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SMOOTHNESS AND IRREDUCIBILITY OF VARIETIES
OF PLANE CURVES WITH NODES AND CUSPS
BY

EucGENIT SHUSTIN (*)

RESUME. — Soit V(d, m, k) la variété des courbes projectives planes irréductibles de
degré d n’ayant pour singularités que m nodes et k cusps. Nous montrons que V' (d, m, k)
est non vide, lisse et irréductible quand m 4+ 2k < ad? oi1 a est une constante absolue
explicite. Cette inégalité est optimale quant & ’exposant de d

ABSTRACT. — Let V (d, m, k) be the variety of plane projective irreducible curves of
degree d with m nodes and k cusps as their only singularities. We prove that V(d, m, k)
is non-empty, non-singular and irreducible when m + 2k < ad?, where a is some
absolute explicit constant. This estimate is optimal with respect to the exponent of d

0. Introduction

In the present article we deal with plane projective algebraic curves
over an algebraically closed field of characteristic 0.

It is well-known that the variety of irreducible curves of a given degree
with a given number of nodes is non-singular [9], irreducible [2], and
that each germ of this variety is a transversal intersection of germs of
equisingular strata corresponding to all singular points [9] (from now on,
speaking of a variety with the last property, we shall write T-variety, or
variety with property T).

Our goal is a similar result for curves with nodes and ordinary cusps.
Let V(d,m,k) denote the set of irreducible curves of degree d with m
nodes and k cusps as their only singularities.
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236 E. SHUSTIN

« It is known (see [5], [6]) that V(d,m,k) =0 if

9 5
- =42
8m + 2k > 3

o On the other hand (see [13]), V(d,m, k) # 0 when
1
(0.1) m+ 2k < 5d2 + O(d).

Our result is

THEOREM 0.2.
o If m+ 2k < agd?, where
7—-413

. = LTV T 2 0.0419,
(0.3) ao a 0.0419

then V(d,m, k) is a non-empty non-singular T-variety of dimension
Td(d+3) —m—2k.
o If m+ 2k < o1 d?, where

(0.4) a1 = —— ~ 0.0089,

225
then V(d,m, k) is irreducible.

Let us make some comments.

First, (0.3) implies (0.1), and then V(d,m, k) # 0.

Let PV, with N = %d(d + 3), be the space of plane curves of degree d.
Let z be a singular point of F' € PV. It is well-known (see [2, [9]) that :

(1) if 2 is a node then the germ at F' of the variety of curves ® € PV,
having a node in some neighbourhood of z, is smooth, has codimension 1,
and its tangent space is open in {® € PV | z € @} ;

(2) if z is a cusp then the germ at F of the variety of curves ® € PV,
having a cusp in some neighbourhood of z, is smooth, has codimension 2,
and its tangent space is open in {® € PV | (- F)(z) > 3} (here and
further on the notation (F - G)(z) means the intersection number of the
curves F,G at the point z).

Hence the property T implies the smoothness of V(d,m,k) and the
expected value of its dimension given in THEOREM 0.2. Further, it is well-
known [15] that V(d,m, k) is a non-singular T-variety, when

(0.5) k < 3d.
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VARIETIES OF PLANE CURVES WITH NODES AND CUSPS 237

Generalizations of this fact to arbitrary singularities, given in [1], [12]
are based — in fact — on the same idea. The following conditions are
sufficient for the smoothness of V(d, m, k) and the property T :

(7 — V13)d?

m=0, 2k< 0 ~0.0418 d*>  (see [10], [11]),

and for the irreducibility of V(d, m, k) :

m+ 2k < %d (see [10], [11]),
k<3 (see [7]),
2(d>—4d+1) <m < 2(d° —3d+2) (see [8]).

The main idea of our proof is as follows. We have to prove the prop-
erty T and the irreducibility for V(d, m, k). To any curve F' € V(d,m, k)
with nodes z1,..., 2z, and cusps wy,...,w; we assign two linear systems
of curves of degree n :

M, F)={® | z1,...,2m €D, (D F)(w;) >3, i=1,...,k},
Ao(n, F) ={® | z1,...,2m € Sing(®), (®- F)(w;) >6, i =1,... k}.

First we show the non-speciality of A;(d, F') for any F' € V(d, m, k), which
means according to the Riemann-Roch theorem that

(0.6) dim Ay (d, F) = 3d(d+3) —m — 2k.

On the other hand, A;(d, F') is the intersection of the tangent spaces
to germs of equisingular strata at F in the space of curves of de-
gree d, and (0.6) gives us the transversality of this intersection, or the
desired property T. Then we show that, for any F' from some open
dense subset U C V(d,m, k), the system As(d, F') is non-special. That
implies the irreducibility. Indeed, first we show that an open dense sub-
set of Ay(d, F) is contained in V(d,m,k); more precisely, it consists of
curves of degree d having m nodes in a fixed position and k£ cusps in a
fixed position with fixed tangents. Then from the non-speciality we derive
that dim Ay(d, F') = const, F' € U, and that conditions imposed by fixed
singular points on curves of degree d are independent. Afterwards we rep-
resent U as an open dense subset of the space of some linear bundle, whose
fibres are As(d, F'), F € U, and whose base is an open dense subset of
Sym™(P?) x Sym*(P(TP?)), where P(TP?) is the projectivization of the
tangent bundle of the plane.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



238 E. SHUSTIN

The text is divided into five parts : in section 1 there are some
preliminary notions and results; in section 2 we present examples of
reducible varieties or ones without property T; in section 3 we construct
irreducible curves in Aj(n,F'), where n < d; in section 4 we prove the
property T; and in section 5 — the irreducibility.

1. Preliminaries

Here we shall recall some notions and well-known classical results [3],
[14], and also present some simple technical results needed below. Namely,
we introduce a certain class of linear systems of plane curves and show
how to compute their dimensions by means of linear series on curves.

Let ¥ = @,.,X(t) be the graded ring of polynomials in three
homogeneous variables over the base field. We think of the space of plane
curves of degree t as the projectivization P(%(t)). A linear system of plane
curves of degree t is a subspace of P(%(t)). Let

I=@Itcx

>0

be a homogeneous ideal, defining a zero-dimensional subscheme Z C P2.
This ideal determines a sequence of linear systems A(t) = P(I(t)), t > 1.
Denote this class of linear systems by C. In other words, these are linear
systems defined by linear conditions associated to finite many base points.
It is well-known [3] that

(1.1) dim A(t) = dim P(5(t)) — deg Z + i(A(¢)),

where i(A(t)) > 0 is called the speciality indezx of A(t). If i(A(t)) = 0 then
the linear system A(t) is called non-special. For a given ideal I, A(t) is
non-special when ¢ is big enough (see [3]).

ProposITION 1.2. — Let A(t), A'(t) belong to C, and, for all t > 1,
A(t) C N (2).

If, for some n > 1, the system A(n) is non-special then A'(n) is non-
special.

Proof. — The systems A(t), A’(t) are non-special for ¢ big enough.
Take a straight line L € P(X(1)) not intersecting the zero-dimensional
schemes Z, Z' associated to our linear systems. Let us embed the space
P(X(n)) into P(X(t)), multiplying by L!=". Then :

A(n) = A() N P(S(n)), N(n) = A(t) N P(S(n)).

ToME 122 — 1994 — ~° 2



VARIETIES OF PLANE CURVES WITH NODES AND CUSPS 239

So, the non-speciality of A(n) means the transversality of the intersection
of A(t) and P(X(n)) in P(X(t)). But this implies that A’(¢) and P(X(n))
intersect transversally in P(%(t)), hence

codim(A’(n), P(£(n))) = codim(A’(t), P(X(t))) = deg Z',

what is equivalent to the desired non-speciality. []

From now on, divisor will always mean an effective Cartier divisor on
a curve.

Let F' be a reduced plane curve. For any divisor D on F' and any
component H C F' the symbol D|g means the restriction of D on H. For
any curve G the symbol Gy means the formal expression Y n(P)-P, where
the sum is taken over all local branches of F' and n(P) is the intersection
number of P and G. If F,G have no common components, Gg is the
divisor on F' cut out by G, otherwise we admit infinite coefficients in the
above expression.

By D(F) we denote the double point divisor of the curve F. We omit
its exact definition (see, for example, [14]), but only list the properties
used in the sequel.

ProPOSITION 1.3 (see [14]).
(1) The divisor D(F') can be expressed as

where P runs through all the local branches of F centered at singular
points, and the coefficients n(P) are positive integers. In particular,
n(P) =1 for both branches centered at a node, and n(P) = 2 for a branch
centered at a cusp.

(2) Let z be a singular point of the curve F' and a non-singular point
of some curve G, then

(i) for any singular local branch P of F centered at z,
(G-P)(z) <n(P)+1,
(i) for any pair Py, Py of local branches of F' centered at z,

(G.Pl) §n(P1), or (GPQ)S’H(PQ)
(3) If F is an irreducible curve of degree d and geometric genus g(F)
then :
deg D(F) = d(d — 3) + 2 — 2¢(F).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



240 E. SHUSTIN

(4) If a reduced curve G has no common components with F' then :

D(FG)|p = D(F) + Gp.

For any divisor D on F, the symbol Lg(n, D) denotes the linear system
of plane curves of degree n

{®|®r > D+ D(F)}.
It is clear from the definition and ProposiTion 1.3 that Ay (n, F), Ax(n, F)
belong to this class. Also these systems belong to C.

THEOREM 1.4 (Brill-Neether (see [14])).— If F' is irreducible then curves
from Lp(n, D) cut out on F the linear series \nLp — D — D(F)|, where L
is a general straight line.

TueoreM 1.5 (Neether (see [14])). — Let Fy,..., Fy be different irre-
ducible curves of degrees ny, ..., ng, and ' = Fy--- Fy, deg F' = d. Then :

k
(1.6)  Lp(n,D)=> Lr(n+ni—d,Dip)-F-Fi_1Fy - Fy.

=1

THEOREM 1.7 (Riemann-Roch for curves (see [3], [14])). — For any
divisor D on an irreducible curve F' the dimension of the linear series | D)|
18

dim |D| = deg D — g(F) + (D),
where i(D) is non-negative. If deg D > 2g(F) — 2 then i(D) = 0.
ProposiTiON 1.8. — For any reduced curve F' of degree d < n,

(1.9) dim Lg(n, D) > %n(n +3) — % deg D(F) — deg D.

The non-speciality of Lp(n, D) is equivalent to the equality in (1.9).

Proof. — Assume that F' is irreducible. Representing £p(n, D) as the
span of |[nLp — D — D(F)| and F - P(X(n — d)), we obtain

dim Lr(n, D) = dim|nLy — D — D(F)| + dim £(n — d),
hence according to THEOREM 1.7 and ProprosiTiON 1.3,
dim Lg(n, D) > nd — deg D — deg D(F') — g(F)
+ %(n—d+ (n—d+2)
=nd— d(d—3)—1—degD — L deg D(F)
+3(n—d+1)(n—d+2),
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VARIETIES OF PLANE CURVES WITH NODES AND CUSPS 241

which is equivalent to (1.9). Also we obtain that the equality in (1.9)
means i(D) = 0. Therefore, for all ¢ > d,

(1.10) codim(Lr(t, D), P(5(t))) = 5 deg D(F) + deg D.

On the other hand, for ¢ big enough, L (¢, D) is non-special. Comparing
this with (1.1) and (1.10), we get that the equality in (1.9) means the
non-speciality of Lg(n, D).

If F is reducible, combine the previous computation with (1.6).

ProprosiTiON 1.11. — Let F' € V(d, m, k).

(1) If G € Ai(n, F) is reduced, then there is a diwvisor D on G of
degree < m + 2k such that, for all t > 1,

(1.12) Ai(t, F) O Le(t, D).

(2) Let G € Ai(n, F) be irreducible, let S be a subset of Sing(F'), and
let H be a reduced curve containing S but not G. Let A3(t, F, S) be a linear
system of curves ® € Ay(t, F') such that S C Sing(®), and ® meets F at
each cusp from S with multiplicity > 5. Then there is a divisor D on GH
such that

deg D|g < m+2k, degD|g < card(SnNK),
for each component K C H, and, for allt > 1,

As(t, F,S) D Lou(t, D).

Proof. — We will construct the divisor D = " n(P) - P explicitly.

(1) We have to find a divisor D on G such that any curve from
La(t, D) goes through each node and each cusp of F', and intersects a
tangent line to F' at any cusp with multiplicity > 2.

Let z be a node of F'. Since G € Ay(n, F'), then G goes through z. If G is
non-singular at z we can put n(P) = 1 for the local branch P of G centered
at z. If G is singular at z then we can put n(P) = 0 for all local branches
of G centered at z, because in this case, according to ProrosiTION 1.3,
curves from Lg(t,0) go through 2.

Let z be a cusp of F'. Analogously, G goes through z. If G is non-singular
at z, then the local branch P of G at z is tangent to the tangent line L
to the curve F' at z. Put n(P) = 2. Now, since any curve from Lq(p, D)
intersects P with multiplicity > 2, the same holds for L. If G is singular

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



242 E. SHUSTIN

at z, then either there is a singular local branch P of G centered at z,
or there are at least two local branches P;, P> of G centered at z. In the
first case we put n(P) = 2, in the second case we put n(P;) = n(Pz) = 1.
According to ProposITION 1.3 any curve from Lg(t, D) is singular at z,
and thereby intersects L with multiplicity > 2.

(2) We can obtain the second statement easily by combining the
previous arguments with the Neether theorem. []

2. Non-transversality and reducibility

The upper bounds in the sufficient conditions (0.3), (0.4) are the best
possible as far as the exponent of d is concerned. The slightly modified
classical examples [15] presented below give an upper bound for the
allowable coefficient of d? in (0.3), (0.4).

TuEOREM 2.1. — The set V(6p,0,6p?) is reducible if p = 1,2, and has
components with different dimensions if p > 3.

Proof. — The case p = 1 is well-known [15]. Let p > 2. It is easy to see
that the curves
H=Fj +Gj3,

belong to V (6p, 0, 6p?), where F,, G, are general curves of degrees 2p, 3p
respectively. A simple computation gives us :

dim{H € V(6p,0,6p*) | H = F3, + G3,}

(2.2) N -
= 56p(6p+3) —12p" + 5 (p— 1)(p — 2).
According to [13], for p > 2, there is a component of V (6p, 0, 6p?) with
dimension :

%6;0(617 +3) — 12p°.

If p > 3 we obtain at least two components of V (6p, 0, 6p?) with different
dimensions.

Let p = 2. According to (0.5), V(12,0,24) is a T-variety, and hence has
dimension 42. According to (2.2) curves H = F} + G2 form a component
V of V(12,0,24). Assume that V = V/(12,0,24).

Let J be an irreducible curve of degree 12 with 28 cusps constructed
in [13]. Since V(12,0,28) is a T-variety (see (0.5)), we can smooth out
any four cusps of J, preserving the others, by means of a variation of J
in the space P(X(12)). Indeed, since all 28 equisingular strata intersect
transversally at J, we can leave four of them by moving J along the
intersection of the others. So we obtain that J belongs to the closure of V,
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VARIETIES OF PLANE CURVES WITH NODES AND CUSPS 243

and hence to any set so4 of 24 cusps of J there correspond a quartic Fy and
a sextic Gg, passing through se4. Distinct 24-tuples of cusps correspond
to distinct quartics, because, according to Bézout’s theorem, a quartic
cannot contain more than 24 cusps of J. On the other hand, two 24-
tuples sa4, $54 With 23 common cusps give quartics Fy, Fj with 23 common
points. Therefore Fy, F; have a common component C; of degree ¢ =1, 2,
or 3. If i = 3 then Fy = C3C;, F; = C3CY. Since C3 passes through at
most 18 cusps of J, then the straight lines Cy, C{ have at least 5 common
points, that means they coincide. The cases ¢ =1 or 2 lead analogously to
contradictions, which prove that V (12,0, 24) is reducible.

THEOREM 2.3.— The set V(7p—3,0,6p?) contains a component without
property T when p > 3.

Proof. — Obviously, the curve H = Ap_3F23p + B _3G§p belongs to
V(7p — 3,0,6p?), if Ap_3, Fap, Bp_3, G, are general curves of degrees
p—3, 2p, p— 3, 3p respectively. The property T is equivalent to the non-
speciality of A1(7p—3, H). From THEOREM 1.5 it is not difficult to deduce
that

Ay(7p—3,H) = {® | ® = Ryp_3F;, + Sap—3Gsp}

with arbitrary curves Rs,_3, S4p—3 of degrees 3p — 3,4p — 3. Further, a
trivial computation gives

dim Ay(7p — 3, H) = 3 (7p = 3) - Tp — 12p* + 1,

that means A;(7p — 3, H) is special.

COROLLARY 2.4. — The allowable coefficient at d* in the right hand
side of (0.3) cannot exceed %, and in the right hand side of (0.4) cannot
exceed %

3. Main lemma

LeEMMA 3.1. — For any curve F € V(d,m, k) and real o > (m+2k)/d?,
there is an irreducible curve ® € Ay(n, F), where n = [(V2a + 2/3)d].

Proof. — Let zq,..., 2z, be the nodes of F, and let wy,...,wg be the
cusps of F'. Let h be the minimal integer such that Ay(h, F) # (). Then,
Ai(h —1,F) = 0 implies

m+2k > 2 (h—1)(h+2),
and hence

(3.2) h < \/2(m + 2k) < V2ad.
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Take a general curve H € A (h, F). Assume that H = H}* --- H, where
H,,...,H, are irreducible components of degrees h;, ..., h, respectively.
Since h is minimal,

max{il, e ,ir} <2.

We shall construct the curve ® as follows. First we will construct, for each
s=1,...,r, acurve C; of degree £; < ishs + %d such that Cs does not
contain Hg and the curve

(3.3) R, &

Hip - Hy 3 CoHy - Hir
belongs to Aj(h+ £s —ishs, F). After that we obtain the desired curve ®
in the form

GoH +G1R1 + - -+ G-R,,

where Go, Gy, ...,G, are generic curves of suitable degrees.

The rest of the proof is divided into five steps : in steps 1, 2, 3 and 4 we
construct the curves C1, ..., Cy, in the fifth step we construct the curve ®.

Let us do the construction of C;. Let H; pass through zi,..., %,
wy,...,wy and meet F' at wgy1,...,Wqys With multiplicities > 3. Let
deg H; = h;. The Bézout theorem gives :

(3.4) 2p + 2g + 3t < hyd.

Step 1. — Assume i; = 1. Let us find a curve C; passing through
215404 2p, W1, ..., Wq, meeting F' at wgy1, ..., Wqs with multiplicities > 3,
and not containing H;. This can be done under the following sufficient
condition on ¢; = deg C,

o +3) = Lo =)l —h+3) > p+q+2t,

which is equivalent to

1p 3, Ppta+2t
€1>2h1 2+ Iy ,

and, using (3.4), we can take

2t
<lh1+ PHa+ <—]—'h1+2d

35) 4 <ip pETITE Prar=
(35 fsgh+ hy 2 2p+2q+3t — 2 3

Step 2. — From now on assume 3; = 2. First we look for a curve C]
of degree ¢} passing through 21, ..., 2,, meeting F' at wg41, . .., Wq4s With

TOME 122 — 1994 — ~° 2



VARIETIES OF PLANE CURVES WITH NODES AND CUSPS 245

multiplicities > 3 and not containing H;. As in the first step we have the
following sufficient condition for the existence of such a curve

, 1 3  pP+2t
81 > §h1 -3 + hy )
and then we can take
, 1 p+ 2t'
(3.6) 6 < §h1 + I

Step 3. — Assume that there is a curve H| # H; of degree h} < hq,
passing through ws, ..., wq, and that A} is the minimal such degree. This
minimality implies :

(3.7) r? < 2q.
Then we put C; = Cf(H})?. According to (3.6)

2
hy+ P2 ot
hy

¢ =degCy < %

Hence, using (3.4), (3.7) and the initial assumption A} < hq, it is easy to
compute

p+q+2t q
O < Ih+ F—— T d— X 420
(3.8) Y= T op g+ 3t hy !
' 1 2 q 2
<shit 5d— e +2h) < 3d+2hy.
Step 4. — Now assume that H; is the unique curve of degree < h;,
passing through w;, ..., w,. In particular, that means
(3.9) Thi(hi+3)<q

Let C] be the curve of degree ¢] constructed in step 2. Consider two
situations.

o Assume first ¢ < h%. Then 2¢ < 2h;(2h; + 3)/2. That means the
set M of curves of degree 2h;, meeting F' at wy,...,w, with multiplici-
ties > 3, is infinite. The only curve in M containing H; is HZ. Now take
H| € M different from H?, and put C; = C} H. Here :

p+2

El = deg Cl hl + — h

+ 2h;.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



246 E. SHUSTIN

Finally, from (3.4), (3.9) we get :
(3.10) 6 < 2d+ 20
+ Now assume :
(3.11) q>h?+1.
Introduce the integer
hy =max{v € N| hi(v—h1) +1<q}.

According to (3.11), A} > 2h;. Denote by M the set of curves of
degree h} meeting F' with multiplicity > 3 at each point w1, ..., w,, where
m=hy(h] —h1)+ 1. If G € M contains H; then G = Gy Hy, and G; goes
through wy, ..., w,, because

(G- F)(w;) =(G-F)(w;) — (Hy - F)(w;) >3—-2=1,i=1,...,m.

Hence G contains H;, because these curves meet at m > deg H; - deg G
points. Then there is a curve H{ € M not containing H; as component,
because the sufficient condition for this existence is

TRUR +3) = 2(ha (W] — ha) + 1) > 1 (K} — 2h1)(R) — 2hy + 3),

which is equivalent to
3h1 > 2.

Finally, let H{ be a curve of the smallest degree hY meeting F at w;,
i =hi(hy —h1)+2,...,q, with multiplicities > 3. By definition of h{, the
number of these points is < hy — 1. If h; < 3 then, obviously, A} < h; —1.
If hy > 4, since

LR = 1)(h] +2) < 2 -2,
we have :
(3.12) W < Zhy.

The last inequality is true in the case hy < 3 too. In particular, H{" does
not contain Hy. Now put C1 = C{H{H{'. Here we have from (3.4), (3.6),
and (3.12)

2t
t = degCy < %h1+%+h’l+h’{
4
1 p+§Q+2t / " 4q
(3.13) = gt TR B b =

IA

shy+ 2d+ by + b — 5(h) — hy)
< §hi+ §d— 5hy <2+ 34,

because b} > 2h; as it was mentioned above.
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Step 5. — Inequalities (3.2), (3.5), (3.8), (3.10), (3.13) and the defi-
nitions of n and « imply that the degree of any curve R;, j = 1,...,r,
defined by (3.3), is less than n. Now consider the linear system

(3.14) MGoH + MG1R1+ -+ A\.G- R, ()\0, cey )\r) e P,

where Gy, ..., G, are generic curves of positive degrees n — h, n — deg Ry,
...,n—deg R, respectively. According to the construction of H,Cy, ..., C,,
this is a subsystem of A(n, F'). Also note that the curves Gy, ...,G, do
not go through base points of our linear system. Then we obtain imme-
diately from the Bertini theorem (see [3], [14]) that a generic member in
the linear system (3.14) is reduced and irreducible. Thereby we can take
this generic member as the desired curve .

4. The property T

Let F € V(d, m, k). As said above, the property T and the smoothness
of V(d,m, k) at F follow from :

ProposITION 4.1. — Under condition (0.3) the linear system Ai(d, F')
s mon-special.

Proof. — According to LEMMA 3.1, under condition (0.3) there is
an irreducible curve ® € Ai(n,F), n = [2aq + 2d]. According to
ProposiTION 1.11 there is a divisor D on ® of degree

(4.2) deg D < m+ 2k

such that
Al(va)DE‘I)(prl))a le

Therefore, according to ProrosiTiOoN 1.2; it is enough to establish the
non-speciality of L4 (d, D), which will follow from

(4.3) deg(Go — D(®) — D) > 2g(®) — 2

where G € Lg(d, D), and g(®) is the geometric genus of ®. Indeed, we
have by ProposiTION 1.3 and (4.2) :

deg(Goe — D(®) — D) =nd —n(n — 3) — 2+ 2g(®) — deg D
(4.4) >n(d—n+3)— (m+2k)+2g(®) -2
> n(d —n+ 3) — apd® + 2g(P) — 2.
Since n = [(v/2ao + 2)d] and «p is the positive root of the equation

(vaa+2)(3 - vaa) —a,
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hence
n(d —n +3) > apd?.

Then (4.4) implies (4.3) and completes the proof.

5. Irreducibility

We prove the irreducibility along the plan mentioned in introduction.

ProposITION 5.1. — For any F € V(d,m,k), the intersection of
V(d,m, k) with Aa(d, F) contains an open dense subset of Aa(d, F'), and
consists ezxactly of curves from V(d,m, k) with the same nodes, and the
same cusps with the same tangents as F'.

Proof. — Since F € As(d,F) and any curve G € Ay(d, F) is sin-
gular at zi,...,2n, then the Bertini theorem implies that almost all
curves in Ag(d, F') have nodes at z1,...,2zn, and are non-singular out-
side Sing(F’). Consider the cusp w; € F. In some affine neighbourhood
of w; we fix an affine coordinate system (z,y) such that w; = (0;0), and
y = 0 is a tangent to F' at w;. Then in this neighbourhood, F' is defined
by polynomial

(5.2) Ay® + Bx® + Z Aijz'y’, AB #0,
2i+37>6

and can be locally parametrized analytically (see [3], [14]) by
(5.3) =12 y=A4+0(t%).

To determine (G - F')(w;) we plug (5.3) into the affine equation

Z aijxiyj =0

of G, and then compute the order of vanishing at 7 = 0 (see [14]). Thus
we obtain for curves G € Ax(d, F') that :

ago = ap1 = @10 = a11 = az =0 .

Since F' € As(d, F), almost all curves in Az(d, F') have affine equations
like (5.2), that means they have a cusp at w; with the tangent y = 0. Now
to complete the proof we should note that any curve G € V(d, m, k) with
nodes 21, ..., Zm, CUSps wi, ..., wy and tangents Ty, F, ..., Ty, F, belongs
to Ag(d, F)
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PropPosITION 5.4. — Under condition (0.4), V(d,m,k) contains an

open dense subset Vconsz’sting of curves F' with non-special linear sys-
tem Ag(d, F) .

REMARK 5.5. — Even under condition (0.4), V(d, m, k) may contain
curves G with special system Ay(d, G). This holds for V(2p, 3p,0), p > 3
(see [12]).

Proof of Proposition 5.4. — It is enough to prove the statement for
any irreducible component Vy of V(d,m,k). For any curve G € V,
let H(G) denote the linear system of curves of the smallest degree h,
passing through Sing(G). Evidently, any H € H(G) is reduced, and

(5.6) h=degH < +/2(m+k) < V2a;d.

Denote by V; the set of curves G € V with maximal h. This is an open
dense irreducible subset of V; (see [3]). Now denote by V> the set of curves
G € V; with minimal dim H(G). Similarly this is an open dense irreducible
subset of V;. Then
w=J H(G)
GeVs

is irreducible as the image in P(X(h)) of the space of a projective bundle
with base V, and fibres H(G), G € V. Denote by Wy the set of curves
H € W with minimal number of irreducible components. It is irreducible,
open and dense in W. In particular, that means all the curves H € W,
determine the same sequence of degrees of their components (up to
permutation). Moreover, if H runs through Wy, then any of its irreducible
components K runs through some irreducible set

W(K) C P(X(deg K)).

For H € WoN'H(G) define N(H) tobe Y N(K, H), where K runs through
all components of H, and N(K, H) = card(K N Sing(G)). Denote by W;
the set of curves H € Wy with minimal N(H). First, it is an open dense
irreducible subset of Wy, and, second, for any component K of H € Wy,

N(K,H) = min N(K' H').
K'eW (K)
At last, introduce
Vi = {GEVQIH(G)ﬂwl 75(2)}.

According to the above construction, this is an open dense subset of Vj.
Now we will show that V3 contains an open subset consisting of curves
satisfying the conditions of PROPOSITION 5.4, in three steps.
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Step 1. — Fix G € V3 and H € H(G) N W;. Show that any component
K of H of degree § contains at most %6(6 + 3) points from Sing(G).

Indeed, let K contain %6(6 + 3) + 1 points from Sing(G). Denote the
set of these points by S, and consider the linear system Aj(d, G, S). Let
us take an irreducible curve ® € Ay1(n,G), n = [(2 + v/2a1 )d], from
LeEMMA 3.1. According to ProposiTioN 1.11, for all ¢ > 1,

Ag(t,G, S) D £q>K(t, D)7
where
(5.7) deg Djp <m + 2k, degDjp < $6(6+3)+1.

We shall show that Lex(d,D) is non-special. According to Proro-
s1TioN 1.8 and arguments from its proof, this is equivalent to

i((d—6)Le — D(®) — Djg) =i((d —n)Lx — D(K) — D|g) = 0.
According to THEOREM 1.7 these equalities follow from :
(5.8) (d = 6)n — deg D(®) — deg D¢ > 2g(®) — 2,
(5.9) 8(d —n) —deg D(K) — deg D) i > 29(K) — 2.
According to ProposiTioN 1.3 and (5.7), inequality (5.8) follows from :
m+ 2k <n(d—6—-n+3).

This inequality can be easily deduced from the definition of n and (5.6),
because o = 55z satisfies the inequality :

o1 < (3 +v2a1) (3 - 2v2a1).

Analogously, by ProposiTiOoN 1.3 and (5.7) the inequality (5.9) follows
from :
d—n> %6.

This can be easily deduced from the definition of n and (5.6), because a;
is the root of the equation

1- (2 +V2a) = 32

So, according to ProposiTioN 1.2, A3(d,G,S) is non-special, and
according to ProposITiONS 1.3 and 1.8

(5.10) dim A3(d, G, S) = $d(d+3) —m — 2k — 2- card S.
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If G runs through V3, then S runs through some subset of

Sym5(5+3)/2+1 (P2),

thereby defining a morphism
U ‘73 N Sym6(5+3)/2+1(ﬂ”2),

where 173 is the finite covering of V3 corresponding to different choices
of %6(6 + 3) + 1 points from the set Sing(G) N K (which might contain
more than %5 (6 + 3)+1 points). The tangent space to the fibre v~1(S) at
the point (G, S) € V3 is contained in As(d, G, S) (see [2], [12]). Therefore
(5.10) implies :

dimy~!(S) = dim V3 — 2(36(6+3) + 1),

hence v(Vs) is dense in Sym?(+3)/2+1(Pp2). Therefore there is a curve
G € V3 such that, for any set S of %6((5 + 3) + 1 points in Sing(G) N K,
no more than %(5(6 + 3) points of S lie on a curve of degree §. But this
contradicts the definition of the set V3 and the initial assumption that
K N Sing(G) contains more than %5(6 + 3) points, and thus completes
the proof.

Step 2. — Consider the linear system As(d,G,Sing(G)). As in the
previous step, for any curve H € H(G) N Wy and all ¢ > 1 we have

As (t, G, Sing(G’)) D Lou(t,D),
where D satisfies (5.7) for any component K C H, hence A3(d, G, Sing(G))
is non-special.
Step 3. — As in the first step, the non-speciality of A3z(d, G, Sing(G)),
G € V3, implies that the image of V3 by the morphism
p: Va — Sym™*(P?),  u(G) = Sing(G),

contains an open dense subset U of Sym™"*(IP2). According to [4], under
condition (0.4), for any Z from some open subset U’ C U the linear
system A(d,Z) of curves of degree d, having multiplicity > 3 at each
point z € Z, is non-special. It is easy to see that for any G € V(d,m, k)
andt>1:

As(t,G) D A(t, Sing(G)).

Therefore Ay(d, F') is non-special for any curve F € p~1(U') N V3. []
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Now we can finish the proof of the irreducibility of V(d, m, k), showing
that V is irreducible. To any curve F' € V we assign the set Sing(F') and
the set of tangents at its cusps. Thereby we obtain a morphism

7:V — Sym™(P?) x Sym* (P(TP?)),

where P(TP?) is the projectivization of the tangent bundle of the plane.
According to PROPOSITION 5.1 any fibre of 7 is an open subset of some
linear system Ag(d, F'), F € V, hence is irreducible. The non-speciality of
these linear systems, PRoPosITIONs 1.2 and 1.8 imply immediately that
all the fibres have the same dimension :

Ld(d+3) - 3m — 5k = dim V — dim (Sym™(P?) x Sym"(P(TP?))).

Finally, this equality means that 7(V') is dense in
Sym™(P?) x Sym* (P(TP?)),

hence is irreducible. This completes the proof.
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