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Proximate Orders and Distribution of a-points
of Meromorphic Functions

by
Shankar Hari Dwivedi

§ 1. Let f(z) be a meromorphic function of order p(0 < p < ©)
and lower order A(0 <4 < ). Let M(r,f), T(r,f), n(r, a),
N(r, a) have their usual meanings.

We define p(r) to be proximate order D of f(z) for T'(r, f),
having the following properties;

1.1  p(r) is real, continuous and piecewise differentiable;
1.2  p(r)—>p as r > oo,
1.8 rp'(r)logr — 0 as r — oo,
1.4 T(r,f) Sr*" for r =1,
= 7?1 for a sequence of values of r — oo.

For the existence of this proximate order see [7] where p(r)
is constructed with log M(r, f) and f(z) is an entire function.
The same reasoning may be applied to construct p(r) with the

above properties. From the properties 1.1 to 1.4 we can deduce
the following,

1.5 r*®) is an increasing function of r = r,.
1.6 (ur)P®  ~ wPrP® for r =1,
1.7 n(r, a) < K r*® for all r = r,. [18]

§ 2. We define A(r) to be proximate order L for f() for T'(r, f)
having the following properties.
2.1 A(r) is non-negative, continuous function of r for r = r,.
2.2 A(r) is differentiable except at isolated points at which
A'(r — 0) and A'(r + 0) exist.
23 Alr) >4 as r— oo.
2.4 1A (r)logr -0 as r - o0.
2.5 T(r,f) =r* for r =,

= r* for a sequence of values of 7 — 0.
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For the existence of this proximate order see [8] where A(r)
is constructed with log M(r, f) and f(z) is an entire function.
The same argument may be applied to construct A(r) with the
above properties.

From properties 2.1—2.5 we can easily deduce the following

2.6 7" is an increasing function of r = 7,.
2.7 (ur 20 ~ y?A0 for r = 7, [4]

§ 3. Applying the properties of p(r) and A(r) we prove a number
of results. For convenience we set

8.1 n(r) = n(r, a) + n(r, b)
3.2 N(r) = N(r,a) + N(r, b)

where a #b, 0 <a <00, 0<b <
and prove the following theorems

THEOREM 1. If

3.3 Lxm sup :A(r)/) =a < ©
and
N(r)
8.4 IOy ——=—>0 as r — oo.
Then for 2 %4 a, b
= lim ian::;f). < lim sup :A;) ) <o < oo,

By putting b = oo, we can easily deduce from this theorem the
analogous result for entire functions. Also consider the following
function

fo) =TI (1 + 22—)“"

n

where
k=[p]+1
U, = A
A, =n"
then

(6]
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Hence
. n(r,0)
lm'L iup Aw =
so that
. N(r,0)
lu:n::lp —Aw = 0. [3]

Hence the condition 8.3 is essential.

TueOREM 2. If

8.6 hm 1nf T::(')/) =f>0
and
3.7 N()—>0as r—
P
Then for x # a, b,
3.8 0<pg= lu'r:::lf : (") 2) < lin'liupNx(’f) <1

And since [3]

i n(r, a)
0 < lim sup—W—< 00
3.9 e
if and only if 0 < lim m sup (p:') ) < ©

we can easily deduce analogous results for entire functions by
putting b = oo and replacing N(r, a) by n(r, a). See [18].

§ 4. To see whether the converse of theorem 1 and 2 is true or
not we note that if N(r, z)/r*® -0, then T (r, f)/r*"— o0 as r—>o0
also. Hence without any restrictions on N(r,z)/r*" we cannot prove
anything, in general. We prove the following

THEOREM 8.

If
. N(r, z)
4.1 ufri::p——’m—< [+ for  =a, b, c.
Then
4.2 lim sup :w)f ) < o0
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Imposing more restrictions on f(z) we prove the following

THEOREM 4.
If f(z) is a meromorphic function of non-integral order where
p(p = 1) is the genus and
N(r)

4.3 lim sup = a < 0.
ro0 T
Then

I(r
14 2 <timsup TP < ae(p11)2u(2-+1og pmcoseen(i—p).

THEOREM 5.
If f(x) is a meromorphic function of non-integral order and
genus p = 1, then

N() __ sina(p—p)
45 o SUP e, 1) = Bep(@+log p) (140 )
sin 2(p — p)

4.6

~ 8¢ (24 logp)(1 + p)n

§ 5. S. K. Singh [10] has proved
If f(z) be an entire function of non-integral order, then

i N(r a)
5.1 m sup l—(;g—M(r_f)

S. M. Shah [8] has proved that for functions of order less
than’ one

>0 for all @, (0 =< |a|< o).

5.2 lim supl———z(w—(?ﬁ =1—p

We here prove

THEOREM 6.
If f(z) be an entlre function of non-integral finite order and
genus p, and

N(r, a)

A0 = o < 00.

5.3 lim sup

r—00

Then
g M(r, f)

o) < na3e(p+1)*(2+logp)cosecn(i—p).

1
5.4 % =< lim sup °

r—00
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THEOREM 7.
If () is an entire function of genus zero and 0 < 1 < 1 and
_ m(ra)
5.5 lim sup—-rw— =q < 00.
r->00
Then
log M (r,
5.6 z < lim sup log M(r, /) =< 7o cosee (7).
A r—00 71‘(’)

THEOREM 8.
If /(z) is an entire function of non-integral order p and genus
P, then

) N(r, a) sin #(p — p)
5.7 lim su = .
v log M(r, f) = 8e(p + 112 + log p)=
THEOREM 9.

If f(z) is an entire function of order p, 0 < p < 1 and genus
zero, then

N(r, a) > sin zp

5.8 li .
m,l_,?p log M(r,f) — =p

This theorem has been proved by Valirom [12], but we give a

different proof by using proximate orders.

§ 6. ProoF of THEOREM 1.

By 2.5 we have
I(r,f)

- 00

Also for # #a, b

T(r,f) <N(r) + N(r, z) 4 0 (log r).
Hence

I(r, f)

Ny .. .
rk(r) AN

A + lim inf

r—>00

N(r, z)

1 = lim inf —

< lim inf
r-+00 r—-00

and the left hand equality follows.
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The right hand inequality follows from the fact
that N(r, z) < T(r,f) for all z and the theorem is proved.

Proor of THEOREM 2.
By 1.4 we have
: I(r )
and so the right hand inequality is obvious.
To prove the left hand inequality, suppose if possible

. . N(rz)
llr'rlgf—m;)—=0 for « #a,b.
Hence
N(r) N(r,z)
[—r”"’ ————rp(r) ] —0 as r—>
and so
T
(r’/)—>0 as r — o
ypir)

and this contradicts 8.6 and the theorem follows.

Proor of THEOREM 8.

Let
N(r,
lim sup-(—:(—,f’—‘) —«, (i=1238).
r—>00 r
Then
N(r, z,) < (x; + g;)*® (t=1,2,8).
We have
3
T(r,f) < 3 N(r,2,) + 0 (log )
i=1
3
=2 (et &' + 0 (log r)
=1
—pr9 40 (logr)  (B< ).
Hence
. I(r,f)
hT» SUP — X Sp<®

and the Theorem follows.



198 Shankar Hari Dwivedi (7]

Proor of THEOREM 4.
Since

s

we may suppose @ = 0, and b = oo, without any loss of generality
and so we have

) T(r,1) 0(1)

6.8 n(r) = n(r, 0) + n(r, ©)
6.4 N(r) = N(r, 0) + N(r, ).
Also we know [5] that
tyr*Hidt
65 T(f) < 00*) + (2 +log )1 +p) [ -
By lemma 1 [2] we have
n(t)r”'”dt °°N(t)r’+1dt
66 .fo e =p+1 )f (g )

Setting S = 8¢(2 + log p)(1 + p)? and since from 4.3
N(r) < (« + &)r*® = A (8 < o0)

we get

* A0 pr+1 gy
I(r,f) = ﬂf I )+0(rv).

Put ¢ = ur

® (wr A0 pp+1p gy, »
s SﬁJ. (ur)"‘“(ur +7) +0)

~sp[ ot

~ Spri" z cosec n(A — p) + 0(r?), since 0 <A—p <1.

Hence

by 2.7

lim sup (M')f) = Saz cosee n(A — p)

and the right hand inequality is proved.

The left hand inequality is obvious since N (r) = 2T (r, f) and
the theorem follows.
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Proor of THEOREM 5.
From 1.7 we have

. n(r)
llI:l_::lp T H, < co.
Also since
r rP(r)
6.7 f trO-1dt ~~
7o P
H
6.8 N(r) < =rft,
P

From [5] we have
69 T(./) < 0() + 8e(z + log p)(1 + )
Applying lemma 1 [2] we get
610 T 1) S 0(7) + Be(2 + log p)(1 + )|

In 6.10, set S = 8¢(2 + log p)(1 + p)*

Using 6.8 we have

0 1 $Pl8) po1
—— di

S.H. [ (ur)P®nivity

T(r, f) < 0(r) + sf

© n(t)rP+ide
o P+ 1)

o PH({E+7)

<o(r) +

0 ,,p—p—1
~ 0(r?) + SH: o f Y du.
P ()}

u-+1
Hence
H
lim sup (p( )f) = S.m. cosec w (p — p) —
N
=< S.n. cosec #(p — p) - lim sup 2\
So
: I(r, )
1 2
lim ing 22 1) < S <S
n T —
N = No) = 7.cosec w(p — p)
lim sup ——
r—00 1-/’(")

and 4.6 follows.

p Jo wryHi(ur + 1)

199
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Starting with 6.9 and proceeding similarly we have 4.5 and we
note that 4.6 is a better inequality than 4.5, since p <p + 1.
Proofs of Theorems 6 and 8 are omitted since they are similar
to the proofs of Theorems 4 and 5.

ProoF of THEOREM 7

* n(t, a)
log /(=) < rf 11
B16) S7) [11]
From 5.6,
n(r, a) < (x + e)r*® = A, g < o0,
Hence
log M( £
g Ml ] ﬁj ta-+r)
PA(P) !
~ " -——dt by 2.7.
pr ) u(u +1) y
— ABrAlr)
pr sin n}.
. log M(r, {) o
hr:l-::lp rAn = sin 7d’

Left hand inequality is obvious.

ProoFr of THEOREM 9.
From 1.4 we have

N(r,a) < T(r,f) < rP",

Hence
'y
lim supl-\—(l’—a) =a=<1
roroo yplr)
we have [11]
log M(r, f) Sf n(t)r ) t
< N (t)yr &t
o (t+1)?
00 AUPY
= j « dt
o (E+r)

J‘oo -rp(')up
~a du
o (u+1)
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Hence
. log M(r,f) _ amp
lim sup ———— = —
r-00 r sin zp
" log M(r, f)
im sup —————
lim inf 28 M f) . reeo P 7p
n < .
M TN e — . N(r,a) = sin zp
lim sup e
r—-+00

Lastly we note that if we use the properties of lower proximate
order and assume

N(r, a)

lim sup T
0

r—

< oo.

Then we have

, log M(r, f) _ =l
=
hr?..i:,lp N(r,a) ~ sin =i

and since

7 np

sin 74 — sin zp

and so in one way we have a better inequality.
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