Asterisque

RICHARD MELROSE
ANDRAS VASY

JARED WUNSCH

Diffraction of singularities for the wave equation
on manifolds with corners

Astérisque, tome 351 (2013)
<http://www.numdam.org/item?id=AST_2013__351__R1_0>

© Société mathématique de France, 2013, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_2013__351__R1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

ASTERISQUE

DIFFRACTION OF SINGULARITIES
FOR THE WAVE EQUATION

ON MANIFOLDS WITH CORNERS
Richard MELROSE & Andras VASY & Jared WUNSCH

SOCIETE MATHEMATIQUE DE FRANCE

Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE



Richard MELROSE
Department of Mathematics
MIT

Cambridge MA, USA
rbm@math.mit.edu

Andrds VASY

Department of Mathematics
Stanford University
Stanford CA, USA
andras@math.stanford.edu

Jared WUNSCH

Department of Mathematics
Northwestern University

Evanston IL, USA
jwunsch@math.northwestern.edu

Classification mathématique par sujet (2000). — 35A18, 35A21, 35B65, 35L05, 35L67, 58J47.
Mots-clefs. — Equation d’onde, coin, ensemble de fronts d’onde, diffraction.



DIFFRACTION OF SINGULARITIES FOR THE WAVE
EQUATION ON MANIFOLDS WITH CORNERS

Richard MELROSE, Andras VASY and Jared WUNSCH

Abstract. — We consider the fundamental solution to the wave equation on a manifold
with corners of arbitrary codimension. If the initial pole of the solution is appropriately
situated, we show that the singularities which are diffracted by the corners (i.e.,
loosely speaking, which are not propagated along limits of transversely reflected rays)
are smoother than the main singularities of the solution. More generally, we show
that subject to a hypothesis of nonfocusing, diffracted wavefronts of any solution to
the wave equation are smoother than the incident singularities. These results extend
our previous work on edge manifolds to a situation where the fibers of the boundary
fibration, obtained here by blowup of the corner in question, are themselves manifolds
with corners.

Résumé (Diffraction des singularités de ’équation d’onde sur les variétés a coins). — Nous
considérons la solution fondamentale & 1’équation d’onde sur une variété a coins de
codimension arbitraire. Si le pole initial de la solution est situé convenablement, nous
montrons que les singularités diffractées par les coins (autrement dit, intuitivement,
qui ne sont pas propagées le long des limites de rayons réfléchis de maniére transverse)
sont plus lisses que les singularités principales de la solution. Plus généralement, nous
montrons que sous une condition de non-focalisation, les fronts d’onde diffractés de
toute solution de I’équation d’onde sont plus lisses que les singularités incidentes. Ces
résultats étendent nos travaux précédents sur les variétés a bord, & une situation ou
les fibres de la fibration de bord, obtenue ici par un blow-up du coin en question, sont
elles-mémes des variétés a coins.

(© Astérisque 351, SMF 2013
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CHAPTER 1

INTRODUCTION

1.1. The problem and its history

Let X be a manifold with corners, of dimension n, i.e., a manifold locally mod-
eled on (Rt)f+1 x R"~f~! endowed with an incomplete metric, smooth and non-
degenerate up to the boundary. We consider the wave equation

(1.1.1) Ou = D?u — Au =0 on My =R x X,

where D; = 171(0/8t) and A is the nonnegative Laplace-Beltrami operator; we will
impose either Dirichlet or Neumann conditions at 0Xy. As is well known by the
classic result of Duistermaat-Hérmander® (see [4]), the wavefront set of a solution
u propagates along null-bicharacteristics in the interior. However, the behavior of
singularities striking the boundary and corners of M) is considerably subtler.

Indeed the propagation of singularities for the wave equation on manifolds with
boundary is already a rather subtle problem owing the the difficulties posed by “glanc-
ing” bicharacteristics, those which are tangent to the boundary. Chazarain [1] showed
that singularities striking the boundary transversely simply reflect according to the
usual law of geometric optics (conservation of energy and tangential momentum, hence
“angle of incidence equals angle of reflection”) for the reflection of bicharacteristics.
This result was extended in [21] and [22] by showing that, at glancing points, singular-
ities may only propagate along certain generalized bicharacteristics. The continuation
of these curves may fail to be unique at (non-analytic) points of infinite-order tan-
gency as shown by Taylor [27]. Whether all of these branches of bicharacteristics can
carry singularities is still not known.

As was shown initially in several special examples (namely those amenable to sep-
aration of variables) the interaction of wavefront set with a corner gives rise to new,
diffractive phenomena, in which a single bicharacteristic carrying a singularity into a
corner produces singularities departing from the corner along a whole family of bichar-
acteristics. For instance, a ray carrying a singularity transversely into a codimension-
two corner will in general produce singularities on the entire cone of rays reflected in

(1) This result, viewed in the context of hyperbolic equations, built on a considerable body of work
prior to the introduction of the wavefront set; see especially [9, 12].
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2 CHAPTER 1. INTRODUCTION

such a way as to conserve both energy and momentum tangent to the corner (see Fig-
ure 1) The first diffraction problem to be rigorously treated was that of the exterior

FIGURE 1. A ray carrying a singularity may strike a corner of codimension
two and give rise to a whole family of diffracted singularities, conserving
both energy and momentum along the corner.

of a wedge,® which was analyzed by Sommerfeld [26]; subsequently, many related
examples were analyzed by Friedlander [5], and more generally the case of exact cones
was worked out explicitly by Cheeger-Taylor [2], [3] in terms of the functional calculus
for the Laplace operator on the cross section of the cone. All of these explicit examples
reveal that generically a diffracted wave arises from the interaction of wavefront set of
the solution with singular strata of the boundary of the manifold; this has long been
understood at a heuristic level, with the geometric theory of diffraction of Keller [8]
describing the classes of trajectories that ought to contribute to the asymptotics of
the solution in various regimes.

Subsequent work has been focused primarily on characterizing the bicharacteristics
on which singularities can propagate, and on describing the strength and form of the
singularities that arise. The propagation of singularities on manifolds with boundary
was first understood in the analytic case by Sjostrand [23, 24, 25], and subsequently
generalized to a very wide class of manifolds, including manifolds with corners, by
Lebeau [10, 11]. In the £ setting employed here, the special case of manifolds with
conic singularities was studied by Melrose-Wunsch [16] and edge manifolds (i.e., cone
bundles) were considered by Melrose-Vasy-Wunsch [15]. Vasy [30] obtained results
analogous to Lebeau’s in the case of manifolds with corners, and it is the results of
this work that directly bear on the situation studied here.

While the foregoing results characterize which bicharacteristics may carry singu-
larities for solutions to the wave equation, they ignore the question of the regularity

(2) This is not in fact a manifold with corners, but is quite closely related.
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1.1. THE PROBLEM AND ITS HISTORY 3
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FIGURE 2. Geometric optic rays hitting a corner F', emanating from a
point o. The rays labelled G are geometric at F', while those labelled NG
are non-geometric at F. The leftmost geometric ray is a limit of rays like
the unlabelled one shown on the figure that just miss F'. The blown up
version of the picture, i.e., where (r,0) are introduced as coordinates at
the origin, is shown on the right. The front face (i.e., the lift of the corner)
is denoted fI . The reflecting line indicates the broken geodesic of length
7 induced on ff given by r = 0, 6 € [0, 6p]. The total length of the three
segments shown on ff is 7; this can be thought of as the sum of three angles
on the picture on the left: namely the angles between the incident ray and
the right boundary (corresponding to the first segment), the right and left
boundaries, finally the left boundary and the emanating reflected ray.

of the diffracted front. In general, a singularity in WF?® (which is to say, measured
with respect to H®) must propagate strongly in the sense that some bicharacteristics
through the point in question must also lie in WF®. The general expectation is that
these are certain “geometric” bicharacteristics; in simple cases, these are known to be
those which are locally approximable by bicharacteristics that miss the corners and
reflect transversely off boundary hypersurfaces. More generally, we can define geomet-
ric bicharacteristics as follows: To begin, we blow up the corner, i.e., introduce polar
coordinates around it; this serves to replace the corner with its inward-pointing nor-
mal bundle, which fibers over the corner with fiber given by one orthant of a sphere,
Sf N (R*)f+1. We will define geometric broken bicharacteristics passing through the
corner as those that lift to the blown-up space to enter and leave the lift of the cor-
ner at points connected by generalized broken geodesics of length m with respect to
the naturally defined metric on S/ N (R*)f*!, undergoing specular reflection at its
boundaries and corners.(® Bicharacteristics that enter and leave the corner at points
in a fiber that are not at distance-m in this sense are referred to as “diffractive.” See
Figure 2.

It turns out that subject to certain hypotheses of nonfocusing, the singularities
propagating along diffractive bicharacteristics emanating from the corner will be
weaker than those on geometric bicharacteristics. In particular, the fundamental solu-
tion satisfies the nonfocusing condition, hence one consequence of our main theorem
is as follows:

(3) The actual definition is considerably complicated by the existence of glancing rays, and is discussed
in detail in §3.4.
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4 CHAPTER 1. INTRODUCTION

Theorem 1.1.1. — Consider the fundamental solution u, to the wave equation, with
pole o sufficiently close to a corner, Y, of codimension k. Assume that o is suffi-
ciently far from the boundary that every short geodesic from o to Y is transverse to
all boundary hypersurfaces intersecting at Y.

While u, lies locally in H~™/?t1-0 it is less singular by (k — 1)/2 derivatives
along diffractive bicharacteristics emanating from Y, that is, it lies microlocally
in H(-ntk+1-0)/2 thepe (4)

A more precise version of this result (with “sufficiently close. ..” elucidated) appears
in Corollary 9.0.15.

A more general theorem on regularity of the diffracted wave subject to the non-
focusing condition is the central result of this paper. See §1.2 for a rough statement
of the nonfocusing condition and §6 for technical details; the main theorem is stated
and proved in §9.

There are a few related results known in special cases. Gérard-Lebeau [6] explicitly
analyzed the problem of an analytic conormal wave incident on an analytic corner
in R?, obtaining a 1/2-derivative improvement of the diffracted wavefront over the
incident one. The first and third authors [16] obtained corresponding results for man-
ifolds with conic singularities, which the authors subsequently generalized to the case
of edge manifolds [15].

We remark that our definition of geometric broken bicharacteristics includes those
that interact with the boundaries and corners of the front face of the blow-up,
Sf N (R*)f*1, according to the simplest laws of reflection as described in [30]: we do
not distinguish between “diffractive” and “geometric” interactions within SN (R+)f+1,
We conjecture that a stronger theorem than ours should hold in which, instead of
simply blowing up the highest-codimension corner, we might iteratively blow up the
corners of lower codimension as well. This would enable us to (iteratively) distin-
guish bicharacteristics that undergo diffractive or geometric interaction inside the
faces of the blown-up space. For instance, in the case of a codimension-3 corner,
such a method would distinguish among rays that are limits of families of geodesics
undergoing simple specular reflection with boundary hypersurfaces (which we might
continue to call geometric rays); limits of families which undergo a single diffractive
interaction with a codimension-2 corner (partially diffractive rays) and all other gen-
eralized broken bicharacteristics entering and leaving the codimension-3 corner (the
completely diffractive rays). Our Theorem 1.1.1 only deals with the regularity along
the completely diffractive rays, telling us that the fundamental solution is (3 — 1)/2
derivatives smoother along them than overall; the conjectural finer result would also
tell us about the partially diffractive rays, yielding an improvement of (2—1)/2 deriva-
tives there. More generally, such a result ought to yield a stratification of the rays
interacting with a corner of arbitrary codimension into pieces carrying different levels
of differentiability according to the degree of diffractive interaction.

(4) Here and henceforth we employ the notation s — 0 to mean s — € for all € > 0.
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1.2. THE HYPOTHESIS 5

1.2. The hypothesis

We now describe the nonfocusing hypothesis in more detail, in the context of the
simplest geometric situation to which our results apply.

It is easily seen from the explicit form of the fundamental solution that it is not
in general true that diffracted rays are more regular than incident singularities. For
example, take A to be the Dirichlet Laplacian in a sectorial domain {r € [0,0),0 €
[0,60]} in R?, and consider the solution

sin t\/—
JA

where ¢ € €5 ((0,60)) is supported close to some value 6’. This solution is manifestly
locally in H/2~% by energy conservation. On the other hand one may see from the
explicit form of the propagator in [2, 3] after convolution with ¢(#) that a spherical
wave of singularities emanates from the corner at time t = 7o, with regularity H/2-0,
hence the same as the overall Sobolev regularity of the solution. The bicharacteristics
along which singularities propagate are, for short time, just the lifts of the straight
lines r = rg £ t, @ € supp ¢, hence travelling straight into or out of the vertex.
Perturbing these slightly to make them miss the vertex, we see that in fact there
are two “geometric” continuations(® for each bicharacteristic, depending on whether
we approximate it by geodesics passing to the left or to the right of the vertex (see
Figure 2). Thus, the geometric continuations of the rays on which singularities strike
the vertex are close to the two possible continuations of the single ray 6§ = ', hence
do not include all points on the outgoing spherical wave. So we have an example in
which there are “non-geometric” singularities of full strength.

The nonfocusing condition serves exactly to rule out such situations. The above
example has the property that applying negative powers of (Id +D§) does not regular-
ize the short-time solution (or the initial data) as it is already & in the @ direction.
In this simple setting, the nonfocusing condition says precisely that the solution is
regularized by negative powers of (Id +D3), or, equivalently, that it can be written

(1.2.1) ——=(0)3(r — o),

(Id+D2)Nv, v e H®

for some s exceeding the overall Sobolev regularity. For instance, the fundamental

solution
_ sintvA
VA

looks, after application of a sufficiently negative power of (Id +D?), like a distribution

of the form
sin t\/_
VA

d(r—r")5(0-19")

———4(r —1")f(6)

(5) What a geometric continuation of a bicharacteristic is in general will be elucidated in §3.4.
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6 CHAPTER 1. INTRODUCTION

with f € i?M, M > 0, hence we can write
u e (Id+D2)NHY/?70,

for some N > 0, at least locally, away from the boundary. We also observe that the
Example (1.2.1) enjoys a property which is essential dual to the nonfocusing condition,
to wit, fixed regularity under repeated application of Dy. We refer to this property
as “coisotropic regularity” (the terminology will be explained in §6) and it plays an
essential role in our proof.

The nonfocusing condition and coisotropic regularity in a more general setting
are subtler owing to their irreducibly microlocal nature: the operator Dy has to be
replaced by a family of operators characteristic along the flow-out of the corner under
consideration.

1.3. Structure of the proof

We now describe the logical structure of the proof, as it is somewhat involved. The
heart of the argument is a series of results on the propagation of singularities, ob-
tained by positive commutator methods; these are sketched in detail in §1.4 below. In
order to be able to distinguish between “geometric” and “diffractive” bicharacteristics
at a corner of My, we begin by performing a blow-up of the corner, i.e., introduc-
ing polar coordinates centered at it, to obtain a new manifold with corners M. The
commutants that we employ in our commutator argument almost lie in a calculus
of pseudodifferential operators, the edge-b calculus, that behaves like Mazzeo’s edge
calculus [13] near the new boundary face introduced by the blow-up (henceforth, the
edge) and like Melrose’s b calculus [17, 18, 20] at the remaining boundary faces.
The complication, as in the previous work of Vasy [30] on propagation of singulari-
ties, is that in order to control certain error terms we in fact must employ a hybrid
differential-pseudodifferential calculus, in which we keep track of certain terms involv-
ing differential operators normal to the boundary faces other than W.

Even this propagation result alone is insufficient to obtain our result, as it does not
allow regularity of greater than a certain degree to propagate out of the edge, with
the limitation in fact not exceeding the a priori regularity of the solution. What it
does allow for, however, is the propagation of coisotropic regularity of arbitrarily high
order, suitably microlocalized in the edge-b sense. This allows us to conclude that
given a ray v leaving the edge, if the solution enjoys coisotropic regularity along all
rays incident upon the edge that are geometrically related to 7, then we may conclude
coisotropic regularity along <y as well. (If some of these incident rays are glancing, i.e.,
tangent to the boundary, we require as our hypothesis actual differentiability globally
at all incoming glancing rays rather than coisotropic regularity, which no longer makes
sense; the version of the commutator argument that deals with these rays is the most
technically difficult aspect of the argument.) In particular, then, global coisotropic
regularity together with &> regularity at glancing rays implies global coisotropic
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1.4. SKETCH OF THE PROPAGATION RESULTS 7

regularity leaving the edge away from glancing. We are then able to dualize this
result to show that the nonfocusing condition propagates as well.

Consequently, we show that subject to the nonfocusing condition, in the model
case of the sector considered above, if v is an outgoing ray such that the solution is
&> along all incoming rays geometrically related to it,

u € (Id+Dy)N H® along « for some N € N,

where in general s = (—n + k + 1)/2 — 0 for the fundamental solution near a
codimension-k corner on an n-manifold, hence s = 1/2 — 0 for the sector. On the
other hand the microlocal propagation of coisotropic regularity shows that

Df,?u € H®° for all k along v

where s is the overall regularity of the solution (—n/2 + 1 — 0 for the fundamental
solution). An interpolation argument then yields

u € H*7 Y along 7,

proving the theorem.

1.4. Sketch of the propagation results

We now discuss the propagation results in greater detail, focusing on the taxonomy
of the various spaces of operators that we employ. The basic propagation of singular-
ities result on manifolds with corners My = R; x Xj, as on manifolds with smooth
boundaries, is in the setting of b-, or totally characteristic, operators. Let us choose
local coordinates (z1,...,Zf41,Y1,---sYn—f—1) on Xo with {z; > 0,...,2541 > 0};
thus, Y = {1 = --- = zy41 = 0} represents a corner of codimension f + 1.
The b-vector fields ¥, (Xp) are the linear combinations of xj0z; and 9y, with (Gt
coefficients—these are exactly the vector fields tangent to all boundary hypersur-
faces. We can define an associated notion of b-regularity by iterated regularity un-
der repeated application of such vector fields. In particular, for a distribution wu,
b-regularity relative to a space, such as H'(Xo), means that (28,)*05u € H'(Xo)
for all multiindices o, 8 (with (£0;)* = (102,)* ... (Zf4+10z,,,)* **). Thus u is b-
regular if and only if u is a conormal distribution. Replacing X, by Mj simply adds
0; to the collection of b-vector fields, i.e., t behaves as one of the y variables. The
notion of b-regularity is microlocalized via the b-pseudodifferential operators, which
are roughly speaking operators of the form a(z,y,t,2D;, Dy, D;) where a is a symbol
in the last three sets of variables. The calculus of these operators gives rise to a notion
of b-wavefront set, which is therefore a microlocal measure of conormality.

The wave operator itself is not a b-differential operator, rather a standard differ-
ential operator: it is constructed out of the vector fields 9;, rather than z;0,,. Thus,
its principal symbol, hence its bicharacteristics, are curves in the cotangent bundle
T* My, which is equipped with canonical coordinates (z,y, t,£%, 7%, 7°), corresponding
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8 CHAPTER 1. INTRODUCTION

to differential operators (z,y,t, Dy, Dy, D;). One cannot work with pseudodifferen-
tial operators based on these standard differential operators, for they would usually
not act on smooth functions in z > 0, and would not usually preserve the boundary
conditions. Thus, one works with b-operators, based on (z,y,t,zD;, Dy, D), which
corresponds to localizing in conic neighborhoods in the corresponding canonical co-
ordinates (z,y,t,£°,7°,7°) in the cotangent bundle. These coordinates are related to
the original ones via

(z,9,t,€%,n°,7°) = (z,y, t,2&, 0%, 7°).

In particular, at £ = 0, passing to the b-coordinates identifies points with different
values of the normal momentum £°. Continuous propagation in the b-variables thus al-
lows £° to jump at the boundary, as occurs in specular reflection. It is the phenomenon
of propagation along appropriate generalized bicharacteristics in the b-variables that
was studied in [30].

In order to have a more precise result, we need to be able to localize within the
fibers of the blow-up of the corner Y, and we also need to be able to undo the
compression of the dynamics implied by working in the b-picture. It is only through
these refinements that we are able to distinguish microlocal behavior along different
bicharacteristics hitting the corner Y at the same point and with the same tangential
momenta 7n°, e.g., between different geodesics in the conical spray shown leaving the
corner in Figure 1. Therefore we lift the Laplacian on X to the blow-up X of Xy at Y,
denoted X = [X;Y]. For simplicity of notation, assume that Y is a codimension 2
corner (cf. Figure 2 as well as Figure 1 below). Using polar coordinates (r, ) in the
(z1,x2) we see that under this blow-up smooth vector fields on X lift to vector fields
of the form r~1V, where V is tangent to the fibers of the blow-down map, i.e., is a
linear combination of rd,., 8¢, 70, with & coefficients.® The &> span of rd,, 8, 70,
are the so-called edge-smooth vector fields defined below in Section 3. Away from the
boundaries, § = 0,7/2 in [0, /2]y, these are exactly the edge vector fields introduced
by Mazzeo [13] on manifolds with smooth boundaries. Here the fibers have boundaries
(in our example, the fibers are just the interval [0,7/2]s), and smoothness is required
up to these boundaries. A key observation is that the wave operator lifts to an edge-
smooth differential operator on M = R; x X.

Propagation phenomena in the edge setting (when the fibers have no boundaries)
have been treated in [15], following [16]. We now recall these results, as they apply
in the setting discussed here, provided we stay away from the fiber boundaries. We
emphasize that in the edge picture both the operator one studies (the wave oper-
ator) and the microlocalizers are edge pseudodifferential operators, i.e., there is no
need to use two different algebras as in the manifolds with corners setting discussed
above. In order to avoid complicating the notation, we simply replace [0,7/2]s by
the circle; edge operators are then formally of the form a(r,0,y,t,rD,, Dg,rDy,rDy).

(6) In Figure 1 as well as in the main exposition, r and @ are denoted r, z; we preserve the more usual
radial coordinate notation here for purposes of exposition.
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1.4. SKETCH OF THE PROPAGATION RESULTS 9

Writing covectors as £ % +¢do+n %? +7 %, their symbols are thus smooth functions
of (r,0,y,t,&,(,n,7); in the setting of classical operators they are homogeneous in
the last three sets of variables. In particular, the principal symbol of the wave oper-
ator is such a symbol, and its Hamilton vector field is a smooth homogeneous vector
field in these coordinates. Its dynamical system in the characteristic set governs the
analysis of solutions; by homogeneity, it is convenient to study these dynamics in the
corresponding cosphere bundle. Then there are two (incoming, resp. outgoing) sets of
critical points over r = 0, corresponding to radial points of the Hamilton vector field.
These are both saddle manifolds, with either the stable or the unstable manifold for
each of these contained in the boundary face » = 0, and the other transversal to it.
The Hamilton flow within » = 0 connects the incoming and outgoing radial sets, and
fixes the “slow variables” (y,t,n/7) (with the last variable projectivized to work on
the cosphere bundle); the projection of its integral curves to the base variables gives
the distance 7 propagation of the geometric theorem of [15]. One should thus picture
singularities entering the boundary r = 0 along (say) the stable manifold of one of
these critical manifolds, propagating through the critical manifold and out through
its unstable manifold; propagating across the boundary to the stable manifold of the
other critical manifold; and then through it and back out of the boundary along the
corresponding unstable manifold. As this whole process leaves the slow variables un-
affected, we see that they are preserved under the interaction with the boundary,
leading to the law of specular reflection.

To make sense of the propagation described above, one thus needs to have a de-
scription of propagation at incoming and outgoing radial points, as well as elsewhere
within r = 0; this was accomplished in [15]. It is the radial points that cause the most
significant subtleties in the propagation of singularities: at these points the relation
generated by the flow becomes multi-valued, as in general a singularity arriving at
a critical point along its stable manifold may produce singularities leaving along the
whole unstable manifold. An important part of the analysis is to note that at the ra-
dial points, coisotropy corresponding to the stable/unstable submanifold transversal
to r = 0 implies regularity (absence of edge wave front set) in the unstable/stable
manifold within » = 0, and conversely. In particular, an incident wave coisotropic for
the flow-in becomes edge-regular within » = 0 (away from the radial points) and then
emerges to be coisotropic for the flow-out. A slight complication is that coisotropy is
relative to a function space; there are losses in the background regularity space due
to the radial points.

The added difficulty in our setting relative to that of [15] is that the fibers have
boundaries, and indeed typically corners. We deal with this by treating the propa-
gation into and out of these corners inside r = 0 analogously to the propagation of
b-regularity analyzed in [30]. We thus compress the edge-smooth cotangent bundle,
essentially by replacing the “smooth” vector field dy by one tangent to the bound-
aries of the fibers, i.e., using f(0)dy instead, where f(#) = sin @ cos 6 has simple zeros
at 6 = 0, 6 = m/2 and is non-zero elsewhere in [0, 7/2]. Note that r0,, rd, and rd; are
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already tangent to the boundary faces 6 = 0,7/2, so they do not require any adjust-
ments. The resulting vector fields are thus those tangent to the fibers of the front face
of the blow-up, as well as to all other boundary faces, and we call these edge-b vector
fields. We use a pseudodifferential algebra W7 (M) microlocalizing these vector fields
to prove our main results. In addition to the already discussed results away from the
boundaries of the fibers, we thus need to analyze propagation at incoming and outgo-
ing radial points at the boundaries of the fibers, as well as the analogue of hyperbolic
and glancing points in the setting of Mj. This is accomplished in Section 7.

Note that conormal regularity in Xy near a point is equivalent, after blow-up, to
conormal regularity near the corresponding fiber of the front face. Explicitly, in our
example of a codimension 2 corner, regularity with respect to x10,,,220,, and 0, is
equivalent to regularity with respect to r0,, f(6)0 and 9,, where f(6) = sin6f cos8.
Thus, away from 6 = 0,7/2, i.e., in the interior of the front face, one has regularity
with respect to 70,, 0s and 9y-—where that this notion of regularity ignores the fi-
bration. Edge regularity in the same region is with respect to r0,, 9y and r09,, i.e., it
is a weaker notion than conormality. However, the ability to microlocalize within the
fibers depends on its use.

1.5. Organization of the paper

We start in Section 2 by describing the blown-up space on which our analysis
takes place. Then, in Section 3, we describe in detail the connection between both the
smooth and b-structures on My, and between the edge-smooth and edge-b structures
on M. In the same section, we study the bicharacteristics in the edge-b setting, i.e.,
that of M ; this is in many respects analogous to Lebeau’s work [11] in the blown-down
setting (e.g., on Mp), though radial points are an important new feature.

In Section 4, with the operator algebra construction provided by Appendix B, we
describe edge-b pseudodifferential operators, and then in Section 5 the algebra of
operators that are both edge-smooth-differential and edge-b-pseudodifferential; these
provide the link between the wave operator (which is edge-smooth) and the microlocal-
izers (which are edge-b). The use of this mixed differential-pseudodifferential calculus
is analogous to the use of (smooth-)differential, tangential-pseudodifferential opera-
tors by Melrose-Sjéstrand [21, 22| in the smooth boundary setting, and (smooth-
)differential, b-pseudodifferential operators in [30] in the proof of the standard propa-
gation result on manifolds with corners. This calculus provides the framework for the
positive commutator estimates proving the edge-b propagation results. In Section 6
we discuss coisotropic distributional, and their dual, non-focusing, spaces. Section 7
proves the edge-b propagation of singularities. In Section 8 we show how coisotropy
propagates through the edge. Finally, in Section 9 we prove the main theorem, The-
orem 9.0.13, and its corollaries, which in particular imply Theorem 1.1.1.

To ease the notational burden on the reader, an index of notation is provided at
the end of the paper.
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CHAPTER 2

GEOMETRY: METRIC AND LAPLACIAN

Let X be a connected n-dimensional manifold with corners. We work locally, near
a given point in the interior of a corner Y of codimension f + 1. Thus, we have local
coordinates Z1,...,Zf41,Y1,--.,Yn—f—1 in which Y is given by z; = --- = z541 = 0.
Suppose that go is a smooth Riemannian metric on X, non-degenerate up to all
boundary faces. We may always choose local coordinates in which it takes the form

(201) go = Z aij dx; de + Z b,;j dy; dy]‘ +2 Z Cij dx; dyj

with ¢;j|y = 0. This can be arranged by changing the y variables to

v =v;+ Y akYik()

while keeping the z; unchanged. The cross-terms then become

2 Z Cij dl’i dy;- +2 Z bij ij dy; dil?k,
which can be made to vanish by making the appropriate choice of the Y}, using the
invertibility of {b;;}.

Let X = [Xo;Y], be the real blow-up of Y in Xy (see [18, 19]) and let Y denote
the front face of the blow-up, which we also refer to as the edge face. Recall that the
blow-up arises by identifying a neighborhood of Y in X, with the inward-pointing
normal bundle N*Y of Y in X and blowing up the origin in the fibers of the normal
bundle (i.e., introducing polar coordinates in the fibers). Since the normal bundle is
trivialized by the defining functions of the boundary faces, a neighborhood of ¥ in X
is globally diffeomorphic to

[0,00) X Y x Z, where Z = S N [0,00) 1.

We use coordinates zi,...,25 in Z; near a corner of Z of codimension k, these are
divided into z1,..., 2, € [0,00) and 2y, ,,...,2; € R. There is significant freedom in
choosing the identification of a neighborhood of Y and the coordinates on the fibers
of the normal bundle but the naturality of the smooth structure on the blown up
manifold, [Xo; Y], corresponds to the fact that these are smoothly related.

The metric gg identifies NY as a subbundle of Ty Xy. This corresponds to coor-
dinates (z;,y;) as above with the dy; orthogonal to dz; at Y. In the blow-up polar
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14 CHAPTER 2. GEOMETRY: METRIC AND LAPLACIAN

FIGURE 1. A manifold X, with corners of codimension two (below) and its
blow-up X (top). A geodesic hitting the codimension-two corner is shown,
together with its lift to the blown-up space X, which then strikes the front
“edge” face of the blow-up.

coordinates are introduced in the x; but the y; are left unchanged. It is convenient
to think of these as polar coordinates induced by 3°,. ai;j dz;dz;. In particular, we

choose
= ( Z a;j (0, y)ffixj) v
ij

as the ‘polar variable’ which is the defining function of the front face. With this choice,
the metric takes the form

(2.0.2) g = dz? + h(y,dy) + 22k(z,y, 2, d2) + zk'(z,y, 2, dz, dy, x dz).

More generally, one can simply consider the wider class of manifolds with corners
with metrics of the form (2.0.2), we refer to these as ‘edge metrics’ for brevity. Note,
however, that there are no results currently available in this wider setting that limit
propagation of singularities to generalized broken bicharacteristics. Despite this, the
results in §7 remain valid in this more general context.
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Now, set
M=R,xX, M\y=Rx Xy, W=RxY, W=RxY,

where W, resp. W now represent the unresolved, resp. blown-up, version of the
space-time “edge.”

Let DiffZ (X ) denote the filtered algebra of operators on £°°(X) generated by those
vector fields that are tangent to the fibers of the front face ¥ produced by the blow
up; 2D, Dy;, D,; form a local coordinate basis of these vector fields. See §3 and
§5 for further explanation of this algebra and of our terminology. The same definition
leads to the algebra of operators Diffs (M) on €°°(M) with local generating basis
zDy, Dy, zDy;, D, .

Lemma 2.0.1. — The Laplace operator A € x~2 Diff2(X) on X is of the form
f

ww
where Ay is the Laplace operator in Z with respect to the metric h (and hence depends
parametrically on  and y) and Ay is the Laplacian on'Y with respect to the metric k.

In particular, 0 = D? — Ax € z~2 Diff2,(M).

1
A€ D2+ =D, + Az + Ay + 27! Diff5(X)
x
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CHAPTER 3

BUNDLES AND BICHARACTERISTICS

In this section, we discuss several different geometric settings in which the propaga-
tion problem for (J on My may be viewed. Somewhat loosely, each of these corresponds
to a choice of a Lie algebra of vector fields with different boundary behavior; these
then lead to distinct bundles of covectors, with the corresponding descriptors used as
section headings here. The first, the “b”™bundle, can be considered either on M, or
M. Indeed, the bundle of b-covectors on M) is the setting for the propagation results
of [30]: these results are, as will be seen below, necessarily global in the corner, and
do not distinguish between general diffractive rays and the subset of geometric rays
(defined below). In order to discuss the improvement in regularity which can occur for
propagation along the geometric rays, two more bundles of covectors, lying over the
blown-up space M, are introduced. These, the “edge-b” and “edge-smooth” bundles,
keep track of local information in the fibers of the blow-up W of W in My, and allow
us to distinguish the diffractive rays from geometric ones. The distinction between
the edge-b and edge-smooth bundles comes only at the boundary of W, and the rela-
tionship between the two bundles gives rise to reflection of singularities off boundary
faces, uniformly up to the edge W.

In order to alleviate some of the notational burden on the reader, a table is included
in §3.5 in which the various bundles, their coordinates, their sections, and some of the
maps among them are reviewed. The standard objects for a manifold with corners,
Q, correspond to uniform smoothness up to all boundary faces, so ¥(Q) denotes the
Lie algebra of smooth vector fields, T'Q, the tangent bundle, of which ¥(Q) forms all
the smooth sections, T*@ is its dual, etc.

3.1. b-Cotangent bundle

Let ¥u(Q) C ¥(Q) denote the Lie subalgebra of those smooth vector fields on
the general manifold with corners @), which are tangent to each boundary face. If we
choose coordinates as in §3, the local vector fields

%105y 5.y Tf4100,, 1,045+, Oy ;15
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18 CHAPTER 3. BUNDLES AND BICHARACTERISTICS

form a basis over smooth functions. Hence ¥(Q) is the space of &*-sections of a
vector bundle, denoted

b1Q.
The dual bundle PT*Q therefore has sections spanned by
dz dx
_17"'7 f+19dy17"~7dyn—f—1-
Z1 Tf+1

The natural map
(3.1.1) Tep : T*Q — °T*Q

is the adjoint of the bundle map ¢ : ®TQ — TQ corresponding to the inclusion
of ¥4(Q) in Y(Q).

Canonical local coordinates on T*Mj correspond to decomposing a covector in
terms of the basis as
5 dt + an dy; + Zﬁjdwj,
J J

and elements of PT* M, may be written
dzx;
°dt + E n;?dyj-i- E f_;)?l,
. . J
J J

so defining canonical coordinates. The map (3.1.1) then takes the form
7rs—->b(1"7 Y, t7 é.s) 77S, TS) = (IE, Y, t7 gb’ Ub’ Tb) = (.’1}, Y, ta x£s7 775, Ts)a

with @€* = (216}, @71165,,)-

The setting for the basic theorem on the propagation of singularities in [30]
s PT*My. In particular, generalized broken bicharacteristics, or GBBs, are curves
in T* My. In order to analyze the geometric improvement, spaces that will keep track
of finer singularities are needed. Before introducing these, we first recall the setup
for GBBs. Note that at W, ms_|w maps N*W onto the zero section over W, and is
injective on complementary subspaces of T};, My, so we may make the identification

Ws_.b‘w(T‘fVMo) >~ T*W.

We also recall that it is convenient to work on cosphere bundles. Since it is linear,
Ts—b intertwines the R -actions, but it does not induce a map on the corresponding
cosphere bundles since it maps part of T*M, \ o into the zero section of PT* M.
However, on the characteristic set of [J this map is better behaved. Let

po = 02(0) € €7(T" Mo \ 0)
be the standard principal symbol of (] € Diffz(Mo); it is of the form
= (17 = (X An&ser + 3 B +23 Canti)
with Ajk,Bjk,Cjk € €OO(M0), Ajk = Akj and Bjk = Bkj, Cjklxzo = 0. Let
(3.1.2) Yo = py - ({0})/RT € §* M,
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3.1. B-COTANGENT BUNDLE 19

be the spherical image of the characteristic set of (0. This has two connected com-
ponents, 5% 1, corresponding to 7° = 0 since {7°* = 0} N %%, = &. Now, N*W C
{r® = 0}, so N*W N p~!(0) = @, meaning W is non-characteristic for [J. Since
N*W is the null space of ms_,p, there is an induced map on the sphere bundles
Teb & °Xg — PS* My; the range is denoted

(3.13) PXo = Mo (py 1 (0))/RY C PS*Mo.

Again, ®Y( has two connected components corresponding to the sign of 75 in 5%,
and hence the sign of 7°. These will be denoted "% 4.

We use 7°, resp. 7°, to obtain functions homogeneous of degree zero on T*Mj \ o
inducing coordinates on S*Mj near 5% :

z,y,t, & =&/|r°|, 7° =n°/|7%|.

Note also that these coordinates are global in the fibers of S*My N *Ly 1+ — My for
each choice of sign =+.

7 =sgnt®
lifts to a constant function 1 on ®3¢ 4. There are similar coordinates on bS* My near
b%.
In these coordinates,
(3.14) "D Sy My = {(z,y,t,€*,7°) : =0, £* =0, Y Bji?ip <1} C S*W.
We also remark that with H,, denoting the Hamilton vector field of py,
Hs = lTsl_alo

is a homogeneous degree zero vector field near p;'({0}), thus can be regarded as a
vector field on S* M.
Now we define the b-hyperbolic and b-glancing sets by

(3.1.5) G = {a € *Siy Mo : |(me—) " (9) N°To| = 1}
and
(3.1.6) Hwp = {g € "Siy Mo : |(ms—) " (g) N°To| > 2},

These are thus also subsets of S*W. In local coordinates*) they are given by
5L G = {(@,9,4,7°,€°,4°) 1 @ =0, #* € {21}, & =0, ) Bxilip = 1}
O Hwp =@y t, 7,007 3 =0, P e {£1}, £ =0, Y Bl <1},

Note that for g € ®S};, My, at the unique point go in (ms—1) "1 (g)N°To, we have &=o,
and correspondingly Hs(go) is tangent to W, explaining the “glancing” terminology.
Now we discuss bicharacteristics.

(1) The discrete variable 7P is not, of course, part of the coordinate system, but serves to identify
which of two components of the characteristic set we are in.
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20 CHAPTER 3. BUNDLES AND BICHARACTERISTICS

Definition 3.1.1. — A generalized broken bicharacteristic, or GBB, is a continuous map
7 : I — PS4 such that for all f € §°(PS* M), real-valued,

(3.1.8) lim inf (fov)(s) = (f 2 7)(s0)
$§—35o0 S — 8o
(3.1.9) > inf{Hy(r7_,/)(q) : ¢ € 7%, (7(0)) N *So}.

Remark 3.1.2. — Replacing f by —f, we deduce that the inequality

(3.1.10) lims sup (fo 7)(32 - g f 07)(s0)
(3.1.11) < sup{Hs(m}_f)(g) : g € 7rs_-—1>b(7(30)) N30}
also holds.

We recall an alternative description of GBBs, which was in fact Lebeau’s definition
[11]. (One could use this lemma as the defining property of GBB; the equivalence of
these two possible definitions is proved in [29, Lemma 7].)

Lemma 3.1.3 ([29, Lemma 7]). — Suppose 7 is a GBB. Then

L. If v(s0) € Gy let qo be the unique point in the preimage of y(so) under
Tesb = Ts—blsx,- Then for all f € €°°(PS* My) real valued, fory is differentiable

at sg, and
d(fov) .
ds |8=30 = HSWs—rbf(qo)'
2. If v(s0) € Hwp, lying over a corner given in local coordinates by x; = 0,
j=1,...,f+1, there exists € > 0 such that z;(y(s)) =0 for s € (so — €, 50 +¢€)
if and only if s = sg. That is, v does not meet the corner {1 =--- = xyy1 = 0}

in a punctured neighborhood of sg.

Remark 3.1.4. — 1t also follows directly from the definition of GBB (by combining
(3.1.8) and (3.1.10)) that, more generally, if the set

(3.1.12) {Ho(m_pf)(a) : g € 72, (v(50)) N B0}

consists of a single value (for instance, if 7}, (Y(s0))N*Zy is a single point), then fo~y

must be differentiable at sg, with derivative given by this value. This is indeed how
Lemma 3.1.3 is proved. The first part of the lemma follows because 7%, (v(s0))N*Eo is
a single point, giving differentiability. On the other hand, the second half follows using
f= Eé;?, for which the single value in (3.1.12) is —(1 — > Bijﬁ,}aﬁ?) < 0, for y(sp) €
Hwyp. Thus, f is locally strictly decreasing. Since f(¢') = 0 if ¢’ € ®Sy, Mo N %,
in particular at v(sg), it is non-zero at «(s) for nearby but distinct values of s-—so in
particular for such s, v(s) ¢ S}, Mo NPXo, showing that y leaves W instantaneously.
In fact, this argument also demonstrates the following useful lemma.
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Lemma 3.1.5. — Let U be a coordinate neighborhood around some p € W, K a
compact subset of U. Let ¢¢ > 0. Then there exists a § > 0 with the following
property. Suppose that vy is a GBB and v(so) € PSi M. If Zf'H §b('y(so)) >0 and

1 — h(y(7(50)),1°(1(50))) > €0 then Vl(sq,s040] N *Siy Mo = 2, while 2f Ef+1 € (7(s0)) <0
and 1 — h(y(v(s0)),1°(7(50))) > €0 then ¥l(so—s,50] N *Siyy Mo =

Proof. — Let U; C U be open such that K C Uy, U; C U. GBBs are uniformly
Lipschitz, i.e., with Lipschitz constant independent of the GBB, in compact sets (thus
are equicontinuous in compact sets), so it follows that there is an d; > 0 such that
v(so) € PSx M, implies that v(s) € bS;}lMg for s € [so — 81,80 + d1]- Now the
uniform Lipschitz nature of the function 1 — h(y(v(s)), A°(y (s))) shows that there
exists do € (0,d1] such that for |s — so| < &2, 1 — h(y(7(s)), 7P (v(s))) > €o/2. Now
let f = Zé;’ Then

Hy(mi_pf)lemo = — Z A &8 + Z ziFj=—(1- Z Bi;EPC) + Y xiFy,
with Fyj, Fp; € €°°(S*Mp), so there exist 63 > 0 and ¢ > 0 such that if z; < &3
forj=1,...,f+1, then Hy(m}_, f)|sx, < —c. Now if 2;(y(s0)) > 63/2 for some j, the
uniform Lipschitz character of z; oy shows the existence of 6’ > 0 (independent of 7)
such that z;(y(so)) # 0 for |s — sg| < ¢’. On the other hand, if z;(v(so) < d3/2 for all
j, then the uniform Lipschitz character of ;0 shows the existence of " € (0, §2] such
that z;(7(s0)) < 63 for |s—so| < 8", 50 f(y(s)) is strictly decreasing on [so—d", so+6"].
In particular, if f(7(so)) > 0, then f((s)) > 0 for s € [so—8", 0], 50 Y(s0) & PS}y Mo,
and if f(v(so)) <0, then f(y(s)) < 0 for s € [so, S0 + &"], s0 ¥(s0) & PSyy Mo again.
This completes the proof of the lemma. O

We now recall the following statement, due to Lebeau.

Lemma 3.1.6 (Lebeau, [11, Proposition 1]). — If v is a generalized broken bicharacter-
istic, s € I, go = y(80), then there exist unique G, G— € 3%g satisfying ms—u(G+) = qo
and having the property that if f € €°°(PS*My) then f o~ is differentiable both from
the left and from the right at sy and

d
(2) (0 Dlags = Mot 1 (@),

Definition 3.1.7. — A generalized broken bicharacteristic segment -y, defined on [0, sq)
or (—s0,0], 7(0) = g € Ky, is said to approach W normally as s — 0 if for all j,

i 20(6)
s—0+ S

#0;
this limit always exists by [11, Proposition 1].

Remark 3.1.8. — If v approaches W normally then there is s; > 0 such that y(s) €
S*Mg for s € (0,s1) or s € (—s1,0) since z;(y(0)) = 0, and the one-sided derivative
of z; o v is non-zero.
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22 CHAPTER 3. BUNDLES AND BICHARACTERISTICS

While the actual derivatives depend on the choice of the defining functions z; for
the boundary hypersurfaces, the condition of normal incidence is independent of these
choices.

3.2. Edge-smooth cotangent bundle

We now discuss another bundle, ultimately in order to discuss the refinement of
GBBs that allows us to obtain a diffractive improvement. Let 3 : M — My be the
blow-down map.

Let Yes(M) denote the set of vector fields that are tangent to the fibers of 8]y :
W — W (hence to W). This is a §°°(M)-module, with sections locally spanned by

20z, T0, TOy;, 823_, 84/.

(In fact, one can always use local coordinate charts without the 2’ variables in this
setting.) Under the blow-down map 8 : M — My, elements of 9 (My) lift to certain
vector fields of the form 27!V, V € Ve(M), where z is a defining function of the
front face, W. Conversely, =1 ¥es(M) is spanned by the lift of elements of ¥ (Mp)
over §7°(M), ie.,

(3.2.1) 27 Ves (M) = §7 (M) ®g>(u,) B V(M).

Let ST M denote the “edge-smooth” tangent bundle of M, defined as the bundle whose
smooth sections are elements of ¥¢s(M); such a bundle exists by the above description
of a local spanning set of sections. Let **T*M denote the dual bundle. Thus in the
coordinates of §2, sections of ®ST™*M are spanned by

d
(3.2.2) e . Y d " d
X - X - X - -

By (3.2.1), taking into account that dt2 — go is a Lorentz metric on My, we deduce
that its pull-back g to M is a Lorentzian metric on z~1*T*M, i.e., that 7 2g is
a symmetric non-degenerate bilinear form on **TM with signature (+,—,...,—).
Correspondingly, the dual metric G has the property that z2G is a Lorentzian metric
on *T*M. Note that G is the pull-back of Gy = o2(0) € G (T* My \ 0). We thus
conclude that o9(0) € E™°(T* M, \ o) lifts to an element of 728 (*T*M \ 0); let

D = Oes2(x?0) € EF°(=T*M \ 0)
be such that z~2p is this lift, so
Pla=o = 7° — (€2 + h(y,n) + k(y, 2, ©))-
Let ¥ C ®S*M denote the characteristic set of 2200, i.e., the set
=% =p7 ({0})/R" = {0es2(«°0) = 0}/R™.
Thus, using the coordinates

(3.2.3) z,y,t,2,€ = ¢/|7], i =n/lzl, {=¢/lzl, @ = |77,
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on *T*M, valid where 7 # 0, hence (outside the zero section) near where p = 0, and
dropping ¢ to obtain coordinates on *¢S*M

~

~ ~ 2 ~
(324) *xN=SpM={(z=0,ty,2,§70(: § +h(y,7) +k(y,2,¢) =1}

The rescaled Hamilton vector field
es — IIl_al

is homogeneous of degree 0, and thus can be regarded as a vector field on *S*M
which is tangent to ®*X. (Note that while Hes depends on the choice of z, and the
particular homogeneous degree —1 function, |7|~1, used to re-homogenize H,, these
choices only change Hes by a positive factor, so its direction is independent of the
choices—though our choices are in any case canonical.)

With the notation of [15, Section 7] (where it is explained slightly differently, as
the underlying manifold is not a blow-up of another space), corresponding to the edge
fibration

B:W->W=Y xR,
there is a natural map
es T, M — T*W.

In fact, in view of (3.2.1), the bundle 21T M (whose sections are z~! times
smooth sections of ®*T'M) can be identified with 8*T M), so one has a natural map
z71STM — TMy. Dually, 2°T*M can be identified with 8*T*M,, so one has a
natural map z*T*M — T*M,. Multiplication by =z maps *T*M to z*T*M, and
Te—b : T* Mo — PT* M) restricts to the quotient map Ty, Mg — T*W = T* My /N*W
over W, so wes is given by the composite map

“THM > aw— za €T M — Bi(za) € Ty Mo
— [xa] € T*W C °T* M,

which in local coordinates (3.2.2) is given by

wes(w = anat»zvé,ﬂvlyg) = (y,t,Q,I)~

The fibers can be identified with R x T* Z. In view of the RT-action on **X, this gives
rise t0 a map wes : ©*X — S*W, which is a fibration over # w1, (where 1—h(y, A°) > 0)
with fiber

wo (4,6,1°) = {(x = 0,3,,2,§1,0) : f = 7",
&1 + k(y, 2,$) = 1 — h(y,4")};
the fibers degenerate at ﬁmb. Then Hes is tangent to the fibers of wes. In fact, as
computed in [15, Proof of Lemma 2.3] (which is directly valid in our setting), using
coordinates (3.2.3) on *T*M,
— —Hes = ——aH

52Hp
=§(20; — 08, — ¢ - 8)+K“(8 +K”((6 laK gca +zH',

DO =

(3.2.5)

Iu/‘r‘n

SOCIETE MATHEMATIQUE DE FRANCE 2013



24 CHAPTER 3. BUNDLES AND BICHARACTERISTICS

with H’ tangent to the boundary, hence as a vector field on ®S*M, restricted
to eSS":T,M , Hes is given by

1 o . o 1 0K - »
— —Hes = —gaé + K’JQiazj + K"Jgigjag — 5 ——aZk gigjagk.

(3.2.6) .

It is thus tangent to the fibers given by the constancy of y, ¢, 7). Notice also that Hes is
indeed tangent to the characteristic set, given by (3.2.4), and in esS;VM , it vanishes

exactly at § = 0. We let

Res = {q € =T NS5 M : Hes(q) =0} = {(t,9,2,£,1,0) € T : { =0}

be the es-radial set.

3.3. Edge-b cotangent bundle
Finally, we construct a bundle *®T*M over M that behaves like ®*T*M away from

W, and behaves like ®T™* M near the interior of W. Before doing so, we remark that
the pullback of PT* M, to M is ®°T*M, so 3 : M — M, induces a map
By : PT*M — PT* My,
such that
ﬂﬂle;,M - bTE(w)MO, we M,
is an isomorphism. It commutes with the R*-action, hence induces a map
[3’5 :PS*M — PS*M,,
such that
Bﬂle;M - bSE(w)MO, we M,
is an isomorphism.
More precisely, *®T*M arises from the lift of vector fields on Mo which are tangent
to all faces of My and vanish at W. (The set ¥ of such vector fields is a §°°(Mp)-mod-
ule, but is not all sections of a vector bundle over My-—unlike its analogue, 9/(Mp),

in the construction of ¥es(M); locally 20z, J = 1,...,f + 1, ;0;, and x;0y,,
i=1,...,f+1,j=1,...,n— f — 1, give a spanning list.)

Definition 3.3.1. — Let Yeb(M) consist of vector fields tangent to all of M and to
the fibers of W.

This is again a &°°(M)-module, and locally £d,, z0;, z9,,, z}@z;, and 6,,;/ give a
spanning set; in fact

Ve (M) = 6 (M) @ i) B V.
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Thus, there is a vector bundle, called the “edge-b” tangent bundle of M, denoted
ebT'M, whose sections are exactly elements of ¥e,(M). Let ®®T*M denote the dual
bundle. Thus in the coordinates of §2 sections of ®®T*M are spanned by

T;+£— +Z<,——+4" dz"

In particular, we point out that the lift of ) z; D, from My to M by 3 is 2Dy,
up to Ve, (M), hence considering their principal symbols gives

Y B =¢atz=0.
J

Dividing by 8*|m?| = z7!|7]| yields
(3:3.1) D A& =2f+0@?), E=¢/I7).
J

There exists a natural bundle map
Meseb : ST*M — T* M,

analogous to the bundle map m,_,p, : T* My — PT* M of (3.1.1). In canonical coordi-
nates, this maps

(Zyéyﬂvg_/;gn) = (T:17 €:§7 n=n Cz, _C: ;) CH _C”)

This map commutes with the RT-action of dilations in the fibers, and maps
p~1({0}) C *T*M \ o into the complement of the zero section of ®*T*M, so it gives
rise to a map
7@ .esyy ebS*M
Let
ebz — @(ESE) C ebs*M
In coordinates
&,y t,2,€ = &/I7l, A =n/|rl, {=¢/Ir,
n °®S* M, and analogously defined coordinates on *S* M
Al

R ~ oAl oAl A A . o2 ~ ~ /
Wesaeb(x,y:tyz,évﬂyg 7§_ )= (:E’yataza§ =§7 n=ma, Czl =£izzl'a C” = C )7

so forw e W, 2j(w) = --- = zp(w) =0, 241 (w) #0,..., z,(w) #0, with p > 1,

ENLSEM = {(€n, ) ePSyM: == =0,

>

1 2 €2+h(y717) +k(y7z?(0,"‘?07 Zp+17"'7<.—’/c)7<”)}'

/
p+1 zk

We again also obtain a map wep : $°X N ebS;VM — S*W analogously to wes which

is a fibration over Hw,p; in local coordinates (on S*W near the projection of *®%,
(y,t,7) are local coordinates, / = n/|7|)

(3~3-2) web(Oa Y, t,z,é, 7, 6) = (y7t’ﬁ = ﬁ)
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More invariantly we can see this as follows. As discussed in [15, Section 7] in the
setting where the fibers on W have no boundaries, one considers the map

z: PT*M — *T*M

given by multiplication of the covectors by = away from W, which extends to a £
map as indicated, namely

dt dy dz]
z- T—+§—+ +ZC{z—£+C”-dz"

dz!
— Tdt—l—xf% +ndy+ZzC{? +x¢" - d".
i

Note that at = = 0, this gives

z - (@) = 7dt + ndy,

3.3.3 dt  d d dz! .
(3:33) a=r= 42 4 TS 0B d e PTIM, we W,
X xr X 'Zi

In particular, as the image under (z-) 0 Tes—ep of p~1({0}) C *T*M \ o is disjoint
from the zero section, and since multiplication by  commutes with the R*-action in
the fibers, By o (z-) descends to a map

Web - EbE — bzo,

and away from W it is given by the restriction of the natural identification

of ebS]*VI\WM with SM \WMO, while at W, as (3.3.3) shows, is given by (3.3.2),

where we consider S*W C PS* My, cf. (3.1.4).

We now introduce sets of covectors that are respectively elliptic, glancing, and
hyperbolic with respect to the boundary faces of My meeting at the corner W; these
sets are thus of covectors over the boundary of W

&="1P8; s M\ °T = {q €S M : (Tes—eb) '(q) = 2},
g = {q S EbS; |7Tes—>eb ( )| - 1}
H ={q € LSyt [Temeb  (a)] > 2},

o % ﬂebS(;WM =gUk.
In coordinates, note that, for instance, for

weW, zj(w) = =z)(w) =0, z5,,(w) #0,..., 2 (w) #0,
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3.4. BICHARACTERISTICS 27

with p > 1,
ENPSE M
={3j, 1<j<p {#0}

U {1 < 52+h(y,ﬁ)+k<y,z, (0,0, C’,’H,...,gé),f”)},
gntsian={

., N
1=§2+h(y,ﬁ)+k<y,z, (00@4_1;)(,)}

I
I
SV
Il
=

(3.3.4)

f[ﬂebS;M={5{="‘:é,',=0,

A G an
2 A p+1 Sk 1"
1> ¢ +h(y,n)+k<y,z,(O,...,O,z,H,...,z’;),C .

P

Remark 3.3.2. — The set Gy, defined in (3.1.5) represents rays that are glancing
with respect to the corner W, i.e., are tangent to all boundary faces meeting at W,
while § defined above describes the rays that are glancing with respect to one or
more of the boundary faces meeting at W (see Figure 1). The sets §y;,,, and Hw,p
live in S*W C S}, My. This can be lifted to ®S*M by 3 (since T*M = B*PT* M,),
but in this picture ﬁW,b and H w1, are global in the fibers of 3, i.e., live over all of W,
not merely over its boundary.

3.4. Bicharacteristics

We now turn to bicharacteristics in ®*%, which will be the dynamical locus of the
geometric improvement for the propagation result. Taking into account that Hes is
tangent to the fibers of wes, one expects that over W, these bicharacteristics will lie
in a single fiber of the related map wey, i.e., y,t,7 will be constant along these. The
fibers of wes and we, have a rather different character depending on whether they
are over a point in ﬁw,b or in Hwy,. Namely, over ﬁW,b the fibers of wes resp. wep
are éb = O,fb = 0 resp. £ = 0,¢ = 0 i.e., they are the zero section. By contrast over
a=(t,y,7) € Hwyp, the fiber of we is

¢ o ~ 5 es Qx 22 > -~
ﬂes—»a,bz {(t7y7zvéyﬂ=n’£) €S M§ +k(y,z,£)=1~h(y,ﬂ)}
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28

FIGURE 1. Glancing rays. The ray depicted at top, in M (projected down
to X), terminates at a point in §. The ray depicted at bottom, in My
(projected down to Xo), terminates at a point in G, , .

while that of w,p, is

ﬂeb—wt,bz {(t,y’z’é,'f]yé\)eebs*M: CA{z: AIIJ=O’
E1k(y,2 (00,0, 22, 28" ) <1 h(y,@) .
Zp+1 2y

The geometric improvement will take place over #w, so from now on we concen-
trate on this set. Now, for a = (¢,y,%) € Hwyp

s s erp 22 R
«%es mj[es—»a,b = {(t’yaz7§)ﬂ = 777£ = 0) €“S*M : § =1- h(y,ﬂ)}v
hence has two connected components which we denote by
%es,a,I/O = {(tvyvzaévﬁ = ﬁvé = 0) €*S*M : § = isgn(z) 1- h(yaﬁ)}y

with sgn(r) being the constant function £1 on the two connected components of 3.
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Here the labels “I/O”, stand for “incoming/outgoing.” This is explained by
1 N 1 N
"EHest = -7, _EHesx = éza

so in a neighborhood of Res a1, Hest and Hesz have the opposite signs, i.e., if ¢ is
increasing, = is decreasing along Hes, just as one would expect an ‘incoming ray’ to
do; at outgoing points the reverse is the case.

We also let

e —
%eb,a,I/O = Wesaeb(%es,a,I/O)

= {tt,y,2.81,C=0) 5" M 1 € = £ogn(r) VI - hy, D)},

and
%eb,S,I/O = UaGS‘%eb,a,I/O
for S C Hwp.
Definition 3.4.1. — An edge generalized broken bicharacteristic, or EGBB, is a contin-

uous map v : I — °®¥ such that for all f € €°(°®S* M), real-valued,
(o) = (o (so)
(3.4.1) =% 5= 0
. — % —— -1 es
> inf {Hes(ﬂ'es—mb f)(Q) 1 g € Tes—eb (7(30)) N 2}

Lemma 3.4.2. — 1. An EGBB outside ebS"}VM is a reparameterized GBB (under
the natural identification of bS]’(,_,O\WMO with esz*vf\v'VM)’ and conversely.
2. If a point q on an EGBB lies in ebS"j-VM, then the whole EGBB lies in ebS"’;vM,
in ! (@Web(q)), i-e., in the fiber of wep, through g.
The only EGBB through a point in Rep, .1 /o 15 the constant curve.

4. For o € Hwyp, an EGBB in Hep—ab \ Reb,a,1/0 Projects to a reparameterized
GBB in ®T*Z, hence to geodesic of length m in Z.

w

Proof. —

1. As Hg and Hg differ by an overall factor under the natural identification ¢ :
S;VIO\WMO — esS;‘W\WM, namely

teHy = |77 ]2 Hes = 27 Hen,
we obtain this immediately.

2. The tangency of Hes to the fibers of wes means that if we set f equal to any
of ty;, £t,£72, Hesf = 0. By (3.4.1), then (f 0v)’(so) = 0 for all so, and for
each of these choices. This ensures that v remains in the fiber.

3. Hes vanishes at the unique q € 7®_1(7(30)) N Y if ¥(s0) € Reba,1/0-
Moreover, the function é ovisin C!, as

Hesé = 2K(yytaz,§) = 2(1 - h(yaﬁ) - §2

)
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30 CHAPTER 3. BUNDLES AND BICHARACTERISTICS

on Y. Thus, (3.4.1) entails that ifg = +4/1—h(y,7) at some point on an
EGBB, then it is constant.

4. This follows from a reparameterization argument, as in [15], taking into account
that Hes is tangent to the fibers of esTJ-VM , hence can be considered as a vector
field on ]Rg xT*Z. (In fact, a completely analogous argument takes place in [28,

Section 6] in the setting of N-body scattering.) O

Suppose now that v : [0,d0] — PX is a GBB with v(0) = o € Hwy. Thus,
assuming &g > 0 is sufficiently small, by Lemma 3.1.5, ¥|(g,5,) N bSx My = @. Since
bS;‘WO\WMO is naturally diffeomorphic to ebSI*W\WM , we can lift 7|5, to a curve
4 : (0,80] — °*S*M in a unique fashion. It is natural to ask whether this lifted curve
extends continuously to 0, which is a question we now address.

The following is easily deduced from Lebeau, [11, Proposition 1] (stated here in

Lemma 3.1.6) and its proof:

Lemma 3.4.3. — Suppose that o € Hwyp. There exists §o > 0 with the following
property.

Suppose 7 : [0,80] — °S* My is a GBB with v(0) = a. Let 7 : (0,80] — **S*M be
the unique lift of ¥|(0,s,) to ebS*M. Then 7 (uniquely) extends to a continuous map
¥ : [0, 80] — ¢*S*M, with 7(0) € Reb,a,0-

In addition, v approaches W normally if and only if

4(0) ¢ ebSSWM N Reb,a,0 = G N Reb,a,0-

The analogous results hold if [0,80] is replaced by [—6o,0] and Reb a,0 is replaced
by k%eb,a,l'

Remark 3.4.4. — The proof in fact shows that dg can be chosen independent of « as
long as we fix some K C Hw,, C bS‘*,‘VMO compact and require a € K.

Remark 3.4.5. — The special case of a normal GBB segment -y, which lifts to a curve
5 : [0,80] — °®S*M starting at W°, follows directly by the description of geodesic
in edge metrics from [15], since normality implies that for sufficiently small §, > 0,
7Yl(0,50] has image disjoint from z; = 0 for all j, i.e., the boundaries can be ignored, and
one is simply in the setting of [15]. This argument also shows that given a € #w,, and
P € Reb,a,0\Y, for sufficiently small § > 0, there is a unique GBB v : [0, §o] — >S* My
with v(0) = a such that the lift 4 of ~ satisfies y(0) = p.

Proof. — Let a = (yo, to,73). First, by Lemma 3.1.5, ’yl(oygolﬂbS{jVMo =g fordyg >0
sufficiently small, hence the lift | s, exists and is unique. Lebeau proves in [11,
Proof of Proposition 1] (with our notation) that

LA R dz(v(s N
lim £(7(s)) = 1/1 — h(yo,7%3) and —%(_—)—)ls=0 = 24/1 = h(yo,75) > 0.
This implies that

sup{|¢(q)| : ¢ € (7o=p) " (7(5))} — 0 as s — O+,
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since
4 A 22 22
Y Kij(y,2)¢, ¢, =1 - h(y,7) ~& +9G <1-h(y,i) ~€ +Cz

on %, and 1 — h(y(5(s)),7(3(s))) — §(§'(s))2 + Cz(%(s)) — 0. It remains to
show that the coordinates z; have a limit as s — 0. But by Lemma 3.1.6,
(dzj o y/ds)|s=0 = 2£5(0) exists, and 3 A;;£(0)E5(0) = 1 — h(yo,75) > O.
Thus, considering z;(y(s)) = z;(v(s))/z(v(s)), L’Hopital’s rule shows that

lim,_04 2;(v(s)) = é;(O)/\/l — h(yo,7M5) exists, finishing the proof of the first
claim. The second claim follows at once from the last observation regarding

lims_,04 2;(7(8))- O

We also need the following result, which is a refinement of Lemma 3.4.3, insofar as

Lebeau’s result only deals with a single GBB emanating from the corner W of Mj :
the following lemma extends Lemma 3.4.3 uniformly to GBBs starting close to but
not at the corner. For simplicity of notation, we only state the results for the outgoing
direction.
Lemma 3.4.6. — Suppose that & € Hw, P € Reb,0,a5 Pn € EbS;‘W\WM, and p, —
p in ®S*M. Suppose &y > 0 is sufficiently small (see following remark). Let 7, :
[0,80] — PS*My be GBB such that v,(0) = pn. For n sufficiently large, let 7y :
[0,80] — ¢°S*M be the unique lift of v, to a map [0,00] — °°S*M. Then for N
sufficiently large, {¥n}n>N 1S equicontinuous.

Remark 3.4.7. — As p, — p, £(pn) — £(p) > 0, so there exists N > 0 such that

f+1

Zg;)(pn) = x(pn)é(pn) + O(w(pn)z) >0

j=1
for n > N; cf. (3.3.1). Thus, by Lemma 3.1.5, there exists do > 0 such that v, |[,5,) N
bSy My = @ for n > N-—this is the dy in the statement of the lemma. Hence, for n
sufficiently large, v, has a unique lift 7, to ®®*S*M, since **S*M and ®S*M, are
naturally diffeomorphic away from W, resp. W as previously noted.

Proof. — Note first that {v,}nen is equicontinuous by Lebeau’s result [11, Corol-
laire 2| (see also the proof of [11, Proposition 6])—indeed, this follows directly from
our definition of GBB. This implies that {%, }»en is equicontinuous at all sq € (0, dg],
for given such a sg, there exists Ko C My compact disjoint from W such that 7n|[30,50]
has image in bSJ’,‘{OMO, which is canonically diffeomorphic to ebSZ;_l ( KO)M . Thus, it
remains to consider equicontinuity at 0.

For sufficiently large n, all -y, have image in ®S} M, where K is compact and K C O
for a coordinate chart O on Mj. Thus, by the equicontinuity of +,, the coordinate
functions

Tj 0 Yn, 150 Vny Yj © Yny £F 0Ty 77 ©n
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are equicontinuous. We need to show that for the lifted curves, 4,, the coordinate
functions

Z 0 Yn, 15 ©Yn, Yj ©Yny 25 © Yn, éo:)/n’ 7 © Yns Ej °Yn
are equicontinuous at 0. By the above description, and y; 09, = y;09n, t;09, = t;07,
and A; 0 4 = A o v, are equicontinuous, as is o ¥, in view of x = (3 a;;ziz;)Y/2.
Thus, it remains to consider f 0 ¥n, 2j © ¥n and (Aj 0 An-
Let p = (0, o, 20, &0, flo, 0), and write u = £y > 0. Thus,
1= v1— h(yo, o)
Let €; > 0. One can show easily, as in the proof of Lebeau’s [11, Proposition 1], that
for all n sufficiently large (so that p,, sufficiently close to p) and so > 0 sufficiently
small,
(3.4.2) s €[0,80] = € 0Fn(s) € [ — €1, 1+ €1].
Indeed, Hsé =2z} EKUQQ + F with F' smooth, so Hsé > —C) over the compact
set K, hence
(3.4.3) £04n(5) > &(pa) — Cos.
On the other hand, on %,

£ =1-hyi) - K, 2)(,¢, +2G < 1-h(y,7) + Crz,

hence on *%,
£ <1—h(y,7) + Crz.
Let

®(z,y,7°) = \/1 - h(y,7°) + C1z;
this is thus a Lipschitz function on a neighborhood of a in ®S* My, hence there is
8¢ > 0 such that ® o 7"'[0»36] is uniformly Lipschitz for n sufficiently large. Thus,

l(Fn(5))] < B(7a(5)) < ®(a) + [@(pn) — @(a)] + [2(1n(5)) — B (ps)|
< V1= h(yo,70) + |2(pn) — ()| + C’s.
Thus, for sufficiently large n (so that p, is close to p),
(3.4.4) € ()] < V1 = R(yo, o) + €1/2+ C's.

Combining (3.4.3) and (3.4.4) gives (3.4.2).
Now consider the function

© =1 h(y,q) - €,
80 M_,Olszons Mo = 20 Kijgi_&_j. This satisfies
MO = ~2HE+ By = 1€ Y Kb, + Fa— 480 4
with F; smooth. Now,
z(pn) + (b — €1)s S 0o Mm(s) S x(pn) + (1 +€1)s,
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S0
%e oy +4z 1O < C
implies that
d d(p—e)
—06, +
ds z(pn) + (L + €1)s
where we write ©,, = O o 7,,. Multiplying through by

(z(pn) + (L + @

enSC,

)8)4(M—€1)/(u+€1)
gives

d 4(p—e €
;lg((x(l’n)"'(#‘*'el)s) (p—e1)/(p+ l)en)

< C(z(pa) + (1 + €1)s)

(3.4.5)
4(p—e1)/(pter)

Integration gives
(€(pn) + (1 + €)s) U™ TN, (5) — 2(p, ) e/ wtre)g, (0)

(3.4.6) 3 .
< C,<(.’L'(pn) + (”+61)5)1+4(u €1)/(p+er) _$(pn)1+4(“_61)/(”+61))-

Thus,
(34.7) 0.(s) < (1+ (u+e)s/z(pa)) ¢~V B+g (0)

+ C'((-’L'(pn) +(p+ 61)3) —z(pn)(1 + (1 + €1)S/w(pn))_4(“"61)/("+€1))'

Since

)—4(H~€1)/(H+€1)

(1+ (u+e1)s/z(pn) <1,

this yields
(3.4.8) On(s) < On(0) + C'(x(pn) + (1 + €1)s)

On the other hand, as on 53¢, © = ZKijéigj + zF, with F smooth, so ©® > —Cx,
we deduce that

On(s) = —C(2(pn) + (1 + €1)s).
Thus,

_C(x(Pn) + (p+ €1)"’7) < O,(s) < O,(0) + C'(z(pn) + (p+ 61)3)-

Suppose now that € > 0 is given. As p, — p, there is an N such that for n > N,
Cz(pn) + ©,(0),C"z(ps) < €/2. Moreover, let so > 0 such that C(u + €1)s,C’ (1 +
€1)s0 < €/2. Then for n > N, s € [0,s0], —€¢ < O,(s) — 0,(0) < ¢, giving the
equicontinuity of ©,, at 0 for n > N. In view of the definition of ©,, and the already
known equicontinuity of y o §,, and 7 o 7y, it follows that (€ o 4,)%, hence ¢ o 7, are
equicontinuous. As on X%, |§|2 < C|6| + C'z, we also have |(|? < C|O| + C'z there,
S0

1€ 0 Fn(5) = C(@a)l < 1(@a)| + 1€ 0 Fn(5)] < [{(Pn)] + C1On(s)] + C'z(Fn(s))-
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Given € > 0, by the equicontinuity of ©,, and zo4,, there is so such that for s € [0, s¢],
ClOn(s)| + C'z(3n(s)) < €/2. As {(p,) — 0 due to p, — p, for n sufficiently large,
IC(pn)| < €/2, so for n sufficiently large and s € [0, so], |€ 0 Fn(s) — C(pn)] < €, giving
the equicontinuity of g: o4, at 0.

It remains to check the equicontinuity of Z, = z 0 ¥,,. But

%] < sup (a0 et@ 0 € B, 7o) = 10000,
and for such g, by (3.4.7),
z?|¢ < Ca¥(|)] + 2)
< C(a(pn) + (1 — €0)8) (1 + (u+ e1)s/a(pa) 7 Ve, (0)
+C(2(pa) + (1 + e1)s),

SO
=71
< C(e(pn) + (= €)s) " (L+ ( + e2)s/z(p,)) ¢ g, (0)1/2
+CVa(pn) + (u + e1)s
< C’:I:(pn)_l(l +(u— el)s/z(pn))_1_2(”_61)/(”+€1)Gn(())l/z

+CV(pa) + (n+e1)s.
Thus, integrating the right hand side shows that

|Zn(5) = Za(0)] < C'On(0)/2((1+ (1 = e2)s/a(pn)) 2070+ 1)

+C'svVz(pn) + (B +€1)s
< C'0,(0)/% + C's\/x(pa) + (u+ €1)s.

An argument as above gives the desired equicontinuity for n sufficiently large, com-
pleting the proof of the lemma. O

Corollary 3.4.8. — Suppose that o € H w1, P € Reb,0,a Pn € ebS]*W\V-VM, and p, —
p in ®S*M. Let 7, : [0,00] — PS*My be GBB such that v,(0) = p,. Then there is
a GBB v : [0,80] — ®S*My and v, has a subsequence, {Yn,}, such that ., — v
uniformly, the lift 7 : [0,80] — °®>S*M of v satisfies 7(0) = p, and the lift Yn, of Yn,
converges to 4 uniformly.

Proof. — As p, — p, it follows that there is a compact set Ky C My such that ,(s) €
bS}‘{O M, for all n and all s € [0, §p]. Then by the compactness of the set of GBBs with
image in bS}}Mo in the topology of uniform convergence, [11, Proposition 6], -y, has
a subsequence, 7y, , uniformly converging to a GBB = : [0, 5] — bG8* M. In particular,
v(0) = limg, Yn, (0) = limy web (P, ) = @Web(p) = @. By Lemma 3.4.3, ~ lifts to a curve
7 : [0,80) — ¢®S*M. We claim that 4(0) = p-—once we show this, the corollary is
proved.
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Let 7, : [0,80] — ¢©S*M be the lift of +,,. By Lemma 3.4.6, {¥n, }xen is equicon-
tinuous. Since for 6 > 0 7y, l(5,5,) — 7 uniformly, and these curves all have images
in PSj. My for some K; compact, disjoint from W, where Sk, My and ebS;;_l( )M
are canonically diffeomorphic, we deduce that ¥, |(5.5,] — 7l(5,6,) uniformly; in par-
ticular {n,|[5,5,]} is a Cauchy sequence in the uniform topology.

Let d be a metric on ®®S* M giving rise to its topology. Given € > 0 let § > 0 be such
that for 0 < s < § and for all n, one has d(F,(s), 7.(0)) = d(3n(s),pn) < €/3-—this §
exists by equicontinuity. Next, let N be such that for k,m > N, d(pn,,Pn,,) < €/3 and
for k,m > N, § < s < 9, d(n, (8), ¥n,.(s)) < €/3; such a choice of N exists by the
uniform Cauchy statement above, and the convergence of {p,}. Thus, for k,m > N
and 0 < s <6,

d(’?nk (3)7 ﬁnm (3)) < d(’?nk (S),pnk) + d(pnk ,pnm) + d(pnm y ;?nm (3)) <e

Since we already know the analogous claim for § < s < 4o, it follows that {¥,,}
is uniformly Cauchy, hence converges uniformly to a continuous map % : [0,d0] —
¢G§*M. In particular, (0) = lim 7, (0) = limg pn, = p. But Y, lis,60) — Flis,60]
uniformly for § > 0, so |(5,5,) = ¥l[s,50]- The continuity of both ¥ and 4 now shows
that 4 = 4, and in particular 4(0) = p as claimed. O

Now we are ready to introduce the bicharacteristics that turn out in general to
carry full-strength, rather than weaker, diffracted, singularities.

Definition 3.4.9. — A geometric GBB is a GBB v : (—s¢,80) — PXo with ¢ = v(0) €
Hw, such that there is an EGBB p: R — ebT‘:‘VM with

lim p(s) = lim 4_(¢),
8§——00 t—0—

I — lim &
Jm p(s) = lim 7. (2),

with 44, resp. §_, denoting the lifts |(9,5,], T€SP- Y|[—30,0], S0 > O sufficiently small,
to *S* M.

We say that two points w,w’ € Py are geometrically related if they lie along a
single geometric GBB.

Let T be a large parameter, fixed for the duration of this paper.

Definition 3.4.10. — For p € Hw,, the flow-out of p, denoted & ?M,, is the union of
images 7((0,T]) of GBBs v : [0,T] — Xq with v(0) = p.

For p € #'wp, the regular part of the flow-out of p, denoted & g,p,,eg, is the union
of images 7((0, sg)) of normally approaching (or regular) GBBs v : [0, s9) — "X, with
v(0) = p and ~(s) € T*M° for s € (0, sp).

The regular part of the flow-out of a subset of #w, is the union of the regular
parts of the flow-outs from the points in the set.

We let

b
O,p,sing
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denote the union of images (0, T] of non-normally-approaching GBBs 7, i.e., those
GBBs v with v(0) € N Rep-
The flow-in and its regular part are defined correspondingly and denoted
T T

»p? yp.reg’

We let F t; /0 denote the union of the flow-ins/flow-outs of all p € Hwp.

We also need to define the flow-in/flow-out of a single hyperbolic point
q € %eb,a,l/o\ebS;WM (i.e., for p € Hwyp as above, we will consider the flow
in/out to a single point in a fiber ¢ € Rep, . 1 o) By Remark 3.4.5, given such a g,
there is a unique GBB ~(s), defined on [0,T] (or [-T,0], in case of I), with lift ¥
satisfying lim,_,o5(s) = ¢q.

Definition 3.4.11. — For q € Rep, 1 /O\ebS;V-VM , let 9‘}70,(1 denote the image 7((0,T])
(or #([-T,0)) in case of I) where 7 is the unique GBB with lift 4 satisfying
lim,_,04(s) = ¢. Let gil;quyreg be defined as the union of 5((0, sp)) with 5(s) € T*M°
for all s € (0, sg). Additionally, let & ?70 denote the union of all flow-ins/flow-outs
of g € Rep,1/0\P S}z, M, and let T = T3 U TG

For brevity, we often use the word ‘flow-out’ to refer to both the flow-in and the
flow-out.

One needs some control over the intervals on which normally approaching GBB do
not hit the boundary of M:

Lemma 3.4.12. — Suppose K C W° is compact, X C Hwpyp is compact, g > 0.
Then there is 8o > 0 such that if v : [0,e0] — °S*My a GBB with lift 7, 4(0) €
Reb,a,0 NS} M for some a € K, then 7((0,80)) NS}, M = 2.

Proof. — First, by Lemma 3.1.5 there is a §; > 0 such that any GBB ~ with v(0) € X
satisfies 7| (0,s;] disjoint from Sy, Mo.

Suppose now that there is no §g > 0 as claimed. Then there exist GBBs +; :
[0, €0] — PS* My, p; € S M N Reb,a;,0, @ € K, and §; > 0, §; — 0, such that
v;(85) € ngMO Mo, and the lift 4; of ~; satisfies 4;(0) = p}. We may assume that
8; < €0/2 and §; < &) for all j, hence 7;(d;) ¢ PSyy Mo. By passing to a subsequence,
using the compactness of £ and of K, hence of ebS}*{M NReb,%,0, We may assume that
{a;} converges to some a € K, and {p} converges to some p € ®*SjxM N Rep,a,0-
Using the continuity of 4; for each j, we may then choose some 0 < €; < d; such
that p; = 7;(e;) — p as well; note that p; ¢ Sy M. (We introduce ¢; to shift the
argument of ; by €;, namely to ensure that v;(. + €;) at s = 0 is outside *S}, M,
so Corollary 3.4.8 is applicable.) Thus, we can apply Corollary 3.4.8 to conclude
that v;(. + €;) : [0,e0/2] — PS*M, has a subsequence Yn; such that v, (. + €n;)
converges uniformly to a GBB #, the lifts ¥,; (. + €n;) also converge uniformly to the
lift 4, and 5(0) = p. Thus, Y, ((6n; — €n;) + €x,;) — 7(0) = p since o, — €n; — 0.

J
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As A, ((0n; — €n;) +€n;) € ebS;M\WM and eb.5'(;1\4\‘)~V°M is closed, it follows that
pE ebs*

BA\To M, contradicting p € ebS}‘{M . This proves the lemma. O

Remark 3.4.13. — Another proof could be given that uses the description of the edge
bicharacteristics in [15], since the GBB covered are normally incident.

Corollary 3.4.14. — Suppose U C W° is open with U C W° compact, U C K Wb 18
open with U C H w,b compact. Then there is 0o > 0 such that the set O of points p €
e>S* M for which there is a GBB v with lift % such that 7(0) € ®®SHM N Rep 9.0 and
v(s) = p for some s € [0,8) is a & coisotropic submanifold of ®*S*M transversal
to >S5 M.

Proof. — By Lemma 3.4.12, with K = U, £ = U, there is a §p > 0 as in the lemma,
hence the set O consists of points p for which the GBB « only meet OM at s = 0,
so (taking into account part (2) of Lemma 3.4.2 as well) O is a subset of the edge
flow-out studied in [15] (e.g., by extending the edge metric g smoothly across the
boundary hypersurfaces other than W) In particular, the properties of the flow-out
of such an open subset being €, coisotropic®® and transversal to ebS"},M follow
from Theorem 4.1 of [15]. O

We now turn to properties of the singular flow-out.

Lemma 3.4.15. — The singular flow-out, gsﬁlg, is closed in ebAS';‘VI\WM.

Proof. — Suppose p, € & :it;g, and let v, be such that the lift 4, of 7, satisfies
¥n(0) € G N Reb, and Y¥n(Sn) = Pn, Sn € (0,T]. Suppose that p, — p € ebS;I\WM.
Then there exists a compact subset K of M such that v,(s) € PS} M for all n
and all s € [0,T]. By passing to a subsequence we may assume that s, — s; as
pé¢ eb,S"‘;-VM , s # 0. By passing to yet another subsequence we may also assume that
¥n(0) = ¢ € GN Rep. Let €, > 0, €, — 0, 50 Vn(€n) ¢ ebS;}VM and v,(e,) — q.
By Corollary 3.4.8 we conclude that v,(. + €,) : [0,T] — PS*M, has a subsequence
“Yn; such that v, (. + €;) converges uniformly to a GBB 1, the lifts 7, (. + €,,) also
converge uniformly to the lift 4, and 4(0) = ¢. In particular, as v, ((Sn; —€n;)+€n;) =
Y, (Sn;) = Pn; = P, and Sp, — €, — 8, Y(s) =p,sop € gzﬁlg as claimed. O

Lemma 3.4.16. — Suppose K C W° is compact, X C Hw,y, is compact. Then K has
a neighborhood U in M and there is €g > 0 such that if v : [0, €] — PS* M, is a GBB
with lift 7, 7(0) € Reb,0 NG, 7(0) € K then F(s) ¢ S M for s € (0, €.

(2) In [15], being coisotropic is considered as a property of submanifolds of a symplectic manifold,
eT*M \ 0, M being an edge manifold. Conic submanifolds of ®*T*M \ o can be identified with sub-
manifolds of ©S* M, and conversely, thus one can talk about submanifolds of ©S* M being coisotropic.
Alternatively, this notion could be defined using the contact structure of ©S* M, but for the sake of
simplicity, and due to the role of symplectic structures in classical microlocal analysis, we did not
follow this route in [15], necessitating making the connection via homogeneity here.
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Proof. — Let €y > 0 be such that any GBB « with y(0) € X satisfies (g, disjoint
from bS;,‘VMo; such ¢j exists by Lemma 3.1.5.

Now suppose that no U exists as stated. Then there exist GBB v, and s, € (0, €]
such that the lifts 7, of 7, satisfies 7,(0) € Reb,0 N Y, 1n(0) € X and 7(Yn(sn)) — ¢,
q € K, where m : ®®S*M — M is the bundle projection.

By the compactness of X and the compactness of Uye g Reb,0,o N G we may pass
to a subsequence (which we do not indicate in notation) such that +,(0) converges
to some a € X and 7,(0) converges to some p € Rep,0 N F. We may further pass
to a subsequence such that s, — so € [0, €], and still further (taking into account
the compactness of the fibers of ®*S*M — M) that 9,,(s,) — p € ®S} M. Choose®
€n € (0,s,) sufficiently small such that ¢, — 0 and 7, (e,) — p. By Corollary 3.4.8
Yn(-+ €r) has a convergent subsequence 7, such that v,, (. +€,, ) converge uniformly
to a GBB v and the lifts 4, (. + €5, ) converge uniformly to the lift ¥ and 5(0) = p.
Thus, Fn, (Sn, + €nx) — F(S0), 50 ¥(s0) = p € ®S} M. But by the definition of €,
v(s0) ¢ ®Syy Mo if so > 0, while so = 0 is impossible as 7(0) = p € ebS;V-VM, while
K C W°. This contradiction shows that the claimed U exists, proving the lemma. [

Corollary 3.4.17. — Suppose K C W° is compact, X C H w,p s compact. Then K
has a neighborhood U in M and there is g > 0 such that if o € U\W and vy is a GBB
with v(0) € PS* My then for s € [—€o,0], v(s) € K implies v is normally incident.

In particular, if ¢ € W°, a € Hwp and v is a GBB with v(0) = a and lift
4(0) € ebS,;,‘M then there is 8o > 0 such that s € (0,80], Yo(s) € ®S* M, implies that
every GBB v with v(0) € ®S*My, v(s) = a, s € [—€0,0], is normally incident.

Proof. — Let U and ¢y be as in Lemma 3.4.16. If o € U, « is a GBB with v(0) €
bS* My, so € [—€0,0], 7(so) € X and 7 is not normally incident, then the lift ¥
of « satisfies ¥(so) € Reb,0 N G by Lemma 3.4.3. Thus, with vo(s) = (s — so), so
40(0) € Reb,0NG, 710(0) € K, Lemma 3.4.16 shows that Fo(s) ¢ °®S; M for s € (0, €o],
contradicting Jo(—s0) € PS5 M.

The second half follows by taking X = {a}, K = {q}. O

3.5. A summary

The following table summarizes a number of the most useful facts about the bundles
that we have introduced above.

(3) Again, we do this so that Corollary 3.4.8 is applicable; cf. the proof of Lemma 3.4.12.
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Manifold | My | M, | M | M
Bundle b s eb es
Vector fields || 2;0z,,0y, | Oz,,0y, | 0z, 10y, z;azg,az;, x0y, 0y, 0,
Dual coords S A &n, ¢\ ¢" &M<
Char. set ®%o 530 eby; sy

(We have omitted time coordinates and their duals, as they behave just like y
variables, and the notation follows suit.)

We also employ a number of maps among these structures, the most common being:
Tsb : T* My — PT* Mo,
Teseb : ST*M — T* M,
Wes : T, M — T*W,
w@eb : T, M — T*W.

Recall that hats over maps indicate their restrictions to the relevant characteristic
set.
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CHAPTER 4

EDGE-B CALCULUS

Recall from Definition 3.3.1 that ¥ep(M) is the space of smooth vector fields that
are tangent to all of M and tangent to the fibration of W C OM given by blowdown.
Thus, in local coordinates, Ve, (M) is spanned over °°(M) by the vector fields

(4.0.1) €8y, €0, €0y, 20,0,

Definition 4.0.1. — The space Diff;, (M) is the filtered algebra of operators over
€°° (M) generated by Ven(M).

Recall also that Ve, (M) = §°°(M;°®T M), and *®T* M is the dual bundle of ®*T M.
In Appendix B the corresponding pseudodifferential operators are constructed.

Theorem 4.0.2. — There exists a pseudodifferential calculus W} (M) microlocalizing
Diffy,, (M).

The double space M2 on which the kernels are defined is such that the quotient
z/x’ of the same boundary defining function on the left or right factor, lifts to be
smooth except near the ‘old’ boundaries at which the kernels are required to vanish
to infinite order. It follows that z/z’ is a multiplier (and divider) on the space of
kernels. This corresponds to the action by conjugation of these defining functions, so
it is possible to define a weighted version of the calculus. Set

M) = 27N (M).
Proposition 4.0.3. — V" (M) is a bi-filtered calculus.

Now, ¥ (M) has all the properties (I-VII) of [15, Section 3], where ¥ in [15,
Section 3] is replaced by eb. Since the multiplier z/z’ is identically equal to one
on the lifted diagonal, the symbol is unaffected by this conjugation and hence the
principal symbol map extends to

Tebmt : Uy (M) — 27! S (PT™ M),

with the standard short exact sequence—see properties (III-IV). There are edge-b-
Sobolev spaces, HS (M), defined via the elliptic elements of ¥g, (M), and on which
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the elements define bounded maps
Ae VG (M) = A:H} (M) — H™(M)
(see property (VII)).
The symbol of the commutator of A € 7'(M) and B € \IIZ{)”II(M ) is given by
Teb,m+m’—1,1+1' (YA, B]) = Heb o0y 1m.1(4) (Teb,m 17 (B)).
In local coordinates the edge-b Hamilton vector field becomes

of of of, _(0f  0f
R G 5"~ "5y)

+ 3 (ha0q -5 3500) + 5 (o - 25)

- of
(402) Heb,f = +7- 6 )a§+ a a +(

In particular,
(4.0.3) T "Hep zka = kads + Hep q-

In the space-time setting, where one of the y variables, t, is distinguished (and we
still write y for the rest of the base variables), it is useful to rewrite this using the
re-homogenized dual variables 7 = n/|7|, £ = ¢/|7|, ¢ = ¢/|7|, o = |77, valid near
by, this becomes

of of __0f . 0f
a—gwax ( oz o0 34)3 Tt

of of .0f , Of of 2
.T(Ua—+ 8A+§8£ 6C> —2(0'60-4‘(8(‘)
of

of .
+w—a—t— (030+77-3ﬁ+§3A+C-3~) —:1:(—9—3;
Of 19 of
+Z(ag' / ]6, 4)+Z(ag"  — z;,ac,,)
This is tangent to the fibers of wep, : *L N ebS;-VM — S*W, in fact to its natural
extension to a neighborhood of ®®ZN*S% M in **S% M, so if b € > (°* S M) with

blen sz M constant along the fibers of this extension, then o#~1Hq, tb € 26 (°S* M)

for f homogeneous degree .

The fact that the operators are defined by kernels which are conormal means that
there is an operator wave front set WF,, for the eb-calculus, i.e., for A € ¥* (M),
WF., (A) C °*S*M, with the properties (A)-(F) of [15, Section 3] so in partlcular
algebraic operations are microlocal, see properties (A)—-(B), and there are microlocal
parametrices at points at which the principal symbol is elliptic (see property (E)).
These parametrices have error terms with which are smooth on the double space, but
they are not compact. We will abuse notation by writing

WFI eSS WFIeb

when there is no possibility of confusion (i.e., usually).

8fa

(4.04) 0 'Hep s = a7

-85
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As is the case for the b-calculus, for each boundary face {z; = 0} we may define a
normal operator N;; in the special case of a differential operator in Diff}, (M), written
in the form

P =Y Pi(zjD)*
where Py, € Diff}, (M) have no factors of (z;Dz;)k in terms of the local basis (4.0.1),
N;(P) is the family of operators on the face z’ = 0 given by

P)(¢) = D (Pe)lj=o(&)¥.

This map extends to a homomorphlsm on ¥} (M), and its vanishing is the obstruction
to an operator lying in 2] LWx (M), ie., enjoying extra vanishing at the boundary face
in question. (See [15, Sectlon 3] for a brief discussion of normal operators and [13]
for further details.)

As a consequence of the normal operator homomorphisms, ¥}, (M) has the addi-
tional property that the radial vector fields V; for all boundary hypersurfaces {2} = 0},
i.e., all boundary hypersurfaces other than W, [A,V;] € Z R (M) if A € U3 (M),
i.e., there is a gain of z;. over the a priori order. In local coordinates a radial vector
field for z; = 0 is given by 2; 64; V; being a radial vector field for 2; = 0 means
that V; — z; 62; € 2jVen(M). This latter requirement can easily be seen to be defined
independently of choices of coordinate systems. The fact that the normal operator
of z;.az; is a scalar then proves the assertion.

SOCIETE MATHEMATIQUE DE FRANCE 2013






CHAPTER 5

DIFFERENTIAL-PSEUDODIFFERENTIAL OPERATORS

5.1. The calculus

We start by defining an algebra of operators which includes [J. First, recall that
Ves(M) is the Lie algebra of vector fields that are tangent to the front face and to the
fibers of the blow down map restricted to the front face, 3|y, : W oW (but are not
required to be tangent to other boundary faces). Thus, elements V of V(M) define

operators V : i?’oo(M) — €OO(M) and also V : §°(M) — € (M).

Definition 5.1.1. — Let Diff (M) be the filtered algebra of operators (acting either
on & (M) or € (M)) over § (M) generated by Ves(M).
We also let Diff%:!(M) = z~!Diff* (M); this is an algebra of operators act-

ing on E?oo(M ), and also on the space of functions classical conormal to W,
Useﬂgﬁ_sgoo(M).

Remark 5.1.2. — Note that the possibility of the appearance of boundary terms re-
quires care to be exercised with adjoints, as opposed to formal adjoints. See for in-
stance Lemma 5.2.2.

We also remark that Diff*, (M), hence z~! Diff* (M), is closed under conjugation
by 2" where z is a defining function for W. This follows from the fact that Diff (M)
is so closed; the key property is that

z"(280;)z"" = (28,) — r € Diffl (M).

We will require, for commutator arguments that involve interaction of singulari-
ties with OM \W, a calculus of mixed differential-pseudodifferential operators, mixing
edge-b-pseudodifferential operators with these (more singular) edge-smooth differen-
tial operators.

Definition 5.1.3. — Let

Diftl, W (M) = { 3 4;B; : 4; € Difth,(M), B; € v(M) }
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Proposition 5.1.4. — |, ., Diff% W™ (M) is a filtered §°°(M)-module, and an algebra
under composztzon, it is commutative to top eb-order, i.e., for P € lef s Y (M),
Q < Dift* \II;'{) (M),

[P, Q] € DiffE+* wm+m'=1(pr),

The key is the following lemma.
Lemma5.1.5. — If A€ U (M) and Q € Ves(M), then
(5.1.1) [4,Q1=) Q;A; +B, [4,Q]=)_ AjQ;+B
where B, B' € WT (M), A;, A} € UL~ (M) and Q;, Q) € Ves(M).

Proof. — As both Ves(M) and U7 (M) are §°° (M )-modules, we can use a partition
of unity, and it suffices to work locally and with a spanning set of vector fields. Since
Dz, xDy,, Dz;/ € Ye(M), the conclusion is automatic for Q chosen from among
these vector fields since then B = [A, Q] € ¥7 (M). Thus it only remains to consider
the @ =D, : where z’ is a defining function for one of the other boundary faces. Then
for Q = z}Q =2z;D, € Diff}, (M), [A,Q] € ¥ (M)). The normal operator at z; =0

satisfies N;([A, Q]) [N;(A),N; (Q)] and N;(Q) is scalar, and hence commutes with
N;(A). Thus N;([4,Q]) =0, so [4,Q] € z; U7 (M). Consequently,

(612 -[4Q=1Q A4 = (TR A+ ()T 4)(H) e,

with the first term on the right hand side in W[} (M), the second of the form AQ,
A € U7 (M). This proves the first half of the lemma The other part is similar. O

Proof of Proposition 5.1.4. — The algebra properties follow immediately from the
lemma. It only remains to verify the leading order commutativity.

As the bracket is a derivation in each argument, it suffices to consider P, ) lying
in either Ves(M) or ¥* (M). If both operators are in ¥* (M), the result follows from
the symbol calculus. If P, Q € VYes(M), we have [P,Q] = R € ‘Ves(M ). We need
to write R as a sum of elements of Diff2(M) times elements of ¥_!(M). To this
end, let A be an elliptic element of U2 (M) given by a sum of square of vector fields

eb(M), e.g., in local coordinates

A= (20:)" + (20:)° + ) (28,)* + Y _(#10:0)* + ) 0.

We write A = ) ij for brevity. Let T € ¥_>(M) be an elliptic parametrix for A.
Then we may write
Id= Y V;(V;T)+E,

with E € ¥_,°(M). Now since Vep(M) C Ves(M), we certainly have V; € Ves(M)
for each j, hence RV; € Diff2,(M). Moreover V; YT € ¥_!(M). Thus,

R=Y (RV;)(V;T)+ RE,
and we have shown that R € Diff% ¥ !(M).
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Finally, if P € Ves(M) and Q € W7 (M) (or vice-versa) then using the lemma (and
its notation) we may write

[P,Ql=) Q,A; +B.
Using the same method as above to write B = ) RV;(V;T) + BE we find that
[P, Q] € DiffL, ¥~ (M). O
The above proof also yields the following useful consequence.
Lemma 5.1.6. — For allm,l € R, and k € N,
Diff7? Wl (M) C Diff ot Wik (M).
We note the following consequence of (5.1.2):

Lemma 5.1.7. — Let A€ Y} (M), a = 0cbm(A). Then
z[x“lDz;,,A] = Alz_lDz; +z7 A4,
where Ay € ¥ (M), Ay € U1 (M),
Gebm(Ao) = % Oebmo1(A1) = % + 22
Note that this is exactly what one would expect from computation at the level of
edge-b symbols: the Hamilton vector field of {//(zz]) is

(¢i/(22))(O¢; + 0e) + 2719,
Proof. — This follows immediately from writing
[z7'D.;, Al = [z, A]D,; + 271 [D,;, A].

We then use (5.1.2) together with the following principal symbol calculations
in U (M), see (4.0.2):

ZUeb,m([le A]) = z;az; a,
webm-1([(27) 7", Al2}) = O,

e m-1(l™, A]) = 27 3¢a,

as well as [/ Uk (M), 2" U (M)] C 2+ W5 =1 (M), which allows one to exchange
factors after the previous steps without affecting the computed principal symbols. [

We now define the edge-smooth Sobolev spaces. It is with respect to these base
spaces that we will measure regularity in proving propagation of edge-b wavefront set.

Definition 5.1.8. — For s > 0 integer,
HYUAD2(M) = {u e ' LE(M) : A € Diff3,(M) = Au € o' LX(M)}.
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The norm in HE U/ 2(M ), up to equivalence, is defined using any finite number
of generators A; for the finitely generated €°°(M)-module Diff (M) by

1/2

lull - cr+vr2 4y = Z ”w_lAj“H%g(M)
J

The space Hjs’fo—(fH)/?(M) is the closure of & (M) in H' =Y +V/2(pr).

Remark 5.1.9. — The orders above are chosen so that setting s = 0, [ = 0, we obtain
L2(M) = HY~YHD/2(31). Thus D22 (M) = L*(M,z~U+Y dg) is the L?-space
corresponding to densities that are smooth up to all ‘boundary hypersurfaces of M
except W, and that are b-densities at the interior of W, meaning that z(z~('*+1) dg)
is actually a smooth non-degenerate density on M. This convention keeps the weights
consistent with [15].

Note also that the subspace & of §°°(M) given by

(5.1.3) € =226 (M)

is dense in H3'™ (F+1)/ 2(M ) for all s and I; one could even require supports disjoint

from W. Thus, the difference between H“ U+D72(a1y and HE Y2 corre-

sponds to the behavior at the boundary hypersurfaces of M other than W, i.e., those
arising from the boundary hypersurfaces of My, where the boundary conditions are
imposed. Thus, this difference is similar to the difference between H*(€2) and H§(2)
for domains 2 with smooth boundary in a manifold.

The boundedness of ¥% (M) on Heg Li=(F+1)/ (M) is an immediate consequence of
the commutation property in Lemma 5.1.5.

Theorem 5.1.10. — U9, (M) is bounded on both Hels’l_(f+l)/2(M) and on the closed

subspace Hl v (f+1)/2(M)

Remark 5.1.11. — The more general case of Hed Li=(41)/ 2(M ) with arbitrary [ follows
from the case of | = 1 using 27! Az! € U9, (M) for A € ¥°, (M).
In fact, reduction to I = 0 would make the proof below even more transparent.
The case of Hy'~ (F+1/ 2(M ) can be proved similarly, but we do not need this here.

Proof. — As U9, (M) : E?OO(M ) — E?OO(M ), the second statement follows from the
first and the definition of Hls1 (f+l)/2(M).
As above, let & be the subspace of §°°(M) consisting of functions vanishing to

infinite order at W, which is thus dense in Helsjl_(fﬂ)ﬂ(M). Let A € U9 (M). As
o (M) : € — &, and A is bounded on LZ(M), one merely needs to check that

for Q € DiffL,(M) there exists C > 0 such that for u € &,

e QAullLz < Cllull yai-crsurz 4y-
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But

t71QAu = ([z71, Alx)(z71Qu) + 7@, Alu + A(z ™' Qu).
By Lemma 5.1.5, [Q, A] = 3 A,;Q; + B, B € ¥, (M), A € ¥} (M), Q; € Diffl (M),
hence z71[Q, 4] = >_(z71A4;z)(z71Q;) + (z~'Bz)z !,

o71QAu = (fz71, Ale)(z71Qu) + Y_(z7  4;2)(z Qju)
+ (z7'Bz)(z 7 u) + A(z 7' Qu),
so the desired conclusion follows from
2™ Qull Lz (ary, 1z ™ Qyull L2 any, e wllzaary < Cllull a2y w € 6,

and additionally [z, Alz,z 7' A;z € ¥, (M) C ¥O (M) (which are thus bounded
on L2(M), just as A,z ' Bz € \Ile (M) are) O

We can now define the eb-wave front set relative to a given Hilbert (or even Banach)
space, which in practice will be either the Dirichlet form domain or a weighted edge-
smooth Sobolev space serving as a stand-in for the Neumann form domain. We also
define the relevant Sobolev spaces with respect to which these wavefronts sets measure
regularity. For future reference, we also include the analogous definitions with respect
to the b-calculus.

Definition 5.1.12. — Let X C € °°(M) denote a Hilbert space on which, for each
K C M compact, operators in ¥, (M) with Schwartz kernel supported in K x K are
bounded, with the operator norm of Op(a) depending on K and a fixed seminorm
of a. Let X, consist of distributions u such that ¢u € X for all ¢ € 5" (M).

Form >0,r <0, let

H % 1oe(M) = {u € Xioc : Au € Xio for all A € U™ (M)}.

Let ¢ € ®®S*M, u € Xjoc. For m > 0,7 < 0, we say that ¢ ¢ WFebx(u) if there
exists A € \IIZET(M ) elliptic at g such that Au € Xjoc. We define ¢ ¢ WF' (u) if
there exists A € U3 (M) elliptic at ¢ such that Au € HE g loe(M).

There is an inclusion
m,r m’,r’
WFeb,xu C WFeb r U

if

m<m, r<r.
Remark 5.1.13. — We could alter this definition to allow u a priori to lie in the larger
space

D A(%)

with 4; € ¥ O(M); this would allow us to give a non-trivial definition of WFeb T U
even for m < 0.
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The restriction to r < 0 is more serious: operators in \II;’)O (M) would in general fail
to be microlocal with respect to a putative WFZ{)’;(M ) with » > 0, simply because
such operators would fail to be bounded on X.

Note also that if X’ is a closed subspace of X, with the induced norm, and if
elements of U9 (M) restrict to (necessarily bounded) maps %' — %', then for u € ¥/,

(5.1.4) WEL % (u) = WEL, (u).
In particular, this holds with X = H%!(M) and ¥’ = HE!

es,0

(M).
The eb-wave front set captures eb-regularity:

Lemma5.1.14. — If u € X, 7 < 0, m > 0 and WF'%,(u) = @, then u €
H% 10e(M), i.e., for all A€ W™ (M) with compactly supported kernel, Au € X.

Proof. — This is a standard argument (see e.g., [30, Lemma 3.10]): For each ¢q €
*>G*M there is B, € ¥'"(M) elliptic at g such that Byu € X. By compactness,
¢bS* M can be covered by |J , ell(Bg,) for finitely many points g;. Now choose Q €

P77 (M) elliptic, and set B = 3~ QB By,. Then B is elliptic and Bu € X. As B
has a parametrix G € U™ "(M) with GB — Id € ¥;*°(M),

Au = AG(Bu) + (A(Jd —GB))u, and A(Id —GB) € ¥_>" (M) c %’ (M),
shows the claim. O
Pseudodifferential operators are microlocal, as follows by a standard argument:
Lemma 5.1.15 (Microlocality). — If B € \Ilibl(M) then forr,r —1<0,u€e X,

WF " (Bu) € WF'(B) N WFLL % (u).
In particular, if WF'(B) N WF"; (u) = @ then Bu € H:;—;lz:l(M)

Proof. — We assume m > s and m > 0 in accordance with the definition above; but
the general case is treated easily by the preceding remarks.

If ¢ € ®®S*M, ¢ ¢ WF'(B), let A € ¥7">""/(M) be elliptic at ¢ such that
WF'(A) N WF'(B) = @. Thus AB € ¥ (M) c ¥%°(M), hence ABu € X%, so
q¢ WFZ{,T;’T_l(Bu). (Note that we used r < 0 here.)

On the other hand, if ¢ € ®*S*M, ¢ ¢ WF{.";(u), then there is C € ¥ 1" (M)
elliptic at ¢ such that Cu € X. Let G be a microlocal parametrix for C, so G €
¥ ™""(M), and ¢ ¢ WF'(GC —1d). Let A € =57 pe elliptic at ¢ and such that
WF'(A) N WF/(GC —1d) = @. Then

ABu = ABGCu + AB(Id —GC)u,
and AB(Id —GC) € ¥ =" (M) c ¥%°(M) since WF'(A) N WF'(Id -GC) = &, so
the second term on the right hand side is in X. On the other hand, Cu € X and
ABG € \Ilgi,O(M ), so ABG(Cu) € X as well, proving the wave front set containment.
The final claim follows immediately from this and Lemma 5.1.14. O
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There is a quantitative version of the lemma as well. Since the proof is similar, cf.
[30, Lemma 3.13], we omit it.

Lemma 5.1.16. — Suppose that K C °®S*M 1is compact, U is a neighborhood of K,
KcM compact.

Let Q € ‘Ilzi)l (M) elliptic on K with WF'(Q) C U and the Schwartz kernel of Q
supported in K x K.

If B is a bounded family in \Il:bl (M) with Schwartz kernel supported in K x K and
with WF'(B) C K then for r,r — 1 < 0, there is C > 0 such that for all u € X with
WF;’;;(u) NnNU =g,

Bullz < C(llullx + |Qullx) for all B € B.

5.2. Dual spaces and adjoints

We now discuss the dual spaces. For simplicity of notation we suppress the loc and
¢ subscripts for the local spaces and compact supports. In principle this should only
be done if M is compact, but, as this aspect of the material is standard, we feel that
this would only distract from the new aspects. See for instance [30, Section 3] for
a treatment where all the compact supports and local spaces are spelled out in full
detail.

Recall now from Appendix A that if X is a dense subspace of Lg, equipped with an
inner product (.,.)x in which it is a Hilbert space and the inclusion map ¢ into Lg is
continuous, then there is a linear injective inclusion map Lg — X* with dense range,
namely

L*:LTOJOC:L§—>.'£*
where «! : (L2(M))* — X* is the standard adjoint map, j : L2(M) — L2(M)*
the standard conjugate-linear identification of a Hilbert space with its dual, and c
is pointwise complex conjugation of functions. In particular, one has the chain of
inclusions X C Lg(M ) C X*, and one considers X*, together with these inclusions, as
the dual space of X with respect to LZ(M ).

Definition 5.2.1. — For s > 0, the dual space of H%'(M) with respect to the LZ(M)
inner product is denoted He_ss’_l_(fﬂ)(M).
For s > 0, the dual space of the closed subspace

HEo(M) = (M)

es,0

is denoted Ha> "' ~U*V(M1); this is a quotient space of Has* ™~ (M). We denote
the quotient map by

p: Hz =G0y — H =0+ ().

The standard characterizatign of these distribution spaces, by doubling across all
boundary faces of M except W, is still valid—see [7, Appendix B.2] and [30, §3].
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Note that for all s, [, elements of H;ss’_l_(f +1) (M) are in particular continuous linear
functionals on &, which in turn is a dense subspace of Hess” (M). In particular, they can
be identified as elemen:cs of the dual & of €. Thus, were it not for the infinite order
vanishing imposed at W for elements of &, these would be “supported distributions”—
hence the notation with the dot. On the other hand, elements of Ha® '~/ +1)(M )
are only continuous linear functionals on i?oo(M ) (rather than on &), though by the
Hahn-Banach theorem can be extended to continuous linear functionals on & in a
non-unique fashion.
If P € 2" Diff* (M), then it defines a continuous linear map
P:HZ (M) — HZ ™" (M).

Thus, its Banach space adjoint (with respect to the sesquilinear dual pairing) is a
map

( ) pP* . (Hé)s,l—r(M))* — Hgs,r—l—(f+1)(M) N (Hécs,l(M))* — H—e—sk,—l—(f+1)(M),

5.2.1 .

(P*u,v) = (u, Pv), uw € HZ'"U*D(M), v € HE (M).

In principle, P* depends on [ and r. However, the density of & in these spaces shows
that in fact it does not.

There is an important distinction here between considering P* as stated, or as
composed with the quotient map, p o P*.

Lemma 5.2.2. — Suppose that P € z~" Diff*,(M). Then there exists a unique Q €
«~" Diff® (M) such that p o P* = Q. However, in general, acting on €, P* # Q.

If, on the other hand, P € z™" Diﬁ'ﬁb(M), then there ezxists a unique @ €
« 7" Diff¥, (M) such that P* = Q.

Proof. — For the first part we integrate by parts in (u, Pv) using u,v € E?OO(M )
(noting that &~ (M) is dense in H, :é,lo(M )). Thus, one can localize. In local coordinates
the density is dg = Jzf dx dy dz, with J € §°° (M), so for a vector field V € Vos(M),
noting the lack of boundary terms due to the infinite order vanishing of v and v, one
has (with the first equality being the definition of V*)

(V*u,v) = (u, Vo) = /uWfo dedydz
=/(J—1x—fVT(fou))°ﬁsz dz dy dz,
where for V = a(zD,) + ) bj(xDy,) + 3 ¢;D.,, with a,bj,c; € €7 (M),
Vi =D.za+ Y aDyb;+ Y D, € DiffL,(M).

Conjugation of V1 by Jz/ still yields an operator in Diff} (M). This shows the exis-
tence (and uniqueness!) of the desired @, namely

Q=J 1z vzl
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The density of &> (M) in HY U 'H)(M ) now finishes the proof of the first claim
when P = V € Yes(M), since this means that (P*u,v) = (Qu,v) for all u €
HY U +1)(M ), v € H:S’fO(M ). The general case follows by induction and adding
weight factors (recalling Remark 5.1.2).

The same calculation works even if u,v € & provided that V € ¥e,(M): in this
case D, is replaced by vector fields tangent to all boundary faces, i.e., Dz;/ and z;. Dz; s
for which there are no boundary terms—in the second case due to the vanishing factor
z;. This proves the claim if P € 27" Diff%, (M).

Note, however, that this calculation breaks down if u,v € & and V € Vs(M): the
Dz;, terms gives rise to non-vanishing boundary terms in general, namely

Z/ (=) uv Jzf dedydz; = Z(—wes,l(V)(dxj)u, V) H,

—~ JH. -

J J J

where H; is the boundary hypersurface z;. = 0, dZ; shows that dz;- is dropped from
the density, and on H; one uses the density induced by the Riemannian density and
dz;. This completes the proof of the lemma. O

We now define an extension of Diff . (M) as follows.

Definition 5.2.3. — Let ™" Diff%, (M) denote the set of Banach space adjoints of

elements of =" Diff* (M) in the sense of (5.2.1).
Also let z~2" Diff 2 '4(M) denote operators of the form

N
> " Q;P;, P; € x7"Diftf,(M), Q; € z™" Diftk, ,(M).
j=1

For M non-compact, the sum is taken to be locally finite.

Thus, if P € z~%" Diff2¥, (M), P;, Q; as above, and Q; = R}, R, € z~" Diff% (M),
then

N
(Pu,v) ZPuR

We are now ready to discuss Dlrlchlet and Neumann boundary conditions for P €
z~r lefes 4 (M).

Definition 5.2.4. — Suppose P € 72" Dn‘fes ﬂ(M ). By the Dirichlet operator associ-
ated to P we mean the map

poP: HY\(M) — HZM=?r(M),

where p : H*'=2r (M) — HZ*'~2r(M) is the quotient map. For f € HZ*~2"(M)
we say that u € HY' (M) solves the Dirichlet problem for Pu = f if po Pu = f. We
also say in this case that Pu = f with Dirichlet boundary conditions.

Similarly, for f € HZ*'=2"(M) we say that u € H%!(M) solves the Neumann

problem for Pu = f if Pu = f. We also say in this case that Pu = f with Neumann
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boundary conditions. Correspondingly, for the sake of completeness, by the Neumann
operator associated to P we mean P itself.

Remark 5.2.5. — For the Lorentzian metric § = dt*> — g on M lifted to M, and with
P = d*d, the equation

Pu=f, f € HMTIIHDE(M), we HgH1=UHD2(u)

with the Neumann boundary condition means (du,dv); = (f,v); for all v €

Hés’_lﬂ_(fﬂ)/ 2(M ), or equivalently for all v € €. Away from W, this is the standard

formulation of the Neumann problem on a manifold with corners (or indeed on a
Lipschitz domain): pairing with v vanishing at the boundary and integrating by parts
yields Pu = f in the interior; pairing with v nonvanishing at boundary faces other
than W then yields vanishing of normal derivatives at those faces.

Thus near W, we impose the Neumann condition in the sense described above
on all other boundary hypersurfaces, uniformly up to W, but there is no condition
associated to W. In particular, a Neumann solution u (just like a Dirichlet solution)
on M need not solve the corresponding problem on Mj, where a condition is enforced
even at W: u may blow up arbitrarily fast at w.

Remark 5.2.6. — As noted in Lemma 5.2.2, when considering the action of Diff (M)
on ‘gw(M), Diff (M) is closed under adjoints (which thus map to &~ °°(M), i.e.,
extendible distributions), so one can suppress the subscript { on Diff., ,(M). Thus,
the subscript’s main role is to keep the treatment of the Neumann problem clear—
without such care, one would need to use quadratic forms throughout, as was done
in [30].

We now turn to the action of \I':{)’I(M ) on the dual spaces. Note that any A €
U (M) maps € to itself, and that \IIZ;;’[(M ) is closed under formal adjoints, i.e., if
A € U (M) then there is a unique A* € U7'(M) such that (Au,v) = (u, A*v) for
all u,v € § —cf. Diff,, (M) in Lemma 5.2.2. We thus define A : €' — €' by (Au,v) =
(u, A*v), u € €', v € €. Since € is (even sequentially) dense in &' endowed with the
weak-* topology, this definition is in fact the only reasonable one, and if u € €, the
element of &’ given by this is the linear functional induced by Au on €.

Next, for subspaces of &' we have improved statements. In particular, most rele-
vant here, dually to Theorem 5.1.10, any A € ¥, (M) is bounded on HzZ (M) and
on HZ M (M).

We now turn to an extension of Diff, ¥ (M). First, taking adjoints in
Lemma 5.1.5, we deduce:

Lemma5.2.7. — If A € U7 (M) and Q € Diffy, (M), then [A,Q] = 3. Q,A; + B,
B e Un(M), A; € Y71(M), Q; € Diffg, ((M).

Similarly, [A,Q] = Y A,Q; + B}, B' € ¥R (M), A; € ¥~'(M), Q €
Diffl, . (M).

es,t
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Proof. — The proof is an exercise in duality; we only spell it out to emphasize our
definitions. We have for u € €', v € &,

<[A’ Q]u’ 'U> = ((AQ - QA)U’ ’U) = (’U,, (Q*A* - A*Q*)’U> = <’LI,, [Q*,A*]’U>

where Q* € Diffi (M), A* € ¥M. Thus, by Lemma 5.1.5 (applied with ¥es(M)
replaced by Diff%,(M)), there exist 4; € Y71 (M), B € U7 (M), Q; € Diff4 (M)
such that [Q*, A*] = —[4*,Q*] = > Q;A; + B. Thus,

([4,QJu,v) = (u, (ZQ,A +B) >=<(ZA;Q;+B*)u,v>,

with A* (M), B* € (M), Q* € Diff, ,+(M). This proves the second half of
the lemma The first half is proved 51mlla,rly, using the second half of the statement
of Lemma 5.1.5 rather than its first half. O

In fact, the analogue of Lemma 5.1.7 also holds with Dz;_ replaced by D}, €
J
Diff} . (M):

es,t

Lemma 5.2.8. — Let A€ U (M), a = dep,m(A). Then

Z[x-lD:(,A] = Alw—lD:( + .'E—IA()
J J

where Ay € ¥TVH (M), A; € U 1Y (M),

0 0 0
a Oeb,m— l(Al) a + a

Oeb,m(Ao) = 0_2;-’ aC' %

We thus make the following definition:

Definition 5.2.9. — Let

Dift},, W (M) = { 3 AuBg : Aq € Difil, (M), By € U (M)}

es u
Using Proposition 5.1.4 and duality, as in the previous lemma, we deduce the
following:

Proposition 5.2.10. — Diff* \Il:,";’l(M ) is a U9, (M)-bimodule, and

es,f

(522) P € Diftk, , 7Y (M), A€ U (M) =
o PA, AP € Diff* , w7 (M), [P, A] € Diff

+s—1,l+
es,ff esﬂ\I’Zlg ° T(M)

SOCIETE MATHEMATIQUE DE FRANCE 2013



56 CHAPTER 5. DIFFERENTIAL-PSEUDODIFFERENTIAL OPERATORS

5.3. Domains

In this section, we discuss the relationship between Dirichlet and Neumann form
domains of A and the scales of weighted Sobolev spaces that we have introduced.
First, we identify the Dirichlet quadratic form domain in terms of the edge-smooth
Sobolev spaces.

The Friedrichs form domain of A with Dirichlet boundary conditions on Xj is

H& (XO)’
also denoted by H'(X,) (see [7, Appendix B.2]); we may also view this space as the
completion of €5 (Xp) in the H*(X()-norm,
lull e (xo) = llullzz, (xo) + lldullz, (xoi7+ x0)-
Equivalently in terms of “doubling” X, across all boundary hypersurfaces, H}(Xo)
consists of H!'-functions on the “double” supported in Xj.

Lemma 5.3.1. — On gw(X) =p* 'ﬁoo(Xo), the norms

2 2_\1/2
lullm o) = (lullzz, + lldulzz )

and
||U||He1§17(f+1)/2(x)

are equivalent.

Proof. — Multiplication by elements of £°°(Xp) is bounded with respect to both
norms (with respect to Hy ~u+/ ?(X) even € (X) is bounded), so one can localize
in Xy, or equivalently in X near a fiber 3=1(p), p € W, of W, and assume that u is
supported in such a region.

Elements of 9(Xo) lift under 8 to span 7! ¥es(X) as a °°(X)-module by (3.2.1).
In particular, merely since 3* ¥ (Xo) C 27! ¥es(X), we obtain®

+ 00

(5.3.1) ||u||H3(X0) S ||u||Hels.1—(f+1)/2(X), ve G (X).

We now prove the reverse inequality. By the spanning property, we have
(5.3.2) o=t Aull 2 < llullm(xo)

for any A € VYes(X) as €°°(X) is bounded acting by multiplication on Lg(X ) =
L2 (Xo). As Ves(X) together with the identity operator generates Diff} (X), we only
need to prove

e~ ull Lz x) S Nl o xo)

(1) We use the notation that a < b if there exists C > 0 such that a < Cb. Usually a and b depend
on various quantities, e.g., on u here, and C is understood to be independent of these quantities.
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forue € (X) supported near a fiber 3~!(p),p € Y, of Y. However, this follows easily
from identifying a neighborhood of 3~ (p) with [0, €), x O, x Z,, where O C R*~f~1,
and using the Poincaré inequality in Z, namely that

(@, 9, Mz2(z) < Cldzw)(@,9, )22y, w€E (Xo).
Multiplying the square of both sides by =2t and integrating in z,y, yields
e~ u(z, y, MLzx) < Cll(z™ dzu)(2,y, )z x) < O llullayx)

by (5.3.2). O

In view of the definition of Hls’}o_(f 1/ ?(X) as the closure of i?w(X) in

€
Hels’lg(fH)N(X), we immediately deduce:

Proposition 5.3.2. — The Dirichlet form domain of A is given by
(53.3) Hy(Xo) = Hegl /"7 (X)

in the strong sense that the natural (up to equivalence) Hilbert space norms on the
two sides are equivalent. In particular, for u € H}(Xo), we have

e~ QullLz < Cllulla(x,)

for all Q € Diff i (X).

For Neumann boundary conditions the quadratic form domain is H'(X,), whose
lift is not quite so simple in terms of the edge-smooth spaces. However, we have the
following lemma, which suffices for the edge-b propagation results below (with a slight
loss).

Lemma 5.3.3. — We have Hs'"U™V/2(X) ¢ HY(Xo) ¢ H& Y™2(X), with all
inclusions being continuous.

Proof. — The first inclusion is an immediate consequence of (5.3.1) holding for u € &,
© as in Remark 5.1.9 (thus dense in Hels’l_(”l)/z(X) for all l), using again that
elements of 9/(Xy) lift under B to span (and in particular lie in) 7!¥(X) as a
€°°(X)-module by (3.2.1).

For the second inclusion, we need to prove that [lAulLzx) < Cllullai(x,)
for A € Diff} (X). As this is automatic for A € °°(X), we are reduced to consider-
ing A € Yes(X). But (5.3.2) still holds for u € &, so lAullzz(x) < C”||x“1AuHL§ <
Cllullgr(xy) for A € Ves(X). This finishes the proof of the lemma. O
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5.4. The wave operator as an element of z~2 Diff% ,(M)

es,}

For f € &, in local coordinates,
df = (z0, f)—+z ayjf) +Z (8, f) dz;.

Thus, the exterior derivative satisfies
d € Diffl (M;C,*T* M),

with C denoting the trivial bundle. As the dual Riemannian metric is of the form
z~2@G, where G is a smooth fiber metric on **T*X, and A = d*d, we deduce that O €
_2 lefes ﬁ(M ). However, we need a more precise description of [J for our commutator
calculations.
So suppose now that U is a coordinate chart near a point g at W with coordinates
(z,y,2',2") centered at ¢, and recall from (2.0.2) that the Riemannian metric has the
form

(5.4.1) g = dz? + h(y,dy) + 2%k(z, vy, z,d2) + zk' (2,9, 2, dz, dy, z dz).

By changing 2" if necessary (while keeping z, y, 2’ fixed—cf. the argument of §2 leading
to (2.0.1), we can arrange that the dual metric K of k have the form

0 Y, Z) Z kl 1_7 O y,Z)C C + Z Z k'?‘ 7‘-7(0 Ys Z)gig;l

(542) 1,7=1 =1 j=k+1
+ ) kz,ij(O,y,z)gg’Q;’, kslc =0,
i,j=k+1
where

C={z=0, 2/ =0}

We deduce the following lemma:

Lemma 5.4.1. — Let U be a coordinate chart near a point with x = 0 and 2’ =0, and
suppose that we have arranged that at

C={z=0, 2/ =0},
the vector spaces
sp{dzj, i=1,...,k} and sp{dzj, j=k+1,...,f}

are orthogonal with respect to K. With Q; = x_lDz;, the wave operator satisfies

(5.4.3) 0=Y¢; nUQ]—f-Z(z IMQ; + Qiz M)+ 27 2H on U

1,J
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with
Kkij € €°(M), M;, M| € Diffy, (M), H € Diff, (M)
Teb 1 (M;) = m; = 0eb,1(M]), h = oep2(H),
1 f
(5.4.4) Kijly = k1Y, 2), mile =0, mily = —5 Y ksl
j=k+1

f
hly =72 =& —h(ym) = Y kais(y, )¢
i,j=k+1

We next note microlocal elliptic regularity.

Proposition 5.4.2. — Let u € X = HL (M), and suppose that
Oue H V2 (M) =9
with Dirichlet or Neumann boundary conditions. Then
WF % (u) C T UWFR ) (Cu).
In particular, if Ou = 0, then WFngx(u) C °Px.

Proof. — The proof goes along the same lines as Proposition 4.6 of [30] and Theo-
rem 8.11 of [15]; we thus provide a sketch. An essential ingredient is the top-order
commutativity of z! Diffgsyu U7 (M), which allows us to treat all commutators as error
terms. The key estimate is stated in Lemma 5.4.3 below.

Given the lemma, one proceeds by an inductive argument, showing that if
WF:;’;/ZO(U) cexu WFZ;gz’O(Du) (which is a priori known for s = 1/2, starting
our inductive argument) then Wingx(“) C by UWF:,’ESm (Cu). In order to show this,
one takes A € U2 "V/2(M), with WF'(A)N°T = @, WF'(A)NWFy, (Du) = 2.

Let A, be uniformly bounded in ¥’ (M), v € (0,1], with A, € ¥_°(M) for all ~,
-1
Teb,0,0(A) = (L +7(IE1° + 712 + In* + [¢[%)

so A, = A,A is uniformly bounded in UT'*U"V/2(p1) and 4, — A in
\Il;?f‘s’H(f_l)/z(M) (6 > 0 fixed) as ¥ — 0. One then concludes by Lemma 5.4.3 that
for all € € (0,1],

(545) [0 Ayu, 0 Ayu) — (dx Ayu, dx Ayu)| < e Ayullysi- e Cel,

an *
with C uniformly bounded, independent of .
We now note that the Dirichlet form is microlocally elliptic for Dirichlet boundary
conditions, i.e.,
”A”Yu”ile‘;“(f“’”(M)

< C'|(0eAyu, 0 Ayu) — (dx Ayu, dx Ayu)| + Clllu”iiigl“f“)”(M)'
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For details, see the proof of Proposition 4.6 of [30], which can be followed essentially
verbatim(? since the non-trivial aspect is the b-behavior in the fibers of the edge; the
(z,y) variables here, as well as the 2 variables, play the role of the y variables in
[30], the 2’ variables here play the role of the z variables in [30], and ¥ (M) plays
the role of ¥1,(X) in [30] (where X is spacetime). (Likewise is simple to modify the
inductive arguments for the Neumann condition as the Hgs’l_(f +1/ 2(M ) norm of an
additional eb-derivative, which one would need to bound, can be bounded in terms
of the Hels’l—(f“)/z(M) norm; this is the same process as in [30].)

Thus, for sufficently small € € (0, 1], e||A7u||§{1y1_(f+1)/2(M) in (5.4.5) can be ab-

sorbed in (C')~* ”A'v"“i{els,l—(fﬂ)/z(M) (M)
is uniformly bounded independent of . As A, — A strongly, one concludes by a

standard argument Au € Hx'"Y+Y/2(7f). Thus, 2+(~D/24u € HL (M), hence
(as X = Hy (M)

, and then one concludes that || A,ul| ;11— (412
es

ell(A) NWF5) 2 (u) = 2,

completing the iterative step. O

As mentioned above, the key ingredient in proving microlocal elliptic regularity is
the following lemma.

Lemma 5.4.3. — For Neumann boundary conditions, let X = HLFY (M), 9 =
HZ“"'=1(M); for Dirichlet boundary conditions let X = Hels’fgrl(M), 9 = H V-Y(M).
Let K C ®®S*M be compact, U C **S*M open, K C U. Suppose that & is a bounded
family of ps.d.o’s in \I!ZZ,’H(HI)/z(M) with WF'(@) C K, such that for A € @,
Ae \IIZ:)'I’H(fH)ﬂ(M) (but the bounds for A in \Il;'Kl’H(fH)/Q(M) are not nec-
essarily uniform in A!). Then there exist G € \IIZIE_I/Z’O(M), G e \IIZ{)’O(M) with
WF' G,WF' G Cc U and Cy > 0 such that fore >0, A € 4,

ue X, WFh 2/ (w)nU =0, WL (Ou)nU =0 =
|(0s Au,0; Au) — (dx Au, dx Au)|
, + Co(llulz + 1 Gullk
+ e H|Dul3) + 11 GOul3).

(5.4.6)

B 6||Au||zels,l—<f+1)/2(M

Remark 5.4.4. — Recall that u € Hés’l_(fﬂ)m(M) is equivalent to dxu € Lg(M),
dyu € LE(M) and ™ u € LE(M), so e||Au]|§{;s,1_(f+1)/2(M) on the right hand side of
(5.4.6) is comparable to the terms (9;Au,d;Au) and (dx Au,dx Au). However, if A
is supported away from °°X, the Dirichlet form is microlocally elliptic, by the same

(2) To give a rough idea, one distinguishes between the two components of the elliptic set in terms

of (3.3.4) and uses a square root construction in the edge-b algebra; in the first component noting

in addition that the Dirichlet form involves D, u, so in z; < 4, one can estimate 5‘1z9 D,/ u using
J J

this.
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arguments as those in the proof of Proposition 4.6 of [30] and Theorem 8.11 of [15],
so this term can be absorbed into the left hand side, as was done in Proposition 5.4.2.

The hypotheses in (5.4.6) assure that the other terms on the right hand side are
finite, independent of A € 4.

Proof. — Again, this follows the argument as Lemma 4.2 and 4.4 of [30] and
Lemma 8.8 and 8.9 of [15], so we only sketch the proof. We sketch the Neumann
argument; the Dirichlet case needs only simple changes. We have

(Opu, 0:A* Au) — (dxu,dx A* Au) = (Ou, A* Au)

forallu € X and 4 € \Ilm—1 l+(f“1)/2(M) since A*Au € Hels’_l_(f_l)(M), which is
mapped by O into Heg " _'l (f+1)(M) (HLY(M))*. Modulo commutator terms, one
can rewrite the left hand side as

(OpAu, 8; Au) — (dx Au, dx Au),

which is the left hand side of (5.4.6). The commutator terms can be estimated by
the second and third terms (which do not depend on €) on the right hand side of
(5.4.6). The other terms on the right hand side arise by estimating (using that the

dual of HL (M) is Hzb~U+V (ar))
(O, A" Au)| < [|ADu]| g -1-1-v72 0 A0 -z g
< €M ADulfZ, 11— rany/2

= 6—1Hx—l—(f+1)/2ADu”iI_H_1(

and as 2~/~(/*1)/24 is uniformly bounded in ¥7}°(M), with wave front set in K,

|z~ +1/2 A0u)|%) can be estimated by a multiple of || Du|3) + |GOu|3) in view of
Lemma 5.1.16. This completes the proof. O

+ anUHZG—SL—I—wH)/z

(M) (M)

m T GHAUHE;"“‘(””/Z(M)’

The following is analogous to Lemma 7.1 of [30] and Lemma 9.8 of [15] and states
that near @ the fiber derivatives £=1D,: of microlocalized solutions Au to the wave
equation can be controlled by a small multlple of the time derivative, modulo error
terms (note that G is lower order than A by 1/2). The theorem mentions a J-neigh-
borhood of a compact set K C @ (for § < 1); by this we mean the set of points of
distance < 4 from K with respect to the distance induced by some Riemannian metric

n °®S*M. Note that the choice of the Riemannian metric is not important, and in
particular, g is defined by z = 0, 2/ = 0, 1 — h(y, ) — €2 — k(y, z,{’ = 0,(") = 0, so
the set given by

z < '8, || < C'5, |1 - h(y, 1) — € —k(y, 2,¢ =0,{")| < C',

is contained in a C"é-neighborhood of & for some C” > 0, with C” independent of §
(as long as C' is bounded).

Lemma 5.4.5. — For Dirichlet or Neumann boundary conditions let X and ) be as
in Lemma 5.4.3.
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Let K € §. There exists §g € (0,1) and Co > 0 with the following property.

Let 0 < 6 < &, and 6 > 0, and let U be a §-neighborhood of K in ®S*M.
Suppose @ is a bounded family of ps.d.o’s in ‘IIZ)’HUH)”(M) with WF'(8) c U,
such that for A€ @, A € \II;’:)‘LH(J'H)/Z(M). Then there exist G € \Il:{)_l/z’o(M),
G € U°(M) with WF' G,WF' G c U and C = C(8) > 0 such that for A € 8,

ue X, WER /*°(u)nU =2, WFLS, (Qu)nU =2
implies

> lle™ Dy Aul”

< Cod|| De Aul® + C (Jlull + 1Gull} + 1Tully + I1GTul).

Proof. — This is an analogue of Lemma 7.1 of [30] and Lemma 9.8 of [15], so we
only indicate the main idea. By Lemma 5.4.3 one has control of the Dirichlet form in
terms of the second through fifth terms on the right hand side, so it suffices to check
that > ||ac_1Dzlf_Au||2 can be controlled by the Dirichlet form and 6| D;Au||>. This
uses that K € @, D; is elliptic on ®®Y, and (H Au, Au) is small as WF'(A) C U; see
the aforementioned Lemma 7.1 of [30] and Lemma 9.8 of [15] for details. O

Corollary 5.4.6. — For Dirichlet or Neumann boundary conditions let X and ) be as
in Lemma 5.4.3. Let K € G, 6 > 0.
Then there exists a neighborhood U of K in °®*S*M with the following property.

Suppose that & is a bounded family of ps.d.o’s in \IIZ,Z’HUH)/Z(M) with WF' (@) c U,
such that for A € G, A € \I/Zg—l’l+(f+l)/2(M). Then there exist G € \I/:‘l)_l/z’o(M),
G € ¥ (M) with WF' G,WF'G C U and C = C(8) > 0 such that for A € 4,
ueX, WFy /*(w)nU =0, WFL (Qu)nU = o
implies
> 27 Dy Aul|”
< 8| Dy Aul® + C(Jlull% + IGull% + I0ullg + GOul3)-
Proof. — Fix a Riemannian metric on ®®S* M. Let §g, Cy be as in Lemma 5.4.5, and

let ' = min(do/2,8/Co). Applying Lemma 5.4.5 with §’ in place of & gives the desired
conclusion, if we let U be a §’-neighborhood of K. O

Recall now that C = {z = 0, 2/ = 0} denotes one boundary face of W in local
coordinates, and that as a vector field on *T*M tangent to W (but not necessarily
the other boundary faces), restricted to esT‘)iVM , Hes is given by

1 ¢ ¢ & i 7 ij > I .
_§He5 = éxaz - §_U_al— ga&_ + K Jgiazj + K ]£z£]a§ - = Zk gg]aék,

see (3.2.5)-(3.2.6). We can expand the K% terms by breaking them up into 2’ and
2" components at C, using (5.4.2). This becomes particularly interesting at a point
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g € *% which is the unique point in the preimage of p € ®®SZM N & under Tes—op.
~l
At such points ( = 0, so many terms vanish. One thus obtains

A/IA’I

3 ¢ 1 Okgi; 1
'2"Hes(q)=§xaz—§ga €C a~//+k21]< a,/+k2z]< C §_§ 2,45 2! I/

QC

—k
. —— .
Pushing forward under 7es_ o1, we obtain

(Tes—sebsHes) (p) = — 2628, + 2£00, + 2£C" 0.,

N N/ ok
e 2k2’ijc,£,az;/ - 2k2,l]<:,£‘7 aé‘ + 82’:J C <,/6<II

Below, this appears as the vector field |7|Vj, and will give the direction of propagation
at glancing points in Theorem 7.4.1.

Lemma5.4.7. — Let Q; = z7'D,:, Kij, mi, h be as in Lemma 5.4.1. For A €
v (M),
(5.4.7) [0, A%A] = Z Q:Liij + Z(w_lLiQi + Q:.’L‘_ILg) + 1,'_2L0,
with

L” e \p2m 1, 2l(M) L“LI = ‘Il2m ZI(M) LO e \I’2m+1 2l(M),

Oeb,2m—~1(Lij) = 2aVija, where V;j = k;;(0¢; + O¢; + 20¢) + Heb ;)

Oeb,2m(Li) = Oeb2m(L}) = 2aV;a, where

1
(54.8) V= Z KijOr + §(miag +Heb,m,) + 5mi( + 0cy),
3

Ueb,2m+1(L0) = 2aVpa, Vo = 27”86 + Heb,Fz + Zm,ﬁzg,

WF ¢, (Lij), WF o (Ls), WFep, (L), WFq, (Lo) C WEF, (A).
In particular, for f € €°°(°S*M) with f|y = wiy ¢ for some ¢ € G (S*W),
(5.4.9) Viiflw =0, Vifly, =0, Vofly =0.

Moreover, as smooth vector fields tangent to ebT‘j‘vM (but not necessarily tangent to
the other boundaries),

Volo = —2¢ 2, —2(£2+ka< ¢) 0 — 26(7 8- +nd,)

(5.4.10) -2 Z ki GOy + Y (Buyra,)CH' G By

£,4,5

Viilo = —kvi (9¢; + ¢y +20¢) + Y _(0apk1,ii)0cy, Vile = =D ku,isdas,s
e j
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and
(lTI‘/O€ =-2 Z k2 ,ij (0 Y,z )

(5 4 11) (’T|V£ Z k3 )3 (0 Y, z) (lTlVUé)!W = _Zkl,ij (Ovy, z)v
(e ’VB(ITI“@"’))IW ==2(r+s)¢, (I7|"°z~"Vi(Ir|*z")) |y =0,
(717> 2™ Vi (I°2")) Iy = 0,

Remark 5.4.8. — This is the main commutator computation that we use in the next

section. We stated explicitly the results we need. First, Equation (5.4.9) shows that
functions of the “slow variables” do not affect the commutator to leading order at W,
hence they are negligible for all of our subsequent calculations.

Next, (5.4.10) gives the form of the commutator explicitly at C; this is what we
need for hyperbolic or glancing propagation within W, i.e., at points of #, resp. ¥
away from radial points. These are sufficiently local that we only need the explicit
calculation at C, rather than at all of W.

Finally, (5.4.11) contains the results we need at radial points in &: there the con-
struction is rather global in W, so it would be insufficient to state these results at C
only. On the other hand, localization in f is accomplished by localizing in f , the “slow
variables” and the characteristic set, so fewer features of V;;, etc., are relevant.

Proof. — By Lemma 5.4.1,
[0, A" A] = Z ([QF, A* ALk Qj + QF kij[Q, A" Al + Q] [, A" A]Q;)

+Z( TIMQi, A" A+ o7 M, AT AJQ;

+(QF, A" Ala ™ M] + Qs M}, 4 4))
+[z72H,A*A] on U.

The three terms on the first line of the right hand side are the only ones contributing
to L;;; in the case of the third term, via

ZUeb,2m—1(["‘7ija A*A]) = Heb,Nija2 = 2aHeb,n“a,

while in the case of the first two terms by evaluating the commutators using
Lemma 5.1.7 and taking only the A;-terms, with the notation of the lemma. The
Ap-terms of the first two commutators on the first line of the right hand side (with
the notation of Lemma 5.1.7) contribute to L; or L,, as do the second and fourth
terms on the second line and the A;-term of the first and third terms on the second
line. Finally, the expression on the third line, as well as the Ag-term of the first and
third terms on the second line contribute to Ly. We also use (4.0.3) to remove the
—2fy €8y mzHeb,z—ﬁL = —2h6§ + Heb,fz'

weight from Hep, z-1m, and Hy, ,

ASTERISQUE 351



5.4. THE WAVE OPERATOR AS AN ELEMENT OF z~? Diffgsyu(M) 65

The computation of the Hamilton vector fields at C then follows from Lemma 5.4.1
and (4.0.2) (recalling that ¢ is one of the y-variables). O
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CHAPTER 6

COISOTROPIC REGULARITY AND NON-FOCUSING

In this section we recall from [15] the notion of coisotropic regularity and, dually,

b . .
°> and in particular,

that of nonfocusing. We will be working microlocally near &,

away from the difficulties of the glancing rays in & :ﬁ,g. Consequently all the results

in this section have proofs identical to those in [15, Section 4], where the fiber Z is
without boundary.

Let X be a compact set in %zb. By Lemma 3.4.15, there exists an open set U C
b G* M such that & C U and U N F*® C E}f:g. Recall from Corollary 3.4.14 that
in this case F°°NU is a coisotropic submanifold of ¢®S* M--recall from Footnote 2
that a submanifold of ®®*S*M is defined to be coisotropic if the corresponding conic
submanifold of ®®T* M \ o is coisotropic.

In what follows, we let U be an arbitrary open subset of °®S* M satisfying UNF® bc
F thus UNF*" is a §> embedded coisotropic submanifold of °S* M; the foregoing

reg’
remarks establish that such subsets are plentiful.

Definition 6.0.9. — Given U as above, let M denote the module (over \IIS{)O(M )) of
operators A € U1°(M) such that

— WFACU,
— O'eb’l(A)'gﬁgg = 0.
Let @ be the algebra generated by /M with ©* = &N ¥5°(M).

eb

As a consequence of coisotropy of & ,, we have:

Lemma 6.0.10. — The module M is closed under commutators, and is finitely gener-
ated, i.e., there ezist finitely many A; € UL, with oeb,1(A;i)|ger = 0 such that
reg

N
M={AeWL(U): 3Q; e VOU), A= QiA:}.
1=0

Moreover we may take Ax to have symbol ITI_laeb,z,o(:l;zD) and Ay = Id.
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We thus also obtain
N

(6.0.12) @ =1 Q][4 QuewdU)
lel<k  i=1
where o runs over multiindices a : {1,...,N} > Ny and |a| = a1 + - + an.

Definition 6.0.11. — Let X be a Hilbert space on which \Ilgl’)O(M ) acts, and let K C U.
We say that") u has coisotropic regularity of order k relative to X in K if there exists
Qe \IISLO(M ), elliptic on K, such that

@"Qu € x.

We say that u satisfies the nonfocusing condition of order k relative to X on K if
there ezxists @) € \IISLO(M ), elliptic on K, such that

Qu e G (%).

We say that u is nonfocusing resp. coisotropic of order k relative to X on an
arbitrary open subset S of ¥° P if for every open O C S with closure disjoint from
9’:}:@ it is nonfocusing resp. coisotropic on O of order k with respect to X.

We say that u satisfies the nonfocusing condition relative to X on K (without
specifying an order) if u satisfies the nonfocusing condition of some order k € N.

Remark 6.0.12. — 1. u is coisotropic on K if and only if u is coisotropic at every
p € K, i.e., on {p} for every p € K. This can be seen by a partition of unity
and a microlocal elliptic parametrix construction, as usual.

2. The conditions of coisotropic regularity and nonfocusing should be, loosely
speaking, considered to be dual to one another; a precise statement to this
effect appears in the proof of Theorem 9.0.13 below.

3. Coisotropy and nonfocusing are only of interest on & i:g itself: away from this set,

to be coisotropic of order k£ with respect to X means merely to be microlocally

. k . . . . —k
in Hg, » while to be nonfocusing means to be microlocally in Hg .

4. Certainly, away from W, o(CJ) vanishes on & f:g, as the latter lies in the char-

acteristic set ¥ by definition. Splitting ¥ into component according to the sign
of 7, and letting IT. be pseudodifferential operators over M° microlocalizing
near each of these components, we thus have

Oy =Q+AL +R
with A4 in M, Q4 elliptic of order 1, and R smoothing.

From Lemma 6.0.10, we obtain the following.

(1) Note that our choice of U containing K does not matter in the definition.
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Corollary 6.0.13. — If u is coisotropic of order k on K relative to X then there exists
U open, K C U such that for Q € ¥2%°(M), WF'(Q) C U implies QA°u € X
for || < k.

Conversely, suppose U is open and for Q € ‘Ilgi,O(M ), WF'(Q) C U implies QA%u €
X for |a| < k. Then for K C U, u is coisotropic of order k on K relative to X.

Proof. — Suppose first that u is coisotropic of order k on K relative to X. By def-
inition, there exists @ elliptic on K such that ﬁkQu C X. Let U be such that @Q is
elliptic on U, K C U, and let S € \Ilgl’)o(M ) be a microlocal parametrix for @, so
WF'(R)NU = @ where R = SQ — 1d.

We prove the corollary by induction, with the case ¥ = 0 being immediate as
one can write Qu = QSQu + QRu, QS € \IISE,O(M) is bounded on X, Qu € X,
QR € ¥>°(M) (for they have disjoint WF'), so QRu € X.

Suppose now that k > 1, and the claim has been proved for k—1. By Lemma A.0.1,
applied with @, = Q (i.e., there is no need for the subscript n, or for uniformity),

A*Q=QA*+ ) CpAl.
1B]<|al—1
Thus, for || = &,
QA%u = QSQA* + QRA%u
and
QSQA* =QSA*Q- ) QSCsA?
18I<]a| -1
together with the induction hypothesis (due to which and to QSCj € ¥4’ (M) with
WEF'(QSCp) c U, QSCsAPu € X) and QR € ¥_°°(M) imply QA%u € X, providing
the inductive step.

The proof of the converse statement is similar. |

We now set
$ = L2(I x Xo)
where I is a compact interval. We additionally introduce another Hilbert space X C ),
given by HJ(I x Xo) or H*(I x X,) with I an interval and the 0 denoting vanishing
at I x 0Xj,. Note that Id+A : X — X* is an isometry.
Suppose K is compact. For N > k + r we let Y x denote the subspace of $

VD ={ueX": WF{,\{ﬁ*(u) C K, u is coisotropic of order k w.r.t.
Hy x. on K}.
Let

3k = {¢ € X : u is coisotropic of order k w.r.t. Hy x on K}.

Also, for v € R, we choose a family of operators for adjusting orders; we let

T, € U (M)
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be (globally) elliptic of order v. Thus, T, are simply weights. Later, in (7.2.11), we
make a slightly more specific choice.

Lemma 6.0.14. — Suppose that K C O, K compact, O open with compact closure,
and @ € YO(M) such that WF'(Id—Q)N K = @, WF'(Q) C O. Let

(6.0.13) PD={ueX: TNId-Q)u € X*, |a| < k= T,.AQu € X*}
and
(6.0.14) 3={ueXx: o <k=T,A%Qu € X}
Then
Dk CD C Vo
and
3k C3C 35

Proof. — If u € Yk, then WF{,V’,-,. (u) C K implies that Ty (Id —Q)u € X*. Moreover,
since u is coisotropic on K, it is coisotropic on a neighborhood O’ of K; we construct
Q' € ¥9(M) with WFQ' c O, WF(Id —Q’') N K = @. Then

T, A*Qu = T, A°Q'Qu + T, A*(1d —Q')Qu,

and the first term is in X* by coisotropy of u on O’ while the latter is in X* by the
wavefront condition on u.

On the other hand, if u € ), we have Tn(Id —Q)u € X* hence WF{,\{ﬁ*(u) N
ell(Id —Q) = &, so in particular, WF{X 5-(u) C O° since Id —Q must be elliptic
on O°. It remains, given p € O, to check coisotropic regularity at p. If p € ell(Id —Q),
it again follows from the wavefront set condition, hence it suffices to consider p €
ell@Q D [ell(Id —@)]¢; at such points coisotropic regularity follows from T, A*Qu € X*.

The proof for 3 works analogously. O

Corollary 6.0.15. — Suppose K = N;0;, O; open with compact closure, O;1 C O;.
Let 9, 3; be given by (6.0.13), (6.0.14) where Q; satisfies WF'(Id —Q;) N K = &,
WF,(Q]‘) C O. Then Y = ﬂjQ‘)j, 3k = ﬂj3K.

In particular, Yk and 3k become Fréchet spaces when equipped with the 9);, 3;
norms.

Remark 6.0.16. — 1t is easy to see that the Fréchet topology is independent of the
choice of the particular O;.

Proof. — The fact that Px C N;Q; follows from Lemma 6.0.14. For the reverse
inequality, note that u € NY; C NYg; has WF}, 5+ (u) C NO; = K. On the other
hand, as u € Py, || < k = A*Q u € X and Q; is elliptic on K. Thus, u € YPk.

The same holds for 3. O

We now note the following functional-analytic facts:
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Lemma 6.0.17. — Let Q) be as above, and again let
(6.0.15) PD={ueX: TnId-Q)u e X", |a| < k=T, A%Qu € X"},

and
3={ueX: o <k=T.A°Que X}
Then the dual of 9 with respect to the space $ (see Appendix A) is

D ={u: u=vg+ITn(Id-Q)vs + Z T, A*Quy, vo,v1,v4 € X},
|| <k

and the dual of 3 with respect to ) is

3={u: u=v+ Y T.A*Qua, v0,va € X'},
Ja|<k

Proof. — First consider the dual of 3 with respect to ). We apply the discussion of
Appendix A leading to (A.0.7). More precisely, with the notation of the Appendix,
we take §) = L2(I x Xo), and X = H'(I x Xo), resp. X = Hj(I x Xo), as set out
earlier. We also let 9 = £°°(I x Xj), resp. D = .800(1 x Xo) (with the dot indicating
infinite order vanishing at I x 8X,). We define the operators By, in (A.0.6) as follows:
we take By, k = 1,...,N, to be a collection of &> vector fields on X, which span
Y(X) over §°(X), Bo = Id, and define the X-norm on 9 by

N
(6.0.16) lull% = l|Boull + Y | Brull3,
k=1
cf. (A.0.4); then X is the completion of 9. Then we take the collection of A; in
defining the space 2 in Appendix A, with the norm (A.0.3), to be T, 4,Q, |a| < k.
Then our claim about 3* follows from (A.0.7) and (A.0.1), taking into account that
the principal symbol of the conjugate of a pseudo-differential operator by complex
conjugation is the complex conjugate of the principal symbol of the original operator,
so its vanishing on & ?:g is unaffected.
We now consider the dual of 9, with 2 given by (6.0.15). As Id+A : X — X* is
an isomorphism, the norm on X* is given by
N
lullz- = 1T +4) " ullz = Y [ Be(Id +4) " ul3,
k=0
with By as in (6.0.16), we are again in the setting leading to (A.0.7) with X in the
Appendix given by our X*, the By, in the Appendix given by By (Id +A)~!, the space
92 in the Appendix being our space 2) in (6.0.15), and the A; in the appendix given
by Tn(Id —Q) and T,A*Q, |a| < k. Then our claim about 2* follows from (A.0.7)
and (A.0.1). a

Now let

Dk = {u € Tn(X) : u is nonfocusing of order k w.r.t. Hy% on K},
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3k = {u € X* : u is nonfocusing of order k¥ w.r.t. Hb"’;* on K}.
Lemma 6.0.18. — Define %), 3 as above. Then
Dk CD* C V5.
and
SK c3c 55-

The proof follows that of Lemma 6.0.14 closely, using the characterization of 9*
and 3* from Lemma 6.0.17.

We remark that away from W, we may always (locally) conjugate by an FIO to
a convenient normal form: being coisotropic, locally & > can be put in a model form
¢ = 0 by a symplectomorphism ® in some canonical coordinates (y, z,7, (), see [7,
Theorem 21.2.4] (for coisotropic submanifolds one has k = n — [, dimS = 2n, in
the theorem). We may moreover arrange the (z,() coordinates (i.e., apply a further
symplectomorphism) so that o(0) o ® = ¢¢; for some symbol ¢ elliptic in a small
open set. We now quantize ® to a FIO T, elliptic on some small neighborhood of a

w E Q"i’g, which can be arranged to have the following properties:

— TO = @QD,, T+ R where Q € ¥!(M?°) is elliptic near ®(w) and R is a smoothing
operator.
— u has coisotropic regularity of order k (near w) with respect to H® if and only
if D¢Tu € H® whenever |a| < k.
— wu is nonfocusing of order k (near w) with respect to H® if and only if Tu €
EI al<k D¢H>.
Let G € V~1(M°) be a parametrix for Q. As a consequence of the above observa-
tion, Ou = f implies that D, Tu — GTf € € microlocally near ®(w), and if f
is coisotropic of order k relative to H°~!, then D?GTf € H*® for |a| < k (with an
analogous statement for non-focusing) hence we have now sketched the proof of the
following:

Proposition 6.0.19. — Suppose u is a distribution on M°, Ou = f. If f is coisotropic
of order k, resp. nonfocusing of order k, with respect to H*~! then the coisotropic
reqularity of order k, resp. non-focusing regularity of order k, with respect to H®, is
invariant under the Hamilton flow over M°.

In particular, for a solution to the wave equation, coisotropic regularity of order k
with respect to H® and nonfocusing of order k with respect to H® are invariant under
the Hamilton flow over M°.

(We remark that one could certainly give an alternative proof of this proposition

by positive commutator arguments similar to, but much easier than, those used for
propagation of edge regularity in the following section.)
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Corollary 6.0.20. — Suppose that f is coisotropic, resp. non-focusing, of order k rela-
tive to H™ ™!, supported int > T. Let u be the unique solution of Ju = f with Dirich-
let or Neumann boundary conditions, supported int > T. Then u is coisotropic, resp.
non-focusing, of order k relative to H™ at p € S*M° provided every® GBB v with
~(0) = p has the property that there exists so such that t(vy(so)) < T, and for s € [0, so]
(or s € [s0,0], if s0 < 0), ¥(s) € S*M°.

The analogous statements hold if f is supported in t < T, and u is the unique
solution of Ou = f supported int < T, provided we replace t(y(so)) < T by t(~(so)) >
T.

Proof. — This is an immediate consequence of Proposition 6.0.19, taking into account
that u is coisotropic, resp. non-focusing, in ¢ < T, by virtue of vanishing there. O

If K C M° is compact, then there is § > 0 such that if p € S} M° and v is a GBB
with v(0) = p, then for s € (—4,9), 7(s) € M°. As s is equivalent to ¢ as a parameter
along GBB, we deduce the following result.

Corollary 6.0.21. — Suppose K C M° is compact. Suppose that f is coisotropic, resp.
non-focusing, of order k relative to H™™, supported in t > T. Let u be the unique
solution of Ou = f with Dirichlet or Neumann boundary conditions, supported in t >
T. Then there exists &g > 0 such that u is coisotropic, resp. non-focusing, of order k
relative to H™ at p € S} M° if t(p) < T + do.

Of course, what happens to coisotropic regularity and nonfocusing when bicharac-
teristics reach W is of considerable interest, and will be discussed below.

(2) The restriction of this GBB to [0, so], if sp > 0, or [so,0] if so < 0, is unique under these
assumptions.
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CHAPTER 7

EDGE PROPAGATION

This section contains a series of theorems that will enable us to track propagation
of regularity into and back out of the edge. They are as follows:

— Theorem 7.1.1, which governs propagation of regularity into and out of the
interior or W as well as the microlocal propagation of coisotropic regularity
there (i.e., iterated regularity under application of operators in &).

— Theorem 7.2.1, which governs propagation of regularity into 114 along glancing
rays, tangent to one or more of the boundary faces meeting at R x Y (in the
blown-down picture).

— Theorem 7.3.1, which governs the propagation of edge regularity at non-radial
hyperbolic points at the boundary of the edge w.

— Theorem 7.4.1, which governs the propagation of edge regularity at glancing
points at the boundary of the edge w.

These theorems will then be assembled (together with the propagation over the inte-
rior of the edge, which we may simply quote from [15]) to yield the propagation of
coisotropic regularity into and out of the edge in Theorem 8.0.4, and this result is the
key ingredient in proving the “geometric” improvement in regularity on the diffracted
wave.

7.1. Radial points in the interior of the edge

The following theorem enables us to track edge wavefront set entering and leaving
the edge at radial points over its interior. Since we are working locally (even within
the fibers!) over the interior of the edge, i.e., over W°, we can use edge, edge-b and
edge-smooth objects interchangably, for the only boundary in this region is the edge
itself.

Theorem 7.1.1 (Propagation at radial points in the interior of the edge, see [15, Theo-

rem 11.1])
Let u € HL (M) solve Ou = 0 with Dirichlet or Neumann boundary conditions.
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1. Letm > I+ f/2. Given a € Hwp, andp € Rey o 1, if (9‘}3,\0M) NWF™ Ay =
@, for all A € G* then p ¢ WF.™" Bu for alll! <1 and all B € G".

2. Let m < I+ f/2. Given & € Hwyp, p € ‘%:b,a,03 if a meighborhood U of p
in ©S*|opr M is such that WF, ™ (Au) NU C 8F% for all A € G* then p ¢
WF.™!(Bu) for all B € 8.

This theorem is literally the same theorem as [15, Theorem 11.1] as we are restrict-
ing our attention to the interior of the fibers, hence the presence of a fiber boundary
in our setting is irrelevant. We thus refer the reader to [15] for the proof.

Remark 7.1.2. — In fact, we could take u € H°!(M) here, but the restriction on
regularity will be necessary in later theorems to maintain the boundary condition at
the side faces 2] = 0, and we prefer to keep a uniform hypothesis. The boundary
conditions are irrelevant here; again, they are stated for the sake of uniformization.

7.2. Propagation into radial points over the boundary of the edge

We now turn to the question of propagation into the edge at glancing points, i.e., at
points over the boundary of the fibers of M. Note that the hypotheses of this theorem
are global in the boundary of the fiber: we do not attempt to distinguish different
points in the fiber boundary.

Theorem 7.2.1 (Propagation into radial points over the boundary of the edge). — Letu €
X = HLY (M) solve Ou = 0 with Dirichlet or Neumann boundary conditions (see
Definition 5.2.4).

Let m > 1+ f/2 —1 with m > 0. Suppose that ¢ € Hwp and there exists a
neighborhood U of

%eb,q,l nebS‘;WM = %eb,q,l N g
in ®®S*M such that {x > 0} NUNWF " u= &. Then

%eb,q,l n ebS;WM N WF;%’,I; u=g
for alll’ <O.

Proof. — Choose local coordinates on W, and let ¢ = (yo, to, 7o € {£1},70) € Hwp-
Choose £ such that ég = 1—h(y, fjo) with sgn €0 = sgn 7o (this is the incoming point).

One of the central issues in proving the theorem is to construct a symbol that is
localized in the hypothesis region that is sufficiently close to being flow-invariant. To
begin, we will need a localizer in the fiber variables. Fix any K € W° and fix a small
number €x > 0. Let

TS5 (M) N {[¢)/lg] < ex} — 2
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be locally defined by

sgn ¢
T(ql) = Z(esz & S0 Hes): So0o0 = !Ai"ﬁ— arctan
” ¢

[y

[y

Ky

where ¢’ € S} (M) has “edge-smooth” coordinates (t,y,z2,7,€,7,{) (we are using
the canonical identification of ©S*M with ¢S*M away from dM\W). This map is
well-defined provided eg is chosen sufficiently small (so that the flow stays away
from BW). The map simply takes a point over the boundary to its limit point in the
fiber variables along the forward bicharacteristic flow, hence on W, we certainly have
T.(Hes) = 0. 5

We now employ T to create a localizer away from 0W. Fix

K'cU cCcK' cUCKcW°
with K", K', K compact and U’,U open such that
1. a €Sy, M and Ig(a) /_é_(a)] < ex imply Tx(a) € W\ K,
2. a €Sk, M and ‘g(a)/_é(a)) < ex imply Tk(a) € U'.

Now let x € (W) be equal to 0 on W\K’ and 1 on U’. For ek sufficiently small,

x © Tk vanishes on 5%, M, hence can be extended as 0 to "SS;V\UM to define a

€ function. Thus, this extension of x o Tk is well defined and smooth on
{ié/gl <€g, < GK} UeSS;—V\UM C SS*M;
it equals 0 on the fibers over W\U and 1 on those over K”. But
{}C/E‘ <€y, < e’K} UeSH M C {.Q/gl <eg, T < EK} UeSh oM

for €}, > 0 sufficiently small as on U, ‘é /§ | < ‘(A /€ |, since |z;| are all bounded away

from 0 there. Due to the vanishing near 9W, we can equivalently regard this extension
of x o Tx as a & function p on the following subset of the edge-b cosphere bundle:

{|¢/€] < eker @ < el fUPSH M.

The resulting function satisfies

(7.2.1) Hes(p) = O(z) on {’f/é‘ <€g, z< e'K} UebS;},\UM'
and
(7.2.2) p=0on 8y, M.

It is convenient to extend p to all of ®®S*M by defining it to be an arbitrary fixed
positive constant, say 1, where it is not previously defined. Note that by (7.2.2), when
we need to calculate derivatives of p in a commutator calculation, we may always
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assume that we are away from W, hence use the edge-calculus Hamilton vector field
result.
Now consider the function

A A 12 2 2
w = | — ol + |y — wol” + p* + [t — to|".
(Note that keeping w, |£ — &| and z sufficiently small on X, automatically means
that ¢ is small as well.)

We now identify some appropriate neighborhoods in which to localize. First, choose
€0,€1 < 1 such that

K1 <o, < €1, w<en, [€—&of* < &1 =>|/E] < €fe/2.
Second, choose €3 < €; such that

SebN{z <e}N{w<e}n{lf-&?<e}cC {|§|2 < %0 .
Let

K={z<a}nivsa}n{li-b<a}n{lP<3}.
Next, given § > 0, which will depend on K, let U = Us be as in Corollary 5.4.6.
Finally, given any 3 > 0 (to be specified below) we will choose € = €(3,8) so that
(7.2.3) €, (14 0) < e,
and so that

Ko={c<e w<e(l+h), -&l*<e [{P <e} cU=Us.

(Note that K. C K by (7.2.3).)
Let ¢ € €2°([0,¢€)), %o € Eo ([0,€0)), identically 1 on [0,€0/2], ¥1 € Eo ([0,€)),
identically 1 on [0,€/2], ¥ € o ((—o0,€)), all non-increasing,

a=ac =7’z P(w — Be)yi (1€ — &f*)p(@)9o(IC1)
Thus,
z<e€ w<e(l+P), |£ — é0|2 <e, |CA|2 < €g On supp .
We usually suppress the e-dependence of a below in our notation. Equation (7.2.3)
ensures that ¢(1 + ) < 1 on suppa, so p < 1, and thus (7.2.1) holds. We have also
arranged that

‘f/é‘ < €% /2 on suppa

and that ¥(|¢|2) = 1 on supp((w — Bz)d(z)1h1 (€ — £0]2)) N Tep. This latter obser-
vation means that we need never consider derivatives falling on the ¥y term when
computing the action of the Hamilton vector field on a. (The cutoff wo(f ) is therefore
not necessary for correct localization of a, as that is achieved by the cutoffs in w, é
and z if we restrict our attention to Xep; rather this is necessary to make a a symbol,
which it would not be if independent of .)

We quantize a to A € ¥} (M), i.e., take any A with oep, s(A) = a. By Lemma 5.4.7,
(7.2.4) O, A°A] =Y QiLyQ; + ) (e LiQi + Qie ™ L)) + 272 Lo,
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with
L” e ‘I’ZS 1, 21‘(M), L e ‘1,23 2T(M) LO e \1128+1 2T(M),
(7.2.5) Oeb,2s—1(Lij) = 2aVija, Oeb,2s(Li) = 2aVia, 0ep,2s+1(Lo) = 2aVpa,
WFqp,(Lij), WFg, (Li), WFg, (L), WFey,(Lo) € WF,(A),
with Vi;, Vi and V, smooth vector fields tangent on ebT* M tangent to W and such
that for f € €>°(*S*M) with f|;; = @, ¢ for some ¢ € S*W

In view of Corollary 5.4.6, we are led to regard the L;; and L; terms as negligible,
provided that their principal symbol is bounded by a constant multiple of oep s+1(Lo)
times the appropriate power of |7| (to arrange homogeneity of the same degree). Also
by Lemma 5.4.7,

(I7IVoé) Iy = —2Zk2 :(0,9,2)¢/

(7 2 7) (|T|V§ = Z k3 z] O Y, Z) (ITIV;JE)IW = _2k1,ij(0’ Y, Z)7

(fr = e vow "))y = =20 + ), (I7]™= ™" Villr[*'e™)lw =0,
(I~ 2™ Vi (171'2™)) Iy =0,
In particular, with s’ = 0, ' = 1, |7|~'Voz = —2€z, while Viz, V;;z are O(z?).

In computing Va for various homogeneous degree y — 1 vector fields V on **T* M,
we will employ the following arrangement of terms:

Va =y(w — f)¢(@)o ({291 (1€ - &PV (Ir°= ")
+1r1°z 7o (IE2)p() e (1 — &ol*)9' (w — Bz)(Vw — BVz)
+[r|"z " p(w — Ba)o(I€I*) 11 (1€ — &ol*)V (4(x))
+ |7z (w — Bx)o(IC1)$(@)V (1 (1€ — &%)
+ |7l e (W — Br)d(@)w1 (1€ — &)V (o (IC?)).

As |77 WVoz = —25510 while |7|"1Vow = zf for some f € §°(®*S§*X), and |¢| is
bounded below on K (which is a compact subset of ®*S*M), it follows that there
exists 3 > 0 such that —(sgn 7o)|7| ™} (Vow — BVox) > = on K, and thus

(7.2.8) — (sgn 7o) |7| "t (Vow — Vo) = zc2

for some smooth positive function ¢, defined on K, hence on a neighborhood of supp a
n *®S* M. Moreover,

Vou (1€ = &of?) = —4(€ — &o)wi (1€ = &*) D k2,450, 9, )¢S
ij

Similar computations hold for the V; and V;; terms, with result shown below in (7.2.9).
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We start by discussing the terms in (7.2.4)-(7.2.5) in which the vector fields Vg, V;,
V;; differentiate 1 (|€ — &|?). These terms altogether have the form

(729) Z Q:Lij,le + Z(-’lf'—lLi,lQi + Q;‘x_ng’l) + $_2L0’1, where

Oeb,2s—1(Lij 1)l = —(sgnmo)aiky,i;(0,y, 2),

1
Oeb,2s(Li,1) iy = Teb2s(Li 1)l = _§(Sgn To)a1 Z k3,i5(0,y,2)¢] s
J

Teb,2s41(Lo1) iy = —(sgnmo)ar Y _ k2,45(0,,2)¢/'¢],
i

with a1 = 8a(sgn 70) (€ — &)|7I°2 "9 (w — Bx)vo(I¢|?)()¥1 (1€ — &ol?).

On K Nsupp ¢} (|6 —&0[*) NP, £ has sign — sgn £ = —sgn 7o, so (sgn 7o) (§—&o) <
0 there. Thus, noting that the right hand side on the last line is a square for x
sufficiently small in view of 9] < 0 when (sgn79)(£o — &) > 0, it has the form

(7.2.10) (—sgnmo)dzz~'C5Cox ™ dz + Eo + Ey + Fo,
Co € W5 /27(M), Bo, By € Diffl, Wi ™2 (M)

es,}

- 1/2
Gen,s-1/2(Co) = (H((sgn o) (€0 — £))d(w)ar)
WF., (E)) N*Y = @, WF., (Ep) C {z > 0} Nsuppa,
Fy € Diff2, , 2~22"*2(M), WF., (E}), WF. (Fo) C suppa,

es,fi

where H is the Heaviside step function (recall that 1] = 0 near the origin, and ¢’ < 0)
and ¢ € 82°([0, €2)) is identically 1 near 0 and has sufficiently small support.

Next, the terms in (7.2.4)-(7.2.5) in which the vector fields Vo, V;, V;; differentiate
¥(w — Bz) have the form

D QrLij2Qi+ Y (v Li2Qi + Qiz 'L ,) + 372 Lo 2, where
eb,s—1(Lij2) = a3 fij 2, Oebs(Li2) = Oeb,s(L; ) = a3 fiz,

Oebs+1(Lo2) = —(sgno)aics, cp as in (7.2.8)

a} = —2zalr|" 'z 7Y (w — Ba)Po(|C|?)p(@)r (€ - &ol?),

with f;;2, fi,2 smooth. Moreover, terms in (7.2.4)—(7.2.5) in which the vector fields
Vo, Vi, Vi; differentiate ¥o(|¢|?) have wave front set disjoint from °®Y as already
discussed, while the terms in which these vector fields differentiate ¢(x) are supported
in suppa N {z > 0}, where we will assume the absence of WF¢, ;’* u (the weight is

indicated by an asterisk as we are away from x = 0, so it is irrelevant).
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Finally, the terms in (7.2.4)—(7.2.5) in which the vector fields Vy, V;, V;; differentiate
|7|°z~" have the form

Z Q:Lij,ng + Z((l:_lLiyg,Qi + QZ.’E_IL;’:;) + .'L'_2L(),2, where
Ueb,s—l(Lij,3) = a2xfij,3a Ueb,s(Li,S) = Oeb,s (Li,3) = a2xfi,3a
Oeb,s41(Lo,3) = —a’(sgn 7o) 7|2(s — 7)c3,

where 3|5 = 4(sgnmo)€ > 0.
Finally, recall that terms with 1y derivatives are supported in the elliptic set of [J.
We are now ready to piece together the above information to compute the commu-
tator [, A*A]. First we choose a family of operators convenient for adjusting orders:
pick
(7.2.11) T, € ¥45%(M), 0ev(T,) = |7|” near K.

Thus, T, are simply weights, for |7|" is elliptic of order v on a neighborhood of K.
Adding all the terms computed above, and rearranging them as needed, noting the
top order commutativity in eb-order of Diffe, y ¥, (M), we finally deduce that

—u(sgn7o)[0, A* 4]
:A; (C;.’L'_ZCQ + Z(w_lFi,ZQi + Q:x_lF{,Z) + Z Q:Fij,2Qj)A2

ij

(7.2.12) + ATy, (C§2(s -z %C3 + Z(z_lFi,gQi +Qjz ' F3)
+ Z QfFij,an)TuzA
j

+dyz'C;Coz~'dz + E+ E' + R"
with
A € USTPTTV(M), 04 o11/2(A2) = az, WL (Az) C suppa
C2,C3 € WSO (M); Fi2,Fly, Fis, Fly € U3 (M) and Fyj2, Fijs € 020 (M);
On K, O'eb70(62) 7é 0 and oeb,o(C;;) = (Sgl’lTo)f ;é 0,
Co € W3, /*"(M), WFi,(Co) C suppa,
E,E' € Diff2, , %~ 12r+2(pr),

es,ff
R' e Diffgsyu \Ilzf)_Q’zr"Lz(M) (i-e., is lower order), WF, (R") C suppa,
WF., E C {z > 0} Nsuppa (our hypothesis region),
8. WF., E' N°**Y = @, WF., (E') C suppa.

When we pair both sides of this equation (suitably regularized) with a solution to
the wave equation the terms E, E’ and R” will be controlled respectively by the
hypothesis on u in z > 0, microlocal elliptic regularity, and an inductive hypothesis
in the iterative argument in which we improve the order by 1/2 (or less) in each step.
The remaining terms on the right hand side are either positive, or involve @;, and the
latter terms are controlled by the former, by Corollary 5.4.6. Thus, save for the need

NS ote W

SOCIETE MATHEMATIQUE DE FRANCE 2013



82 CHAPTER 7. EDGE PROPAGATION

to mollify to make sure that we can actually apply this commutator to v and pair it
with u, and also be able to rewrite the commutator as the difference of products, this
would give our positive commutator result, controlling ||z ~'T} /2Cs Aul|.

We do, however, need to mollify. Let 0 > 0 (typically we take o = 1/2, always
o €(0,1/2]) A, € Y7 (M) for v > 0, such that {A, : v € (0,1]} is a bounded family
in ¥3 (M), and A, — Id as v | 0 in ¥¢, (M), for all € > 0. Let the principal symbol
of A, considered a bounded family in ¥, (M), be (1++|7|2)~?/2 on a neighborhood
of K. Let A, = A,A. We now have A, € U5, %" (M) for v > 0, and A, is uniformly
bounded in ¥% (M), A, — A in 55" (M). Moreover,

(7.2.13) o0, A% A,] = AZe[0, A*AJA, + A%[0,AZAL)A + R,

with R uniformly bounded in Diffzsm ‘Ilzg_z’zr"'?(M ) (hence lower order). Now, for a
vector field V on *PT*M,

VA +AT)% = —(0/2v (A + 4l 2) =2 VI

Applying this, the general Formula (7.2.4)—(7.2.5) with A, in place of A and (7.2.7)
with 7’ = 0, s’ = 2, we deduce that

—(sgno)A* [0, AA, A

(7 ) 14) = A*A; 1*/2[\,’; ( — 20’0;(13_203 + Z(Z‘-lFiAQi + Q:w_lFi,A)

+ Z Q:FijAQj)TlﬂA'yA'yA + R,

ij

with Fij 4 € U, 2°(M), Fi 4, Fl 4 € U°(M), A, uniformly bounded in 2 (M) with
principal symbol

- 1/2
oonA) = (WP +1r) ) T <1,

Cs € \Ilgi)O(M) and Ty, € \Il:éw(M) as in (7.2.12) and R/ uniformly bounded

in Diffzs,ﬁ 222742 (M), hence lower order. Note that this commutator has the op-

posite sign from (7.2.12), which limits our ability to regularize. However, as long as
o' — o > 0, we can write

20'1d -20A%A, = B} B,
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with B, uniformly bounded in \IIS{)O(M ). Thus, if s — 7 > o, taking ¢’ such that
o < o' < s—r, we deduce that

—1(sgn7o)[0, A3 A, ]

=43, (C;$—2CZ + Z(w_IE,ZTIQiT—l +T_1Q;Tiz ™' F},)
+ Z T—IQ:QjFij,ZTl)AZ,‘y
iJ

(7.2.15) + AT (052(8 —r—0")z72Cs

+ Z(w_lFi,5T1QiT—1 +T71QiTha ™ Fj)
i

+ Z T—lQ:QjFij,STl)Tl/ZA'y
ij

4 A3T5,C5 BB, CaTy 24,

+dyz A C;CoMyz ™ dz + E, + E., + R,

with the terms as in (7.2.12), in particular Fijyg,,Fi’j’s as Fjj 3, etc., there, and Ay , =

AsA.,, etc. Here we rewrote the terms in (7.2.12) somewhat, inserting 77 and T_; in
places (recall that T;T_; differs from Id by an element of ¥_;"°(M) on K, and this
difference can be absorbed in R) in order to be able to use Corollary 5.4.6 directly
below. Applying both sides of (7.2.15) to u and pairing with u, we claim we may
integrate by parts for any v > 0 on the right hand side of the resulting expression to
obtain

(7.2.16)
—1(sgn 1o)([[J, AT A, Ju, u)

=|z7 CoAaul® + 2(s — 7 — o) ||z C3Ty o Ayul|?
+ Z(QjFij,2T1A2,7U, QiT* Az yu)

ij
+ Z ((QiT_lAgwu, :1:_1T1*F:2A21.Yu) + <.’L'_1T1E,72A2y7u, QiT_lAg,’yu))
i

+ Z <<QiT~1T1/2A'yu; w_lTl*Fi%Tl/gA,yu)

+ <III‘_1T1FZ~IY5T1/2A,YU, Q,‘T_lTl/zA,yu))
+ Z(QjTlFij,5T1/2A'yu; QT Ty /2 A u)
iJ

+ 1By CsT1 2 Aul|? + [|CoAyz ™ dzull* + (B + E} + RY)u,u),
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and that we may similarly expand the left side by using
(7.2.17) ([0, AZ A, Ju, u) = (A% Ayu, Ou) — (Qu, AL Ayu),

so that pairing with a solution to the wave equation yields identically zero.
We begin by justifying these two integrations by parts, after which we will read
off the consequences. We start with the Dirichlet case. Note that the Lg-dual of Y =

H;S’fO(M) is He"sl’—l_(f+1)(M) (where as usual the zf+! factor derives from the dif-
ference between the metric density used in the pairing and the “edge-density” used to

define the norm on H, ((M)). We have
72 Diff2, (M) 5 0: 9 — HZV2(M) = 2 UHD-2()*,

Here we suppressed the quotient map p : H;V'"2(M) — HZ"'~2(M), i.e., the stated
mapping property is, strictly speaking, for p o (l. Furthermore, the dual of H esb’fy(M )
is

(Heylp (M) = Hy oy (M).
Equation (7.2.17) makes sense directly and naively for v > 0 if the products of (0 with

A A, € U372 (M) map H™ (M) to its dual, H>°~" (M). We thus require

eb, eb,(@)‘
* 't -8, —r'=2l— 1)+2
AL Ay H o (M) — Hy'y D2 (M)
which holds if
s—o<s,

7.2.18
(7.2.18) r<r H 14 (f+1)/2-1.

Following the same line of reasoning shows that if we are willing to settle for just
(7.2.16), by contrast, we only require the milder hypotheses

s—o<s+1/2

r<r’+l+(f+1)/2-1
In fact, we claim that (7.2.19) suffices for both (7.2.16) and (7.2.17), with the latter
being obtained via the following subtler regularization.
_ This is best done by replacing u in the second slot of the pairing by a separate factor
A u, where A, is constructed just as A, but with the greater degree of regularization
o = 1. Thus we have a replaced the lost half of an edge derivative (on each factor)
which obtains from assuming (7.2.19) instead of (7.2.18) and may again integrate by
parts to obtain, for v, > 0,
(3, AZ Ay Ju, Ayu) = (AL Ayu, OAyu) — (Ou, AT A Ayu)

= (AL Ayu, Ay Ou) + (A% Ayu, [0, Ay ]u) — (Ou, AZA,Ayu)

(7.2.19)

(7.2.20)

Now, A, — Id strongly (but not in norm) on H, :;Q(M ) and on H, ;’)’3‘;* for all &',7';
this takes care of the first and third terms. Furthermore, [(J,A/] — 0 strongly (but

H:b::;’:”(M)(M) Thus, letting "y/ — 0

shows (7.2.17) just under the assumption s —o < s'+1/2,r <r' =141+ (f+1)/2.

not in norm) as a map from H:};:%(M ) to
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The Neumann case is completely analogous, except that then L;-dual of ¥ =
HL(M) is Hz" "YU+ (M). We have
72D (M) > 0 : X — HZV2(M) = g2+ U+ -2x%,

es,ff
Furthermore, the dual of H, :1;’; (M) is
(Hop%(M))" = Hoy'zl ™ (M)
The rest of the argument proceeds unchanged.
Having justified our integrations by parts, we now show that we can absorb the
Q;-terms in (7.2.16) in the positive terms (uniformly as v | 0) by using Corollary 5.4.6.

Thus, given § > 0, let U be as in Corollary 5.4.6; for sufficiently small ¢ > 0, suppa C
U. For instance, by Cauchy-Schwarz,

(Q; Fij2Ti Az qu, QiT* 1 A (u)| < ||QiT* 1 Az yull? + || Q5 Fij 2Ty Az yul?
< 6(I1DT*, A pull? + || D1 Fij 2T1 Az, yul|?)
+ F(||u||§{els,r+x/2«(f+1>/2(M) + "Guuiels,r+l/2—(f+l)/2(M))v

where G € \IJZ,:I’O(M). The the ||Gu||i{11,+1/24(,+1)/2(M) term can be estimated as

(RYu,u) since

(7.2.21) ||Gu||§,els,r+1/2—<f+x>/z(M) = ||$_T+l/2dMGU||ig(M;AM)a

and (z7"tY/2dp G)* (z~ "1/ 2dp Q) € Diff2, W2 3?1 (M), hence in fact a little bet-
ter than R;’ , which has weight 2r + 2. Now, for Fo > 0 sufficiently large, depending

on K but not on € > 0 (as long as € satisfies (7.2.3) and suppa C U, i.e., € > 0 is
sufficiently small), we have

Oeb,0,1(DeFij2T1) < Fooep0,1(z 7 Ca)

on a neighborhood of K. Thus,

I Dt Fij 2Ty Az yul®

< 2F ollz ™' C2 Az pull?

+ FI(“f”—rw1“||§{e1§r+1/2—<f+1)/2(M) + ||G/U||:;1;s,r+1/2—<f+1>/2(M)):

with G’ € \Il:tjl’O(M) (so the last term behaves like (7.2.21)). Thus, if we choose § > 0
such that 8F gn?§ < 1, the first term (for all ¢, j) can be absorbed in ||z~1C2 A5 ,ul|?,
while the last two terms are estimated as (RJu,u). Essentially identical arguments

deal with all the other terms with Q; and Q;. In the case where Q; is present on one
side of the pairing only, we write, for instance,

HQ:iT-1Az yu, iU_leFiszMUH
< 6TV QIT 1 Ag yull® + 822 Ty Fy Ag ul .

Using Corollary 5.4.6 on the first term, we have an estimate as above after possibly
reducing 6 > 0.
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Recall that uniform finiteness of ||x‘103T1 /2A.,u|| as v | 0 will give absence

of WFZ; ;s/z’r_l_(f /2 nell A (as always the contribution to the weight of (f +1)/2
comes from the metric weight while | comes from the weight in the definition of
the base space, X). Similarly evaluating the other terms in the pairing, we take the
extreme values of s', 7’ allowed by (7.2.19) to obtain

WES 2oty n W A= o

eb, ?

and W /27U aWF An{z > 0} = o,
and s >r+o0, 0 €(0,1/2]

= WE 21U 2y nelld = g,

(7.2.22)

or, relabeling,
WF  uNWF' A=0, WF{ S unWF An{z >0} =2,
(7.2.23) s>r+1l+f/2-1,
= WF Y unellA=2.
Recall here that a = a., and

(7.2.24) 0<e<ée =WF(A)NPT Cell Ao N °PX.

Finally, we show how to use (7.2.23) iteratively, together with an interpolation
argument, to finish the proof of the theorem. A priori we have u € X, i.e.,

WFgng u=ga,

If0 > I+ f/2—1, we may iteratively apply (7.2.23) (shrinking ¢ > 0 by an arbitrarily
small amount, using (7.2.24) to estimate the lower order error terms R) starting with
s = 0 and always keeping r = 0, to obtain the conclusion of the theorem. (We choose
o = 1/2 at every stage in this process, until we are applying (7.2.23) with s such that
s+ 1/2 > m, at which point we finish the iteration by choosing o0 = m — s so as to
retain our estimates on the wavefront set in the hypothesis region.)

However if 0 < !+ f/2 — 1, we may not apply (7.2.23) directly owing to the lack
of positivity of the commutator, and we must employ an interpolation argument as
follows. Applying (7.2.23) iteratively, this time with r = 7y < 0 chosen sufficiently
negative that we recover 0 > 79 + 1+ f/2 — 1, shows that we obtain

(7.2.25) WEL2unS =2,
with § = WF’ A, for some € > 0, A, constructed as above. Let
L = sup{r’: WFZE”’; unNnS =g, r <0}

Note that the set on the right hand side is non-empty by (7.2.25). We aim to show
that L = 0. To this end, note that if L < 0, then for any ' < L

WFL R un S = WFy, NS = &.
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An interpolation then yields, for § € (0,1),
WF%uns = o.

Note that for any & € (0,1) fixed, the compactness of S implies that for some €' > ¢,
WFT uNWF Ao = ©

still holds. If é € (0,1) in addition satisfies

(7.2.26) mé>r'§+l+f/2-1

then by iterating (7.2.23), shrinking €' in each step (but keeping it larger than €), we
conclude that

WFL R uns =2,
providing a contradiction with the definition of L if

(7.2.27) r’é > L.

It remains to check whether § € (0,1) satisfying both (7.2.26) and (7.2.27) exists.
This is evident from Figure 1, but a proof is as follows: we have [ + f/2 —1 > 0 by

s=r+l+f/2-1

00 .7 (mo)

(m,r")

FIGURE 1. The interpolation argument. The figure shows the (s, r) plane,
where we plot the values for which there is no WF::,; (u) (i.e., microlocal
regularity of this order holds). We have a priori regularity of order (0,0)
and wish to conclude regularity of order (m,l’) with I’ < 0. By (7.2.23)
we may take a step to the right of length o for any o € (0,1/2] provided
that our starting regularity is below the line s = r + !+ f/2 — 1 and
that our endpoint is on s < m. If we know (m,r’) regularity, we know
regularity by interpolation on the whole line connecting this point to the
origin; then starting on the interpolation line just below its intersection
with s =7 +1+ f/2— 1 allows us to achieve (m,r’§) regularity by moving
to the right, thus improving the optimal weight for which we have our
estimate.
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assumption (otherwise we are in the preceding case); moreover m > 0 (so that the
theorem is not vacuous), and [ + f/2 — 1 < m by hypothesis. Thus, for any r’ < 0,

Sl+f/2—1< m

0 m —r’ m—r'<1'
Setting L4 4/
n_L+f/2-1
do(r') = — €[0,1)

we see that (7.2.26) is an equality with § = do(r) and that taking § € (6o(r'), 1) yields
(7.2.26). In particular, (7.2.26) is satisfied by 6 = §(r', A) = do(r')(1+ ) for any A > 0
sufficiently small. If L < 0, we have do(L) < 1, hence the function of 7’ and A given
by

r'§(r',A) = 'S (r)(1 + )
is strictly greater than L for ' = L, A = 0. Hence increasing \ slightly and decreasing

r’ slightly preserves this relationship by continuity, and these choice of 7’ and § yield
r'd > L as desired. a

In order to verify the hypotheses of Theorem 7.2.1, which are stated at points over
the edge, we will employ the following geometric result.

First note that if ¢ € #w,p then Rep, 41 has a neighborhood O; in b S* M and there
is a 6o > 0 such that any GBB vy with v(0) € O1N{z > 0} satisfies y|(_s,,0"Sjyy Mo =
. Indeed, we simply need to take a coordinate neighborhood

O1={pe®S"M: {(p) < —v/1-h(q)/2, z(p) < €1, ly(p) — y(a)| < &1,
lt(p) — t(q)] < €1, A(p) — A°(q)| < €1},

€1 > 0 sufficiently small, since on its intersection with {z > 0} (where ®*S*M is
naturally identified with ®S* M), E{}’ < 0, hence Lemma 3.1.5 gives the desired dg
(cf. the argument of Remark 3.4.7). Thus, such GBB « can be uniquely lifted to curves
5 i eb gx

4 in ®°S*M.

Lemma 7.2.2. — Suppose that ¢ € Hwy. There exists ¢ > 0 with the following
property.

Suppose that 0 < €1 < €g, and U is a neighborhood of S’t}’qysing N{t=1t(q) —e}
Then there is a neighborhood O of Reb q.1NG in ®S* M such that for every mazimally
backward extended GBB ~ with v(0) € O N {z > 0} there is an so < 0 such that
v(s0) € U, v(s) ¢ *Syy My for s € [s0,0].

Proof. — It follows from the discussion preceding the statement of the lemma that
there is a neighborhood O; of Repq,r and do > 0 such that every GBB 7 defined
on [—d,0], with v(0) € Oy N {z > 0} satisfies y(s) ¢ PSy My for s € [dp,0].
As t(y(s)) — t(v(0)) = 2#P(¥(0))s, this implies that there is an €y > 0 such that
for t(y(s)) € [t(q) — €0, t(9)], Y(s) ¢ °Siy Mo.

Suppose now for the sake of contradiction that there is no neighborhood O
of Reb,g,r N G in ®S*M such that for every (maximally extended) backward GBB
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v with 7(0) € O N {z > 0}, there exists sg < 0 with y(sg) € U. As Rep,q,1 N G is
compact, we conclude that there is a sequence of points p, € O; C *®*S*M with
z(pn) > 0 (so p, can be regarded as a point in ®S*Mp) and GBB +,, such that

— Yn(0) = pn,

— the image of v, disjoint from U,

— DPn P S %eb,q,l ﬂg-
By Corollary 3.4.8, {v,} has a subsequence {v,,} converging uniformly to a GBB
4 such that the lift 4 of v to *®S*M satisfies 4(0) = p. Thus, by Lemma 3.4.3,
v is not normally incident, so the image of v is in & ‘ID,q,sing’ and thus intersects
g l;,qysing N{t = e1}. As y,, — < uniformly, for large enough k, v,, intersects U,
providing a contradiction. Thus, there exists O such that for every (maximally ex-
tended) backward GBB « with v(0) € ON{z > 0}, there exists so < 0 with y(s¢) € U.
We may assume that O C O; by replacing O by O N O, if needed.

To finish the proof, we note that, provided €y > 0 is sufficiently small, if v(0) €
O C Oy, t(y(s)) € [t(q) — €o,t(q)] implies v(s) & *Sy, Mo. O

Theorem 7.2.1 and this lemma immediately give the following Corollary.

Corollary 7.2.3. — Let u € X = HLY (M) solve Ou = 0 with Dirichlet or Neumann
boundary conditions.

Letm > I+ f/2—1 with m > 0. Suppose that ¢ € Hw and 91;7qysingﬂw U=
@. Then S5 M N WFh u =2 for all I <0.

Proof. — Let €o > 0 be as in Lemma 7.2.2. As WF"; u is closed, gl;,q,sing Nn{t =

t(g)—e€o0/2} has a neighborhood U disjoint from WFZ; u. By Lemma 7.2.2, Reb,q,1N G
has a neighborhood O such that every backward GBB « with v(0) € O N {z > 0}
intersects U and is disjoint from PS}, My. By the propagation of singularities, [30],
WF % (w)nONn{z > 0} = WF{'y (u)NON{z > 0} = &. Note that this uses the fact
that every backward GBB « with 4(0) € ON{z > 0} intersects U and is disjoint from
bS;jVMO, for we do not assume that u lies in a b-derivative of X as we allow arbitrary

weights at W. Thus, by Theorem 7.2.1, engwM al WFZ;I;E u=gforall’ <0. O

7.3. Propagation at hyperbolic points within the edge

Now we consider propagation within ebS;VM , away from the radial points. The

propagation away from AW is given by the results in [15]: on the edge cosphere
bundle over W°, we find that WFe, u = WFe, x u (with, say, X = HLY(M), for

Dirichlet boundary conditions, X = H:s’fO(M ) for Neumann boundary conditions—

though this is irrelevant since we are working away from BW) given by is a union of
integral curves of Hesless;‘,M, given by (3.2.6), i.e.,
1 0KY

1 nn A LA A 14
L - _ N 1] ©] s — — 2
2Hes gag + K Qiaza‘ +K Qiﬁjag 2 0z g":gja_k’
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where, as before, hats denote variables divided by |7|, hence coordinates in the edge-
smooth cosphere bundle (which over We is canonically identified with the edge cotan-
gent bundle). This leaves open only the question of how bicharacteristics reaching
z' = 0 interact with those leaving 2z’ = 0, i.e., the problem of reflection/diffraction
from the boundary faces and corners of Z. Since the propagation over the interior of W
can be considered as a special case of propagation at &\ Rep, (see Theorem 7.4.1, with
no 2’ variables, i.e., with k¥ = 0 in the notation of the theorem), we do not state the
interior propagation result of [15] here explicitly.
Let us thus begin by considering a hyperbolic point q € # given by

(731) T = 0, t= t07 Y = Yo, Z’ = 07 Z” = z(l)lv £= éOa ﬁ = 'F’U) 6, = 07 66,7
in edge-b canonical coordinates. Thus, in addition to ¢’ = 0, we have
1> 52 + h(yO»ﬁO) + k(y()’zl = O’ Z(l)la 6, = 0766,)

In the special case that 2’ is a variable in R!, i.e., if ¢ lies on a codimension-one
boundary face of eb, then two points in e",S"‘/‘i,(M ) lie above g and two edge bichar-
acteristics in ebS"}VO (M) contain ¢ in their closures; we denote them <y with the +
given by sgn(¢* - 2’); we will take v+ to be only the segments of these bicharacteristics
in |2'| < € < 1 in order not to enter into global considerations. Our sign convention is
such that v+ tends toward g under the forward resp. backward bicharacteristic flow.

What we will show in this case is that if u € X = HL'(M) and Ou = 0 with Dirichlet
or Neumann boundary conditions then

- N WFZQ& Uu=0 =74+ N WFZ{;& u=@ for any m.

More generally, we have the following result, which via standard geometric arguments
(see [22]) implies the propagation along EGBBs through p :

Theorem 7.3.1. — For Neumann boundary conditions, let X = HL' (M), 9 =
HY'=2(M); for Dirichlet boundary conditions let X = H:s’fO(M), 9 = H VI 2(M).

Let u € X solve Ou = f, f €. Let p € H be given by (7.3.1). Let U be an open
neighborhood of p in EbS;V(M), letm € R, ' <0, and suppose that WF"H'”/(f)ﬁU =

eb,2)
&. Then
Un { Yi> 0} NWE™L (u) = @ = p ¢ WET (u).

Thus, the hypothesis region of the theorem, in which we make a wavefront assump-
tion lies within the points with at least one z; non-zero, i.e., away from ebS(*JM , where
C ={z =0, 2’ = 0}, and with momenta directed toward the boundary 2’ = 0.

Proof. — As usual, one needs to prove that if in addition to the hypotheses above

pé¢ WF:{); /2 (u) thenp ¢ WF:{)ZE (u), with a slightly more controlled (but standard)

_ —1/2,0
version if m = co. So we assume p ¢ WFZL,x/ (u) from now on.

For a constant 3 to be determined later, let

(7.3.2) = ¢+ pw
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where

2 " "2 51 S 2 2 2 2 N N 2 ~ |2
w= "+ 2" — 2|+ |¢" = | +ly—yol” + [t —to]” +z° + | — 10| + |€ — &
Then for § sufficiently small, we have

|7 Hpo > 0.

Now let xo € °(R) with support in [0,00) and xo(s) = exp(—1/s) for s > 0. Thus,
X6(s8) = s72x0(s). Take x1 € &(R) to have support in [0,00), to be equal to 1
on [1,00) and to have x; > 0 with x} € €.°((0,1)). Finally, let xo € €5 (R) be
supported in [—2¢;,2¢;] and be identically equal to 1 on [—¢y,¢1]. Pick § < 1. Set

a =l xo(M(1 = /)1 (D &/8+1)xa (IC2).
Note that on the support of a, we have

(7.3.3) 3¢ > -5,

hence we also obtain
é
(7.3.4) 0<w< 25.

Thus, by keeping § and §/0 both small, we can keep the support of a within any
desired neighborhood of ¢’ =0, w = 0.
We now quantize a to A € ¥ (M). We claim that

(7:3.5) 1[0, A*A]
- B ( Y D%Ci;Dyy + Ro+ Y (RiDyy + DYR)+ Y Dz;R,,-Dz;,)B
+ A*WA+R'"+E+ FE'

where
1. Be \Ilzg'l/z’rﬂ(M) has symbol

MY/27++1/20r =153 2 3, xoxh

2. Gy € \Ile_bz’O(M ), and the symbol-valued quadratic form o(Cj;;) is strictly posi-
tive definite on a neighborhood of WF., B,
3. R,R;, R}, R;; are in \IISLO(M), v (M), \Ile_bl’O(M), and \Ile_bz’O(M) respectively
and have (unweighted) symbols bounded by multiples of v§(v/B + 1/v/B).
R" € Diff2, , ¥ >°(M), E, E' € Diff2, , ¥ _,"°(M),
E is microsupported where we have assumed regularity,
. —1,2
W € Diff2, , W% (M),
7. E’ is supported off the characteristic set.

S o

These terms arise as follows. Applying Lemma 5.4.7, we have (with Q; = z‘lDz;)

(7.3.6) 0, A%Al =Y Q1LyQ; + Y (a7 LiQi + QFz ' L) + 272 Lo,
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with
LI‘J e \IIZS 1, ZT(M) L“LI € ‘IIZS 2T(M) LO € \11284-1 27‘(M),
O'eb,2m—1(Lz'j) = 2aVija, Vij = Iﬁ:ij(a(t{ + a(;, + 235) + Heb,Nij’
0eb,2m(Li) = Ueb,Zm(Lg) = 2a‘/iaa
1 1
(7.3.7) Vi= Z Kij Oz + E(miaﬁ + Hep,m,) + §mi(3g +9¢:),
j
0'eb,2m+1(L0) = 2aVpa, Vy = 2;165 + Heb,ﬁ + Zm,-é)z;,
WF, (Lij), WFep, (L), WFg, (L), WFo,(Lo) C WFq, (A).
with
Volo = —2 20, — 2(&2 + Zkz 3CICY) B — 26 (7 8- + 1 8y)
(7.3.8) ~2 Z k2 ,,c"a v+ D Oy kais)C'¢ Ocy,
£,3,5
Vijle = —k1i(0¢; + 8¢y + 20¢) + D (Bark1ij)0cy, Vile == k1,604 5
£ J

First we evaluate the terms in L;; coming from terms in which Vj; hits xo(M(1 —
$/6)). The main contribution will be from the derivatives falling on {’, with the rest
controlled by shrinking (; in particular,

Wj (¢/6) = _Zkl,ij + rij
with
73] < const(BvVw + Vw);

on the support of a, this is in turn controlled by a multiple of

BVé/B+ /8.

Thus, from these two terms, we obtain corresponding terms in :[J, A* A] of the forms

B*()_D;Cy;D.;)B
B*()_DjRyD.;)B

and

respectively.

Similarly, terms with V; and V; hitting xo go into the R; and Ry terms in (7.3.5)
respectively.

The terms arising from

Ve (xl(Zf}/5 + 1))

are supported on the hypothesis region, {}_ {; < 0}, hence give commutator terms of
the form z~2E above.
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The terms arising from
Vo (2 (1))

lie off of the characteristic set, hence give commutator terms of the form z=2E’ above.

The term arising from differentiating |7|°z~" gives the commutator term A*W A.

As we are interested in edge-b wavefront set, the term D;QCUDZ; is slightly in-
convenient, but we note that owing to strict positivity of C;; we may replace it by a
multiple of A,/ /z? plus another positive term. Rewriting A,/ /2% = (A,//z?+0) -0,
and noting that the first of these terms is in =2 Diff% (M) and elliptic on the hyper-
bolic set, we see that we in fact have

(7.3.9) 4[A*A,00) = R"O+ B* (C*C +3°D:6,D. + Ro
+>" DyR+ RiD; + A'WA+ Y DyRiDy,)B+R'+E+E'

where (:’,-j € \Ilgi)z(M ) is a positive matrix of operators (this is a priori true only at
the symbolic level, but we may absorb lower-order terms in R;;).
Following [30], we find that for any £ > 0,

(7.3.10) (Row, w)| < C(V8)(v/B +1/v/B) lwll® + FHIRgwll” + F [lw]?,

where Rj € \Ile—b1 has the same microsupport as Ry, and is one order lower. Here
we have employed L? boundedness of \IIS{)O(M ), or more specifically, the square-root
argument used to prove it (cf. [30] for details, specifically the treatment following
(6.18)). By the same token, we can estimate

(7.3.11) (RiD,w,w) < C(V3)(v/B+1/V/B) (||T_1Dz;_w||2 + ||w||2>

~ 2
+ 2 llw|* + F 7| Doy

where R; € \Ile—b2’0(M ) has the same microsupport as R;, and is one order lower. We
also compute

(7.3.12)

‘<R,-jDz;w,DZ;,w>’ < C(V8) (VB +1/v/B) (||T_1Dz;w”2 + “T_lDz;wlr)
# 26 ([[2aDgu] + 2D ) + 2 ful?
joDz;wHZ,

. 2
+ F_1‘ R,’jDz;’wH + F_ll

where R; s jo € \Il;bS(M ) have the same microsupport as R;;, and are one order lower.
Although the argument is identical to that in [30, 15], we reproduce the derivation
of (7.3.12) for the convenience of the reader; (7.3.10) and (7.3.11) follow by similar
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(easier) arguments. To begin, we note that T} R;; € ¥'(M) has symbol bounded
by C(Vé)(v/B + 1/v/B), hence by the Hérmander square-root argument

(7.3.13) 175 Rl < CVO) (VB + VBl + | R

with Ri]’ as described above. Now write Dz;w = TlT_lDz;w - FDz;,w; this permits
us to expand

<R,-jDz;w, Dz;,w> = <T;‘Ri,-D4w,T_1D,;w> — <RijDz£w,FDz;w>.
The first term on the right may be controlled, using (7.3.13) and Cauchy-Schwarz,
by the RHS of (7.3.12); the second term may also be so estimated by again applying
2 - 2
Cauchy-Schwarz and absorbing ”FDz;w" into a term “R;J-Dz;wu with appropri-
ately enlarged 1;3;]
Now we turn to making our commutator argument. Let u be a solution to

Ou=f

with Dirichlet or Neumann boundary conditions. Choose A, € \Ile_b1 (M) converging
to the identity as v | O as in §7.2. Note that by making A, € \II;bl(M ), we are
combining the roles of the regularizer A, € ¥_7 (M) in §7.2, required for obtaining
an improvement over the a priori assumptions, and the regularizer ]\ﬂ,: used to justify
the pairing argument, see (7.2.20). Let A, = A, A with A constructed as above. As
before, we have

(7.3.14) o0, AL A,] = AZa[0, A*AJA, + A%[0,AZA]A + R,

with R uniformly bounded in Diffgs’u w2 =227+2 (M) (hence lower order), and where

[O,A%A,] € Diff%, , U "2 (M)

es,}

is uniformly bounded, and in fact
[O,A%A,] = AZW, A,

with W, uniformly bounded in Diff% , O_,"%(M), cf. (7.2.14).

es,fi

Now we pair A} A, with u. Letting B, = BA,, provided integrations by parts can
be justified, we have

(7.3.15) (A,0u, A,u) — (A, A,Ou)
= (1434,,00u,u) = |CByul* + Y (CiiDs; Byu, Doy Byu)
+ (RoByu, Byu) + Y _ (D1 Byu, RiByu) + (R;Byu, D, Bu)
+ 3" (Dey Ris Byu, Doy Byu) + (W, Ay, Agu) + (RY + By + B Ju, u)
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where W, is uniformly bounded in Diff% , ¥,"?(M) and comprises both the W term

eS,ﬁ
from above and the term containing [(J, A5A,]. The integrations by parts may by

justified, for any v > 0, if
(7.3.16) WFL G uNWF A= o

whenever

(f+1)
2

s—1<s, r<l+1+ -1

since then the products of I with A% A, map H, :I;I;E (M) to its dual (as required in
the Neumann setting), as well as mapping H, ;’;g M), = H:Sj’lo(M ), to its dual (as
required in the Dirichlet setting). We take s’ = m—1/2, hence s = m+1/2,and r = I'+
I+ (f—;ll —1 here, and note that it suffices to have the microlocal assumptions (7.3.16)

rather than global assumptions in view the microlocality of \11ng ), see Lemma 5.1.15
and Lemma 5.1.16.

We now examine the terms on the RHS. The first two are positive. To the third,
we apply (7.3.10), with w = Byu: if §, /83, and F are sufficiently small, we may
absorb the first and third terms on the RHS of (7.3.10) in ||C'Byul|, while the lower-
order second is uniformly bounded by our wavefront assumptions. Likewise, applying
(7.3.11) and (7.3.12), we may choose F,d,0 so as to absorb terms involving F and

(vV8)(v/B + 1/+/B) in ||w_ICB,yu”2; the F~! terms, as they are lower order, remain
bounded. Moreover, as x4 (s) = s~2e~1/* for s > 0 and vanishes for s < 0,

M2(1 — ¢/8)*xo(M(1 — ¢/8)) = xo(M(1 — ¢/9)).
Thus,

|T|1/2x"1a

= [r" 2% T IM( — 6/6)/x0(M(L — ¢/6))xhp(M(1L - ¢/6))
xl(ZC]’-/5+ I)Xz(lf’lz)

= MY/251/2(1 — ¢/8)b < 2M/2§1/2p

as ¢ > Y./ > —6 on suppa. We deduce that | T1/227 A u| can be estimated
by 4M'/2§1/2|CB.u|| plus lower order terms, and hence, for M chosen sufficently

small, we may absorb the W, term in ||CB,,u||2.
Finally we consider the LHS of (7.3.15). We have

(7.3.17)  [(A,Ou, Ayu)| < [[(T-12)*zA\Oul|| | Ty 22~  Ayul| + [(zA,Ou, 27 F A, ul|
< FUHIT1y2) Ay Oull® + Ful| Ty ez~ Ayul® + [(24,0u, 27 FAyul|

with F € ¥ "%(X), hence z~'F A, uniformly bounded in ¥°; """ (M), zA, uni-
formly bounded in ¥% "' (M), s0 as s =m+1/2,and r = I' + 1 + L@ — 1, the last
term is uniformly bounded by the a priori assumptions. Similarly, ||(T-;/2)*zA,Oul|
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is uniformly bounded, as (T'~1/2)*z A, is uniformly bounded in 2 1/2r=1(pf1), while
Ty /22~ A u||? can be absorbed in ||C'Bﬁyu||2 (for F; sufficiently small) as discussed
above.

The net result is that

lo-CBu,
remains uniformly bounded as v | 0. Noting that CB, — CB strongly (cf. the
proof of Lemma A.0.3), CB € \Ilzl‘:lm’r“(M) is elliptic at ¢, s = m + 1/2, and

r=U+1+ @ —1, ¥ = HLY (M), we can complete the proof in the standard
manner. O

7.4. Propagation at glancing points within the edge
Let ¢ € H\Reb be given by

/ N7

z=0,t=ty, y=yo, 2 =0, 2" =27, E=6o, =19, {' =0, {" =

Asqe Y,
€ + h(yo, o) + k(y, 2, = 0,§) = 1.
As g ¢ Reb,
£ + h(yo, o) < 1,
SO A(’)’ # 0, and h(yo,fo) < 1, 80 web(q) € Hwp. We will let II locally denote the
coordinate projection onto the variables
& 2",{");

Let W be a homogeneous vector field equal to Vj (from (5.4.10)) at ¢, and extended

in local coordinates to a constant vector field in (é N ), i.e., to be a vector field in
these variables only, with constant coeflicients.

Theorem 7.4.1. — For Neumann boundary conditions, let X = HLY(M), 9 =
HZY'=%(M); for Dirichlet boundary conditions let X = Hy'\o(M), 9 = HZM =2(M).
Let u € X solve Ou = f, f € 9. Let ¢ € G\ Rep be as above, and suppose that
meR, I <0, and g ¢ WEL (£).
There ezists 8o > 0 and Co > 0 such that for all § € (0,80) and 8 € (Cod,1),

(7.4.1) T {q : |T(¢") — TI(g) — 6W| < 68, |2'(¢)] < 88} NWF i u =0
=q¢ WFS;}; U

Remark 7.4.2. — Here the interesting case is taking 8 as small as possible, i.e., 8(4),

to localize in a £)(62)-ball around II(q) + dW, which is what makes the proof of prop-

agation of singularities result possible (by eventually letting § — 0). The statement
of the theorem may be vacuous for g large.
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Proof. — Below we will choose §y > 0 sufficiently small so that WFZE; ’l/( f) is dis-
joint from a dp-neighborhood of g (see the discussion before Lemma 5.4.5).

Let k be the codimension of the face over which q lies. Let p2,, 2k be the degree-zero
homogeneous function with

Pon—zkliy = T 2hl,

with k as in Lemma 5.4.1; note that pan—2t(q) = 0 by (3.3.4) and dpan—2k(q) # 0
since at least one of the df,’; 1(9), -+ ,dCA)’c’ (¢) components of dps,—2x(g) is non-zero,
in view of the quadratic nature of 72(1 — p2,_2x) in the fibers of the cotangent bundle
and (3.3.4) and ¢/ # 0 as observed above. We remark that, with V; as in (5.4.10),

Vopan—2kly = 0.
Note that ®®S* M has dimension 2(n+1)—1 = 2n+1, thus, with C = {z = 0,2’ = 0},
GNP SH M has dimension 2n+1—2k —2 = 2n—2k—1 in view of (3.3.4). We proceed
by remarking that
(Wz)ly =0, (Wy;)lw =0, (Wt)ly, =0, (Wn;)ly =0,
so t, y;, 7; give 1 +2(n — f — 1) = 2(n — f) — 1 homogeneous degree zero functions
on *®T* M (or equivalently &> functions on ®*S* M) whose restrictions to §N°*Sg M

have linearly independent differentials at q. We let po, ..., p2n—25 be given by these
functions, and let p; = z. We next remark that, in the notation of (5.4.2),

WE(q) = —2k2(z = 0,y0,2’ = 0,20), A(',') <0

as (o # 0, hence W(q) # 0. Further, we let pi,Jj =2n—2f+1,...,2n—2k—1, be degree-
zero homogeneous functions on *®T* M (or equivalently & functions on ®*S* M) such
that d(pz2lg), - - ., d(pan—2k—1 |y) have linearly independent differentials at g, and such
that

Wop;(g) = 0.
Such functions p; exist as ¥ N °*S¢ M has dimension 2n + 1 — 2k — 2 = 2n — 2k — 1,
so the 2n — 2f — 1 functions ps,..., p2n—2f can be complemented by some functions

P2n—2f+1;- - - » P2an—2k—1 t0 obtain 2n— 2k —1 functions whose pullbacks to §N°>Sg M
have linearly independent differentials and which are annihilated by W at g, for the
space of such one-forms is 2n—2k—2 dimensional. Thus, by dimensional considerations
(using W(q) # 0), {dp;lg(q) : j =2,...,2n — 2k — 1} spans the space of one-forms
on ¥ annihilated by W(q), and dpo, ..., dpan—2r—1 together with d(é|g — ) span

T*4. Let
2n—2k—1

wo= ), o
j=1
then keeping in mind that |z| < wé/z, and with Vg, V;,V;; as in (5.4.10),

717} [Vowo| < vwo(vwo + [€ — &ol + |2]),
[Viwo| S vwo z < wy, 7] [Vijwo| S vwo,
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by (5.4.10) and (5.4.8). Note also that

|71~ Vol2'1?| S 12'](12] + =)

VilZ'P| S 12, Irl|Visl2' 1P| S 121
Let w = wp + |2/|2. Then

(7.4.2)  |r| 7 Vow| SVe(Vw+IE-bl), Vil SV, ][Vl S Ve.

Let
1

¢=é—éo+ﬂ25

w
By (5.4.11),
7172 Vo€ + 2 ks GG | S 2 < w2,
(7.4.3) i
Vi€l S (17| +2) Sw/?, 7|Vl S 1.
In particular, as ¢/ # 0,
717! Vo€ < —co + Clw'/2,

for some ¢y > 0, C7 > 0.
Set

a=|7]°z7"xo(M(2 ~ ¢/6))x1 ((€ — & + 6)/86 + 1) x2 (I{'I%)-

We always assume for this argument that 8 < 1, so on supp a we have
$p<25and £—E > —B6— 6> —20.

Since w > 0, the first of these inequalities implies that £ — £y < 26, so on suppa

(7.4.4) € — éo| < 2.

Hence,

(7.4.5) w < B%5(26 — (€ — &)) < 48°6°,
Moreover, on supp dxi,

(7.4.6) €—§oe[-0-p6,-0), w'/? <286,

so this region lies in the hypothesis region of (7.4.1) after 8 and é are both replaced
by appropriate constant multiples.
We now quantize a to A € ;" (M). By Lemma 5.4.7,

(7.4.7) 0,47 Al =) QiLi;Q; + Y (&7 LiQi + Qfz ™' L}) + 272 Ly,
with
Lig € UG (M), Li, L € UZ* (M), Lo € UG (M),
Oeb 2s—1(Lij) = 2aV;;a,
(7.4.8) eb2e-1(Lij) z
o'eb,2s(Li) = Ueb,2s(Li) = 2aVja, 0eb,2s+1(L0) = 2aWa,

WFq, (Lij), WFg,(Li), WFg, (L), WFey, (Lo) € WF,(4),
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with V;;, V; and V; as above, given by (5.4.10). Thus, we obtain

(7.49) 1[0, A4
=B (C*C +Y D3CiiDy +»  (RiDy + Dy R) + ) D;‘;RijDz;)B
+A*WA+R'+E+FE'

where
1. B € U521 (1) has symbol

MY/217[# 4472551 25 50 X0

2. Ce ‘IIS{)O(M ), has strictly positive symbol on a neighborhood of WF., B, given
by (~Vod)"/? near W, B,

3. Cy; € \Ife—bz’o(M ), (Ci;) positive semidefinite,

4. R;, R}, R;; are in \Il;bl’O(M), \Ile_bl’O(M), and \Il;bz’O(M) respectively and have
(unweighted) symbols r;, 7}, r;; with :

(7.4.10) Il ral, I i) 12 Irss) S 1/8,
5. W e Diffl, , ¥ .0 ~*(M),
6. R" € Diff2, , W ;>°(M), E, E' € Diff2, , W_,"°(M),

7. E is microsupported where we have assumed regularity,
8. E' is supported off the characteristic set.

These terms arise as follows. By (7.4.2), (7.4.3), (7.4.4), and (7.4.6),
P 1
Voo = Vo (€ — &) + 55 Vow
B2
< —co+ Clw'/? + %C{’wm(w”2 +1€ = ol)

< —cop+2(C1+CY) (6 + %) < —cp/4<0.

provided that § < W, g > w, i.e., that & is small, but 8/d is not
too small—roughly, 8 can go to 0 at most as a multiple of § (with an appropriate
constant) as § — 0. Recall also that 8 < 1, so there is an upper bound as well for 3,
but this is of no significance as we let § — 0. Thus, we define C' to have principal
symbol equal to the product of (—Vy$)'/? times a cutoff function identically 1 in a
neighborhood of suppa, but with sufficiently small support so that —Vo¢ > 0 on
it. Thus, the Lo-term of (7.4.7) gives rise to the C*C term of (7.4.9), as well as
contributing to the F and E’ terms (where x; and x2 are differentiated), W (where
the weight |7|°z~" is differentiated) and the lower order term R".

Similarly, the L;, L} and L;; terms in which V; or V;; differentiates x; or x»
contribute to the E and E’ terms, while those in which they differentiate the weight
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contributes to the W term, so it remains to consider when V; and V;; differentiate xo.
As we keep 8 < 1,

Vil < Vil + IViw| S 1+ (820) w2 S 1487 S 67 [Vigdl S 87
which thus proves the estimates on the terms arise this way, namely R;, R;, R;;,
above.

We now employ Lemma 5.4.5 to estimate the D,; terms as in the proof of The-
orem 7.2.1. Note that we are using the finer result, Lemma 5.4.5, rather than its
corollary here (unlike in Theorem 7.2.1), to obtain better control over the constant in
front of the D,; terms as we shrink ¢ and #. The important fact is that & N oG M
is defined by p2p_2r =0, £ =0, 2/ =0, and

Pan—2k, T, |2'| S w'/? < 268
on the wave front set of Cjj, R;, R}, R;j. Thus, we can apply Lemma 5.4.5 for a
(' Bé-neighborhood of a compact subset of §. Noting that D;T_, € \Ilgl’)o(M ), we
conclude that, with B, = BA,,, and for Neumann boundary conditions,

> |IDaT-1Byu||* < CoC1B8I| Byull® + CQ(u, Gu, Gu)
(7.4.11) Q(u, Gu, Gu) = ”u”?{e‘gr‘(f‘””(M) + ”G“”ifels,r—(fﬂ)/z(M)
+ ”Dunge—sw—(ﬁs)/z + ||éDu||§,e-sl,r—(f+3>/z,
where G € \IIZ,’)O(M ), G € \Il:;,L 1/ 2’O(M ) (independent of ) with wave front set in a
neighborhood of supp a. For Dirichlet conditions we simply replace
Hr U= by Hy VD ()
and
HVr=U+3/2(My by HZV U392 (),
Note that by (7.4.10) we have for all w € L2,
I T3 Riw|| < Cof~wl + |Rawll, Ri € ¥ (M),
with R; having the same microsupport as R;. But
[(R;D.; Byu, Byu)|
< (RiT1D,;T-1Byu, Byu)| + [(R;[T1, D;]T-1Byu, Byu)|
< || Ds -1 Byull |75 B Byul| + [(RiByu, Byu)l, R € Diffe, U5 (M),
and |(f2iB,,u, B.u)| can be estimated by the inductive hypothesis, while
1D T—1 Byull || TY B Byul|
< (CoC18)/2Cof~" | Byul® + €2 Q(u, Gu, Gu)*/?|| Bul
< C2(CoC18/B)M? (| Byul® + F~*CQ(u, Gu, Gu) + F || Byul|>.

As F > 0 is freely chosen, the main point is that if §/3 is sufficiently small, the first
term can be absorbed into ||C'B.u||?, for the principal symbol of C is bounded below
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by (co/4)'/? on suppa. Since the R, term is analogous, and the R;; term satisfies
better estimates (for one uses (7.4.11) directly, rather than its square root, as for R;),
the proof can be finished as in Theorem 7.3.1. O

Finally, applying arguments that go back to [22, Section 3 and Proof of Theo-
rem 5.10], see [11, Proof of Proposition VIL.1] and [30, Proof of Theorem 8.1] for the
setting of manifolds with corners, we may put together Theorems 7.3.1 and 7.4.1 to
obtain propagation of edge-b wavefront set along EGBBs over the edge face:

Theorem 7.4.3. — For Neumann boundary conditions, let X = HL'(M), 9 =
HZY'=2(M); for Dirichlet boundary conditions let ¥ = HX' (M), 9 = HZV'=2(M).

es,0

Let u € X solve Du= f, f €. Then for all s € RU {0}, I’ <0,
(WFZ  (w) \ WEZ 3 (£) N85, M) € %

is a union of mazimally extended EGBBs in **% \ WFg; %ll( f).
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CHAPTER 8

PROPAGATION OF FIBER-GLOBAL
COISOTROPIC REGULARITY

We now state a microlocal result on the propagation of coisotropy. The result says
that coisotropic regularity propagates along EGBBs provided that we also have infinite
order regularity along all rays arriving at radial points in &.

Theorem 8.0.4 (Microlocal propagation of coisotropy). — Suppose that u € HL'(M),
Ou = 0, with Dirichlet or Neumann boundary conditions (see Definition 5.2.4),
p € Hwp. Suppose also that

i. g€ (ﬂeb—m,b n «%eb,O) \ ebS;VVM,

ii. u has coisotropic regularity of order k € N relative to H™ on the coisotropic
4 }I),reg in an open set containing all points in F II),p,reg N{0 < z < &} that are
geometrically related to & eob’q.

b

iii. WFy(u) NI} 1 sing = 2-

Then u has coisotropic regularity of order k relative to H m’ for all
m’ < min(m,l + f/2)
on gg,reg, in a neighborhood of ggb,q,reg'

Proof. — The second numbered assumption and propagation of WF, through incom-
ing radial points, Theorem 7.1.1 part (1), implies that along EGBBs in the backward

m,l

flow of ¢ which pass through Rep, 1\g there is no WF.*, with
I = min(l,m — f/2 —0).

In view of Theorem 7.2.1, the third assumption gives the same along EGBBs in the
backward flow of ¢ which pass through Rep, 1 N g. Thus, near ¢, but on the EGBBs in
the backward flow of g, there is no WF :Z)’l at all. Propagation of singularities through
q (Theorem 7.1.1 part (2)) then gives no WF,™!, / = min(m, + f/2 — 0), on the
flow-out. Substituting in I, we see that 7 = min(m, [ + f/2 — 0), giving no WFZL/’I .
Thus in z > 0, near the flow out, there is no WFm’, which gives the case k = 0.
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104 CHAPTER 8. PROPAGATION OF FIBER-GLOBAL COISOTROPIC REGULARITY

We now turn to the general case, k£ # 0. To begin, note that assumption ii and

Theorem 7.1.1 imply that in fact we have coisotropic regularity of order k relative

to H;'t’)’l at all ¢ € Rebp,1 that are connected to ¢ by an EGBB. This in turn yields

Fn;;+k,l~
€

absence of W in a neighborhood of each such q in ebS;j-VM , as the operators in &

are all characteristic only at the radial points over W. By Theorem 7.4.3 followed by
the second part of Theorem 7.1.1, we then achieve coisotropic regularity of order &
relative to H, ;”"’ at g, hence in a neighborhood as well. O

Corollary 8.0.5. — Suppose that u € HL' (M), Ou = 0, with Dirichlet or Neumann
boundary conditions, p € Hwy, k € N. Suppose also that
i. u has coisotropic regularity of order k relative to H™ on the coisotropic &F ?’reg
in a neighborhood of F ?l,)p,reg’
ii. WFy(u) N Tp 1 ging = @-

Then u has coisotropic regularity of order k relative to H m’ for all
m' < min(m,l + f/2)
on F gy,eg in a neighborhood of & g,p,,eg.

Finally, we prove that the regularity with respect to which coisotropic regularity
is gained in the above results is not, in fact, dependent on the weight [ :

Corollary 8.0.6. — Suppose that u € H*(M,), Ou = 0, with Dirichlet or Neumann
boundary conditions, p € Hwyp, k € N, € > 0. There ezists k' (depending on k and €)
such that if

i. u has coisotropic regularity of order k' relative to H® on the coisotropic & l;,reg

in a neighborhood of & ';,p,regl and

ii. WFb(u) n glp),l,siﬂg = @,
then u has coisotropic regularity of order k relative to H*~¢ on l())’,eg in a neighbor-
hood of T p reg-

Proof. — Consider Dirichlet boundary conditions first. Then
ue Hyly U2 ().

Thus, by Corollary 8.0.5, u has coisotropic regularity of order k' relative to H™~¢,
m < min(s,1/2) on F 3reg near & 3p,,eg, strictly away from OM.

On the other hand, by the propagation of singularities, [30, Corollary 8.4], u is
in H® along & g,p. Hence the theorem follows by the interpolation result of the fol-
lowing lemma, Lemma 8.0.7.

(1) An improved version of the argument, using powers of d; to shift among Sobolev spaces, gives
coisotropy of order k’ relative to H~1/2—¢,
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Consider Neumann boundary conditions next. Then u € Hels’_(f +1)/ 2(M ), so by
Corollary 8.0.5, u has coisotropic regularity of order k' relative to H™ ¢, m <
min(s,—1/2) on & g,reg near &, g’p’mg, strictly away from OM.

Proceeding now as in the Dirichlet case, using [30, Corollary 8.4], we complete the
proof. (]

Lemma 8.0.7. — Suppose that u is in H® microlocally near some point q away from
OM, and it is coisotropic of order N relative to H™ near q with s > m. Then fore > 0
and k < (eN)/(s —m), u is coisotropic of order k relative to H*™¢ near q.

In particular, if u is in H° microlocally near some point ¢ away from M and u
is coisotropic (of order o) relative to H™ near q with s > m, then u is coisotropic
relative to H°~¢ for all e > 0.

Proof. — If Q € ¥°(M) and WF’(Q) lies sufficiently close to g, then the hypotheses
are globally satisfied by 4/ = Qu. Moreover, being coisotropic, locally F° ® can be
put in a model form ¢ = 0 by a symplectomorphism ® in some canonical coordinates
(y,2,1m,¢), by [7, Theorem 21.2.4] (for coisotropic submanifolds one has k = n —
l, dimS = 2n, in the theorem).®® Further reducing WF’'(Q) if needed, and using
an elliptic Oth order Fourier integral operator F' with canonical relation given by ®
to consider the induced problem for v = Fu' = FQu, we may thus assume that
v € H® and D%v € H™ for all q, ie., (D,) v € H™. Considering the Fourier
transform © of v, we then have (n,¢)*0 € L%, (n,¢{)™(¢)No € L2. But this implies
(n, ¢)m+s(=0)((YNO% € L2 for all § € [0,1] by interpolation (indeed, in this case
by Hélder’s inequality). In particular, taking 6 = (€)/(s — m), (n,¢)*~¢(¢)*d € L? if
k < (Ne)/(s —m), and the lemma follows. O

(2) Roughly speaking, y would correspond to the coordinates (z,y,t) on M, while z correspond to
the fiber variables z on M; this is literally true in a model setting.
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CHAPTER 9

GEOMETRIC THEOREM

The final essential ingredient in the proof of the geometric theorem is the dual-
ization of the coisotropic propagation result, Corollary 8.0.6. Before proving such a
result, we first make a definition analogous to Definition 5.1.12, but for the b-wave
front set. This relative b-wave front set was used in [30] to describe the propagation
of singularities on M.

Definition 9.0.8. — Let X C € °°(M,) denote a Hilbert space on which, for each
K C M, compact, operators in ¥Q(Mp) with Schwartz kernel supported in K x K
are bounded, with the operator norm of Op(a) depending on K and a fixed seminorm
of a.

For m > 0, let

H{"% 10c(Mo) = {u € Xioc : Au € Xioc for all A € U7 (Mo)}.

Let ¢ € PS*My, u € %Xjoc. For m > 0, we say that q ¢ WEF x(u) if there exists
A € ¥P*(M) elliptic at g such that Au € Xjoc. We also define ¢ ¢ WFp'x(u) if there
exists A € UP(Mo) elliptic at ¢ such that Au € H% 1,.(Mo).

Theorem 9.0.9. — Let u € H_ 3, (Mo) satisfy the wave equation with Dirichlet or
" loc
Neumann boundary conditions. Let p € Hwy, and w € gg,p,,eg.
Suppose k € N and ¢ > 0. Then there is k' € N (depending on k and €) such
that if WFy(u) N g];,p,sing = O and u is non-focusing of order k relative to H® on a

neighborhood of F ?’p,reg in S ?Jeg then u is non-focusing of order k' relative to H®¢
at w.

Remark 9.0.10. — The essential idea of the proof is as follows. Our results on prop-
agation of coisotropic regularity show that coisotropic regularity entering the corner
along ?,p’reg, together with smoothness at & ?Ysing, imply coisotropic regularity along
g

along F ?’p,reg together with smoothness along singular incoming rays, yields regularity

t()),p,reg‘ In other words, regularity under application of A% (in the notation of §6)

under A% along &, gm‘reg. Heuristically speaking, the dual condition to our incoming
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regularity hypothesis is that of lying in the sum of the ranges of the operators A%, R,
where R is an operator of high order microsupported near & ?,p,sing. By time reversal

and duality, we thus find that the condition of nonfocusing along & ?,p,reg, i.e., lying in
the sum of the ranges of the A%’s microlocalized there, plus arbitrary bad regularity
near & l},pysing, leads to nonfocusing along &, kg,,p,,eg.

The difficulty in implementing this plan is primarily in rigorously making the du-
ality arguments on spaces of coisotropic wave equation solutions. The reader familiar
with [15] will note that the arguments used here are considerably more intricate than
those in Section 13 of [15]. The reason for this is two-fold. First, the identification of
the dual spaces, denoted H;* in [15], was not fully explained and indeed somewhat
flawed. (In particular, we note that the identification of the dual space of coisotropic
distributions that are also wave equation solutions requires some effort.) These defects
are remedied in the current treatment, in which we use the results on duality from
Appendix A to identify the duals of coisotropic distributions, together with results
on the inhomogeneous wave equation. Second, difficulties are present in the corners
setting that did not arise in [15]; in particular, we must identify adjoints with respect

b This requires

to the elliptic Dirichlet form of operators microsupported on I, ine-

some functional analytic care.

Proof. — We assume s < 0 to simplify notation; we return to the general case at the
end of the argument.

Let T = t(p), and choose Ty < T < T; sufficiently close to T'. Let x be smooth step
function such that x = 1 on a neighborhood of [T, 00] and x = 0 on a neighborhood
of (—o0,Tp]. We find that

V= XU

satisfies Ov = f with f = [0, x]u, and v vanishes on a neighborhood of (—o0, Tp] x X.
Thus, we write

O7'f =v.
By propagation of singularities, [30], only singularities of f on & ?,p affect regularity

at w, i.e., if 9?YPOWF§E_I(MO)(f) = & then w ¢ WF} g1 (p,)(u), hence in particular

w is non-focusing of order 0 relative to H**!. Thus,
Qo € W) (Mo), WF'(Id—Qo) N T2, N *Sguppix Mo = @
= w ¢ WFy, 11410 (05 (1d = Qo) £)),
so it suffices to analyze D;I(QO f). We choose WF'(Q,) sufficiently small such that

q € WF'(Qo) = either ¢ ¢ WF,(f) or

f is non-focusing of order k at ¢ relative to H*™!;

this is possible by our hypotheses. We may thus replace f by fo = Qof, assume that
fo is the sum of a distribution that is non-focusing of order k relative to H*~! and is
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supported in M§ plus an element of Hfle( Mo) and show that D;l fo is non-focusing
at w of order k' (for some k' to be determined) relative to H*~¢.
Let
Ty <To< Ty <Tj.

We regard [Tp, T} ] as the time interval for analysis, but we enlarge it to [Tg, T7] in order
to be able to apply some b-ps.d.o’s with symbol elliptic for ¢ € [Ty, Ti] to elements
of our function spaces. (The ends of the interval would be slightly troublesome.) We
define a Hilbert space X to be

X = H' ([T}, T}] x Xo)
in the case of Neumann conditions, or
% = H; ([Ty, T1) x Xo)

in the case of Dirichlet conditions, where 0 indicates vanishing enforced at [Tj, T7] x
0X, (but not at the endpoints of the time interval). Let X* be the L2-dual of X.
We further let
i
To<To<ty<to<T<t; <ty <Ty
such that suppdyx C (to,T).
ii. xo € € (R) such that supp(1 — xo) C (T, +00), supp xo C (—o00,tp)-
iii. % be an open set with %, C {t € (t5,T)}, UoN glijsing = @ and WFy, x-(fo) C
Up.
iv. %, be a neighborhood of w with % C {t € (T,t;)} and % N ggysmg =g.
v. Bg,B; € lI’g(M) with

WFI(B]) C ‘Uj, w ¢ WF/(Id —Bl), WFI(Id—Bo) ﬂWFb,.’{‘ (fo) =d,

and with Schwartz kernel supported in (t,#])? x X2.

vi. A;, ¢ = 1,..., N, denote first-order pseudodifferential operators, generating
as defined in §6, but now locally over a neighborhood of % U %; in M°, and
with kernels compactly supported in M°.

vii. T, € Uy (M) with elliptic principal symbol on [T, T1] x Xo with Schwartz kernel
supported in (T, 77)? x (Xo)2. Thus, T, can be applied to elements of X and
x*.

Now suppose that we are given r and € > 0. Then, with £ as in the statement of
the Theorem, Corollary 8.0.6 gives a k' = k'(r,¢, k) using s = r in the notation of
that corollary. We let ) be a space of microlocally coisotropic functions on ell(B;)
relative to X* which are in addition extremely well-behaved elsewhere (they will be
finite-order conormal to the boundary) in {¢ > ¢}, but are merely in Htl,,x, for ¢ near
To: Let N >r > 1+ € and set

PD={YeXx:

| T (1d =By = x0)¥ 13+ + ITixov |2 + > T A°Byy|
|| <K’

%+ < oo}
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Thus,

¥ €Y = WFp 5. (¥) € WF'(By) UPS2 0 0 Mo,
and
(9.0.12) [¥la .. S 19l

for 1 supported in [Ty, T1] X Xo (where the T; are elliptic).
Also, let 3 be the space of microlocally coisotropic functions on ell(By) relative
to X (and just in X elsewhere):

3={peXx: Y |T,-1-cA"Bog|} < oo}.

la|<k
Note that as discussed in Section 6 (in particular, Lemma 6.0.17)
3 =%"+ ) Tr_1_A®BoX",
la|<k

so by our assumption on fy, fo € 3*, provided —(r—1—¢€)—1 < s—1, i.e., provided®
r > —s+ 1+ €. Moreover, if vy € P*, then

(9.0.13) v € X+ Tw(Id—By — x0)X + TixoX + Y, TrA*BiX.
|| <K’

In particular, as w ¢ WF'(Id — By — x0) U S35 x, Mo, o is non-focusing at w of order

k' relative to H~"1, hence relative to H*~¢, if we actually choose r = —s + 1 + .
For I C [Ty, Th], let 9; denote the subspace of H% consisting of functions sup-

ported in I x X, 6'1 denote the subspace H%. consisting of functions supported

inIxX,so: D — c’}I is continuous, Dr C 3, &1 C ) are dense with continuous
inclusions. Also let 9 = @1, E=Erfor I = (To,T}). Finally we also let 3; be space
of restrictions of elements of 3 to I, and analogously for ;. Then, as we will prove
in Lemma 9.0.11®), Corollary 8.0.6 implies that

(9.0.14) $€D=|4l3 < ClOs|y,

where vanishing for ¢ near 77 is used. In fact, we prove a somewhat more precise
statement:(®

Lemma 9.0.11. — For 7 € [Ty, T1), 7' > T,
(9.0.15) $€ D= |l3, .+, < ClOBllp;, r,-

(1) Note that for such 7, 7 > 1 + € as required above, since s < 0.

(2) The only reason for Corollary 8.0.6 combined with Corollary 6.0.20 not yielding the result im-
mediately is that Corollary 8.0.6 is stated for the homogeneous wave equation. This suffices for our
purposes as we only require inhomogeneities that are very regular near the boundary, hence the
propagation result of [30] is adequate.

(3) Notice that ¢ is merely supported in (To, 71 ) here; not in (7, T1), which would be (9.0.14) on [r, T1],
except for the loss of going from 7/ to 7.
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PROOF OF LEMMA: Recall first that by standard energy estimates (taking into account
the vanishing of ¢ near T7)

(9.0.16) ¢ € D= |$llx,.r, SI00lx; . + I1D:OGlz: . S 108l .r-

[m,T1] [r, 111 ©~

Thus, we only need to prove that for |a| < &/,

”TT—I—EAQBOQS”:{[T/,T” 5 ”D¢”2)[7,T1] .

If (¢ is supported away from M, then this follows from Corollary 6.0.20 and Corol-
lary 8.0.6. In general, let Q € ¥°(M) be such that WF'(B;) N WF'(Id —Q) = @, and
@ has compactly supported Schwartz kernel in (M°)2. Then Q¢ has support away
from OM, so

(9.0.17) I1T7-1-A*BoOZH QO |x,,. 1, S N1QTS N9y, 2,y S 1Tl 7,
where OZ! denotes the backward solution of the inhomogeneous wave equation. On
the other hand,

(14 -@)0ell ay.. mo0) S | [o1] D) g
so by propagation of b-regularity [30],

107 (4 =@ 5132 sy S 159l 7,

X

hence the much weaker statement
(9.0.18) IT—1-A* BoOZH(1d Q)T 12,0 1y S 106Ml91r 7,

also holds. Combining (9.0.17) and (9.0.18) proves (9.0.15). This concludes the proof
of Lemma 9.0.11, and hence of (9.0.14.) as well.
In particular, recalling that 9 = D(r, 1), (9.0.14) shows that for 1) € Rany [l

there is a unique ¢ € 9 such that ¥ = [¢; we denote this by ¢ = (0~ 14. Thus,
IO~'%ll3 < Cllylly, ¢ € Rany, O

Now consider the linear functional on Rang [ given by

P (nyD—lill), (VNS RanQ) 0,

which satisfies
[(f0,07 )| < Il foll3- 10~ %ll3 < Clli foll3+1%lly, ¥ € Rang, O.

This has a unique extension to a continuous linear functional £ on Ran, L], the closure
of Rany U in 9.

If we used the Hahn-Banach theorem at this point to extend the linear functional
¢ further to a linear functional vp on all of ), we would obtain a solution of the
wave equation Ovg = fo on (To,Th), as (Ovg, @) = (vo,0¢) = (fo, ) for ¢ € D,
which is indeed non-focusing at w, but we need not just any solution, but the forward
solution, D;l fo. So we proceed by extending the linear functional £ to a continuous
linear functional L on

(9.0.19) Ran.@(’ro,c'l) O+ 6(To,t6)’
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first, in such a manner that the extension is £ on the first summand and vanishes
on the second summand. If we actually have such an extension, then we can further
extend it to all of ), then vanishing on the first summand shows that it solves the wave
equation on (T, t}), while vanishing on the second summand shows that it vanishes
on (Tp, tp), so its restriction as a distribution on (Tp,t)) is indeed 07" fo. In order to
obtain such an extension we show:

Lemma 9.0.12. — i. £ vanishes on the intersection of the two summands, so L is
well-defined as a (not necessarily continuous) linear map,

ii. The subspace (9.0.19) of 9 is closed, and given an element v + p in the sum,

there is a representation® ) + p of ¥ + p as a sum of elements of the two

summands such that one can estimate the )-norm of ¥ and p in terms of Y+p.

PRrROOF OF LEMMA: We start with the statement regarding intersection of the sum-
mands in (9.0.19). Thus, we claim that if

supp fo C [to,t1] x X,
then

(9.0.20) (VNS Ranq-)[T B 0O and supp® C (To, ty) = £(v) = 0.

To see this let ¢; — ¢ in Y, ¢; = O, ¢; € .@[TOJ/I]. Then {9;} is Cauchy in 9,
hence {¢;} is Cauchy in 3 by (9.0.14), hence converges to some ¢ € 3. By the support
condition on ¢;, supp ¢ C [Tp,t}]. As O¢; — O¢ in X* (for O : X — X* is continuous),
and O¢; = ¥; — 9 in P, hence in X*, we deduce that ¢ = ¢, i.e., [1¢ is supported
in (Tp,tp). Thus, Yil@,m) — 0 in the Y topology hence ¢|i, ;) — 0 in the 3
topology using (9.0.15) with 7 = tj, 7/ = ¢, so, by the support condition on f,

[(for 81 < Ifollss, .. 1851131000 = O

so we deduce that (fy, ¢} = 0 as claimed.
Next we turn to the closedness of the sum in (9.0.19). First, we claim that if
P € Ran@(ro,t;) U, p € &1,y ¢y then there exist ¢ € Ran@(m,t;) U, p € &g, 7,) Such
that
Yv+p=v¢+pand ¢y S Iv+plly-
Indeed, let x4+ € 6°°(R) such that

supp x+ C (To,+00) and supp(l — x4) C (=00, Tp).

Let D:l(w + p) denote the backward solution of the inhomogeneous wave equation;
i.e., the unique solution of (% = v + p which vanishes on (¢1,77). Then let

1/; = D(X+D:1(7r/) + p)) € Ran@(ro th) D’
1

(4) Since the intersection of the summands is non-trivial, this can only be true for some representation,
not all representations!
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S0
p=v+p—P=>0-x)@+p) - [O,x+]OZ @ + p) € Ez, 71
Moreover,

(9.0.21) ¥ =x+(® +p) + [0, x+]0Z} (% + )
satisfies )
1¥lly < 1Y+ plly,

as follows by inspecting the two terms on the right hand side of (9.0.21): for the
first this is clear, for the second this follows from ||3) + p”Htl;,.‘{* < v+ plly,
see (9.0.12), hence one has a bound in X for OZ*(¢ + p) by (9.0.16), and then
supp[0, x+] C suppdx+ C (To,To) gives the desired bound in ). This concludes the
proof of Lemma 9.0.12. )

Thus, if 1; € Ran@m,,ul) 0, pj € &, 7,) and ¥, +p; converges to some v € ) then

defining 1[1]- and p; as above, we deduce that due to the Cauchy property of {'(/;] +5;},
{%;} is Cauchy in 2), hence so is {p;}, thus by the completeness of ) they converge

to elements in ¢ € RanQ)(T 0 0, resp. p € £(To ) with ¢ + p = v. This shows
0-ty ’

—.—_ . - . . . . (5) .
that Ramgz)(TO 5 o+ 5(T07T0) is closed, and indeed gives an estimate!® that if v €

Ran-@(T0 0 U+ &1, 7,) then there exists ¢ € Rantbm)'t;) Uand p € &7, 4, such that
¥+ p=v and
(9.0.22) 1¥llp + llplly < lvlly-

As mentioned earlier, this construction allows us to define a unique continuous
linear functional L on

Ran@(To,ti) O+ 5(T°’t6)’

in such a way that it is £ on the first summand and it vanishes on the second summand:
uniqueness is automatic, existence (without continuity) follows from (9.0.20), as the
two functionals agree on the intersection of the two spaces, while continuity follows
from (9.0.22). Then we extend L by the Hahn-Banach theorem to a linear functional
vp on ).

Then vy € P* solves Ovg = fo on (Tp,t}), since for ¢ € @(To,tﬁ)

(Owvo, ¢) = (vo, 0¢) = (fo, ¢),

and v vanishes on (Tp,to), for it vanishes on @(To,io)’ i.e., on test functions sup-
ported there, so it is the restriction of the forward solution of the wave equation
to (Ty,T1). We have thus shown that if fo € 3* is supported in [t, 1], which holds if
fo satisfies the support condition, is microlocally non-focusing on %, and is conor-
mal to the boundary elsewhere, then the forward solution of Ovy = fo is in P* (cf.

(5) This estimate follows from the open mapping theorem, given that the sum is closed, but the direct
argument yields it anyway.
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Lemma 6.0.18), hence by (9.0.13) it is in particular microlocally non-focusing of order
k' relative to H*™¢ at w. This completes the proof of the theorem if s < 0.

If s > 0, one could use a similar argument relative to slightly different spaces:
the only reason for the restriction is that elements of 9 lie in X* and a larger space
(which would thus have a smaller dual relative to L?) would be required to adapt
the argument. However, it is easy to reduce the general case to s < 0: replacing u
by @ = (1 + D?)Mu, N > s/2, i is non-focusing of order k relative to H*~2V on
a neighborhood of ¥ ?,p,reg and solves the wave equation, hence it is non-focusing
of order k' relative to H*~2N~¢ at w by the already established s < 0 case of this
theorem, and then the microlocal ellipticity of (1 + D?)N near the characteristic set
(recall that w is over the interior of M) shows that u itself is non-focusing of order
k' relative to H*€ at w, as claimed. O

As a consequence of the proposition of nonfocusing, we are now able to prove our
main theorem:

Theorem 9.0.13. — Letu € H},.(My) satisfy the wave equation with Dirichlet or Neu-
mann boundary conditions. Let p € Hwy, and w € & g’p’reg‘
Assume

i. u satisfies the nonfocusing condition® relative to H® on an open neighborhood
b . b
Of gI,p,reg mn gl,reg’

ii. WFPun{w' e F}’l}‘p,reg :w',w are geometrically related} = @,

iii. WFp(4) N T cing = 2-
Then
w ¢ WF*(u).
Proof. — By using a microlocal partition of unity (cf. the argument at the beginning

of Theorem 9.0.9), we may arrange that (ii) is strengthened to
(9.0.23) WE®un{uw' e 9‘;,,,,,% : w', w are geometrically related} = @,
and (iii) to

(9.0.24) WFP (u) N I,y @,

,I,sing =

for if a microlocal piece @ of the solution is in Hy then it remains in Hy under forward
evolution, by the results of [30].

Let r < s. On the one hand, by conditions (i) and (iii), u satisfies the non-focusing
condition (of some, possibly large, order k') relative to H" at w due to Theorem 9.0.9.
On the other hand, by Theorem 8.0.4, (9.0.23) and condition (iii), v is microlocally

(6) Recall from Definition 6.0.11 that this means nonfocusing of some order k. The nonfocusing order
is irrelevant here: only the space relative to which the nonfocusing condition holds matters.
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coisotropic at w, i.e., there exists S € R such that(” microlocally near w
(9.0.25) A%u e HS Vo

Lemma 8.0.7 now allows us to interpolate between nonfocusing and (9.0.25) to con-
clude that microlocally near w, u € H"~°. Since r < s is arbitrary, this proves the
result. O

Corollary 9.0.14. — Let u be a solution to Uu = 0 with Dirichlet or Neumann bound-
ary conditions, and let p € Hw. Suppose that for some €9 > 0, in a neighborhood
of & t1’,13(60) n bS;‘%\WMO, u is a Lagrangian distribution of order s with respect
to £ C T*Mg§, a conic Lagrangian such that £ N F ?,p’sing = & and the intersection
of £ and F ?’reg is transverse at F ?’p’reg.

Then if w € &, ‘g,y,eg is not geometrically related to any point in £,

w ¢ WF—s——(n+1)/4+(k—1)/2—O u,
where k is the codimension of W.

The a priori regularity of such a solution is H~°~(?*+1)/4=0 g this represents a gain
in regularity along the diffracted wave of (k — 1)/2 — 0 derivatives.

Proof. — Corollary 9.0.14 follows from Theorem 9.0.13 together with the results of
Section 14 of [15]. We therefore give only a brief sketch of the proof.

Microlocally near any point in the transverse intersection of ¥ and & ?,reg, we may
apply a microlocally unitary FIO T quantizing a conic symplectomorphism that brings
£and ¥ ?’reg to the respective normal forms

N*{0} and (G =+ = Gy = 0)

inside 7*(R™*!) with coordinates (y1,-..,Yn+2—k,21,---2k—1) and dual coordinates
7,(. (One should think of the y coordinates as analogous to the collection of the
coordinates t,z,y used previously, while the z coordinates are associated the fiber
variables, also called z above.) Thus our test module ¥ is generated by D,,,...D,, ;.
Writing T'u as the inverse Fourier transform of a symbol a of order s — (n + 1) /4, we
find that

(d+DZ +---+ D2 ) NTu= 9(77{4)*(%2) (A+¢G++¢_1)Na).

For N > 0, the integral in { converges absolutely, and the result is a continuous
(indeed, as smooth as desired) family in z of conormal distributions with respect to
the origin in y; the order of growth of the amplitude is still s — (n + 1)/4 but as the
dimension is now (n+ 1) — k, the order of the Lagrangian distribution is now s — (k —
1)/4, while the resulting Sobolev regularity is —s— (n+1)/4+ (k—1)/2—0. Thus, the
nonfocusing condition is satisfied relative to this Sobolev space, and Theorem 9.0.13
yields the desired regularity of the diffracted wave. O

(") The particular choice of S is dependent on the background regularity of the solution, which in
turn can be low, depending on the order of nonfocusing relative to HS.
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Corollary 9.0.15. — Let v : (—ep,0] — "X be a GBB normally incident at W, v(0) =
a € Hwp, and let 7 be its projection to Mg. Given o € J((—¢€p,0)), let u, be the
forward fundamental solution of O, i.e., u, = D_Il&o.

There exists € > 0 such that if o € 7((—¢,0)) then for all w € gg,a,,eg, such that
w is not geometrically related to point in ®S* My NP,

w ¢ WF(—n+k+l)/2—0 o
where k is the codimension of W.

Note that this represents a gain of (k — 1)/2 — 0 derivatives relative to the overall
regularity of the fundamental solution, which lies in H—"/2+1-0,

Proof. — The hypotheses on the location of o ensure that, with # denoting the flow-
out of ®S: My NPXy, £ is disjoint from F7 , 4, in view of Corollary 3.4.17. Thus, the
microlocal setting is the same as that of [15], hence the hypotheses of Corollary 9.0.14
are satisfied. a
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APPENDIX A

SOME FUNCTIONAL ANALYSIS

We often encounter the following setup. Suppose that §), 2) are Banach, resp. locally
convex, spaces, and
L:P—-9H
is a continuous injection with dense range (so one can think of ) as a subspace of §
with a stronger topology). Let $’, 9)' denote the spaces of linear functionals on £,
2 endowed with their respective weak topologies (i.e., the weak-* topology in the
Banach space setting). Then the adjoint of ¢ is the map

DK ) I to(v) = L(w), L€ H,
and ¢! is continuous in the respective topologies. The injectivity of ¢ implies that ¢f
has dense range, while the fact that . has dense range implies that ! is injective.
Thus, one can think of $’ as a subspace of ', with a stronger topology.
If § is a Hilbert space with inner product (.,.)s C-linear in the first argument,
there is a canonical (conjugate-linear) isomorphism jg : $ — $’ given by jg(u)(v) =
(v, u)g. Suppose also that there is a canonical conjugate linear isomorphism

cy: H — H, c% =1d, (u,cqv) = (v,cyu);
if § is a function space, this is usually given by pointwise complex conjugation. Thus,
T =jgocy:H—9H
is a linear isomorphism. Thus, if A : ) — $) is continuous linear, then At 9 — 2’
continuous linear, and
A=At ojgocy:H—-9Y
is continuous and linear. In particular, letting A be our continuous injection,

P =1ojgocs:H -

is linear, injective with dense range, so $) can be considered a subspace of 9’ (with a
stronger topology). In particular,

Por:9—-9

is also injective with dense range. One considers the triple (), 9,¢) the H-dual of );
we will denote this either simply by 2)’,or by 9* if we want to emphasize the inclusion
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of 9 into 9’ via 9, in what follows. Note that if 9 is also a Hilbert space with a
canonical conjugate linear isomorphism® ¢y,

Locy =cg oL, c% =1d,
then we have the canonical linear isomorphism Ty = jyocy : P — ', and it is
important to keep in mind that Ty is (usually) different from dr=1to Tgouw
Ty (u)(v) = (v, cpu)y,
L) (v) = (w, (eg 0 u)s = (v, (Lo cy)u)s,
for u,v € 9. A simple example, when X a compact manifold with a smooth non-
vanishing density v is obtained by 9 = &~ (X) (a Fréchet space) and $ = L2(X)

with respect to the density v, with ¢ : 9 — X the inclusion. Then ("¢ : &> (X) —
€~ °°(X) is the standard inclusion of Schwartz functions in tempered distributions:

Cof(¢) = [ fov.

In fact, we shall always consider a setting with 9 a dense subspace of ), with
a locally convex topology, with respect to which the inclusion map is continuous
(i.e., which is stronger than the subspace topology), so using the linear isomorphism
Js ocg : H — $H', we have continuous inclusions, with dense ranges,

DcoH=H -9

Suppose now that A : @ — 9, hence A" : 9" — @', and suppose that At maps 9,

i.e., more precisely the range of /’1 (with ¢ : © — $ the inclusion), to itself, and let
A= ()AL D - 9.
Then for f,¢p € D
(19,LAf)5 = (P1egAf)(9) = (cr"LAS)(9) = (cor AT 1f)(9)
(A.0.1) = (A1Puf)(cod) = (uf)(Acgd) = (icof, tAcod)
= (tegAcgg, Lf),

so A is the formal adjoint of cpAcg with respect to the §) inner product.

Given a Hilbert space §) as above, hence an inclusion of 9 into 9’, we shall also
have to consider subspaces X of @' with a locally convex topology, which contain the

image of @ in 9’ (under the $-induced inclusion map), and such that the inclusion
maps

DX

are continuous, with dense range, hence one has the corresponding sequence of adjoint
maps, which are continuous, with dense range, when all the duals are equipped with
the weak topologies. As (2') = @, one obtains

D x o 9.

(1) Again, pointwise complex conjugation on function spaces is a good example.
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If further
DX Ho P

continuous, with dense ranges, then
DoH =H% < @/,

and similarly if one had the reverse inclusion between X and §.

One way that subspaces such as ) arise is by considering a a finite number of
continuous linear maps A; : 9 — 9D, such that there exist continuous extensions
A;: 9 — 9 (which are then unique by the density of 9 in 9'), hence 4; : X — 9/,

j = 1,...,k. Then, in what essentially amounts to constructing a “joint maximal
domain” for the A;, and writing txq : X — @' for the inclusion, let

(A.0.2) P={ueX: VjAjucRaniyy}

with

(A.0.3) lullyy = llulf + D llezgy Asul,

where the injectivity of txgy was used. If {u,} is Cauchy in 9, then it is such in X%, so
converges to some u € X, and thus Aju, — Aju € 9'. Moreover, if {u,} is Cauchy
in ) then L;;),Ajun is Cauchy in X so converges to some v; € X, hence A;u, — txqrv;
in X. Thus, Aju = txq9v;, so Aju € Rantgg, and Aju, — Aju in X, proving that
9) is a Hilbert space. We will simply write A; for A;|y : 9 — X. Note that D C 9,
so Q) is dense in X. However, 9 is not necessarily dense in 2).

An example is given by X = Lg (X) on a compact manifold with or without bound-
ary, g a Riemannian metric, A; be a finite set of &> vector fields which span all vector
fields over £™(X), D either €= (X) or & (X); then 9 = HL(X). If D = §°(X),
then 9 is dense in 9, but if D = i'?oo(X ), then this is not in general the case: it fails
if the boundary of X is non-empty. Other examples are given coisotropic distribu-
tions, where the A; are products of first order ps.d.o’s characteristic on a coisotropic
manifold; see a general discussion below for spaces given by such ps.d.o’s.

Another way a subspace like ) might arise from continuous linear maps 4, : 9 —
9 is the following. In a “joint minimal domain” construction, one can define

(A.0.4) lullgy = lull% + > 145ul%,

as above, and let 2~) be the completion of 9 with respect to this norm, so @ is a Hilbert
space. Moreover, the inclusion map tgx : D — X as well as A; extend to continuous
linear maps

lox = tgy, Aj 1Y = X,
and L3x has dense range (for 9 canonically injects into the completion). In addition,
with 9 as above, the inclusion map tgg : 9 — ) extends continuously to a map

iy D=9
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which is an isometry, and is in particular injective. This in particular shows that the
inclusion map from i) to X is also injective, with a dense range. For X a manifold
with boundary and 9 = &~ (X), A; vector fields as above, one has 9 = H}(X); with
D = 6§ (X), one has P = H}(X).

Note that the closure of @ in 9 is 9), so D is dense in 9) if and only if 9 = 9
(i-e., % is surjective). From this point on we assume that Y = 9). This is true,
for instance, if one is given B;,...,B, € \II;{)O(M), and A,...,Ar are up to s-fold
products of these, as shown below in Lemma A.0.3. Thus, 9’ C 4 (i-e., the inclusion
map is injective).

Using the inclusion map tyx we can now identify the dual of 9 with respect to $.
We start with the case $ = X. By the Riesz lemma, )’ = TpQ) and Ty is unitary,
where

Tyv(u) = (u, cyv)y.

But

Ty (v)(w) = (u, cyv)y = (tgau, tyscyv)s + > _(Aju, Ajeyv)s
j

= jstpacyv(ipsu) + ¥  jnAjenv(Aju).
i

Thus,
Ty (v)(u) = ((mey)bq_)y, + ZA;CﬁAjCED)U) (w).

We conclude that

Tyv = (L';Dﬁbfyﬁ + ZA;cf,Ajc@)v,
and
(A.0.5) D* = (L%,-)Lg)y, + ZAZ-C;,A]-CQJ)Q).
This also shows that

D* = RanLTmﬁ + Z RanA;‘.,

for O follows from the definition of !, etc., while C follows from (A.0.5). We recall
here that by (A.0.1), A;r- is the formal adjoint of cgAjcg.
More generally, we do not need to assume X = §); rather assume that

(A.0.6) (u,v)x = Y _(Byu, Brv)s,
k
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where By, : X — $) are continuous linear maps (and there is no assumption on the
relationship in the sense of inclusions between ¥ and ). Then

Ty (v)(u) = (u, epv)y = (tyxu, tpxcyv)x + »_(Aju, Ajcgv)x
j

= Z (Brtyxu, Brlgxegv)s + Z(BkAju, BirAjcgu)g
k J

= Z JsBripxcyv(Brigxu) + ZjﬁBkAjC@’v(BkAju)
k J

= | ) ((Briyx) csBripx + Z(BkAj)bcﬁBkAj)CiZ)'U (w),
k J

so we conclude as above, using (BkAj)" = AJ‘B}’C, etc., that
* _ T t.
(A.0.7) 2* =Ranu}, + Z Al
J

note that the same computation as in (A.0.1) with factors of « omitted shows that A;r.
is the formal adjoint of cgA;cg.

We now prove the density lemma mentioned above. We start by commuting
bounded families of operators through products of first order ps.d.o’s.

Lemma A.0.1. — Letr > 1. For s € N, let J; be the set of maps {j : {1,...,s8} —

{1,...,r}.
Suppose that Ay, ..., A, € O5* (M), and for s € N and j € J;, let

A=Ay A
Then for k €N, j € Ji, and {Q,} a uniformly bounded family in \Ilgl’)o(M),
Aan = QnAj + Z Z Cin4i,

s<k—1ieJ,

with {Cin : n € N} uniformly bounded in \IIS;JO(M ), and the uniform bounds are
microlocal (so in particular WF'({Ci, : n € N}) C WF'({Qn : n € N})).
Moreover, for € > 0, if Q, — Id in U5 (M) then Cip, — 0 in U5 (M) as n — oo.

Remark A.0.2. — We do not need the microlocality of the uniform bounds below, but
it is useful elsewhere.

Proof. — We proceed by induction, with k£ = 0 being clear.
Suppose k > 1, and the statement has been proved with k replaced by k — 1. Then
for j € Jg,

AJQ" = Q"AJ' + [A117Q"]Aj2 e Ajk +o 4 Ajl fee Ajk—l[Ajk’Qn]'
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Note that [4;,.,Q,] € ¥%°(M) uniformly, and in a microlocal sense (and [4;,,, Qn] —
0in \If:i? (M) if Q, — Id in \IISE,O(M )). Thus, the first two terms are of the stated form.
For the others, there are | < k—1 factors in front of the commutator, which is bounded
in %°(M) (and converges to 0 in ¥52 (M) if Q, — Id in ¥52(M)), so by the inductive
hypothesis

Ajl cee Ajt [Ajz+1 ) Qn}
can be rewritten as ), Zz‘e 7 Cs,inA;, hence

Ajl s Ajt [Ajl+1 ’ Qn]Ajl+2 s Ajk

is rewritten as Cs inA;, ... Ai, Aj,, ... Aj, with s+(k—(14+1)) < I+k—(I+1)=k-1
factors of the A’s, hence is of the stated form. O

Lemma A.0.3. — Suppose that By,...,B, € \Ilél’)o(M), and let X be a Hilbert space on
which \Ilgl’)o(M ) acts, with operator norm on X bounded by a fized ©%°(M)-seminorm.
Let 9 C X be a dense subspace with a locally convex topology, and with all Q €
\Il;b°°’O(M), Q : X — D continuous, while for all Q € \I’Z:)’O(M), Q:9D— Xis
continuous, with bound given by a fized \IJZ,’D’O(M ) seminorm and a fized seminorm
on D.
Fork e N, let
PD={uecX: Vs<k, Vje J;,Ajuec X}

el = llullz + D D 4l

s<kj€Js

with

Then 9D is dense in Q).

Proof. — We start by observing that if ), is a uniformly bounded family in \112{)0 (M),
Q€ \Ilgl’)o(M) and Q, — @ in \II;?(M) for € > 0, then @,, — Q strongly on X. Indeed,
@, is uniformly bounded on X by the assumptions of the lemma, so it suffices to
prove that for a dense subset of X, which we take to be 9, u € D implies Q,u — Qu
in X. But this is immediate, for Q,, — Q in \IIZ’t?(M), hence as a map 9 — X, by the
assumptions of the lemma.

Now let A, € ¥;°°(M) uniformly bounded in ¥%°(M) and A, — Id in U5 (M)
for € > 0, so A, — Id strongly on X. We claim that for s <k,

(A.0.8) vuey, jeJ,= AjAu— Ajuasn — oo in X.

Since A u € 9, this will prove the lemma. Note that A,u — u in X.
By Lemma A.0.1, for j € Jg,

AjAn = AnA] + Z Z CinAiv
I<s—14€Jd
with {C;, : n € N} uniformly bounded in \IIS;JO(M), Cin — 0in WZS(M) for € > 0.
Correspondingly, {C;,, : n € N} is uniformly bounded as operators on X, and C;, — 0

strongly on X. Since Aju € X and A;u € X for i € J;, | < s, we deduce that
AjAyu — Aju in X, completing the proof. O
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THE EDGE-B CALCULUS

Let M be, for this section, a general compact manifold with corners and let W
be one of its boundary hypersurfaces. At the end of the section we comment on non-
compact M, which is setting of the main body of the paper; this is essentially a
notational issue as our problem is indeed local in a relevant sense. In the body of the
paper above, M is obtained by the blow up of a boundary face Y of a manifold with
corners My and W is the front face of the blow up, i.e. the preimage of Y under the
blow-down map. In fact our discussion is mostly local in the interior of Y and hence we
could assume that'Y has locally mazimal codimension, so that it has no boundary. We
shall not, however, make this assumption here, and we include the setting obtained
by blow-up without actually restricting the discussion to it. Instead, we shall suppose
that W is equipped with a fibration

(B.0.9) Z—W

f

Since the manifolds here may have corners, this is to be a fibration in that sense, so
the typical fiber, Z, is required to be a compact manifold with corners, the base, Y,
is a manifold with corners and ¢ is supposed to be locally trivial in the sense that
each p € Y has a neighborhood U over which there is a diffeomorphism giving a
commutative diagram

(B.0.10) ¢~ 1 (U) = UxZ
U.

Mainly for notational reasons we will also assume that Y is connected.

Let Yen(M) C Yu(M) be the Lie subalgebra of all those smooth vector fields
on M which are tangent to all boundary (hypersur-)faces and in addition are tangent
to the fibers of ¢ on W. The calculus of edge-b pseudodifferential operators will be
constructed in this setting, it is determined by M and ¢ and microlocalizes Ve, (M).
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In case the ¢ has a single fiber, i.e. Z = W, corresponding to the case that W is
not blown up at all, the Lie algebra e, (M) reduces to ¥,,(M) and the desired mi-
crolocalization is just the algebra of b-pseudodifferential operators on M as a manifold
with corners. The construction of this algebra is discussed in [17, 20] and of course W
is in no way singled out amongst the boundary hypersurfaces. The pseudodifferential
operators are described in terms of their Schwartz kernels, which are the conormal
distributions with respect to the resolved diagonal in a blown-up version of M2, with
the additional constraint of vanishing rapidly at boundary faces which do not meet
the lifted diagonal. The resolved double space in this case is

(B.0.11) ME = [M? B, B={B x B;B € M (M)}.

Here, in generality, M,(M) is the collection of all connected boundary faces of codi-
mension p of the manifold with corners M. It is of crucial importance that the lift
to Mg of the diagonal, is a p-submanifold—the lift in this case is the closure (in M?)
of the inverse image of the interior of the diagonal:

(B.0.12) Diagy, = cl(Diag(M) N int(M?)).
Then the operators on functions correspond to the kernels
(B.0.13) ™M) = {AeI™(MZB*Qr); A=0 at OMZ \ ()}

where ff(() is the collection of boundary faces produced by the blow-ups defining the
combined blow-down map (3 : MZ — M?2.

The composition properties of these operators, including the fact that the “small
calculus” is an algebra, can be obtained geometrically from the corresponding triple
space

(B.0.14) Mg = [M*% B, B°), B> = {B% B € M (M)},
B ={MxBxB, BxMxB, BxBxM;Be M (M)}

There is considerable freedom in the order of blow-ups here and this is sufficient to
show that the three projections, mo, from M3 to M? lift to “stretched projections”
mop : M3 — M2, 0 = S,C, F, corresponding to the left, outer and right two factors
respectively; these maps are b-fibrations and factor through a product of M? and M
in each case.

As already noted, it is crucial for the Definition (B.0.13) that the lifted diagonal
Diag;, be a p-submanifold, meaning that it meets the boundary locally as a product.
This also turns out to be essential in the construction of M2 below.

There is another extreme case in which the microlocalization of the Lie algebra
Yep is well-established, namely when W is the only boundary hypersurface, so M is a
manifold with boundary; this is the case of an “edge” alone, with no other boundaries.
The construction of a geometric resolution in this case can be found in [13] and [14].
It is quite parallel to, and of course includes as a special case, the b-algebra on a
manifold with boundary. In the general edge case when the fibration ¢ is non-trivial
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(but W itself has no boundary) the center blown up in (B.0.11), which would be W2,
is replaced by the fiber diagonal

Diag, = {(p,p') € W% ¢(p) = ¢(p')} = (¢ x ¢) " (Diag(F))
M} = [M?; Diag,).

Similarly, the triple space is obtained by blow-up of the triple fiber product
(B.0.16)
Diag} = {(p,p,p") € W3 ¢(p) = ¢(p') = $(p")} = (¢ x ¢ x ¢)~ ' (Diag®(F))

and then the three partial fiber diagonals, the inverse images, Diagg, O=S5C0CF
of Diag under the three projections mo : M 3 M2

(B.0.17) MS = [M3;Diag‘;’,;Diagg,Diagg,Diagg].
Again the three projections lift to b-fibrations

(B.0.15)

TF,¢

3_"59¢ ar2
(B.0.18) qu‘;c_;M¢-
—_——

The microlocalization of ¥, is accomplished here by the combination of these
two constructions. The diagonal, even for a manifold with boundary, is not a p-
submanifold—does not meet the boundary faces in a product manner—and as already
noted this is remedied by the b-resolution. Since the fiber diagonal in W? is the inverse
image of the diagonal in Y it too is not a p-submanifold in case Y has boundary, but
then the partial b-resolution of M resolves it to a p-submanifold which can then be
blown up.

More explicitly, the boundary hypersurfaces of M, other than W itself, fall into
three classes according to their behavior relative to ¢. Namely there may be some
disjoint from W; these are relatively unimportant in the discussion below. Otherwise
the intersection of W and such a boundary hypersurface, B, is a boundary hypersur-
face BN W of W. The remaining two cases correspond to this being the preimage
under ¢ of a boundary hypersurface of Y or, if this is not the case, then BNW is the
union of boundary hypersurfaces of the fibers of ¢, corresponding to a fixed boundary
hypersurface of Z. In brief, the boundary hypersurfaces B € M;(M) \ {W} which
meet W correspond either to the boundary hypersurfaces of Y or of Z. Let &, B(Y)
and B(Z) C My (M) denote the three disjoint subsets into which M, (M) \ {W} is so
divided.

To define the double space on which the kernels are conormal distributions with
respect to the lifted diagonal, just as in both special cases discussed above, we make
one blow up for each of the boundary hypersurfaces. For those other than W, this is
the same as for the b-double space for M, which is to say the corners, B x B, are
to be blown up for all B € M;(M) \ {W?}. Since these submanifolds are mutually
transversal boundary faces within M? they may be blown up in any order with the
same final result. For W we wish to blow up the fiber diagonal, Diag,, in (B.0.15).
This is certainly a manifold with corners, since it is the fiber product of W with
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itself as a bundle over Y, given by ¢. However, as noted, it is not embedded as a
p-submanifold if Y has non-trivial boundary. If z; and y; are respectively boundary
defining functions and interior coordinates near some boundary point of Y, and z’, ¢/,
", y" are their local lifts to W2 under the two copies of ¢, then Diag, C W? is the
“diagonal” '’ = 2", ¥’ = y”. Near a boundary point of Y this is not a p-submanifold.

Note that in the simplest case, when B(Y) = @, the following lemma merely says
that Diagy is a p-submanifold of M?2.

Lemma B.0.4. — The fiber diagonal Diag, lifts to a p-submanifold of
[M?; B(Y)].
We will still denote the lifted submanifold as Diag .

Proof. — Since Diag, C W? and this is the smallest boundary face of M? with this
property, under the blow up of other boundary faces of M2, Diag, lifts to the subset
(always a submanifold in fact) of the lift of W2 under the blow up of the intersection
of W2 with the boundary face which is the center of the blow up. That is, to track the
behavior of Diag, we need simply blow up the intersections of the elements of B(Y)
with W2, inside W2. This corresponds to exactly the “boundary resolution” of Y2
to ¥;? as discussed briefly above. So the diagonal in Y lifts to be a p-submanifold.
Since ¢ is a fibration over Y, it follows easily from the local description that Diag lifts
to a p-submanifold of the blow up, [W?2; B(Y) N W2] and hence to a p-submanifold
of [M?; B(Y)] as claimed. O

Thus blowing up the elements of B(Y’) in M? resolves Diagy to a p-submanifold, by
resolving the diagonal in Y2. The defining functions of the elements of B(Z) restrict to
defining functions of boundary faces of the lift of Diag, so all the remaining boundary
faces, in B’ U B(Z) are transversal to this lift. Such transversality is preserved under
blow up of boundary faces, so we may define the eb-double space in several equivalent
ways as regards the order of the blow-ups and in particular:

M3, =M% B, Diag,]
=[M? B(Y)?, Diag,, B(2)*,(B)%,

where the “squares” mean the set of self-products of the elements and the ordering
within the boundary faces is immaterial.

The fibration ¢ restricts to a fibration, ¢p, of BN W for each B € B(Z), over
the same base Y. For each B € B(Y) instead ¢ restricts to BN W to a fibration,
again denoted ¢p, over Y (B), the corresponding boundary hypersurface of Y. Thus
considering B € B(Z) or B € B(Y) as manifolds with corners on their own, each
inherits a fibration structure as initially given on W C M on the intersection BNW €
My (B). For the elements of B’ there is a corresponding trivial structure with no W.

(B.0.19)

Lemma B.0.5. — The diagonal in M? lifts to a p-submanifold of M2 . The “front

faces” of M2, those boundary hypersurfaces produced by blow up, are of the form
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B2, x [0,1], corresponding to each B € B = My(M)\ {W} with its induced fibration
structure. That corresponding to Diag, is the pull-back of the bundle [W?;(B(Z) N
(W))?], defined by blowing up the diagonal corners of the fibers, to a (closed) quarter
ball bundle over Y.

Proof. — These statements are all local and follow by elementary computations in
local coordinates. O

Thus, the definition of the “small” calculus of edge-b pseudodifferential operators
is directly analogous to (and of course extends in generality) (B.0.13):

(B.0.20) m(M)={AeTI™(M3%;B8Qr); A= 0at M2\ (8)}

where the particular fibration ¢ is not made explicit in the notation. The fact that
these kernels define operators on E?OO(M ) and (M) reduces to the fact that push-
forward off the right factor of M, which is to say under the left projection, gives a
continuous map

(B.0.21) (Tr,p)e : TR (M) — G(M).

The principal symbol map is well-defined at the level of conormal distributions, taking
values in the smooth homogeneous fiber-densities of the non-zero part of the conormal
bundle to the submanifold in question. In this case N* Diag,, = *°T*M is a natural
identification and the density factors cancel as in the standard case so

(B.0.22) Om 2 U (M) — E°(°S*M; N,,)

where N,, is the bundle of functions which are homogeneous of degree —m.

The structure of the front faces leads directly to the “symbolic” structure of the
(small) algebra of pseudodifferential operators. Namely, there are homomorphisms
to model operator algebras corresponding to each boundary face of M, known as
normal operators. For faces other than W the model is a parametrized (“suspended”)
family of edge-b (or for those boundary faces not meeting W simply b-) operators
corresponding to the fibrations of boundary hypersurfaces of W. Note that if z; is a
defining function for such a face, the operator z;D,; maps in this correspondence to
the operation of multiplication by the corresponding suspension parameter. For W
the model is a family of b-operators on the fiber times a half-line, parametrized by the
cosphere bundle of the base of the fibration. (We do not employ the normal operator
homomorphism for the face W in this paper.)

The corresponding triple space can be defined by essentially the same modifications
to the construction of M2 as correspond to obtaining M2 in place of MZ.

Lemma B.0.6. — Under the blow-down map for the partial triple b-product
(B.0.23) B : ML =M% B(Y)% BY) B(2)%(B)% B(2) (B)] — M°
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the triple fiber diagonal and the three partial fiber diagonals

Diag} = {(p,9',0") € W3 ¢(p) = ¢(') = ¢(r")},
Diagg = (wo)—l(Diagd,), O=8,C,F,

all lift to p-submanifolds.

(B.0.24)

Proof. — This reduces to the same argument as above, namely that the triple and
three partial diagonals in Y? are resolved to p-submanifolds in Ylf’ and the effect of
the first two sets of blow-ups in (B.0.23) on Y3 is to replace it by Y;> and hence
to resolve the submanifolds in (B.0.24). Under the subsequent blow-ups of boundary
faces any p-submanifold lifts to a p-submanifold. O

Thus we may define the edge-b triple space to be
(B.0.25) M3 = [M3; Diag:;; Diagg; Diagg; Diagg].

Proposition B.0.7. — The three partial diagonals lift to b-submanifolds intersecting in
the lifted triple diagonal and the three projections lift to b-fibrations

TF,eb

3 TS,eb 2
(B.0.26) M3, =2 M2

eb TC,eb
—_—
where mo e 15 transversal to the other two lifted diagonals.

Proof. — The existence of the stretched projections as smooth maps follows from
the possibility of commutation of blow-ups. For the sake of definiteness, concentrate
on mg, the projection onto the right two factors.

After the blow up of the triple fiber diagonal in (B.0.25), the three partial fiber
diagonals are disjoint so the other two can be blown up last. When it is to be blown
up, the triple fiber diagonal is a submanifold of Diagf; so the order can be exchanged,
showing that there is a composite blown-down map

(B.0.27) M3, — [M2;Diag}].

The manifold with corners M % is the b-resolved triple product where the boundary
hypersurface W is ignored. The commutation arguments showing the existence of a
composite blow-down map M — M x M carry over directly to give an alternative
construction

(B.0.28) M =M x M%; J]

where & consists of those boundary faces in (B.0.23) which involve a defining function
on the first factor of M3-—so all the triple products and the double products with
boundary hypersurface in the first factor. These are all transversal to Diagg , realized
as a p-submanifold of M x M2 so can be commuted past it in the blow up, giving

the map mp 4 in (B.0.26). That it is a b-submersion follows from its definition as
a composite of blow-downs of boundary faces, together with the corresponding fact
for the edge case. That it is a b-fibration follows from the fact that the image of a
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boundary hypersurface is either a boundary hypersurface or the whole manifold since
this is true locally in the interior of boundary hypersurfaces. O

These facts together show that the small calculus of edge-b pseudodifferential op-
erators, as defined in (B.0.20), is a filtered algebra. It also follows directly that the
symbol (B.0.22) is multiplicative as in the standard case. The extension to operators
on sections of bundles is essentially notational.

If M is non-compact but the fibers of ¢ are compact, the same construction goes
through, but we require proper supports, i.e., that the projections 77 4 and mg 4 are
proper when restricted to the support of A:

(M) ={AeI™( M2 ; B*Qr);

(B.0.29)
A =0at OMZ \ ff(8) and A has proper support}.

Then U7 (M) acts on §°° (M), i?oo(M ) and €~ °°(M), as well as on their compactly
supported versions.
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17/ Algebra generated by operators characteristic on & f:fg, page 67.

® Smooth functions on M vanishing to infinite order at blown-up edge, page 48.

Diff;, Edge-b differential operators, page 41.

Diﬂ":s’Jr Adjoints of edge-smooth differential operators, page 53.

Difffs’f(M ) Adjoints of edge-smooth differential operators, page 53.

Diff:s’u Compositions of edge-smooth differential operators with adjoints, page 53.

Diff}(X) Edge-smooth differential operators, page 15.

Difff:S U edge-b pseudodifferential, edge-smooth differential calculus, page 45.

6,9, edge-b elliptic, glancing and hyperbolic sets, page 26.

EGBB Edge generalized broken bicharacteristic, page 29.

‘}l/’o edge-b flow-in/flow-out, page 36.

g3 /o b flow-in/flow-out, page 35.

ﬁW,b,ﬂ w,b b glancing and hyperbolic sets, page 19.

GBB  Generalized broken bicharacteristic, page 20.

H:S’l Edge-smooth Sobolev space of supported distributions, page 51.

H:éfo For s > 0, closure of " (M) in edge-smooth Sobolev space, page 48.

Hg!  edge-smooth Sobolev space, page 48.

Hes Hamilton vector field on edge-smooth cosphere bundle, page 23.

Hs Hamilton vector field on smooth cosphere bundle, page 19.

H{'x b-Sobolev space relative to a Hilbert space X, page 107.

He, x edge-b Sobolev space relative to a Hilbert space X, page 49.

M Module of first-order operators characteristic on & fi’g, page 67.

M Spacetime manifold, blown up at corner, page 15.

My Spacetime manifold, not blown up, page 15.

wepb  Map from eb characteristic set to cotangent bundle of blown-down edge,
page 25.

Wes Map from es cotangent bundle to cotangent bundle of blown-down edge,
page 23.

Tes—eb Projection from es cotangent bundle to eb cotangent bundle, page 25.

Ts—b Projection from cotangent bundle to b cotangent bundle, page 18.

Uy edge-b pseudodifferential calculus, page 41.

Re,  edge-b radial set, page 29.
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Res  edge-smooth radial set, page 24.

b b tangent bundle, page 18.

bT* b cotangent bundle, page 18.

¢bT  Edge-b tangent bundle, page 25.

ebT*  edge-b cotangent bundle, page 25.

ST edge-smooth tangent bundle, page 22.

esT*  edge-smooth cotangent bundle, page 22.

T, Family of elliptic operators of order v, page 81.
Vb b-vector fields, page 17.

Yep  edge-b vector fields, page 24.

Ves edge-smooth vector fields, page 22.

114 Front face of blow-up of space-time edge, page 15.
w Space-time edge, page 15.

WEF(" (u) edge-b wave front set relative to a Hilbert space X, page 49.
X Spatial manifold, blown up at corner, page 13.
Xo Spatial manifold, not blown up, page 13.

Y Front face of blown-up spatial corner, page 13.

Y Corner of spatial manifold, page 13.
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