformly on (9.25) and this implies the assertion of
the theorem in view of the definitions in § 4.

REMARk: If r = n = 0, §, > O then (9.88) may be replaced by
(7.11).

Proor: By the definition II in §4.2 and (4.7) the datum
dp > 0 implies k = —1, Dy = 0, C, = ¢,. So the righthand side of
(9.83) becomes

H(z) ~ Q(a)+¢oE (ze).

Therefore

(9.34) H(z) = ¢ Ey(ze")+0(z0-+-1)

for |z| - co uniformly on (9.25) and for arbitrary integers N = 0
(cf. definitions III and IV in § 4 and use n = 0). On the part of
(9.25) where

(9.85) Re(ze'to)lr = —1

we have uniformly for |z] - o
(9.86) O(z1==~MIk)+ ¢y Ey(ze*0) = ¢ Ey(2*)

(cf. (4.12)). Now (9.84) and (9.86) imply (7.11) for || - o
uniformly on the part of (9.25) where (9.85) holds. On the part of
(9.25) where

Re(ze't)r < —1

we also have (7.11) uniformly for |z| — o0 according to theorem 4
(cf. (7.6) and (7.18)). Hence (7.11) holds for || — co uniformly on
(9.25).

THEOREM 9.

If p is positive, 6,—38, ; > pm and ¢ is a constant so that
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(9.87) 0 <& < $min(6,_;—0, 5, 6,—6, ,—un)
then
K
(9.38) H(z) ~ Q(3)+ S D, P(ae)
r

r—1 .
-2 CdP(zew’H‘(Cr—l‘l‘Dr—l)E(ze""—l)
0

for 2| = oo uniformly on
(9.89) —Yun—e < arg 2+6, ; < —Sune.
Proor: We choose &, = e+3(8,—6,_,—pun) in (2.44). Then
(9.89) implies (2.44) and so (2.50) may be applied.
If § < r—2 then on account of (9.87) and (9.89)
arg Z+65 = arg z+6r—1_(6r—1——6r—2) = —%‘uﬂ—E

and so (9.27) holds for |2| - oo uniformly on (9.89) by lemma 8:
(2.52). If § = r then according to (9.87) and (9.89)

arg z+6§ g arg z+6r—1+(6r_67—1) —2— %:”"n_l-e

and so (9.28) holds for || — oo uniformly on (9.89) by lemma 8:
(2.51). Finally to F(ze‘*-1) we may apply lemma 8, especially
(8.20), on (9.89). Combining these formulae with (2.50) we get

r—2

H(z) = Qu(z)+ Ej\:D;Pw(ze“’)— ; (Cy+Dy)Py(ze™)
—(Cr1+D,_)Py(2e"1)+(C,_+D,_ ) En(ze'*-1)+0(243/*)
and so by (4.7) and (2.46)

r—1

H(z) = Qu(z)+ 3 D, Py(ae)— 3 C,Pufas')
+(C, 1+ D, ;) Ex(ze"1)+-O (w311

for |z| — oo uniformly on (9.89). This implies (9.88) for |z] > o©
uniformly on (9.89).

REMARk: If r = n = 0, 6, > O then (9.88) may be replaced by
(7.12). The proof of this assertion runs in the same way as the
proof of the remark after theorem 8.

§ 9.3. We now give a survey showing the theorems which have
to be applied in order to obtain the asymptotic expansions of
H(z) in the case u > 0 on a given general sector. On
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(9.40) 0 <argz+6, < 3(6,—6,;)+¢

the asymptotic behaviour of H(z) in the case 4 > 0 is contained in

i) theorems 5 and 6 if 6,—6, ; < um,
ii) theorems 5 and 7 if 4,—6,_, = un,
iii) theorems 5, 8 and 8 if 8,—4,_; > un.

On
(9.41) —3(6,41—6,)+e < argz+4, <0
we have to use

iv) theorem 5 if 6,,,—9, < unx,
v) theorem 5 and the theorems 9 and 8 if 4,,,—3, > u=.

Here in the last two theorems we have to replace r by r4-1.
Sometimes in the cases iii) and v) theorem 8 has to be replaced by
theorem 4. These special cases are mentioned in the assertion of
theorem 8.

In (9.40) and (9.41) ¢ is a positive constant independent of 2
while ¢ is smaller than a positive number depending only on r but
not on 2. By varying r in (9.40) and (9.41) we see that the behavi-
our of H(z) for |3] — oo can be written down in any sector of the
z-planeif 4 > 0 (for §_, -— o0 and 8, — o0 if r — o0 by definition
I of §4.2).

If 4 = 0 then the analytic continuations and the behaviour
near ¥ = o0 of H(z) can be read off from theorem 2. Finally we
remark that all values of m, n, p and ¢ satisfying (1.4) have been
considered. The numbers §,, however, depend on the choice of
m, n, p and gq.

§ 10. Another method to obtain the asymptotic expansions
of H(z) and some special cases of the theorems
of §9and of § 6

§ 10.1. The most difficult part in the derivation of the asymp-
totic expansions in the theorems 4—9 is the estimation of the
remainder terms, especially of the last integral in (2.27) and the
function 7(z) in (2.60). These functions have been estimated with
the help of the lemmas in § 5. This method is related to the method
of indirect Abelian asymptotics (cf. G. Doetsch [18] II p. 41).

The estimation of the functions mentioned above can be done
also by means of the method of steepest descents. In the following
we give a sketch of the estimation of the last integral in (2.27) —
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that is the function o(z) defined by the first equality in (2.29) —
by means of this method.

We remind of the assumptions made at (2.27): y > 0, n =0,
m = q and (2.22). So we treat again the exponentially small
asymptotic expansions of H(z) in the case y > 0, n = 0, m = gq.
We consider again (2.25), (2.27), (2.28) and (2.29). In (2.25)
Hy(z) is the special case of H(z) with £ >0, n =0, m =gq.
Further the function hy(s) occurring in (2.25) is defined by (2.24).
For w and N we choose conditions different from those in § 2.2.
N will be a non-negative integer such that (cf. (8.24)):

(10.1) N> 1-Reuq,

while w satisfies (2.2) with m = ¢ and (2.26). The function
pn(s) occurring in (2.27) and (2.29) is defined in lemma 38 in § 8.8.
It can be verified that (2.25), (2.27) and (2.28) remain valid for
(2.22). From (2.27) and (2.28) it follows that in order to estimate
Hy(z) we have to estimate g(2) defined by the first equality in
(2.29). This will be done here on (7.9) where ¢ is a constant such
that 0 < ¢ < fun.

First we remark that there exists a positive constant K,
independent of |z2| and of arg z such that

(10.2) { Re 2/t > —p Re b/p; forj=1,...,¢;
) Re 2¥/* > N4+ Rea—1

for |z| = K, and (7.9). Next we choose
(10.8) w= —u~! Rez#.

in the case |2| = K, and (7.9) hold. This is allowed since in view
of (10.2) now (2.2) and (2.26) are fulfilled. Now w is negative on
account of (7.9) and (10.3).

From lemma 8 in § 8.8 and the formula of Stirling (8.1) we
easily deduce that there exist positive constants K, and K,
independent of s such that if |s| = K, and | arg (—s)| < 3 then

len ()l = Ko,

(10.4) |IF(1—us—a—N)| < K,|s|f RV

- exp {—u Re s Log |us|+u Re s+p Ims arg (—s)}.
There exists a positive constant K, independent of |z| and arg z
such that Re 2¥/# = uK, if |3| = K4 and (7.9) hold, and such that
K; = K,. Hence if |3| = K,, (7.9) is fulfilled and Res = w
(cf. (10.8)), then |s| = —w =K, and |arg (—s)| < }=, and
consequently (10.4) holds.
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So if |2| = K, and (7.9) are satisfied then by (2.29) and (10.4):

(10.5) lo(z)| =< K3 [ |s|=Ree¥
* |2|” exp {—pw Log |us|+pw+p Im s(arg (—s)— argz'/#)} - |ds|.

If Res = w then |s|}Re*¥ < (—w)iRe*¥ by (10.1). Further
we substitute in the integral in (10.5): s = w+i(v+wz) where
(cf. (108)):

1 .
(10.6) v= — — Im2V# so 2Vt = —u(w+w).
u

Then we may deduce from (10.5)

(10.7) lg(z)[ éKg(_w)i—Rea—N ®© P, 2) dop

—00

if |3] = K3 and (7.9) hold, where
(10.8) f(v,2) = —} Log {u2(w*+ (v+wa)?)}
+ (z+v/w) arctg (z+vfw)+1
+1 Log {u?(w?+v?)}— (z+v/w) arctg (v/w).

The function f(v, #) also depends on w. From (10.8) we derive
f(v,0) =1 and

(10.9) Bf(;)‘;m) = arctg (w + z%) — arctg 3’ )
ao10) T _ 1y o popyy

With this information about f(v, #) we can attack the integral in
(10.7) in an analogous way as in section 2.4 of A. Erdélyi [14].

We suppose further always |3| = K, and (7.9). Let 7 = ¢&/u.
Then according to (7.9) and (10.6)

(10.11) [v/w| =< cotg .
So if || <1 then by (10.10) and (10.11)

&*f(v, z)

(10.12) ot

= 2k

where k is a positive constant independent of 2 and of z. From
(10.8), (10.9) and (10.12) we easily derive f(v, ) = 1+4ka? for
|z] = 1. Consequently
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(10.18) [ exp {uwf(v, 2)} dz < Vz|(—pkw) exp (uw)

for |2| = K3 and (7.9).
Using (10.9) and (10.11) we may infer that if 2 = 1

ﬁ(;";_w) = arctg (14 cotg n)—(3n—n) >0

and that if 2 < —1

of (v, )
or

< arctg (—1— cotg )+ (3=n—1n) < O.

From these formulae and f(v, 0) =1 we may deduce

(10.14) j_’; exp (uwf(v, z)) dz
+ f:o exp (uwf(v, z))dz =< K, exp (uw)/(—w)

for |z| = Kj and (7.9) where K, is a positive constant independent
of w and of z.
The estimates (10.7), (10.18) and (10.14) imply

o(z) = O(wi—2Nerv)

for |z| - o0 uniformly on (7.9). On account of (10.8) and (7.9)
this can be written as

(10.15) a(z) = z0~2=-N exp (—z1/#)0(1)

for |3| — oo uniformly on (7.9). This estimate is sharper than the
estimate in (2.85). Now (2.86) and the assertions in theorem 4 on
(7.9), (7.18), (7.14) and (7.16) follow like in § 2.2 and § 7.

In an analogous way we may apply the method of steepest
descents to estimate the function 7(z) in (2.60) on (8.12). In view
of (2.59) this function plays the rdle of a part of the remainder
term in the asymptotic expansion of F(2), the auxiliary function
defined by (2.48). The function F(z) has been introduced because
from the behaviour of F(2) near z = o0 we may deduce the
behaviour of H(z) near z = oo in most cases with u positive by
means of (2.50). The estimation of 7(2) by means of the method
of steepest descents very much resembles the method used in the
lemmas 5, 7, 8, 9 and 10 of Wright [83]. Therefore we do not
sketch this method and we refer to the work of Wright.

§ 10.2. Here we consider more closely a special case of the
theorems 3, 8 and 9 in §6.8 and § 9.2. It may occur in these
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theorems that the formal series (9.81) only contains a finite
number of non-zero terms. One of these cases is mentioned in
theorem 8 and in the remarks after theorem 8 and theorem 9,
viz. the case that u >0, §, >0 and r =n = 0.

Here we treat the general case in which the formal series (9.31)
only contains a finite number of non-zero terms, that u > 0
and 6,—4,_; > un. We give a sketch how to obtain more in-
formation about the behaviour of H(z) for [z| — co than the
information contained in the theorems 8, 8 and 9.

From definition IV in § 4.6 and (2.7) it follows that

Q(2)+ X% D, P(ze1)— 3771 C, P(ze**) = — residues of
h(s)z*in the points s for which both (1.6)and (4.28) hold
+ residues of hy(s){k,(s)+ X% D;e?s —3571C et}
in the points (4.28).

(10.16)

In view of the supposition about (9.81) there is only a finite num-
ber of non-zero terms on éither side of (10.16). Let the sum of
these terms be denoted by 7'(z) and let these terms be the residues
in the points s = s,, ..., s, of the sequence (4.28).

It can be verified easily using (1.1), (2.7) and (2.10) that

(10.17)
r—1

H) = T+ 5 | ho)iule)+ I Dje=3 C,er)eds

for z # 0, where C, is a contour in the complex s-plane from
s = co—1ik to s = co+tk (k is a suitable positive constant) such
that the points s = sy, ..., s, and

(10.18) s = (b;+7)/B; G=1..,:v=0,1,2,...)
are lying to the right of C,.
From the fact that the righthand side of (10.16) only contains

a finite number of non-zero terms we may deduce further
r—1

(10.19) ho(s) {ia(s)+ 3 Dye—3 €y} = hy(s)h(s)

where hy(s) is defined by (2.24) and where h;(s) is either identically
equal to zero or

(10.20) hg(s) = ?k, exp (il;s).

Here o is a non-negative integer, k,, . . ., k, are complex numbers

independent of s and {I;} (f = 0, . . ., ) is an increasing sequence
of real numbers independent of s. In the case h;(s) =0 then
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H(z) = T(z) by (10.17) and (10.19) and the asymptotic behaviour
is known.

We now consider the case h;(s)£ 0. Then it appears that
6,—6,_; = 2un and

ly = 6,—um, 1, = 6, y+um,

(10.21) ko = (C,+D,)(2n1)P~? exp (21: b,— ? a;)mi,

P

ky = —(Cry+Dy_y)(—2mi)— exp (3 a)— 3 by)mi.
1

1

We omit the proof of these assertions. From (10.17), (10.19) and
(10.20) we deduce if z 7~ 0:

(10.22) H(z) = T(Z)+ % kj %;fc hz(s)(ze"l;)ads.

The coefficient of k; in (10.22) is a special case of the function
H(z exp il,) with ¢ = m, n = 0 (cf. (1.1), (1.8) and (2.24)). To
these functions we apply theorem 4 in § 7.8 on the sector (6.27)
where ¢ satisfies (6.25). Then we obtain for H(2)—T(z) an ex-
ponentially small asymptotic expansion on (6.27). In particular if
0,—0,_; # 2un we may deduce from (10.22), (10.21), theorem 4
and lemma 5 in §4.5:

(10.28) H(z)—T(z) ~ (C,+D,)E(*)+(C,1+Dy1)E (zer)

for |z| = oo uniformly on (6.27) or more generally on

(10.24!) { %:”'ﬂ—ar < argz < ‘__%M-.af—l’

Re(ze?) < —¢,, Re(ze'1) < —¢,

where ¢, is an arbitrary positive constant. Further we may deduce
that if 6,—6,_; < 2ux:

(1025)  H(3)~T() ~ (Cry+Dyy) E(ze)

for |3| = oo uniformly on

(10.26) —3(8,—6,_,)+¢ < arg 2+06,_; < —um, Re(ze*1) < —¢g
and

(10.27) H(z)—T(z) ~ (C,+D,)E(ze')

for |3| - oo uniformly on

(10.28) dunm < arg z+6, < (6,—6,_,)—e, Re(ze') < —¢,.
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If §,—6,_; = 2un we may deduce from (10.22) and theorem 4 that
(10.25) and (10.27) hold for |2| — oo uniformly on (10.24). These
assertions supplement the assertions of theorem 8 in the case that
(9.81) only contains a finite number of non-zero terms and
H(z) £ T(2).

From (10.25) and (10.27) and the theorems 8 and 9 of §9.2
we may deduce that (10.27) resp. (10.25) also holds for |z| — <o
uniformly on (9.25) resp. (9.89) if (9.81) only contains a finite
number of non-zero terms and H(z) # T'(z). This supplements the
assertions of the theorems 8 and 9.

Analogous remarks can be made in § 11 and § 12 at the applica-
tions of the theorems on H(z).

§ 10.3. The last special case we consider is the case that one or
more of the coefficients C;4-D; occurring in the asymptotic
expansions in the theorems 5—9 in § 9 are equal to zero. In these
cases better approximations for H(z) can be obtained by modifying
the definition of ¢; and so of C, and D,.

Assume Cy+Dy % 0 and C,+D, # 0 but some of the other
coefficients C;,+ D, are equal to zero. Then we change the definition
of d; and so of «, C;, and D, as follows:

Let y,, ¢; and d; be defined in lemma 4. Consider the formal series

*® :, Sl -,
(10.29) % c; e’ — % d,e s

and rearrange the terms in this series such that we obtain a series
of increasing powers of exp is:

3 e, exp (i8,9)

where 6, = y,, d, resp. e, are real resp. complex constants and
none of the numbers ¢, is equal to zero. Using these numbers §; we
may construct the numbers «, C,; and D, with definition II. Then
we see that now C;4-D; = e; 7% 0. Further again lemma 4a can
be derived: the proof needs only slight alterations. In our consid-
erations in § 2, §§ 6—9 we only used the properties in lemma 4a
of the numbers ¢;, x, C; and D,. So the theorems about H(z)
remain valid if we use the definitions given above for 4, ete.
instead of the definitions in § 4.2. Now the coefficients C,+D; in
the asymptotic expansions are not equal to zero and so better
approximations for H(z) are obtained.

In the case that Cy+Dy =0 or C,+D, =0 in the original
definition the new definition has to be changed slightly.
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§ 11. Applications to the G-function

§ 11.1. We consider the function H(2) from § 1 in the case that

(1L1) o =1(@=1,..,p) B=1(G=1,...,9).

The conditions I resp. II of § 1 for the existence of H(z) now read:
qg>p,2#0resp. ¢ =p, 0 < [3| <1, since by (1.8) and (1.10):
p=¢q—p and B = 1. In these cases H(z) coincides with the
G-function. So:

Suppose m, n, p and ¢ are integers such that 0 =n =p = ¢,
1 <m<=gqandsupposez #0ifg>pand 0 < 3| <1lifg=1p
Assume further: a,, . . ., a,, by, . . ., b, are complex constants such
that

(11.2) a,—b, #1,2,8,... (G=1,..,nh=1,...,m).

Then the G-function is defined by (cf. C. S. Meijer [22], p. 229)

L T~ [ Ta—a+s)

— 2t ds
27

(11.3)  GpJ(2lyn32) =

¢ H I'(1—b;4+s) H I'(a;—s)
m+1

where 2° is defined by (1.2) and C is a contour in the complex
s-plane which runs from o0 —ir to co+-4z(r is a suitable positive
number) and which encloses the poles b, b,+1,...(j=1,...,m)
but none of the poles a;,—1, a,—2,... (j=1,...,n) of the
integrand (such contours exist because of (11.2)). The suppositions
made’ above will be assumed tacitly in the rest of § 11.

If p and g are integers with 0 < p < ¢+1, if a,,...,a,,
by, ..., b, are complex numbers and if |3] < 1 in the case that
p = g¢+1 we define the generalized hypergeometric function
»Po(2) by
zh

= 1T @)/ TG+,

1

Mz

(11.4) L@y, ..., a,5 by, ..., b, 2)

hO

If (11.2) and

(11.5) b,—b, #0, +1, £+2,..
G=1...,mr=1..,m;j#r)

hold and if 0 < |3] <1 when p = gresp. z % 0 when p < ¢ then
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(11.8) Gy (2lgy::n52) = =™ El TIII’(I—a,-er,.)

? m -1

. {H I'(a;—b,) 1:[ sin n(b,—b,,)}
m i#h

2 @ (l+by—ay, ..., 14+b,—a,;

14by—byy v k..o 1bby—by (—1)PHmtn2);

the asterisk denotes that the number 1+4b,—b, has to be omitted
in the sequence 1+4b,—by,...,14+b,—b, (cf. [22], p. 230).
(11.6) can be proved by means of the theorem of residues; it is a
special case of (6.5).

§ 11.2. Before we specialize the theorems 2 up to 9 for the
G-function we prove some properties of the quantities occurring
in the definitions in § 4 in the case (11.1).

LEMMA 9.
If p =m+4+n—1 then
(11.7) d; = (m4+n—p-+2§)n

(cf. definition 1, § 4.2). If p < m~+n—1 then (11.7) also holds for
§ = 0 while for j < O:

(11.8) ;= (p—m—n+2j4+2)n.

If k is an integer, arbitrary in the case p = m~+n—1 and satisfying
k=0or k=p—m—n in the case p < m-+n—1 then

(11.9) é, = (m+n—p-+2k)n
where r is determined by
r=kFk if p=m+n—1 and k is arbitrary and also if
(11.10) k=0, p<min—1; r =m+n—p—1+k if
p <m+n—1 and k < p—m—n.
Finally
(11.11) 8,—b; 4 = 2m
save in the case § =0, p < m+n—1 for in this case
(11.12) 6p—0_y = 2(m+n—p)n > 2m.
Proor: By lemma 4 in §4 and (11.1) we have

y; = (m4+n—p+2j)= G=012...)
and so
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yoif R =0
(11.18) (m4+n—p+2h)x = { —y, if h < p—m—n and
g =p—m—n—h.

Suppose first p = m+n—1. Then any integer j satisfies § = 0
or/and j < p—m—n. So by (11.18) every number (m+n—p-+2h)z
where h is an arbitrary integer is equal to a number y, or/and
—y, for an appropriate g. So if we write down the numbers
y;and —y,(j = 0,1,2,...) in an ascending sequence we obtain
the sequence

{(m+n—p+2h)a} (h=...,—2 -1,0,1,2,...).

From this, definition I in § 4.2 and yy = (m+n—p)x (cf. (11.18))
we deduce (11.7).

Suppose next p <m+4n—1. By (11.13) the number
(m+n—p-+2h)x is only equal to a number y; or —y; if h = 0 or
h < p—m—n. So if we write down the numbers y, and —y;
(7=0,1,2,...)in an ascending sequence we obtain the sequence

{(m+n—p-+2h)z)
h=..,p—m—n—2, p—m—n—1,p—m—n,0,1,...).

From this, definition I in § 4.2 and y, = (m+n—p)x (cf. (11.13))
we deduce (11.7) for § = 0 and (11.8) for § < 0.

From (11.7) and (11.8) we infer (11.9) with (11.10) in both
cases p = m+n—1 and p < m+n—1. Now also (11.11) and
(11.12) are easily verified.

Before proving other properties for the quantities in the
definitions I—IV we give

DEerFINITION V. If 1 < h < m and (11.5) holds then
(11.14) ¢, = a™t"? {exp(p—m—n-+1)nib,}
P m
- TI sin =(a;—b,) [ T1 sin (b,—b,).
n4l1 1

i#h
In the second place

(11.15) S(=) = > residues of h(s)z* in the points s satisfying
stmultaneously s =b;+» (j=1,...,m;»=0,1,...)
and s=a,—~1—p(r=n+1,...,p;p=0,1,...) (cf.
(1.8) with (11.1)).

Thirdly if g is an integer and (11.5) holds then we define the formal
series R(g; z) by
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(11.16) R(g; 28) = —S(2)+ X o, exp (—2gnib,)
h=1
X Y residues of ho(s) {zetmtn—r+20-1748 [sin 7 (b, —s) in the
points s =a,—1—v (r=1,...,p;v=0,1,...) (cf.
(2.10) with (11.1)).

Finally if p < m4n then
p m
Ao = (2ni)y™"-? exp (Y a;— > b;) xi,
n4l 1

P

Ap—mn = —(—2mi)™+"—? exp (2 b,— z a,~) ni,
1

n41

(11.17)

while if g is an integer, g # 0 and g #* p—m—n in the case
p < m+n, if g is an arbitrary integer in the case p = m--n, and if
(11.5) holds then

(11.18) A, =21 % o, exp {—(2g+1)nib,}.
1

In the case that (11.5) does not hold we also use (11.16) and (11.18)
as definitions but then we replace the righthand side in (11.16) and
(11.18) by the corresponding limat.

REMARKS: It can be verified that the limits just mentioned
exist.

If

—b ' 2. =1,..,p;7=1,...,
(11.19){(1, i #1 (r=1 pii=1 q)

a—a; #0,4+1,+2,... (r=1,..,p;i=1,...,p;7#7)
and (11.5) are fulfilled then

»
(11.20) R(giz) = 3 7(rs g)(aetmsn—s+ao-nrtyers

=

X 3 (sete=n-m6) ] I(1-+b,—a,+») | TT I(1+a,—a,+7)
1 1

y=0

where for r =1,..., p:

(1L.21) o(r; g) = am+-1-¢{ T sin n(a,—a,)}~*
] X
X 3 {exp (p—m—n-1—2g)nib,}
h=1

4 14 m
X IT sinn(a,—b,) - T] sinn(a,—b,) - { T sin 7(b;—b,)} .
i mH ieh
(11.20) can be verified by calculating the residues in (11.16). The
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function S(z) in (11.16) is equal to zero if (11.19) is fulfilled.
Using definition V we now prove

LeMMma 10.

Suppose (11.1) and (11.2) are satisfied. Let k be an integer such
that k =0 or k=< p—m—n (so if p = mi+n—1 then k is an
arbitrary integer). Let r be determined by (11.10). We use the
definitions in § 4 and (2.11).

Then if s—b, is not an integer for h =1, ..., m and if (11.5)
holds:

'3 r—1
(11.22) hy(s)+ 3 D,e?s— 3 C,es
r 0
= emin—p+2k-Limis N 5 exp (—2knib,)[sin n(b;—s).
1

Further
(11.23) Q(=)+ é D,P(ze“”)——'ilC,P(ze“’) = R(k; 2).
r 0

This is an equality between formal series. If 0 < p < m+n
and k = 0 then r = 0 and the lefthand side of (11.28) reduces to
Q(z). Finally

(11.24) C,+D, =X
while if p < m+n
(11.25) Ay E(zetmtn-»imi) 4 3 . E(zeP-m-mmi)

— (Co-+Dy)E(36")+ (C_y+D_y ) E(ze-1)
and for the values of k mentioned above save for k=0 with p <m-+4n
(11.26) A, E(zetmtn—pt2imi) 2 F(zelm+n—p+2e-2)mi)

= (C,+D,)E(2¢%)+(C,1+D,1) E(2¢"").
Proor: In order to prove (11.22) we show that if (11.5) holds

L3 r—1
(11.27)  {hy(s)+ 3 D,e*#— 3 C e’} et
r 0
— > 0,6~ 5in 7 (b, —s)
1

is a bounded integral function which tends to zero for Im s—— co.
For then it follows that the function (11.27) is identically equal
to zero and with (11.9) now (11.22) follows.

In view of (2.11), (11.1), (11.9) and (11.14) the singularities
of the function (11.27) in the points s =b,4+v (j =1,...,m;¥



318 B. L. J. Braaksma [80]

integral) are removable and so that function can be considered
as an integral function. Since the function has period 2 it is
bounded for [Im s| £1 (cf. (2.8) and (11.1)). Further from (4.8),
(4.9) and an analogue of (2.54) (the latter applied to the last sum
in (11.27)) we deduce that the function (11.27) is bounded for
Im s =1 while its modulus is at most

K |exp 4(9,_,—96,)s| +K,|exp —2nis|

for Im s < —I. Here K and K, are constants independent of s.
Hence the function (11.27) is bounded for Im s = —I and tends
to zero for Im s > —oo. The assertions concerning (11.27) now
follow.

Using the definitions IV and V in § 4.6 and § 11.2, (11.22) and
(2.7) we deduce (11.28) if (11.5) is fulfilled. By taking limits we
see that condition (11.5) is superfluous. If p < m--n then ¢, > 0
and k = —1 (cf. (11.7) and (4.7)). So if p < m+n and k = 0 then
r = 0 by (11.10) and the lefthand side of (11.28) reduces to Q(z).

Further if p < m-+n then because of « = —1, (4.7) and
definition II in §4.2: Cy =¢,, D_; = —dy, and C_; = Dy, = 0.
From this, (4.8), (11.10) and (11.17) we deduce (11.24) in the case
that p<m-+n and k=0 or k=p—m—n (then r=0 or r=—1).
With (11.9) this leads to (11.25) in the case that p < m--n.

Next suppose k is an integer which is arbitrary if p = m-n and
which satisfies k£ > 0 or k < p—m—n if p < m+n. The dependence
of r on k will be denoted temporarily by (k). Then r(k-+1)
= r(k)+1 for the values of k we consider, in view of (11.10). Now
we subtract the corresponding sides of (11.22) for k||k and k||k4-1.
Then using (11.9), (4.7) and (11.18) we easily derive (11.24) for the
numbers k we consider here. Hence (11.24) holds for the values of
k mentioned in lemma 10.

If k>0o0r k <p—m—n then r(k—1) = r(k)—1 by (11.10).
Using (11.24) and (11.9) we now infer (11.26) for £k =0 or
k =< p—m—n except for k =0, p < m+n.

§ 11.3. Before formulating the theorems on the G-function we
make some preliminary remarks and we give a survey of these
theorems.

In the theorems on the G-function we assume

1) (11.1), (11.2), 1 =m=<q, 0=n=<p, 0 <e<m[4 with ¢
constant.
2) If ¢ > p then in definition III in § 4.4 we put

(11.28) ﬂ = q—p’ ﬁ =] 1, Ao = (2n)(7—q+1)/2(q__.p)a—*
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(ef. (1.8), (1.10), (8.24), (3.28)) and so
(11.29) E(2) ——l—z A ;(g—p) i 20-a=i)e-?) exp{(g—p) 2L/ @D},

For the numbers 4,, 4,, ... in (11.29) recurrence relations have
been given by T. D. Riney, J. G. van der Corput and E. M.
Wright (cf. the remark after lemma 2 in § 3).

8) Q(»), &, o, and R(k; z) are given by the definitions IV
(cf. § 4.6) and V (cf. § 11.2). So in view of (11.1), (1.8) and
(4.26) :

I I'(t—a;+s) H I'(b;—s)
(11.80) Q(z) = residues of z z’ in the
I I(1—b,+s) [T I'a
m+1 n+4l1

points s =a,—1—v (j=1,...,n;7»=0,1,2,...).

4) The lefthand side of (11.8) will be abbreviated by Gyg(z)if
there is no reason for confusion.

The contents of the following theorems can be summed up as
follows: If ¢ = p theorem 10 contains the analytic continuations
and the behaviour near 2 = oo of the G-functions. If ¢ > p then in
the majority of the cases the asymptotic expansion of the G-
function is given by theorem 138. These expansions are exponenti-
ally infinite. Theorem 18 does not include the asymptotic ex-
pansions in the following cases (we assume ¢ > p):

i) p <gq, p+qg < 2(m+n) and (11.40) holds,

iil) ¢ = p+1 and (11.42) holds where k is arbitrary if p = m-+n
and k>0 or k <p—m—n if p <m+n (k is always an
integer),

iii) argz belongs to a transitional region like (11.49), (11.56),
(11.61), (11.68), (11.66) and (11.68).

In case i) theorem 11 and theorem 12 may be applied. They
include the algebraic and exponentially small asymptotic ex-
pansions. In case ii) again theorem 11 may be applied giving
algebraic expansions. Case iii) is covered by the theorems in
§ 11.6 and theorem 14.

The following theorems may be compared with the theorems
A4, B,C, D, E* and 16—22 of C. S. Meijer [22]. These results
include those of T. M. MacRobert [21]. In this paper MacRobert
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considers the asymptotic expansion of the E-function which is a
special case of the G-function.

§ 11.4. In this section we deduce the analytic continuations
and algebraic asymptotic expansions of the G-function.

THEOREM 10.

ASsERTION 1. In the case 1 =< p < m+n the function Gy;(z)
can be continued from 0 < |3| < 1 inlo the sector
(11.31) | arg 2| < (m+n—p)n
by means of
1 ¢ I TG—s)II I'(1—a;+s)

1 1

(11.82) G™M(z) = —

2*ds
34 27t

P P
PTI r(1—b;+s) IT I'(a;—s)
m+1 n4l
where D is a contour which runs from s = ¢—100 to 8 = 0+10
(o is an arbitrary real constant) so that the points s = b,+ g
G=1..,mg=0,1,...) resp. s=a,—1—h (j=1,...,m;
h=0,1,...) lie to the right resp. left of D. The function in (11.82)
can be continued analytically into the domain |z| > 1 by means of

(11.33) Gy (2) = Q(2)

if 1=p <m+n. Q) now represents a convergent series for
[z > 1 (cf. (11.80)).

ASSERTION 2. Suppose (11.5) holds, p =1, k is an integer
which is arbitrary if m4+n < p while k > 0 or k < p—m—n if
m+n > p. Then G7';(z) can be continued analytically into the
domain

(11.84) —n < arg 2+ (m+n—p+2k—1)n < =

by means of

(11.85) Gpr(z) = —S(2)+ 3 ape=2mits

A=1
ds

1
R h.(s ze(m+n—p+2k—1)1ri L
o(#)( ) sin (b, —s)

271 J p
where ), and S(z) are given by definition V in § 11.2, hy(s) is given by
(2.10) with (11.1) and D' is a contour which runs from oc—1ic0
to o410 (o arbitrary real) so that the points s = a,—1—v»
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(r=1,...,p;v=0,1,...) lie to the left of D' while those
points s=b,+g(j=1,...,m;g=0,1,...) which differ from
the points first mentioned lie to the right of D'. The function in
(11.85) can be continued analytically into |3| > 1 by means of

(11.86) Gy (3) = R(k; 2
where now R(k; z) (cf. (11.16)) is a convergent series for |z| > 1.

Proor: Assertion 1 follows from remark 1 after theorem 2,
especially (6.28), and u =0, &, > 0 (cf. (1.8), (11.1), (1L.7)).
Assertion 2 follows from theorem 2, lemma 10, (11.9) with (11.10)
and (11.11) with § =r.

ReEMARK. If m = 1, » = p then (11.82) can be written in the
form

(11.87)  Gpo(Ehye) = ~f

sin 7( bl—s)

for | arg 2| << =. If moreover b; = 0 the G-function in (11.37) is
equal to a constant times a function ,p,_,(z) (cf. (11.6)).

From (11.85) and (11.87) it follows that if the assertions for
(11.85) are satisfied then

m
(11.88) Gpp(zln:inee) = —S(2) + X wlo, e Bmitn
a=1
X Gyop (zemn =248 [ Jus s, )
where the asterisk denotes that b, is omitted in the sequence

by, ... b,. (11.88) can be deduced also from (11.4), (11.6) and
(11.14). From (11.837) and (11.88) we can deduce (11.85).

THEOREM 11.

If p<gq, p+q < 2(m+n) then the algebraic asymptotic ex-
pansion
(11.89) Griz) ~ Q(z)

holds for |z| — oo uniformly on

(11.40) larg 2| < (m+n—}(p+q))7n—
If n =0, p < q and p+q < 2m then better estimates are given in
theorem 12. Further if p = 1 then the algebraic asymptotic expansion

(11.41) G™? (2) ~ R(k; 2)

2, 9+1

holds for [3] — o untformly on
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(11.42) dnte < argz+ (m+n—p4-2k)n < Sn—e

where k is an integer which is arbitrary if p = m-+n while k > 0
or k=p—m—n if p <m-+n.

Proor: Suppose first p < ¢, p+¢ < 2(m—+n). Then (2.18) is
fulfilled in view of (11.7) and (11.28). From (11.7), (11.28) and
the assertion in theorem 8 in § 6 concerning the case u > 0,7 = 0
and (2.18) we infer (11.839) on (11.40). If moreover n = 0, then
Q(z) represents a formal series of zeros by (11.80) and then
theorem 12 gives the exponentially small asymptotic expansions
instead of (11.39).

Next suppose the conditions concerning (11.41) are fulfilled.
Then (2.19) holds in view of (11.11) and (11.28). So we may apply
theorem 3: (6.26), (6.27). Using (11.28), (11.9), (11.11) with
j =r and (11.28) we obtain (11.41) on (11.42).

§ 11.5. This section contains the exponentially small resp.
infinite asymptotic expansions.

THEOREM 12.
Suppose 0 =< p < q < 2m—p. Then the following exponentially
small asymptotic expansions hold: In the first place

(11.43) G (z) ~ Ay E (zetm—2)74)

for |z| = o uniformly on

(11.44) ' larg 2| = $(g—p)n—e

if m = gq, and uniformly on

(11.45) (3(p+g)—m)nte < argz =< —e

if m < gq. In the second place

(11.46) Gpod(z) ~ Ay_y E (zetP—m™)i)

for |3| — oo uniformly on (11.44) if m = ¢, and on
(11.47) e<argz =< (m—4(p+q))n—e

if m <gq. Finally if m < q then

(11.48) GmO(z) ~ A E(zetm=—27i) 4 3 E(zew—mmi)
for |z - o uniformly on

(11.49) larg 3| < e.

Proor: By (11.28) and (11.7) we have u = q—p, 6, =
(m~+n—p)n. Since n =0 and p < g < 2m—p in theorem 12
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the conditions n = 0, # > 0 and (2.13) in theorem 4 in §7 are
fulfilled. Using (4.8) and (11.17) we may translate the assertions of
theorem 4 into those of theorem 12.

THEOREM 13.
Suppose k is an integer which is arbitrary if p = m-+n—1 while
k=0o0or k=p—m—n if p<m+n—1. Then

(11.50) Gy (2) ~ Ay E(zetmtn—vt2Rimi)
for |2| = oo uniformly on
(11.51) —n+e = arg 2+ (m+n—p+2k)x = n—e
if ¢ = p+2 and uniformly on
(11.52) —inte Zargz+(m+n—p+2k)n < jn—e
if ¢q=p+1. If p<m+n—1 and p+8 < q then (11.50) with
k = 0 also holds for |z| — oo uniformly on
(11.58) —n+e < argz+(m+n—p)n
= —e&+ min(3(¢—p), m+n—p)n
and (11.50) with k = p—m—n also holds for |z| — oo uniformly on
(11.54) e—min(3(¢—p), m+n—p)n
Sargz+(p—m—n)n < n—e.
The asymptotic expansions in this theorem are exponentially infinite.
Proor: According to (11.11), (11.12) and (11.28) we have
min (yr, 6,—8,_,) = 2= ifqg = p+2resp. =nif g = p+1.

Hence theorem 5 in §9, (11.24) and (11.9) imply (11.50) on
(11.51) if ¢ = p+2 and (11.50) on (11.52) if ¢ = p+1. If, however,
g =p+8, p<m+n—1 and k=0 resp. k =p—m—n then
r =0 resp. r = —1 by (11.10) and min(d,—9d_,, un) > 2n by
(11.12) and (11.28). So in these cases (11.50) with k = 0 resp.
k = p—m—n not only holds on (11.51) with k£ = 0 resp. k =
p—m—n but more generally on (11.58) resp. (11.54) (cf. (9.8)).

THEOREM 14.

Suppose k is an integer which is arbitrary if m-+n < p+1 while
k>0 or k<p—m—mn if m+n>p+1l. Then if ¢ =p+38
(11.55) GIM(z) ~ Ay E(zem+n—r420mi) 4 3, F (nptmin—p+2h—2)mi)

for |z] = co uniformly on
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(11.56) n—e < arg 2+ (m+n—p+-2k)n = nt-e.

Further if 0 <p <gq, p+1 <m+n < §(p+q) then

(11.57) Gl (=) ~ Ay E(zetmtrn—nmi) 4 7 E (zeP—m—mmi)

—m—n

for |3| = oo uniformly on (11.49). The expansions in this theorem
are exponentially infinite.

Proor: If k satisfies the assumptions for (11.55) then by (11.10)
and (11.11): 6,—6,_; = 2xn. So if ¢ =p—+3 then §,—4,_; < umwand
theorem 6 in § 9 may be applied. Combining (9.17) and (9.18) with
(11.26) and (11.25) (the latter in the case k=0, p+1 = m+n),
(11.9) and 6,—9,_; = 2z we obtain (11.55) on (11.56).

If p+1 < m+n < 4(p+q) then using (11.12) and (11.28) we
see that d,—d_, < um. So the assertion in theorem 6 concerning
the case r = 0 may be applied. In view of (11.7), (11.12) and
(11.25) we obtain (11.57) on (11.49).

§ 11.6. In this section we consider the asymptotic expansions
in the remaining transitional regions.

THEOREM 15.
Suppose k is an integer which is arbitrary if p = m-+n while
k>0o0r k=p—m—n if p<m+n. Then if p =1

(11.58) G2 o(z) ~ R(k; 2)+24 E (zetm+n—vt20mi)
+A'k—1E (ze(m+n—p+2k—2) ni )

for |z| = oo uniformly on (11.56). If, however, p=n=0and ¢=2
then (11.55) holds for |z| — oo uniformly on (11.56).
If 0 <n =p <m+n=§p+q) then

(11.59) G377 (z) ~ Q(z)+4, E(zetmtn—omiyy 3 E(get®-m-mmi)

for |3| - o wuniformly on (11.49). If n = 0, m = ¥(p+q), p <q
then (11.57) holds for |z| — oo uniformly on (11.49).

Proor: If the assumptions for (11.58) are satisfied then it
follows from (11.11) and (11.28) that 4,—46, ; = unm. So by
theorem 7 in § 9, (9.24), (9.25), (11.28), (11.9), (11.23) and (11.26)
we have (11.58) on (11.56). Next if p =n = 0 and ¢ = 2 then
again 6,—0d,_; = um. Further now (9.81) represents a formal series
of zeros and so by theorem 7 and remark 2 after theorem 7
(cf. §9), (11.9), (11.28) and (11.26) we have (11.55) on (11.56).

Ifos=n=p<m+tn=3%p+q) and k =0 then r =0 and
8—0_; = um by (11.10), (1L.11), (11.12) and (11.28). From
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theorem 7, lemma 10, (11.7) and (11.28) we deduce (11.59) on
(11.49). If moreover n = 0 we may apply remark 2 after theorem
7 and (11.25) to obtain (11.57) on (11.49).

THEOREM 16.
If ¢ > p, p+q < 2(m-+n) then

(11.60) G"‘ e (2) ~ Q(z)+4, E (zetm+n—nmi)
for |z| = oo uniformly on
(11.61) }(g—p)n—e < arg z+(m+n—p)r < 3g—p)n+e.

If moreover n = 0 we may delete Q(z) in (11.60).
If p = 1 and k is an integer which is arbitrary if p = m+n and
which satisfies k > 0 or k < p—m—n if p < m+n then

(11.62) Gcm™r (z) ~ R(k; z)_l_)»’c E(Ze(m+n—p+2k;1ri)

?,9+1
for |2| = co uniformly on
(11.63) in—e S argzt+(m+n—p+2k)n < In+te.
Further
(11.64) Gy i(z]by) = 2"1e".

Proor: If ¢ > p, p+q < 2(m+n) then p < m-+n and so by
(11.11) and (11.12): y—d_, = 2(m+n—p)n > (¢—p)n = umn.
Now using theorem 8 in the case r = 0 (cf. § 9), (11.9) and (11.10)
with & = 0 and lemma 10 in the case k = 0, p < m-n we obtain
(11.60) on (11.61) for ¢ > p, p+q < 2(m—+n). If n =10, ¢ > p,
p+q <<'2m then Q(z) represents a formal series of zeros and we use
the remark after theorem 8, (4.8) and (11.17). Then we get (11.60)
with Q(3) omitted on (11.61).

In the case that the assumptions of (11.62) are satisfied and
¢ = p+1 then by (11.10), (11.11) and (11.28): 6,—6,_; > um.
From theorem 8, (11.9) and lemma 10 we now derive (11.62) on
(11.68). Finally (11.64) is a consequence of (11.4) and (11.6).

THEOREM 17.
If p<gq, p+q < 2(m-+n) then

(11.65) G5ra(2) ~ Q(2) 2y E(2eP~m7™7)

for 3| > oo uniformly on

(11.66) —}(g—p)i—e S argz+(p—m—n)n < —}g—p)n+te.
If moreover n = 0 then the term Q(z) in (11.65) may be omilted.
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If p=1 and k is an integer which is arbitrary if m4+n < p
while k >0 or k < p—m—n if p < m+n then

(11.67) Gy (2) ~ R(k; 2) 44—y E (zetm+n—pt2k-217i)
for |3| = oo uniformly on
(11.68) —in—e < argz+(m+n—p+2k—2)n < —3nte.

Proor: The proof is analogous to the proof of theorem 16; only
instead of theorem 8 we apply theorem 9 and instead of (11.9)
and (11.10) with k = 0 we use these formulae for k = p—m—n.

§ 12. Generalizations of the hypergeometric series

In this paragraph we consider some classes of series containing
the hypergeometric series and the Bessel function as special cases.
In §12.1 and §12.2 we treat the generalized hypergeometric
function considered by E. M. Wright [32], [84]. In § 12.3 the
exponentially small asymptotic expansions of another class of
generalized hypergeometric series will be given. In §12.4 we
consider the generalized Bessel function introduced by E. M.
Wright in [31] and [35].

§ 12.1. In this and the following section the function

o ZV b4 q
(12.1) WalB) = % o1 I'(a;v+a;) [TI T'(B;v+b;)

y= 1 1
will be investigated. Here we assume that p and ¢ are non-
negative integers, o, ..., a,, fy, ..., f, are positive constants,
a,... a, by,... b, are complex constants such that

(12.2) av4a;#0, —1,—2,... (G=1,..,p;»=0,1,...).

In §12.1 and §12.2 we use the number u defined by

(12.8) u=1+$m—§%

instead of by (1.8), and the number f defined by (1.10) with the
same p, ¢, «; and B; as in (12.1). Then if y is positive the series in
(12.1) is convergent for all values of z and it defines an integral
function of 2. If 4 = 0 then the series in (12.1) is convergent for
|3] < B! and it defines an analytic function of z for |z| < 2.

This may be shown by means of theorem 1 (cf. § 6): Consider
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the special case of the function H(z) in § 1 with the same p and
o(j =1,...,p) as in (12.1) and with

n=7p, qlg+1, m=1, g =1, by =0, B, and

12.4 { . .
( ) bjl1—b,_, for j =2,...,9+1, aj|[l—a,(j=1,...,p)

The number y defined by (1.8) assumes the value given by (12.8)
if we make the substitution (12.4) in (1.8). Further the value of 8
defined by (1.10) does not alter if we substitute (12.4). Finally
the conditions (1.4) and (1.5) are satisfied (cf. (12.2)).

From theorem 1 especially (6.1) and (6.5) we deduce that
if we substitute (12.4) in the function H(z) of §1 then

(12.5) We(3) = H(—2)

for 4 > 0 and 2 # 0 and for x = 0 and 0 < |3| < B~1. The func-
tion H(2) in (12.5) does not depend upon the value of arg 2
because ,y,(z) is one-valued (cf. (12.1)). Further it is easily seen
that ,y,(z) is analytic in 2 = 0 and that if x = 0 and |2| > !
then the series in (12.1) is divergent except in the case of a
terminating series.

Special cases of the function ,y,(2) have been considered among
others by G. Mittag-Leffler (cf. G. Sansone and J. C. H. Gerretsen
[28] p. 845), E. W. Barnes [3], [4], D. Wrinch [38], [89], [40],
C. Fox [17], C. V. Newsom [24], H. K. Hughes [20], C. S. Meijer
[22], S. Bochner [5a], [6] and J. Boersma [7] while the general
case of jy,(z) with 4 > 0 has been considered by E. M. Wright
[82] and [34].

The function of Mittag-Leffler is the special case ;y,(z) with
o; =u, = b; = 1. Barnes and Meijer have considered the or-
dinary generalized hypergeometric function which is the special
case of ,y,(3) with oy = ... =0, =f;=...=f,=1.

Then ,y,(2) is a special case of the G-function and the asymptotic
expansions and analytic continuations of this function (derived
by Barnes and Meijer, cf. § 1.2) can be applied. Also a special case
of the G-function and of _y,(3) is the function considered by
Boersma viz. the function in (12.1) with oy, ..., o, 1, .. Bq
positive rational. The properties of the G-function can be applied
again in this case.

Fox has considered the more general special case of ,y,(3) that u
is positive rational. The method of Fox resembles in some aspects
the method used by Barnes to obtain the exponential asymptotic
expansions. However, in some of the expansions of Fox each
coefficient is equal to zero (so-called ‘“dummy’ expansions).
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Before Fox, Miss Wrinch considered the special case of ,y,(2)
withp=0and g, =...=8,=1resp.p=1,q¢=4,0, = f; =
... =fy = 1. She used results of Barnes and Kelvin’s method
of critical points. Newsom resp. Hughes has considered the
special case of ¢y,(z) with g, =...= g, =1 resp. arbitrary
positive B,, . . ., B,. They use results derived in [28] and [19] for a
more general class of functions (cf. below). In some cases Hughes
does not obtain the exponentially small asymptotic expansions.

Bochner has considered the special case of ,y,(2) with x = 0.
His method is related to the Laplace-Borel transformation.

More general series than the series in (12.1) have been con-
sidered by E. W. Barnes [2], G. N. Watson [29], W. B. Ford [16],
C. V. Newsom [28], H. K. Hughes [19] and E. M. Wright [83] and
[86]. However, in certain cases the asymptotic expansions ob-
tained are ‘“dummy” expansions.

Watson used his theory of asymptotic series and his results
about the transformation of asymptotic series into convergent
factorial series. Wright simplified and extended these methods of
Watson (cf. the description of Wright’s method in §1.2).

Barnes used approximations by functions of which he pre-
viously derived a large number of properties by means of contour-
integration.

Ford continued and extended the research of Barnes [2] in his
book [16]. He used approximations by means of integrals which
can be estimated by means of a method related to the method of
steepest descents. Newson and Hughes again extended the re-
search of Ford.

The results of the authors mentioned above concerning asymp-
totic expansions of the function ,y,(z) and its specializations in
the case 4 > 0 are contained in the results of Wright in [32] and
[84]. His results have the advantage that the asymptotic ex-
pansions hold uniformly on sectors a finite number of which
cover the entire z-plane. Wright also deduces the exponentially
small asymptotic expansions and moreover he gives relations for
the coefficients in the asymptotic expansions.

In §12.2 we deduce the analytic continuations and asymptotic
expansions of the function ,y,(2) by specializing the theorems
2—9 with (12.4) and using (12.5).

The analytic continuations in the case 4 = 0 are contained in
theorem 18. The asymptotic expansions of ,y,(2) in the case
0 < u < 2 are given in the theorems 19, 21 and 22 except in the
case that p = 0 for then the algebraic expansion in theorem 19
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has to be replaced by the exponentially small expansion in
theorem 20. In the case u = 2 the theorems 21 and 22 yield the
asymptotic expansions.

§ 12.2. For the specialization of the theorems 2—9 to theorems
about the function ,y,(2) defined by (12.1) we first transform
some of the numbers and functions used in those theorems by
means of (12.4). First by (8.24) and (12.4)

q P
(12.6) o= 2 b;— 2 a,+3(p—g)+1.

1 1
Next according to (2.11) and (12.4) we have h,(s) = —a/sin zs,
S0

hy(s) = 2ni % e@+IImis resp, —2mg Y e~ (rH1Imis
0

for Im s > 0 resp. Im s < 0. Comparing this with lemma 4 and
the definitions I and II in § 4 we see that

y;=(2f+1)m (j=0,1,...), 8, = (2j+1)7 (j =0, £1,...),
k=—1, ¢g=Cy= —dy=D_; = 2mi, C_;=Dy=0.

(12.7) {

In definition III in § 4.4 the numbers 4,, 4, ... are determined
by lemma 2 in § 8.2. So by (12.4) they are defined as follows in the
case u > 0: Ay, 4,,... are the numbers independent of s so
that if ¢ is a constant with 0 < ¢ < = and N is an arbitrary non-
negative integer then

(Bu)- H [(;s-+a)[{T(s+1) II I'(B;5+b,)}

(12.8) N1

= X A,/l(us+e+j) +O0(1)/I(us+a+N)
0
for |s| — oo uniformly on (8.2). Especially
(12.9) A = (2m)¥o0 = TT gt TT 1.
1 1

Here u, f and « are given by (12.8), (1.10) and (12.6).
Finally

(12.10) Q(z) = residues of 2 I'(—s)T] I(a;s+a,)/TET(B,5-+b;)

in the points 1 '

(12.11) s = —(a;+v)/a, G=1,..,p;v=0,1,...)

(cf. definition IV in § 4.6).
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We now use the definitions (12.3), (1.10), (12.6), (12.10) and
definition III in § 4.4 with 4, 4,, ... given by (12.8) and (12.9)
in the following theorems.

THEOREM 18.
If u = 0 then ,y,(2) can be continued analytically into the sector
larg (—z)| < = by means of

. HTs+a)
(12.12) p'/’a(z) = 2_m b : I'(—s)(—z)*ds
IIL(Bss+0,)

where D is a contour in the complex s-plane which runs from s = o
—1t00 t0 8§ = g-+100 (o ts an arbitrary real number) so that the
points s = 0,1, 2, ... resp. (12.11) lie to the right resp. left of D.
From the sector | arg (—z2)| < m the function ,yp,(2) can be con-
tinued analytically into the domain |3| > f~' by means of

(12°13) pwa(z) = Q(‘——Z).
Here Q(—z) is a convergent series for |z| > (L.
Proor: Use theorem 2 in § 6.2 with » = 0, (12.7) and (12.5).

THEOREM 19.
Suppose 0 < u < 2, p >0 and ¢ is a constant so that
0 < &< }2—pu)n. Then the algebraic asymptotic expansion

(12.14) ¥a(3) ~ Q(—2)
holds for |2| — oo uniformly on
(12.15) larg (—2)| < (1—}u)m—s.
Proor: Use theorem 3 in § 6.3 with » = 0, (12.7) and (12.5).

THEOREM 20.

Suppose p =0, ¢ >0, u < 2 and ¢ is a constant so that
0 < & < H2—pu)n. Then the following exponentially small asymp-
totic expansions hold:

(12.16) oVe(R) ~ 2miE(3)
for |z] = oo uniformly on

(12.17) tunte < largz| < m—e.
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Further

(12.18) o¥a(2) ~ 2n1 {E(z)+ E (2¢72™)}

for [z] > oo uniformly on

(12.19) n—e < 4 argz = e

Here in (12.18) and (12.19) the upper resp. lower signs belong
together.

Proor: Since p =0, ¢ >0 and 4 <2 we have x> 1 and
0o > sum (cf. (12.8) and (12.7)). So the assumptions of theorem 4
in §7.8 are fulfilled. We apply this theorem with (12.7) and
2||2ex™. Because ¢ > 0 in theorem 20 we have to consider the
case ¢ > m in theorem 4 (cf. (12.4)). Using (12.7) and (12.5) we
now easily obtain (12.16) on (12.17) from (7.11) and (7.12) while
(12.18) on (12.19) is a consequence of (7.15).

THEOREM 21.
Suppose u is positive and & is a constant so that 0 < &
< }7nmin(u, 2). Then the exponentially infinite asymptotic expansion

(12.20) WVe(2) ~ 2miE(2)
holds for |2| — oo uniformly on
(12.21) larg 2| < 17 min (4, 2)—e.

Proor: Apply theorem 5 in § 9.1 with r = 0, z||ze~™, (12.7)
and (12.5).

THEOREM 22.

In the transitional regions the following asymptotic expansions
hold: If u > 2 and ¢ is a constant so that 0 < ¢ < }min (2, u—2)
then

(12.22) WWe(2) ~ 27t {E(z)+ E (zeT2"")}
for |z| — oo uniformly on (12.19). This expansion is exponentially
infinite.

If =2, p>0 and ¢ is a constant so that 0 < e <n|2 then
(12.28) Wa(?) ~ Q(ze™™)+-2m1 {E(2)+ E (2¢7*)}

for |z| = oo uniformly on (12.19). If u =2, p=0 and ¢ is a
constant so that 0 < & < m[2 then (12.22) holds for |z| — oo
uniformly on (12.19).
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If 0<u<?2 p>0 and ¢ is a constant so that 0 < ¢
< }(2—p)n then

(12.24) SWe(B) ~ Q(267")+2n1 E (2)
for 3] = oo uniformly on
(12.25) tun—e < 4 arg z < Lun+t-e.

If 0 <pu <2 and p =0 and e is a constant so that
0 <e<}2—u)rw then (12.20) holds for |z| — oo uniformly on
(12.25).

In (12.22) and (12.19), (12.28) and (12.19), and (12.24) resp.
(12.20) and (12.25) the upper resp. lower signs belong together.

Proor: Suppose first u > 2. Then in view of (12.7) we have
60— 90_; < um and so we apply theorem 6 in § 9.1 with r = 0 and
2||ze™™. Using (12.5) and (12.7) we infer (12.22) on (12.19).

Next suppose 4 = 2. Then d,—d_; = un by (12.7). Hence we
may apply theorem 7 in § 9.2 with z||ze¥"* and r = 0. Using (12.5)
and (12.7) we obtain (12.23) on (12.19). If moreover p = 0 we
use remark 2 after theorem 7. Then we see that (12.28) may be
replaced by (12.22) on (12.19).

Finally suppose 0 < 4 < 2. Then 8,—d_, > u=n by (12.7). In this
case we use theorem 8 resp. 9 in § 9.2 with z||ze~"* resp. z¢"* and
r = 0. On account of (12.5) and (12.7) we may write the result
as (12.24) on (12.25). If moreover p = 0 then (12.24) may be
replaced by (12.20) in view of the remarks after the theorems 8
and 9.

§ 12.3. Here we consider another generalization of the hyper-
geometric function, which also contains the function ,y,(z) as a
special case:

(12.26)
1) = 3 S 1T Toy-+a){I] T(8,-+b) T] T —a,—e)}

=0 V!

-

where n, p and ¢ are integers, 0 <n < p, ¢ =0 and «;, ..., «,,
Qyy .y, Bry vy Bgs by - o o5 b, satisfy the same assumptions as
at (12.1) except that in (12.2) we replace p by n.

2(—=2) is the special case of H(z) in § 1 with the same n, p and «;
as in (12.26) and with

9l|£I+1, m =1, /31 =1, bl =0, ﬂ:iH.Bi—l and

(12.27) { . )
b,”l-—-b;_l (7 =2... 9+1)’ a,lll-—a, (7 =1.., P)-
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(cf. (6.5)). Then the numbers u# and g defined in (1.8) and (1.10)
attain the values given by (12.8) and (1.10) (in (12.8) and (1.10)
the parameters a; etc. are those occurring in (12.26)). In the
following x denotes the number defined by (12.3).

From theorem 1 in § 6 it follows that x(z) is defined, one-valued
and analytic in 2 for 4 = 0, [2| < f~! resp. x > 0 and arbitrary z.

If n = p we have x(2) = ,p,(2) (cf. (12.1)). If p > n and (12.2)
holds, then x(z) can be expressed in functions ,y,(z): Using (2.6)
and an analogue of (2.88) we see that

? ? N
(12.28) I I'1—a;—o;v)™t = I I'(a;7+a;) 3 pse™™
n41 n41 0
and

N
(12.29) 1(z) = %Pi p'/"a(zeir’)'

Here N is a positive integer, 7, . . ., 7y T€Sp. py, - - ., py are real
resp. complex numbers independent of ».

The analytic continuations resp. asymptotic expansions can be
deduced from the theorems about H(z). If n < p and (12.2) holds,
then in most cases these properties can also be deduced from
(12.29) and the theorems in § 12.2 about ,y,(2). Only in the case
that n =0, p > 0 and

(12.30) éj «; + iﬂ, <1

(12.81) larg (—=z)| = 3(1 — 2 o; — }::ﬂ,)n—e

where ¢ is a constant so that

(12.32) 0<e< }(1-— ,?a,- — gqﬁ;)m

theorem 19 and (12.29) lead to an algebraic asymptotic expansion
of x(z) in which each coefficient is zero, while an application of
theorem 4 in § 7 shows that in this case y(z) has an exponentially
small asymptotic expansion. Therefore we give only the exponenti-
ally small expansions of y(z) because the other expansions can be
derived from the theorems 18—22 and (12.29).

THEOREM 23.

Suppose m = 0, (12.80) holds and ¢ is a constant satisfying
(12.82). E(z) will be defined by (4.18) where u, B, « and A, are given
by (12.8), (1.10), (12.6) and (12.9), and A,, A,, . . . are determined
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by (12.8). In the following formulae the upper resp. lower signs
belong together.
If ¢ =0, then

(12.88) x(z)~ (2n)?iexp{+(3p— ia,-)ni} E(zexpF ia,-ml)
1 1
for |3| = co uniformly on
(12.84) in(1+ zp o;)+e < +argz < m.
1

If ¢ > 0 then (12.83) holds for |z| - oo uniformly on

(12.85) in(1+ E::ozj—l— z::ﬁ,)+8 < targz <m—e
If ¢ > 0 then
(12:86) 1(2) ~ (2)'~23[exp (= (hp— 3 )i} E(z exp F )

P P
+exp {F (3p— Za,)ni} E(z exp F(2— 3 o))
for 3| > co uniformly on
(12.87) n—e < +argz < wte.

The asymptotic expansions (12.88) and (12.86) are exponentially
small.

Proor: Substituting (12.27) in (2.12) and (4.8) we obtain

? P

8 = (1— X o;)m, ¢g = (2m)' 71 exp (§p— 2 a;)7i,

(12.88) 1 » 1

dy = —(22)'2i exp (3.0, hp)ai.
1

In view of (12.8) and (12.80) the number x is positive and
(2.18) holds. From theorem 4: (7.11) with 2||ze~"%, (12.8), (12.88)
and y(z) = H(—=z) with (12.27) we deduce that (12.83) with the
upper sign holds for |3| — oo uniformly on

14 P
—in(l— Y o) te S argz—n < In(l— Y o;)—¢
1 1
if ¢g=0 and on

tn(—1+ ga,—l— El:ﬂ,)—l-e Sargz—a < —e¢
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if ¢ > 0. This implies the assertion concerning (12.88) with the
upper sign. In the same way the assertion concerning (12.88) with
the lower sign follows from (7.12) with z||ze™. Finally using (7.15)
with 2||2e¥™ in the case u > 0 we obtain (12.836) on (12.87).

§ 12.4. A special case of the function x(z) in § 12.8 has been
considered by E. M. Wright. In [85] he investigated the asymp-
totic behaviour for |3| — oo of the generalized Bessel function

#(2):
(12.89) §

v'P(b av)

where ¢ is a real number such that 0 < ¢ < 1 and b is a complex
number. This function is the special case of x(z) (cf. (12.26)) with

(12.40) g=n=0,p=1, o, =0, a, =1-b.

Previously in [81] Wright investigated the function ¢(z) with
o < 0 but this function is a special case of ,y,(z) (cf. (12.1)).
Here we derive again the asymptotic expansion for |3| — o0 of
@(2) in the case 0 < o < 1. These expansions will be derived from
the theorems 8 —9 and 238. We do not use (12.29) and the theorems
of §12.2 because then the case 1—b+4ov =0, —1, —2,... for
v =0, 1,... has to be excluded.
In view of (12.89) and (6.5) we have

(12.41) ¢(z) = H(—=)
with
(1242) g=m=1,8,=1,b,=0,p=1,n= 0,0, = 0,a; = b.
So by (2.11) now h,(s) = —sin #(b—as)/sin 7s and
hl(s) — (eﬂi(b—u‘t)__e—ﬂi(b—a's))ze(2v+l)ﬂia if Im s > 0
0

(12.48) S
hl(S) - (ewi(o's—b)___e—iri(¢n~b))ze—(2v+1)m'a lf Im s < 0.
0

In view of (4.4) and because 0 < o < 1 this implies y, = #(1—o0),
y1 = n(14-0), Y, = #(8 —0). Combining this with (12.43) and the
definitions I and II in § 4 we obtain
6o = n(l—o), 6, = n(l+o), 6, = n(8—0), 6 =
(12.44) { —z(1—0), 6= —a(l40), k=—1, C;=0ifj<O0,
D;,=0 if =0, Cy=e", C;=D_;= —e ",
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Further by (12.42), (1.8), (8.24) and the definitions IIT and IV in
§ 4:
p=1—0, a =b+%, Q(z) =0,
P(z) = residues of 2*I'(1—b+-o0s)/I'(1+s)
in the points s = (b—1—»)/oc (v=0,1,...),

(12.45) E(z) = 2_;::—@'(_—:——0—)

exp {(1—o)l~7 g” 2}/ 1=

. z A,(gv(l__0)1—az)(1}—b—;)/(1_,),
0

Ay = V2n(1—0)? gt

where A,, 4,,... are determined by

(12.46)

(6°(1—o)=o)*I'(1—b+os)[I(1+s) ~°§:: A,/T((1—o)s+b+3+7)

for |s| - oo on |arg s| < #/2.
Using the definitions (12.45) and (12.46) we prove

THEOREM 24.
Suppose + < o <1 and ¢ is a constant so that

(12.47) 0 <e<in(8o—1).
Then the algebraz:c asymptotic expansion
(12.48) @(3) ~ —e*™ P(ze=77%)
holds for |z| — oo uniformly on

(12.49) larg 2| < 3(8o—1)m—e.

Proor: Because 3 < ¢ < 1 and because of (12.44) and (12.45)
we have 8,—4, > un. Hence we may apply theorem 8 in § 6.3
with » = 1 and z||ze~"%. Using further (12.41), (12.44) and (12.45)
we obtain the assertions of theorem 24.

THEOREM 25.
Suppose 0 < o <1 and & is a constant so that

0 < &< }nmin (1—o, 20).
Then @(3) possesses the exponentially small asymplotic expansion
(12.50) @(3) ~ de£i E(zeT07)

for |z| = oo uniformly on
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(12.51) in(l+o)4e < 4 argz < .
(12.50) also holds for |3| — oo uniformly on
(12.52) 4n(8o—1)+e < L argz<nresp.e < Largz ==

if <o <1lresp.0 <o =3 This expansion is exponentially
infinite on the sector

(12.58) 3n(80—1)+e=< +argz=<in(l4+0)—¢
resp. £ < +arg 2 < 3n(l+0)—¢,

if <o <1 resp. 0 <o < %. In the formulae above the upper resp.
lower signs belong together.

Proor: The exponentially small expansion (12.50) on (12.51)
is an immediate consequence of theorem 23 and (12.40).

Next we apply theorem 5 in § 9 with » = 0 and z|[ze~"%. Using
also (12.41), (12.44) and (12.45) we obtain the exponentially
infinite expansion (12.50) with the upper sign for |2] — c0 uni-
formly on

(12.54) e¢—%nmin (1—o, 20) < argz —no < —e+4n(1—o0).

In the same way using 8,—d_, > un we derive from the remark
after theorem 8 in § 9.2 that (12.50) with the upper sign holds
for |z| - oo uniformly on

(12.55) 3n(l—o)—e < arg z—no < dn(l—o)+e.
Combining (12.51), (12.54) and (12.55) we obtain the assertions
concerning (12.50) with the upper sign.

Using theorem 5 in § 9 with » = —1, z|[ze™ and the remark
after theorem 9 in § 9.2 with 2||ze™ we obtain the assertions
concerning (12.50) with the lower sign.

THEOREM 26.
If 0 <o < % and ¢ is a constant so that

0 < ¢ < }n min (1—380, 20)

then

(12.56) @(r) ~ e’ E(2e~77"%)—e 0" E(2e7™)
for |2| = oo uniformly on

(12.57) larg 2| = e.

If 0 =% and ¢ is a constant so that 0 < & < %n then
(12.58)  @(z) ~ €' E(ze~37%) — =7 E(2e37%) — ™ P (ze17%)

Jor 3| = oo umiformly on (12.57).
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If 1 <o <1 and ¢ is a constant satisfying
0 < ¢ < }n min (2—2¢, 80—1),
then

(12.59) P(z) ~ LePT E(2eT7" ) —eb™ P(ze~0")
for |z| = oo uniformly on

(12.60) in(80—1)—e < + arg 2z < in(80—1)+¢
where the upper resp. lower signs belong together.

Proor: If 0 < ¢ < 1then 8,—d, < ux by (12.44) and (12.45).
Now apply theorem 6 in § 9 with r =1, z||ze~"%. Using also (12.41),
(12.44) and (12.45) we deduce (12.56) on (12.57).

If ¢ =% then 6,—d, = un by (12.44) and (12.45) and so
theorem 7 in § 9 with » = 1 can be applied. This leads to (12.58)
on (12.57).

If 1<o<1 then 6,—d; > un according to (12.44) and
(12.45) and consequently theorem 8 resp. 9 with » =1 can be
applied. Replacing z by ze~"¢ in these theorems and using (12.41),
(12.44) and (12.45) we arrive at (12.59) on (12.60).
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