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L’objet de cette thèse est de fournir une contribution à l’étude théorique et numérique 
de deux systèmes de mécanique des fluides décrivant la propagation d’ondes de surface : le 
système de Saint Venant (ou shallow water) et un système de type Boussinesq. Du point de 
vue numérique il s’agit plus particulièrement d’expérimenter l’utilisation d’une méthode de 
résolution multi-niveaux pour un système hyperbolique tel que le système de Saint Venant.

1.1 Présentation des systèm es étudiés

1.1.1 Les équations de Saint Venant

P résen ta tion  du systèm e

Le système de Saint Venant a été introduit en 1871 dans [24] et décrit des écoulements 
en eau peu profonde ou plus généralement pour lesquels la longueur d’onde caractéristique du 
mouvement est grande comparée à la profondeur moyenne. Ce système est utilisé pour modéliser 
de nombreux phénomènes physiques : écoulements dans des rivières ou baies peu profondes, 
transport de polluants, flux atmosphériques ou océaniques, ruptures de barrages, tsunamis... 
Nous nous intéressons dans cette thèse à sa version bidimensionnelle qui s’écrit :

Nous pouvons encore l’écrire :

dQ

8

où Uh =  (u, v) est la vitesse horizontale du fluide, h la hauteur d’eau totale, g la constante de 
gravité, en supposant que le fond est plat. Il est possible d’y introduire d’autres termes (force de 
Coriolis, termes de frottement) suivant les phénomènes physiques spécifiques que l’on souhaite 
prendre en compte.
Les équations de Saint Venant constituent un système strictement hyperbolique non linéaire de 
lois de conservation du premier ordre dans les zones où h ^  0. En effet ce système s’écrit sous 
forme conservative :

dQ . 8F{Q) flG(Q)
St Sx dy

où Q =  (h, qu, qv) est le vecteur des variables conservatives si qu — uh et qv = vh, et où

(
Qu \  (  qv \

¿  +  ^  , G ( Q ) =  T  , (1.2)

m , j

{
dh dhu dhv
dt +  dx +  dy ’ ^  ^

+  div(hun ® uH) +  l'V /i2 =  0.

= 0

<ñHs.
h

O/l2gn*
2

dt
■ + Ax(q:

dQ

dx
+ A y Q)

dQ

dy
=  0

div([hn h® u H)
" 2

7h2

Fi(Q)



où Ax et Ay sont les matrices
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/  0 1 0 \  /  0 0 1 \
¿-(Q) =  = £  +  gh 2- f  0 , A,(Q) =  T  t  !

\  = ^ L  %  * L  J  \ ^ + g h  Q  ^  J

Pour tout vecteur £ € R2, dès que h est non nul, la matrice A(Ç) — £xAc(Q) +  £y-<4y(Q) admet 
les trois valeurs propres réelles distinctes :

Ai (0  = txU + Çyv + y/gh, A2(0  = Çxu + Çyv, A3(£) =  Çxu + Çyv -  s/gh 

ce qui rend le système strictement hyperbolique (voir [26]).

Dérivation des équations

Nous rappelons ici comment sont obtenues formellement les équations de Saint Venant par 
intégration verticale des équations d’Euler (voir [30], [21], [27]). Nous considérons un fluide non 
visqueux incompressible irrotationnel dans un champ gravitationnel constant ; le mouvement 
du fluide est alors régi par les équations d’Euler :

^H  +  (U.VU) = — V p -p j  (1.3)
ot p

„  du dv dw n 
v u = & + f t ; +  &  = 0 , (L4) 

où les coordonnées en espace sont notées (x ,y ,z ), j  est le vecteur unité dans la direction de 
z, U =  (u, v, w) est le vecteur vitesse, g l’accélération de la pesanteur, p la densité supposée 
constante et p est le champ de pression du fluide.
Nous supposons ici le fond imperméable et plat, et désignons par hg la profondeur du fluide au 
repos et par z — rj(t, x, y) une paramétrisation de la surface libre du fluide à l’instant t. Les 
conditions aux bords sur la surface libre et sur le fond s’écrivent :

9ri drj . .
—  + u—  + v — = w e n z  = ri{t,x,y), (1.5)

p = p 0 en z = r}(t,x,y), (1.6)

w — 0 en z = —hQ. (1.7)

Le point clé est de faire l’approximation hydrostatique suivante dans la composante verticale 
de l’équation (1.3) :

- $ - , - 0  (1, )

ce qui donne
P ~ P o  =  P 9 ( v ~ z ) -



Cela revient à supposer que la composante verticale de l’accélération des particules de fluide a 
un effet négligeable sur la pression.
Les composantes horizontales de l’équation (1.3) s’écrivent :

ôuH , duH , ôuH . <9uh „  ns
“9 r + u “t e (L9)

où uH =  (u, v) et VH = (dx, dy).
D’après (1.9), la dérivée particulaire de Uh est indépendante de z ; ainsi si nous supposons la 
vitesse horizontale Uh indépendante de z initialement, elle le reste et (1.9) fournit la première 
équation du système de Saint Venant :

0UH , 0UH , 0UH  , V7 n f-,
~dT U~dx~ V~dÿ~ 9 Hrl = f1-10)

En intégrant ensuite l’équation de conservation de la masse entre z =  —ho et z =  77, nous 
trouvons

P  ,du dv diü\ d r f v .v  d , f v x r 1TI0=  L +w+ * )iz=te{Lndz)+*{Lviz)+ w - ' »

- u(z =  „ ) g - „ ( z  =  „ ) |?

Cette expression peut être simplifiée grâce aux conditions aux bords :

d_

d x ' J - h0 v y  v-fco{L ' uiz)+^ {£*,viz)+% =0-
En notant h — ho +  T] la profondeur totale de fluide, comme u et v sont supposés indépendants 
de z, nous obtenons la deuxième équation du système :

dh dhu dhv

M + i * + m = 0 - ( m )

Il reste alors à incorporer (1.11) dans (1.10) pour obtenir le système suivant :

dh dhu dhv _  
dt ^  dx ^  dy ’

d ^ H- +  div(huH ® uH) +  = 0.
(1.12)

L’erreur faite lors de l’approximation hydrostatique (1.8) est d’ordre \i =  si la longueur 
d’onde caractéristique de propagation horizontale des ondes est notée L et la profondeur 
moyenne H. Le cadre de ce modèle est celui d’un écoulement en eau peu profonde {¡jl «  1) 
mais de comparativement forte amplitude (e =  A /H  ~  1), si A  désigne l’amplitude typique de 
l’écoulement observé). Le nombre S  = e/n »  1 appelé nombre de Stokes évalue le rapport 
entre effets non linéaires (mesurés par e) et effets dispersifs (mesurés par 1u) ; dans ce cadre, les 
effets dispersifs sont peu importants et l’écoulement est fortement influencé par les effets non 
linéaires.

10

dy
+  w

dz

a

’ 2
7h2 =  0.

H* 
L2

9 ,



1.1.2 Le systèm e de Boussinesq 

Présentation

Les travaux réalisés dans cette thèse portent sur le système de Boussinesq dit classique, 
dérivé par Boussinesq en 1871 dans [5] :

dy du d(rju)
dt dx dx ’ /, i o\
du dq du 1 d3u
d t ^ d x  JrV'dx 3dx2dt

où u est la vitesse horizontale du fluide et r\ la déviation du fluide par rapport à sa position au 
repos. Il est possible d’obtenir en introduisant des changements de variable toute une classe de 
systèmes formellement équivalents à (1.13) (voir [3]) :

dr) du d(rju) d^u ¿Pr]

dt ^  d x ^  dx Jra‘dx3 dx2dt ’ rï 14Ï
du dq du d^rj d3u
d t ^ d x ^  Udx °dx3 dx2dt 

où les paramètres a, b, c, d vérifient

a + b = -(d2 — —) , c +  d =  —(1 — d2) > 0 , a + b + c + d — -  , 0 g [0,1].

Dans cette écriture u représente la vitesse horizontale du fluide à la hauteur 9ho, ho étant la 
hauteur de fluide au repos. Le système (1.13) correspond k a  = b = c = 0, d — 1/3 et d2 =  1/3.

Dérivation

Le système de Boussinesq (1.13) s’obtient également formellement à partir des équations d’Euler 
avec surface libre (1.3)-(1.7) (voir [3], [30] et [21] pour une justification mathématique rigou
reuse). Par rapport au système de Saint Venant on se place ici dans le cadre d’un écoulement en 
eau peu profonde (fj, «  1) et de petite amplitude (e << 1) dans lequel les effets non linéaires 
et les effets dispersifs s’équilibrent (S ~  1).
Nous reprenons ici les mêmes notations que dans la Section 1.1.1. Le champ de vitesses est 
supposé irrotationnel, donc il existe une fonction potentiel $  telle que U =  V$. L’équation 
d’incompressibilité (1.4) entraîne que $  vérifie l’équation de Laplace :

=  0. (1.15)

Comme dans la Section 1.1.1, on désigne par z =  — ho le fond imperméable et plat et par 
£ =  r](t, x, y) la surface libre du fluide en contact avec l’air. L’équation de Laplace se complète 
donc avec les deux conditions aux limites (1.5) et (1.7) :

dq d$drj d$ dr] d<S> , , ,1
(116)

i l

= 0,
=  0.

=  0.

dt dx dx dy dv dz
eni z 77(1t,x,y),

A$



—  = 0 en z  =  -ho. (1-17) 
az

et la condition supplémentaire suivante, conséquence de l’intégration de (1.3) en utilisant (1.6) :

+ 1̂ V $|2 + gz = 0 e n z  = r)(t, x, y). (1.18)

Nous considérons plus particulièrement le cas d’un mouvement constant dans la direction y, les 
équations deviennent alors :

d2$  ô2$
-q~2 +  -Q# =  0 P°ur — ho < z < T)(t, x), (1.19)

5$
—  =  0 en 2 =  —ho, (1.20) 
oz

drj d$dr) 5$ . . . .
M + 6Ï SÏ= 8ÎenZ = ’,(Î'l)’ (L21)

3$ 1 d $ 2 ô $ 2
M+ 2 ^  + (1-22)

5$

Pour faire apparaître les différentes échelles, il est utile d’ introduire les variables adimen- 
sionnées suivantes :

x = Lx, z =  ho(z — 1), rj = Afj, t = Lt/co, $  =  gAL$/co,

avec co =  y/ghô■ Avec ces nouvelles variables (nous omettrons les barres dans la suite par souci 
de simplicité), les petits paramètres e et /z définis plus hauts apparaissent dans le système :

= 0 Pour 0 < 2 < 1 +  erj(t, x), (1-23) 

d$
—  =  0 en z =  0, (1-24)

dr) dr) 1 .  . . .
â + e & s î  =  3 f e en2 =  1 + e ’,<i'x)' (1-25)

i» 2 iea$2 x
« + T â i  + 2 m &  +9Z = 0 en *= n{t'x)■ (1'26)

L’étape suivante est alors de représenter formellement $  par un développement asymptotique 
en z, $  =  IZfclo zkfk(t,x), qui, injecté dans l’équation de Laplace, donne :

(k +  2)(k + l ) / fc+2(i, x) = ~ndxxf k{t, x), pour fc > 0.

Compte-tenu de (1.24), on a fi( t ,x )  — 0 donc

f 2k+i(t,x) =  0, fc>0.

12

dz
+ 9* O en z = n(

ß-
$

dx2
$

dz2

dH
dx2

[t,x)

&
I.—

d2

dt



Si F = f 0 représente le potentiel des vitesses en z =  0, nous obtenons donc

,  v _  ( - 1  )fca2ftF  k
Î2k ( t ,x ) -  (2fc), dx2kfl ,

soit,
2 k d2kF,  v~V ,\k z V r  k
(âbüî fĉ  •

k=0 ' '
Nous reportons alors cette dernière expression avec z  =  rj(t, x) dans les deux dernières équations 
(1.25) et (1.26) en ne gardant que les termes d’ordre 1 en e et ^ pour obtenir :

+  gi u = 0(eti, f y  (1.28)

dF(t) x)
où u(t, x) =  — ^ —  représente la vitesse horizontale au fond z  =  0. Il suffit ensuite d’introduire

ôx ^
les nouvelles variables x = ¡j}/2x , t =  r] =  e^fj, w = e~lrw pour retrouver exactement
le système (1.13).
Remarquons que cette méthode permet également de dériver les équations de Saint Venant, en 
effet négliger les termes d’ordre n en ne gardant que les termes d’ordre e conduit au système 
de Saint Venant en dimension un.

1.2 Présentation des travaux réalisés

1.2.1 Existence de solutions pour le systèm e de Boussinesq sur la 
demi-droite ou sur intervalle fini

Parmi les systèmes de la forme (1.14), l’existence globale de solutions au problème de Cau- 
chy sur M a été démontrée uniquement dans le cas hamiltonien où b =  d, a < 0, c < 0 (dans [4]) 
et pour le système (1.13) dans [25]. Pour les autres systèmes de cette forme, seuls des résultats 
d’existence locale ont pu être obtenus (voir [3], [4]).
Dans ce chapitre nous nous intéressons à la résolution du problème aux limites pour le système 
de Boussinesq (1-13) sur R+ ou sur un intervalle fini de la forme [0, L], plus particulièrement 
[0,1] pour simplifier les notations. Dans cette partie la hauteur de la surface libre du fluide est 
notée p.
Dans [25], M. Schonbek montre l’existence de solutions faibles au problème de Cauchy en em
ployant une régularisation parabolique de l’équation portant sur la hauteur d’eau ; elle construit 
une entropie pour la partie hyperbolique du système et obtient ainsi une estimation a priori 
sur les solutions du problème régularisé qui constitue le point de départ pour la preuve de 
l’existence globale de solutions. Elle démontre le résultat suivant :

Théorèm e 1.2.1. Soient (po, u0 -  u) G Aao x H 1 avec u0 — ü, p0 -  p à support compact (où 
p,ü sont des constantes réelles) et infx6ji(l +  Po)(x) > 0. Alors il existe une solution (p,u) du 
système (1-13) telle que (/?, u — n) G L°°(R+; Aff0 x H 1).

13

dr)

d t
»((> +  «? «)

ôx
1 a3u

a^3 ¿V, M2), (1.27)

a«
a¿ ■ fei

au
a*

a??
a«

i
2

a3



Ici Aao désigne un espace de Orlicz basé sur la fonction convexe positive cfq telle que

<7o(p) = (1 +  p)(log(l +  p) -  log(l + p ) ) + p - p

En effet Aff0 est défini par ACT0 =  jp; f R+ cr0( l  +  p)(x)dx < o o |.

Nous reprenons ici la méthode proposée dans [25] pour obtenir l’existence de solutions aux 
problèmes aux limites sur R+ ou sur [0, L] pour (1.13).

Pour le problème aux limites homogène sur R+ le résultat est le suivant :

Théorème 1.2.2. Soient (po,uq) G Aao x Hq(R+*) vérifiant :
-  infzGR+(l +  Po(x)) > 0
-  il existe L > 0 tel que po(x) = 0 pour presque tout x > L.

Alors il existe une solution (p,u) du système (1-13) avec la donnée initiale (po,uo) vérifiant la 
condition aux limites u(t, 0) =  0 pour presque tout t > 0.
De plus (p,u) appartient à L°°(R+; Aao x Hq).

Nous présentons également un résultat pour le problème aux limites non homogène :

Théorème 1.2.3. Soient g G C'1(R+) et T  > 0; soient (po, uq) G A^ x //¿(R +*) vérifiant :
-  infl€R+(l +  po(x)) > 0
-  il existe L > 0 tel que po(x) = 0  pour presque tout x > L. 

et la condition de compatibilité ito(0) =  g(0)-
Alors il existe une solution (p,u) du système (1.13) avec la donnée initiale (po, Uo) vérifiant la 
condition aux limites u(t, 0) =  g(t) pour presque tout t G [0, T],
De plus (p,u) appartient à L°°(R+; ACT0 x H 1).

Sur l’intervalle [0,1], nous obtenons la version suivante :

Théorème 1.2.4. Soient (po, uo) G Aao x Hq(0, 1) vérifiant infie [0)i](l +  Poix)) > 0.
Alors il existe une solution (p,u) du système (1.13) avec la donnée initiale (p0, u0), vérifiant 
les conditions aux limites u(t, 0) =  u{t, 1) =  0 pour presque tout t > 0.
De plus (p, u) appartient à L°°(R+; Aao x #¿(0,1)) C L°°(R+; Lx(0,1) x Hq(0, 1)).

Notons que la condition portant sur infæGR+(l +  po{x)) > 0 est cohérente du point de vue 
physique puisque 1 +  p représente ici la hauteur d’eau totale.
Les problèmes aux limites étudiés font tous intervenir une condition aux limites portant sur 
la vitesse du fluide u. Dans [16], les auteurs s’intéressent aux problèmes aux limites pour 
le système de Boussinesq linéarisé sur R+ et sur [0,1] en considérant des données initiales 
régulières. Ils démontrent que les conditions aux bords rendant le problème bien posé sur 
R+ (respectivement [0,1]) sont u(t, 0) =  0, p(t, 0) =  0 ou ux(t,0) = 0 (respectivement 
u(t, 0) =  u(t, 1) =  0, p(t, 0) =  p(t, 1) =  0 ou ux(t, 0) =  ux(t, 1) =  0). La méthode présentée ici 
ne semble pas pouvoir fonctionner avec des conditions portant sur p ou ux.

Dans [1], C. Amick étudie la régularité et l’unicité des solutions faibles de M. Schonbek pour 
le problème de Cauchy : pour des données C°° à support compact, il montre que les solutions
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faibles de [25] sont infiniment différentiables sur R+ x R. Dans la suite de ce chapitre nous 
présentons un résultat d’unicité pour des solutions au problème aux limites sur R+ continues 
en temps et à valeurs dans ,ff2(R+*) x i f 2(R+*).
Enfin, suivant [1], nous terminons par une preuve de la persistance de régularité finie pour les 
solutions au problème de Cauchy ; ce résultat est démontré sur R et ne semble pas pouvoir se 
généraliser à R+ en raison de l’apparition de termes de bords gênants ;

Théorèm e 1.2.5. Soient p et ü deux constantes données et soient (po — p, uq — ü) 6 i?1(R) x 
i / 2(R) avec support compact, et (po, u q  — u) G ACTo x H q ,  vérifiant 1 +  po > 0 ; soit T  > 0.
A lors il existe une unique solution (p, u) au système de Boussinesq (1.13) dans L°° (0,T, H 1 (R) x 
i / 2(M)) avec donnée initiale (po,uo).

15

1.2.2 Un problème aux lim ites pour le systèm e de Saint Venant 
linéarisé

Ce chapitre porte sur l’étude d’un problème aux limites pour les équations de Saint Venant 
bidimensionnelles linéarisées. Le système de Saint Venant linéarisé autour d’un état constant 
(uo,vo,ho) s’écrit :

( du du du
d t + m â ï +v°dï +  f a ~ f° = Fu
* + * +  *  +  (1.29)
dt dx dy dy
5$ 9$ .du dv . _
~kt +  — H vo~z— I" $o(ô— j r )  =  F3,„ dt dx du dx du

où =  gho et où F  =  (Fi ,F2, F3) désigne un terme source introduit ici par souci de généralité 
mathématique.
Ici « et u désignent les composantes horizontales de la vitesse du fluide, $  =  grj si 77 représente 
la déviation de la surface libre, et nous avons introduit ici un terme prenant en compte l’ac
tion de la force de Coriolis de magnitude notée / .  Sous cette forme ce système est utilisé pour 
modéliser des phénomènes météorologiques (voir [22], [23]).

Le domaine sur lequel nous nous plaçons est un rectangle M. =  [0, L\\ x [0, L2] ; nous considérons 
des conditions aux limites périodiques dans la direction y et nous déterminons des conditions de 
Dirichlet dans la direction x  qui rendent le problème bien posé. Nous traitons principalement le 
cas d’un régime sous critique (tel que Uq +  Vq <  gho) où il existe des ondes se propageant dans 
les deux directions selon x en précisant là où elles ont lieu les différences avec le cas surcritique 
(tel que Uq +  V q>  gho).

Un changement de variables adéquat permet de symétriser le système et de le diagonaliser dans 
la direction x : on pose

( i H î U J U )



Avec les nouvelles variables k 

introduisant les notations suivantes :
vo£ + yyC, t = + y y  (£ - n), m = v0£ -

AçU — Uq̂ x kyi 
A(U — uqCx +  ty, et <
A J J  - Utfix + m y ,

IçU  =  üô£nx +  kny, 

'yçU — uoCni  +  &H/»
7 VU  —  ugT]nx + m r iy .

où uq — uq +  v ^ ô  et «o =  uo — V^ôj nous pouvons définir l’espace

D{A) = {U = (t,Ç ,r j)e  L2(M )3/A çU, A cU, AvU e L2(M ) et

7i C/(0, y) =  jçU(0, y) = 7„i7(Li, y) = 0 pour p.t. y dans (0, L2),

U(x,0) =  - 7îC/(x,L2), 7cC7(æ>°) =  - 1(U(x,L2),
IrP ix, 0) =  —7,,î7(x,L2) pour p.t. x dans (0, la)}.

Nous utilisons ensuite la théorie des semi-groupes pour démontrer que le problème est bien posé 
dans cet espace :

T heorem  1.2.1. Soit Uo G D(A) et T  > 0 ; soit F  G Z/1([0,X1];L2(M.)3). Alors il existe 
une unique solution U du système (1.29) avec la donnée initiale Uo et U G L°°(Q,T',D(A)) fl 
C([0,T]-,L2(M )3).

Une étude du cas périodique dans les deux directions est également présentée.

1.2.3 Une m éthode multi-niveaux pour la résolution numérique du 
systèm e de Saint Venant

Le but de ce chapitre est d’étudier l’efficacité d’une méthode multi-niveaux basée sur un 
schéma volumes finis pour la résolution des équations de Saint Venant (1.1) en dimension deux. 
Les méthodes multi-niveaux permettent de modéliser des phénomènes complexes faisant inter
venir plusieurs échelles de grandeur (comme la turbulence par exemple) en traitant différement 
les petites et les grandes échelles ; le but est de fournir une description correcte du problème, 
ceci avec un temps de calcul réduit. Les méthodes auxquelles nous nous intéressons font in
tervenir le concept d’inconnues incrémentales, introduit dans [28] dans le cadre des différences 
finies. Le principe est de décomposer les inconnues du problème en plusieurs composantes (une 
composante y représentant les grandes échelles et une composante z représentant les petites 
échelles pour un calcul à deux niveaux) que l’on désigne par inconnues incrémentales. Des 
discrétisations spécifiques sont ensuite appliquées à ces différentes composantes dans le but 
d’améliorer la performance du schéma (temps de calcul, stabilité ou autre). Ces méthodes ont 
été largement développées pour la discrétisation d’équations ou de systèmes paraboüques ou 
elliptiques, mais aucune étude de ce type pour des systèmes purement hyperboliques ne semble 
encore avoir été réalisée. Pour un aperçu de l’étude de ces méthodes pour des problèmes ellip
tiques ou paraboliques dans le contexte de discrétisations par différences finies, éléments finis, 
méthodes spectrales ou ondelettes, voir les nombreuses références [6]-[13]. Dans [13], est étudiée 
la performance de divers schémas multi-niveaux (basés sur une discrétisation par méthodes

16

/ V  + 
y yC> et en



spectrales) sur le système de Saint Venant auquel est ajouté un opérateur hyperdissipatif, pour 
la simulation de phénomènes de turbulence dans des écoulements atmosphériques ou océaniques. 
Dans [14] les auteurs s’intéressent à l’implantation d’une méthode multi-niveaux par volumes 
finis pour la simulation des équations de Burgers visqueuses. Lorsque la discrétisation spatiale 
est faite à l’aide de méthodes spectrales ou d’ondelettes les inconnues incrémentales ont une 
signification physique dans la mesure où elles représentent réellement les petites ou grande 
échelles des inconnues. Dans notre travail comme dans [14], les inconnues incrémentales y et z 
que nous considérons résultent d’une décomposition purement algébrique des inconnues basée 
sur les propriétés du développement de Taylor ; nous montrons cependant que z  est d’ordre h2 
où h est le pas d’espace de la discrétisation et que y a le même ordre de grandeur que l’incon
nue de départ ; de plus la décomposition proposée aura l’avantage important de préserver la 
conservativité du schéma.

La discrétisation spatiale par volumes finis est particulièrement adaptée au caractère système de 
lois de conservation hyperboliques du système de Saint Venant. Nous basons ici notre méthode 
multi-niveaux sur des schémas upwind-centrés qui ont été développés pour ce type de systèmes. 
Le caractère upwind de ces schémas les rend robustes, de plus ils ne nécessitent pas la résolution 
de problèmes de Riemann ce qui les rend relativement simples à utiliser et permettent de tra
vailler sur des grilles non décalées. La construction et les propriétés de ces schémas sont détaillées 
dans [17]-[20].

Dans les simulations numériques, le domaine de calcul est un carré de taille Lx x Ly et nous 
considérons le cas de conditions aux limites périodiques. Dans un premier temps nous nous 
sommes attachés à tester notre méthode multi-niveaux à deux niveaux sur la résolution d’un 
problème analytique en ajoutant un terme source aux équations : nous partons d’une donnée 
initiale périodique et comparons la solution calculée par le code multi-niveaux avec la solution 
exacte qui est connue. La méthode multi-niveaux permet de minimiser le temps de calcul tout 
en conservant une erreur petite. Elle présente donc le grand intérêt de permettre d’effectuer 
des simulations rapides sur des grilles comportant un grand nombre de points (grâce au gain 
en temps de calcul) tout en rendant des solutions correctes. Plus le nombre d’itérations passées 
au niveau grossier est important, plus la résolution est rapide ; cependant passer un trop grand 
nombre d’iterations au niveau grossier fait perdre en précision. Il faut donc traiter avec ces deux 
aspects et passer sufïisament de temps au niveau fin pour garantir une meilleure résolution qu’au 
niveau grossier.
Dans un deuxième temps nous testons la méthode sur des données intiales tirées de [13] et 
qui modélisent un écoulement turbulent. Dans ce cas physique la méthode se révèle également 
performante, nous comparons ici les solutions obtenues avec des solutions de référence qui sont 
calculées préalablement par une résolution à un niveau avec un très grand nombre de volumes 
de discrétisation. Nous vérifions également la conservation de la norme L 1 de la hauteur d’eau 
(qui est ici positive).
Dans un troisième temps nous présentons les résultats obtenus avec une résolution sur trois 
niveaux de grille. La méthode révèle dans ce cas sa plus grande efficacité : en effet on obtient 
une résolution précise du problème avec un gain de temps de calcul assez important par rapport 
au calcul à un niveau sur la grille fine. La récursivité de la méthode permet également d’utiliser
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si besoin plus de trois niveaux de discrétisations.
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Chapitre 2

Existence de solutions pour un système 
de Boussinesq sur la demi droite et sur 
un intervalle fini

Soumis pour publication.

K. ADAMY*
■"Laboratoire de Mathématiques, Université Paris-Sud 
CNRS UMR 8628, 91405, Orsay, France.

A bstract : The initial boundary-value problem for a Boussinesq system is studied on the 
half line and on a finite interval. Global existence of weak solutions satisfying the boundary 
conditions is proven and uniqueness for solutions in a suitable class is studied. A proof of the 
persistence of finite regularity for solutions in the whole space is also presented.
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2.1 Introduction

We axe concerned with the study of Boussinesq systems of the form :

Pt ^x ""t~ i,P^)x "i* 0,UXXx t)Pxxt 
~f" px ”1~ ILUx I CPxxx duxxt 0.

These systems are a first order approximation to the Euler equations in the case where the non 
Unear and dispersive effects are of the same order, ([2], [3], [5], [15]). The classical Boussinesq 
system corresponds to a = 0, b =  0, c =  0, d = 1/3. It was proposed by Boussinesq to model 
the two way propagation of surface waves in a channel of constant depth which are of small 
amplitude and of long wavelength.
We will study in particular the system :

Pt + ux +  {pu)x = 0, ^

Uf "i~ px “1“ UUx Uxxt 0.

Here u(t,x) represents the horizontal velocity and w(t,x) — 1 +  p(t,x) the height of the free 
surface of the fluid above the bottom.
In [14], the well-posedness for the lD-Cauchy problem for this system is proven, using a para
bolic regularization. Here, we adapt the method used in [14] to show the existence of a solution 
for the initial boundary value problem on the semi-infinite space with the following initial and 
boundary conditions :

p(0,x) — P o (x )  Vx G R+, 
i u(0, x) =  uq(x) Vx € R+, (2.2)
k ti(i,0) =  0 Vi > 0 .

We then examine the case of a non homogeneous boundary condition u(t, 0) =  g(t), and present 
the most important aspects of the proof on a finite interval.. A study of the appropriate boun
dary conditions that give a well-posed problem for the linearised system and for smooth data, 
either on the half line, or on a finite interval was made in [9]. Here we restrict ourselves to 
boundary conditions that involve u.

In Section 2.2, we show that the regularized system has a unique smooth solution satisfying 
the two boundary conditions p(t, 0) =  0, u(t, 0) =  0 with smooth initial data. Then in Section
2.3 we derive an a priori estimate from an entropy inequality, using the hyperbolic part of the 
system. We obtain an e-independent bound on u in H 1 thanks to the presence of the dispersive 
term and on p in an Orlicz space ([12]); we also obtain global existence. In Section 2.4, following 
the method used in [14], we make use of the a priori estimates to find a subsequence of solutions 
(pe, ut) of the regularized problem which converges weakly to a solution to the boundary value 
problem (2.1). In Section 2.5, by smoothing the data, we obtain the existence of a solution 
to the boundary value problem (2.1) with data (po, u0) G A x Hq, where A is an Orlicz space 
based on the convex function plog p. In Section 2.6, we present a result for the non homogeneous 
boundary value problem, we describe the main aspects of the proof, which follows the main 
steps as before. In Section 2.7 we outline the most important parts of the study of the problem 
on a finite interval ([0, 1] to simplify notations), following the same method. Then in Section
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2.8, we show a result concerning uniqueness of solutions to the boundary-value problem on R+ ; 
we finally present in an Appendix a proof for the persistence of finite regularity for the solutions 
of the Boussinesq system on R.

2.2 Local existence for the regularized system

In this section we prove local existence by applying the contraction mapping principle to 
the following regularized system :

{
p t  +  Ux +  ( u p )  x — ep xx ,

U f  “I-  P x  U U x  —  U Xxt-

with the boundary conditions :
u(i, 0) =  0 Vi >0 ,  
p(t, 0) =  0 Vi > 0.

We use the following notations :
{

(2.3)

(2.4)

C* — {g;g G Cfc(R+*), with compact support},

Co Ck(R+*), lim g(x) =  0, and g(0) =  0}.
x—>+oo

For any i0 > 0, let E  =  C([0,io],C'o x C q ) .  We introduce on E  the following norm :

\\u(t)\\ =  sup|u(£,x)|
X

More precisely, we show :

T heorem  2.2.1. For any initial data (po,uo) G C q  x  C q ,  there exists a constant to > 0 
depending only on ||/90||, ||«o|| and e su°h that the initial boundary value problem (2.3)-(2.4) 
has a unique solution (p,u) G C([0,¿o];C'o x C q ) .

Proof. We invert the linear part of the first equation of (2.3) ( see [7]) and because of the 
boundary conditions and since the functions tend to zero at infinity, we obtain after a formal 
integration by parts :

p(t,x )=  [  [Ge( t , x - y ) - G £{t,x + y)\po(y)dy 
J R+

-  /  /  [Gl(t — s ,x  — y) + G%(t - 8 , x  + !/)](u(s,y) +  p{s,y)u(s,y))dyds.
Jo JR+

^
Here, Ge is the heat kernel : G£(x,t) =  ------exp (-r—■).

v V4?ret 4ie
We can also invert the second equation of (2.3), using the solution of the differential equation 
u — uxx — f  with u(0) =  0 and lim^oo u(x) =  0 and find :

u(t, x) =  U o (x )  +  /  /  [K(x + y) + K (x -y )](p (s ,y )  + — (s,y))dyds.
JO J R+ ^
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where K(x) = sgn(x)^ exp (—1*|).
z

We define the map T from E  into itself, T(p, u) — (ri(p, u ) ,r 2(p, tt)) where :

IMp, u )=  !  [Ge(t, x - y ) -  Ge(t, x  +  y)]p0(y)dy 
t +

~ [Gex( t - s , x - y )  + G£x{ t - s , x  + y)](u(s,y) + p(s,y)u(s,y))dyds
Jo J R+ . „

r 2(p,u) = uq(x)+  /  /  [K(x + y )+ K (x -y )] (p (s ,y )  + — {s,y))dyds
JO J R+ 1

Finding a solution (p, u) of (2.3) in E  is equivalent to solving the fixed point problem : 
r(p, u) =  (p, u).

If we denote by fito =  {(p, it) G E] ||p(i)|| +  ||«(i)ll < r  Vi G [0, i0]}, with r sufficiently big and 
depending on ||po||, ||iXo||, then T is a contraction map from f2to into itself for io > 0 sufficiently 
small and depending on ||u0||, ||po||, e. By the contraction mapping principle, system (2.3) has 
a unique solution in fito, which also satisfies the boundary conditions (2.4).

The uniqueness of the solution in E  follows from the integral formulations by using a Gronwall 
inequality. □

2.3 A priori estim ates and consequences

In this section we establish a priori estimates which are independent of e for the solutions 
obtained in Theorem 2.2.1 ; we also prove global existence of solutions to the regularized problem 
(2.3).
The energy estimates are obtained using the same method as in [14] : we construct a positive 
convex entropy for the associated hyperbolic system :

{

pt + (u + up)x = 0, . .
Uf +  ( p  +  u 2/ 2 ) x =  0 .

Thanks to this entropy, we obtain an estimate for u in H 1 and for p in an Orlicz space based 
on the function (1 +  p) log (1 +  p). We note w =  1 +  p, then system (2.5) becomes :

{

wt +  {uw)x = 0, , .
ut +  (w +  u2/ 2)x =  0. '  ' '

with initial data wq{x) — 1 +  po(x) and uq{x).
A pair of functions (rj, q) is an entropy-entropy flux pair if all smooth solutions of (2.6) satisfy :

V(u)t + q(u)x =  0 Vrç.V/ =  V? (2.7)

where f : R2 —> R2 is the mapping :

f(w , u) = (wu, w + u2/ 2).
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We now need the following lemma, which is a consequence of the maximum principle for the 
heat equation, see [7], [10], [14] :

Lem m a 2.3.1. Let (p,u) G C([0,io], Cg x Cq) be a solution of (2.3) with initial data (po, u0). 
I f  1 +  po(x) > 0, then

1 +  p{t, x) > 0 V x  G R+, t > 0.

Considering Lemma (2.3.1), if 1 +  po > 0, following Schonbek (see [14]), we can introduce the 
positive convex function :

a0(w) =  w log to +  1 — «;.

It is important to notice that for p sufficiently large, a0 behaves like plog(p); that is there 
exists M  > 0 and C\, C2 > 0 such that

Ci < < C2, ifp > M  
plogp

We then introduce the Orlicz space Aao :

=  {p; /  CTo(l +  p){x)dx < 00}
J R+

Theorem  2.3.1. Let (po,tt0) G Cq xCqCiA^ xHq satisfying 1+po > 0 and (p,u) be a solution 
of (2.3) with initial data (po, uq). Then there exists a constant Co depending only on po and uq 
such that 2

f  -r-dx  +  f  ^ fdx  +  f  a0(w)dx < cq (2.8)
Jr+ 2 j r  i- 2 Js*

Proof. System (2.3) writes :

{
wt +  (uw)x =  ewxx,
Uf; "I- (W “I- U /2)a; == Uxxf.

(2.9)

Let 77(11/, u), q(w, u) be a pair of functions which satisfy (2.7). Then all smooth solutions of (2.9) 
satisfy :

/  \  /  \  9rj drj 
rj(w, u)t + q{w, u)x =  e— + Q^uxxt-

u2 .
We choose 77(10, u) =  — +  cr(w).

z
The compatibility condition (2.7) gives :

r)(w, u)t +  q(w, u)x — ea (w)wxx +  uuxxt

u2 (2-10)
=  ea(w)xx -  ea (w)wl +  (uuxt)x -

As we want a positive convex entropy fj we substract from 77 its linear part at the point (w — 
1, u =  0) and obtain :

rj(w,u) =  77(10, u) -  77(1, 0) -  V?7( l ,0).[(w -  1,«)T]
u2 ,

=  — +  w log w — p 
z
u2
2 + 0-0 (1«)
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If q was an entropy flux associated with rj then a simple computation shows that 

q(w, u) - q(w, u) -  q(w, u) -  Vrj(w, u)[f(w, u) -  f(w, «)] 

satisfies V fj.V f = Vq.
The functions fj and q satisfy (2.7) and thus (2.10), we integrate (2.10) over the space F  := 
{(s, x); S < x < N, 0 < s < t}.

[  rjt + qx= f  x) -  77(0 , x))dx +  f  (q(s, N) -  q(s, S))ds 
J f  j  6 Jo

— e /  (cr0(w)x(s,N) -  (T0(w)x(s,S))ds -  e /  (¿¿(w)wl 
Jo Jf

+ J  (utiat(*,JV) - u u ^ S ^ d s -  J  (y(i,a:) -  ^ ( x ) ) d x

Jft rN 2 y 2

' (uuxt{s, N ) -  uuxt(s, S))ds -  / (~ f( t ,x ) ---- j^(x))dx+
0 Js ^ £

£ /  (a0(w)x(s, N) -  a0(w)x(s,S))ds,
Jo

because the function oo is convex, which implies cTq > 0.
Since (p, u) 6 C([0,00); CqXCq), and thanks to the boundary conditions p(t, 0) =  0, u(t, 0) =  0, 
we have that :

x ^ N ) ~  f a ’5) =  f t ™ ’ “ ) "  9(u,(s » °)> “ (s > °)) =  00—>Q,N—»+00

lim uuxt(s, N) — uuxt(s, S) = 0
<5—>0,iV—>+00

and

_ „lim cr0(w)x(s, N) -  a0(w)x(s, 6) =  ar'0(w) lim wx(s, N ) -  cr^u^s, 0))wx(s, 0)
0—►0,JV—>+00 N —>+00

=  0

since £Tq(1) =  log(l) =  0.
If we let tend S to 0 and N  to + 0 0 , using the Lebesgue dominated convergence theorem, we 
obtain 2

I fj(t, x)dx +  I ^ d x  < /  fj(w0, u0)dx +  /  -~f-dx,
J R+ J R+  ̂ Ju+ J R+ 2

By hypothesis, (p0, uQ) belong to Aff0 x so we can denote by cq the finite quantity

/ fj(w0, uQ)dx +  / -^f-dx and obtain 
JR+ JR+ 2

[  U ^  +  f  a0(w(t,x))dx+ f  ^ dx<CQ.
J R +  *  J R +  J R +  ^

26

(v((t,¡



where cq is a constant independent of e. □
Because of the Sobolev embedding of i i 1(R+) into L°°(R+) and due to the estimate (2.8)

on w, we can deduce the following estimates :

Corollary 2.3.1. Let (po, u0) €  C q  x  C q  f l  x H q  satisfying 1 + p 0 >) omd (p,u) be a 
solution of (2.3) with initial data (po, u q ) .  Then

where ca depends only on po, uq, A.

Theorem  2.3.2. Let (p0, u q ) € C q x  C q  fl Aao x H q .  Let (p,u) be a solution of 2.3) with initial

These a priori estimates are determinant for the following theorems; moreover, thanks to the 
estimates of Theorem (2.3.1) and Corollary (2.3.1), we can extend the local solution to a global 
one.

Theorem  2.3.3. Let (po, uo) e  C q  x  C q  fl K co x H q  satisfying 1 +  po > 0. Then there exists 
a unique solution (p,u) € C([0, oo[; Cq x  Cq) to the boundary value problem (2.3) with initial 
data (p q ,u q )  and it satisfies

sup|u(i, æ)| < Cq (2.11)
X

and

(2 .12)

Proof. We use the integral formulation of p :

Then Gronwall’s inequality allows to conclude. □

1 +  p{t, x) > 0, for all t > 0, x e  R+ 

The lower bound on p comes from the local one.
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p(t, x) =  [  [ G e( i ,  x - y ) -  G£(t, X +  y))po(y)dy 
J  R+

n

[Gl(t — s,x — y) +  Gex(t -  s, x  +  y ) ] ( u ( s ,  y) +  p(, y)u(s, y))dyds
■+

T h i s  im p l ie s

| | p ( t ,  Olloo <  l l p o l l o o c o ^ + c o  J  | |p ( s , . ) l lo o  J  \Gex( t - s , x - y \  +  \G€x( t - s , x  +  y)\dyds

< \ \ p o \ \ o o C o \ f l  +  co f  I K a . O l l o o ^ ,.1 ds 
V e Jo y/e(t -  s)

for all set A of finite mesure, I  \p\dx <  ca
Ja

data (Po, U o ) . then

I Ip O -)ll.o o < Côs/tfe flNIcOO )  e x p>(co- Jtjl

L



2.4 Existence of Solutions for the Boussinesq System  
w ith Smooth Data

In this section, following the method used in [14], we make use of the e-independant esti
mates to obtain a subsequence of solutions (p£, ue) with smooth data (po, tto) which converges 
weakly to a solution (p, u) of (2.1).
We obtain a L2(M+)-convergence on compact sets for ue for all t and a weak L1 (M+ x R+)- 
convergence on compact sets for pe, thanks to a Dunford’s theorem on weakly sequentially 
compact sets of L1, see [8].

We first prove this convergence theorem.

T heorem  2.4.1. Let (po, uo) be in Cq x Cq fl Aff0 x Hq satisfying 1 +  po > 0. For each e > 0 
let (p£,ue) G C([0, oo),Cq x Cq) be the solution to the boundary-value problem (2.3) with initial 
data (po,
Then there exists a subsequence (p£) ut) and (p, u) such tha t:

(i) For any $  G L°°(R+ x R+) with compact support

lim ^o fo°° x) -  p(t, x))$(t, x)dxdt = 0.

(ii) For any T  > 0, for any G I>(R+*)

lime_>o /o°° lue(i, x) ~ u (t, ^)|2| i r(i, x)\2dx = 0 for all t  G [0, T\.

Proof. Let S  be any compact set of R+ x R+. Let us show that there exists a subsequence still 
denoted pe such that pe converges weakly. We need the following compactness result :

Lem m a 2.4.1. I f a set K  in L1(S, is weakly sequentially compact, then

lim I f(s)p.(s)ds = 0 uniformly for f  G K  
/i(E)-*0 JE

I f p.(S) < oo then this condition is sufficient for a bounded set K  to be sequentially compact.

We use here the second part of the lemma with p, the Lebesgue measure on R+ x M+, and 
K  — {pe|s} ; thanks to the estimate (2.12) of Corrolary 2.3.1, K  is bounded since S  is compact. 
Let E c  S  and let Er = {(i, x)\pe(t, x) < r}.

/ pc(£, x)dxdt — / pe(t,x)dxdt+  / pe(t,x)dxdt
JE J EnEr J Er\E$

< rp,(E)+ f  - - p£ log pedxdt 
Jehe° '°g r

Then, if we take r sufficiently large, we can use the a priori estimate (2.8), and obtain :

I p£(t, x)dxdt < rp(E) +  — ^— co|Pt^ |
Je Ci log r
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where Pt is the projection of E in the t-direction.
Consequently

lim I p€ = 0, uniformly for any p£|s
0 JE

Applying the lemma, for any compact set S  of R+ x R+, there is a subsequence pe(S) which is 
weakly convergent in I»1 (S').
Now let Sn =  [0, n] x [0, n] and let p" be the corresponding subsequence converging weakly 
in Lx(5n). By a diagonalization process, we can find a subsequence p*k of pe which is weakly 
convergent in L1(S'n) for all n to a function p.
Let $  G L°°(R+ x R+) with compact support S ; there exists n such that S  C Sn and if we let 
Pe ~  Peki we have, since $  G L°°(Sn),

lim I I (pe — p)$dxdt = 0.
Js

which concludes the proof of the first point of the theorem.

For the second part, we use the compact injection of H 1 in L2 on bounded sets of R+.
By the a priori bound (2.8), for all t > 0, ue(t, .) is bounded in H 1(M+) thus for all $  G X>(M+*), 
(tt£$) is bounded in f i1(supp $). Therefore for each t, there exists a subsequence ue(t) and a 
function u G L2(supp $) such that

r +oo

lim I \ueu)(t,x) — u(t,x)\2\$(t,x)\2dx = 0.

By a diagonalization process, for all T  > 0, we can find a subsequence still denoted ue such 
that :

H - oo

tl I 
«(*)-

To prove the strong convergence in L2(R+) for each t G [0,T], it is sufficient to show that for

r +oo

lim / \ue(t,x) - u ( t , x ) \2\$(t,x)\2dx =  0 V i G Q fl [0,T]. 
e(*)-*0 J q

o
all $  G V(R+*) :

lim [  |ue( i,x) — u(t,a:)||$(i,x)\dx = 0. (2.13)
e_>° y  r+

Let a and b be two finite constants in R+ ; to show (2.13), we need to show the following 
inequality :

rb
ue(t2,x) — u£(ti,x)dx < c\t2 —ii|,for all ii, t2 > 0. (2-14)

i r

where c =  c(a, b, po, Uq)-
We use the integral representation of ue :

f* Í  u2ue(t,x) = uo(x)+ / / [K(x + y) + K (x -y ) \ (p t(s,y) + -^(s,y)dyds 
J O J*+ ¿
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Integrating ut(t2,x ) — ue(ti,x) over [a, 6], we obtain :

rb rb rt2

f  u£(t2, x ) - u e(ti,x)dx= [  f  f  [K(x + y) + K{x -  y)](pt(s, y) +  ^ ( s ,  y))dydsdx 
J a  J a  J t \  J r +  "

n
*2 r x  u 2

I K(z)(pe(s, x — z) +  x — z))dzdsdx

i  J —OO

rb r t 2 /»H-oo u 2

+ 1 1  I K(z)(pe(s,z — x) +  -^-{s,z — x)dzdsdx 
J a  J t i  J x  ^

n
*2 r + o o y 2

I K(i/)(pe(s, x + v) +  x + v))dvdsdx

i  J - x  2

rb r t 2 r+ o o  ^ 2

+  1 1  I  K ( z)(Pe{s, z — x) +  -^-(s,z — x)dzdsdx 
J a  J t \  J x  2

where we performed successively the change of variables z — x — y, z = x + y, and u =  —z. 
Thanks to estimate (2.8), we have

I rb  r t 2 r +oo y 2  rb r t 2 r

\ l l  I K{v)-£-(s,x + v)dvdsdx < /  /  Co /  K{v)dvdsdx
Ja J —x Ja J t i  Jw

< co\b-a\\t2 - i i |

and similarly for the other term involving ue.
Then by Fubini’s theorem,

• rb r t 2 r +oo . p t2 r+o o  pb

\ I  I K(i/)pe(s,x + v)dvdsdx\ < I / |^ (^ ) | /  \pt{s,x + v)\dxdvds 
' J a  J t i  J - x  ' J t i  J —oo J a

< coc\t2 - t i \ ( l  + \b -a \)

The last inequality follows from an auxiliary estimate, indeed we have :

f*b pis+bp o  p v -r o

/  \pe(s,x + v)\dx=  /  \p£(s,r)\d\ 
J a  J  v+a

= / \Pt(s,r)\dr
^[i/+a,i/+6]n{r;|pc(s,r)|<fe}

+  /  I Pe(s,r)\dr
J [i/+a,i/+&]n{r;|pe(s,r)|>ft}

?v+b

’ w . - , , ' !ir
t i /+ a

<  cco(l +  |6 -  a|)

r v + b

< k \ b - a \  + -— -  \pt \ogpt (s,r)\dr 
log k Jv+a

if we take k sufficiently large so that /{r.|Pe|>fc} Pt logPtdx < Co, using estimate (2.8). 
We can then deduce estimate (2.14) with c depending on a, b, p0, and u0-

30

>
K\W (*( S , Z - x ) s,z - x ) izdsidx

2 '



Considering this result of regularity in t for the ue, we obtain :

rb rb rbp b  p b  p b  

I \ue(t,x) — uz(t,x)\dx < I \ue(t,x) — uf(i,x)\dx + /  \ue(t,x) — u€(t,x)\dx
J  a J  a J a

+  I |ug(i,x) — Ug(t,x)\dx 
J a

< c\t — t\ + \b — a\^J \ue(t,x) — cc)|2)  +  c|i —i|

For any t G [0, T], let i  be a rationnal number sufficiently close to t ; as ue(t, .) converges in 
L2([a,b]), then u£(t,.) is a Cauchy sequence in Lx([a, &]) and thus converges towards a limit 
that is u, which proves (2.13).
Now we can write, for all t G [0, T] :

j ^  \(ue( t ,x ) -u ( t ,x ) )$ ( t ,x ) \2dx < 2||$(i,.)||i~(R+)Co J  + \ue(t,x) -  u(t,x)\\$(t,x)\dx

thanks to estimation (2.11).
Finally, with (2.13), we have the announced convergence result. □

Now we show that the limit functions (p, u) obtained in the preceding theorem are solutions of 
the Boussinesq system, and satisfy the boundary conditions (2.4).

T heorem  2.4.2. Let (po, uq) e Cq x Cq D x Hq satisfying 1 +  po > 0. Let p and u be the 
limit functions obtained in Theorem (2.4-1), then (p,u) is a weak solution of the initial value 
problem for the Boussinesq system with data (po,«o)-

Proof. The proof follows the scheme of the one in ([14]). Let (pe,ue) be the converging subse
quences of Theorem (2.4.1).
For any $  G Z?(R+* x R+*) we have :

p+oo p+oo p+OO p+oo

I I peQtdxdt + I I (ut +  uepe)$xdxdt =
Jo Jo Jo Jo

p+oo p-foo

e / pe$ xxdxdt,
J o Jo

p+oo p+oo p+oo p+oo ^2

/ I ue$ tdxdt +  /  /  (-7T- +  pe) $ xdxdt —
Jo Jo Jo Jo ^

p+oo p+oo

I I ueQxxtdxdt. 
Jo Jo

First, thanks to estimation (2.12) of Corrolary (2.3.1),

r+ O O  P + O Op+oo p-t-oo

lime I I pt<&xxdxdt — 0 
e_>0 Jo Jo
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since the integrals work on supp $  which is of finite measure.
We need to show that (p, u) satisfy the equations in the distributionnal sense, that is :

r+ oo  r +oo r+ oo  r-t-oo

I  I  p$tdxdt +  I / (u +  pu)$xdxdt = 0,
Jo Jo Jo Jo

r +oo r+ oo  r+ oo  r+ oo ^ 2  r+ oo  r+ oo

I  I  i i$ td x d t+  / / (— + p )$ xdxdt = I  I  u $ xxtdxdt. 
Jo Jo Jo Jo ¿ Jo Jo

Therefore let us prove that :
r+oo r +oo r+ oo  r+ oo

(2.16)

r+oo r+ oo  r+ oo  r+ oo

lim | J  J  (pe — p)Qtdxdt +  J  J  (ue + ptue — u — pu)$xdxdt^ = 0, (2.15)

U
+oo r+oo r+ oo  r+ oo  y 2  U2 \ _ _ _

J  (u£-u )$ td xd t + J  J  (— + p e -  y  -  p)$xdxdt

r+ oo  r+ oo

J  J  ( t íe — 0.

By the weak convergence of p£ and the strong convergence of ue, the linear terms are easy to 
treat.
For the first non linear term, we write

f  f  (p£u€ -  pu)$x = í  í  pe(u£- u ) $ x + Í  [ ( pe - p ) u $ x (2.17)
Jo Jo J Js J Js

where 5  =  supp $.
Up to the extraction of a new subsequence of ue, we know that ue( t , .) converges towards u(t, .) 
almost everywhere in M+ for all t G [0, T].
Moreover ue(t, .) and u(t, .) belong to L°°, <E>X is bounded and Js  |p£| < cs by (2.12). Thus by 
the dominated convergence theorem, the first term of (2.17) converges towards 0.

For the second term of (2.17), we note that since u G L°°, u$fx G L°° and has a compact 
support, therefore by Theorem (2.4.1),

I'+oo  r+o o

lim I I (pe — p)v&xdxdt =  0.
£~*° Jo Jo

Hence the left hand side of (2.17) tends to zero as e approaches zero.

There is one remaining term to study in (2.16); by using the L2 strong convergence of u£, and 
the dominated convergence theorem, we can see that :

r + c o  p + o o

lim J  J  (ul — u2)$dxdt — 0.

The proof of (2.15) and (2.16) is now complete.
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We have to verify that u satisfies the boundary condition. We know that for all t > 0, 
ue(t, .) 6 Hq(R+), and is bounded in the i f 1-norm, therefore there exists a subsequence still 
denoted ue which converges weakly in Hq towards u. Since Hq(R+) is closed for the weak 
convergence, u £ Hq, and thus u(t,0) =  0, for all t > 0.

Now we show that 

and

For u, we write :

lim«(£, x )  =  u q ( x )  almost everywhere, (2-18)
t—►O

lim f  (p(t,x) — p0(x))$(x)dx — 0 V $ G T>(R+). (2-19)
t_>0 JR+

|u(t, x) — u<y(t, s)| < |u(t, x) — ue(t, x)| +  |u£(t, x) — u0(a:)|. (2.20)

For the second term of (2.20), we use the integral representation of ue.

\ue( t , x ) - u 0(x)\<  [  [  |K(x + y) + K ( x -  y ) | ^  +  pe(s, y))dyds 
Jo J R+ ^

< [  [  ul(s,y)dyds+ [  f  k\K(x + y) + K (x -  y)\dyds 
Jo j R+ Jo JEk

where Ek is the projection on the second variable of the space {(s, r); pt(s, r) < k}. Using the 
same means as above with k sufficiently large and estimation (2.8), we obtain :

|«£(i, x) — tto(x)| < ct with c a constant.

Using this and making e tend to zero in (2.20), we find (2.18), which shows that the function 
u takes on the good initial data uo-

Now let us establish that p(t, .) converges towards po in T>'(M.+*).
Here is a first lemma :

Lemma 2.4.2. Let $  e  X>(R+*), supp $  C S. Let T  > 0 and (tn) be a sequence of [0,T]. Then 
there exists a subsequence pe of solutions of (2.3) such that

r+oor+oo

lim /  (pe{tn, x) -  p(tn, x))$(x)dx = 0. 
ê ° J  o

Proof. The proof of this Lemma uses the same tools as the proof of (2.4.1)(i) : we apply Lemma 
(2.4.1) with = dx and K  =  {p€|S}, thus we obtain for each t G [0, T] a subsequence p^t) which 
converges weakly in L1(M+) and then by a diagonalization process, the dépendance on t in e 
disappears for a sequence tn and Lemma (2.4.2) follows. □

We then need this other Lemma :
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Lem m a 2.4.3. Let S  be a compact set in R+, and N (S ) be a neighbourhood of finite measure 
of S. Let tn be any sequence in [0, T] such that limn_,+00 tn =  0. Then there exists a subsequence 
still denoted tn such that

lim I pe(tn, x) -  p0(x)dx =  0 
tn_>0 Ja

for almost every a, b in N(S).

Proof. We use the integral representation of p£ to show that

, I f
fN(S) JN(S)

lim [ [ I [ pe(tn, x) -  po{x)da 
* JN(S) JN(S) 1 Ja

dadb =  0. (2.21)

The convergence for a subsequence of tn for a and b almost everywhere in N(S) x N(S) will 
then follow.

dadb[  [  I /  p£(tn,x) - p 0(x)dx
JN(S) JN(S) 1 Ja

< f  f  \ f  f  (G£(t,x ~ y ) - G e(t,x +  y))(p0{y) -  po(x))dydx 
JN(S) Jn (S) 1 Ja JK+

+  /  f  I /  /  /  s’x ~y) + Gex(t _ s >x+y))
Jn(S ) Jn(S) 1 Ja Jo J R+ 

x (pe(s, y)ue(s, y) +  ue(s, y))dydsdx^dadb.

dadb

:x

We study each term of the right hand side. First of all,

*limJ  f  f  (G£(tn, x - y ) - G e(tn,x  + y))(po(y)-po(x))dyd.
1 Ja JR+

since Ge(tn, x) tends to zero as tn tends to zero almost everywhere.

For the second term we have

/  /  I /  /  /  ~  if)+  G£(* “ *>* +  »)]
J  N{S)J N(S) 'Ja Jo J  R+

x [p£(s, y)ue(s, y) +  ue(s, y)]dsdydx^dadb

=  f  f  I [  f  \P^s^y)ue(s^y) + ue(s,y)][G£(tn - s , b - y )
JN(S) J n (s ) 1 Jo J R+

-  G£(tn - s , a - y )  + G£(tn - s , b  + y ) -  Ge(tn -  s,a + y)]dyds dadb

< c o [  [  ^  [  \l + Pe(s,y)\\G*(tn - s , b - y ) - G ‘(tn - s , a - y )  
J n ( s )  Jn(.s) Jo j r +  1 11

+  Ge(tn — s,b + y) — Ge(tn — s,a + y)^dydsdadb
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After performing several change of variables, this last term is bounded by

00 f  f  f  f  G£(tn - s , z ) \ \ p e( s ,b - z ) \  + \pe(s,a ,-z)\
JN(S) JN(S) Jo JR + L

+ |p£(s, z - b )I +  pe(s, z -  a)\^dzdsdadb +  2001^(5)\2tn

Then, after an interversion of the integral signs by Fubini Theorem, we use the a priori estimate 
(2.12) and obtain for example for the first term

cq I I I I  G£(tn — s, z)\pe(s,b — z)\dzdsdadb 
Jn (s) Jn (S) Jo Jr+

< co|iV(5)| /  f  \Ge(t — s,z)\ f  \pe(s,z — b)\dbdzds 
Jo J  R+ J n (S)

and similarly for the other terms. Finally (2.21) is proven. □

Now let $  G Z>(R+*). To conclude the proof of (2.19), we introduce a sequence sm of step 
functions with support in a neighourhood N(S)  of S  = supp $  :

sm(x ) =
¿>0

where the Xi are characteristic functions of intervals , 6f], where the a* and bi are chosen so 
that Lemma (2.4.3) works. Then

/  (p(tn,x) -  p0(x))$(x)dx < /  (p(tn,x) -  p£(tn,x))$(x)dx 
J R +  1 1 J R +

+  I /  A = ( in ,  Z ) ( $ 0 * 0  -  Sm(x))dx  +  I V ' c c j  /  p£(tn,x) -  po(x)dx
1 Jms) 1 i>0 J*i

+  1 /  po(x)(sm(x) -<&(x))dx 
1 J n (s )

where pe is the subsequence given by Lemma (2.4.2).
Let 0 > 0. With Lemma (2.4.2), we can choose e such that the first integral is less than ¡3/A. 
Then as JN^  \pe\dx < c and as po € C2, we can choose m  so that the two integrals involving 
sm are less than ¡3/4. To bound the last integral, we use Lemma (2.4.3) and choose n large 
enough, finally :

/  (p(tn, x) -  p0(x))$(x)dx 
J R+

<13-

and (2.19) is proven, which achieves the proof of Theorem (2.4.2). □
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2.5 Existence of Solutions to the Boussinesq System

We recall that <7o(l + p)(%) = (1 + p(x )) log(l +  p(x))  — p(x) is the positive convex function 
introduced in Section 2.2.
In this section we show the existence of solutions in L°°(R+; k OQ x H 1) of the boundary value 
problem (2.1) with initial data in Aao x  Hq, where

We will say that (po, uQ) satisfy (C) if :
-  iaîxeR+(l + po(x)) > 0,
-  there exists L > 0 such that po(x) = 0  for almost every x > L.

T heorem  2.5.1. Let (po, Uo) € ACT0 x H£(R+*) satisfying (C). Then there exists a weak solution 
of the system (2.1) with data (po, uq) satisfying the boundary condition u(t, 0) =  0 for almost 
every t > 0.
Moreover (p, u) belongs to L°°(R+; Àao x H q).

Proof. We first extend the initial data to R and then use a régularisation process.
Let u0 be the extension of uq by zero :

and let po be the even extension of po to R. 
Let € T>(R) be such that

\f(x)d x =  1, 'S > 0, supp $  C 5(0,1), ^  even .

and define

Let v be a (7°°^) function such that

let vt(x) = v(x/e) and consider

Po — Vtifio * ^e); Ûq — (^o) * ®t).

where ue(x) = v(x/e) and where for h > 0, fa  represents a translation operator, namely 
Vy e R, fa(uo)(y) =  M v  -  h)-
The sequence functions p% and UqH belong in particular to Cq(R+) for e sufficiently small and

Acro =  {p-, j £ + .0 (1  +  p)(x)dx  <  o o j .

_ , V f  uo(x), x  >  0 

= \  0, X < 0

"W={ò; x < ì/2 -

Po — r* Po in L^R*)c—►O
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Now let (p£,u£) be the global solution of system (2.3) of Theorem (2.2.1) with initial data 
(po, v,Qh) (we omit the dependence in h in the notations for the sake of simplicity).
Let us show an estimate of this type :

f  i](w£,u£)dx + f  d x < C  f  j](w0,uo)dx + C f  - ^ d x  + C', (2.22) 
J  r +  J  r +  2  7 r +  J r +  2

with the same notations as before that is

u2
w e = l  + p £, W0 = l + p0, rj(w, u )  — —  +  o o ( p ) .

After that, we can repeat the proofs of Theorems (2.4.1) and (2.4.2) and find a subsequence 
(p£,ue) which converges weakly to a solution of system (2.1).
With the a priori estimate (2.8), we have

f  rj(w£,u£)dx + [  -^f-dx< f  rj(wl,u^h)dx +  f  dx.
J R+ J R+ * J R+ J R+ ^

U 2
Let 7(u) =  — ; we use Jensen’s inequality with the two positive convex functions 7 and a0 and 

with the probability measure :

de(x) = ^ £{x -  y)dy =  ^ ( ^ —-^)dy

With these notations we can write

»?(W . («o’*)) +  j i  ^fc(i«o)(y)*(*))

+  7 ( / “o,*(if -  h)de(x)j + ao ( J  w0{y)v£{x)dt{x)^.

Using Jensen’s inequality, we obtain

77(̂ 0, n f )  +  < f  j(uo(y -  h))de(x) +  [  7(«o,*(y -  h))de(x)
* J  R «/R

+  /  a0(w o(yK(z))de(a;).

We integrate on R+,

[  T){wl, u^h) +  - ° f^-dx < f  f  7 (u0{y -  h))dt(x)dx 
J R+  ̂ JR+ J R

+  /  /  l(uo,x(y -  h))de(x)dx +  /  /  cr0(ti;o(yK(z))de(2:)d£
JR+ 7R ./R+ «/R
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and using Fubini’s theorem, we find

/  %h) + (̂ - d x  < f  ̂ (y ~ h) i f  * £ ^ ! ) d x d y
J R+ *  J R  L 6 J R+ e

[ i H ^ ) ^ v
Jm. z e JR+ e

[  <7o(ü0(y)v£(x))~ [  - — -)dxdy  
Jr  e 7 r +  e

/  |Â)Ù/)I~ [  V ^ — ^ d x d y  
J R e 7R+ e

+

+

+

< f m dy+f%Miy
J R * J RIR 2

+ /  0o(üo(y))dy + /  |/5o(y)|dy.
JR */R

Since <To and û)o are even, we finally obtain

f  rj(wl ,ûo’h) +  Û°’̂  dx < 2  [  r](w0, uo) +  +  f  \fa{y)\dy
JR+ * J R+ Z  J  R

The right hand side is finite, since (po,Uo) € ACT0 x and satisfy (C) ; in particular p0 being 
in Aao and satisfying (C) implies that po € L1. And (2.22) is proven.

It remains to check that the solution (p, u) takes on the inital data (po, uo)- ; for any $  G X>(R+*), 
we can write

1 /  (p(t,x) -  po(t,x))$(x)dx < /  (p(t,x) -  p£(t,x))$(x)dx  
' J R +  1 1 J  R +

+  1 /  (Pe(t,x) ~ pe0(t,x))$(x)dx  
I J R+

+  /  (Po(t,x) -  p0( t ,x) )$(x)dx  
J R+

and similarly for u, and it is clear, using the régularisation of the data and what has been done 
before that

and

lim /  (p(f, x) — po(t, x))$(x)dx = 0 
i_>0 J  R+

lim / (u(t, x) — uo(t, x))$(x)dx =  0 
t_>0 JR+

Now thanks to the H 1 bound of ue, for each t there exists a subsequence such that tie(t) 
converges weakly in H 1 towards u and as before, since Hq is closed for the weak convergence, 
u G L 00([0,oo[;fl2(R+*)).
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To conclude the proof and show that p G £°°([0, oof; Aao), let us introduce :

Qn = [0, n], Ex, = {p; /  <r0(l +  p) < Co}-
J i l n

Thanks to the a priori bound (2.8), the subsequence (pe,u e) which converges weakly to (p, u) 
and which is solution of system (2.3) satisfies pe|n„ G E ^.
For each fixed t, let pe(t) be a subsequence of pe which converges weakly in L1(0„) to p (t,.). 
Since Ecq is a convex subset of L1(f2n), its weak closure is equal to its strong closure ( see [13]), 
therefore there exixts a subsequence Pk G Ec0 which converges strongly in L1(i2„) and thus ( 
up to the extraction of a subsequence) almost everywhere in fln to p|n„. So,

lim <7o(l +Pk(x)) = cr0(l +  p|nn (t, x)) almost everywhere in Cln.
fc—>00

JNow using Jbatou s Lemma ( g q  is positive;,

/
n pn

cr0(l +  p(t, x))dx < liminf / ao(l +pk(x))dx < Cq

■n J  —n

Thus pit, .) G E ^.
Let n tend to infinity, we can conclude that p G L°°([0, oo[; A^). □

Since the Orlicz space is contained in Li10c(R+) ( see [12]), we have

C orollary 2.5.1. Let (uo,Po) G Aao x Hq(M.+*) satisfying (C). Then the solution (p,u ) of 
system (2.1) belongs to L°°([0, oo[; L]^ x Hi).
R em ark 2.5.1. Here we studied the non linear system on the half line with the boundary 
condition u(t, 0) =  0/ in [9] are presented two other possible boundary conditions that yield a 
linearly well posed problem on the half line with smooth data : either r)(t, 0) =  0, or ux(t, 0) =  0. 
They also show in [9] that the appropriate boundary conditions that should be given on a finite 
intervall [0, L] are either t](t,x) or any one of the functions u(t,x) or ux(t,x) for both x — 0 
and x — L.
In the last section, we explain the case of the initial boundary value problem on [0,1], with 
boundary conditions on u.

2.6 The Boundary Value Problem with a non homoge
neous boundary condition

We present here briefly the case where the boundary condition on x — 0 is non zero; we 
study the Boussinesq system with the following initial and boundary conditions :

{
p(0, x) =  po(x) Vx G R+,
u(0,x) =  «o(®) Vx G R+, (2.23)

u(t, 0) =  g(t) Vi > 0,

where g G C1(R+).
The method used above can be adapted to obtain the following result :

where g € CU R+)

g(t)Vi > o,



Theorem  2.6.1. Let g G C'1(M+) and let T  > 0; let (po, u0) G x H 1(M+) satisfy (C) and
uo(0) -  5 (0) ;
Then there exists a weak solution to the system (2.1) with initial data (po, uq) satisfying the 
boundary condition u(t, 0) =  g(t) for almost every t G [0,T].
Moreover (p,u) belongs to L°°([0,T]; Lj^  x H 1).

Proof. We present the most important aspects of the proof.
First we solve the corresponding regularized problem with the contraction mapping principle; 
the integral formulations of the solutions are here :

p(t, x) =  [  [Ge(f, x - y ) -  Ge(t, x +  y)]po(y)dy 
t R+

~  [£*(* ~ s , x ~ y )  + Gex(t - s , x  + y)](u(s, y) +  p(s, y)u(s,y))dyds
JO JVL+

f  f  U2
u(t, x) = u0(x) + /  [K(x +  y) +  K (x  -  y)](p(s, y) +  — (s, y))dyds +  e xg(t)

Jo Jr+ ^

As before we can find a unique solution (p, u) G C([0, to]; Cq x  C q) to the initial boundary-value 
problem (2.3)-(2.4) with initial data (po,uo)  G C q x  C q .

For the a priori estimates, we first introduce a function h(t,x) — g(t)$(x), where $  G P(M), 
$ (0) =  1, the important fact is that h(t, 0) =  g(t).
Now let v(t, x) = u(t, x )—h(t, x) where u is the first component of the solution to the regularized 
problem. Then (p,v) satisfies :

{

wt +  (tiw)* -  ewxx = —(hw)x, ,2 24.
Vf “I- wx “I- vvx vxxt hxxf hf hhx (hv)x.

where w = 1 + p, and v(t, 0) — 0, p(t, 0) - 0.

We can apply the same method as above using the entropy of the associated hyperbolic system
V2

r](w,v) = — + <t°(w).

We find

rj(w, v)t + q(w, v)x = ewxxa0(w) — (hw)xa0(w) +  vvxxt +  (hxxt — ht — hhx)v — (hv)xv,

which we integrate over F = {(s, x); ó < x < N, 0 < s < t}. After letting 5 tend to zero and N  
tend to infinity, and after simplifications it remains :

[  rj(w,v) +  ^-dx <  f  rj(wQ,v0) + -^f-dx -  [  [  ( hw)xa0(w)dxds 
Jr+  ̂ Jr+ 2 J0 Jr +

— / v(hv)xdxds + / (hxxt — ht — hhx)vdxds 
Jo JR+ Jo J R +
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But now using the expression of cr0(w) =  w \o g w  +  l  — w, and the boundary conditions,

— I I (hw)xcr'0(w)dxds — — /  /  hwxaQ(w) — /  /  hxw \o g w  
Jo JR+ Jo JR+ Jo JR+

=  ~  f  [  (<ro(w))xh ~  [  [  °o(w)hx +  [  f  (w -  1 )hx 
Jo J r+ Jo Jr+ Jo Jt8l+

=  I  I  — /  ll^®(S> •)IU°°l|PlU1(supp(i))JO JR+ Jo

< c o  [  | | M S >-)IU °°
Jo

And,

-  f  f  v(hv)xdxds  =  f  f  vxhv =  f  f  ^-hx 
Jo Jr+ Jo J r+ jo J r+ ^

< [  ||M -,.)IU - /
JO JR+ ^

And

n
{hxxt ht hhx)vdxds < f  _||(/ixa:i ht hhx)(s, -)11x,2 “I- r\ll^(^j OIIl2̂  
_.+ Jo 4 *

Finally, since cro(w) > 0, we obtain for t £ [0, T],

f  V2( t , x )  . . .. V2( t , x )  , ^ f  Vo , N Vq 
/ — -̂--hffo(w(i,a:)) + — -— d x <  / y  + oo(wb) + -y-+ C^r

J R +  ^ ^ ./R +  ^ ^

_ f* f  v2(s,x) . . .. i^(s, x)
+  CVr /  /  — ~----- 1- o-o(^(s, x)) +  — -— dxds

Jo JR+ 1 A

where C^t  is a constant depending on h and on T.
Then using a Gronwall lemma, we can obtain, for all t £ [0, T] :

[  y  +  °o(w) +  y  < ( /  y  +  0 o(«>o) +  +  ChtT)eCh'TT
J R+ ^ ^ J R +  ^  ^

Since u(f, x) =  v(t, x) +  /i(i, x), the triangular inequality yields :

[  y  + ^o(w ) + y  < ( /  y  +  ffo W  +  -y +  Ch,T)eCh'TT
J  R+ ^ JR+ ^ ^

+ sup \\h(t, .)W2Hi(l + eCh’TT)
0 <t<T

.2
< ( f  y  +  cr0(«;o) +  -y^ +  Ch,T)eCh’TT

J R +  *  *

+  C sup |5(i)|(l +  ec^ T)
0<t<T

The estimates of Corollary (2.3.1) and Theorem (2.3.2) remain unchanged and we can extend 
on [0, T] the solution (pe, ue) of the regularized problem. The next steps of the proof apply, since 
the existence of a solution (p,u) of (2.1) satisfying (2.23) with u £ L°°([0, T]; H 1) is equivalent 
to the existence of a solution (p, v) of (2.24) with v £ L°°([0,T]; Hi). □
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2.7 The Boundary Value Problem on [0,1].

We axe here interested with the study of the Boussinesq system on [0,1] supplemented with 
the following initial and boundary conditions :

p(0, x) = po(x) Vx G R+,
< u(0,x)—uo\x) Vi e  M+, (2.25)

u(t, 0) =  u(t, 1) =  0 Vi > 0.

We first solve by the same means as before the regularized problem with the following boundary 

conditions :
/  u(t, 0) =  u(t, 1) =  0 V i> 0 ,
\p(i,0)=p(f,l) = 0. ^

In all this section, we denote by Cq — {u G C2(0,1); «(0) =  u(l) =  0}.
For initial data (po, uo) G Cq(0,1) x Cq(0, 1), there exists io > 0 and a unique solution (pe, it£) G 
C([0, ¿o]; Cq x Cq), which satisfies :

Pe(t, x) = [  [d£(t, x - y ) -  0e(t, x +  y)]p0(y)dy 
t °i

~ /  - s , x - y )  + eex(t - s , x  + y)](Ui(s, y) + p£(s, y)ue(s, y))dyds 
J o  J o  t  x

ue(t, a;) =  uo(x) ~ \ J q Jo (e * ~ v  +  eV~x)(P*(s’ v) +  y ( s> 2i))dyda 

+ ̂ } e) Jo Jo (e2'-1 +  e1~i')(p£(s, y) +  ^(s , y))dyds 

where d£(t, x) =  J2mez Ge(t, x +  2m).

If we suppose 1 + po(x) > 0 , we then obtain the a priori estimate (2.8) similarly as before. We 
thus get the estimate (2.11), and the estimate (2.12) can be improved, since we work on [0,1], 
which is of finite measure : here for all t > 0, pe is uniformly bounded in L1(0,1).
The solution can be extended to M+ and the convergence Theorem obtained in Section 2.4 
becomes :

Theorem 2.7.1. Let (po, tto) be in Cq x Cq such that 1 +  po >  0. For each e >  0 let (p£, ue) G 
C([0, oo[, Cq x Cq) be the solution to the boundary-value problem (2.3)-(2.26) with initial data 
(po,u0).
There exists a subsequence (p£,u£) and (p,u) such that :

(i) For any T > 0, for any $  G L°°((0,T) x (0,1))

lim£_o Jq fo (Pe(t, x) -  p(t, x))$(t, x)dxdt =  0.

(ii) For any T > 0,

lim^o Jq \u£(t, x) — u(t,x)\2dx =  0 for all t G [0, T].
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The proof, which follows exactly the same method, is quite simplified on [0,1]. To show that 
the limit functions obtained are solutions of the Boussinesq system, and satisfy the boundary 
conditions, we repeat the proof of Theorem (2.4.2), which is easier here.
We finally obtain the following result :

Theorem  2.7.2. Let (p0, u0) € x Hq(0,1) such that in f ^ o ^ l  +  po(x)) > 0.
Then there exists a weak solution of the system (2.1) with initial data (po, Uo), satisfying the 
boundary conditions u(t, 0) =  u(t, 1) =  0 for almost every t > 0.
Moreover (p, u) belongs to L°°(R+; Kao x H q ( 0,1)) C  L°°(R+; L1(0,1) x #¿(0,1)).

To prove this Theorem, we procede as in Section 2.5 : we extend the initial data to R and use 
a regularization and truncature proceed. We extend uq by zero as it lies in Hq and po by parity 
and then periodicity. The method is then exactly the same, we show an estimate similar to 
(2.22) and are able to find a subsequence (pe, ue) which converges weakly to a solution of the 
initial-boundary value problem (2.1)-(2.25), which lies in L°°([0, oo[; Aff0 x Hq(0,1)).

2.8 Uniqueness of sm ooth solutions

We now prove the following result concerning uniqueness of solutions to the initial boundary- 
value problem (2.1)-(2.2).

T heorem  2 .8 .1. LetT  > 0 and assume that (p,u) and (p,ü) satisfy (2.l)-(2.2) with (p,u) and 
05,5) G L°°([0, T ];ürl(R+) x H 2(R+)). Then (p,u) = (p,u) on [0,T] x R+.

Proof. Let 7 = p — p and v = u — ü ; they satisfy v(t, 0) =  0 and :

7 1 T” +  UUX UUX ^xxt 0 ,

Vt + Jx + UPx + Uxp -  Üpx -  Üxp = 0.

Multiplying the first line by v and the second by 7 and integrating on R+, we find :

/  vvt -  /  vxxtv — -  /  (7xv +  v2ux +  uvvx)
JR+ J R+ J R +

and

/  77t =  -  /  l vx ~ I 7 (uPx +  uxP ~  üpx -  üxp) 
JWL+ J R+ J R+

After some integration by parts, considering the fact that v takes its values in H 2 and that 
v(t, 0) =  0 we obtain

f  v2 + vl  + 'y2 = ~  [  (ixV + v2ux + uvvx)

-  /  ' T V x -  7 ( n 7 x +  v px  +  Vxp  +  7 « z )
J  R+ J R+

Thanks to the regularity of v and 7 , we have

/  V2u x + u w x <  I M Io o lM l f f i
J R+
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and since [  77xu =  ^ [  72ux 
J R+  ̂7 r+

1 /  7 («7.  +  t-ft +  ^  +  7 fi.) < ! N k  +  J W k  f  f
1 J  R+ * -/R+

+ (HvxIloolMU* +  IIatIM M U IM U *

< C  f  ( J 2 + V 2 +  V2X)
J  R+

since for the last term,

IMMIftlMMU < c||7lMIMli?+Iklli?) < d  [  V>+»*+»J.
JR+

Finally we have

\~Il f  'y2 + v2 + v l < C  [  'y2 + v2 + vl
2 dt JR+ Jr+

and since v(0, x) — vx(0 , x) = 7 (0, a;) =  0 Vx € R+, it follows the expected result. □

2.9 Appendix : regularity of solutions to the Boussinesq  
system  on the infinite space

In this section we consider solutions to the Boussinesq system and study their regularity. In
[1], Amick shows that given two constants p and u, and given an initial data (p — p,u — u) € 
Co°(R) with p(x) > 1 , x € R, then the corresponding solution to the Boussinesq system (p,u) 
is infinitely differentiable on R+ x R, and is unique.
Following [1], the aim of this appendix is to furnish a proof of the persistence of a finite regularity 
for the solutions to the Boussinesq system, namely :

Theorem 2.9.1. Let p and u be given constants and let (po — p, uq — u) e  f f2(R) x H 2(M) be 
with compact support, and (po, u0 — u) G x Hq, such that 1 +  po > 0. Let T  > 0, then the 
solutions (pe, ue) to the regularized system with inital data (po,uo) satisfy for allt G [0, T],

IIDju£(t, .) ||l2(K) < CT,j, ||Dkpe(t, .)||z,2(R) < CT,k, 0 < j  < 2, 0 < k < 1,

where Ct j , Cr,k ore constants depending only on T, j  and k.
The solutions (p,u) to the Boussinesq system belong to L°°(0,T, ii'1(R) x i i 2(R)).

Corollary 2.9.1. Let p and u be given constants and let (p0 — p, Uo — u) £ i i 1(R) x H 2(R) be 
with compact support, with (p0, uQ — u) G ACT0 x Hq and 1 +  po > 0. For all T  > 0, there exists 
a unique solution (p, u) to the Boussinesq system in L°°(0, T, H 1 (M) x H 2(R)).

This regularity result does not seem to extend to solutions on R+ ; indeed in the proof of 2.9.1, 
a bad boundary term appears which cannot be easily dealt with.
The proof of Corollary 2.9.1 follows from Theorem 2.9.1 using Section 8.
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2.9.1 Proof of the estimates

Prom now and then, we will denote by Co any constant depending on UpoIIh1) ||^o||iJ2> or T, 
and independant of e.
Let T  > 0, let p and u be given constants, and let (po — p, uq — u) G Cq°(R) x Co°(R). Then 
(see [14]) there exists a unique solution (p£, u£) G C([0, T]; C“ (R) x C“ (R)) to the regularized 
system which satisfies :

i  (u f  (Ui) _|_ f  < CQ. (2.27)
Jm + 2 7r+ 2 7s+

After denoting (/?£, ue) =  (pe — p,ue — u) and (po,uo) =  (A) — Pi uo~ u), the solution satisfies 
the following regularized system :

Pt +  ux +  \(p +  p)(u +  tt)]x =  ¿fox, (2.28) 

Uf px “I- (w “I- u^Ux — 'U'xxti (2.29)

and can be written :

(2.30)
pe( t ,x )=  /  Ge{ t , x - y ) p 0(y)dy 

J R

- i f  Gex( t - s , x - y ) ( ù e(s,y) + (pt(s,y) + p)(ùe(s,y) + u))dyds 
J 0 wK

iie(i, x) =  £t0(a;) +  / K ( x -  y)(p£(s, y) H----—  (s, y) +  uif)dyds (2.31)
JO JR ^

By (2.27), there exists a constant Co such that

||ùe(i,.)IU2 < co. l|Ac«£(i,-)IU2 < co, and ||ite(i, -)!loo < cq.

Then we write

Dxue( t ,x )=  j pe(s,x)ds + F e(t,x) (2.32)
Jo

where

F e(t, x) = (Uo)x(x) +  J   ̂2 ’^  +  uu£(s, a;)] ds

J  e ~ \ y ~ x \ [p£(s, y) +  ^   ̂ +  uff(s, y)] dyds 

Thanks to the estimates on obtained previously and since Ùq G H 2(R), we have

||Fe(i,.)||i2, im i.O lU  ll^(i,-)IU2<co

Thus obtaining an e-independant estimate of \\Dxp*\\L2 will give automatically an estimate of

| | A r x Ù e| U 2-

To reach this estimate we first show the following Lemma :

45

7/.Ì2
dx + -dx <Tq {(un)dx

1

2 J
(s,y)

üe



Lem m a 2.9.1. For all t € [0,T],

W i t ,  , ) | | £ oo <  Co, and \\Dxu£(t, -)IU~ <  Co-

Proof. Using (2.32), the first estimate gives the second one easily. For the first part, let M  > 1 
be an odd integer and let us multiply (2.28) by (pe)M and integrate on R, then

1 d
Ï5  J w ™  -  ~(l +*> ~ WTx 

f  (ft) W " 1
JR

M  +

- e M

Since M  is odd we can write, using (2.32),

mtïI +M =-f1+« /(?)"(*. *) j'
- ( 1  +  p) [  (pe)M(t,x)F£(t,x)dx 

J R

^  —■ f  (pe)M+1(t,x) f  pe(s,x)dsdx
1 J*. J oM  +  

M
f  ̂ ) M+1(t,x)F£(t,x)d2 

-1- J RM  +

— Il + I2 + -̂ 3 + lé
Since — pe < 1 +  p and using (2.32), we have

h  < j ^ j ( 1  +  P)T j i ( ? ) M+1 and |/4| < c, j / V ) M+1. 

Moreover, for M  > 1, |pe|M < (pe)M+1 +  |pe| and

|/2| < ( 1  +  P) [  \Fe\(pe)M+1 +  (1 +  p) [  \F * m < C o ( l+  f ( p T +1)
J R J R J R

where we used the same arguments as above for the estimation of ||pe(t, .) ||li. 
Finally,

^  J y r +\ t ,x )d x  <

co f  [ l +  f  [ ( p€)M+1(s,x)dxds\
J R L JO J R  -■

(1 +  p) f  f  (pe{s,x))M f  p€(z,x)dzdsdx 
J R J o  J o

£ W Ti /A W M+1<fa

+ cq(1 + f  f  (pe(s,x))M+1dxds), 
J o  J R

M

+ 

+
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where we used Holder’s inequality for the last term.
Now thanks to a Gronwall’s lemma, we obtain :

( J (p£(t,x))M+1dx^ M+1 < [ J  p0(x)M+1dx +  c o j  M+1eCoT < c q .

If we let tend M  to + 00, we obtain the desired estimate :

l | p £ ( i , . ) I U ~  < C o -

□
We finish by the following Lemma :

Lem m a 2.9.2. For all t £ [0, T\,

\\DxP (ti -)lli>2 — co> and ||Z?zzu (i, -)|It2 — Q)

Proof. We multiply (2.28) by {p€)xx and integrate on M,

= h(t) +  hit)  +  h{t)-

By Lemma 2.9.1,

|/i(i)| <Co f  (p£x(t,x))2dx.
J R

Then

[ (pex(t,x))2dx < [ (p0x(x))2d x +  f  \I2(s)\ +  \I3(s)\ds +  CQ f  f  \pex(s,x)\2dsdx 
JR JR JO JR Jo

Using (2.32) and Lemma 2.9.1, we find

[  \I2(s)\ds < Cq [  (  [  \p£x(s,x)\ f  \p£x(z,x)\dz +  co [  \pl(s,x)\\F^(s,x)\dx)ds 
J o  Jo  V J R Jo J R 7

<C0 /  \p£x(s,x)\2dsdx.
JR Jo

and similarly for the third term I3, which gives the desired estimate after applying a Gronwall 
inequality.
The second estimate of the Lemma is a consequence of (2.32). □

I p'pIKx -  ( ! + p) I pIKx
J  R J  R

47

\ t +  Í  ( P * ) 2 + e  í  P exx =  - l  f ( p ex ) 2 Üex -

1 d 3



2.9.2 Regularity of the solutions

Now let (po — p , uq — u) G / f 1(M) x i f 2(R) be with compact support and satisfy (po, u0 — u) G 

x Hq and 1 +  po(x) > 0, and let T  > 0.
We start by smoothing the data by using a regularizing sequence as in Section 5 : let (p%, tig) G 

C£° x C“  be such that

Po —» po in i i x(M) and ue0 —> uQ in i / 2(R). (2.33)

If (p£,u£) is the solution of the regularized problem (2.28)-(2.29), thanks to Section 9.1, since 
llPolltfi < llPollifi and ||u§||tfi < IKIIh», we have

\\Diu£( t , .) |\L2 < co and |\D3xp£(t,.) \\& < cq, 0 < j  < 2, 0 < k  < 1.

Moreover this solution satisfies (2.27), and there exists a subsequence still denoted (p£,tt£) 
which converges weakly towards a weak solution (p, u) to the Boussinesq system (see [141); and 
(p, u — w) € £°°([0, oo]f A,*,, x H 1).

This subsequence satisfies (2.33) therefore for all j ,  k (j  G {0,2}, k G {0,1}), Dkpe and D3xue 
are bounded in L°°(0,T; L2(R)) and we can extract another subsequence still denoted (pe,u£) 
such that

Dkxpe A  f k in L°°(0,T;L2(R))

^ £i ^ m L ”(0,T;L2(M))

Now | | / fc||x,oo(o,r;L2) <  liminf ||D*p£||£oo(0>r;L*) <  Cq therefore f k G L°°(0,T] L2(R)) and simi
larly gi G L°°(0,T;L2(R)).

Invoquing the uniqueness of the limit in T>'((0, T) x R), we conclude that f k = Dxp and 
gi =  D3xu ; thus p G L°°(0, T; H '(R)) and u G L°°(0, T; t f 2(R)).
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Chapitre 3

Sur les équations de Saint Venant avec 
périodicité dans une direction

Article paru dans Applicable Analysis, Volume 86, no 5, (2007), pages 537 - 553.

K. ADAMY*
•Laboratoire de Mathématiques, Université Paris-Sud 
CNRS UMR 8628, 91405, Orsay, France.

A bstract : The linearized two-dimensionnal Shallow Water equations, supplemented with sui
table boundary conditions in one direction and periodicity in the other direction are considered. 
The well-posedness of this mixed boundary value problem is proven, using the linear semi-group 
theory. The well-posedness of the totally periodic problem is also proven.
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3.1 Introduction

In this article we are concerned with the linearized two-dimensionnal Shallow Water equa
tions (see [5]). This system is a hyperbolic system which describes wave motion in a shallow 
homogeneous fluid when the horizontal wave length is much longer than the vertical scale of 
motion and than the depth of the fluid. These equations are often employed in models for ocea
nic or atmospheric flows and correspond to a level of physical complexity intermediate between 
the quasi-geostrophic equations and the full primitive equations (see [8], [5]).
The full Shallow Water equations are linearized around a constant flow (no, v q , $ 0)- In most 
relevant geophysical problems the flow is subcritical, that is u% +  v$ < $o ; we will here mainly 
consider this case, which is the most interesting and difficult, but all what is done works simi
larly in the supercritical case.
The fluid fills a two-dimensionnal domain and we will restrict ourselves to the case of functions 
which are periodic in the y-direction. We will describe appropriate boundary conditions (in 
both the subcritical and supercritical cases) that should be imposed in the x-direction in order 
to have a well-posed problem.
The well-posedness of the problem will be established using a semi-group approach; all the 
difficulties reside in showing the positiveness of the operator on its domain and of its adjoint : 
we will use a method of régularisation to obtain it.
The article is organized as follows : first, we present in Section 3.2 the model and the notations 
we use, then, in Section 3.3, we recall some results of the semi-groups theory. In Section 3.4.1, 
we prove the positiveness of the operator A  and of its adjoint A*, and we obtain the well- 
posedness of our problem in Section 3.5. Finally, in Section 3.6, we prove the well-posedness of 
the space-periodic problem, that is when functions are periodic in the two directions.

3.2 Functionnal framework and notations
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We are interested in the 2D-shallow water equations, linearized around a constant flow 
(tt0, v0, $ 0) :

( du du du £?$ ,

» +”°si + ”0̂  + & - f "  =  0 ‘
dv dv dv d$ , . .

'  at + ^ f a +Vod j j + & J + f u  =  0' {3A)
d$ d$ o$ ,du dv .

. at +^ & +l’0%+®0(& + ^ ) ’
with

' u(x,y, 0) =  u°(x,y),
< v(x,y,0) = v°(x,y),

k $(æ ,y ,0 )  =  $°(x>î/)-

Here « and v are the x and y components of the velocity, $  =  gz is the geopotential height 
(where g is the gravity, and z  is the depth variation of the free surface) ; and the terms «0» vo> $0 
and /  are respectively the advecting velocities, the mean geopotential height, and the Coriolis 
parameter, and are all positive constants. The domain under consideration is =  (0, Li) x l  
and we set M. =  (0, L\) x (0, L2), where L2 is the period in the y-direction. This system can



We will also write Ho = uq +  \/$o, uo =  uo ~ V^o, /  =  / / >/2, and $ i =  \/$o/V^2- As we said 
before, we will mainly consider the subcritical case where 0 < u% +  v$ < $o =  , so in this 
case, the three eigenvalues of A have different signs, u0 and uq are strictly positive, and uq is 
strictly negative.
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also be written :

[  u * \  f  ux \  /  uy \  /  0 —f  0 \  f  u \
I Vt I +B\ I vx I +B2 1 vy I + 1 /  0 0 J I v 1 =  0,

V*. /  \ * . /  \ °  0 ° / W
/ « o O l \  / v o 0 0 \

where B\ =  I 0 uo 0 J and = j 0 Vo 1 J ;
y $ 0  0 u q  J  y 0 $ 0  v o J

Bx has three eigenvalues, uq and uq ±  \/$ o ; we diagonalize the system along the x-direction by 
introducing the new variables :

£ = u + - ^ = $ , rj = u -  - ¿ = $ , C =  V2v.
V$0 v$o

We then obtain the following system in (£, C, v) '■

+  («0 +  y/$o)€x +  v0£y +  ^ Cy ~  ^ = C  =  0,

< Ct + Uo(x + VoCy + yj-^-(,£ — V)y + ~i=(£ + 'n)= Q, (3-2)

j----  I $Q f
Vt +  (tio -  V ® o)V x + VoVy -  Y yCy -  =  0, 

with £(x, y, 0) =  f°(x, y), ((x, y, 0) =  (?(x, y), ^{x, y, 0) = 1f ( x ,  y).

This system is equivalent to :

(sMiMsMih
where A is diagonal, B is self-adjoint, C is skew-symmetric, and

( u o  +  y/iFo 0 0 \  v°_  0 N
A= I 0 uo 0 },B= \J^t u° ~\1̂ 2 ’

V 0 0 u o -S F j  0 „„ J 

/ ° a ° \
<7 -  *  *  • 

v ° 3 0 /



We will denote by H the space L2(M )3 ; we endow it with the scalar product of L2(M )3 : 
(£/, V) = JM(UiVi +  U2V2 + UzVz)dxdy, which makes H a Hilbert space. Let also :

D = {U = (£, C, v) € £, C, V are periodic of period L2
in the y-direction}. (3-3)

Let us also introduce the following new variables which will be useful : k — vq£ + i  = 
«oC +  $i(£ -  V), and m  = vQr} -  $iC

With all these new notations, our problem becomes :

+ uo€x + ky ~ K  =  0)
< Ct + UoCx + £y +  fl,£ + v) — 0, (3.4)
k Vt +  M ix  +  m y - %  =  0. 

with U(x, y, 0) =  U°(x, y). And let us finally note :

AgU —- Uq̂ x “I” fcyj
i A^U — UoCz ~f~ £yi

Anu  = utfrjx + TUy. 

and _

{
7{U = Uo£nx + kriy,
7Ci7 =  uo(nx +  iriy,

7r,U = ugpnx + mriy.

where n= (nx,xy) is the unit outward vector to dM .

If we suppose that U € H  and that A^U, A^U and AVU are in L2 (M), we can define the traces of 
£, £, 77 and k, £, m on the edges of M. (see [3]). Indeed, £ (and similarly £, 77) belongs to L2(M) and 
thus £x belongs to L2(0, Lx\H~1(0, L2)). Therefore £ is almost everywhere equal to a continuous 
function from [0, L{\ into i i “1(0, L2) and its traces at x — 0 and L\ belong to i / “1(0, L2)- 
Furthermore, all the linear preceding mappings being continuous, the mapping £ t—> trace of £ 
on {0} x (0, L2) or {£1} x (0, L2) is continuous from X  =  {U € L2(M.)3, A^U, A^U, AnU G 
L2(A4)}, endowed with the norm

\V\x = { 2(X) +  I^C^li2(A<) + I A ,t f |iW 1/2>

into H~1(Q,Ij2). In fact, by interpolation (see [4]), they belong to (L2,H~X)i/2

= ((Hq,L2)i/2)' = (iioo2(0, L2))' but we will not make use of this improvement. Similarly, the 
traces of 77 at x =  0 and x = L\ are defined and belong to H~1(0, L2) and the corresponding 
traces operators are continuous from X  into i i “1(0, L2).

Since the linear matrix transforming £, £, 77 into k, t, m is invertible, we conclude that similarly, 
k,£,m are almost everywhere equal to continuous functions from [0, Li] into i i “1(0, L2) and
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therefore their traces at x  =  0 and Li exist, belong to H y1 0̂, L2), and depend continuously on 
U. To obtain the traces on y =  0 and L2, we invert the roles of £, £, r\ and k, £, m. For example 
ky — A^U — uo£r belongs to L2(0, L2, Li)) so that k is almost everywhere equal to a
function continuous from [0, L2\ into H~X(Q, Li) and its traces at y = 0 and L2 are defined, 
belong to Li)), and depend continuously on U G X . Similarly, i  and m  are almost
everywhere equal to functions continuous from [0, L2] into i i “1(0, Li) . Inverting the linear 
matrix transforming £, £, r] into k, £, m, we find that £, rj are also continuous from [0, L2] into 
H~l{0,Lx) and their traces at y = 0,L2 are defined too, belong to and depend
continuously of U E X .

Let us now define our functionnal framework. Problem (1) can be written in the functional 
form :

^  + AU = F  ,U(0) = U°, (3.5)

where here F  — 0, U° =  (£°,C°,»70)r  £ D(A), U(t) =  (¿i(t)X(t),r](t))T, and AU(t) =  
(Ai U(t),AcU(t),AvU(t))T.

R em ark 3.2.1. In the physical problem, F  = 0, but for mathematical generality, we will 
consider F  as non zero.

The domain of the operator A  will be :

D(A) = { U=  (£, C,r?) € H/A^U, ACU, AnU g L \ M ) and

7^ ( 0,y) =  7Cf7(0, y) = rh,U{Lx,y) =  0 for a.e. y in (0,L2),

^U(x,0) = ~^U{x,L2), 'ftU(x,0) = - 7<U{x,L2),
'yvU(x,0) =  —'yr,U(x,L2) for a.e. x in (0, Li)}.

The boundary conditions above are proposed in order to achieve the positivity of the operator 
A and will be explained in the following sections.
Our goal is to apply the Hille-Yosida theorem to the operator A  with domain D(A) in order to 
show that problem (4.2) is well posed for Uq G D(A).

R em ark 3.2.2. In the supercritical case where up > 0, D(A) will be :

D(A) = { U=  (f,C,»7) e H/A(U, A(U, AVU 6 L2(M ) and
7(U(0, y) =  7(U(0, y) = 7VU(0, y) =  0 for a. e. y in (0, L2), 
j{U(x, 0) =  ~^U(x,L2), 7CC/(x, 0) =  - 7 <V{x,L2),
7,,i7(x, 0) =  —7r,i/(a;,i2), for a.e. x in (0,Li)}.

3.3 Reminders

We briefly recall some results that we will use to show that our problem is well posed. First 
is the Hille-Yosida theorem, stated in the following form (see [7], [2]).

55

H -
~r_1

(0,1

H? (0,

,C ,

H?



Theorem  3.3.1 (Hille-Yosida). Let H be a Hilbert space, and let A  : D(A) C H —> H be a 
linear unbounded operator with domain D(A). Let us assume :

-  A is closed,
-  (A U ,U )> 0 , W g D ( A ) ,
-  3/j, > 0 such that A  + fil is onto .

Then, V Uo G H , V F G L^O, T; H), there exists a unique solution U G C([0, T], H) of (3.5) 
such that U(0) =  Uo and

Vi G [0, T], U(t) = e~tAUQ +  f  e -{t- s)AF(s)ds.
Jo

I f furthermore Uo G D(A) and F' = dF/dt G L1(0,T,H ) then U G L°°(0,T; D(A)), and 
U1 GL°°(0,T ;ii) .

We will also use the following elementary lemma :

Lemma 3.3.1. Let A : D(Á) C H  —> H be a closed operator with domain D(A) dense in H  
and let A* : D(A*) C H  —> H  be its adjoint. Suppose that A and A* are both positive. Then for 
all n > 0 , A + f i l  and A* + f i I  are onto.

Proof Let [jl > 0 and let F G H  be fixed. For e > 0, we consider the variationnal problem : To 
find Ue G D(A) such th a t:

e(AUe, AÜ) +  (AUe, Ü) +  fi(Ue, Ü) =  (F, Ü), V Ü G D(A) (3.6)

Existence and uniqueness of Ue follow easily from the Lax-Milgram lemma; then we consider 
the operator :

Ü — > (AUe, AÜ) = ^ ( F - f i U £-  AUe, Ü)

It is continuous on D(A) for the topology of H\ thus, AUe G D(A*) and by definition of A* (see
([9])

eA*AU£ +  AU£ +  fiU£ =  F. (3.7)

We then take the scalar product in H  of (3.6) with AUe. We obtain :

e(A*AU£, AU£) + \\AU£||2 +  »(U£, AUe) = (F, AUe)

Since A  and A* are positive, we find || 4̂C/e < ||F ||ff. Thus U£ is bounded in D(A) and there 
exists U G D(A) and a subsequence still denoted U£ such that U£ converges weakly towards U 
in D(A), that is

i U£^ U  in H,
\  AUe ^  AU in H.

Letting e tend to 0 in (3.6) we obtain :

(AU, Ü) +  »(U, Ü) = (F, Ü), \ /Ug D(A).

Since D(A) is dense in H,  this implies that AU + fiU =  F  with U in D(A). The proof for 
A* +  fil  is the same. □
Thus to use this lemma we will show that A  and A* are positive and closed.
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3.4 Proof of the main results

3.4.1 Positiveness of A

Let us first justify the boundary conditions ; in the case where ug < 0, we have to impose 
two fields at the inflow and one field at the outflow, whereas when uq > 0 three boundary 
conditions must be imposed at the inflow.
Let us compute the scalar product (AU, U) in L2(M ) for U G D (defined in (3.3)).

(AU, U) — I +  Vq + $1 Çy£, +  UoU  “I" VoCyC "t"
J m

+UoVxrl + voVyV -  $ i (Cvy +  vQ]dxdy

— [  9  [“ô(£2)i + U0 (C2) X + Uo(t)2)x]
J M  ¿

+ /  tKî2)» + Ka)> + (A] + í *i((ca-(c-í)„)
Jm  ¿ J m

=  í  7, [«o£2 +  UoC2 +  M f ] nx 
JdM ¿

+?T Í  (C2 + C2+»?2K  + 1̂ Í  <(£-v)ny
¿ JdM JdM

Thanks to the periodicity in the y-direction, we obtain :

(AU,U) = j T f ( i 2( W ) - a o , ÿ ) M y + j p f ( < ^ i , ÿ ) - C > , y ) ) d y

+ J  - 12(0, y ) ) i y

So, in the subcritical case where «o < 0, we can insure the positiveness of A, (AU, U) > 0, V U G 

D(A) by imposing £(0, y) =  £(0, y) =  r)(L\,y) =  0. In the supercritical case we must impose 
the three components to be zero at x =  0. In the subcritical case, the operator A is therefore 
positive for U G D and verifying the above boundary conditions, i.e. for U G D ec ,

Dbc =  D n  {U s.t. £(0,y) =  C(0,y)  = v(L i,y ) =  0} (3.8)

We now have to show the positiveness for U G D(A) ; we will proceed by régularisation.

Let us start by extending U to the slab [0, L{\ x R by periodicity in y. __
We will denote by A t8 the symmetric of M  with respect to the line y = L2, and by M  the set 
M  U M*. _  _
Let U G D(A). We call U the extension of U to M  by symmetry :

TTír .A =  /  for e M ’
 ̂ ,y ' \ U ( x , y - L 2), for ( x , y ) e M i.
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Remark 3.4.1. The functional operator A is defined on D(A) and acts on functions of H ; we 
will call A the differential operator which acts on functions defined on [0, Zq] x R.

We have that U E L2(M) ; let us check that A$U = A^U, we will thus also have A$U E L2(M) 
and the same for A(fi and AVU.
Let $ E V ( M y .

[ a ^ U  • $  =  [ (uq£x +  +  I (uq£x +
J M Jm J Mi

= [  A*^ U + [  7(U $+ j $(x,y)ui£x(x,y -  L2)
J m  JdM J M

+  /  &(x,v)ky(x,y -  L2)
J m

=  / A^(x, y) ■ U(x, y)dxdy +  /  7 Û(x, L2)$(x, L2)dx
J M  JO

+  /  y) ■ U(x, y -  L2)dxdy + /  j^U(x, 0)$(x, L2)dx
J m  J o

Thanks to periodicity, we obtain :

[ A z U $ =  [ ¿ ¡ Q U  
Jm Jm

and AfU E L2(M).

We then extend U to the slab [0, L\] x R by periodicity and obtain a function U defined on 
[0, Li] x R, and we have A^U E L2X(0, Iq, Lyloc(R)).
Since £ is periodic in y, we can truncate the y-Fourier series for a.e. x, and we obtain functions 
£n — -Pn£, which are smooth in y, for a.e. x E (0, Li). Furthermore,

l£n(®j -) IjD2(0,Z/2) =  ■ ) | l 2(0,/j2) — l £ •) | l 2(0,L2) j  (3 -9 )

\PnA(U(xi .)|£,2(o,L2) \PnA(U(x, 01 ¿2(0,i<2) (3.10)

1Here V(M)  denotes the Schwartz space of C°° functions with compact support in M.
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and, as n —► oo, __
É»------► £, ( i^ tO n ------» ^  in L \ 0, Lu L2(0, Li)). (3.11)

7i —̂ oo n —>oo

Proceeding similarly with £ and 77, we obtain a sequence of functions Un smooth in y for a.e. 
x G (0, L\), with properties similar to (3.9)-(3.11) ; in particular

l^n^.Ol^iO.La))3 <  I^Oej-)I(£2(0,L2))3> (3-12)

\AUn(x, .)|(L*(o,L2))s -  \AU(x, .)|(i,2(o,L2))3, (3.13)

and Un ------> U in D(A). Since the Pn truncation operates only in the y-direction, the Un
n—>00

satisfy the same boundary conditions as U on x = 0 and L\, namely £n(0, y) — Cn(0, y) =  
Vn(Li, y )=  0 , for a.e. y G (0, L2).

Finally the TJn G D(A) and (AUn,Un) > 0 is easy to prove for such functions. Since 
AUn ------> AU and Un ------► U strongly in L2(0,L1;L2(0,L2)), we finally obtain (AU, U) >

n —>00 n —*• 00

0, VU G D(A).

R em ark 3.4.2. In [3] Lax and Phillips obtain similar results by régularisation in the tangential 
direction y.

3.4.2 Positiveness of the adjoint of A

In this section, we first compute the adjoint A* of A, and then show that it is positive on 
its domain D(A*).

Let U =  (£,C,t?) be in Dbc> defined in (3.8) and U' =  ( d , C \ v )  be in D  (defined in (3.3)). 
With the same notations as before, we have

(AU, i f )  = /  +  ky£ +  /  WoCrC* +  lyd  +  /  W  +  ”v / -
Jm Jm Jm

We can perform integrations by parts and find :

{A U , U  ) — — f  Uq +  Çyk +  f  Uo ££ n x riy 
J m  JdM

-  f  U q CxC +  PÇy +  f  U o C < n x +  tC, Jly 
JM  JdM

-  / Uo W x  +  m riy + / Uo r¡r¡n x + m r ¡ n y
JM  JdM

= -  [ («ô£Î + -  [ (“oCi+ uoCÿ)C + ̂ i(^-»7Xÿ
J m  J m

-  / ( m î ' x  +  v o % ) v  - ̂ î V y C  +  / ( u ô & ' n x  +  U 0 ( ( ' n x + U Q r¡r¡n x )
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(AU, u ')  =  -  [  (u0£' +  k'y)£ -  f  (uqC +  ¿y)C -  f  (uoVx +  m 'y)v 
Jm  J m  J m

pL2
+  /  \!ffi(L i,y)£(l4 ,y)+ U (£(L i,y){(In ,y) + 1iori(0,y)ri(0,y)]dy.

Jo

Hence by definition of A*, see [9], we find (AU,U') = (U,A*U'), V U G Dbc, V i f  € Dbc*, 
where .Dec is defined in (3.8) and :

D b c • = {U =  (£, C, »7) S C°°(M), f , C, V are periodic of period L2

in the y-direction and £(Li,y) =  ((L i,y) — rj(0, y) — 0}. (3-14)

and A*U = -AU , VU € DBC*.

The domain D(A*) of A* is :

D(A*) = { U = (£,C,v) e  H /AfU, A(U, AVU G L2(M ) and ,

7(U(Li,y) = 7(17(1*1, y) = JvU(0, y) =  0 for a.e. y in (0,1*), 
ltU (x, 0) =  -'yi U (x,L2), 1(77(x, 0) =  - ^ ( x , ^ ) ,

7^C/(a:, 0) =  —̂ ^ ( x , ^ )  for a.e. x in (0,Li)}.

R em ark 3.4.3. In the supercritical case where Uo> 0, the adjoint boundary conditions would 
be : 7\U(In,y) = 7cU(L1:y) =  7,C/(Li,y) =  0.
All what follows in the section works similarly.

Using again the same approximation of y-Fourier series as before, and thanks to the computation 
above which can be applied for the truncation of the y-Fourier series of the corresponding 
functions, we find that (AU, V) = (U,A*V), W  G D(A), W  G D(A%  where A* =  -A .  Now 
it remains to check that A* is positive on its domain. Let V  =  (£,£,77) be in Dbc*, thanks to 
the computations which have already been done for A,

(A*V, V) = ~(AV,V)

= ~ [  \ [“of2 +  «oC2 +  uoV2] n x [  (f2 +  C2 +  rf)ny 
J d M  z z JdM

-  $1 C(£~v)ny
JdM

= \ J Q [«of2(°,y) + WoC2(0,y) +UQ7?2(L1,y)]dy

Because of the adjoint boundary conditions, we thus find (A*V, V) > 0, VV G Dbc* ; then, by 
approximation we obtain as before (A*V, V) > 0 for all V G D(A*).
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3.5 W ell-posedness of the problem

We now have to check first that A is closed, and then that D(A) is dense in H. For the 
closure of A, let us take a sequence Un — (£„, Cn, rjn) of elements of D(A) such th at:

-+ U in H,Un
n—>00

AeUn -------- > Ff

AcUn
€>n—Kx>

-*■ Ff in H,
71—►  OO

ArJJn > Fn •

with (F̂ , F0 F̂ ) G H ; then all the above sequences converge in the distribution sense in M  
and thus :

AcU = Fc -^y=(Ç + ri) inV'(M),

YAVU =  Fv +  j=C

So (AçU, AçU, AjjU) € H. Moreover, U is periodic in the y-direction, and the boundary condi
tions are satisfied, by continuity of the trace operators. Therefore U € D(A) and AU — F, 
which means that A is closed.

For the density of D(A) in H, we note that D(A) contains the space of C°° functions on 
[0, Li] x [0, L2] with compact support in x and periodic in y, this space being dense into H.

We now have all the conditions to conclude : A and A* are positive, A is closed with domain 
D(A) dense in H. Thus applying Lemma 3.3.1, A +  ¡il is onto for all fi > 0, and the theorem 
of Hille-Yosida applies :

Theorem 3.5.1. For every Uq G D(A) defined in Section 3.2 and for every F G L1(0, T ; H), 
there exists a unique U G L°°(0, T; D(A)) ft C([0, T], H), with U' G L°°(0, T; H) which satisfies 
(3.1).

3.6 The periodic case

In this section, we show that the problem (3.1) is well-posed, in the case of functions which 
are periodic of period Li in the x-direction and of period L2 in the y-direction. In this case we 
apply the Hille-Yosida theorem and show the positivity of the operator A, and the surjectivity 
of A +  fil, for some /x > 0.
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We use the same notations as in the former sections, but here the domain of the operator A is :

D(A) = {U =  G H/AfU, A(V, Ar,U G L2(M ) and
7i f/(0,t/) =  - 7^U(Lu y), j (U(0,y) = ~ ^U (L i,y ) ,  

lyU (0, y) =  0 =  7,i7(L1,j/), for a.e. y in (0,L2), 

j^U(x, 0) =  -'yi U(x,L2), 7CU(x,0) =  - 7Cf/(z, L2),

7,i7(x ,0) =  - 7r,U(x,L2) for a.e. x in (0,Li)}.

The operator A is closed on D(A).

3.6.1 Positiveness

First by the same computations as before and thanks to the periodicity, we have that 
(AU, U) — 0, Vi7 G (7“ r(R2). The positiveness of A is shown by Fourier approximation simi
larly as in Section 3.4.1. _ 
Let U G D(A). We can extend U by periodicity in the two directions to R and we call U 
this extension. By the same means as before, if we call A  the differential operator_which cor
responds to A and which acts on functions defined on R, we have that A^U = A^U so that 
A(JJ G L20C(R2) and similarly for A^U and A^U.

Now, since U is periodic in the two directions, we can truncate the Fourier series of £, £ and 
rj and obtain a sequence of functions Un which is smooth in x and y on M. with the following 
properties :

\Un\H < \U\H, (3.15)

\AUn\H < \AU\h - (3.16)

and Un ------> U in D(A). Then similarly as in Section 3.4.1, we can compute the scalar product
71—>00

(AU, U) in L2(M )  for functions U which are smooth and find zero due to the periodicity 
in x and y. Finally, Un G D(A) and (AUn, Un) = 0, and letting n —* oo, we obtain that 
(AU,U) =  0V*7g D(A).

3.6.2 Surjectivity

We must finally prove that there exists /z > 0 such that A + fil  is surjective from D(A) into 
H. Instead of defining A* and showing its positivity, we give here a direct proof.
Let (F{, F^, Fn) G H, we have to find (£, (, rj) G D(A) such that

(
Uo€x +  V0T]y +  $lCi/ — K  +
uoCx + Vo(y + $i(£j, — rjy) + /(£  +  rj) +  =  F^,

UoVx +  v0riy ~  $ iVy ~ K  +  A»*7 =  Fv

Since the functions considered are periodic, we can use Fourier series; we will note for k and 
t  in Z, i(k,£) = f M e~^xk+yi^ (x ,  y)dxdy, (and similarly for £ and rj), we then have : £x = 
ik£ and =  i££. The equations satisfied by the Fourier coefficients are the following :
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[i(kuQ +  ¿Vo) +  /i]£ +  (i£<& i — /)C =  F ,̂
< (i£$ j +  f ) i  +  [i(uok +  v0£) +  /x]C +  ( /  — — F{,
, ~{i£$i +  /)C +  [i(kuo +  v0£) + n]f) =  Fv. 

f { \  f % \
This can be written as M I £ 1 =  1 F  ̂ j , where

\ vJ \ fJ
( i[ku5 +  ivQ\+  fi i£$i -  /  0 \

i£<& i +  /  i(kuQ +  £vq) + fi —i£$ i +  /  J

0 - i i$ i  +  /  i(k(u0 -  $ i) +  £v0) +  n j

We introduce i/ =  i(uok +  v q £ )  + ¡x and a — /  +  i£<&\). The matrix M then becomes

( v +  —a 0 \
a v a I

0 —a v — i y / ^ k  J

We then compute its determinant :
det M  = v{v2 +  $ 0k2 + 2|cr|2)

=  v\v2 +  $ 0k2 +  2 (/2 +  $\£2)]

= v[v2 + $o(k2 + £2) + f 2]

Since v =  i(uok +  v0£) +  /x then V/x > /zo > 0 one has v ^  0. If the expression between brackets 
is non zero (see below) then det M  ^  0 and one can invert the matrix M which gives :

1 /  v(v -  ¿v^ofc)+ | cr |2 a(u -  iy/^ok) - a 2 \
M _1 =  - — —  I —a { y  — i y / ^ k )  v 2 +  $ 0&2 —a ( u  +  i y / ^ k )  I

Y —<72 cr(y +  i ^ F 0k) v{v +  iy/^ok)-\- | o |2 J

We can then find an expression of (£, C, i?) depending on (F^, F$, Fv) :

i(k,£) =  ¿ ¿ m M ” ~  iV$~ok)+ | a  12)F6(k,£)+ a(u -  iy/*ok)F((k,e) -  c2Fn(k,£)},

C(M) = -T ^ i-v iv - iV ^ o ty F s ik tV  + iiS + Q o ^ F d k iV -v iv  + iV^oQF^kJK, 
det M

fj(k,£) = -—^ [ - ^ F ^ ^  + aiv + is/W ofyF^kJ) + {v(v + iy /¥ Qk)+ \ a \2)Fv{k,£)], 
aet M

- ( * \  ( % \that is £/ =  I C = M - M  Fc .

VVJ \ fJ
Calling (£1, 62, £3), (Ci7 C2, C3), 07i,f72,f73) the first, second, and third lines of (det M )M  1, we 
abtain for instance for £ :

«>■*> = + ain * ™ +&rsF# ’l>- <3-17>
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In order to achieve the proof of surjectivity it remains to verify that the (£, £, rf) that have been 
found (defined by their Fourier coefficients) are in D(A) ; we thus have to verify that the serie 
E(fc,*)ez(l + k2 + f2) | £(fc, £) |2 converges and similarly for C and f).

But Fç, Fç, Fv G ^ (Z 2), thus using (3.17), it suffices to show that there exists c > 0 such that 
for * =  1, 2,3,

^ k2+^ Y Ü h - c
at least for k and £ large (and so for £ and rf).
For this, we find a lower bound on | det M  |2 :

| det M  |2 =  | i/12| v2 + $ 0(k2 + £2) + f 2 |2

=  [/¿2 +  (uok +  v0£)2)} | fi2 +  f 2 +  $o(&2 +  ft) ~ (uok +  Vq£)2

+ 2in(uok +  vq£) I2

=  (/x2 +  (uok +  vo^)2)[|/t2 +  / 2 +  $o(fc2 +  £2) — (Uok +  v0£)2}2

+  4 fi2(uok +  v0£)2]

Using the Cauchy-Schwartz inequality,

(uok + v0£)2 < (Uq + v$)(k2 +  £2) Vfc, £ G Z,

and we obtain the following lower bound :

p? +  / 2 +  $ 0 (fc2 +  £ 2 ) — (uok +  v0£)2 >  p 2 +  f 2 +  $ o ( & 2 +  ^ 2 )>

where $ 0 =  $o — iuo +  vo) > 0- 
This yields

| det M  |2 > [fi2 +  (uok +  vq£)2)\\\p?  +  f 2 +  $o(^"2 +  ^2)]2 +  4/x2(t/ofc +  ^o^)2}

> [/i2 +  (u0fc +  vo )̂2)] [p2 +  ¿o (^2 +  £2)Ÿ

It remains to estimate | £t |, | £2 | and | £3 | :

U i |2 =  I u(u -  iy/Ô^k) + P  + f t§ \  |2
=  I (n + i(u0k +  v0£))(fj, + iuok +  iv0£) + p  +  £2$f) \2

< Coo I 1 +  fc2 +  ^2 I

where C ^  is indépendant of k and £, but depends on /i, uq, vq, and $ 0.
And similarly we have :

16  I2 =  ( f 2 + £2$i) I A* +  iuok + ivq£ |2
< C0o I 1 +  k* +  f t  I
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U a |2 =  I d2 |2= | p  -  t 2$ \ -  2»/<M) |2
< C ooll +  ^ l

We thus have :

Uxl2 < c  _________ I! +  fc2+ ^ I _________
I det M  |2 -  °° [p2 +  (,Uok +  ^ )2 )]  [̂ 2 +  $ o(A.2 +  ¿2)]2 ’

16  I2 < „  __________ 11 +  fc4 + l 4 1__________
| det M  |2 -  00 +  (uok +  v0£)2)] [/z2 +  M k 2 + P)\2 ’

I £3 I2 < c  ____________ I 1 + 14 I____________
| det M |2 -  °° [p2 +  +  v^ ) 2)] [//2 +  $ 0(fc2 +  £2)]2 •

So we can see that when k and £ are large, the desired quantities remain bounded.
We thus have proved that there exists fi0 > 0 such that Vp > p0 , A +  p /  is surjective.

Thus the operator A satisfies the hypothesis of the Hille-Yosida Theorem which we can ap
ply. Then for every [70 G D(A) and every F  G L1(0, T; H) , there exists a unique U G 
L°°(0,T]D(A))nC([0,T},H), with i f  G L°°(0,T; H) which satisfies (3.1).
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Chapitre 4
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A bstract : In this article we propose and implement a multilevel method for the resolution 
of the two dimensionnal nonlinear Shallow Water equations. The multilevel method is based 
on a central-upwind finite volume scheme and uses new incremental unknowns which enable 
to preserve the numerical conservativity of the scheme. The method is tested and analyzed on 
two and three levels of discretization on different test cases and turns out to furnish a good 
resolution of the problems while reducing the CPU time.
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4.1 Introduction

Multilevel methods were introduced to improve calculation speed in the simulation of com
plex physical phenomena while maintaining an accurate resolution of problems. They were 
originally developped for the study of turbulent flows ([8], [9] [10], [19], [20]) but can be inter
esting in other domains.
In this article we are concerned with the resolution of the two dimensionnal non linear Shallow 
Water equations by a multilevel method for finite volume discretizations. This work is intended 
at exploring the implementation of such methods for such a hyperbolic system. This system 
being hyperbolic, there is no diffusive term in the equations which could stabilize the scheme, 
however the multilevel method we present turns out to furnish a good and efficient resolution 
of the problem.
Incremental unknowns were introduced in the context of finite differences in [19] for the ap
proximation of inertial manifolds. For references on parabolic or elliptic problems treated with 
multilevel methods in the context of finite differences or finite elements see [3]-[6], [20], in the 
context of pseudo-spectral methods or wavelets, see [7]-[10]. The implementation of finite vo
lume multilevel schemes for the resolution of the Burgers equations with a diffusive term was 
made in [12]. The general principle is to split the unknowns in two terms : a ’’large scale” com
ponent y and a ’’small scale” component z and to treat differently y and z. The decomposition 
of the unknowns that we employ in this article is purely algebric but enables to preserve the 
numerical conservativity of the scheme. The decomposition of the variables is here done globally 
but it can be done locally in certain parts of the domain.

The Shallow Water equations describe the propagation of surface waves of long wavelength and 
of relatively big amplitude, which gives rise to strongly nonlinear flows. Multilevel methods for 
the Shallow water equations supplemented with a hyperdissipative operator were studied in [10] 
in the context of spectral methods for the simulation of turbulence. Our study covers a general 
framework but we are particularly interested in the modélisation of oceanic or atmospheric 
flows, from this perspective we present a simulation based on initial conditions dragged from 
[10]. Our multilevel method allows to resolve accurately the problems studied while reducing 
the CPU time and preserving the numerical conservativity of the scheme.

For the spatial finite volume discretization, the hyperbolicity of the system obliges to consider 
schemes that are well adapted for such problems. Recently, several different reliable finite vo
lume schemes have been developped for the resolution of the Shallow Water equations ([1], [2],
[14], [18]) in order to study some particular properties (preservation of steady states, positivity 
of the height of the water).
Here we apply a multilevel method on central-upwind type schemes which were constructed to 
solve numerically nonlinear conservation laws, [16]-[18]. These Godunov-type schemes are based 
on exact evolution and averaging over Riemann fans and do not need employ of Riemann sol
vers and characteristic decomposition, which render them simple and efficient ; moreover they 
can be reduced to a very simple semi-discrete form. More particularly we will work with the 
schemes presented in [17], [18] : they are based on the one-sided local speeds of propagation 
and constitute less dissipative generalisations of the first semi-discrete central-upwind schemes ;
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they also allow to work on nonstaggered grids. However any finite volume scheme which can be 
written in a semi-discrete form can be used, provided that it is adapted to the hyperbolicity 
of the system; our method has for example been tested with central leap frog fluxes and the 
results were bad.
For the time discretization we need to use a TVD method which preserve the spatial accuracy : 
in the simulations we employ a Runge Kutta method of order two. The small scale components 
of the variables can be impelled through a simple time scheme; in our experimentations we 
choose to freeze them.

In Section 4.2 we present the Shallow Water system and the problem we are interested in : the 
resolution of the system on a rectangular domain with periodic boundary conditions. In Section 
4.3 we detail the principle of the multilevel method. For the sake of simplicity, we present the 
method on two levels of discretization, but the method can become easily extended to three and 
more levels. First we define the incremental unknowns, then we explain the multilevel algorithm 
and how the method can help reducing the CPU tim e; then we describe the central-upwind 
finite volume scheme we use. In Section 4.4 we expose the results of the numerical simulations 
that we have done. We first sudy in details the behaviour of the method on an analytical test 
case and show that it provides an accurate resolution while reducing the CPU tim e; we then 
apply the method on a more physical case using initial data from [10]. The results are again 
very good and the numerical conservativity is displayed. The method is here used on two and 
three levels of discretization and it shows its most efficiency when solving on a very fine mesh 
on three levels. Finally we outline in an Appendix the important role of the decomposition and 
of the small scale component by showing the bad results obtained when they are ommitted or 
taken to zero.

4.2 Presentation of the problem

We are interested in implementing a finite volume multilevel scheme for the discretization of 
the non linear two-dimensionnal Shallow Water system on a rectangular domain fl — [0, Lx] x 
[0, Ly], with periodic boundary conditions. This system is the following :
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dh duh dvh
dt dx dy h 

duh dhu2 dhuv g dh2
+ + - s — + = Sudt ' dx ' dy 

dvh dhuv dhv2 a
dt dx dy 2 dy V

2 dx 
gdh2

(4.1)

Here h is the fluid depth above the bottom which is supposed flat, u and v are the x  and y 
components of the velocity, and g denotes the gravity; S  =  (Sh,Su,SvY  represent a source 
term that can be taken to zero. We will write U = uh and V  = vh and :

which permits us to write the system in the conservative form

dh
dt

+ V.(U,V) = 0

or equivalently

^  + V.(uU,uV) + ^ V x(h2) = 0 

^  +  V.(vU, vV) +  |v „ ( / i2) =  0

dQ dF(Q) dG(Q) 
dt dx dy

(4.2)

(4.3)

The discretization of fi is done using rectangular finite volumes Km = [xm/w, xm/e] x [ym/a, ym/„] 
of centers (xm, ym), see Figure 4.1 and of dimensions A x x Ay, with NxA x  = Lx and NyAy = 
Lv :

(%m/w; Vm/n) rm/n {Xm/e, ym/n)

Fig. 4.1 -  A cell K m

rm/w , • v rm/e
Um)

(%m/w: U m/s) T'm/s {x m/e ; Vm/s )
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F i g . 4.2 -  The NSWE stencil

We use a NSWE (North-South-West-East) stencil which is presented in Figure 4.2 to identify 
the unknowns.

The unknowns will be approximations of the cell averages :

Qm(t) =  -  - f  Q(t,x,y)dxdy, 
A x Ay JKm

where Qm(t) =  (hm(t), Um(t), Vm(t))T.
For the space discretization, we integrate the system (4.2) on each cell Km, and we obtain :

dtQm{i)---------------À i +  ml ) ’ { >

Sm representing the contribution of the source term.
Here H ^ e(t) and H ^ n(t) for example are respectively the horizontal and vertical fluxes on the 
edges between Km and Ke, and between Km and Kn, and similarly for the other terms (see 
Figure 4.1), for example :

=  ^ J T W f o  y^ dy

These fluxes depend on the method employed; we will consider central-upwind fluxes, which 
are explicited in Section 4.3.3, see [15]-[18] but the multilevel method can also be based on 
other fluxes.

4.3 Presentation of the multilevel method

The domain is discretized by two levels of rectangular finite volume meshes : the fine mesh 
M i  counts Nx x Ny control volumes of dimensions A x  x Ay, with NxA x  =  Lx, NvAy = Ly ;

71

nw n ne

w m e

sw s se

m (t)
T J X

w/‘J t ) Hl K .

A y
(4.4)

HZ'm/e (*)



NXN
and the coarse mesh M 2 has y control volumes of dimensions 3Ax x 3Ay.

Here we use small letters for the fine mesh and capital letters for the coarse mesh : we denote 
by Km a control volume of the fine mesh and by K m a control volume of the coarse mesh (see 
Figure 4.3).

F ig . 4.3 -  The NSWE stencil with coarse and fine cells

4.3.1 Incremental unknowns

We define the incremental unknowns for the conservative variables of the Shallow Water 
system, that is the three components of Q. We split each of the unknowns in a large scale 
component Y  and a small scale component Z, which is meant to be frozen during a certain 
number of time steps. By large scale and small scale, we mean that the Y  contain the major 
information on the solution and that the Z  represent a correcting term which is comparatively 
small, as explained in Lemma 3.1. For incremental unknowns defined by physical decomposi
tions like Fourier or wavelets, see [3]-[10], [19]-[20].

D efinition 4.3.1. Suppose that Q — (h , U, V)T is known on the fine mesh M i.
Then on the control volume Km, the large scale component Ym = (Vh, Vu-, Vv)T and, the small 
scale components Zg, Z^ , Z^, Z  g ̂ Z , Z ■ Z a r e  defined as follows (see Figure 4 .4) •
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Unknowns on the fine mesh Finite Volume Incremental Unknowns

Fig. 4.4 -  The Finite Volume Incremental Unknowns

Ym  —  g  ( Q r a  H -  Qe “ 1“  Qw  ” 1 "  Qn  “ 1“  Qs  " 4 "  Qne “ i “ Qnw H ”  Qse “ 1“  Qsw)')

Ze = Q e-\{YE + 2YM), Zw = Qw-±(Yw + 2Ym),

Zn = Q n~l(YN + 2YM), ZS = QS-  ^(Ys +  2Ym),

Z ne  =  Q ne ~  g  (Y e +  Ym +  Y iv), -^se =  Q se ~  g  (Y s  +  Ym +  YE),

Znw = Qnw — +  Ym +  Yn), Zsw = Qsw — -(Ys + Ym +  Yw),

Remark 4.3.1. Notice that the definition of the large scale components Y differs from the 
works prevently done on such incremental unknowns (see [12]). In the definition of the small 
scale components in a coarse cell are needed the values of the variable in the cell but also in 
the neighbour coarse cells, which is unusual. The large scale component on a coarse cell Km is 
defined by taking the mean of the 9 fine cell components of Q, taking the mean on the 9 cells is 
crucial to ensure the numerical conseruativity of the scheme.

Remark 4.3.2. The correspondance between the solution on the fine mesh Q and its large scale 
and small scale components is bijective; that is knowing the component Y on the coarse mesh 
and the components Z on the fine mesh, we can compute Q on the fine mesh, here are the

73

Q nv\ Qne Znw Zn Zne

Qw Qm Qe «--------- ►  zw yM ^

Qsv, Q s Qse Zsw Zs Zse

Ym Yn

3 [Yw



recomposition formulas :

Qm — 5 Ym — Ye — Y\y — Y^ — Ys — (Ze +  Zw +  Zn +  Zs +  Zne +  Zse +  Znw +  Zsw),

Qe = Ze + +  2YM), Qw = Zw + ±(Yw + 2Ym),

Qn = Zn + -(Yjv +  2Ym), Qs = Zs + ^(Xs +  2Ym ),

Qne =  Zne + -(Ye +  Ym +  YN), Qae =  Zse +  - ( I 5 +  Ym +  Ye ),

Qnw =  Znw +  -(yiv +  Vm +  yiv)j Qstu =  +  3(^5 +  Ym +  Yw),

R em ark 4.3.3. This definition of the incremental unknowns is recursive : once the Y  and Z  
corresponding to the second level coarse grid have been calculated, we can split Y  by the same 
means to find the Y  and Z  corresponding to a coarser level of discretization.

We can show that the small scale components Z  are small compare to the large scale compo
nents, which are of the same order as Q.

Lem m a 4.3.1. The small scale components Ze, Zw, Zs, Zn, Zne, Zse, Znw, Zsw are of order 
A x2 +  A y2.

Proof. Using Taylor’s formula, we have for example for Zs :

Zs = Qs - 1 ( Y s + 2Ym)

= ~  27 ^ Se ^ Sw ^ Sn QSs QSne +  Qsnw +  Qsse

+  Qssw +  2 (Qm +  Q e H” Qw Qn ""t” Qs Qne Qnw "t"" Qse

=  ^  [25Qs -  (Qs -  2AydyQs) -  (Qs -  AxdxQs -  2AydyQs)

-  (Qs +  AxdxQs -  2AydvQs) -  (Qs -  AydyQs) -  (Qs ~  3AydyQa)
-  (Qs -  A  xdxQ3 -  A  ydyQs) — (Qs + AxdxQs -  A ydyQs)

-  (Qs -  AxdxQs -  3AydyQs) -  (Qs +  AxdxQs -  3AydyQs)
-  2(Q3 +  AydyQs) -  2(Qs + 2AydyQs) -  2(Qa + AxdxQs +  AydyQs)

-  2(Qs -  AxdxQs + AydyQs) ~ 2(Qa +  AxdxQa) -  2(Qs +  2AxdxQs)

-  2(Qs -  AxdxQa +  2AydyQs) ~ 2(Qa +  AxdxQs + 2AydyQa)j

+ 0 (A x 2 +  A y2)

= 0 (  A x2 + A y2)

It works similarly for Z^, Z^, Z^, ^ncj Zse, Za<w, Zf^.  tZl
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4.3.2 M ultilevel scheme

Scheme on the  coarse grid

We split each component of Q =  (h, U, V)T into its large scale component Y  =  (Y h, Y u, Y V)T 
and its small scale component (Zh, Z u, Z V)T. To obtain the scheme on the coarse grid of level 
2, we write (4.4) on each fine cell Km, Ke, K w, Kn, Ka, Kne, K se, Knw, Ksw of the coarse cell KM 
(see Figure 4.3), and we take the mean value by summing all the equalities and dividing by 9, 
this results in :

^  [#*/„ - if*/«+hz,„j  -  + H;/m -

+  H \V e/w  ~  H m /w  +  H n w /W n e ~  ^ n w /n  +  ^ sw /W se  ~  # S o / s

I T J X  ___  T J X  | T T X  ___  T T X  ___  T J X  i T T X
"i” n /n e  12 Enw/ne ' 11m /e n  e/Ew ^ s e /E s w  ' -^ s /s e  I

+ 5 ^  [n i,„  -  K m .  +  H*/m -  H</m + »» Sn -  Hl,m

+ « 1 /. -  H im «  +  H i/-  -  K . , .  +  -  « h .
_l_ j j y  _  j j y  _L j j y  _  j j y  _i_ i j y  _  t j y  1

' nw/w nw/Nsw ' sw/w w/nw  ' sw/Sne sw /w \

which gives after simplifications the following semi-discrete scheme to be applied on the coarse 
grid of level 2.

^ * M ( i )  =  (H n w /W ne +  H W e/w  +  H *w /W se) ~  { H Enw/ne  +  H e/Ew  +  ^ f e / E s t u ) ]

1  r T ( 4 ‘6 )

+

(4.5)

9A y (H h v /S n e  +  ^ s / S n  +  ^ se /S n w )  (^ n w /N sw  +  ^ n /N s  +  ^ n e / iV s e ) ]

We can thus use different schemes depending on the definition of the fluxes and the resolution 
on the coarse level can be done locally in certain parts of the domain.
During the iterations on the coarse grid, while the large scale components Y  are impelled 
through this scheme, the Z  components are frozen.

R em ark 4.3.4. Formula 4-6 being equivalent to 4-4, this process is completely recursive and 
can be repeated for simulations on three or more levels of grids.

M ultilevel algorithm

The small scale components Z  have an important role to play in the size of the error. Indeed 
let us explain the multilevel algorithm.
Let us fix the number Nmax of levels of grids on which we are going to compute. From t — 0 
until the final time T, we repeat Nit/L  times (where Nit is the total number of iterations) the 
cycle nin2-.nL where for 1 < i < L, n, stands for an iteration on the level ni} 1 < Hi < Nmax. 
For example for a simulation on two levels, we repeat cycles of the form : 111122221111, where
1 correspond to the fine grid and 2 to the coarse one, and at the nth iteration :
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-  At level 1 we work on the fine mesh M. 1 and compute Qn+1 with the classical scheme.
-  At level 2

-  we calculate explicitly the fluxes needed by the scheme (4.6),
-  we split Qn into its large scale Y n and small scale Zn components,
-  we compute V'n+1 with (4.6),
-  we recompose Qn+1 from Y n+l and Zn.

We freeze the small scale components Z  during each iteration at level 2, as a result, the more 
the time variation of the Z  is close to At, the more the error commited in freezing it is impor
tant, and adds up to the classical error (see Section 4.4.1); this time variation thus needs to be 
controlled during the simulations.

Gain of CPU time

It is important to notice that implementing the scheme on the coarse grid requires to calculate 
the fluxes on the fine grid only on the exterior edges of the coarse cell, as indicated in Figure 
4.5.
When implementing such schemes in the context of Shallow Water equations, the more consu-

H vnw/Nsw
TTy TJV

n/N s ne/Nse

Hxnw/Wne

T J X

n W e/w

T J X

sw/W se

TJX
Enw/ne

TJX
e/Ew

TTX

se/Esw

fry jjy rjy
sw/Sne s /Sn  se/Snw

F ig . 4.5 -  Fluxes needed for an iteration of the scheme on the coarse grid to calculate y n+1 on
K m

ming step during one iteration is the calculation of the fluxes therefore the multilevel is expected 
to reduce significantly the CPU time.
Indeed, if we implement the classical finite volume scheme on one level the fine mesh A ii  
which has Nx x Ny control volumes, for each time iteration, we need to calculate the fluxes on 
2NxNy +  Nx +  Ny edges.
Now with the multilevel method implemented on two levels of grids M \  and M 2, during an 
iteration on the coarse grid, the fluxes need to be evaluated on 2NxNy/3 + Nx + Ny edges. This 
means that for this iteration, we gain Q computations of fluxes, where

G _  *NxNy 
y  3 •
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In the particular case of a square mesh (that we will consider in the numerical experiments),

£ =  4iV2/3,

and this corresponds to a computation-saving of

For example if we work now on two levels with two grids of 300 x 300 and 100 x 100, this means 
a gain of 66.4% for each iteration on the coarse grid. We can notice that the maximum gain 
in percent that we can expect is lower than 2/3, and that when the number of cells of the fine
mesh increases, it gets closer to this maximal value.

The behaviour of the multilevel method then depends on the number of iterations elapsed on 
the coarse level: as this number increases, the CPU-time decreases, whereas the error increases. 
Nevertheless, in order to be sure that we obtain a good approximation of the solution, we need 
to check that the error when using the multilevel method is ranged between the error made 
when calculating on the fine level and the one made when calculating on the coarse level. This 
will ensure that the multilevel method enable us to get a better solution than when calculating 
on the coarse level, while being faster than the classical one level method on the fine grid. We 
have to compose with these two aspects.

4.3.3 The multilevel m ethod with central-upwind schemes

The space discretization is done using a semi-discrete central-upwind scheme (presented in
[17], [18]); we describe here in detail the expression of these central-upwind fluxes. These types 
of schemes have the advantage to be perfectly adapted to the discretization of hyperbolic sys
tems of conservation laws due to their upwind nature while being robust and simple since they 
do not require to solve any Riemann problems; moreover these are nonstaggered schemes. The 
starting point of the construction of this type of schemes is the equivalent integral formulation 
of the system. They are based on integration over Riemann fans using the one-sided local speeds 
of propagation.

Recall that the semi-discrete form of the scheme writes :

We first use a second order version, and the corresponding numerical fluxes are :

^m /e

(4.7)

(4.8)
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Here, we use a non-oscillatory linear polynomial reconstruction to evaluate the following point 
values which are present in (4.7), (4.8) :

Q m — P m ( ^ j  x m / e i  U rn )  j Q m  — P m i f ”) X m / w j  2/ m ) j

Q m  ~  Pm^P-i V m / n ) j  Q m  =  P m ( $ i  V m / s ) ■ 

where pm(t, xm, ym) =  Qm(i) +  ^ ( t) (x  -  xm) +  s&(i)(j/ -  j/m).
We use a piecewise linear reconstruction in order to obtain a second order scheme. The order 
of the scheme also comes from the order of the quadrature formula used to approximate the 
flux integrals coming from the integral formulation.
The slopes of this linear approximation are calculated using a minmod limiter :

( + \  m i n m n r l  / n Q Tnf t )  ~~ Q w { t )  m Q e ( t )  ~~ Q w ( t )  ^ Q e ( ^ )  “  Q m ( t )  \  s j t )  = mmmod(fl-------^ ^ ------, 0-------^ -------),

~v (+} Qa{t)mQn{t) Qs(t) m ^Qn(i) Qm(i)\ 
*<*) =  mmmod(('------ A i------ ' ------2Ay----- ’6-------Ay------ >’

with

minmod(xi,a:2,..) := <
min(o;t), if > 0 Vi 
max(xj), if Xi < 0 Vi 
0, otherwise.

where 0 € [1,2].
An appropriate choice of these approximate derivatives is crucial to ensure that the above 
reconstruction is non oscillatory in the sense of preventing appearance of new extrema in the 
solution; it can be shown that with such approximate derivatives the scheme satisfies the scalar 
total-variation-diminishing (TVD) property (see [15], [17]). The parameter 0 € [1,2] has to be 
chosen in an optimal way in order to obtain good results;
The one-sided local speeds of propagation are given by :

am/e = max[Amai(— (Q f)), (<£)), 0]

f l i p  f lz p
am/e = mm[Amin(— (Q f)), Amin(— (Q*)), 0]

6m /n  =  max[AmaI( |^ (Q f)) , X m a x ( ^ ( Q ^ ) ) , 0 ]

K n /n  =  m ^ A» m n (|^ (Q n ))>  0]

dF ~ dF  ~ dG
where Amax(-^^(Q)) and Amin(~QQ(Q)) ( resp. Amax(^Q(Q)) and

dG
A m in(^-(^))) are respectively the largest and the smallest eigenvalue of the jacobian matrix
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dF dG
of F, qq (resp. of G, - ^ )  at the point Q.

This gives a central-upwind scheme of second order.
Recall that we consider periodic boundary conditions, then the quantities on the boundaries 
are evaluated using periodicity.

For the time discretization, we use a second order Runge-Kutta (or Heun) method. Let T > 0 
be fixed, denote the time step by At = T/Nit, where Nu is an integer representing the number 
of iterations; for n = 0,.., Nit we define Qn as the approximate value of Q at time tn =  nAt.
If we rewrite (4.4) as

^Qm = C(Qm(t),t), 

we apply the following time discretization :

< &2 — C{Qm “1" Aifci, in +  At),
, <2m+1 = Qm + ^(^1 + fa)-

4.4 Numerical simulations

We present here the numerical results obtained by using the multilevel method presented above. 
For the sake of simplicity, we consider in all the following simulations a square domain =  
[0 ,L] x [0, L\ and we recall that we are interested with periodic boundary conditions.

4.4.1 Study of the method on analytical solutions

In order to study the peformance of the multilevel scheme, we first consider analytical 
solutions ; we solve the Shallow Water system with the initial condition :

and with the appropriate source term so that

, . . , _ . .27rt. .47TX. . Airy.. 
h(t, x, y) =  M l +  esm(— ) cos(— ) sm(— ))

/. . /27rt. Airxs /47tc/.. 
u(t, x, y) =  «0(1 +  e sin(— ) cos(— ) cos(— )) (4.9)

/ x /- . .47TX- /47ry.,v(t, x, y) = u0(l +  e sin(— ) sin(— ) cos(— ))

is the exact solution of the system to which we can compare the computed solution.
Here we take L = 10, the average height and speed of the fluid are respectively hQ =  1 and 
Uq =  0.1, and e measures the amplitude of the wave, here e =  0.2. The time period of the exact 
solution is T =  0.5 and the time step retained for all the computations is At = 10-4. Let us
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introduce the small parameter /x =  (h0/L )2 which measures the shallowness of the flow; here 
/i =  10-4 and the Stokes number which measures the comparison between the dispersive effects 
and the nonlinear effects is S  = e//x =  2000. We are thus in the frame of a Shallow Water flow : 
big amplitude and shallowness, which renders the flow strongly nonlinear. The parameter 6 is 
taken to 6 = 1.6 and the fine mesh M \  counts 90000 cells which corresponds to a space step 
equal to A x — 10/300.

First, we make a one level computation on the fine mesh M.\ in order to study the behavior of the 
small scale and of the large scale components 2 and y of the conservative variables corresponding 
to the coarser level of discretization which here is two. We plot the time evolution of the discrete 
norms of the following quantities for h :

|W|j =  /  £  (Ax)2(ft»)2
V KmeMi

\yn \2 =  I 9 (A x )2(v m )2
Y Km€M2

n  = / e  (a
Y Km6Mi

where M.2 denotes the coarser mesh, and similarly fo u and v. We also plot the time evolution 
of their variations

I<»“Ij = /  E  <A*)2( 'c -'1sr1)2
Y KmeMx

m*=,1 E  -  s/m1)2
Y KMeM2

i«fe”b = / E
Y KmeMi

The graph we obtain are presented in Figures 4.6 and 4.7. As expected, the norms of h, U and
V are respectively of the same order as the norms of j//,, yu, yv, and the norms of Zh, zu, and 
zy are small in accordance with Lemma 4.3.1. Moreover the time variation of the large scale 
components y of the conservative variables h, U, and V  are similar to the variation of h, U, 
and V  and the time variation of the small scale components z satisfy \dz\2 — 0 (A t3/2) ; the 
order of magnitude of this norm is crucial for performance of the multilevel method.
Indeed during an iteration on the coarse grid, the z are frozen which means that zn+1 — zn. 
But effectively,

zn+1 -  zn = A t j -  +  0 (A t2),
(Jv

dzn
that is zn+1 = zn + 5 where S = A t - — + 0 (A t2).

at
dzn

Consequently if =  0(A t)  then 6 — 0 (A t2) and freezing the z is legitimate whereas zn+1 —
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FlG . 4.6 - Time evolution of the discrete L 2 -norms of the conservative variables. 
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F I G . 4.7 - Time evolution of the discrete L 2-norms of the variations of the conservative variables. 
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dzn dzn
zn =  O(At) means that S = A i-^— =  O(At) or - 7 —  = 0(1) which cannot allow to freeze the

at at
zn without introducing significative errors. 

dzn
The quantity -r— can be computed explicitely and is linked to the space step. Indeed we find 

at
using Taylor formula that

2 =  - - A x *92® 6 -  -  Ay 2 ^ e 
3 dx2 3 dy2 ’

4 A 2&Qe 4 2&Qe A A &Qe
Z n e = - X . Aar* - 5 - 5-  -  ^A yz- —  -  AxAy-

and

3 dx2 3 dy2 dxdy ’

dze 4 A 2 d3Qe 1 2 8PQe
=  -  o  Aydt 3 dtdx2 3 dtdy2 ’ 

dZne 4 A 4 2 93Qe A A
~  ~  Ax Ay,

dt 3 dtdx2 3 df dy2 dtdxdy ’

and similarly for the other z terms. In a future work, this quantity could be used as a criterion 
to decide whether a way down on the coarse level is reasonnable in order to control the way 
downs on coarse levels and the ascents on finer levels instead of following systematic cycles as 
is done in these simulations.

dzn
For the test case we study, the order of magnitude of -r— can thus be evaluated and we find

at
values which agree with the curves presented in Figure 4.7. To show the importance of the 
space step we repeat several computations on different fine meshes (with 90 x 90 and 120 x 120

z n + 1 _  ¿ a

control volumes) and plot in Figure 4.8 the evolution o f ----—----which is compared to At.

The multilevel method with 300 x 300 cells is expected to work well up to a certain point since
dz“̂1 dẑ"

is not too far from O (At) ; the bigger the space step is, the larger the value of will be 
dt dt 

and the less accurate the multilevel method will be. The multilevel computation with the mesh
of 120 x 120 control volumes is still more precise than the computation on the coarse grid, but 

dzn
with 90 x 90 cells, — is too much bigger than Ai and the multilevel method provides too big 

dt
errors : the errors obtained are too close from the ones obtained with a computation on the 
coarse grid, as displayed in Figure 4.9, for the multilevel method to be profitable. 
Consequently the multilevel method is expected to work better the smaller the space step 
is; and it enables to descend on coarser levels and to spend more iterations on the coaxsers 
levels, which provides a more important gain in CPU time while preserving the accuracy of the 
resolution.

In a second step we use the multilevel method to solve the same problem on two levels of 
discretization. The coarse mesh M 2 counts 100 x 100 cells with a space step Ax =  0.1. This 
computation is made by beginning by a few iterations on the fine mesh, and then repeating 
cycles of the form 1111122222211111 where 1 corresponds to the fine level and 2 to the coarse 
one, which means that we spend around 37.5% of the iterations on the coarse grid (see Figure 
4.15); in the following, we refer to this simulation as the multilevel method at 37% (MM37).
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| d z j 2 / d t 

i dz u (2 / dt 

l«fev l 2/dt 

F I G . 4 . 8 - Time evolution of the L2-norms of the variations of the variables with different space 
steps. 

We show in Figure 4 . 1 0 the solutions obtained at t = 2 0 with the multilevel method on the right, 
which are visually very same to the reference solutions obtained with the one level computation 
on the fine mesh and depicted on the left of the figure. For more clearness we also represent the 
differences between the multilevel solutions and the reference solutions in Figure 4 . 1 1 ; they are 
small and agree with the errors obtained. 
Notice that the reconstruction of the solution at each iteration with the frozen small scale 

component z lead to the appearance of very small peaks on the solutions, a zoom on the 
solutions is necessary to see them. Indeed suppose that the large scale component Yn of Q at 
the nth iteration is exact and suppose that the variation of the Z during this iteration is of 
order e, namely Zn = Zn~~x + e. After an iteration on the coarse grid, we recompose the solution 
with Zn~x by freezing the small scale component and find : 

Qn r v n \rn \rn \rn \rn 
m — 01M ~ I E ~ I W ~ 1 S ~ rN 

Zn—1 ryn—\ iyn—1 r/n—1 ryn—\ yn—1 ryn—\ r?ri—\ 
e ~ A l l ~~ ¿3 ~ ~~ ^ne ~ Anw ~ ^se ~ Zsw ' 

Qn

e=l(2Y»+Y£) + Zr\ 

and similarly for Q n , Q„, Q", QJJ, Q" e, Q^w, Q"e> QWo- B u t t n e solution recomposed with the 
correct Zn would be : 

ryn—1 ryn—\ lyn—l ryn—\ ryn—l 1771—1 /771—1 »771—1 o , 

~ ~ — ¿3 ~ ~ Lne ~ mo ~
 Zse _

 Z'sw ~ °e> 
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1 h - h L 
1 ex '2 

I u - u « c la 

max I h - h I 1 ex1 

max I U - U J 

m a x | V - V I 1 ex1 

FlG. 4.9 - Time evolution of the I? and L°° errors obtained with a multilevel computation at 
37% and with a computation on the fine grid for a mesh of 90 x 90 cells. 
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u u 

V V 

h h 

F I G . 4.10 - Solutions obtained at t = 20s with a one-level computation on the fine mesh 
(300 x 300) (left), and with the multilevel method at 37% (right). 
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v - v 

FlG. 4.11 - Differences between the multilevel solutions (hMM37,UMM37,VMM37) and the refe
rence solutions (href,Uref,Vref). 
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and 

« = 3 ( « 5 + ï 5 ) + < - 1 + « , 
and similarly for the other terms. Thus we make an error of e for the solution on the cells 
Ke, Kw, Ks, Kn, Kne, Knw, Kae, Ksw and an error of 8e on the cell Km which results in the 
formation of these small peaks. If e is small (which is linked to the analysis made in Figure 4 . 7 ) 
this does not spoils the solution. 

Remark 4 . 4 . 1 . Notice that in one dimension the size of the peaks would be smaller; freezing 
the Z introduces an error of e on the adjacent fine cells Ke and Kw of a coarse cell Km and an 
error of2e on the cell Km. 

We also compare the L2-errors and the L°°-errors made with this multilevel computation at 
3 7 % and with a multilevel computation at 4 5 % to the one made with a one level computation 
on the coarse and fine meshes on Figure 4 . 1 2 and Figure 4 . 1 3 ; Figures 4 . 1 2 and 4 . 1 3 show that 

I h - h I 
1 ex '2 

I U " U e x l 2 

l V - V e x l 2 

F I G . 4 . 1 2 - Time evolution of 11h — hex112, \\U — Uex112, 11V— Vex\\2 with the multilevel method at 
3 7 % ( M M 3 7 ) and at 4 5 % ( M M 4 5 ) , the computation on the fine grid ( F G ) , and the computation 
on the coarse grid ( C G ) . 
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max I h - h I 1 ex' 

m a x | U - U I 
1 ex1 

m a x | V - V I 
1 ex' 

F I G . 4 . 1 3 - Time evolution of \\h — / i e x | | o o , \\U — Uex\\oo, \\V — K:x||oo with the multilevel 
method at 3 7 % ( M M 3 7 ) and at 4 5 % ( M M 4 5 ) , the computation on the fine grid ( F G ) , and the 
computation on the coarse grid ( C G ) . 
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the multilevel method at 37% and 45% remain very accurate since the corresponding errors are 
below the errors made on the coarse grid. The method is also very stable and computations can 
be pursued in long time. The oscillations observed in the errors are due the strongly oscillating 
nature of the solution (the time period is 0.5s) and are independant of the multilevel method. 
We represent in Figure 4.14 a zoom of the comparison of the errors on four periods between 
t  = 10 and t = 12.
In Figure 4.15 is displayed the scheme of the cycles followed when computing with the multi

level method at 25% (which consists in repeating cycles of the form 1111112222111111 after a 
few iterations on the fine grid), 37% (cycles of the form 1111122222211111) and 45% (cycles of 
the form 111112222222211111).
Moreover we liken the CPU time consumed with a one level computation made on the fine grid 

and with the multilevel methods at 37% , at 25% and at 45% in Table 4.1. We also indicate in 
the second column the gain of CPU time in percent which is made with the multilevel methods 
in respect to the computation on the fine grid, and in the last two columns the percentage of 
CPU time spent for iterations on the fine grid and on the coarse grid. Note that the mean CPU 
time spent for an iteration on the fine grid is of 0.5s and 0.3s for an iteration on the coarse grid.

Tab. 4.1: Comparison of the CPU times consumed with a 
computation on the fine grid and with multilevel methods 
with different cycles.

Method I CPU Time I Gain in % I % IFG I % ICG 
FG 26h I 90% 0%“

MM25 24h37 5% 75% 13.5%
MM37 22h21 14% 66% 21%
MM45 1 21h55 | 15.6% | 61% | 26%

The more time is spent on the coarse grid, the faster the computation will be. However if too 
many iterations are spent on the coarse grid, the method loses its accuracy and can become 
less precise than the one level computation on the coarse grid. For this test case, a multilevel 
computation where 50% of the iterations axe spent on the coarse grid lead to errors which 
exceed the errors made on the coarse grid and thus becomes unsatisfactory. Indeed we observe 
(see Figure 4.16) that with cycles of the form 1111222222221111, the variations zn+̂ Jzn for h, 
U and V  come very high compared to the time step (and run over 1 for U and V) , and the 
errors go through the errors made on the coarse grid, as can be seen in Figure 4.17.
An improvement of the multilevel resolution could be made by using a criterion regulating 
whether a way down on a coarser level is admissible and how many iterations can be spent on 
this coarse level without spoiling the resolution. A characteristic quantity (see Section 4.4.1) 
could be evaluated during the multilevel resolution and when it goes too close from a critical 
value, a way up on a fine level would be done.
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IU-U I 1 ex '2 

max I h - h J 

max I U - U J 

m a x | V - V e x | 

F I G . 4 . 1 4 - Time evolution of \\h - / i ^ H o o , \\U - £/ ex||oo, | |V - Vex I L and of \\h - hex\\2, 
\\U - Uex\\2, \\V - Va-Wi with the multilevel method at 3 7 % ( M M 3 7 ) , the computation on the 
fine grid ( F G ) , and the computation on the coarse grid ( C G ) . 
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F i g . 4.15 - Evolution of the level of discretization for different multilevel computations. 

| d z j 2 / d t 

| d Z u | 2 / d t 

IdZylj j /dt 

F I G . 4.16 - Time evolution of the discrete L2-norms of z " + 2 t for the conservative variables 
with the multilevel method at 50%. 
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I h — h I, 
1 ex '2 

l U - U e x l 2 

l V - V o x l 2 

max I h - h J 

m a x | U - U J 

m a x | V - V I 
1 ex1 

F I G . 4 . 1 7 - T i m e evolution of | | / i - / i e * | | 2 , 1 1 * 7 - ^ 1 1 2 , H ^ - V ^ l b and of | | / i - / i e * | | o o , 

||V" —V^xlloo with the multilevel method at 50% (MM50), the computation on the fine grid ( F G ) , 
and the computation on the coarse grid ( C G ) . 
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4.4.2 A turbulence model

In this section we test our multilevel scheme on more physical inital data, which were used in
[10] to test spectral multilevel methods for the simulation of turbulent atmospheric or oceanic 
flows with the Shallow Water problem and with periodic boundary conditions. The initial data, 
the initial vorticity dxv — dyu, the initial divergence dxu +  dyv and their contour maps are 
plotted in Figures 4.18, 4.19 and 4.20. The initial divergence and vorticity are very small since 
it was used for the simulation of atmospheric flows which are quasi-geostrophic (see [10]).
We start by making a computation on a fine grid in order to obtain a reference solution which 
will play the role of the exact solution. We thus launch a one level computation on a grid coun
ting 500 x 500 cells up to the time t =  10000 seconds with a time step At =  0.1, and 0 =  1.6. 
The computational domain is a square M. — [0, L] x [0, L] where L — 6.31.106 (earth radius) 
is the period in the x and y directions and the mean height is taken to 104 (troposphere). The 
solutions Qref  =  (href , Uref, V ref) obtained with this computation are the reference solutions 
which we will compare the solutions obtained with the multilevel method to (see Figures 4.24, 
4.25, 4.26).
As in [10], we plot in Figure 4.21 some physical characteristic quantities : the maximum velo
city 11 (u,v) | |oo and the kinetic energy ||(w, v)|||. As in Section 4.4.1, we also make a one level 
simulation with a fine mesh of 360 x 360 cells and represent the evolution of the norms of 
the conservative variables, of their small and large scale components, and of their variations in 
Figures 4.22 and 4.23; the problem is here physically dimensional but we also observe that the 
small scale component are smaller than the large scale component which are of the same order 
as the variables.

A two-level sim ulation

Then we study the behaviour of the multilevel method on this problem. The fine mesh counts 
360 x 360 cells and the coarse mesh 120 x 120 cells. The solutions computed with the multilevel 
method at 37% (repetition of cycles of the form 1111122222211111) are represented on the 
right of Figures 4.24, 4.25 and 4.26, they look like perfecly the reference solutions represented 
on the left of the figures. The differences between the solution Qref  and the solution Q obtained 
with the multilevel method at 37% are depicted in Figure 4.27, they are small compared to 
the solutions. We also show the contour maps of the differences between the reference and the 
multilevel vorticity and divergence in Figure 4.28. For the divergence and the vorticity, the 
differences seem to be quite big but this is due to the fact that the divergence and the vorticity 
are here very close to zero since the flow is quasi-geostrophic; since the problem is physically 
dimensionnal the computer has to deal with very big values and with very small ones (close to 
zero) thus this is a very steep problem.
In order to test the accuracy of the method, we compare the following errors :

where (h, uh, vh) denotes the solutions obtained with a multilevel method or with the one level 
computation on the coarse grid. They are depicted in Figure 4.29; the errors done with the
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Initial horizontal velocity u 

Initial vertical velocity v 

Initial water height h 

F I G . 4 .18 - T h e initial data . 
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Initial vorticity 

Initial d ive rgence of the velocity field 

F I G . 4 . 1 9 — Ini t ial vort ici ty and divergence. 
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Initial contour map of the vorticity 

x -JO 6 Initial contour map of the divergence of the velocity field 

F I G . 4 . 2 0 — Contour maps o f the init ial vort ici ty and divergence. 
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Kinetic energy Maximum velocity 

F I G . 4.21 - Reference evolution of the kinetic energy, of the maximum velocity and of the 
energy norm of h. 

multilevel computations follow the error made with the computation on the fine grid and are 
largely below the errors made with the computation on the coarse grid, which shows the quality 
of the multilevel resolution. Thanks to our choice of incremental unknowns (particularly the 
choice of the large scale components Y) the multilevel method also remains conservative. We 
plot in Figure 4.30 the evolution of Nh = JM h/ / ho with a computation on the fine grid and 
with a multilevel computation (at 37%); because of the absence of a source term and of the 
periodic boundary conditions, this quantity should be conserved. Figure 4.30 shows that this 
is the case also for the multilevel method. 
Moreover the CPU time needed for the resolution with the multilevel method is smaller than 

for the one-level resolution on the fine mesh; as in Section 4.4.1, Table 4.2 shows the different 
CPU time consumed for different computations, the gain observed, and the percentage of CPU 
time spent for the iterations on the fine grid (% IFG) and on the coarse grid (% ICG). The 
mean CPU time spent for an iteration on the fine grid is of 0.8s and 0.5s on the coarse grid. Ob
serve that the gains in CPU time are not identical as in Section 4.4.1; the problems studied are 
very different and the computation of the fluxes in the finite volume mesh may not be equivalent. 

T A B . 4.2: Comparison of the CPU times consumed with a 
computation on the fine grid and with multilevel methods 
with different cycles. 

Method I CPU Time I Gain in % 1 %IFG I % ICG~ 
FG 14hl0 95% 0% 

MM25 13h 8% 78% 15% 
MM37 12h40 10.5% 70% 24%  
MM45 I l lh20 1 20% | 6 5 % T 30% 
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F I G . 4.22 - Time evolution of the discrete L 2 -norms of the conservative variables. 
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F I G . 4.23 - Time evolution of the discrete L 2-norms of the variations of the conservative va
riables. 
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u u 

V V 

h h 

FlG. 4.24 - The reference solutions (left) and the solutions obtained with the multilevel method 
at 37% (right) at t = 10000. 
; they show the quality of the resolution. 
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Vorficity Vorficity 

Divergence Divergence 

F I G . 4.25 - Reference (left) and multilevel (right) vorticity and divergence at t = 10000. 

102 



Contour map of the vorticity Contour map of the vorticity 

Contour map of the divergence Contour map of the divergence 

F I G . 4 . 2 6 - Contour maps of the reference (left) and multilevel (right) vorticity and divergence 
at t = 10000. 
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V - V 

FlG. 4.27 - Differences between the reference and the multilevel solutions at t = 10000. 
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F I G . 4 . 2 8 - Contour maps of the difference between the reference and multilevel vorticity and 
divergence at t = 10000. 
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F I G . 4 . 2 9 - Evolution of the errors made on the kinetic energy and on the maximum velocity 
with the multilevel method at 3 7 % ( M M 3 7 ) , 4 5 % ( M M 4 5 ) and 2 5 % ( M M 2 5 ) , and with the 
computation on the coarse grid (CG). 
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|h(t,.)|^ / \hQ\^ with the fine grid computation 

\h(t,.)\^ I |h Q | 1 with the MM37 computation 

F I G . 4 . 3 0 - Evolution of Nh = fM h/ JM hQ during a resolution with the fine grid computation 
(up) and with the multilevel method at 3 7 % (down). 

1 0 7 



A three-level simulation 

Finally we employ the multilevel method on three levels of discretization for the resolution of 
this problem. The fine mesh counts 810 x 810 control volumes, the intermediate mesh 270 x 270 
control cells, and the coarse mesh 90 x 90 cells. We first make a few iterations on the fine 
mesh and then repeat as before different cycles of length 40 which determine the level of 
discretization : 

- a multilevel simulation at 10% with cycles of the form : 1.. 123321..1. 
- a multilevel simulation at 15% with cycles of the form : 1..12333321..1. 
- a multilevel simulation at 25% with cycles of the form : 1..122333333221..1. 

In Figure 4.4.2 are shown the scheme followed for these different cycles. 
For these different computations the resolution remaines very accurate : we compare the errors 

made on Ecin and Emax with the multilevel methods, the computation on the coarse grid, 
and the computation on the intermediate grid in Figures 4.31. These errors are evaluated in 
comparison to the values obtained with the fine computation. The errors made with the above 
multilevel methods are all largely under the errors corresponding to the coarse and to the 
intermediate grid. 
An iteration on the coarser grid (90 x 90) is here really faster than an iteration on the fine 

grid (810 x 810) ; as a result the gain in CPU time is here very important with the multilevel 
computations : we observe a gain of 19% with the multilevel method at 10%, a gain of 26% with 
the method at 15% and a gain of 29.5% for the method at 25%. The multilevel computations 
are thus here very efficient since they provide a very good resolution and are really faster than 
the computation on the fine grid. The different CPU times and the gains observed are shown 
in Table 4.3 along with the percentage of CPU time spent for the iterations on the fine grid (% 
IFG) and on the coarse and intermediate grids (% ICG). 
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F I G . 4 . 3 1 - Evolution of the errors made on the kinetic energy and on the maximum velocity 
with the multilevel method at 1 0 % ( M M 1 0 ) , 1 5 % ( M M 1 5 ) and 2 5 % ( M M 2 5 ) , and with the 
computation on the coarse grid (CG) and on the intermediate grid (SCG). 
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Tab. 4.3: Comparison of the CPU times consumed with a 
computation on the fine grid and with multilevel methods 
with different cycles.

Method I CPU Time I Gain in % I %IFG I % ICG 
FG 81h50 - 92.5% 0%

MM10 66h20 19% 86.7% 4.8%
MM15 60h40 26% 85.1% 6.2%
MM25 I 57h45 [ 29.4% | 77.7% | 11.8%

4.4.3 Concluding remarks

In this article we have implemented and studied a multilevel method for the resolution of 
a hyperbolic system of conservation laws : the Shallow Water equations. We introduced new 
incremental unknowns which enable to preserve the conservativity of the schemes. The numeri
cal simulations show that the method remains accurate while enabling to decrease the time of 
resolution when up to a certain number of iterations are spent on the coarse grid. The method 
shows its best performance for simulations requiring a small space step and very fine meshes. 
It could be applied at its most efficiency by using a criterion, depending on the problem to be 
solved (see Section 4.4.1). An improvement of this method could also be done by applying it 
locally in the spatial domain. These ideas are left to future work.

Acknowledgm ents : The authors wish to thank T. Dubois and F. Jauberteau for their 
helpful advice and for making the initial data for the second test case available to them.

4.5 Appendix : Direct recomposition of the variables and 
recomposition with zero small scale components.

After an nth iteration on the coarse level has been done, the conservative variables hn+1, 
Un+1 and Vn+1 are recomposed with their small and large scale components yn+1 and zn through 
the formula described in Definition 4.3.1. We explain here the importance of the small scale 
components in this recomposition, despite their smallness.
Indeed if the variables are recomposed in the following way :

Qm =  Q e= Q Z  =  Qle =  Q"w =  Q*L =  Qnw =  YM>

the results are disastrous, the errors made with the multilevel method with such a recomposition 
rapidly completely run over the errors made with a computation on the coarse level and some 
steps appear on the solutions and spoil them. We present in Figure 4.32 the comparison of the 
errors made with the multilevel method at 37% using this recomposition and made with the 
computation on the coarse grid (100 x 100) for the example presented in section 4.1.1.
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F I G . 4 . 3 2 - Time evolution o f \ \ h - h e x \ \ 2 , \\U-Uex\\2, \\V~Vex\\2 and of | | h - / i e a ; | | o o , l l ^ - ^ e z l l o o , 

\\V — V^Hoo with the multilevel method at 37% (MM37) and the computation on the coarse 
grid (CG). 
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What also deserves to be outlined is the important role of the small components z in the 
multilevel algorithm. They are frozen during each iteration on the coarse cell and are small 
compared to the other variables; however when the recomposition of the variables is done with 
scale components equal to zero, the scheme exploses, which shows their crucial role.
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Résum é

Cette thèse est composée de quatre chapitres traitant de l’étude théorique et numérique de 
deux systèmes de mécanique des fluides décrivant la propagation d’ondes de surface : le système 
de Saint Venant et un système de type Boussinesq.
Dans un premier chapitre intoductif nous présentons les deux systèmes étudiés et leur dérivation 
ainsi que les résultats obtenus durant la thèse.
Dans le deuxième chapitre nous exposons la résolution de problèmes aux limites sur la demi- 
droite et sur un intervalle fini pour le système de Boussinesq étudié. Un résultat d’unicité et 
la preuve de la persistance de réglarité finie pour les solutions du problème de Cauchy pour ce 
système sont également présentés.
Le troisième chapitre porte sur l’étude d’un problème aux limites pour les équations de Saint 
Venant bidimensionnelles linéarisées. Nous considérons des conditions aux bords périodiques 
dans la direction y et nous déterminons les conditions de Dirichlet en x qui rendent le problème 
bien posé.
Le quatrième chapitre traite de la résolution numérique du système de Saint Venant bidimen- 
sionnel à l’aide d’une méthode multi-niveaux basée sur un schéma aux volumes finis. La méthode 
est présentée puis analysée sur différents cas tests sur un domaine carré avec conditions aux 
limites périodiques ; elle est d’abord validée sur un test analytique puis expérimentée sur un 
cas test utilisé pour la simulation d’écoulements atmosphériques ou océaniques turbulents. La 
méthode s’avère fournir une résolution précise des problèmes tout en préservant la conservati- 
vité numérique et en réduisant le temps de calcul.

M ots clés : Système de Saint Venant - Systèmes de Boussinesq - Problèmes aux limites - 
Méthodes volumes finis - Méthodes multi-niveaux - Systèmes hyperboliques.
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A bstract

This thesis is composed of four chapters which deal with the theoretical and numerical study 
of two systems coining from fluid mechanics which describe the propagation of surface waves : 
the Shallow Water system and a Boussinesq system.
In a first introduction chapter, we present the two systems and their derivation as well as the 
results obtained during the thesis.
In the second chapter, we expose in a second chapter the resolution of an initial boundary 
value problem on the semi infinite space and on a finite intervall for this Boussinesq system. 
A uniqueness result and the proof of the peristence of finite regularity for the solutions to the 
Cauchy problem are also presented.
The third chapter is dedicated to the study of a boundary value problem for the linearized 
two-dimensionnal Shallow Water equations. We consider periodic boundary conditions in the y 
direction and determine which Dirichlet boundary conditions are to be taken in the x direction 
to make the problem well posed.
The fourth chapter deals with the numerical resolution of the two-dimensionnal Shallow Water 
system with a multilevel method based on a finite volume scheme. The method is presented 
and analysed on different test cases on a square domain with periodic boundary conditions; it 
is first validated on an analytical test case, then we experiment it on a test case which was used 
for the simulation of oceanic or atmospheric turbulent flows. The method tuems out to furnish 
an accurate resolution of the problems while preserving numerical conservativity and reducing 
CPU time.

Key words : Shallow Water system - Boussinesq systems- Boundary value problems - Finite 
volume methods - Multilevel methods - Hyperbolic systems.
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