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ON THE HAUSDORFF DIMENSION OF JULIA SETS

OF MEROMORPHIC FUNCTIONS I

PAR

JANINA KOTUS (*)

RESUME. — On donne dans cet article des estimations de la dimension de Hausdorff
des ensembles de Julia pour trois families de fonctions meromorphes. La dynamique de
ces fonctions et la structure topologique de leurs ensembles de Julia ont ete etudiees
par Devaney et Keen.

ABSTRACT. — In the paper it is given a lower bound for the Hausdorff dimension
of the Julia sets of three families of transcendental meromorphic functions. Dynamics
of these functions and topological structure of their Julia sets have been investigated
by Devaney and Keen.

0. Introduction

Let / : C —> C denote a meromorphic function which we shall always
assume to be neither a constant nor a rational function of degree one.
For n G N, /n denotes the n-th iterate of /, and /-n = (.T1)"1- The
Fatou set F(f) is the set of the points z e C such that (/n), n 6 N, is
defined, meromorphic, and forms a normal family in some neighbourhood
of z. The complement of F(f) in C is called the Julia set J(f) of /. J(f)
is perfect and has the property of complete invariance, that is, z 6 J(f)
if and only if f(z) G J(/).

Suppose / is transcendental meromorphic, has at least one pole and
/ is not of the form fo = a + (z — a)~k exp(g(z))^ where k e N, with
an entire g . Then J(f) is the closure of the set of preimages of oo under
all /n. For certain maps of this type the Julia set has several properties
in common with those of entire functions. For example the Julia set may
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306 J.KOTUS

contain Cantor bouquets, which is a typical phenomenon encountered in
the study of entire functions. For some other the Julia set resembles Julia
sets of rational maps, e.g. J{f) is a Cantor set or a quasicircle. More
details of these and other basic properties of the sets F(f) and J(f) can
be found in [I], [2], and [3].

An upper bound for the Hausdorff dimension of the Julia set of
meromorphic maps is two. The standard example when this bound
is attained is a function with J(f) == C, but this is not a unique
possibility. A sharp lower bound for the dimension of the Julia set of these
meromorphic functions is zero (a result announced by G. STALLARD).

In this paper we concentrate on the estimate of dimension of Julia sets
of certain families of maps. Dynamics of these maps has been investigated
in [4]. We prove the following theorems, where HD(J(/)) denotes the
Hausdorff dimension of J{f).

THEOREM 1. — Let f\{z) == A/(l — e"2^), A > 0. Then J(f\) contains
a Cantor bouquet, and HD(J(/^))= 2.

THEOREM 2. — For f^{z) = 1/(A+ e"2^), A > 0, J(A) is a Cantor
set. Moreover, the asymptotic estimate

HD(J(A))>1- °v / log|logA|

holds for some C > 0 and A —> O"1".

Of course, the above inequality implies that our lower bound for
HD(J(A)) tends to 1 if A tends to 0.

THEOREM 3. — Let f\{z) = Atan^, A e R and 0 < |A| < |. Then
J(f\) is a Cantor subset o/M and

•^w^^
for some C > 0 and A —^ 0.

The proofs of these estimates are based on the following result proved
by MCMULLEN [7].

LEMMA 1. — For each k C N, let Ak be a finite collection of disjoint
compact subsets of IR ,̂ each of them has positive finite n-dimensional
measure, and define

00

Uk= U Ak, A = p Z4.
Afc € Ak ^

TOME 122 — 1994 — N° 3



HAUSDORFF DIMENSION OF JULIA SETS 307

Suppose also that, for each A^ C Ak, there exists Ak-\-i € Ak-\-i and a
unique A/,_i G A-i such that A/,+i C A^ c A^-i. If AA;, (4 5a^$/^
/or eac/i A^ 6 w4/c, ^e conditions

' vol(Z4+i HAfc) . .
vol(A^) - ̂ 7

< diamA^; < d/c < 1,

dk —^ 0 05 A: —>• oo,

^e?2

HD(A) > n - lim sup V ^ogA
v / ~ 7. ._ ^ \}n{rdik^00 ^i l10^^!

It is clear that if / is a homeomorphism of a domain D onto f(D), then
the distorsion denned by

L(/,D)=»pl^
^1,^2 |J ^2}|

satisfies L(f,D) == L(f~l,f(D)). In the proofs we use the following
Koebe's distorsion theorem, cf. [5].

LEMMA 2. — Let D(z^r) denote the disc of centre z^ radius r . Then
for 0 < s < r, there is a constant M(s/r) such that, for every univalent
map g : D(z,r) —^ C,

.̂•))̂ H )̂4

1. Proof of Theorem 1

Consider the family of maps

^-r^i' ^Q-
The function f\ is periodic with period TTZ, and its Schwarzian derivative
equals Sfx = (f^/fx) - j(CTD2 = -2' The singularities of f^ are
ai = 0 and a^ = A. They are the transcendental singularities. Recall
that a point a is said to be a transcendental singularity of f~1 (or an

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



308 J. KOTUS

asymptotic value of /) if there exists a curve r in C such that f(z) —^ a
on /(F) when z —^ oo on F. Let

W^ = {z : Re^ < 0}, ^2 = {z : Re^ > 0}.

In each sector Wi^ i = 1,2, /^ has the following behaviour : there is a
disc Bi around a% such that f^^Bi \ {a^}) contains a unique unbounded
component Ui C H^, and f\ : Ui —> Bi \ {a%} is a universal covering.
These Ui are called exponential tracts. It is seen from the graph of f\
restricted to R that f\ has two fixed points ^ = qi (A), z = 1,2, with
9i < 0 < 92^ 9i is repelling while 92 is attracting. Moreover, if Re z > 0
then f^^z) — ^ ( ^ a s n — ) - oo, hence J(f\) is contained in the half-
plane {z : Rez < 0}. As R~ U {0} C J{f\), hence all the preimages
of IR~ are in J(f\). In particular the branches of f^'2n(^L~) belong to,
so called, Cantor bouquet. We recall its definition. Let S^y be the set of
sequences of s = (50,^1,52, . . . ) , where the s^ are integers, \Si < N. An
invariant subset CN of J(f\) is called a Cantor N-bouquet for f\ if there
exists a homeomorphism h : S^y x [0; oo) —^ CN such that

TT o h~1 o f^o h(s^ t) = cr(s),

where 7 r : S 7 v x [ 0 ; o o ) - ^ S 7 v is the projection map, a is the shift
automorphism defined by a(5o, 5i, ^2 , . . . ) = (si, 52 , . . . ) , and lim/i(s,^) =
oo if t —^ oo, lim /^ o h(s^ t) = oo if t -^ 0 and n —^ oo. An A^-bouquet CA^
includes naturally an (7V+l)-bouquet C^y+i by considering only sequences
with entries less than or equal to N in absolute value. The set

C= \J CN
N>0

is called a Cantor bouquet.
Note that one of the asymptotic values 0 is also a pole of f\. Thus f\

satisfies the assumptions of the following lemma proved in [4].

LEMMA 3. — Let f : C —> C be a meromorphic map. Suppose f has
polynomial Schwarzian derivative of degree (p — 2) and has an asymptotic
value dj which is also a pole. Let Wj be the sector containing the
exponential tract corresponding to a j . Then for each N > 0, J(f) contains
a Cantor N-bouquet in Wj which is invariant under f2.

So, for A > 0 J{f\) is contained in the half-plane {z : Rez < 0} and
contains a Cantor bouquet, while F(f\) is an attractive basin of 92- We will
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HAUSDORFF DIMENSION OF JULIA SETS 309

show that HD(J(/^))= 2 for A > 0. Fix A > 0. Further on for simplicity
we omit the index A. Denote by g the second iterate of /, g = f2. Choose
p = p(\) such that p < -j, e-y > {(l-^\-2p)'2-}-^7^<2)^ and the absolute
value of A^Gp) is small enough, the meaning of this condition will appear
further. Define the sets (see Fig. 1) :

Tn = {z : Rez < p, |Im2; — n7r\ < ^7r}, n

T=\JT^
»e2

E = {z : gn(z~) E T for all n e N}.

-Dm,n\

/ g"-2] /g^2

B^ /\ /

r
}^~~^\ \
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310 J.KOTUS

We will show that E C J(/). First, we begin with the

LEMMA 4. — Let g^z) C T, j = 0 , . . . , n - 1, ^en

|(^)^)| >4-nexp(2(2n-l)b|).

Proof. — A simple calculation gives

g{z) = l-exp(-2A/(l-e-22))5

g^z) = (2A-l^V(^)exp(-A/(l - e-2-) - ̂ ))2.

This implies

(/(^l^A-1!/2^).^)!
/ -A(l-e-2Re2cos(2Im2)) \ , - .1"

e^P( i _ 2e-^^(2l^) + e-4He. ) exp(-Re.)J

and consequently

(1) Kff")^)! = 4"A-2"{ 1^(^)1 G»(^)ffn^)}2,

with

Fn(z)= n^2"1"1^)^2"'^))'
m==l

n-1

G,(z)=exp(-^Re^(z)),
m=0

n-1

^(^ =exp{^ -A[l-exp(-2Re^m(^))cos(2Im^m^))]

x [l-2exp(-2Re^m(z))cos(2Impm(^))

+exp(-4Re^m(^))]-l}

m=0

First we show |FnO)| > (i^)71' Let z ^ (-00; ?) and z -^ -00' then

f(z) ^ (9; 0), 9 = A/(l - e-2^) and f(z) -^ 0-. Moreover, T' = /(To)
is a domain attached to 0, contained in the half-plane {z : Rez < 0},
and bounded by the three circular arcs two of them are symmetric with
respect to R" and pass through 0, while the third one is orthogonal to

TOME 122 — 1994 — N° 3



HAUSDORFF DIMENSION OF JULIA SETS 311

the previous two. We have f(z) = A/(l - e-2^) ^ JA(1 + ^-i) in the
vicinity of 0. In fact, in the set T ' (which is thin and contained in a small
neighbourhood ofOby the conditions imposed onp) \f(z}\ > ]-X\l + z~l\.
Now, for z e T, the product \f(z)g{z)\ is estimated from below by
\f(z)\. | JA(1 + /(^F1)! = JA|1 + /(^)|. This implies that

(2) \Fn(z)\= ni^"1^)/2^)!^ II ^ A l l +J e 2 m - l (^ |>( IA) n

m=l yn=l

since /2m-1^) C r and l/27"-1^)] < l/27"-3^)] < .. • < |^|.

We claim that Gn{z) > exp^^ - l)[p|). To prove this it is enough
to show that Re g(z) < 2 Re z, which is equivalent to the inequality
Rew < 2Reg~l(w), where w = g(z). As w e T

g-\w} = - \ log(l + 2Alog-l(l - A/w))

= - \ log(l + 2A/(-Aw- l(l + A/(2w) + ...)))
= - j log( l -2w( l -A/ (2w)+ . . . ) )
^ - j l o g ( l + A - 2 w )

and
exp(-Rew)> ((1 + A - 2Rew)2 + \^

> ( ( l + A - 2 R e w ) 2 + 4 I m 2 w ) j ,
we have that

2 R e w < - log( ( l+A-2Rew) 2 +4Im 2 w) <2Re^- l(w).

Hence we obtain Rew < 2Reg~l{w). By induction one can prove that
exp(-Regrn(z)) > exp^^e/z) for all m < n. It follows that

(3) Gn(z) > exp((271 - l)|Rez|) > exp((2" - l)|p|).

Now we show that

(4) Hn{z) > 1.

As Re^Cz) < p and \lmgm(z)\< ^TT we have

exp(-2Re^m(^)cos(2Im^m^)) > 2-^ exp(-2p) > 1,
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312 J.KOTUS

so -A(l - exp{-(2Regm(z))cos{21mgrn(z))) > 0. Moreover,

l-2exp(-2Re^m(z))cos(2Im^m(z)) > 1 - 2exp(-2Re^n(z))

and 1 - 2exp(-2Re^m(^)) + exp{-4.Regm(z)) > 0, hence we get

1 - 2exp(-2Re^m(^)) cos^lmg^iz)) + exp^Re^^)) > 0,

and finally Hn{z) > 1. By (1)-(4) we have

K^y^l =^nX-2n{\Fn(z)\Gn(z)Hn(z)}2 > 4-71 exp(2(271 - l)h|). D

Having estimated the derivatives of iterates we can prove the

LEMMA 5. — E C J ( f ) '

Proof. — Suppose that ZQ C Er\F{f). Then there is a disc D =
D(zo,r) C F(f) and a subsequence of iterates (/nfc) holomorphic on D
which converges to a holomorphic function g. Hence g ' { z } ^ oo in D.
By LEMMA 4, g'{zo) = lim (/^V^o) = oo, so we arrive at contradiction.
Thus^oeJ(/). D ^00

Let Zm,n = 2m + nm, m, ?z G Z and m < p, where p was chosen just
before LEMMA 4. Define the squares

Bm,n = {Z : |Re(2; - Z^n)\ < \^. \^{z - Z^n)\ < \^} C T.

Take a square .R^ such that g^^Bs.t) has at least one component in T
and let Ai be one such component. We introduce the following collection
of sets :

Ai = {Ai},
^ = ^Aa : As is a component of (^(B^^) for some m < p,

m,n C Z, As C Ai},

^ = {Afc : Afe is a component of g~k(Bm,n) for some m < p,
m,n C Z, Afc C AA;-I for some A^-i e Ak-i}'

Moreover, define
00

Uk = |j Afc, A = F| ̂ .
Afc e Afc fc=l

Then, of course, A C E.

We will show that HD(A) = 2.

TOME 122 — 1994 — ?3
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LEMMA 6. — For each k e N, A^ e Ak, we have

diamAfc < 4^2-^ exp(-2(2/l; - 1) |p|).

Proof. — Let A^ € A. Then ^(A^) = Bm,n for some m < p,
m,n € Z, so diam^(A/.;) = ^2"^. As ^(A/,) is convex and ^(^) e T,
j == 0 , . . . , k — 1, we can apply LEMMA 4 which gives

diamAfc ^ S^ ^4fc7r2-^ exp(-2(2fe -1 ) bl)- D
^4fc

For A/, e A we define G(A^) = {A/^+i C A+i : A^+i c A/,}.
Then Z4+i H A^ = |j A/,+i and

Ak+iCG{Ak)

vol(^+i n Afc) ^ 1 v- vol^^Afe+i))
vol(A,) - ̂ ^J^ vol(^(A,)) ?

where L(gk,Ak) denotes the distorsion of gk on the set A/e. So we need
an upper bound of this quantity, which appears to be uniform in A.

LEMMA 7. — There is a constant 1 < Ci < oo such that for each
Ak € Ak, k e N, the distorsion ^(p^A/c) is bounded above by Ci.

Proof. — Recall that the singularities of /-1 are 0 and A, where 0 is
also a pole, while A belongs to an attractive basin of a fixed point q^ > 0.
So the function g = f2 has only one finite asymptotic value

Ai = -———^ > 0.1 — e~2A

Moreover, Re/^A) > 0 for k C N, so the branches of j~k, and conse-
quently the branches oi g^ are univalent in the half-plane [z : Rez < 0}.
Thus p^ is a homeomorphism of A^ onto gk(Ak), and

L(g^Ak) =L{g-\g(Ak)) =L(g-^B^)

for some B^nC T. As B^n C D^n^-^Tr) C D(zm^ b|), it follows
from LEMMA 2 that

L^B^)^M(2-^)=(\^2^Y.v hi > ^\p\-2-^^
BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



314 J.KOTUS

So by the definition of p there is a constant C\ such that 1 < C\ < oo
andL(<r^m,n)<C'i. Q

Let AA; e AA;, A; € N. Note that (^(A^+i) is a component of^"1^^^)
for some m < p and m^n G Z. As ^^(A^+i) is convex subset of T, it
follows from LEMMA 4 that

^m^(A^) < ̂ T'Cl̂ i <2j7rex^) < ̂mfA^iK^1^))'] lz

Thus
^ voi(^(A^+i)) > voiQricr) n iv ,̂,),

Afc+i€G(Afc)

where

Wm,n = {z CC: \Re(z - Zm,n)\ < JTT, |Im(z - Z^,n)| < JTT} C B ,̂̂

and gk{Ak) = B^n'

LEMMA 8. — There is a positive constant C^ such that for each m < p,
m,n € Z, vol^-1^) n Wm,n) > C^, where

B = U B^-
A;^€Z
A;<j?

Proof. — By periodicity of ^ it is enough to consider only the sets Wm,o-
Fix m < p, m G Z, and take the points XQ + z^/ in Wyn^o; where XQ is
fixed. We want to find the maximal s such that (^(T^) H Wm,o ^ 0,
|A;| = 0,1, . . . , 5. Let

L^ = {w = u + i(k ± \ )TT : u < p} C QTk.

If w G T, then ^(w) ^ - j log(l + A - 2w). It follows

(6) g-l(L^)^[z=-^og(l+\-2{u+^(k±^7^))

=-^log[(l+A-2n)2+4(A;±^)27^2 ]

+ j%arctan(2(A;± ^)TT/(I + A - 2u)) : u<p\.

As g~l(L:j^) intersects XQ + iy if

Re^-'^^o and \^g-l{L^\<^,
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we have
rco =-4 log((l + A - 2u)2 + 4(fc ± ^Tr2),

which is equivalent to exp(—4;z;o) = (1 + A — 2u)2 + 4(A; ± ^)27r2. Thus

(7) (1 + A - 2u) = (exp(-4a-o) - 4(fc ± ^Tr2) i- .

By (6)

llm^(^)|= |>arctan(^^) < ̂ .

Applying (7) we have

2{k ± ^)7r[exp(-4a;o) - 4(A; ± ^)27^2] ~ j < tan(|7r) = 3 ̂

or, equivalently,

167^2(k±^)2 <3exp(-4xo), \k ± ^ < 3^ (47^exp(2a;o))-l.

Thus

(8) 5>3^(47^exp(2^o)) - l- |-

Let Jfc be a subinterval of the line [z : Re z == 3:0} lyi^g in ^m,o such
that y € Jk if and only if /(rco + iy) C T^;. Denote

^ = - j arctan{2^(A; + ̂ )[exp(-4^o) - 4(A- + ̂ V]"5 },

-̂ = -j arctan{27r(^-^)[exp(-4.ro) - 4(A;-^V]"^ }.

We want to estimate the length of the interval J ^ , k ^ 0, as \Jk\ = \J-k\^
that is

, + i i / (^+i)^i5 -(^- i)^M^-^ = ^arctan 27r^—^———v————2-}[
2 V ^^^4^2(fc2_^) }\

where

^i = exp(-4a;o) - 4(A; - ^)27^2, ^2 = exp(-4a;o) - 4(A; + ^Tr2.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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We obtain
-i

, , i / 4A;27^2(^1/2+^/) +i(^ll/2+^l/2)
\Jk \= jarctan 2 7 r — — — 1 2———4—!-———2—

2 \ K^2K^2+4^T2(k2--)

(^1/2^1/2)1/2

> i arctan 12-7T ————2—r i6^ +4^2-^); i
As (A; =L ^)2 < 3(167^2exp(4a:o))-l we have, for XQ < p

\Jk > | j arctan{7r(i exp(-2.ro))[exp(-4a;o) + 27^exp(-2a;o)]-l}|

> ^ arctan (-7rexp(2a;o)) ^ -7rexp(2a;o)-

The above inequality together with (8) imply that
s

Y,\Jk\ > J7rexp(2^o)[3^(47rexp(2.ro))-1 - |]
fc=0

^ 0.0541 - 0.2945 exp(2j9) > 0.052.

Thus vol^-^T) H Wm,n) > 2(^)0.052 > 0.1 =: C^ and hence

vol^-^niv^)^^
for some C^ > 0. (Observe that lim vol(^M)/vol(T D {z : Rez < M})

M—>—oo

= \^, where BM = U/c^ez,/c<M<p ̂ M)' D
The sets A/c satisfy the conditions of LEMMA i. By LEMMA 6

diamAfc < df, = 4/C7^2-^ exp(-2(2/l; - 1) |p|).

Moreover, LEMMA 7 and LEMMA 8 together with (5) imply that

vol(Z4+inAfc) 4C2 ^ .
vol(A,) - (TrGi)2 k '

independently of k. Thus we have

2>HD(A)>2-limsupfcllog(,4c2/7^2cl2)l
fc^oo |logafc|

^ fe|log4+logG2-21og7r-21ogCi|
^^ |log7r+A;log4- j log2-2(2 / c- l )h | |

-2,

since (7i, Cs do not depend on k. As A C E C J{f\)i we obtain
HD(J(/A)) = 2 for all A > 0, hence THEOREM 1.

TOME 122 — 1994 — ?3
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2. Proof of Theorem 2

Let f\{z) == 1/(A + e"2^), \ > 0. We remind to the reader some of
the essential properties of this family described in [4]. The function f\
maps M diffeomorphically onto the interval with asymptotic values 0, I/A
as the endpoints, so f\ has an attracting fixed point p\ 6 (0; I/A), and
the entire real axis lies in the immediate basin of p\. In particular, both
asymptotic values lie in the immediate basin of p\, and so there are discs
about these points which lie in the basin. Taking preimages of these discs,
it follows that there are half planes of the form

H\ == \z : Rez < v\ = ̂ i(A)} and H^ == {z : Re z > v^ = z^(A)}

with v\ < p\ < z/2, which lie in the immediate basin of p\. Let

S^ = H^ U H^ U [z : ̂ i ^ Rez < v^, \lmz - mr| < ̂ , n e Z},

where ^ = AA(A). Then f\ : S^ —> S^, so S^ C F{f\). The complement
of 5^ consists of infinitely many congruent rectangles Rrm where m 6 Z
and Rm are indexed according to increasing imaginary parts. In each Rm
f\ has exactly one pole Sm = — \ log A + i(m + J)TT, m € Z, and maps
each Rm diffeomorfically onto C \ fx(S^). Thus J(A) = Ft /""(C \ ̂ ),

n>0
so J(f\) is a planar Cantor set, while F(f\) is the attractive basin of p\.

Fix A and assume that 0 < A < e with e small enough (we can take
e.g. e = 10~10). As before we omit the index A. Let SK be a pole such
that

-j logA < (^+ ^)7r < -j logA+TT,

WK be the preimage of SK with 0 < ImwK < -TT, that is,

w^=-i log(( l /^)-A),

Rew^^-^ log^J log 'A+JAlog 'A+fA^og^^ /d log 'A) )
^ -\ log((j log2^) = j log(-(2.5)^ logA),

ImwK ^ -^ arctan(j logA(-j logA- jAk^A)^)
^ j arctan3 ^0.6245.

Above and in the sequel G(\) w H(\) means

lim G(A)/ff(A) = 1.\-^o+
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Let
^ = -I, logA - Rewj< ^ -i logA - ^ log(-(2.5)i logA)

--^log(-(2.5)^AlogA),

77 === ^ir -ImwK ^ 0.9463.

Define the sets (see Fig. 2) :

Bm^ [z\ RewK < Rez < -\ logA, \lm(z - Sm)\ < r j } ,

T = J B^
m^I

J=2\{-^ . . . ,0 , . . . ,X-1} ,
E ^ { z : /n^) € T for all n e N}.

Figure 2
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We want to show that E C J{f) and estimate HD(£1) from below.

LEMMA 9. — If f^z) € T, j = 0 , . . . , n - 1, then

\(n\z)\^c^
for a constant C\ > 1.

Proof.— Note that \f(z)\ = 2|(A+e-22;)e2;|-2. Taking the points Xo+iy
in Bm C T, where .TO is fixed, we have then

\f(xo^iy)\ > \f(xQ+i(lmwK+m7r))\.

Now, take x + z^/o m Byn with yo == Imwj< + rmr. Then

l/ '^+^o)] > |/'(Rew^+zi/o)|,

and consequently \ft(z)\ > \f'{wK + zm7r)| for all 2; C Byn. As

[/'(w^+zmTr)! = \f'{r\SK)}\ =2|^(1-A^)|

- ( - logA)[ lO( l+AlogA+jA 2 1og 2 A)]^ =: C7i,

GI > 1, then K^Y^)! > Cy for ^ € B^, and by periodicity of /, for all
z € T . D

Take the smallest M e N satisfying M > 101/27r-l(-logA) + 1. Note
that M > K. Fix N € N such that N > M. For a pole 5^5 consider the
preimage f^is^) lying in Bo, and define 77^ = |Im(5o - f~l(sN))\. We
introduce auxiliary sets :

Bm,N ^ [z : RewK < Rez < -j log A, TJN < \lm(z - Sm)\ < r j } ,

TN ^ \^J Bm,N,
mei

EN = [z : /n(^) € TN for all n € N}.

Clearly Bm,N C Byn,A^+i, yN C T^i, ̂  C £'̂ +1 for each N ^ M,
^ € N. Thus

(J B^ - Bm, |j TTV - T, (J ̂  - E.
N>M N>M N>M

To estimate from below the Hausdorff dimension of the set £', it is enough
to find a lower bound for the dimension of each EN.
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LEMMA 10. — For each N > M, N e N, the set EN is contained
in J(f), so E C J(/).

The proof is analogous as that of LEMMA 5.

Note that Bm,N has two components and f(Bm,N) H Bn,N ^ 0 for

m, n 6 h = {n C Z : - (TV + 1) < n < -(K + 1) or K < n < N}.

Take a specific set B g ^ N , s C Ji, and let AN,I be a component of f~l(Bs,N)
contained in T/y. Define the following collection of the sets inductively :

A?v,i = {A^,i},
AN,2 = {AN,2 '' ATV, 2 is a component of /"^B^^v)

for some m € Ji, and A^2 C A^i},

^N,fc = {ATV,A; •* ATV,A; is a component of /"^(J^^) for some m e A,
and A^A; C AA^-I for some A^fc_i e AN,k-i}'

Thus AN,fc consists of (2(7V - 7^ + l))^"1 sets A^, A; C N. Let
00

^N,k = [^) ^N,k^ A^v = [ j A^,A;.

A^A; e AN,k fe=l

Thus A^v C EN and so it is sufficient to find a lower bound for HD(Ajv).

LEMMA 11.—For each A^.k ^ AN,kj k e N, diamA^fc < DC^1^, where
D=(^log 2 ( - (2 .5)^AlogA)+477 2 )^

Proof. — By the definition of A^v^ fk(AN,k) is a connected component
of B^^ for some m € Ji. As By^^ C Bm

diam/ f e(A^)<(^+4772) l/2

=(^log2(-(2.5) l /2AlogA)+4^2)^^.

Moreover, /^(A^v^) is convex subset of TN C T, so by LEMMA 9
diamA^fc < diam/^A^^/infA^,, W^ DC^. Q

The sets A^v^ and constants d/c = DC^\ k 6 N, satisfy the conditions
of LEMMA 1. To use this lemma we should find ATV,A; such that for
each AN^ ^ A.N,k

/QN VOl^fc+i n AN,k) . .
W ——————TrA———^———— > ^N,k-vol(A^fc)
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Note that Z^v,fc+i H AN^ = UA^+IGG^A^) ^^k+i, where

G(AN^) = {ATV,A;+I : ATV,A;+I € A?V,A;+I, A^/c+i C ATV,A;},

so

f i m V0l(^,fc+l n A^fc) ^ ^ ( . k A ^-2
(10) ————VOl(A^)———— ^ L^ 5A^)

v- volC^A^fe+i))
A ^rA ^(/'(A^)) •A^,fc+i€G-(Ajv,fc)

LEMMA 12. — For each AN^ ^ A?v,fc, k C N, ^e distortion L(fk, AN^)
is bounded above by a constant C^ < 4.

PTW/. —The branches of /-/c, A; e N, are univalent in T since /^(O) and
fk(l/\) are contained in R. Thus /A; is a homeomorphism of A^,/.; C ATV,A:
onto fk(AN^) and

L(A A^,,) = L(/-^ ̂ (A^,)) = L(f-\ B^).

As By^^ is contained in a disc D of diameter 25 = diamBy^, and
D C D(sm,r) with r = (K + J)TT, it follows from LEMMA 2 that

^A^MCW^)4

\r/ \r — s /

_ / - j l ogA+j [^ log 2 ( - (2 .5 )^AlogA)+4^] s \ 4

Y- j logA- j [^^(-(2.5) 3 A log A) + 47/2] j y

^ /!+ (0.0277 + g ( A ) ) s \ 4

- \ 1-(0.0277+e(A)) ̂ / '

where e(A) = (3 ̂ (-(2.5)5 log A) + 3.581)/(91og2A). Thus

M(^} ̂  (1.414)4 < 3.9976 =: C^ < 4

if A < 10-10. Q

LEMMA 13. — There exist constants 0 < OCN, /3jv < 1, and €3, C^ > 0
such that for each Ajv,fc £ ^jv,fe, fc € N

<^3 - ON <, ^ Vol(/fc(A^fe+l)) ^ €4 - /3N.

AN,k+l€G(Alf,k)
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Proof. — Let Wm C B^ be defined by

Wm={z:RewK+2<Rez<-^log\, ̂ < |Im(^-s^)| < T)},

Wm,N=Bm,Nr\Wm,

where wjc+2 = /^(sj^), TO e J. Then for each A^fc € .4jv,fc

(11) ^ vol^A^i)) > ̂ (./-WnW^),
Aw,fc+ieG(Aw,fc)

where ./^(A^) is a component of.B^jv for some me I . Note that f(Bm)
intersects Bn,N for n € ly and covers B^^ for n e Is where

J2 = [n e Z : -j(A^ - 5) < n < -{K +1) or K < n ̂  ̂ (N - 3)}

and JB = I \ Ja. Indeed, / maps {z : Rez = Rewi(} onto the circle
of radius r-o = r/(r2 - A2) and centre ZQ = -\/(r2 - A2), where r =
exp(-2Rewi(). For 0 < A < e, r-o w -(2.5)? log A, ZQ « -(2.5)Alog2A,
so T-O/TT < j (AT - 1). The lines

{2;: lmz=(m+^)TT-r]}, (resp. {z : Im^ = (m+ ̂ +rj})

are mapped by / onto circles passing through 0. I/A and the pole SK
(resp. S_(K+I)), while f({z : Rez = - j log A}) is the line {z : Rez = ̂ }.

As

vol(/-l(^^)nB„)= / K/-1/^)!2

B^nf(B^)

and (f-1)'^) = (2z(l - \z))-\ we have

^(r1)! < (4[^ log2 (-(2.5) hog A) +(m7^)2](l+(Am7^)2))-l,

igmK/-1)') > (4[^ log2 A + (m + j + ̂ /Tr)2^2] (l + (AmTr)2)) -1.

In these estimates we take simply |1 - A^j2 w 1 + (Am?!-)2, which is
a sufficient approximation for our purposes.
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Now, we estimate vol(/-l(IJ Bm) n Wn) for m £ Is and n € I :

Vol(f-\[jBm)r}Wn)

>2 ^ volGB^minK.r1)')2)
m>(JV-l)/2

^2 y- (-jlog(-(2.5)^AlogA))27?
- m>(N"i)/2 4[3 ̂ g2 A + (m + 1/2 + 7?/7r)27r2](l + (Am7r)2)

/*00

> J7r(-log(-(2.5)^AlogA))/ (A27^4)-l((.r2+Z5j)(^+^2))-ld^
•/a

where 277 > JTT, a = jA^+Ty/Tr , ^1 = l/(A7r), ^2 - (-logA)/(27r),

voi^-KU^nTy,).̂(- .̂̂ .̂ ))f'̂ ^y..
=^^)[^>^ct>n(^)-c.•^(^)]:

1 l+Gi(A) f 2 o , /N7r+2rj\ ^ , 1
=8,^^3(A^L7^ -27rarctan(^^^)+G2(A)J

with
Gi(A) = -log(-(2.5)^ !ogA)/(-logA),

G'2(A) = 7rAlogA(J7r- arctan(iA7i-JV+ ?7A)),
G3(A)=l -^A 2 1og 2 A;

we get

volC-^UB^nw^)
> ^(l+G'i(£))<[7r2-27rarctan(lO^ + 2(7r+ l)(-log-1 e))

+7r2£logj£}
^ 0.0569 =: C'3. '

Thus for n e J

(12) vol^-^ |j B^) n H») ^ C's.
me is
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Analogously we can find an upper bound for vol(f~l( (J Bm) n Bn),
n (= I , namely mel3

^(r^ U £?"^)nw») ^ 2 E ^(^K^K^T)
m€73 m^(AT-l)/2 "l

^ y- __________(-|logA)7r__________
- ^(~-i)/2 4[i log2(-(2.5)2 logA) + (m7r)2] (1 + (AmTr)2)

^-^f ^"x'^y^^J{N-3)/2 A 7r [-^l ~ jJ3)

where D^ = log(—(2.5)2 logA)/(27r), and therefore

< ̂ t1 - iA210^(-(2•5)' 10^)]-1[D3-1^-(^)]^_3)

^ -logA ^ 0.55 ^ ^
- 27r[lO^(-logA)/7r-2] TT ' 4>

Moreover, if

m C J4 = {n 6 Z : -j(A^ - 5) < n < -(K + 2)

or (^C+l) <n< j(A^-3)},

then using

vol(B^ n f(Bn)) ̂  7r(- log A) (- \ - [2.5 - (kn/ log A)2] ^ )

we obtain

^(r'dj 5"^)n^")
m€/4

^ 2 ̂ y^72 7r(-logA)(-^-[2.5-(WlogA)2]^)
- î 4[^log2(-(2.5)5logA)+(m7^)2][l+(Am7^)2]

< ^(-logA) f2^ (J-[^-(^/logA)^)d.
- 2 7^ [^log2(-(2.5)ilogA)+(m7^)2][l+(Am7^)2]

/•JC^-i) i
< J7r(-logA) / (i - ̂ .S-^Tr/logA)2]2^)-^

^ JC

<| / ^-{2.5-y2)^)y-2dy<0.m91=:Cfl.
^l
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As vol^^B.^+i) U BK) H Bn) < 0.0001 =: C^ we have for n G J

(13) volf/-^ U ^n) H B,) ̂  + C^ + Cf < 0.177 =: C4.v meJ /

Note that for n E I
(14) lim voif/-^ U ^m,7v) n Ty,^) = voif/-^ U -Sm) n Wn\

N-^oo \ ^i / \ ^i /

so by (11)-(12) and (13)-(14) there are constants 63 = jC^ and a^v, ̂
such that

C'3 - ON < ^ VOl(/fc(A^fc+l)) < 4̂ - AV,
A^,fe4-iCG'(A^-,fc)

and a^y, (3^ —> 0 if N —^ oo. LEMMA 12 and LEMMA 13 together with (10)
imply that

V0l(^fc+l H A^fc) . C3 -O^N

vol(A^fc) - CjCs
with Qs = -log(-(2.5)^AlogA) ^ vol(B^) > vol(B^^), that is,
AA^ = (€3 - ̂ )/(CiC5) by (9).

Now we can apply LEMMA 1 to the sets A^.k. Thus

HD(A.) > 2 - limsup ̂ og[(c3 - ̂ /^
^ \log(DC^)\

\log[(C3-aN)/(C^)]\
|logCi|

As Ajv C Ajv+i and |j AN = A we have
N>_M

HD(A)>^„HD(A„)>2-l"18<c•/(cy'))l.
N^oo |10gCi|

By the definition AN C EN for each N > M and U EN = E C J(f\), so
N>M

HDtW,))^-"0^08'"

_ |log 0.0284 - log 3.9982 - log(- log(-(2.5) ^ A log A)) |
- |log(- log A) + \ log(l0(l - A log A + | A2 log2 A)) |

^ log(l log A| - log(1.5811 logA|)) + 6.331
log(|logA|)+1.152

C
~ log|logA|

for some C > 0.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



326 j. KOTUS

Our lower bound for BD{J(fx)) tends to 1 if A -^ 0+, as follows from
the above inequality valid f o r O < A < 1 0 - l o . []

3. Proof of Theorem 3

Let f\(z) = X tan z. Suppose A C R and 0 < [A| < 1. Then 0 is
an attracting fixed point for f\. Let I denote the component of the
basin of attraction of 0 in R. I is an open interval of the form (-p; p),
where f\(±p) = ±p. The points ±p lie on a repelling periodic orbit of
period two if -1 < A < 0, or are repelling fixed points if 0 < A < 1.
The set R \ / ^ ( I ) consists of infinitely many disjoint open intervals Im,
m e Z. Each of them contains exactly one pole Sm = (m + j )TT. Thus
fx:In,^(RU {oo}) \ I and \fx\x)\ > 1 for each x C Im' Thus

J(h)\{oc}=^}h-n(\JIm)
n=0 mCZ

is a Cantor subset of R.

As before we fix A and assume additionally 0 < [A| < j. Let

wi = /•-10l) = arctan(5i/A) ^ JTT - 2|A|/(37r),

^=^= |5o-Wi |^2 |A | / (37T) .

Define the sets :

Bm = {zeR: \z-Sm\ <S},

T= \J B^
meJ

J=Z\{-1,0},
E = [z C M : ̂ (z) € T for all n <E N}.

Fix N e N, N > M > 10, and define ^ = \SQ-WN\, where
WAT = /-l(s^) € (O,TT). Let

-Sm,̂  = {^ C M : (̂ y < |̂  - Sm\ < 6},

TN = U B^,^,
m€J

EAT = {z e R: ̂ (z) e TN for all n C N}.
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(TV + -^ )7TZ <

ITTZ <

S ' ( 7 V ( 1 ) A?V,fc ^—2

A ,̂!

/(^m,^) -^Tr^

- (7V+^ )7T%<

f. /T
^B^ c0

m,N

m^ ^m+1 ^^V

^

Figure 3

Then B^^ C By^^+i, TN C TTV+I, ̂  C EN^I for each N > M,
N e N, and thus

|j -Sm,7V = ^m? (J '̂ V = T, (̂ J £1^ = E.^m.N = -Dmi \^J ^N =
N>M N>M N>M

We show that E C J(f) and estimate HD(-E) from below.
Take z G By^, z ^ Sm' As /'(^) = A(l + tan2 z), it is easy to see that

\f(z)\ > \f(sm - 6)\ = \f'(sm + 6)\. But

|.f(^ - 6)\ = \f\f-\s^))\ = A(l + (^i/A)2)! =: C, > 1.

Thus \f'{z)\ > Ci, and if additionally f^z) G T, j = 0 , . . . , n - 1, then

(is) minicryi^cr.mmKryi^c?
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Using this property one can prove that EN C <7(/), and consequently
E = |j EN C J(f) (compare LEMMA 5).

N>M

The set Bm,N consists of two intervals, f(Bm,N) H Bn,N 7^ 0 if

m,7i<E Ji = [n G Z : - ( 7 v + l ) < n < - 2 o r l < n < TV},

and f(Bm,N) ^ -Sn,7V if

n e J2 = {^ <= Z •• - ̂  < n < -3 or 2 < n < N - 1},, m 6 Ji.

Let 5 e J2- Take a component of f~l(Bs,N) contained in TN and denote
it by ATV,I. Define the following family of sets :

AN,I = {ATV,!},
^N,2 = {A^2 '' A^2 is a component of f~2(Bm,N) for some m e J^,

and A^v,2 C A^i},

1̂.̂  ^ = {AN^ '- AN^ is a component of f~k(Bm,N) for some m G J2?
and AN^ C A^v,fc-i for some AN^-I ^ AN^-I}'

00

Let UN,k = UAjv fc € AN k ANfk and A7V = n ^v,^ so clearly Ajv C EN
for each TV > M. To estimate HD(A^v) we should find the constants djc
and AA/^ such that

.-.^ vol(^v,fc+i n A^v,fc) .
(16) ——————f7-4———v———— ^ A^/.;,

VOl(A7V,fe)

and diamA^fc < d^ < 1. Let A^ € ^ITV,/?, then fk(AN,k) is connected
component of Bm,N for some m € ^2- By (15)

(17) diam(A^)^diam/fc;A^^C^^
miA7v,fc \U ) \

where L = 2(6 — 6^)- As before

G(A^fc) = {AN,k-\-i ^ ^N,fc+i : A^fc+i C Ajv,fc}.

Then
/.ox vol(^y,fc+i HA^fc)
110J vol(A^^)

>___!___ ^ vo^/^A^fc+i))
- r f fA ; /i \2 ^ vol(/A;(A^fc))

MJ ^^V,fc; A^,fc+ieG(A^,fc) w v ^ ^ ) )
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First we find a bound for Z^/^A^/- ^). The branches of /-A;, A; € N,
are univalent in T, since both asymptotic values A%, —Az of / tend to the
attracting fixed point 0 along the imaginary axis. Thus

L(f\ A^) = L(f-\ f^A^k)) = L{f-\ Bm,N).

As Bm,N C D(sm^) C D(srm JTI-), and it follows from LEMMA 2 that

(19) LUk,A^<M(2-^^)==:C..

Let Wm = {z C M : |z - Sm\ < rj}, Wm,N = {z eR: r]N <\z-Sm\<ri}
where 77 = 771 = 5o -/"^si + ^)|, /"^^i + ^) € (0 ;7r ) , and T]N =
\so-f~l(sN+S)\, f-^SN+S) € (0 ;7 r ) for TV ^ M. Then TV^ C Bm,
Wm,N C Bm,N- Note that

(20) ^ vol(^(A^,+i)) > ̂ o\(f-\T) n IV^,^),
A^v,fc-|-iGG'(A^v^)

if /^(ATV^) is a connected component of Bm.Ni m ̂  J'2^ and

(21) ^lln^vol(/-l(^^)nH^) -vol^-^^HW^).

Consider the quotient vol(/-l(^) H l^)/vol(Byn). The uniform bound
for it from below for 772 € J is obtained from the inequalities

^ voi^ia-^o^+^i
2^ vnirR^tvol(B^)
m=2

oo

=2E
|A|

(22) <! ^2A2+((TO+i)7r+^2

>2 V H =2 V^____^gf^ |A|
^ A2 + (m + l)2^ ^ A2 + m2^2- Z^ \2 i (m i 1 \2^-2 " Z^

coth |A| - |A|-1 - 2|A| [(A2 + 7r2)-1 + (A2 + 47r2)-1] | =: €3,

00

since I/A — ^ 2A/(A2 + n2^2) = cothA from the well known expansion
n=l

of coth in fractions.
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As fk(AN,k) is a connected component of Bm,N C Bm for some m G J^
this implies together with (20)-(22), that there are constants 0 < ON < 1
such that ON —^ 0, and
^ V- vol^A^fc+i))
( ) A E .VOK/^)) > c 3 - a N 'AA^fc+i^t-^A^fc)

By (16), (18)-(19) and (23) AA^ = (€3 -a7v)/<7|. Applying LEMMA 1
to the sets AN,k we have

i ^ T T T Y . ^ i r A:|log[(C73-a^)/C7j]|1 > HD(A^) > 1 — hmsup ————————,————-
- v n /- ^oo" llogOLC^)!

\\og[(C3-aN)/Cj}\
[log C7i|

As Ajv C EN and |j Ajy = A, we obtain
7V>M

1 ̂  HD(A) ^ lim HD(A^) = 1 - l10^6'376'22^.
N-^oo | log (7i I

Moreover, for each N > M, AN C EN and |j EN = E C J^(A) C R, so
JV>M

i,HD(.(A)),i-n°^M
log{|coth|A| - ̂  - [^ + ̂ .] |}-log{ î J^g}6

lloglAl+log^+QTr^A)2)!
C>

~ |log|A||
for some C > 0, which concludes the proof of THEOREM 3.

In the second part (see [6]) we give the global formula for a lower bound
for the Hausdorff dimension of the Julia set of meromorphic function.
To prove it we construct a limit Hausdorff measure of the computable
dimension, supported on hyperbolic subsets of the Julia set.
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