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SUBELLIPTIC VARIATIONAL PROBLEMS
BY

CuAo-JiaNG XU (*)

RESUME. — En utilisant la méthode directe et I'itération de MOSER, nous démon-
trons ’existence et la C*-régularité du point stationnaire pour le probléme variationnel

elliptique dégénéré I(p) = fn F(z,u,Xu)dz ou X = (X1,...,Xm) est un systéme de
champs de vecteurs C'* réels qui satisfait a la condition de Hérmander. Les hypothéses
sur F(z,u,£) sont analogues a celles faites pour les problemes elliptiques.

ABSTRACT. — Using the direct method and the MOSER’s process, we prove the
existence and C* regularity of stationary point for the degenerate elliptic variational
problem I(u) = fn F(z,u, Xu)dzx where X = (X1,...,Xm) is a system of real smooth
vector fields which satisfy the Hormander’s condition. The assumption imposed on
F(z,u,£) are similar to those for the elliptic case.

1. Introduction

In this paper, we study the existence and the regularity for the
minimum points of the following variational problem :

(1.1) I(p) = /9 F(z,u, Xu) dz,

where Q is an open set in R®, n > 2, and X = (X1,...,X},) is a system of
real smooth vector fiels in M, which is a bounded domain of R™ such that
Q cc M. We assume that F(z,u,£) is convex in £ and that X satisfy the
Ho6rmander’s condition in M, i.e.

{X;} together with their commutators
(H) up to a certain fized length v span the
tangent space at each point of M.

(*) Texte recu le 26 juin 1989, révisé le 15 mars 19go0.
C.-J. Xu, Dept. of Mathematics, Wuhan University, 430072 Wuhan, China (P.R.).
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148 C.-J. XU

In this case, the Euler’s equation of (1.1)

(1.2) > X;Fe, (w4, Xu) + Fy(z,u,Xu) =0
j=1
is degenerately elliptic. We assume also, for j = 1,...,m,

Mes{z € Q| X;(z) =0} =0.

For linear problems of this kind, there is a lot of work after the first
appearing of L. HORMANDER’s (see [1, 2, 4, 5, 7, 8, 9]). In particular, we
note that the Hormander’s condition permit us to define a metric p(z,y)
associated with X in M. Using the geometry of this metric, we can think
the Hérmander operator

H= zm:Xf + c(x)

Jj=1

as the Laplace operators. Then we can study the existence of weak
stationary points of (1.1) by the direct method just as we do for the
elliptic problem, and discuss the C* regularity of weak solution of (1.2)
by Moser’s process just as we do for the linear degenerate elliptic problems.

Our result is an extention of those for the elliptic variationnal problem
to a certain class of highly degenerate problems. We will consider the C*®
regularity problems in another paper.

2. Function space M*P(2)

In order to study the weak solution, we introduce a function space
M*?(Q) associated with X, which is analogue to Sobolev’s space. For
any integer k > 1, p > 1 and 2 CC M, we define

1) M@ ={ferLr@)]
X7f € LP(Q), VI = (jt,,50), 1T <k}

where X7 f = X;, ... X,, f, |J| = s and define the norm in M*?(Q) to be

/
(2.2) 1 arerey = (3 ‘IX’fll’imm)l "

1 71<k
We also denote by M*(Q2) = M*2(Q2). Then we have :

ToME 118 — 1990 — n° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 149

THEOREM 1. — The function space M*P(Q) is a Banach space for
1 < p < 400, which is reflexive for 1 < p < 400 and separable for
1 < p< +oo. Also, M*¥(Q) is a separable Hilbert space.

Proof. — a) Let J = (j1,...,Js), with 1 < j, < m, and denote by X7/*
the adjoint operator of X“. Then

(2.3) M*P(Q) = { F € LP(Q) | 3g; € LP(Q) such that
[ 1 X"pdo= [ grds, e @, 191 <k},
Q Q

Suppose {u;} to be a Cauchy sequence of M*P(f), then {X7u;}, for
|J] < k, are all Cauchy sequence in LP(f2). Hence there exists u’ € LP(Q)
such that X7u; — u” in LP(2). On the other hand

/quJ*cpd.’r———/X‘]ujcpd:r, p € CE, |J| Lk
Q Q

Let j — oo, we have

/uOXJ*godx:/ngodx, p e CF (), |J| Lk,
Q Q

which proves u® € M*?P(Q), X7u® = u’ and ||u; — u°||prr0() = O.

b) Setting E = [], ;<4 LP(f2), then E is a reflexive Banach space for
1 < p < +00. Define T : M*¥?P(Q) — E by Tu = (X’u), then T is an
isometry from M*?(Q) to E. Since T(M*?(Q)) is a closed subspace of E
and T(M*?(Q)) is reflexive, then M*?(9) is also reflexive. The proof for
separability is similar.

We denote by MyP(Q) the closure of C$°(Q) in M*?(Q). From the
subellipticity of Hérmander’s operator H, we have the following lemma :

LEMMA 2. — Let Q be a bounded subdomain of M. Assume that X
satisfies the Hormander’s condition in M. Then, we have the continuous
imbedding M(f’p(Q) C Wk/m2(Q) for all k > 1, p > 1 and there exists
C =C(p,Q,r) such that

(2.4) lullwsrre () < Cllullprr.» (2)
forallu € Mé“’p(Q). (Here, W*P(Q) is the usual Sobolev’s space.)

For the proof of this LEMMA, see [2, 9]. Using the classical Sobolev in-
equality in W*P(Q2) and imbedding LEMMA above, we obtain the following
Sobolev inequality for the function space M*P((Q).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



150 C.-J. XU

THEOREM 3. — Assume that Q is a C*® domain. Then, we have
continuous imbedding
Lre/(n=kp/T)(Q)  for kp < nr,

k,p
(2.5) M, ) c { Cm(ﬁ) fork/r —mn/p>m >0.

Further, there exists a constant C = C(n,r,p,k) such that for any
u € MEP(Q) we have
26) [[ullpnesn-tpimq) < Cllullprr@) — for kp < nr,
' lullgm gy < ClUM™="/?||ul|prw()  for k/r —n/p>m >0.
By a contradiction argument based on the compactness result of

the usual Sobolev’s space, we obtain an interpolation inequality for the
space M*?(Q).

LEMMA 4. — Assume that Q is a C™ subdomain of M and u an element
of M*?(Q). Then, for any e > 0 and 0 < |J| < k, we have

I1X 7 ullzr(a) < ellullprria) + Cllullr (o)
where C = C(k,Q,¢€).

We define now a metric p(x,y) associated with X in M as in (7, 9],
and take

Br(z) = {y € | p(z,y) < R}

for R > 0 small enough. Then, in the function space M*P?(12), we have
also the following Poincaré inequality.

LEMMA 5
(1) For any z° € Q, there exists Ry > 0 such that for all 0 < R < Ry,
if ¢ € My (Bg(°)), then

(2.8) llollLr (Br(z0)) < CRIIX@||Lr(Br(20))

where C is of independant on ¢ and R.
(2) If, in the system of vector field X = (X1,...,Xn) there exists at
last one vector field which can be globally straightened in 1, then we have

(2.9) llellzr(@) < C diam Q|| X || 20 (0)
for all p € Mol’p(Q), where C' is of independant on ¢ and 2.
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SUBELLIPTIC VARIATIONAL PROBLEMS 151

(3) There exists a constant C and a radius Ry > 0 such that for any
z° € Q and any R, with 0 < R < Ry, for which Byr(z®) C Q, we have

(2.10) /B |u(:1:) - HR|pda: < CR”/B Em: | X;u(z)|Pdx

R j=1
for all w € MVP(BR), where @ = |Bg|™" [5_u(y)dy and |Bg| denote the
volume of Br(z°).
The proof of (1) is classical and we can find the proof of (3) in [8].
Now, for u € M} () and k > 0, let

Ar={reQ|u(z) >k} and A} ={reQ]|u(z)=rk}.
It is readily seen that these sets are mesurable, and

Ap = Akyer ArUAL = [ Aie,

e>0 e>0
Mes(Ax \ Agte) — 0, Mes(Ax_. \ (Ax U A}) — 0

as ¢ — 0. For the functions u*)(z) = max{u(z) — k,0}, we have

LEMMA 6. — Let u € M}(Q) and k > 0. Then u'® € M3(Q) and for
7=1,...,m, we have

(2.11) Xju(k) _ {Xju(a:) for almost all x € Ay,
' 0

at other places.

Proof. — From the definition, for u € M} (), there exists a sequence
{up} C C§°(Q) such that lim,_, o ||up — u||pr1(0) = 0. Thus u, — u and
Xjup — Xjuin L?(Q) for j = 1,...,m. We have immediately ug,k)
in L2(9). Setting AY = {z € Q | up(z) > k}, we have, for p — oo,

(5

Mes(Ax \ (47 N Ag)) — 0,
Mes(AP \ (47 N (Ax U AL))) — 0.

In fact, we know that Mes QP¢ = Mes{z € Q; |up(z) —u(z)| > €} = 0
for all e > 0 and p — o0, and Agie N (AN QPE) C A} for € > 0.

A N (Alc+£ N \ Qp’e)) =Agie N (Q \ QP’E) C Az N Ag,
A\(ARNAR) = (Ap\ Apge) U(Apre NP U (Apre N(Q\ Q7)) \ (AR N Ag).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



152 C.-J. XU

Now; for § > 0, take £ = (6) such that
Mes(Ay \ Agte) < 36
and p(6) such that for p > p(§), Mes QP=(8) < 16, implying that
Mes(Ag \ (47 N 4g)) < 6.

On the other hand, A% N (2 \ Q7F) C Ax_., hence is also contained in
Az N Ax_.. Now

AP\ (420 (A5 UAY) = (420 (Q\ Q) U (AL NOP)\ (AL N Ar.)
U(AZ N (Ap—e \ (4i U 43)).

For 6 > 0, take ¢ = ¢(6) > 0 such that
Mes(Aj_. \ (s U A}))< 16
and p(6) such that for p > p(6), Mes Q7€ < 16. Thus
Mes (A% \ (A7 N (A U A})))< 6.

Now, since u, € C*(Q), A% is an open subset of Q and, for j = 1,...,m

Xjug,k) = {

In fact, denote by E; = {z € Q| X;(z) = 0}. Then Mes E; = 0, and X
is a nondegenerate vector field on 2\ E;. Then we can obtain, as in the

classical case, X juj(,k) = 0 for almost = € Ail \ E;.

) i p
Xjup, in Ap,

0 in 0\ 4}.

Hence, {Xjug,k)}pzl,,,,,oo is a bounded sequence in L?(Q). Then there
exists u(()kj) € L?(Q) such that a subsequence of {X jug,k)} converges weakly

(k) in L2(Q), i.e. for all p € C°(R), we have

to ug ;

: k — {,, (k)
Jim (X;uf®), o) = (u57, ).

On the other hand
Jim (X, ) = lim (g, Xo)
= (u®, X70)
= (Xju(k),90>'

TOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 153

Thus X;u®) = ugk]) € L?(Q) for j = 1,...,m, which proves u(¥) € M}(Q)

because Supp ug,k) is compact in Q and Xjug,k) converges to Xju(k) for

almost z € 2, hence

lim Mes{z € Q; |X;ul®) — X;u®|>e} =0

p—oo
foralle > 0and j =1,...,m. Denote
EW = {X € Ax; |XulP) - Xju| > €}
Then we have :
Ey = (Ey (A7 N Ap) U (By 0 (A%\ (47 N Ap)))

where, for p — oo,

Mes(E% N (A} N Ag)) = Mes{z € AY N Ay ; |Xjup, — Xjul > e} — 0,

Mes(E}’,f N (Ak \ (Az N Ak))) < Mes(Ak \ (Ai n Ak)) — 0.

That implies X;u*)(z) = X;u(z) for almost € Ay and j = 1,...,m.
On the other hand, we have

O\ Ap = (2 (A7 U Ap)) U (A7 \ (A7 N (Ar U A}))) U (Ax U A)
where, for p — oo,
Mes{z € Q\ (A2 U Ax); | X;ulP)| > e} < Mes AL =0,
Mes{ A} \ (AP N (A, UAL))} — 0.
For the term A} N A}, if Mes A} # 0, denote by Q={zeQ|X;)#0}.
Then Mes 2 = Mes (2, and (2 is an open subset of {2 by using Hérmander’s
condition. Hence, just as in the classical case, there exists A} such that
Mes A}, = Mes Ay, and X u(z) =0 for x € Ay and j =1,...,m. Then
Mes{z € A} N A} ; |Xju§,k)(a:)| > e}
= Mes{z € AL N A} ; | Xju,y(z) — Xju(z)| > e}
< Mes{z € Q; |X;up(z) — Xju(z)| > e} — 0,

for p — oo, which proves lim,_, Xjui(ok)(:c) =0= Xju('“)(m) for almost
z €N \ Ag.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



154 C.-J. XU

3. Existence of minimizing points

Assume that Q is a C* bounded subdomain of M. We now consider
the problem of minimizing the functionnal

(3.1) I(u):/QF(x,u,Xu)dx

in the function space M, ().
__ For the existence problem, we assume that the function F(z,u,§) :
Q1 x R x R™ — R satisfies the following conditions :

(1) F(z,u,&) > A|€|P for p > 1 and A > 0;

(2) F(z,u,§), Fu(z,u,€) and F¢,(z,u,§) are, for j = 1,...,m, con-
tinuous functions in Q@ x R x R™;

(8) F(x,u,§) is convex in ¢ for all (x,u).

We will prove the following existence theorem :

THEOREM 7. — Let X satisfy the condition (H) and the assumption (2)
of LEMMA 5. Assume that F' satisfies the conditions (1), (2), (3) and that
there ezists a function ¢ € M&’p(ﬂ) such that I(¢) < +o0o0. Then the
functionnal I(u) attains a minimum in M,P ().

Proof. — Assume that {ux} is a minimizing sequence in Mg-’p(Q),
that is uxy € My?(Q) and I(uy) = dy — d = infveM&.p(Q) I(v). From
condition (1), we get

(3.2) / | Xug|Pdz < I{uy) < constant independant of k.
Q

On the other hand, from the point (2) of LEMMA 5, we obtain :

(3.3) /Iukl”dx§cl/ | X ug|Pdz.
Q Q

Hence Il'll:]c”M(:,p(Q) < const, independant of k. Now, MP(Q) is a reflexive
Banach space for p > 1. Passing to a subsequence when necessary, we
know that {uj} converges almost everywhere in 2, strongly in LP(Q2) and
weakly in M1?(Q) to a function ug € M;?(Q). We have to prove that
I(up) = d. From Egorov’s theorem, for any ¢ > 0, there exists a subdomain
Q. C Q such that Mes(2\ Q) < € and {ux} converges uniformly to ug
in Q.. For N > 0, we define Qny = {z € Q; |uo| + |Xuo| < N}. Since
uy € My*(R), we have Mes(2 \ Q. y) — 0 when N — oc. Putting

TOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 155

Qv = Q. NOQy C Q, we have Mes(Q \ Q. x) — 0 when ¢ — 0 and
N — oo. Using the condition (3), we find

/ (F(z,urXur) — F(z,u0, Xug)) dz

€

/ ZF& x, uk,Xuo) Xj(uk —UO)dCU
Qe,N

+/ (F(z,uk, Xuo) — F(z,u0, Xug)) dz.
QN

Let k — oo. Since F,(x, ux, Xuo) is bounded and converges uniformly
in Q. ny and X;(ux —ug) — 0 weakly in LP(Q), we deduce

/ ZFfa x, uk, Xug)X;(up —up)dr — 0 as k — oo.
Qc,N j

On the other hand, {ux} converges uniformly to u in Q,
/ (F(x,uk, Xug) — F(z,u0, Xug))dz — 0 as k — oc.
Q,
Therefore, we have obtained, for any € > 0 and N :

lim F(x,uk,Xuk)de/ F(z,ug, Xug) dz.
k—oo Jq,,N Q.,N

That means d > st ~ F(x,u0, Xup) dz. Now, let ¢ — 0 and N — oo : we
have proved the theorem.

REMARK 8. — For the non-homogeneous Dirichlet problem, we have to
study the trace of M!?(Q) functions. If € is C* and non-characteristic
for X, we know from [2] that for v € M'?(Q), the function Ul 5 1
measurable in 9. In this case, we can consider in a similar way the
minimizing problem of I(u) in M = {v € My*(Q) | v — ¢ € MVP(Q)}
for some function ¢ € M'?(Q) which take a prescribed value on the
boundary 0f2.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



156 C.-J. XU

4. Estimation of Esssup|u| of weak solutions

In the preceeding section, we have obtained a weak solution in M? for
the variational problem I(u). We now study the regularity of this solution.
For simplifying the notations, we suppose that p = 2 and consider non-
homogeneous problems. We have :

THEOREM 9. -— Let X satisfy the condition(H) and the assumption (2)
of LEMMA 5. Assume that I(v) attains a minimum in M = {v € M1(Q) |
v—@ € M)}, at u € M1(Q) and Esssupyg |u| < My. Let the function
F(z,u,&) satisfy, for |u| > My, the following conditions :

(4.1) F(z,u,&) > Mé|* — plul® — |ul*e(z),
(4.1) F(z,u,0) > plul* + [u*¢(2),

where A >0, p >0, a €]2,2], p € LY(N), ¢ > snr and 2 = 2nr/(nr — 2).
Then we have

(4.3) Esssup |u(z)] < C
Q

where C' depends on m, r, A\, p, a, Mo, |||z, || Xu||L2 and Mes Q.

Proof. — We take A, = {z € Q | u(z) > k}, and prove the majoration
Esssupq u(z) < C. (The proof of Esssupq(—u(z)) < C is similar, using
in this case the set A} = {z € Q| —u(z) > k}.) Setting

k u(z) ifzxe )\ A,
u'(z) = .
k if z € Ay,

then, for k > My and from the LEMMA 6, we get u* = u —u(¥) € M, and
I(u) =d=1inf I(v) :

/F(z,u,Xu)de/F(:c,uk,Xuk)dx
Q Q

:/ F(z,k,O)d:c—i—/ F(z,u, Xu)dz.
Ay, Q\Ag

Hence

Ay
It follows from the conditions (4.1) and (4.2) that

/F(:c,u,Xu)de/ F(z,k,0)dz.
Ag

A | Xul?dx - / (ulul® + [ulp(z)) dz < / (uk* + k*p(z)) da.

Ag Ay Ak

ToME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 157

Taking k > 1, we have
2
/ | Xu|?dz < —/ (ulul® + ul*o(z)) dz.
Ak- )‘ Ak

From the conditions of the THEOREM, we also have ¢ > inr, 2/(a—2) >

inr and ||u||z;2 = |[u*"2|| ;3/(a2), hence

/ lu|*dz < ||Ua_2”L§/(a—2)(A,C)||u2“1,5/(5+2—a)(,4,c)

Ax

< 20ul|%5% (1w = k|[3e; (4, + K Mes™“ Ay)

L2(A )(

/A (@) Po@) do < [lollaanllell e )
k
< 2l zacay (lu — Kl ) + K Mes?/ 2 Ay),

where £, =2 x2/(2+2—a), by =2q/(q—1), €1, £ € ]2,2[. Therefore,
we have obtained, for all k¥ > max{Mp, 1}, that

(4.5) / | XulPde < > Ci(llu— Kl a, ) + K (Mes Ag)*/%),
i=1,2
where C; = 4u/A||u||L2(Q) Cy = 4271|¢|| and 2/¢; = 1 —2/(nr) + &;
with €; = 2/(nr) — (@ —2)/2 > 0 and €3 = 2/(nr) — 1/gq > 0.
Hence, THEOREM 9 can be proved with the following lemma :

LEMMA 10. — Let u € MYP(Q), with 1 < p < nr, and Esssupyq u(z) <
ko < +00. Assume that for any k > ko, we have

(4.6) /|Xu|pda:<fyZ||u B2

Jj=1
N

+7 Z k% (Mes Ay, )1 ~P/ (M) 46
Jj=1

where £; <P, €; > 0 and p < aj < €;+ p. Then, we have
(4.7) Bessup s < C(n,r,p, k.7, 4, 0,65, ||ull 7).
Proof. — First, it follows from the Holder inequality
= Ell oy 4y < (Mes APl = k|7,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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Using point (2) of LEMMA 5 and, as in the proof of LEmma 6, u(k) ¢
M,?(Q), we have '

llw = Ell 125 4,y < Co(Mes Ag) 4 7VP| | Xul| 154, -
On the other hand,

k(Mes Ag)'/? < L = ||ull 7 4, -

Thus, for
(4.8) E>k = max{ ko, L(2C? Nw)zj/w(ﬁ—/zn)},
we have
Ny N
! Z1 1w =Kl 4, < 721 Co(Mes 4/~ P||Xull], 4,
J= Jj=
N - .
< 1Xullfy 4y 3 CHEE T PF-)/ 6P
=1

A

1
= §”X’U/I|I[),P(Ak)‘

Taking 6 = min{e; — (o; — p)/P > 0, we have obtained, for k£ > k', that

(4.9) / | XulPdz < v, kP(Mes Ag)'—P/(nr)+8
Ay

where 71 = 2y Z;V=21 L*i~?, Now, for u € My?(Q), we use the Holder
inequality and the LEMMA 5 to obtain

/ (u—k)de <|lu- kHLr(A,C)(MesA,C)I“l/?
Ak
<Gy (/ | Xu|Pdz)'/P(Mes A )! ~1/P+1/(n)
Ak
< ClWll/pk'(MeS Ay)V/pto/p=1/(nr)+1=1/p+1/(nr)

Hence, we have proved, for k > &/,

(4.10) (u — k) dz < Cyk(Mes Ay) /P
Ak

ToOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 159

Therefore, the integrable function u satisfies the conditions of lemma 5.1
of chapter 2 of [13]. We have proved this LEMMA and hence THEOREM 9.

For studying the regularity of weak solution of variational problem I(u),
we give some conditions on F' such that the weak solution of variational
problem is also the weak solution of its Euler’s equations. Suppose
F(x,u,() satisfies

|F(,w,0)] < p(I¢F + [ul® + Yo(x)),
(4.11) |Fuz,u, O < (1K + [ul’ ™ + 41 (2),

|, (2w, Q) < w(IC] + [ul?? + w2(2)),
where 9 € LY(Q), ¢1 € L3(Q), ¢2 € L*(Q), with 2 = 2/(2 - 1) and
2<2=2nr/(nr—2).

Now, let n € M}(Q) and I(u) = d = infI(v). Then, for all ¢ € R,
we have
e(t) = I(u+tn) > I(u).

Hence, we have formally

do(t) _ [ (v . _
—E—_/Q(Zng(x,u—l—tn,Xu-l—tXn)X]

ER— Fy(z,u+tn, Xu+ tXn)n) dz,
and from (4.11)
1 2 1 2
|Fe, Xjn| < §|F£j| + §|Xj77|
< O (|92l + [ul® + Inl® + 1 Xul® + | X5?),
1 5 1, 5
‘Funl S glFuP + 5'"'2
SC(Jenf? +ul* + [n® + | Xul® + | Xn?).

Since u — p, n € M (Q) C L?%(Q), the integrand is finite. Hence the
derivative dp(t)/dt exists and is continuous in ¢. On the other hand, ¢(t)
takes its minimum on ¢ = 0, then

de(t)

t=0

= / (i Fe, (z,u, Xu)X;n + Fu(X,u,Xu)n) dz = 0.
o\
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We have thus proved that u is a weak solution of the following Euler’s
equation

(4.13) > X} Fe (X, u, Xu) + Fu(X,u, Xu) = 0.
j=1

5. Local properties of weak solutions

In order to study the regularity of weak solutions for the Euler’s
equation (4.13), consider the following general quasilinear equation

m
Qu = ZX;Aj(a:,u,Xu) + B(z,u,Xu) =0

j=1

in Q CC M. Suppose that Q is bouded and connected, and that Q can be
covered by balls defined by the metric p(z,y), i.e. Q@ = |J Br(z). We also
assume that the function A;(z,u,§), for j = 1,...,m, and B(z,u,§) are
of class C®(Q x R x R™), and satisfy the following structure conditions.
For all (z,u,£) € @ xR x R™ :

Z;nzlAJ(x,uaé)éj 2 |§|2 - g(.’L‘)2,
(5.1) |4;(z, 4, €)| < A(€] + g()),
|B(z,u,€)| < A(IE* + f(2)),
where f, g € C°(Q?) and > 0, A is a constant.
We shall prove the following local estimate :

THEOREM 11. — Let -the operator @ satisfy the structure conditions
(5.1). Let u € M*(Q) satisfy Qu > 0 in Bg for some R >0 and u >0 in
Bgr. For some g € Jnr,n(r + 1)[, we set

(5.2) K=||f+¢*Ld+lgllLd’, Fo=KR“™/4,

with § = ng/(2n — g+ nr) > 1 and ¢’ = ng/(nr +n — q) > 1. Then, for
allp>0and%§0<1, we have

(5.3) sup < O((1 - 6)R)™""| Br|™ 7 ||itl| 1y (B)»
6R

where i = uw + Fy, B = B(xo,R) C Q, C = C(n,r,A,p,q,]||u||?°)
and a = a(n,r) > 0.
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Proof. — We first assume that p > 2 and choose the test function
¢ = C2a*~ler* € M}(Bg), where ¢ € C$°(Br). Using the structure
inequality (5.1), we have

/ ZAj(x,u,Xu)Xj( 2% ~1eM) dr
B

R j=1

< - B(z,u, Xu)?a?? el tdr
Br

< A/ (1Xa|® + f)¢?aPterudz
Br
and hence from (5.1), we have
(2p—1) / CaP2eM| X il de
Br
<(2p- 1)/ (2112”_‘26A“g2d:c + A (g% + f)(2112”_2eA“dx
Br

Br

+ 2A/ (IXa| + g)¢?| X ¢|a*P~ et da.
Br
Since @ > Fy and ||u||r~ < 400, we have

2p-1) [ P~ 2eM Xl de
Br

<@p-1C | CuP?glPdz + AC, [ CatP T (|gl? + f)da
BR BR

+(2p— 1)5/ 2| X’ dx
Br

C,C;
2p—1

+ / |X¢PaPdz + 2A / gC| X ¢la?? ' da,
Br Br

where C; = maxg e?A%. Denote v = @? and let ¢ = . We have
1/ ClXv|*de Scp/ h(X)(vidz + Q/ |X¢|*vidz, -
P JBr Br P JBg

where h(z) = (g% + f)/Fo + ¢*/F2. The choice of § and ¢’ implies
[|h]|Lerz < C(n). Using the Holder inequality, we have

/ hCdz < ||| ars ||V arao,
Br
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and the interpolation inequality for L? norms
[lullLe < ellullpe +e7#|lullL,

wherep< ¢ <, pu=(1/p—1/q)/(1/q—1/£). We have, with C dependant
on n, g, r and ||,
N2  Lara—2 = 11C|17 20/ a2
< ellgvlfge + 7"/ e

Hence

/ h¢*vPdz < Cel| X (¢w)|[72 + Ce™ ™™D ¢y 1.
Br
Let € = 1/(2C)p~2. Then

/B |X(¢v)|*dz < C(p*mr/a-m+2 4 ||X¢||§x)/ vidz.
R

Br

Using LEMMA 5, we obtain

2 2/2 2nr/(g—nr)+2 2 2
() iofas)” <ce HIXCI) [ v
R

Br

Now, take R, = R(6 + (1 — 6)/(2k)) for k = 0,1,2,... with 6 € ]0,1[.
Using the geometry of the metric p (see [11]), we can choose a cut-off
function ( € C§°(Bg, ) such that 0 < ¢, <1 and (4)(x) = 1in Bg,,, and
satisfying | X (x| < 2¢C/((1 — 9)R). Thus

(/ ,L~I,2npr/(nr——2)dx)(nr—Q)/(nT)
B

Re41 4k
< 2nr/(g—nr)+2 / 204,
_C(p + (1—0)2R2) BRkU dx

Take pj, = 2p(nr/(nr — 2))¥, with k > p, and replace p by £pi. Then

”’aHLP’“‘H (BRk+1 )

< C[(p(nr/(nr - 2))k)

2nr/(g—nr)+2

4k 1/pk
m]
< Ca* /™ (1 = 0)R) /™ |[iil| o (8, ),

+ ||| Lox (Bry)
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where C = C(n’r’ q,p,||u||Loo) and a = Z(nr/(nr 2))277,7‘/(!]—717‘)-‘,-2

Hence

+8.

~ > j/p; - > 2 G~
”uHka"'l(BRk_'_l) S Ca21=0~7/p1 ((1 _ O)R) Z]=U /p HUHL2P(BR),

where

- j B —2 1 2\/ _ «

j=0
and a = a(n,r) > 0. Since |Bg| < 1, (for R > 0 small enough), we have

[Brey| 7 Ba] '™ < |Bg,.,

|B 1/ps
_ (lBR:Ll) Pr41

|"1/Pk+1 |BR|1/Pk+1

= C(p,r)l/rwl <2

when k is large enough. Hence

Y .
}BR’““I pk+1||u|lL”’“+1(BRk+1)

< C(=0)R) " |Bal il ,,
Let £ — oo. We have proved, for all p > 2,

supa < C((1-60)R) a/p|B |~ 1/21)”“”,:2,,( R)’
Byr

Further, for 0 < p < 2, we have

supa < C((1 -9)R) a/2|BR|—1/4||U|| +(Br)
Byr
Y 1/4
< C((1-)R) " Bal Hsupay /4[| rda)
R

Br

—

2 S+ 20 (1= 6)R) 7 B il ).

l\.’)

Now, fix p and set ¢(s) = supp,, @. For § < s <t < 1, using the results
of [7], |Btr| > |By/2R| > C|Bg|, and by monotonicity, ||i||L2»(p,,) <
”ﬂ”sz(BR)- We have

p(t) + CA(t = 5)7%/7,

N~

¢(s) <
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where A = R=%/?|Bg|~/(?P)||4i|| 125 p,). Repeating this inequality yields,
for any sequence § < pg < p; < --- < px < 1, the inequality

k
1 1 -
#(po) < grp(pr) + CAY oo (pjn —pj) /7.
J=0

By monotonicity, we have ¢(px) < ¢(1) < ||i||p~ < +oo. Let & — oo.
We can prove

o0
1 _
©(8) < ¢(po) < CAZ% '27(pj+1 —p;) 7P,
]:
If we choose py = 0, pjy1 = pj + (1 —7)r'(1 = 6), j = 0,1,2,..., with
1> 7> (3)?/2, then the right hand side converges, which proves that
p(0) = Sup@ < C((1 = O)R) ™ */"|Br|™C?)|[|| v ).
6R

THEOREM 11 is thus proved.

6. Harnack inequality and Hélder continuity
We first introduce two lemmas.

LemMA 12. — Under the assumptions of THEOREM 11, assume that
u € MY(Q) satisfies Qu =0 in Q andu > 0 in Br. Then, forall0 < 6 < 1
and s > 0, we have

{ |{z € Bgr; logi > s+ fBo}| < Cs™'|Bygl,

6.1
(6.1) '{.’EEB@R; loga < —S+ﬂ0}| SCS—I’BgRl,
where Bg = |Bgr| ™} fBeR log i dz, and Bog C Q.

Proof. — Use the test function ¢ = (?*@~te~A*, where ( € C§°(B,R)
for some o > 1, with 0 < ¢ < 1 and ¢{(z) = 1 in Bg and with |X(| <
C((oc — 1)R)~!. Under the structures conditions (5.1), we have as in the
proof of THEOREM 11

/ ¢?|X log it|*dz
B,r

<c [ (ho)+I1X¢P)do
Bsr

< C|hl|zar2 | Borl* =% + | XC|[} | Bogl
< C|Br|R™*"/1 4 C|Bg|((c - 1)R)
< CR_z)BRI’
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where C = C(n,r, A, ||h||La/2, (0 —1)71). Hence
/ |X log ii|?dz < CR™%|Bg].
Br
Since logi € M'(Q), by LEMMA 5, we have
/ |log @ — B1|*°dz < C|Bg]|
Br
for all 0 < R < Ry with Byg, C Q. Denote

Q (s)={z € Ber; logii < —s+ By}

Then

C|Bgr| > / |log i — Bp| dx > /Q_( )(ﬂo —log @) > s|Q(s)|.

Bor

Another inequality is proved in a similar way. The proof of LEMMA 12 is
completed.

LEMMA 13. — Let {Q(t) : t € [5,1]} be a family of domains Q, satisfying
Q(t) CQ(r) for0 <t < 7. Let w > 0 be a continuous function defined in
a neighborhood of Q(1) and such that

sup w? < Co(7 — t)_“|Q(1)|_1 / wPdx
Q(¢) Q(r)

for all % <t<7<1 andp€]0,1[. Further, assume that

{z € Q(1); logw > s}| < Co|Q(1) s
for all s > 0. Then there exists a constant C = C(a,r,Cy) such that

(6.2) sup w < C.
Q(1/2)

Since LEMMA 13 is just a modification of LEMMA 3 of [12], the proof is
omitted. We can now prove the Harnack inequality for the weak solution
of equation Qu = 0.
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THEOREM 14. — Under the assumptions of THEOREM 11, if u € M1(Q)
is a weak solution of the equation Qu = 0 and if u > 0 in Bg, then, for
all 0 < 6 < 1, we have

(6.3) sup < C’{mf u+ Fp},
Bgr

where Fy is defined by (5.2) and C = C(n,r, A, q, ||u||r=).

Proof. — Without lose of generality, we can assume that u > k > C
in Bg. By LEmmaA 12, if Q(t) = By, with 1 < ¢ < 1 and w = e Pd or
w = P41, then THEOREM 11 and LEMMA 12 give that the function w
and the famlly of domains (t) satisfy the conditions of LEMMA 13. Then,
(6.2) implies

sup 4 < C? inf .
Br/2 Br/2
THEOREM 14 is proved.

REMARK 15. — From (6.3), we have also the following inequality
1/2
. inf @ > -1 | .
(6.4) %;u > c(IBR| /BR ] d:z:)

From the Harnack inequality (6.3), we have now :

THEOREM 16. — Under the assumptions of THEOREM 11, if u is an
M (Q) solution of the equation Qu = 0 in Q, then u is locally continous
in Q and, for any ball Br, C Q and 0 < R < Ry, we have

(6.4) osc u < CR*(Ry® sup |u| + K),
R

Ro
where K is defined by (5.2), C = C(n,r, A, q, Ry) and o = a(n,r,q, A, Rp).

Proof. — Set M(R) = supg, u, m(R) = infp, v and w(R) = M(R) -
m(R), v = u—m(R). Then v > 0 is a weak solution in Bg of the following
equation

Z Aj(z,v,zv) + B(z,v,2v) =0,
where Zj(:c,'v,Xv) = Aj(z,u — m(R),Xu), B = B(z,u — m(R), Xu).

Then, it is obvious that A and B satisfy the structure conditions (5.1).
By THEOREM 14, we have, for all 0 < 6 < 1

supv < C{ 1nf v+ Fpl,
Bor
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that is
M(6R) — m(R) < C(m(6R) — m(R) + Fp).

In the same way, we have for o = M(R) — u,

sup ¥ < C{ inf 7 + F
up 0 < {ipf 9+ Fo}

that is

M(R) —m(fR) < C(M(R) — M(6R) + Fo).
Thus we have
C-1 2CF,
criv®r e

Since 0 < 6, (C —1)/(C + 1) < 1. Using lemma 8.23 of [6], we have
proved (6.4).

w(6R) <

From Hormander condition (H) for (X), for any Q' CC Q, there exists
a constant C > 0 sucht that, for any z° € Q', any Bg,(z°) C Q and
0 < R < Ry, we have

(6.5) Bg(z°) D A(2°,CR") = {z € Q; |z — 2°| < CR"}.
The proof can be found in [4, 13]. Hence, from (6.4), we have obtained

. < CR*(R;® K).
(6.6) A e U S OR (B up |u| + K)

From this inequality, we have proved the following interior Holder esti-
mates for the weak solutions of quasilinear equation.

THEOREM 17. — Under the assumptions of THEOREM 11, if u € M* ()
satisfies Qu = 0 in Q, then, for any Q' CC ), we have the following
estimate

(6.7) lJullos oy < C(sgp lul + K),

where C = C(n,r,A,q,d'), d = (,00) and § = §(n,r,A,q,d") > 0.
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