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SQUARE ROOT PROBLEM
FOR DIVERGENCE OPERATORS
AND RELATED TOPICS

Pascal Auscher, Philippe Tchamitchian

Abstract. — We present in this work recent progress on the square root problem
of Kato for differential operators in divergence form on R™. We discuss topics on
functional calculus, heat and resolvent kernel estimates, square function estimates
and Carleson measure estimates for square roots. In the first chapter, we show in a
quantitative way how the theorems of Aronson-Nash and of De Giorgi are equivalent.
In the central chapters, we take advantage of recent development in functional calculus
and in harmonic analysis to propose a new point of view on Kato’s problem which
allows us to unify previous results and extend them. In the last chapter we study the
associated Riesz transforms, their relation to Calderén-Zygmund operators and their
behavior on LP-spaces.

Résumé (Probleme de la racine carrée pour les opérateurs sous forme divergence et
sujets connexes). — Ce travail a pour théme principal le probléme de Kato concer-
nant la racine carrée des opérateurs différentiels elliptiques sous forme divergence dans
R™. Pour mener & bien cette étude, nous nous intéressons a des questions relatives au
calcul fonctionnel, aux estimations de noyaux, aux fonctionnelles quadratiques et aux
mesures de Carleson associées aux racines carrées. Dans le premier chapitre, nous
montrons en un sens précis comment les théorémes d’Aronson-Nash et de De Giorgi
sont équivalents. Dans les deux chapitres centraux, nous tirons parti de développe-
ments récents sur le calcul fonctionnel et en analyse harmonique pour proposer un
nouveau point de vue sur le probléme de Kato qui permet d’unifier les résultats
antérieurs et de les généraliser. Enfin, dans le dernier chapitre, nous étudions les
transformées de Riesz associées, leur relation aux opérateurs de Calderén-Zygmund
et leur comportement sur les espaces LP.
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INTRODUCTION

The main goal of this memoir is the study of square roots of divergence form
differential operators L = —div (4AV) on R™, n > 2, where A(z) is a matrix with
complex-valued bounded entries and satisfying a uniform ellipticity condition. This
operator is defined using the theory of maximal accretive operators on L%(R") via
the associated variational form on the Sobolev space H!(R"). We denote by L'/ the
square root of L.

We are interested in the following questions.
Question 1. — Does the domain of L'/? agree with H*(R™)?

When L is a selfadjoint operator or has smooth coefficients ( e.g., Lipschitz), this
is true. However, the answer is not known in general.

Question 2. —  If Ag is such that the domain of L(l)/2 is H'(R™), where Ly =
—div (AoV), is the map A — L'/2, valued in B(H'(R"), L>(R")), complez analytic
at Ao 2

Classical complex function theory tells us that analyticity of a Taylor expansion
follows from boundedness in complex balls. This is the same principle that partly
justifies the use of complex-valued coefficients here.

Question 3. — If L is such that the domain of L'/? agrees with H'(R"), what can
we say about LP-boundedness, p # 2, of the Riesz transforms associated to L, namely
VL~1/22 More generally, how do ||L*/%f||, and ||V f||, compare?

In this work we bring new answers to the first two questions and, under a technical
hypothesis that the kernel of the semigroup generated by —L has Gaussian upper
bounds and regularity, we completely elucidate the third one. Some results were
announced in [15].



2 INTRODUCTION

Questions 1 and 2 were raised by T. Kato in the 60’s. They were motivated by
perturbation theory for some hyperbolic partial differential equations (see [46],[56]).
They turned out to be profound by their connections to other topics.

These questions have been studied in the abstract Hilbert space framework for a
long time, until counterexamples (which are not differential operators) were found by
Mclntosh [54, 55].

As mentioned by Journé [45], McIntosh observed that his results are related to
counterexamples for the commutator inequality

ITIS| = ISIT|| < CIITS - ST

for arbitrary selfadjoint operators. In the case where S = —id/dz and T is multiplica-
tion by a Lipschitz function on R, however, it becomes the celebrated Calderén first
commutator inequality, proved to be true by deep techniques of harmonic analysis
[17].

The relation between question 1 and Calderén’s work opened the door to new
developments. This crystallized in the collaboration between Mclntosh, and Coifman
and Meyer who, at this time, were working on Calderén’s conjecture concerning the
Cauchy integral on Lipschitz curves. The multilinear analysis which was developed
by these authors brought positive answers to both Calderén’s conjecture and Kato’s
first question in dimension 1 [20].

Multilinear analysis consists in expanding in a formal Taylor series operator-valued
functionals that depend non-linearly on their argument in a suitable Banach space
(called the space of holomorphy) and, then, in controlling each term individually
together with norm growth estimates in order to obtain a radius of convergence. See
[21] for an overview. Here A — L'/? is expanded in the variable A — I or A= — I
in L*°. In the case of the Cauchy integral the variable is related to the derivative
of a parametrization. Harmonic analysis comes into play when proving boundedness
by making use of Littlewood-Paley-Stein quadratic functionals, the control of which
requiring Carleson measures.

This breakthrough led to important results in real harmonic analysis, and the T'1-
theorem of David and Journé for Calderén-Zygmund singular integrals is probably
one of the best examples [26].

The square root problem in dimension n > 2 was also studied by the above multi-
linear expansions. It was shown in [19] and [35] that questions 1 and 2 have positive
answers for matrices satisfying ||[A™! — I||ooc < €(n) for some small ¢(n). The best
known value of this constant is given in [45] by refinements of the method. On the
other hand, it is shown in [57] that the answer to question 1 is in the affirmative
when the matrix entries are pointwise multipliers of a Sobolev space with positive
regularity index.

ASTERISQUE 249



INTRODUCTION 3

Recent progress in operator theory and in harmonic analysis allowed us to develop a
different approach which we built in 4 steps, each one corresponding to Preliminaries,
Chapters 1, 2 and 3 of this work.

1. The equivalence between the coincidence of the domain of L'/2 with H!(R")
and the boundedness of some quadratic functionals: this uses the works of Yagi
[81] and McIntosh [58] on functional calculus, and interpolation theory [8].

2. Precise estimates for operator kernels occuring in these quadratic functionals:
this led us to study the semigroup and resolvent kernels of L when it has complex
coefficients. We show that the well-known estimates of Aronson and Nash ([4],
[66]), valid in the case of real coefficients, are not always true [7]. We give
sufficient conditions for such estimates to hold, based on [5].

3. The elaboration of an adapted T'1-theorem: by this we mean a criterion which
relates the boundedness of a class of quadratic functionals to a Carleson measure
estimate. The model case is a result by Christ and Journé [18], but which is not
directly applicable because we are dealing with “rough” kernels. We overcome
this difficulty by an adapted smoothing technique (which uses the classical Riesz
transforms).

4. The last step sheds light on relations between the study of L'/2 and the prop-
erties of weak solutions to the inhomogeneous equation Lu = f with nice f.

We cover and extend this way all the aforementioned results concerning questions
1 and 2. For example, we show that question 2 has a positive answer when Ay belongs
to a class of matrices enjoying a very mild regularity condition (weaker than the one
imposed by McIntosh in [57]), and that the space of holomorphy for A — L/? near
Ap is BMO instead of L™ (this is in spirit with commutators estimates between
BMO functions and Calderén-Zygmund operators). Still, we do not fully answer
these questions.

Let us come to a discussion on question 3, which is treated in Chapter 4, and begin
with its relation to boundary value problems.

Consider the elliptic operator M = 8%/0t> — L on R}*" = (0,00) x R™. The
Dirichlet problem Mwu = 0 with data uo at ¢ = 0 (and data 0 at oo) is formally solved
by ui(z) = P.f(z), where P, = e~tL"* is the Poisson semigroup associated to L.
The assumption made in Chapter 4 implies that the kernel of this operator satisfies
natural size estimates. Hence, for all 1 < p < oo, the Dirichlet problem with data in
LP? has a solution with ||u¢||, < ¢||uol|, uniformly for all £ > 0, and u; converges to ug
a.e. and in LP(R™) as t — 0 (weak star convergence only if p = 00).

Fix 1 < p < oo. Consider the Neumann problem with data vo € LP(R"™):

Mu=0 on R},
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4 INTRODUCTION

where the limit occurs in LP(R™). An inequality of the type ||V £, < c||LY2f||,
insures that the formal solution u; = —e~tL"/* =1/ 290 satisfies

3ut
sup (15521l + ¥l ) < ol
t>0

In the same vein, consider for any uy € W!P(R"™) the regularity problem with data
Ug:
Mu=0 on R},

lim us = u
t—0 t 05

where the limit occurs in LP(R"™). Then, a comparison ||L}/2f||, ~ ||V f]||, insures

tLt/

that the solution u; = e~ 2uo satisfies

aut
sup (1155l + 19l ) < el Vol
t>0

This type of problems (formulated from the point of view of non-tangential limits
at the boundary) have been recently studied by Kenig and Pipher for the class of real
symmetric operators on the unit ball of R"*! [51]. They prove that the regularity
and Neumann problems are solvable for p € (1,2 + £) whenever they are solvable for
p = 2, and that this range is optimal.

The study of Riesz transforms on LP is also of interest when L is the Laplace-
Beltrami operator on a Riemannian manifold because it is related to geometry. In this
case, the L? theory is granted from selfadjointness. Under quite general assumptions
on the manifold the inequality ||V £||, < c||L'/2f]|, is valid when 1 < p < 2 (the
reverse inequality holding in the dual range) and this is sharp. See [24] and the
references therein.

In our particular situation, less general than the one in [51] if we restrict ourselves
to real symmetric operators (but we allow complex coefficients), or not linked to any
kind of geometry, we obtain that |V f||, < c||L/2f||, holds for p € (1,2+¢), while the
converse holds for all p € (1, 00), provided that we have ||V f||2 ~ ||L}/2f||> and that
we make assumptions on the semigroup kernel for L. This is optimal by an example
of Kenig. The methods rely on Calderén-Zygmund theory, on the gradient estimates
for the semigroup kernel established in Chapter 1, and on smoothing techniques for
“rough” operators as used in Chapter 2.

To conclude, let us indicate that the square root problem can be studied for oper-
ators defined on a domain. In the case of a Lipschitz domain, assuming Dirichlet or
Neumann boundary condition, we are able to obtain similar results on the L? and LP
theories. This work will be presented in a subsequent paper.

Reading help. — In this memoir each chapter focuses on a different topic. It has its
own introduction where a summary of ideas and results is presented. For the sake of
fluidity, but at the expense of being repetitive, we have made the different chapters
as much independent as possible. One exception though, Chapter 3, the corner stone
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INTRODUCTION 5

of our work, heavily depends on Chapter 2. Developments on functional calculus are
in Preliminaries; on kernel estimates in Chapter 1; on square functions and Carleson
measures in Chapter 2; on positive answers to the square root problem in Chapter 3;
and on Riesz transforms and singular integrals on Chapter 4. The four appendices
contain further results or technical proofs.

The formulae are labelled by numbers that are reset to 0 at the beginning of each
chapter. The same thing holds for definitions, lemmas, propositions, corollaries and
theorems, all taken in the same group. We refer to a formula or a result from the
same chapter by its label only. As usual, we use the floating constant principle that
the same symbol ¢, C etc change values from line to line.

Acknowledgements. — This work is the fruit of several years of research. We have
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the topics of this work. We wish to thank T. Coulhon, X.T. Duong, G. David,
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A. Nahmod, J. Pipher and N. Trudinger. We are grateful to C. Kenig for letting us
include a result of his.

Special thanks go to A. McIntosh from whom we learned what we know on func-
tional calculus (any mistake remains of course our responsibility) and whose influence
can be found at many places in this work. He also suggested several improvements in
our presentation and provided us with historical references.

We wish to thank Brown University for hospitality and support for both of us. Sup-
port from several other institutions during completion of this work is also gratefully
acknowledged: the University of Rennes I and the CNRS, the Australian National
University at Canberra, the ICMS at Edinburgh and Macquarie University in Syd-
ney.

SOCIETE MATHEMATIQUE DE FRANCE 1998






PRELIMINARIES

The operators considered in this work are differential operators built using the
theory of maximal accretive operators. Although they are not necessarily selfadjoint,
such operators have a holomorphic functional calculus which coincides with the Borel
functional calculus in case of selfadjointness. This preliminary chapter is devoted to
introduce basic material on operator theory in order to prepare the grounds for our
study of square roots. For further considerations consult, e.g., [48], [77], [81], [58],
[1] or [8]. The results of Section 0.7 seem new in this generality.

0.1. Maximal accretive operators and their functional calculus

Let H be a Hilbert space with inner product (, ) and norm || ||. All operators are
assumed to be linear.
A maximal accretive operator on H is an operator L on H with the following
properties:
(i) its domain D(L) is dense in H;
(i) Re(Lu,u) > 0 for all u € D(L);
(iii) L + A is onto for any A € C with Re A > 0.

Under these conditions, (L + A)~! is a bounded operator with

-1 [Jl|
1L+ )" ul| < ReX (1)
Denote by argz the argument in (—m, 7] of z € C and by I', the open sector
{z € C\ {0};|argz| < p} for u € [0, 7).
Let w < 7/2. An w-accretive operator on H is an operator, L, such that
(iv) L+ 1 is invertible on H;
(v) |arg(Lu,u)| < w for all u € D(L).

Under these conditions, one has

gl < Dl
ML+l € Gy A€ Do @



8 PRELIMINARIES

It is easy to show that an operator is m/2-accretive if and only if it is maximal
accretive. Also, an w-accretive operator is bounded if and only if its domain is closed
in H. Moreover, a well-known theorem (see [48], Theorem 1.24 of Chapter IX) asserts
that, given w < 7/2 and an operator L, then L is w-accretive if and only if —L is the
generator of a contraction semigroup on H that is holomorphic in I'y/3_,. Denoting
this semigroup by e~*L, we have

—z 7r
lle™ull < llull, |argz| < 35 —w. ®3)

Consider a one-one w-accretive operator L on H for some w < m/2 (we exclude
the case w = /2 to simplify the presentation). We list some of the important facts
relative to its functional calculus.

For D a domain in C, call H>°(D) the algebra of bounded holomorphic functions
f: D — Cand ||f|lc =sup{|f({)|; { € D}.

a) L has a bounded holomorphic functional calculus. By this we mean that for all
p € (w, ) there is a linear mapping h, from H*(T',) to B(H), the space of bounded
operators on H, with the following properties:

L |lru ()N < cull flloos

2. hu(f) = (L+ A)~! whenever f(¢) = (¢ + A7}

3. hu(f)hu(g) = hu(f9);

4. If f, is a uniformly bounded sequence in H*°(I",) that converges to f € H>(T',)
uniformly on compact subsets of I',, as n tends to oo, then h,(f,) converges to
hu(f) strongly.

Because of property 2., the functional calculi defined on different sectors are consistent:
hy(f) = h,(f) whenever f € H*(I',) and w < p < v < 7. Hence, as is customary,
we set f(L) = hu(f) whenever it makes sense.

An important example is the exponential function f(¢) = e~ *¢ which belongs to
H*>(T',) when |argz| < 7/2 — p. In particular, it follows from the properties of the
functional calculus that f(L) agrees with e~*%.

Also, if p € (w,m) and 9 is a holomorphic function in I',, such that

[¥(O] < eldl* (L +I¢h >

for some ¢, s > 0, then (L) can be computed using the Cauchy formula
1
L)=-— -L)! ¢,
Y(L) 2m‘/7(< )7 (0 d¢

where the path +y is made of two rays re*®® r > 0 and w < 8 < pu, described counter-
clockwise.

b) L satisfies quadratic estimates. Let ¢ be as above and not identically 0. Set
¥¢(¢) = ¥(¢¢). Then, there exists ¢ = ¢(¢) > 0 such that ([81, 58])

oo dt\/? .
el < ([~ Il F) <l we ()
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0.2. MAXIMAL ACCRETIVE OPERATORS AND FORMS 9

Particular choices for 1 are e=$¢'/2 or (1 4 ¢)~1¢!/2 where ¢1/2 is the principal
determination of the square root of . The first choice relates the quadratic functional
to the parabolic operator d/dt + L; the second choice to the elliptic operator 1 + L.

Note that because of the homogeneity of the measure dt/t, t can be changed to t*
for any a > 0 without affecting the equivalence.

c) The functional calculus can be extended to more general holomorphic functions
so as to include fractional powers of L. In particular, L!/2 is the unique maximal
accretive operator on H such that (L!/ 2)2 = L. The operator L'/2 is called the
maximal accretive square root of L ([48], p. 281). It is w/2-accretive. To compute
this operator, we use two classical formulae:

LM?y = %/0 (1+t2L)"'Ludt, u e D(L), (5)
LM2 = % /0 e "ILudt, ue D(L). (6)

Both integrals converge normally in H since
I+ L)~ Lul| + [le™*" Lul| < cinf(||Lull, t~%|ull) ()
when u € D(L). The last inequality follows from a fact we frequently use. If
f(€),¢f(¢) € H*(T), then
f(L)Lu = Lf(L)u = ((f)(L)u, u € D(L). (8)

0.2. Maximal accretive operators and forms

We turn to a systematic construction of maximal accretive operators via sesquilin-
ear forms and establish abstract resolvent and semigroup estimates.

The first result is the classical representation theorem on regularly accretive forms
which we formulate without proof in a slightly less general way that is more practical
for our purpose. See [48], Chapter VI.

Proposition1. —  Let Hy and H, be two Hilbert spaces. Let D : Hy — H, be a
densely defined closed operator with domain V and let A : Hi — H; be a bounded
operator such that

Re(ADwu,Du), > 6||Du|l?, u€V, (9)

for some § > 0. Then there is a unique mazimal accretive operator L with domain
contained in V such that

(Lu,v)y = (ADu,Dv),, u€D(L), veV. (10)
Furthermore, D(L) is a dense subspace of V,
D(L)={u€eV; ADu e D(D*)},
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10 PRELIMINARIES

and L is of type w < 7 /2 where
w = sup{| arg (Au, u)1|;u € H1}.

In addition, L is one-one if D is one-one.

We have denoted by (,), and || || the inner product and the associated norm in
Hy,.

Notation. — From now on, we consistently use the notation L = D*AD to refer to
operators built as above.

Remarks
1. If L = D*AD, then one can show that L* is also maximal accretive and L* =
D*A*D.

2. The inequality (9) is weaker than
Re (Av,v), > d|lv||3, v € Hy,

as R(D), the closure of the range of D, may be a proper subspace of H;. In
other words, A may not be invertible on H;.

Here are some additional resolvent and semigroup estimates.

Proposition2. —  Let Hy,H;,D,A,L and w be as in the Proposition 1. Let yu €
(w,m/2), A€ Tx_, and 2 € T'rj5_,,. Then we have the following inequalities:
- cllullo
ID(L+ X" ulli < 2
—1pye cllulls
(L +A)""D*ullo < /2’
ID(L+N)"'D*ulli < cllulls,
and
d cllullo
L —=L =75 —=L < )
restulo = | Zestu| < M
—iL cllullo
[|[De™*%ull1 < [2]i/2
2Ly cllully
lle”**D*ullo < PR

ipetouly < At

for u in the appropriate space, where c depends only on 4, ||Al|,w, p.
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0.2. MAXIMAL ACCRETIVE OPERATORS AND FORMS 11

Proof. — We give parts of the argument, beginning with the estimates for the semi-
group. The estimate for the derivative follows from the Cauchy contour formula

ie_ZL — i/ e_CL.d—C
dz 2mi |¢—z|=¢|z| (C - 2)2 ’
for ¢ > 0 small enough, and the integral does not depend on e. (The choice € =

sin(p — w) insures that {¢; |{ — z| < €|z|} is contained in I'y/2_.,.)

Next, by holomorphy, we have
d
_Le—zLu — C_l;e—zL
Hence, we have just shown that Le™ >l is bounded on Hy with norm bounded by
cu/|#|. Using this, and (9) and (10), we have
|De=*Lul|? < 67! Re{ADe *Lu, De *Lu),

= 07! Re(Le *Lu,e *Lu),

c, 01
B[] 3

|z
The inequality for e~?2D* now follows by duality on applying the above with L*
replacing L. Finally, by using the semigroup property we obtain De *!D*u =
De~*L/2¢=2L/2 D*y, when u € D(D*) and the desired estimate for De~*L' D* follows.
Let us turn to the last estimate for the resolvent. Let u € D(D*) and set v =
(L + A)~1D*u. Then v € D(D) and

(ADv, Dv), + AX(v,v), = (D*u,v), = (u, Dv),.

Since |arg (ADv, Dv), | < w and |argA\| < m# — p < ™ — w, we can choose § € R such
that

u, u € Hp.

Re [e*(ADv,Dv),] >0 and Re[e)] =0.
In such a case
Re [eio(ADv,Dv)l] > c||Dv||? , c=c(p,w,d,||A]]) > 0.
Hence
cllDvll} < Re [e”((ADv, Dv); + Mv,v)g)] < |lulli[|Dollx

which yields ||Dv||; < ¢7!||u||; as desired. We leave the other estimates to the reader.
a

Remark. — Let us first recall a classical construction. Equip V, the domain of D,
with the norm (||Dul||? + ||u||3)!/? which makes V a Hilbert space. Then D: V — H,
has an adjoint D¥: H; — V'. Since the inclusion V C Hy is dense, D! is an extension
of D* (defined as the adjoint of the unbounded operator D). Making the confusion of
notations, the Riesz representation theorem shows that V' is the set of vectors of the
form u = uo + D*u1, u; € H;, and its norm is defined by ||u|| = inf(||uo||Z + ||u1||?)*/?
where the infimum is taken over all representations of u. This makes Hy a subspace
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12 PRELIMINARIES

of V' and the inclusion is dense. With this formalism, the estimates above, together
with (2) and (3), mean that (L + A)~! and e~*L have bounded extensions from V' to
V. In particular, the identity

(I+L)y 'Lu=u—(I+L) 'y, ueDL),

extends to V.

0.3. The square root problem from an abstract point of view

The square root problem for an operator L = D*AD, as defined in Proposition 1,
is the following problem posed by Kato in [47] (see [60]): prove that D(L'/?) = D(D)
with either the equivalence

L 2ull + |lull ~ || Dul| + ||ull (11)
or the stronger equivalence
IL*?ul| ~ || Du]|. (12)

Note that since D(L) is dense in D(D), it suffices to establish these equivalences a
priori for u € D(L). For simplicity, we have dropped the subscripts 0 and 1 in the
notation for the norms.

If A is selfadjoint on H; then L is selfadjoint on Hy and (12) follows from the
representation formula

ILY/2f||> = (ADf,Df), f € D(L).

When A is no longer selfadjoint, (12) is not automatically true.

From the point of view of operator theory, the square root problem is an interpola-
tion problem. Let us quote a result of J.L. Lions in this particular setting [52]. More
can be found in [8] and the references therein.

Proposition 3. — Let L = D*AD be as in Proposition 1.

(i) D(L'?) is the complex interpolation space midway between D(L) and Hy.
(i) D(D) € D(LY?) with ||L'/?u|| < c||Dul|| if and only if D((L*)'/?) C D(D) with
|1 Du|| < el|(L*)!/?u].
(i) |LY2ul| ~ [|Dull if and only if |LV/2u] < cl|Dull and [|(L*)ul| < cl|Du]|

When the identification of the domain of L is possible this is a powerful tool. See
[42, 12], where square root problems are tackled using this interpolation result.

Another tool is the use of the quadratic estimates (4). To this end, let us describe
another representation of the operators built in Proposition 1.

Lemma 4. — Any mazimal accretive operator of the form D*AD on o Hilbert space
Hy can be written in the form SBS, where S is a positive selfadjoint operator on Hy
and B is a bounded invertible w-accretive operator on Hy for some w < /2.
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Proof. — By the polar representation, one can write D = US, where S = (D*D)/?
has same domain as D (this is S = (D*AD)'/? with A=1) and U: Hy — H; is a
partial isometry. Set B = U* AU on R(S), and B = I on R(S)" if R(S) # Ho. The
hypotheses on A easily imply that B is bounded, invertible on Hy and w-accretive
for some w < /2. Furthermore, the representation L = SBS holds in the sense of
unbounded operators on Hy. O

Proposition 5. — Let S be a one-one selfadjoint operator in Hy and B be a bounded
invertible w-accretive operator in Hy for some w < w/2. Let T = SBS be the associ-
ated mazimal accretive operator. Then the following inequalities are equivalent.

IT*2ull < cl|Sull, ueD(T). (13)
° g dt\'/?
([ neemespupe $) " <elull, ue Ho (14)
0
o dt\ '/

</ (1 + t2T)~*tSBul|? 7) < cllull, u € Hp. (15)

0
Remark. — Note that S is not necessarily positive. Also, the injectivity hypothesis

is unnecessary but will be satisfied in our applications.

Proof. — We only show that (13) and (15) are equivalent, the argument for the
equivalence between (13) and (14) being analogous. Let %(¢) = (1 + ¢2)71¢. Then
Pe(TY?) = (1 + t2T)~ 1T /2 and o, (TV/2)TY/ 24 = (1 + t*T)~'tTu for u € D(T) by
(8) applied to T/2. Hence, using the quadratic inequality (4) we have

o dt\/?
||T1/2u||~</0 ||(1+t2T)-1tSBsu||27> :

That (15) implies (13) is then immediate. For the converse, we obtain (15) on the
range of S. Observe that since S is one-one and selfadjoint, it has dense range. We
conclude the proof by a density argument and (15) holds on Hy. O

As we shall see, this proposition is one key of our approach to the square root
problem for differential operators. Still, more work is needed and we have to take into
account the concrete nature of differential operators. Indeed, in its full generality,
Kato’s conjecture has been disproved by McIntosh [54], and this sheds light on the
limitations of abstract methods from operator theory to solve the problem.

Theorem 6. — There ezists a Hilbert space and a mazimal accretive operator L built
as in Proposition 1 for which D(L'/?) # D(D).

Proof. — We adapt the construction of McIntosh. On H = (2(Z), define an un-
bounded selfadjoint operator D by De; = 27e; and a bounded operator B by Be; =
Y ncz On€jin, Where (e;) is the natural hilbertian basis of H and (a,) is a sequence of
complex numbers such that a(f) = 3" a,e? satisfies ||@||coc = 1. Clearly, the operator
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14 PRELIMINARIES

B has norm equal to ||B|| = ||é||jcc = 1. For z € C with |z]| < 1, A, = Id +2B satisfies
(9) so that L, = DA, D is maximal accretive by Proposition 1. Let R, = (L,)'/2.

Assume that ||R,u|| < c||Du|| for all u € D(D) and uniformly for |2| < r < 1.
As a function of z, R, is an operator-valued holomorphic function so that RyD~! is
bounded on H. Differentiating at z = 0 the equation R,R, = L., we find

RyD + DRy = DBD.
Solving for Ry, one finds that

. a,2"
Rye; =27 E bn€jtn , bn= T
Hence, ||RyD~!|| = ||b|eo with evident notation. Now take a, = i/wn, then
. 2 sin(nf) 0
0)=--% =21 9 <2
a(h) - - , 0<6<2m,

™
n>0

so that ||a|| = 1. But b() ~ —% In | sin(6/2) | near 0 so that b is not bounded. This
is a contradiction, hence ||R,u|| < c||Dul|| fails for some z. O

0.4. The square root problem for differential operators on R"

Our main interest in this work is about some questions for second order elliptic
operators, including the square root problem. We also introduce higher order elliptic
operators in divergence form. We have two motivations for doing so. In the one hand,
most of our results are valid independently of the order of the operators. In the other
hand, higher order operators will be instrumental in some arguments for the study of
second order operators.

We use the classical notation for multiindices @ € N*, @ = (a1,...,an), their
length |a| = a3 + - -+ + ayp, the powers €& = & --- €%, £ € C”, and the associated
partial derivatives 0% = (0z,)" -+ (02, )"

Let aqp € L (R™; C), where a and 3 are multiindices of length m € N*. Define a
sesquilinear form on the Sobolev space H™(R™) by

I(frg) = / S as()0° £()09(a) da. (16)
¥ |al=|8|=m

Setting V™ f = (8%f)jaj=m and [[V™fllz = ([ 3|0%f|?)/2, we have that J is
bounded on H™(R"™) with

[J(£,9)] < ll(@ap)llooll V™ fll2l[V™gll2, (17)
where (aqg) is matrix-valued. We assume that the Garding inequality
Re J(f,f) > IIV™fli3, fe€H™R™), (18)

holds for some § > 0.
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m+n-—1

Let Ho = L?(R™;C) and H; = L*(R";CP) where p = < -1

of those multiindices of length m. Setting A: H; — H; by

(Au,v) =/ Z aap(z)ug(x)va(x) dr, (19)

** lal=|8l=m

) is the number

the Garding inequality (18) reads
Re(ADf,Df) > §||Dfll3

with D = V™. Hence, Proposition 1 applies: one can define L = D*AD as a maximal
accretive operator on L2(R"). Classically, we write

L= Y (-1)*0%(aqs9°) (20)
la|=|8|=m
and L is a homogeneous elliptic operator of order 2m in divergence form.
When m = 1, we identify the multiindices of length 1 with the integersin {1,...,n}.

We simply write L = — div (AV) where A is the matrix (ajx) and V = V! is the
ordinary gradient operator. The Gérding inequality is equivalent to
ReA(z)¢-£= Re Y aj(e)&; > 0l¢f° ae. £€Ch (21)
1<4,k<n

which is to say that A + A* > 24 a.e. in the sense of selfadjoint operators.

Let us fix some terminology. Given an integer N > 1, we call A(d) the set of
all matrix-valued functions A(z) € L*°(R", Mn(C)) such that ||4]lc < 67! and
A+ A* > 2§ a.e. in the sense of selfadjoint operators. We denote by A the union of
all A(d), 6 > 0. We shall say that the matrices in A are accretive. The context will
make the value of N clear. The case where N = 1 is that of complex-valued functions:
a function a(z) on R™ is accretive provided Rea(z) > § a.e. for some § > 0.

The equivalence above is a specific feature of second order operators. When m > 1
and L has constant coefficients, an argument via the Fourier transform shows that
(18) is equivalent to

Re > aaptPt™ > 5l¢P™, €eR™,
|e|=]B|=m
which is weaker than imposing the matrix (a.g) to be accretive.
When m > 1, the Garding inequality (18) often takes the weaker form

ReJ(f,f) 2 8IV™ £l - CIlflI3, feH™R"), (22)

for some C,d > 0. (See, e.g., [29, 38].) In such a case, Proposition 1 can be used to
construct L + A as a maximal accretive operator on LZ(R") for all A > C (see Section
0.7).

Let us now formulate Kato’s first conjecture for the square root of differential
operators:
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Conjecture 1. — Let L be given by (20) and assume that (18) holds. Then one has
that D(L'/?) = H™(R").

By Proposition 3, it is enough to consider either the (homogeneous) inequality

NLY2fllz < cllV™ £l (K)
or its local (inhomogeneous) version
L2 fllz < e(IV™ Fll2 + 11 £1l2) (K)toc

with their analogs for L*.
If (18) is replaced by (22), the conjecture becomes D((L + \)/?) = H™(R") for
all (or, equivalently, some) A\ > C.

0.5. The square root problem and perturbation theory

One of the applications of (K) or (K);.. is analytic perturbation theory for partial
differential equations.

Let us come back to the general situation of Section 0.3 and consider the following
question.

For s € (—1,1), let Ly = D*A,D be the selfadjoint operator associated with D and
A,, where A, is selfadjoint with 0 < 6I < A, < 6T uniformly over (—1,1). What
are the regularity properties of s — L},/ % in terms of the regularity of s — A,?

Proposition 7. — Assume that s — A, is continuous into the space of bounded
operators on Hy. Then s — L,l,/ 2 s strongly continuous into the space of bounded
operators from D(D) into Hy.

Proof. — Observe that there exists a constant ¢ = ¢(d) such that for all s the domain
of Lt/? is D(D) and that if f € D(D),

ﬂ 2
/ Lie U Lo fdt

Indeed, the first fact follows from the selfadjointness of L, and the second one from

the functional calculus. It follows from (6) that ||L§/ 2f— L(l)/ 2 f|| will converge to 0

as s tends to 0 provided we can show that, for fixed 0 < a < 8 < o0 and f € D(D),

< c|DA]l.

sup ‘
0<a<f<oo

ﬁ 2 ﬂ 2
/Lse‘t L’fdt—/ Loe™t L°fdt“—>0, s = 0.
(o3

[e3

1d
To this end, ob that Lee~t'ls = —— —
o) 1S end, observe a/ € 2% dt

integral. The conclusion follows easily by invoking a result of Kato [48], p. 504, which
asserts that e~ Ls converges strongly to e~t’Lo ag s tends to 0. O

(e~**L+) and integrate by parts in each

Remark. — Let us observe that [48], Chapter VII, contains regularity results of a
different nature, imposing monotonicity conditions on A.
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0.5. THE SQUARE ROOT PROBLEM AND PERTURBATION THEORY 17

One can ask whether more is true. If s — A, is of class C*, k > 1, into the space
of bounded operators on H;, can we conclude that s — LY? s strongly or weakly
Cc*k?

MclIntosh proved in [55] that this last question has a negative answer.

In the specific case of second order differential operators — div (4,V), the above
question is still open when n > 2. Our approach to answering this question in the
affirmative is based on the study of the topological properties of the set

K ={A € A; —div (AV) satisfies (K) },
which is a motivation for using complex coefficients.
Theorem 8. — Let O C K be open for the L>*(R™, M,,(C)) topology. Then the map-

ping A = (—div (AV))'/2 is norm analytic from O into the space B(H(R™), L*(R"))
of bounded operators from H'(R™) to L?(R™).

Proof. — Pick Ag € O and M € L*(R", M,(C)), and consider the holomorphic map
z = A, = Ag + zM from a sufficiently small complex ball |z|||M||c < € into O. Set
L, = —div (A,V). By the remark at the end of Section 0.2, we may write,

(I+t2L) ' — (I +t2Lo)™' = (I + 2 L) tdiveMtV(I +t*L,) ™t
so that iterating this equality into (5), one finds that LY? = (= div (4.V))/? has a
formal Taylor series expansion

LY? =L+ 2Ty (23)
=1

On the other hand, the T}s can be computed by the Cauchy integrals

1 L1/2 dz

= — —, M E. 24
et |, B s Il < @)

J

Hence, by (K) applied to LY? uniformly for |z| = r, ||Tjfll2 < er=7||V fll2- This

shows that (23) converges normally in B(H!(R"), L2(R")) when |2| < r. O

Remark. —  The control of the T;’s when Ap = Id is precisely the aim of the
multilinear theory used in [20], [35, 37, 36], [19], [26], [57], [59], [45], [50]. See also
[22], [23] for related works. We shall not use multilinear estimates in this work.

In view of Theorem 8, it is natural to formulate the following conjecture.
Conjecture 2. — K is open in the L™ topology.

If we can prove this, then in particular, X will be a neighborhood of any uniformly
positive definite selfadjoint matrix Ag(z) and the regularity problem posed above will
be solved.
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0.6. Connections between second and higher order operators

Higher order operators are naturally involved, even when dealing with the square
root problem for second order operators. To explain why, let us state an abstract result
proved in [8]. A similar statement is used in [61] to prove the first Tb-Theorem.

Proposition9. — Let S : Hy — Hy be a positive selfadjoint operator with domain
D(S) and B: Hy — Hp be bounded invertible and w-accretive on Hy. Construct
T = SBS and for r > 0, T, = S"BS" as in the Proposition 1. Then the square
root problems for T and T, are equivalent. More precisely, D(S) C D(T'/?) with
1T /2u)| < ¢||Sul| if and only if D(ST) C D(T'?) with ||Tul| < ¢||S7ul|.

In this statement, u is taken in the appropriate space and the constants do not
depend on u.

Remark. — One can drop the positivity assumption on S when r is restricted to
being a non negative integer.

This proposition applies to the class of maximal accretive operators D*AD, pro-
vided we use the representation in Lemma, 4.

Proposition 9 allows us to increase the order of operators (while in [61], it was used
to lower the order). An example is the following important result for us (see Chapter
2). Let L = —div (AV) be defined as in Section 0.4, where A € A and, for all £ > 1,
define

Ly, = —AF div (AV)A*
by the method of sesquilinear forms. The Garding inequality for the form associated

with L clearly implies the corresponding inequality (18) for the form associated with
Ly, so that Ly is a maximal accretive differential operator on L?(R™) of order 4k + 2.

Proposition 10. — Fiz k > 1. Then (K) for L is equivalent to (K) for Ly.

Proof. — The polar decomposition of V is V = R(—A)~1/2 where R is the array of

Riesz transforms R; = ﬂ(—A)'l/z, j=1,...,n. It follows from Lemma 4 that
J

L = SBS with B= R*AR and S = (-A)'/2.
Now, Lj = S?+1BS?k+1  Applying Proposition 9 yields

ILY2flls < cllSfllz if and only if [ILy/*fll2 < ¢S+ fllo.

To conclude the argument, it remains to observe that ||Sf|l2 = ||V f|l2 and that
[|S2*+1 fl2 = |IVA*f|l2 ~ ||[V2**+1f||2. The last equivalence follows from Plancherel
theorem for the Fourier transform. O
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0.7. Perturbations with lower order terms

In this section, we consider inhomogeneous elliptic operators of arbitrary order.
They are obtained by perturbing with lower order terms the homogeneous operators
defined in Section 0.4. A precise definition is given after we prove an abstract result
that, as far as the square root problem is concerned, allows us to dispose of these
terms. In other words, it will be sufficient to study the square root problem for
homogeneous differential operators.

Here is the abstract setting. Consider a one-one selfadjoint operator S acting on a
Hilbert space Hy. Let m € N* and for 0 < k,£ < m, let Bi¢ be a bounded operator
on Hy so that Proposition 1 applies to the matrix of operators B = (Bi¢)o<k,t<m
acting on H; = H**! and to D = (I, S,...,S™)T (where T stands for transpose in
the sense of vectors) with domain D(S™). Call L = D*BD the maximal operator
thus obtained. Expanding L formally yields

L= Y S*BuS" (25)

0<k,£<m

Set Ly = S™B,,»mS™ where B,,,, is assumed, in addition, to be bounded and w-
accretive on Hy for some w < 3.

One can view L as a perturbation of Ly with lower order terms. The perturbation
result takes the following form.

Proposition 11. —  The inequality ||L*/? f|| < ¢||Df|| ~ ||S™fl|+||f]| is a consequence
of ILs* 1| < ellS™ 7.

Proof. — We begin with an application of Proposition 5 to Ly. Changing ¢ to t™ for
reasons of homogeneity, and using the invertibility of B,,,, we get

oo dt 1/2
([THa+emzytensmap ) <l (26)
0
for all u € Hyp.
Now, in view of the following result which we admit for the moment, we replace
the resolvent of Ly by the resolvent of L.
Lemma 12. — There exist to > 0 and co > 0 such that for all 0 < t < ty and u € Hy,

[ +8™L)~" = (1 + 2™ Lo) [t S™ul| < cotlull-

From (26) and the lemma, we obtain
to dt 1/2
([T1a+empemsmap $) T <l

0 t
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Next, if k = 0,...,m — 1, interpolation and the resolvent estimates of Proposition 2
yield ||(1 + 2™ L)~ 't*S*u|| < c||u||, hence

to dt\'/* to dt\'/?
([Traxemnymstap ) <e ([T em - E) Tl < .
0 0

Therefore, writing L = 5~ S*¥B;,S* and using the boundedness of each By, we have

to dt 1/2 m
([T1a+empemnup ) < e isul ~ 10ul
0 £=0

Finally, since ||(I + t*™L)t™Lu|| < c¢t~™||u|| when u € D(L) by (7), we obtain

de\ 172
i < e [T+ emny e )
0
1/2
° dt
< ¢ (/ (14 ¢*™ L)~ 1¢™ Lu||? —) +c (/ t—2m ﬂ) [|ul]
0 t to t
< d|Dull + cful|.
O
Remark. — A slight modification of the proof shows that the hypothesis can be

replaced by ||L§/*fll < c(JIS™fIl + [I£]l)- A result of this type appears first in [13],
with the limitation that m = 1 and stated in a weaker form with equivalences instead
of inequalities. The argument given there, relying on Proposition 3, does not seem to
generalize.

It remains to prove Lemma 12. Thanks to the remark at the end of Section 0.2, we
may compare the resolvents of L and Ly. By the classical Neumann series expansion,
writing L = Ly — R we obtain,

(1 + t2mL)—1 — Z((l + t2mL0)—1t2mR)j(1 + tszO)—l-
j=0
Hence,
[(L+¢>™L)~! — (1 + 2™ Lo) 7 ]tmS™ = Z M;,
where
M; = ((1+t*™Lo) "*™R)’ (1 + t*™ L) ~'t™S™.

The operator R is the sum of (m + 1)2 — 1 operators S*By,S*¢ with k + £ < 2m, so
that M; is the sum of (m? + 2m)J operators of the form

i
(1+t>™Lo)~1tm 5™ {H By,e,t™S% (1 + t2'"Lo)_1t"‘S’°’+1} , (27)

s=1
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where 0 < ks,4s < m, kjy1 = m and k; + £; < 2m. The resolvent estimates of
Proposition 2 and interpolation yield

Itk S* (1 + 2™ Lo) ~*t* S ul| < c|lul|

uniformly over 0 < k,£ < m. Therefore, using also that ||Bi¢|| < ||B||, we have if
t<1,

el

IA

Jj
cj+1||B”j H t2m—k,—l,

s=1

IA

c(cl|BlIt)’,
which implies that

oo oo
S IIMjull < €Y (c(m? + 2m)||Bl1t)?||u|.
j=1 j=1
This series converges when, in addition, ¢(m? + 2m)||B||t < 1/2. This ends the proof
of Lemma 12.
An inhomogeneous elliptic operator of order 2m in divergence form is defined via
the method of sesquilinear forms and is formally written as

L= Y (-1)*8%(aapd°). (28)
|al,|B]<m
All coefficients a,p are bounded complex-valued functions. The Garding inequality
(18) or (22) is assumed on the homogeneous part, which we denote by Lo, so that the
Garding inequality for L reads

Re(Lf, f) 2 ollV™£li3 + ClIfII3 (29)

for some C' € R and § > 0. Up to changing the Oth order term in L we can make
C >4 in (29), which we do.

Let us see why L is maximal accretive on L?(R"™). Once again, this follows on
applying Proposition 1. With the notation in Section 0.4, one has the following
representations, which are rigourously justified by systematically going back to the
corresponding sesquilinear forms. Letting A, be the matrix with entries aqg, || = k,
|8| = £, one first obtains

L= Y (-1)*V* AV (30)
0<k,L<m
(by convention, V° = I). Regrouping terms, one obtains L = D*AD with A being
the matrix with matrix-valued entries Ax¢, and D being the array of higher gradients
(V*)m_,, which is a closed linear operator with domain H™(R").
To apply Proposition 11 to L and Lo, we keep transforming (30), by factoring out
powers of the Laplacian. Set S = (—A)'/2 and

Bie = (—1)k(=A)7F/27*% . 4, V4(-A)"Y2.
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From Plancherel theorem, (—A)~%/2V* is bounded on L2, hence By, is a bounded op-
erator. We obtain a representation in the form (25) for L and a similar one for Lo, and
the properties needed for Proposition 11 to apply are easily verified. Consequently,
we have

Corollary 13. — The inequality (K) for Ly implies (K)o for L.

A similar result was proved by Evans under the additional assumption that the
leading term Lo be selfadjoint and is described in [55] with a completely different
argument.

Remarks

1. It can be observed that the nature of the perturbation to Ly is irrelevant: the
multiplication by ag entering in the perturbation can be replaced by the action
of any bounded operator on L2(R"™).

2. In fact, inequalities (11) and (12) are of the same type. More precisely, the
inhomogeneous equivalence (11) applied to L corresponds to the homogeneous
equlvalence (12) applied to L + I. Indeed, if L = D*AD, one can write L+ I =
D*AD where Du = (Du,u)T and A is the matrix of operators

(2 )

Start from the homogeneous equation (12) for L + I, that is ||(L + I)/?ul|| ~
|| Dul|. Now, by functional calculus, ||(L+1)"/2u|| ~ ||L*/?u||+||u|| (observe that
the function ¢ — |(¢ +1)(¢% + 1)~*/2| is bounded away from 0 and oo in a conic
neighborhood of the spectrum of —L!/2, which is contained in |arg¢| < w/2 <
7/4). Since ||Dul| ~ ||Dul|| + ||ul|, we see that (12) rewrites ||L/2u|| + |Jul| ~
[|Du|| + ||u|| which is (11) for L.

0.8. Change of variables

We restrict our discussion to second order operators.

Consider Ly = —div(AV) where A € A(J) as in Section 0.4. Let ¢: R® — R"
be a bilipschitz change of variables on R™. Denote by Jy its jacobian matrix. For
u,v € H(R"), putting z = ¢(y), we have

[ A@Vu@ - Vo@) dz = [ Ba)V@od)u) - Vwodwdy, (61
where

B(y) = | det Jo(y)|' I3 (1) A(¢)) I3 (v)- (32)
Clearly B € A: consider analogously Lg = — div (BV).
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Define an isomorphism on L?(R™) by setting Vu = uo ¢. In terms of operators the
equality (31) means that
Ly=V*LgV

with the equality of domains. Since V is also an isomorphism on H!(R") with
[|Vullz ~ [|[V(Vu)|l2, the Kato square root problem is invariant under conjugation
by V: in particular, we have ||L}f|l2 < ¢||V f|lz2 if and only if [|(V"'LgV)/2f||; <
||V fll2- Now, a straightforward calculation yields

V*u(z) = | det Jg-1(z)|V " u(z).
Hence,
VlLgV = mLa,

where m denotes the multiplication by m(z) = |det J4-1(z)|™'. Thus, ||L}3/2 fll2 <
c||Vf||z if and only if

I(mLa)2fll2 < el V£ll2- (33)

Let us explain the meaning of (mL4)'/2. Since m is a bounded and non-negative
function with bounded inverse, mL 4 is the maximal-accretive operator built on H =
L%(R",dx/m(z)) via the equality

(mLgu,v)g = (Lau,v).

Hence (mL4)'/? is well-defined on H. Moreover, the study of its domain on H or on
L%(R") is the same, these two spaces being equal with equivalence of norms. As we
now see, this domain does not depend on m.

Lemma 14. — Let L = — div (AV) where A € A(5) and m be a non-negative function
with m,m~! € L°(R"™). Then for f € D(L),

all L2 fllz < I(mL)!2 fll2 < el L2 fl2, (34)
where ¢; and ¢ depend only on ||m||oo, ||m™!|0o-

Proof. — From the discussion above and Section 0.1, we can use quadratic functionals
to compute ||(mL)'/2f||3 when f € D(L) to obtain
& _ dt
I(mL)2 55~ (mL) 2 fli  ~ /0 (1 + *mL)~'tmLf||4 <

s dt

12 (9)

~ / m= + L)L ]|
0

To end the proof, it remains to compare (m~! + t*L)~! with (1 + ¢2L)~! for each
t>0. If g € L?, we have

all@+ L) gllz < I(m™ + L) gllz < eall(1 +¢2L) " glla
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with ;! = 1+ ||m™! — 1||oc and ¢z = 14 ||m||co||m ™! — 1]|co. The first inequality can
be seen by writing

Q+2L) tg=(m P +2L) " lg— 1 +t2L) Y (m™ —1)(m™t +t2L0) g

and using the fact that (1+¢2L)~! is a contraction on L2. The second one is obtained
similarly. O

Proposition 15. — Let A € A(6) and B be related to A by (82) under a bilipschitz
change of variables. Then (K) holds for Lp if and only if (K) holds for Ls. In
particular, D(L}_f) = HY(R™) if and only if D(Lzﬂ) = HY(R").

The proof is clear from the above discussion and Lemma 14. Also changing A to
A* makes B become B*, so that the same argument applies for adjoints.

Remarks
1. Let ¢ be some holomorphic function for which ¢(Lp) makes sense. If K(z,y)
denotes the Schwartz kernel of ¢(Lpg), then the Schwartz kernel of p(mL,) =
V-1lp(Lp)V is

K(¢7!(2),¢7' ()| det Jy-1(y)| = K (67" (2), 6 ())m ™ ().

Since ¢~ ! is Lipschitz, estimates such as pointwise upper bounds and Hélder
regularity with exponent between 0 and 1 are the same for the kernels K(z,y)
and K(¢~!(x),¢71(y)).- In particular, the property (G) which is defined in
Chapter 1 will be stable under the change of variables, provided the function
m~1(y) is considered as a weight. See Chapter 1.

2. For any bounded and accretive function m on R™ and any L as above, one
can make sense of mL using the theory of operators of type w and prove that
D((mL)/?) = H'(R") if and only if D(L'/2) = H'(R™). The argument pre-
sented here breaks down, because (35) is not obviously true as mL is no longer
maximal accretive. A quite sophisticated argument which is out of the scope
of this work follows from interpolation results and the (non-trivial) fact that
m(—A)'/2 has an H*®-functional calculus on L2(R™). See Section 9 and Theo-
rem 10.1 in [8] for more details, and also [9] and [1].

3. The statement in Lemma 14 and its generalization discussed in the previous
remark are specific to the concrete nature of the operators. Consider a bounded
invertible w-accretive operator M on a Hilbert space H with 0 < w < 7/2 and
L = D*AD = SBS as in Proposition 1 and Lemnma 4. Then [8] shows that
for M as above D((ML)'/?) = D(D) = D(S) if, and only if, M'S and BS have
an H°°-functional calculus on H. It also applies to L, in which case M = I.
But, since S is selfadjoint, S has such a functional calculus. Hence if BS has an
H-functional calculus on H but MS does not, then D((M L)'/?) and D(L'/?)
do not agree. See [62] for examples of such operators M.
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0.9. Further comments

Should one use the representation D*AD or the representation SBS in studying
the square root problem for differential operators? Recall that the first one comes
from Proposition 1 and the second one from Lemma 4.

From the point of view of operator theory, the second one is certainly the easiest to
work with because S is selfadjoint (its positiviness being a marginal feature) and B is
bounded and w-accretive. Also, because of Proposition 5, there is a direct connection
with square function estimates.

From the point of view of PDE’s and harmonic analysis, the second one seems to
be the worst because B is an unfriendly operator in dimensions larger than two: a
pointwise multiplication sandwiched between non invertible Calder6n-Zygmund oper-
ators (see Chapter 2). In the first representation, the action of B is replaced by the
action of A which is a much nicer operator: a pointwise multiplication. As we see in
Chapter 2, this representation leads to square function estimates of a different nature.
However, a drawback of this representation is that D* has a large kernel space, in
other words the partial isometry U such that D = U(D*D)'/? is non invertible (using
PDE terminology, we would say that the divergence operator has characteristics).

The conclusion is that both representations have specific features which comple-
ment each other. As we mix techniques from operator theory, PDE’s and harmonic
analysis, our idea is to take advantage of both.

In one dimension, where D = d/dx, the partial isometry U in the polar decompo-
sition of D is the Hilbert transform, an operator that is invertible. Hence, there is
only a superficial difference between the two representations. The moral is that any
representation enjoys the properties of both, which is an indication on why this case
is favorable.

To conclude these Preliminaries, let us observe that the representations (5) and (6)
lead to studying a class of singular integrals that is most efficiently analyzed using
real variable analysis. This is the content of Chapter 4. Similarly, the quadratic func-
tionals arising from (4) as in Proposition 5 are of Littlewood-Paley-Stein type. Their
analysis led us to extend the modern theory of quadratic functionals and, in partic-
ular, their connections with Carleson measures. This aspect is studied in Chapter 2.
Applications towards positive answers to the square root problem are in Chapter 3. To
make this program work, we need estimates on the distributional kernel of functions
of L, and especially on the heat kernel, which is the main topic of Chapter 1.

SOCIETE MATHEMATIQUE DE FRANCE 1998






CHAPTER 1

GAUSSIAN ESTIMATES

1.1. Introduction

In this chapter, we make a thorough analysis of the heat kernels of the elliptic
operators introduced in Preliminaries. Our motivation for doing so is that estimates
on heat kernels are instrumental in studying the square root problem. Nevertheless,
this chapter has its own interest and can be read independently of the square root
problem.

For uniformly elliptic operators of order 2 in divergence form with real measurable
coefficients, elliptic and parabolic regularity theories are well understood. Elliptic
theory relies on the fundamental work of De Giorgi [31], and on that of Morrey
[64]. Parabolic regularity was done by Nash [66]; in addition, Moser established
Harnack inequalities [65]. The link with Gaussian estimates of heat kernels was done
by Aronson [4], while Fabes and Stroock [34] proved that pursuing further ideas of
Nash already leads to Gaussian upper and lower bounds and to Harnack inequalities.

It is impossible for us to draw a complete list of the consequences that these results
had in many fields in analysis. Let us just mention a few. The elliptic theory is related
to questions in the calculus of variations and in non-linear elliptic equations [38],
[40]. It also has strong connection with harmonic analysis via the study of harmonic
measure (see, e.g., [49] for a general overview). Parabolic theory and semigroup
techniques are important toward spectral theory on manifolds, the study of geometry
on groups and manifolds, the study of Markov processes and random walks on graphs.
See [28, 67, 68, 80] for updates until the end of the 80’s, though these topics are
evolving quite rapidly.

It is a natural question (and, for us, an important one towards the study of the
square root problem) to wonder what properties such as the Gaussian decay and the
regularity properties of heat kernels remain valid in the case of complex coefficients. It
turns out that these two properties may fail, as well as the maximum principle [7]. To
obtain positive results, we cannot then rely on the techniques found in [28, 67, 80].
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We use instead a quantitative formulation of the general principle that parabolic and
elliptic theories be strongly related, following [5].

There are multiple consequences of Gaussian decay and regularity properties for
heat kernels of operators with complex coefficients. Among them are estimates on
their spatial derivatives which are essential in many aspects of our study of the square
root problem. Let us also mention a new analytic pertubation result for heat kernels
of operators with real coefficients.

Section 0.6 of Preliminaries shows that in the study of the square root problem,
we can replace —div (AV) by a higher order elliptic operator. This is of particular
interest when the heat kernel for — div (AV) does not have good properties. For this
reason, we also study decay and regularity properties for heat kernels of complex
elliptic operators of order 2m, m > 1. We prove that decay and regularity hold when
2m > n (the case 2m > n is also treated in [29]).

1.2. Gaussian estimates for second order operators
For a measurable function A4 : R® — M,(C), set
lAlloo: = sup{|A(z)¢ - 7|,z € R, §&,n € C", |§| = || = 1}.

Recall that for 6 > 0, A(d) denotes the class of uniformly elliptic matrices with
ellipticity constant §, that is

lAllo <67 and ReA(z)¢-€>6l¢°, ae, €£€C7,
and that A is the union of all A(4), § > 0. Next, define £ as the union of all £(4),

the latter being the class of maximal accretive operators L = — div (AV) on L2?(R")
for some A € A(4), given by
(Lf,9) = / AVf-Vg, feD(L), geH R, ©)

and constructed as in Section 0.4 of Preliminaries.
For convenience, let us summarize some properties of L in this specific situation.
Recall that 'y, = {z € C*;|argz| < p} and set OT', the boundary of T',,.
(i) D(L) is a dense subspace in H!(R™) and L2(R") for the respective topologies.
(ii) L is one-one and w-accretive with w = sup{|arg A(z)¢ - £|; z € R™, £ € C"} <
w/2 and,if A €T,

_ 1 n
L +X"Fll2 < m”f”zy f € L*(R™). (2)

(iii) —L generates a holomorphic contraction semigroup on L?(R"™):

—z T
lle™**fllz < I fll,  largz| < 7~ 3)

(iv) The resolvent and semigroup satisfy the basic L? estimates which are stated in
the next result.
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Proposition1. — Let L € £(8) and w be as above. Fiz v € (w,n/2). There exists
¢ = c(n,d,v) such that for all \ € Tr_,, j,k € {1,...,n} and f € H(R"),

I2ID;(L+ N7 flla +NY2IE + )7 Diflla

+ID;(L + X' Difll2 < cll fll2 (4)
and for all z # 0 with |argz| < /2 —v, j,k € {1,...,n} and f € H'(R"),
d _,p c
b oz <
seshi| < G )
and
|2[*2(|Dje=*" fll2 + |2I/?(le"** Dy fll2 + |2|[Dje"** Dy fll2 < cllfll2- (6)

We have set D; = 8/0x;.

(v) L* € £(8), and it is associated with the matrix A* (that is £(d) is stable under
taking adjoints).

(vi) Defining (Uap,s f)(2) = £(
lation by zo € R", then U ! LU,, , € £(8) and is associated with the matrix

A(sz + xo) (that is, £(8) is invariant under translations and dilations).

If L € £(8), we denote by K;(x,y) € D'(R?") the Schwartz kernel of e~*L. As is
customary, we use the terminology “heat kernel” when speaking of K:(z,y)-

r — X9

) the operator of dilation by s > 0 and trans-

Definition 2. — L has the Gaussian property (G) if Ki(x,y) is, for each t > 0, a
Holder continuous function in x and in y and if there exist constants ¢, © > 0 and
B > 0 such that for all ¢ > 0 and z,y,h € R”,

c z —y|?
|K¢(z,y)| < yel eXP{—u} ) (7)
c |A| g Blz — yI?
K, K@+ hy)| < — (oA Az Yl
He) = e+ ml < 57 () oo {25 ®)
and
c |A| " Blz — yI?
K h) - K < S (M Pz yi
Koy + 1) - K@)l < oz (o) oo {-255 ©
whenever 2|h| < t1/2 + |z — y|.
Definition 3. — L has the local Gaussian property (G)ioc if the same inequalities

hold for 0 < ¢t < 1.

Remarks
1. Observe that the property (G) is preserved under taking adjoints. It is also
preserved by scaling and translation. Indeed, fix s > 0 and z¢ € R™ and let
A € A(d) and Ki(z,y) be the heat kernel of —div (AV). Then the heat kernel

_ - T—To Y—To
of Uz . LUz, s is s "/2Kt/81/z(——81/2 Yo )
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2. Assume that (7) is valid. Then (8) is equivalent to the following: there exist
constants ¢ and v > 0 such that for all ¢t > 0, z,y,h € R”,

c hl \*
Kia + hay) ~ Kelon)| < 5 (1) - (10)

Inequality (10) is easier to prove but (8) is more useful in pratice. Another way
of writing (10) is by means of the C¥(R™) semi-norm:
flz) — z+h)— f(z

cyER™ any T — Y| z,h %0 |h|

Then (10) is equivalent to

sup |K¢(-,y)|gw < ™"/, (12)
YER"

3. Assume that L has the property (G)o.. Using the semigroup property

e—tLe—sL — e—(t+s)L

and the fact that the convolution of two Gaussian functions is again a Gaussian
function, one sees that the inequalities (7-9) hold for all ¢ > 0 with c replaced by
c®(t), where ®: [0, 00) — [1, 00) is continuous with #(0) = 1 and non decreasing.
Reciprocally, if (7-9) hold with c replaced by c¢®(t) with ® as above, then L has
the property (G)ioc. Typically ®(t) = e** for some a > 0, but it is also possible
to obtain polynomial growth (see Section 1.4.4). Finally, note that if L has the
property (G)ioc then for A > 0 large enough, L + A has the property (G) with ¢
replaced by ce~?* for some a > 0 (see also Theorem 18).

Of course, (G) holds for constant coefficient elliptic operators, and when the coef-
ficients are smooth the local Gaussian property is obtained by classical means such
as the point freezing technique of Korn. Here, we seek estimates under minimal
regularity assumptions.

The results of Nash and Aronson mentioned in the introduction show the following.

Theorem 4. — If L = —div(AV) € £(0) where A has real entries then L has the
Gaussian property (G).

Unfortunately, in the case of complex entries, Theorem 4 is no longer true.

Theorem 5. — If n > 5, there is a complex elliptic L = — div (AV) € & for which
e tL is not bounded on L>*(R™) for any t > 0. In particular, L does not have the
Gaussian property (G).

We give in Section 1.3 a proof of the failure of (7) in (G) and refer the reader to
[7] for a complete argument (see also [30] for a simplified argument).

Still, there are some positive results. In order to state them, we introduce the
following notation.
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For a measurable function f defined on R™ and p > 0, set

weo (f, p) = sup{|f(z) — F(¥)|; |z — y| < p}

and
1 1/2
wz(f,p) = sup (—'— |f - m?‘f|2) )
B, ;0<r<p |Brl B,
where the supremum is taken over all Euclidean balls B, with radius r < p and m,f
is the mean of f over B,.
Denote by BUC the space of bounded uniformly continuous functions on R™.
It is characterized by ||f]lc < o0 and lim, ,owe(f,p) = 0. Observe then that
inf )50 woo (f, p) is equivalent to the distance of f to BUC in L*°(R").
The BMO norm of f is || fllBmo = sup,5ow2(f, p)- A particular subspace of BMO
is defined by || f|lco < 00 and inf, > w2(f, p) = 0: this is L= (R™) Nvmo (see [41] for a
definition of vmo). More generally, one can show that for f bounded, inf,so w2 (f, p)
is equivalent to the distance of f to BUC in BMO.

Theorem 6. — Let L = —div (AV) € £(6).

(i) L has the Gaussian property (G) whenn =1 and n = 2.

(ii) If L has the Gaussian property (G) then so does — div (A’'V) when ||A—A'||co < €
for some € = e(n,d8) > 0.

(iii) There exists an € = €(n,8) > 0 such that if ||A||BMo < € then L has the
Gaussian property (G).

(iv) There ezists an € = g(n,d) > 0 such that if inf,5owe (A, p) < € then L has the
Gaussian property (Gioc.

(v) There exists an € = €(n,8) > 0 such that if inf,5owa(A,p) < € then L has the
Gaussian property (G)ioc.

Part (i) is taken from [10, 11]. Parts (ii) and (iv) are due to one of us [5]. The
refinement to obtain part (iii) and (v) arose in discussions with L. Escauriaza.

Let us comment on this theorem. Its proof is in Section 1.4.6.

Because of (i) and of Theorem 4, the items (ii) to (v) are of interest only when
n > 3 and the coefficients are complex-valued. For example, in terms of matrices
(assumed to be in .A(d)), the following cases are covered: L™ perturbations of real
matrices (part (ii)), L> pertubations of constant complex matrices (part (ii) or (iii)),
BUC and vmo matrices and their BM O pertubations (parts (iv) and (v)).

Note that (iv) is a consequence of (v) since we < Weo-

An equivalent formulation of part (ii) is that the set of matrices A € A for which
—div (AV) has the Gaussian property is open in L™ (see Section 1.6 for more about
this). We claim that this cannot be true in BMO. Indeed, consider the operator
L = —div (AV) of the counterexample stated in Theorem 5. By part (ii), if ¢ > 0 is
small —div (I 4+ €A)V has the Gaussian property (G). But I + €A and €A are equal
in BM O, which proves the claim.
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Remark. — 1If the coefficients have further regularity such as Holder continuity it is
shown in [10, 11] that not only L has the property (G)i,. but the heat kernel has
also pointwise gradients in z and y each satisfying equations (7-9) for 0 < ¢ < 1 up to
a normalizing factor t~1/2. As for the Green’s kernel of the elliptic equation Lu = 0,
uniform continuity is not enough for the gradient of the heat kernel to be bounded
(see [43]).

Gradient estimates on heat kernels play an important role in this chapter and in
the next ones.

Theorem7. — Let n > 2. Assume that L € £(8) has the Gaussian property (G).
Then, there are constants c,a > 0,1 > 0 depending only on the constants in (G), n
and 8, such that for all yo,h € R™, t > 0 and r > 0 with 2|h| < r + t'/2, we have

(n—2)/2
C r ) e—arz/t

1/2
2 —— —
(/r<|1‘—yo|<2'r|vth(x7 o)l dm) < {jain/a (t1/2 (13)

and
1/2
( / Vo Ko(z, 40 + B) — VaKo(z,30)|? dz) <
r<la—yol<2r

c |h| T, r \(n=2)/2 —ar?/t
t1/2+4n/4 (t1/2 +"') (m) ¢ e (14)

Note that the above statement does not contain any regularity estimate in the
y-variable. For its proof see Section 1.4.7.

K K
Remark. — In dimension 1, pointwise Gaussian estimates for t%, taa—yt and
t2 oK, are always valid ([11], Theorem 2.21)
Oz0y Y ’ o

1.3. A counterexample

Before going into details, let us give a quick proof of the failure of (7) in (G) [7],
adapting the argument in [30].

By [53], if n > 5 there exists L = —div (AV) € £(J) for some § > 0 and u weak
solution on R™ of Lu = 0 with the following properties:

(a) A is homogeneous of degree 0 and C* on z, # 0 with a jump across z, = 0
except at x = 0.

(b) u(z) = |z|°G(z/|z|) where s € C with —1/2 < Res < 0 and G is a Lipschitz
function on the unit sphere, and u(z) = 0 on the hyperplane z,, = 0.

In particular, u is not LP-integrable near 0 if p > — Re s/n.
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Assume that the heat kernel of L satisfies (7). Since L= = [* e*L dt, the Green’s
kernel of L is controlled above by c|z — y|>~™ so that L~! maps LP(R") into L?(R™)
whenever 1 <p<n/2and 1/p—1/q=2/n.

Pick ¢ a test function with ¢ = 1 in a neighborhood of 0 and set v = u¢. An
easy computation gives Lv = — div (AuV¢) + AVu.V¢ = f and f is bounded and
compactly supported (note that AuV¢ is Lipschitz since it is supported away from
0 and u = 0 where A jumps). Hence f belongs to all LP spaces and v € L?(R") for
large p < 00. Since u = v near 0, we have a contradiction.

Remark. — The situation regarding the validity of the Gaussian property when n = 3
or n = 4 is open.

1.4. The Dirichlet property and the Gaussian property

This is the main section of this chapter. Roughly speaking, we prove that the
Gaussian estimates for the semigroup kernel are equivalent to an appropriate growth
of the Dirichlet integral for solutions of the corresponding elliptic equation.

1.4.1. Dirichlet integrals and the Dirichlet property. — In what follows, we
assume n > 2. We begin with a review on the properties of weak solutions.

Let L = —div (AV) € £(8) with complex coefficients. Let 2 be an open bounded
subset of R™ and u be a weak solution of div(AV) on Q. This means that u is a
(complex-valued) function in the Sobolev space H() such that for all ¢ € H}(Q)

/AVu-V<p=O.
Q

Recall that H} () is the closure in H! () of C§°(f2). The Lebesgue measure is omitted
in the integral. We shall write div(AVu) =0 on Q.

The following estimates hold with constants independent of u (see [38]).

i) Cacciopoli estimate: there exists C = C(n,d) such that,

C
2 o & 2
S < [, (15)

whenever Bs, C 2. Here and thereafter in this section B, denotes a Euclidean ball
of radius r. By B, we mean the ball having the same center as B, and radius equal
to Ar. Remark that u can be replaced by u — ¢ for any constant ¢, and in particular
¢ = ug,, the mean of u on B,.

ii) The gradient estimate of C.B. Morrey: there exist C = C(n,d) and a =
a(n,d) > 0 such that,

[ 196 < Creluliin (16)

r

whenever By, C €.
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iii) The L? estimates of N. Meyers: there existse = ¢(n,d) > 0and C = C(n,8) >0
such that, if p € [2,2 + ¢€), then u € WLP(Q) and

1/p 1/2
( /B |Vu|”) < Crn/rmn/2 ( /B |Vu|2) (17)
r 2r

whenever Bz, C Q.

The integrals [ |Vu|? are often called Dirichlet integrals. If the exponent « in (16)
satisfies & > n — 2 then u is locally Holder continuous by a result of Morrey (see
Lemma 11). This is the case for real equations by the famous regularity theorem of
De Giorgi [31]. For complex equations, this is also true in dimension 2 by Morrey
estimate, but it fails in general by the counterexample of [53] described above. Hence,
it is natural to look at the class of elliptic operators whose solutions have Dirichlet
integrals with appropriate growth.

Definition 8. — Let L € £(§). We say that L has the Dirichlet property (D) if there
are constants p € (0,1) and C depending on L and dimension only such that for any
ball Bg, if Lu=0in Bg,thenforall0 < p < R

n—2+4+2p
2 < P 2
/B,, |Vol? < C(R) /BR |Vol2. (18)

Again B, has same center as Bg. The estimate is uniform over the position of
the center. This formulation of the growth of Dirichlet integral with [ Ba |Vv|? on
the right hand side is invariant under scaling and translation: it will prove useful. In
particular, one can reformulate the gradient estimate of Morrey in this way, which
shows that any elliptic L = — div (AV) in R? has the Dirichlet property (D).

A reformulation of the above mentioned theorem of De Giorgi is that any real
operator L € £(J) has the Dirichlet property (D).

Definition 9. — Let L € £(5). We say that L has the local Dirichlet property (D);oc
if the same estimates hold with the restriction that balls have radii less than 1.

The main result is

Theorem 10. — Assume that n > 2 and that L € £(6). Then L has the Gaussian
property (G) if and only if L and L* have the Dirichlet property (D). Similarly, L
has the local Gaussian property (G)ioc if and only if L and L* have the local Dirichlet
property (D)ioc.

That De Giorgi theorem and the estimates of Aronson-Nash are qualitatively simi-
lar is folk result in PDEs. The interest is in the quantitative equivalence, which holds
for complex operators.

There are other regularity conditions that are equivalent to (D) and we shall use
them in the course of the proof of Theorem 10. The advantage of property (D) over
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all the other ones, including (G), is that it is easily seen to be stable under various
perturbations, essentially because of the L? character of its formulation.

1.4.2. From the Gaussian property to the Dirichlet property. — Let L =
—div (AV) € £(8). We prove the implications (G) = (H) = (D) for L where the
intermediate property (H) is related to a weak form of Harnack inequalities and is
defined as follows.

We say that L has the property (H) if there are u € (0,1) and a constant C
depending on L such that for any ball Bg, if Lu = 0 on Bg,

_ 1 1/2
sup |u| + R* sup [u(z) = uly)] <C ( |u|2> . (19)
Brya (x,y)EBRys,x#y I.’B - yl“ |BR| Br

Assume first that L has the property (G). The argument to prove (H) relies on the
gradient estimates of Theorem 7.

Let u € H!(Bg) be a weak solution of Lu = 0 on Bg. Let x € C§°(R"™), supported
in B3gp/s with x = 1 on Bg/s. Let v = ux. Since v = u on Bpys it suffices to show
that for any ¢ € C§°(Br/4) and any h € Bpys,

} [v@)p(@)iz] < CR gl ul (20)

and

< ORI Rl llull2, (21)

\ [+ - e

where we extend u by 0 outside of Bg.
Set (v,) = [vp and Ty = e~*L. Observing that T;'¢ € H'(R™) and v € H!(R"),
then

R? dT*
(v, ) (ux, Thap) — /0 (ux, d—t‘w) dt

2
Wi T+ [ (V) AV T ) .
First, using (7)

(v, Tra)| < |vll2l|TR2plla < CRT™2||o]l1 ||l
Second we compute the inner product: we have

(V(ux), A"VIT ) = (AVu, V(XT; ¢)) + (AVxu, VI ¢) — (AVu, VX T{¢)
=I+1II+III

The term I vanishes since Lu = 0 and the other terms can be estimated by expanding
out the integrals.
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For the term II, we have,

i <c / IVx(@) (@) V2 K (2, 9) o)) dyde,

where K/ (z,y) is the kernel of Ty*. On the support of the integral, we have R/4 <
|z — y| < R. Thus using (13) for K} (z,y) and ||Vx|leo < C/R, we have

11| < CR™ = AR
[1I] < ||u||2§m iz € llells

< CR™™*t7w (R [t)||ullallell1,

where w(u) = un~2e=%’,

Now,
11| < C’/IVX(w)IIVU(w)IIKE‘(w,y)||<P(y)|dydw-
Again R/4 < |z — y| < R on the support of the integral. Using (7) we get
111 < CR™*R™"/2||Vul|ot™™/ 2R /t||g||y,
and by the elliptic Cacciopoli estimate (15),
[111| < CR™™*¢ 7 w(R? /1) ||ullzlllls-

Since fOR2 t'w(R?/t)dt = [ u~'w(u)du < co, we obtain that

R2
| v, vz dt‘ < CR|[ullallells

as desired and (20) is proved.
Next to prove (21), we begin with the identity

/ (v(z + h) — v(@))p(z) do = / v(2)pn () de,

where pp(z) = @(x — h) — ¢(x), and then, we follow the same representation, re-
placing ¢ by ¢r. To obtain the desired estimate, remark that [ K} (z,y)en(y)dy =
J(Kf(z,y + h) — K} (z,y))¢(y) dy and use (9) and (14) instead of (7) and (13). The
conclusion readily follows.

We turn to the proof of (H) = (D). Fix a ball Bg with center zo and let v € H'(Bg)
be a weak solution in Bg of div(AVv) = 0. Let 0 < p < R/8. Using successively
Cacciopoli inequality (15), (H) applied to v — ¢, ¢ = v(zo) (since v is continuous by

ASTERISQUE 249



1.4. THE DIRICHLET PROPERTY AND THE GAUSSIAN PROPERTY 37

(H), v(xo) is well-defined), and Poincaré inequality, we obtain

/ Vo2 < C’p_2/ [v(z) — c|? dz

[ °

< Cp_zp"“”R‘Z”R_"/B [v(z) — c|*dz
R

_<_ Cp—2pn+2uR-2;4R—nR2 L IV’Ulz.
R

Thus, we have

R

n—24+2u
2 P / 2
/B,, [V _C(R) 1wl

when 0 < p < R/8 and hence when 0 < p < R as it is obvious when R/8 < p < R.

1.4.3. From the Dirichlet property to the Gaussian property. — We turn
to the main part of the equivalence, which is to establish the estimates in the property
(G) assuming L and its adjoint to have the property (D).

We proceed by using elliptic regularity in Morrey-Campanato spaces. Then we get
estimates on high power of the resolvent of L which we transfer to the semigroup by
a contour formula.

Introduce the Morrey-Campanato norms as follows. Full details can be found, e.g,.,
in [39]. In order to simplify the exposition we use a different notation.

For 0 < v < n, define the Morrey space MY by f € L? (R") and

loc

1/2
lfllag+: = sup (p‘”/ |f|2) < o0. (22)
,0<p<1 B,
For 0 < v < n + 2, define the Campanato space by f € L}, (R™) and
1/2
fllary: = sup (P—7/ If - mpf|2> < 0o, (23)
va<PS1 Bg

where m, f is the mean of f on B,. The estimates being independent of the center of
the balls, these (semi-)norms are translation invariant.
The expression || f||as; is a semi-norm since || f I My = 0if and only if f is constant.

Lemma 11. — Let 0 <y <n. We have the following embeddings and estimates:
MY < My with ||fllay < 2(fllmo, (24)
MY N M® — MY with ||fllar < Cliflime + Cllfllays (25)
if Vf€ M then fe M{*? with ||fllpq+2 < ClIVFlln, (26)
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ifo<n<l, thenL°°nC’ﬂ=Moanr»+2n and

lflloo + | Flem ~ 11l pgp+2n + |1 fllazo- (27)
The constants C depend only on n,~y.

(The Holder semi-norm in the last statement has been defined in (11).)

The first two inequalities imply that M; N M® = M with equivalence of norms.
Inequality (26) is a simple application of Poincaré inequality. Formula (27) means
that functions in M{ are Hélder continuous when n < v < n + 2. When v = n, the
Campanato space is apparented to BMO. Let us finally note that the Morrey spaces
and the Campanato spaces interpolate by the complex method.

We assume that L = —div (AV) € £(4) and L* have the property (D) with con-
stants Cp and u: for any R > 0 and v € H'(BRr) weak solution of L on Bgr we

have
n—242p
2 <« L 2 2
[ e <en ()7 [ v (28)

when 0 < p < R, and the same for L*.

Step 1: regularity theory for inhomogeneous elliptic equations
Lemma 12. — Assume that

div(AVu) = f + divg,

where
Vue M°, feM® geMP
with 0 < a,B < n. Then, for any v > 0 with

y<inf(a+2,8) if infla+2,8)<n—-2+2u
y<n—2+2u if infla+2,8)>n—2+2pu,
Vu € M7 and for all0< p <1,

[ 1wu <0 [ 19ul +Con e + lglhes (29)
B, B,
C depending only on n,d,a, B, u, Co (here, the balls are concentric).

In the case inf(a + 2,8) > n — 2, this is a theorem due to Morrey [64], for it gives
u € C" for some n > 0 as Lemma 11 shows. The full range of indices in this result
will be exploited. The proof does not contain any new idea and is mostly taken from
the proof of Theorem 1.1, Chapter VI of [38].

Remark. — The Morrey norms are monotonically increasing with ~.

We need a key lemma due to Campanato (see [38]).

ASTERISQUE 249



1.4. THE DIRICHLET PROPERTY AND THE GAUSSIAN PROPERTY 39

Lemma 13. — Let ®,w: [0,R] — [0, R] be two non-decreasing functions. Suppose
that for0 < p<r <R
o
®(p) < a[ (’;’) + w(r)] o(r) + br?
where a,b,a and B are constants witha >1,b>0 and a > 3 > 0. Set
€o: =¢eo(a,a,8) =sup{a™ 77 —1*;0<7<1l,a<y< B}
IFI={0<r < R;w(r) <eo} is not empty, choose Ry <supl if R¢ I or Ro =R
otherwise. Then for 0 < p <r < Ry,

B(p) < [ (2) 2ty + bpﬁ],

where ¢ depends only on a, a, B (in fact, one can take ¢ = (2a)® with s = s(e,B) > 1).

We begin the proof of Lemma 12. By Lemma 13, it suffices to prove that there are
constants a, b with b ~ (|| f||ar= + ||g|lars)? such that for 0 < p<r <1

n—2+42
/ IVul? <a (%) “/ |Vul? + br, (30)
B, r .

where v; = inf(a + 2, §).
Fixr <landlet 0 <p <r. Let v € H(B,) solve

div(AVv) =0 in B,,
v—u € Hy(B,).

/ V2 gc(n,a)/ V2.
B, B,

Combining this with (28) gives us

n—2+2
/ Vuf < e (2) “/ V2 +C2/ IV (u — v)|.
B, r B, B,

Now, w = u — v satisfies

/AVw-V¢=—/f¢+/g-V¢

for all ¢ € Hi(B,). Taking ¢ = w, using ellipticity, Schwarz inequality and the
hypothesis on f and g we obtain

1/2 1/2
[ 196 < iRy (/B lwlz) T a2 g|2ge (/B IVwP) -

Since, by Poincaré inequality, ([g lw|2)1/? < c(n)r(fp, |Vw|?)!/2, we obtain after
simplification

From ellipticity, we have

/ IVwl? < br,

r
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with b ~ (|| flls= + |lgllaze)? and (30) follows. This finishes the proof of Lemma, 12.

Step 2: Regularity for inhomogeneous elliptic operators. — Consider
L= —04,(:j(2)0z; + bi(x)) + ¢j(x)0s; + d(z), (31)

where a;;(z),1 < i,j < n, are the coefficients of A(z) and the other coefficients are
complex-valued measurable and bounded functions on R"™. Set

% = sup(||b;llco; lI¢jlloo lldlleo, 1 < § < m).

Lemma 14. —  Assume that Lu = h, where u,Vu € M° and h € M; N M° with
s+2<n—-2+2p. ThenuEMf+4 and for 0 <y <s+4,

llullay < C(IVullae + llullaro) + Clihllm; + Cllkl| e, (32)

where C' depends on n,é,s, u,Co, K.
Before proving Lemma 14, let us state an immediate consequence.

Corollary 15. — Assume that L has the Dirichlet property and that LY ezists as a
bounded operator on L?(R™). Then, L~! extends to a bounded operator from M°NM;
to M°N MY for all0< s <o <n+2u witho —s < 4.

Proof of Lemma 14. — Using
L=—div(AV+b)+c-V+d
to abbreviate (31), the equation Lu = h becomes
div(AVu) = —h + du + ¢ Vu — div(bu) = f + divg.
Let 2 <7y < s+ 2 and apply (29) with @ =+ — 2 and 8 = . Then

IVullar < ClIVullpo + Clikllars + Clldullpv-2 + llcVullarr—2 + |[bul| )
< ClVullmo + Clikllas + Cr(|[Vaullay-2 + ||ullme)

where we have used ||du||prv-2 < ||d||oolullarv-2 etc, and ||u||prv-2 < |Jul|rr~-
After simple calculations using Lemma 11, we obtain

IVullarr < C(I[Vullae + llullaro) + Cllklias + ClIVul|ag-2.
Therefore, we see by induction that ||Vu||as+2 < 0o and
IVullpre+2 < C(l[Vullmo + |lullae) + Cllhlae-
Next, using (26) for v and (25) for h, we conclude that
lullppz+s < CIVullaro + llullare) + Clibllagy + Clikliare,

which yields (32) by the monotonicity of the Morrey norms. O
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Step 3: iteration and operator estimates. — Let ug € L?(R™) and define ug, k =
1,2,... by
urt1 = (L + 1) Luy.
Since (L 4 1)7! is bounded on L2(R™), we may apply Corollary 15 to see that either
uy € M forall 0 < s < n+2pif n+2u < 4 or that u; € My if n + 2u > 4. In the
former case, we stop, while in the latter we iterate applying successively Corollary
15. We obtain that there is an integer ko < 1 + n/4 such that for all n € [0, p),
n+2n
ur, € Mj and

llukollprn+an < C**Hluoll2, €' =C(n,6,Co,n,p). (33)

Note that ||ug|lz < C¥|lugl|2 for all £ > 1 with C = C(n,d). Combining this with (27)
in Lemma 11, and since ko is bounded by 1 + n/4, we obtain

”ukolloo + |ukolC’ﬂ S C“"’O”?y C= C(n7 6, COv n, ll’)' (34)

In other words, the operator (L +1)~* is bounded from L2(R™) to L>(R")NC"(R™)
with

(L + 1) ullo + (L + 1) "™ ul g < Cllullz. (35)

One can do the same thing for L + A and obtain (35) uniformly for A in a strict

subsector 'z, of I'r_,, (see Section 1.2) and |A\| = 1.
We have observed that (D) is an invariant property under scaling. Since

1
V(= div(AV) + AV, = 3—2(— div (4,V) + s2)), (36)
where V, f(z) = f(2) and A,(z) = A(sz), we see by choosing s = |A|~}/2 that
AT AR (L + X)) TRullee < Cllulls, (37)
|A[Tr/Am 2R (L4 M) TRoul s, < Cllulla- (38)

Note that the constant C' = C(n,d, Cy,n, ) does not depend on .
Now, we convert these last estimates to the semigroup using the identity

ko — 1)!
ety = é—%tk—o_)l— (A + L) Foud), (39)
v

obtained by integrating by parts ko times the Cauchy formula. Here, -y consists of
two half-rays v41 = {\ = re*™,r > R} and of the arc 7o = {A = Re®, |0 < v}. The
number v is chosen in (7/2,7 —w) and R = 1/¢t. By direct estimates from (37) and
(38), it is then easy to derive
le~*ullo < Ct™™*|lullz, ¢>0, (40)
letulg, < AT jufly, £ 0, (41)
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Step 4: kernel estimates
Lemma 16. — If L € £(3) is such that ({0) and (41) hold for L and L* then L has
the Gaussian property (G).

Note that we just proved that (D) implies (40) and (41) for L. This and the above
lemma, conclude the proof of Theorem 10.
It remains to prove this lemma. Let us first recall a standard result.

Lemma 17. — Let T be a continuous operator from D(R™) to D'(R™) with distribu-
tional kernel K (z,y). Let 0 < p < 1.
(i) T extends to a bounded operator from L'(R™) to L>°(R™) if and only if

sup |K(z,y)| < oo.
z,yER™

(i) T extends to a bounded operator from L'(R™) to C*(R™) if and only if

sup |K(,y)|¢gn < oo.

YyER™
In each case, the supremum agrees with the operator norm.
Proof. — Part (i) is well-known. To prove part (ii), define T, with kernel Ky (z,y) =
|h|=*(K(z + h,y) — K(z,y)). Then

IT flgw = sup{l|Thfll ; b € R™, h # 0}.
It suffices to apply (i) to T» to complete the proof. O
Let us come back to the proof of Lemma 16. We have to prove that the heat kernel

Ki(z,y) satisfies (7-9) of Definition 2. Let us admit for a moment that (7) holds and

turn to the proof of (8). By Remark 2 after Definition 2, we only have to prove that
for some n > 0,

sup [Ke(,y)len < ct=(ntm/2, (42)
YER™

and by Lemma 17, this is equivalent to the boundedness of e~*' from L'(R") to
C"(R™). Now, using (40) and duality we see that e *L/2 maps L!(R") into L?(R").
We thus obtain the desired boundedness by combining this fact, (41) and the semi-
group formula.

Next, since the assumptions are stable under taking adjoints we also obtain (9).

It remains to prove (7). By an idea of Davies [28], consider K = e~%e~*Le? the
semigroup generated by —e~¢Le?® where ¢ € C§° is real-valued and e is the operator
of multiplication by e?(®). Then, (7) is equivalent to the existence of constants a > 0
and c such that for all ¢ > 0 and ¢ as above,

1K ulloo < ct™2e* |lully, with p =]Vl (43)
Indeed, by Lemma 17, (43) means that
|Kt (x, y)l S ct_n/2eap2te¢(w)—¢(y)
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and for t, z, y fixed it suffices to pick ¢ with ¢(z) — ¢(y) = —p|z —y|/2 and to optimize
over p > 0.

By duality and the semigroup formula, it suffices to prove half of (43), namely the
boundedness of K¢ from L2(R™) into L (R") with

IKPulloo < ct™ ™€ |ully, where p = ||V||co- (44)

Without loss of generality, we may assume that ¢ = 1, the general case following
by scaling. Fix ¢ € C§°, real-valued, with ||Vé|lc = 1 and set T, = e~*?e~Le?? for
p € C. Then (T,) is a complex family of operators.

For p € C with Rep = 0, (40) and (41) together with (27) in Lemma 11 imply that

Tl pgz20 < cllula. (45)

On the other hand, it is classical consequence of the Garding inequality that T}, is
bounded on L?(R™) with for all p € C

2
IT,ullz < e ||ul|; (46)
for some a > 0 depending only on n and . In particular,
ITullagy < 26°E0 [uflz. (47)

Applying the Stein interpolation theorem (see [75]) to (45) and (47), we find that
for all n' < 7, there exists a’ > 0 such that for all p € C,

’ 2
ITullpppznr < e u. (48)

This estimate, (45) and (27) in Lemma 11 imply that 7, maps L?(R™) into L>(R™)
and (44) follows. This concludes the proof of Lemma 16.

Remarks

1. If L has real coeflicients, then (40) and (41) hold as a consequence of the con-
tracting property of the semigroup on L!(R") and on L>=(R") [28, 80]. Actu-
ally, if L has complex coefficients and enjoys this contracting property, then it
must have real coefficients [6].

2. Assume that L € £(J) is complex and that the semigroup is uniformly bounded
on L*(R™), that is, the operator norms of et are bounded uniformly by
a constant that may exceed 1 (Theorem 5 shows that it is not always true).
Then (40) holds. This can be shown by applying the argument of Theorem
I1.3.2 in [80]. But we do not know how to deduce (41) and the Gaussian decay
(7). None of the arguments in the real case seem to work. A proof of this
fact would mean that the Gaussian property (including regularity estimates) is
equivalent to uniform boundedness on L' (R™) and on L> (R™) for the semigroup.
In particular, this would encompass Nash’s theorem.
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1.4.4. Equivalence of the local properties. — The equivalence between the
local properties (G)ioc and (D)o is proved similarly: the argument in Section 1.4.2
yields that (G);oc implies (D)o and, for the converse, the argument in Section 1.4.3
applies with some modifications due to the lack of scale invariance. We wish to briefly
explain the polynomial behavior of some constants in the large time estimate for the
heat kernel.

The starting point is (28) which is satisfied with constants Cp and p only for balls
of radii less than some given Ry. Let us study the effect of scaling. With the notation
in (36), the operator — div (A;V) satisfies (28) on the same set of balls with constants
Coinf(1,s™ 2+2#) and u. Now, a careful checking of the argument tells us that the
constant C in (35) grows polynomially as a function of Cy (see Lemma 13).

Thus, performing the same scaling as in (36) with s = |A\|~!/2 yields

inf (1, M) "M AT (L + ) ullee < Cllull, (49)
inf (1, |A) =M A T/AT 2R (L X)TRouls, < Ollullz, (50)

where M is a non-negative number that depends only on n and g and which value
we do not know.

Now, using (39) again yields estimates comparable to (40) and (41) with a constant
C that blows up polynomially for large time. Hence the proof of Lemma 16 shows
that L satisfies (G)io. with a polynomial behavior for the constant ¢ in (7-9).

Remark. — As we shall see (D) holds for operators L with uniformly continuous
coefficients or vmo coefficents. See Remark 3 after Definition 3 for the interest of the
polynomial growth just described.

1.4.5. Inhomogeneous operators. — What we just gid for L + 1 applies to L=
—div(AV + b) + ¢+ V + d as defined in (36) provided L~! exists on L?(R"). For
example, this is the case if L satisfies the Garding inequality

Re (Lf, f) > 6(IFl3 + IV FI3)- (51)

Let us state the result and leave the verifications to the reader.
Theorem 18. — Let L = —div (AV) € £(8) on R™ and L= —div(AV +b)+c-V+d
be such that (51) holds and set K = sup(||bl|co, ||Clloo, |ldlloc) < 00. Assume that L has

the property (D)ioc with constants Co and pu. Then L has the Gaussian property (G).
More precisely, its heat kernel Ki(z,y) satisfies for allt > 0, z,y € R,

- ce—at ﬂ.’l?" 2
|Kt(z7y)|s t"/2 exp{—lTyl}a

- - ce—at |h| n ,le _ y|2
|Kt(w?y)_Kt(w+h?y)|S tn/z (t1/2+|$—y'> exp{_—t'_
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and

= = ce |A| " Blz —y|*
|Kt(z7y + h) - Kt(a;ay)l S t"/2 (t1/2 ¥ |$ — yl) €xp {_7}

whenever 2|h| < t1/2 4 |z — y|. Here, 0 <7, ¢ = c(n,é,6,1,Co, k), a = a(n, 5) >0
and 8 = B(n,4).

1.4.6. Stability of (D) and proof of Theorem 6. — Our goal in this section
is to prove Theorem 6, with the exception of the one dimensional case for which we
refer the reader to [14] and [11].

When n = 2, we already observed that the property (D), hence the property (G),
is always satisfied. A different argument is otherwise presented in Section 1.7.

Thus, only parts (ii), (iii), (iv) and (v) are considered. To prove each of them, by
Theorem 10 it suffices to prove the analogous statements by replacing systematically
(G) by (D) (respectively (G)ioc by (D)ioc). Let us observe that some of the techniques
shown below are well known in the study of regularity properties of the solutions of
variational problems [39]. In particular, we use Lemma 13 in a crucial way.

Proof of (ii). — Let A € A(6) such that L = —div (AV) has the Dirichlet property
(D). Let A’ € A be another matrix-valued function: we have to show that L' has the
Dirichlet property (D) provided ||A — A’|| is small enough.
Fix a ball Bg. Let u € H'(BR) be a weak solution of div(A4'Vu) =0 in Bg. Let
0 < p <r < R and define v € H'(B,) by solving the elliptic problem
div(AVv) =0 in B,,
v—u € Hy(By).

(Again all balls have same center.) From (D) for L, we have

n—2+42
/ v <o (2) / IVof?, (52)
B, r B,

n—2+4+2
/ Vul? < e (2) "/ |Vu|2+c1/ IV — )2
B, r B. B,

By definition of u and v, the function w = u — v satisfies

/AVw-ch:/ (A—-A"YWVu-Vep
B. B,

hence

for all ¢ € H}(B,). Using ¢ = w and the ellipticity condition for A, we obtain

/ IVul? < 572)14" - AJ2, / Vul?.
B, B,

n—2+2
[owursa (8 wha - ai) [ v,
B T B,

P

Thus,
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By Lemma 13, for any 0 < v < u we have

n—242v
[k <a (8T [ v,
B, r B,

for all 0 < p < r < R provided ||A' — A||« is small enough. By taking r = R, we have
proved that L’ has the property (D). O

Remark. — We may wonder about the size of the perturbation, especially when the
dimension is large. Consider A = Id and A’ = Id— M. Following the same argument,
since |Vv|? is subharmonic, (52) becomes

/B e &) /B Il

Setting ®(p) = (fp, |Vu|?)1/2) we see that

w) < ()" + 21l 20

Applying Lemma 13 with a = 1,b = 0,a = g and 8 = n_ 1+v where0<v <1,

2
we have
4 B
2(p) <c(2) 2
provided
2| M|joo < €0 = (1 —8)s/0=9) = f(s5), s= g —14 2(1n— V)

Since f(s) is a non-increasing function, the smaller v, the larger €o. Further, for fixed
v, letting n grow to infinity, £¢ is asymptotic to 2(1 — v)/en where e is the base of
the exponential function. In conclusion, this technique allows perturbations of the
size ¢/n as n — oco. The value of ¢ cannot be arbitrary large. This can be seen by
considering the counterexample in [53] already discussed in Section 1.3. The matrix
A there is the sum of a real symmetric matrix and of a bounded matrix whose L
norm is asymptotic to ¢’/n as n — oco.

Proof of (iv). — We want to prove that L € £(§) has the local Dirichlet property
(D)ioc provided the modulus of continuity we(r) of the matrix A is small for small r.

Fix a ball Bg. Let u € H'(Bg) be a weak solution of div(AVu) = 0 in Bg.
Let 0 < p < r < R. Define v € H'(B,) by solving the constant coefficients elliptic
problem

div(A(zo)Vv) =0 in B,
v—u € HY(B,),
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where zo is the center of B,. By classical regularity theory for constant elliptic
operators (e.g., [38], Chapter 3, Theorem 2.1), we have

[ weese®) [ v

where C' depends only on ellipticity and dimension. Hence

/ |Vu|2gco(‘—’)"/ |Vu|2+c1/ V(- )2
B, r B, B,

Now, the function w = u — v satisfies
/ A(zo)Vw - Vo = / (A(zo) — A)Vu - Vo
B, B,
for all ¢ € H(B,). Using ¢ = w and the ellipticity condition for A, we obtain

/ |Vaw|? Sd‘zww(r)z/ |Vaul|?.

/B,, Vul < ez ((£)" +weelr)?) /B IVul?,

for all 0 < p < r < R where c2 depends only on dimension and ellipticity.
Pick p € (0,1) and apply Lemma 13 witha =c2, b=0,a=nand 8 =n—2+2p.
If Ry is such that w2 (Ro) < €9, then we have

n—2+4+2u
/|vu|2gc3 (%) /|vu|2,
B, T B,

forall 0 < p <r < Rp. O

Thus,

Proof of (iii). — Let L = —div (AV) € £(4) and assume that the BMO norm of A
is small.

Fix a ball Bg. Let u € H!(Bg) be a weak solution of div(AVu) = 0 in Bg. Let
0 < p <7 < R/2. Start the proof of (iii) as the preceding one, replacing A(xo) by
the mean m, A of A on B,. The only change is the derivation of the estimate of

I= / (A-—m,A)Vu-Vw,
B,

which we owe to L. Escauriaza. Choose p for which Meyers estimate (17) applies and
use Holder inequality with exponents 2,p and ¢ where 1/2+1/p+1/g = 1. Then

1/q 1/p 1/2
e (eomen) () (o)
Br ™ B‘r
) 1/2 1/2
< ornG-% (/ |A—mrA|")1/"(/ |Vu|2) (/ |Vw|2) .
r B2r Br
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Now, the John-Nirenberg inequality gives us

1/q
r—n/4 </ |A — m,A|‘1) < Cl(g,n) wa(4,r),
B,

where ws(A,r) is defined just before Theorem 6 and w2(A,r) < ||A||Bmo. Working
out the details, we find that

fovur se ((2) + i) [ 1vup
B, r Bz,

provided0 < p<randr < R/2. If 0 < r < p < 2r and r < R/2, the above inequality
is trivially satisfied. Hence, changing 2r to r we obtain

[ < ((2) +1lao) [ 19u (53)

s
whenever 0 < p < r < R, and we conclude as usual with Lemma 13 provided ||A||smo
is small enough. O

Proof of (v). — Let L € £(6). We prove that L has the property (D)o provided the
L2-modulus of continuity w2(A,r) is small for small r.

The only change from the preceeding argument is in the refinement of (53) where
||Al|Bmo is replaced by wa(A,r). Thus we obtain for any p € (0,1) the existence of
€0 > 0 such that if Ry > 0 satisfies wa(Ro)? < €0 then

n—242u
[owesa(?) [ vur
B r B,

for all 0 < p <1 < Rp. This proves that L has the property (D)o when %gg wa(t)? <
0. O

Remark. — The proofs of (iv) and (v) combined with the argument that (D)o
implies (G)ioc show that, in this case, the regularity estimates (8) and (9) hold for
every pu € (0,1). See also Lemma 28 in Chapter 4, where a related result is stated.

1.4.7. Gradient estimates on the heat kernel. — In this section, we prove the
gradient estimates of Theorem 7, which were already used in a previous argument. We
need two intermediate results. The first one is about Gaussian estimates for complex
time heat kernels.

Lemma 19. — Assume that n > 2 and that L € £(5) has the Gaussian property (G).

Then the kernels of t%e‘”’ satisfies (7-9). Moreover, for any v < /2 — w there are

constants ¢, p > 0 and B' > 0 depending only on the constants in (G), n, § and v
such that for |argz| <7

(54)

! — 2
K. (2,9)] < clz|™"/? exp {_M}

||

ASTERISQUE 249



1.4. THE DIRICHLET PROPERTY AND THE GAUSSIAN PROPERTY 49

and
c 1 z ﬂ’lw—yl"’}
KZ b - z bl < - a1 55
K@+ hoy) — Kelo y)'-lzln/2(1z|1/2+|w—y|) e"p{ E (55)
and
c Ih| # Bz — y|?
- K,(z,y)| < P d
Keloy+ 1) - Kw)l < o () e { -2 2] 69)

whenever 2|h| < |z|'/? + |z — y|. We have set K,(z,y) the distributional kernel of

—zL

e
Remark. — 1In fact, p is the same as in (G).

Proof. — Assume that the statement on K,(z,y) is proved. Then, using Cauchy
formula applied to the holomorphic function z — K,(z,y), we obtain the desired
estimates for t%Kt(:c, Y).

It remains to prove the statement on K,(z,y). This is done in [28] when L is
real and selfadjoint. There is no substantial change but we include an argument for
completeness.

First we prove that |K,(z,y)| < c|z|~™/2 for |argz| < 7. By Lemma 17, this is
equivalent to the L' — L™ boundedness of e~*L.

For 1 < p < ¢ < o0, denote by ||T||q,p the operator norm of T from LP(R™) into
L(R™). We deduce from (7) and Lemma 17 that ||e *F||oo.1 < ct=/2, |le~ |11 < ¢
and |le7*L||0,00 < c. Hence, by interpolation

e lg,p < ct™/2(/a71/P) 1< p< g < oo

Write z =t + ¢+ ( where t > 0, |arg(| < 7/2 — w and |2| ~ t ~ |¢|. Then using
lle=¢* 2,2 < 1 we get

lle™*E]lco1 < lle™|loo,2lle™Ell2,2lle " E |2 < ct™™/2 < |27/,

Next, we prove that |h|~#|K,(z + h,y) — K. (z,y)| < c|z|~("*t#)/2_ Once we have
proved (54), it will imply (55) (see Remark 2 after Definition 3). Replacing L by L*
will also give (56).

Using Lemma 17 again, this inequality is equivalent to the L' — C* boundedness
of e~*L its right hand side being the operator norm. We easily deduce from (8) that

le™E flon < et~ T2 5|14

and
e flow < 2| flloo-

Hence, by interpolation,

le L fle < ct™™/2P=B2||f|l,, 1< p< oo
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We conclude by taking the same decomposition of e~*L as before, and by using from
the right to the left the L' — L2, L2 — L? and L? — C* boundedness for each operator
respectively.
We now prove the Gaussian decay for K,(z,y). Fixc #y and 0 < v < /2 — w.
Apply the three lines theorem to the holomorphic function
£(z) = 22 exp (—”

5 )Kz(w,y)

for z € Iy, z # 0, where 3 is the same constant as in (7) and p > 0 is to be chosen.
For argz =0, ie.,, z=t>0,

2 12
|£(t)] < coexp (_%t _ ﬂlw_tz_fl_

For |argz| < 7, f(2) is continuous and

22

) < co exp(—2p|z — yl).

|f(2)] < e
Thus for 6 € (0,7) and argz = £6,
7)1 < et exp(~2aplz — ), a=1- 1.
Hence,
0%|z| cos @
|K.(z,y)] < mamx(co,cl)|z|_"/2 exp (—2ap|w —yl+ ——ﬁ—) .

Optimizing over p > 0 yields a bound of the form ¢|z|~™/2 exp(—/3'|z — y|?/|z|) that
is uniform in every subsector of I',. Since v was chosen arbitrarily in (0, 7/2 —w), we
have established (54). The proof is complete. O

The next result is a general inequality which is the parabolic analog of (15).

Lemma 20 (Parabolic Cacciopoli inequality). — Let n > 2 and let L € £(5). For
f € L2(R™), let uy = e tL'f. Then, for all p € C3(R™),

18720 Vuell3 < e(n, &) (It us Vopll3 + IIUtwllzllt%ﬂlz)- (57)
Proof. — Since u; satisfies the parabolic equation % + Lu; = 0, we have

(AVuy, (Vi) 92) = — %,W?) AV, uVp). (58)

Set M = ||t1/2oVu,||2 and observe that M < c|[t'/2Vu||s < oo since u; € D(L) C
H'(R™). Multiplying (58) by ¢, using Cauchy-Schwarz inequality and ellipticity we
obtain P

M? < M| 7w Vills + cllurellzllt 5 ¢l
and (57) follows using the elementary inequality 2ab < ea? + ¢71b? with a = M,
2b = ¢||t'/?u; Vl|2 and € = 1/2. O
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We are now in position to prove Theorem 7. We begin with the proof of (13). To
this end, we specify the choice of f and ¢ in the parabolic Cacciopoli inequality.

Fix yo € R® and f € L'(R™) with support in the ball B(yo,r/4) centered in yo
and of radius r/4. Then, from estimate (7) and Lemma 19, there exist non negative
constants ¢ and a such that whenever |z — yo| > 7r/8,
taut (Zl?)

ot

lug ()] + < ctm2emal= vl 1)), (59)

Next, pick ¢ with p(z) = 0 if |z — yo| < 7r/8 or |z — yo| > 17r/8, p(z) = 1 if
r < |z — yo| < 2r and such that ||¢|lec < 1 and ||Vy||leo < ¢/r. Then, using (59) on
the support of ¢

ou _n r \n/2 —ar?
lucllz + 1t elle < ellglloat ™ (575) " € /Il

and
ct/? 2 n
182wVl < e Il Velleor™
c r (n—2)/2 —ar?
S (ﬁ) e

Inserting these estimates in (57), we easily obtain

r\m-2/2
) e~ M £y,

t1/2

with appropriate constants ¢ and a > 0. Hence,
2 1/2
dz)

</7'S|Z—y0|527’
c [ r \o-D2 L
<o (am) e

holds for all f € L'(B(yo,7/4)). Letting f be an approximation of the Dirac mass at
Yo, we see that V,K;(z,y) exists as a measurable function, and that (13) holds.

To prove (14), take |h| < r/2, f and ¢ as above and apply the parabolic Cacciopoli
inequality to v; = e tL(f — f(- — h)). Then, rewrite v; as

c
1t2pVue||2 < Yz (

[ 2V Ko, ) f @) dy

w() = [ (K@) - K,y + W)/ ) dy

so that one obtains the desired estimates by using (9) instead of (7). We leave the
remaining details to the reader.

Remark. — The conclusion of Theorem 7 is valid for the complex time heat kernel
uniformly in appropriate sectors. Then ¢ is replaced by |z| in the estimates.
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1.5. Further consequences of the Gaussian property

This section is devoted to establishing some further local and global estimates for
the heat kernel and the resolvent kernel and also the conservation property (i.e.,
e tL(1) = 1) under the Gaussian property. Of course, there are corresponding esti-
mates under the local Gaussian property (G)i,. which we do not state.

It is worth remarking that many of the results stated for the heat kernel have
counterparts in terms of the resolvent kernel, and vice versa. This is due to the
Laplace formula

(L+N)" = / e==(I+Y) g, (60)
0
and the Cauchy formula

1
2L 2 -1
e =3 i[,e (L+ )" dX (61)

on suitable paths. For the Laplace formula, take a ray re®®, » > 0, on which Ae? has
non negative real parts. For the Cauchy formula, take the path made of two rays on
which 2 has non positive real part and of an arc of circle, as in (39), Section 1.4.3.

1.5.1. Green kernel estimates. — A first application of (G) is that the resolvent
kernel satisfies integrable estimates. For example, denoting by R;(z,y) the kernel
of (1 4+ t?L)~ !, t > 0, we deduce from the Laplace formula after straightforward
calculations that

2
|Re(z,y)| < ¢ <t—) e~alz—yl/t

|z —y|~—?
for some constants ¢ and @ > 0 when n > 3, and the usual modification with a
logarithmic singularity at £ = y applies when n = 2. We could also write Holder type
estimates. Let us rather state some gradient estimates. These are useful in the next
chapters.

Theorem 21. — Assume that L € £(6) on R™, n > 3, has the Gaussian property (G).
Then we have the following estimates: there are constants c,a > 0,17 > 0 depending
only on the constants in (G), n and §, such that for all yo,h € R™, t >0 andr >0
with 2|h| < 7 +t, we have

cC/r
V.R < (= —ar/t 62
/rS|w—y0|S2'r| = Re(2,y0)] dz < t (t)e (62)
and
V.R V.R c( 1\ (T —arst
—_ z R < - - ar/t 63
/rgm—yolszrl H( 30+ 1) (@ y0)l de < 3 (t+r) (t)e (63)

The proof of this result follows by combining Theorem 7 and the Laplace formula
(60). Details are left to the reader.
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Remarks

1. When n = 2 these estimates hold too. Starting from (13) gives us % (I In ;l + 1)
instead of 7/t in front of the exponential. However, one can get rid of the
logarithm by using the stronger estimate (65) below.

2. There are also L? estimates instead of L' estimates, but they blow up as r/t
tends to 0, which is in agreement with the general fact that the Green kernel of
a general second order operator is not globally L2.

3. Estimates (62) and (63) hold for (m + t2L)~!, where m is some non-negative
bounded function with bounded inverse. Here is a sketch of the argument. By
rescaling, it is no loss of generality to assume ¢ = 1. Then, by the Laplace
formula, it is enough to study the heat kernel of L +m. Now, Theorem 18 gives
estimates on the heat kernel; estimates on its gradient as in Theorem 7 follow
from the analysis similar to the one of Section 1.4.7. This remark is used in
Chapter 4, Section 4.7.3.

1.5.2. L? estimates. — We.have obtained L? estimates for the gradient of heat
kernels. In fact, there is always a slight improvement and we can get LP estimates for
some p > 2. This is the parabolic version of Meyers inequality (17).

Proposition22. — Letn > 2 and let L € £(5). Then there exists € = €(n,d) > 0
such that for all p with |1/2 — 1/p| < ¢, e L is bounded from LP(R™) to W1P(R")
with

lle™™ fllp + 11£/2Ve™ fllp < cpllfllp-

Proof. — We claim that L + 1 is invertible from W1?(R™) onto W~1P(R") for p
in a neighborhood of 2. There are several ways to see this. A direct way is in [11]
adapting an earlier argument in [16] (this way gives a numerical value of € in terms
of ||A —Id ||co)- Another way is to use the following abstract result of Sneiberg [70].

Lemma 23. — Let X°,Y*, s € [0,1] be two scales of complex interpolation Banach
spaces. If T: X® — Y* is bounded for each s € [0,1], then the set of s € (0,1) for
which there exists C > 0 such that ||T f||y, > C||f||x, holds for all f € X* is open.

Indeed, observe that L + 1 is bounded from W!?(R") into W~1?(R™) for all
1 < p < oo and that, by the L2-estimates (4) of Proposition 1, it is invertible for
p=2.

Therefore, there is a neighborhood of 2 such that L + 1 and its adjoint are one-one
with closed range from W1P(R") into W~1P(R") for all p in this neighborhood. The
claim follows easily.

Next, one can clearly change L + 1 to L + A and using scaling we deduce that

I+ X7 fllp + N2V +2) 7 s < cpllfllps
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for any A # O inside a closed subsector of I'r_.,, and |1/2 — 1/p| < €, € depending
on the aperture of the chosen subsector. We conclude the proof of Proposition 22 by
inserting these estimates in the Cauchy formula (61). O

Proposition 24. —  Let n > 2 and assume that L € £(8) has the Gaussian property
(G). Then, there ezists € > 0 such that Ve L is bounded from L'(R™) into LP(R™)
ifl<p<2+e¢, and for all t > 0 and yo € R™,

1/p
( / |V1Kt($,y0)|pdx) < ct~/2-(=1/p)n/2, (64)
Rn

Proof. — Let p with |1/2 — 1/p| < & where € is the same as in Proposition 22. As
already seen e~tL is L' — L? bounded. Thus Ve 2L = Ve~tLe—tL j5 also L' — LP
bounded with norm not exceeding ct~1/2-(1=1/P)n/2  Thus

(/.

and we deduce (64) for this range of p’s by letting fﬁapproximate the Dirac mass at

Yo-
If1<p<2and|1/2—1/p| > ¢, then using Holder inequality and (13)

P 1/p
/ V.Ki(z,y)f(y) dy dz) < ct7V/2= (=P £
-

3t1/2< |z —yo|<29+1¢1/2

/IVth(:c,yo)I"dw= Z/ Ve K¢(z,yo)|P dz
R™ j=—o0 2

A\ P
<c Z (27t1/2)n(1—p/2) (t—l/Z—n/4 9i(n—2)/2 e_ﬂ24])

j=—o0

Sctor N it
j=—o0
where @ = —1/2 — (1 — 1/p)n/2 and s = n(1 — p/2) + p(n—2)/2 > 0, so that
the series converge. Thus (64) holds and the boundedness of Vet from L!(R™) to
LP(R™) follows. O

Remarks
1. Note that the last series diverges when n = 2 and p = 2. However, once (64)
holds for p > 2, Holder inequality and interpolation imply an improvement of
(13) when n = 2:

1/2 . oae .
V. Ki(z,y 2d:c) <ect ' (—z) e P/t 65
(/rsm—yolszr| (50} (t1/2) (©3)

for some £ > 0,3 > 0 and ¢ > 0. This is the parabolic analog of Morrey estimate
(16): it is valid in full generality since L has the Gaussian property (G) when
n=2.
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2. By using the Laplace formula (60), one can see that the global L? estimates for
VzRi(x,y) (see Theorem 21) hold only for p in the range 1 < p < n/(n —1),
with

1/p
( / |v¢Rt<w,y)|de) < et~ =D £,
Rﬂ

1.5.3. The conservation property. — This is the conservation constants by the
semigroup. Recall that without the property (G), e *£ can be unbounded on L*°(R"™)

7).

Proposition 25 (Conservation Property). — Letn > 2. Assume that L € £(J) satisfies
(7) in the property (G). Then e *L(1) =1 for all t > 0.

The argument in [11], Lemma 5.8, applies here. We present a different one.

Proof. — Define
(o) =2 V)(@) = [ Kelaw)dy.
-
From (G) and Lemma 19, b;(x) and its partial derivative

abt _ 6Kt(z1y)
ot @ = /Rn ot W

are bounded functions for each ¢t > 0.

Let x,¢ € C3(R™) with x supported in B(0,2) and x = 1 on B(0,1) (the balls
centered at 0 and with radii 2 and 1 respectively). Set x.(z) = x(z/r) for r > 0.
Then, using (7) and the dominated convergence theorem we have

d _,0b; . de tL”
a(bnw) = (T9t—’(p) = Tlgr.}o(xr, dt ®)-

To compute this limit, we use the parabolic equation to write
de—tL”

s “g ) = = [ 4@V () @) VKT @, 0)00) dy .

Let ro be such that the support of ¢ is contained in B(0,7) and choose r > 2rq.
Then r/2 < |z — y| < 5r/2 on the domain of integration. Using (13) for the kernel
of e7tL” it is easy to see that, for fixed ¢ > 0, the double integral is o(1) as r tends
to co. We have obtained that (b, ) = 0, which means that b; is a distribution
independent of ¢. Denoting by b this distribution, it remains to show that b = 1.

Let ¢ as above. Then

t

(b= L) = [{be — 1,0} = |lim(L,e™** " — )| < lim [le™* 0 — o]}
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Now, for ¢ as above,

le o —glli < / et — g
B(0,27¢)

+c/ / |t=/2e=Ple=vl /by (y)| dy da
|z|>2r0 J|y|<ro

* —Ar2
< en(2r0)™?lle™ o — 9ll2 + cn,pe P gl l2,
which tends to 0 with ¢ since ||etL" ¢ — || tends to 0 by right continuity at 0 of the
semigroup. Therefore b = 1. O
Remark. — This proposition holds under the weaker assumption that e~ *L" extends

to a C°-semigroup on L' (R™) [6].

1.6. Analytic perturbation

The purpose of this section is to present an analytic perturbation result for heat
kernels as a corollary of (ii) in Theorem 6. Let us begin by indicating that the usual
ways of doing perturbation theory are inappropriate.

The usual perturbation theory of semigroup can be attempted via the Duhamel
formula

t
! !
et e tL ——/ e L div Mvet*—9L gs,
0

where L = — div (AV), L' = —divA'V and M = A’ — A. By the semigroup estimate,
(6) of Proposition 1, we see that the operator in the right hand side is bounded on
L%(R™) with a norm controlled by

i
c/ (t —8)72572 ds || M||oo = en|| M]|co-
0
Iterating the Duhamel formula we get a second term of the form
/ e~ div MVe"=3)L div MVe* "L dsdr.
0<r<s<t
Using again (6) in Proposition 1, an estimate for the norm is
/ 7Y% (s — )" (t — s) "2 dsdr = .
0<r<s<t

Hence the Duhamel formula is of limited interest for this kind of perturbation.
Another way is to iterate the resolvent formula

A+L) 1= +D) = +L) (L -L)A+L)!
in the Cauchy formula (61), so that

=)
e_tL' — e_tL + Z Zt,k(M7 R M)7 (66)
k=1
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where 1
Zyk(M,...,M) = T'/et’\T,\,k(M,...,M)d/\
i J,

and
Tar(My,...,My) = A+ L) divM; V(A + L)™' -+ div My V(A + L)~
Using the resolvent estimates (4) of Proposition 1, one sees that

I Ze (M1, - .., Mi) fll2 < 4| Maloo - -+ | Ml oo ]2

for some ¢ > 0. Further, Z; (M, --- , M) is k-linear as a function of (M, ..., My).

In other words, we have shown that the mapping A — e?4iV(AV) ig analytic from
A to the space of bounded operators on L2(R").

But this is about all we can get from such a representation in this generality. For
example, when A and A’ are real-valued, we know that L and L' have the property
(G), but (66) fails to provide an estimate of the form ||A’ — Alloot—/2e=Blz=yI*/t for
the kernel of e~tL" — e~tL,

This drawback is taken care of thanks to (ii) in Theorem 6. Indeed this implies
that the semigroup kernel depends analytically on the coefficients for the topologies
described below.

For a > 0 and p € (0, 1), let Kq,,, be the Banach space of complex-valued functions
pt(z,y) defined on E = (0,00) x R® x R"™ such that

alz — y|?
Na@): = suwp |p(@y)t? exp{'—y'} <o
(t,z,y)GE t
and
, te/2
N,(p): = sup sup = (|pt(z,y) — pe(x + h,y)| + |pe(z,y + h) — pe(z,y)]) < oo.

(t,z,y)EE h#0 |h|ll
Define a subclass in L= (R™; M,,(C)) by

G = {A € A; —div (AV) has the Gaussian property (G)}.

By Theorems 6 and 4, G is an open subset of L (R"; M, (C)) and a neighborhood of
the class of real symmetric elliptic matrices.
For A € A, denote by K4: (t,z,y) = K (z,y) the heat kernel of L = — div (AV).
With the notations above we have

Theorem 26. — For each Ao € G, there are constants a« > 0 and p € (0,1)
such that K4° € Ko, and that A — K* is analytic from a neighborhood of A in
L>°(R™; M,(C)) into Kq,.. In particular, there are constantsc > 0, & > 0 and o > 0,
depending on Ay such that for all A € L®(R™; M,(C)) with ||A — Ao|leo < € then
AegGand

12
KA @,9) = KE*(0,9)] < clld = doll £/ exp { - 220,
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Proof. — Let M € L*°(R"; M,(C)) with norm 1 and set f(z) = K“4: where A, =
Ao +2zM, z € C. By (ii) of Theorem 6, f is bounded from a neighborhood of 0 into
Ko, for some a > 0 and g > 0. We have to show that f is analytic at 0. By (66),
we obtain an expansion

oo
K (z,y) = K (z,y) + Y 2" Zex (M, ..., M)(z,y),
k=1

where Z; (M, ..., M)(z,y), the kernel of Z; x(M,..., M), can be computed by the
Cauchy formule. The boundedness of f and the Cauchy estimates imply that this
series converges in K, , for |z| small enough. Hence, f is analytic at 0. O

1.7. Higher order elliptic operators

In this section, we consider elliptic homogeneous operators of any order 2m, m > 1,
as defined in Section 0.4 of Preliminaries by

L=(-D)" Y 0%aapd”) (67)
lee|=|B|=m
where aqg € L*°(R"™; C), and where we assume the Garding inequality
Re (Lf, f) > ollV™£li3, (68)

for some § > 0 independent of f € D(L). Recall that V™ denotes the array of all
partial derivatives of order m.
As for second order operators, one can define the property (G) for L. The usual

qu2m/(@2m—1)

Gaussian function is replaced by G o(u) = €~

Definition 27. — L has the Gaussian property (G) if for each ¢ > 0, the heat kernel
K,(x,y) is a Holder continuous function in each z and y and if there exist constants
¢, 4> 0 and a > 0 such that for all £ > 0 and z,y, h € R"”,

c T—y
K@) < s G (7). (69)
c M\ (k-
K1) = Kile + 1) < s (i —7) Gme(Gomsd)  (70)
and
o M Vg (k=
K, + 1) = Ke@, )| < o (7o) Gme () (7D

whenever 2|h| < t1/2™ 4 |z — y|.

It seems possible to prove a result similar to Theorem 10. We refer the reader to
the forthcoming thesis of Qafsaoui. Here we only prove that (G) holds when 2m > n
and we also state and prove gradient estimates on K;(z,y) whenever (G) holds.
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Proposition 28. —  Any operator L as above has the Gaussian property (G) when
2m > n. In particular the constants c,a > 0,u > 0 depend only on m,n,d and
llaaslloo-
Remarks

1. Note that this covers the case m = 1 and n < 2, which is part (i) of Theorem 6.

2. When 2m > n this theorem is proved in [29]; the argument here is similar. When
2m = n the argument follows that of Theorem 3.5 in [11]. When 2m < n,
the property (G) may fail. Section 1.3 gives a counterexample and further
counterexamples are presented in [30].

Proof. — We first deal with the case 2m > n. By the final remark in Section 0.2
of Preliminaries, L + 1 is invertible from H™(R"™) onto its dual H~™(R"™). Since
m > n/2, the Sobolev embedding theorem gives us

H™R™) Cc L=(R™) N C*(R")
for all u € (0,inf(1,m — n/2)). Therefore, (L + 1)~! extends to a bounded operator
from L2(R™) into L°°(R™) N C*(R™).
Next, L + 1 can be replaced by L + A for A chosen in an appropriate sector: the
same argument applies when |A| = 1 and the general situation follows by a rescaling

argument. Doing this, we see that for all v in some interval (/2,7 — w) there is a
constant C' depending only on m,n, v, 4, ||asg||c, such that

T4+ 2) M ullo < Cllulla (72)
AT/ k2L + X) Tl < Cllull (73)

whenever A €T, A £ 0.
Integrating these inequalities in the Cauchy formula (61), we obtain

[le™* 2 u|| 0o < Ct=™*"||ulls, t>0, (74)
le~Luly, < Ct=m/Am—r/2m||y|l, ¢ > 0. (75)

Then, we finish the argument by an extension of Lemma 16, referring to [29] for
the necessary changes in the exponential perturbation technique for higher order
operators.

Now, we turn to the case where 2m = n. This is the critical case for the Sobolev
embeddings and the embedding of H™(R™) into L*°(R") fails. To get around this
difficulty we use Lemma 23. Since L + 1 is bounded from W™ ?(R") into W ~™P(R")
for all p € (1,00) and invertible when p = 2 for W™2(R™) = H™(R"), it is invertible
from W™P(R") onto W~™P(R") for p in a neighborhood of 2. Fix p > 2 in such
a neighborhood so that the Sobolev embedding L?(R") C W~™P(R") holds and
observe that m — n/p > 0. Then (L + 1)~! maps L?(R™) into W™P(R") which
embeds into L>=(R™) N C*(R™) for all p € (0,inf(1,m — n/p)). From now on, the
argument is identical to the previous one, and is left to the reader. O
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Our next task is to obtain gradient estimates analogous to the ones in Theorem 7.

Theorem 29. — Letn > 2 and m > 1 and assume that L given by (67) satisfies (68)
and has the property (G). Then, there are constants c,e > 0,a > 0,1 > 0 depending
only on the constants in (G), n,m, § and ||aagl|eo, sSuch that for all yo,h € R™, t >0
and r > 0 with 2|h| < r + t1/2™ | we have

1/2
m 2 c r € r
(/7:<|:c_y0|<2rlvz K@ g0)] dx) = [ (tl/zm) Gm’a<t1/2’“> (76)

and

1/2
</ VP Ki(z,y0 + h) — VT Ki(z,90)|? dm) <
r<|z—yo|<2r
¢ |h| Tror oy T
t1/2+4n/4m (tl/zm + T) (t1/2m> Gm,a (W) . (77)

The proof of this result is an adaptation of the one for second order operators. We
begin with the proof of (76). By limiting arguments, it clearly suffices to show the
following lemma.

Lemma 30. — Under the assumptions of Theorem 29, there are constants c,e > 0,
a > 0, such that for all f € L*(R™) supported in the ball centered at yo of radius r/4,

C r

vme—tL 2 1z ‘G r
(/<| vol<2 | € fl dw) S t1/24n/4m (t1/2m) m’a(t1/2m)”f”1' (78)
rS|IT—Yo |4

The main ingredients are a Cacciopoli inequality in the spirit of the one in Lemma
20 and some LP estimates on V™e~tl generalizing those of Section 1.5.2 to the case
of higher order operators.

We begin with the case where r > t1/2™, The first step is to obtain the parabolic
Cacciopoli inequality. It takes the following form: if u; = e L f, f € L2(R"™), then
for all real valued ¢ € CJ*(R"™),

ou
1E/2V™ (wep)ll3 < ¢ Iluwllzllta—tt<,0||2+ > tlveasls | (79)
|a|=|8]=m

¢ = ¢(4, ||aasllco, m, M), Where

a8 = 0%y 0% (W %) — 8° (ur ) 8% (W7 ).

Indeed, since u; satisfies the parabolic equation % + Lu; = 0, we have
ou
(Groug?) == D (aapdur, 0 (ur4?)).

la|=|B|=m
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Therefore,

D (aapd (us9),0% (us p)) = <63t Prup) — D / BapVt,ap)

lee|=|Bl=m le|=|Bl=m
and (79) follows from the Garding inequality (68) and the Cauchy-Schwarz inequality.
Now, assume that (G) holds. Fix yo € R™ and f € L'(R"™) with support in the ball
0
centered at yo and of radius r/4. By adapting Lemma 19, one sees that taKt (z,y)
also satisfies (69). Thus, there exist non negative constants ¢ and a such that when
|z — yo| > r/2, we have,
Ou(x) c |z — yol
ot S tn/2m Gm,a t1/2m ”f”l (80)

Next, pick ¢ with support defined by cor < |z — yo| < 2r/co for some ¢y < 1 such
that 1 — o is small and ¢(z) = 1 if 7 < |& — yo| < 2r and such that ||8,p||ee < er~lel
for all multiindex a with |@| < m. Then, using (80) on the support of ¢, we have

du c r \"/2
luplls + Gl < o (s27m) " G (g7 ) 11 (81)

which yields the correct estimate for the first term in the right hand side of (79).
It remains to estimate t||vt,os|l1- By the Leibniz rule, we have

Vap = 0%ur Y ( ) 8" (W p) 0V — 0% (W) Y (7) " u 8° o,  (82)

y<a v'<B

where v < a means that v; < a; for all 1 < ¢ < n. Observe that the v = a and
~' = [ terms cancel, hence both sums restrict to multiindices of length at most m — 1.
Cancellation is no longer used and we estimate each term separately.

|ue(z)| + ‘t

Lemma 31. — Assume that f and ¢ are functions with the properties specified above.
For |8 =m, |y| <m —1 and r > t'/?>™, we have
10° (us)ll2 < ct=*/2=m/4m || £|| (83)
and
187 (uz )2 < ct—I1/2zm—n/4m Gm,a <t1/2m) £l (84)

for some a > 0 and ¢ > 0.

Assume that this lemma holds. Consider 8°u; 8" (u; @) 3>~y which is a generic
term in (82). Introduce a smooth function ¢ with the same properties as ¢ and ¢ = 1
on the support of ¢ so that 3%u; = 8% (us$) on the support of ¢. By Lemma 31 one
obtains

110w, (@ 0) 0"l < (i)
= \t1/2m

2" G (75 ) I -
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This gives us an estimate of vy o3 and (78) follows in this case. The argument is
complete provided we prove Lemma 31.

To this end, write V™u, = Vme—tL/2y, /2 so that by Proposition 2 of Preliminaries
and (69) we obtain

21V el < ellueyalla < et ™| £l
Using the interpolation inequality
197gll> < IV gl ™ llglly ™™™ (85)
valid for all g € H™(R"™), we find that
107 usllz < et=111/2m=n/2m| £||,

for all multiindices v with |y| < m — 1. Now, writing the Leibniz rule, using these
estimates, the properties of ¢ and r > t1/2™ it is easy to obtain (83).

To see (84), apply the interpolation inequality (85) to g = u:yp, and use (83) and
(81) for ||lutepl|2 to obtain

N r (m—Ix])/m
167 (e P)ll2 < et=II/2mn/m (Gm(m—)) £l

The conclusion follows by noticing that G',’n,a = Gm,ap for all a,b > 0.

Let us come back to the proof of Lemma 30.

It remains to study the case r < t1/2™. Curiously, the Cacciopoli inequality is
useless and we rely instead on some LP estimates. First, we have observed that
t1/2|| V™ uy||e < ct=™/4™|| f||1. Thus, by Holder inequality,

m_— [ r n/2
/<| vol <2 |V™etL | da < 7z (W) Kl (86)
TS| —Yo|Ser

Now, completely analogous arguments to those in Section 1.5.2 show that there exists
an € > 0 such that, if p € [1,2 + €), V™e~ L is bounded from L!(R") into LP(R™)
with

Ve fllp < et~ /2= 0=t /mn/2m | £, (87)
It is now easy to obtain (78) by interpolating (86) and (87) with a given p > 2.

Lemma 30 is thus proved, and hence (76).
To prove (77) it suffices to establish

m_—tL ¢ |2 12 —1/2—n/4m [ |Bl Tror N
(/TSL'z—onS?T'lv © fnl dx) s (—7'—) (t1/2m) 171 (88)

for all f € L'(R™) supported in the ball centered at yo of radius r/4 and all h with
2|h| < r < t1/?™ and where fi(z) = f(x — h) — f(z). Indeed, (88) implies (77) in the
case r < t1/2™ by a limiting argument and the Gaussian decay in the case r > t!/2™
comes from (76).
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The proof of (88) basically uses the same method as above. From the L? estimate
(87) we have

IV™me™E fyll, < ct=2/2=A=t/mn/2my g1,

while the L' estimate (86) becomes

m_—tL ¢ (|n] €, p \n/2
‘/7'5|1—yo]§2r|v e faldz < 172 ( r ) (tI/Qm) 1£1l1

by using (71) and

e Lhn(@) = [ (Kilo,y + W)~ K, ) 0) dy:

Interpolation finishes the argument.

Remarks

1.

One can write down LP estimates for the higher gradient of the resolvent kernel
similar to the L? estimates in Theorem 29. The range of p’s depends on n and
m.

. The LP estimates generalizing the ones in Section 1.5.2 are valid: we used them

in the argument.
The conservation property for et holds when L has the property (G). The
proof is an adaptation of that of Proposition 25.
Lower order terms can be added to L; if the leading part has order 2m > n
then local Gaussian estimates are valid. The proof is the same as the one of
Proposition 28.
Let L = (—l)md—ma(x) il
dg™ dx™
m = 1, then (G) holds and pointwise estimates exist for the first derivatives
of the heat kernel (see [14], and [11] where lower order terms are added). If
m > 2, that (G) holds is in Proposition 28. Also it is possible to show with a
suitable generalization of Lemma I.4 in [14] that all z (or y) derivatives up to
order m of the heat kernel have pointwise Gaussian decay as in (69) with the
natural scaling in terms of ¢.

in L?(R) assumed to be maximal accretive. When

SOCIETE MATHEMATIQUE DE FRANCE 1998






CHAPTER 2

QUADRATIC FUNCTIONALS, CARLESON MEASURES
AND SQUARE ROOTS OF DIFFERENTIAL
OPERATORS

2.1. Introduction

We know from Preliminaries that we can study the square root problem for dif-
ferential operators by considering some quadratic functionals. A classical theorem
in harmonic analysis, using the paraproducts of Coifman, Meyer and Bony, roughly
asserts that the boundedness of a quadratic functional amounts to the control of a
Carleson measure. However, the hypotheses that are needed to apply this result are
not fulfilled in our case as we deal with more singular operators. The purpose of this
chapter is to make the conclusion of this theorem valid and to prepare the ground for
the next chapter in which we control the Carleson measures that appear in the case
of square roots of differential operators.

To make the discussion accessible to non-experts of square function estimates, Sec-
tion 2.2 presents a review on the known theory of quadratic functionals. For example,
we show that the one-dimensional square root problem falls under its scope. In Sec-
tion 2.3, an extension of this theory is given by modifying and somehow weakening
the hypotheses for which it works. This applies to square roots of elliptic operators
with a special structure. The counterexamples of Section 2.4 show that further con-
siderations are needed in order to treat general square roots: this is the content of
Section 2.5. Section 2.6 contains miscellaneous material such as the modifications to
handle inhomogeneous elliptic operators and localization techniques.

2.2. Classical quadratic functionals

2.2.1. A review. — We begin with some notations. We denote by |T'|2,2 the norm
of an operator that is bounded on L2(R"). Consider a family of linear operators
U;: L2(R™) — L%(R™) that is uniformly bounded and that depends measurably on
t € (0,00) (in what follows, measurability is always satisfied in applications and thus
assumed throughout without mention). The quadratic. functionals of our study have
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the form
dt
| s
0
Definition 1. — We denote by |U;|s the smallest constant C such that
dt
([ gt ) < Clflla, M

and we say that the family (U;)¢>o is bounded whenever |U|s < oo.

If H = L2(R*; L%(R™), dt/t) is equipped with the norm (f{° ||f:|I2 dt/¢)'/*, this
boundedness property says nothing but the continuity of the operator f — (Ut f)t>0
acting from L2?(R™) into H.

Quadratic inequalities such as (1) arose in the work of Littlewood and Paley (see
[82]). These inequalities have played an important role in the development of har-
monic analysis. See, e.g., the works by Stein [72, 73].

The classical situation is when Uy is a convolution operator with symbol 1/3(t§) for
some function 1, in which case, by Plancherel theorem, we have

o 1/2
s = sup ([T 1eor ) @

This supremum is finite when, for example, |¢(€)| < ¢|€|*(1+|€|)~2* for some ¢, s > 0.
The holomorphic functional calculus that has been described in Preliminaries, Sec-
tion 0.1, is an extension of this situation.
In the absence of a functional calculus or when the Fourier transform is not avail-
able, these inequalities can be handled by making size and regularity assumptions on
the kernels of U;. Let us describe a typical set of assumptions taken from [18].

Definition 2. —  Let (U)i>o0 be a family of operators acting on LZ(R™). We say
that it is an e-family when the operators are uniformly bounded on L?(R™) and their
kernels are measurable functions with the estimates

|Ue(z,y)| < co

TR ED R ®)

e
(lx — yl + t)n+1+5 ?

IVyUi(z,y)| < co (4)

uniformly in ¢ > 0, z,y, for some € > 0.

Note that (3) implies that U; extends to a bounded operator on LP(R™) by

Uef(z) = / Uiz, 9) () dy.

R"
No regularity in the z-variable is assumed. The aim here is to state a kind of
T'(1) theorem relating the boundedness of quadratic functionals and Carleson measure
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estimates. We first recall some basic results. The first one is a consequence of a
variation on the Cotlar-Knapp-Stein lemma. See [74].

Lemma 3 (Almost orthogonality). — Let (Ut)i>o0 be an e-family. If Uyl = 0O, that is
JUi(z,y)dy =0 a.e. for allt > 0, then (Us)i>o s bounded and one has
[Utls < e(n,€)eo, (5)

where the constant co appears in (8-4).

Proof. — We give a sketchy argument. Since we have
dt < . dt
[ g = [Cwrvang,
0 0 t

it is enough to estimate the norm on L2 (R™) of the selfadjoint operator

1/5
v=["vus d
)

for fixed § > 0 with a bound that is 1ndependent of § > 0. By the spectral radius
theorem, we have that |V 2 = lim |VN|1/N when N — oo. Now, for N > 1, we write

1/5 1/6 dty ---dt
N _ oy Y - ~
v _/‘s [ U OO U U S
so that
1/6 1/6 dt ---din
IVN|2,2S/ / IU:1|2,2|Ut1U:2|2,2---'UtN—1Ut*NI2,2|UtN|2,2 t t .
6 } 1 tN

The hypotheses on U(z,y) enter at this point and, using U;1 = 0 and the inequalities
(3) and (4), one shows as in [27] that |Uy, U, |2,2 < C h(ti/t;), where h(t) = inf(t,¢7).
Using this and the uniform L2-boundedness of U; one has that

1/8 1/6 .

[V aa <c/ on-1p () (i) dh e din ooy,
to 13 t1---tn

Here C depends on ¢y in (3—4), n and g, but not on §. Taking Nth root and letting
N — oo yields |V|2,2 < C as desired. O

The second important result is the following localization using the notion of a
Carleson measure.

Definition 4. — A Carleson measure on R™ x R* is a positive Radon measure du(z, t)
on R™ x R* such that

£(Q)
sup {I_C%—I/Q/O dp(a:,t)} < 00. (6)

The supremum is taken over the collection Q of all cubes Q C R™ with sides parallel
to the axes, £(Q) and |@Q| denoting respectively the sidelength and the volume of such
cubes. The quantity in (6) is denoted by |dy|..
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Definition 5. — A Carleson function is a measurable function b(x,t) = b:(z), (z,t) €
R™ x R*, such that du(z,t) = |b(z,t)|?dzdt/t is a Carleson measure. We set |b;|. =

Vdple.

Lemma 6 (Localization). —  Let (U;)i>0 be a bounded family whose kernels satisfy
(3). Then, for all f € L>°(R™), U:f is a Carleson function and
Ui fle < c|Utlsl| flloo + ccoll flloos (7

where ¢y is the constant in (3) and ¢ = c¢(n,e). In particular, |U;1|. < oo.

We do not include a proof as it is similar to that of Lemma 15 later on.

That |U:l|. < oo is also sufficient for the boundedness of e-families follows from
the Carleson inequality which we now recall.

For a function ¢ € C§°(R"™), supported in the unit ball, and ¢ > 0, set pi(z) =
t~"p(z/t). Define the convolution operator P, by P.f = f * ¢;. Then the maximal
operator defined by

P f(z) = sup ) [P f(y)]

{(y:t);|z—y|<t
is bounded on L?(R™) as a consequence of the L2 boundedness of the Hardy-Littlewood
maximal operator, see [71]. Carleson inequality asserts that

[ 1Ps@P du,t) < cm il [ (PP i@fds, 1€ 2@,
R™ JO R™

(see [74]) so that

L[ s@rduan < cono)ldule [ f@P s, fer@). @
R Jo n
In terms of quadratic inequalities, this gives the following result.

Lemma 7. — Define P, as above. Let b, be a Carleson function with sup;~g ||bt||ec <
oo and let M be the pointwise multiplication operator by by. Then (MP;)i>o is a
bounded e-family for any € > 0 and

| M Pt|s < c(n, p)|bt|c- 9

Operator families such as the ones of Lemma 3 or of Lemma 7 are the basic building
blocks of e-families. More precisely, we have

Lemma 8. — Let (U)t>o be an e-family. Let P,f = f ¢, ¢ being defined as above
with, in addition, [ ¢ =1. Then

Ut = MtPt + Qt, (10)
where My is pointwise multiplication by Uil and (Qt)t>o0 is an e-family with Q1 = 0.

Proof. — 1t is clear that the equality Q; = Uy — M, P; defines an e-family. Moreover,
Q:1 = 0 follows from P;1 = 1 and the definition of M;. O
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As a consequence of this chain of results is the following T'1-theorem for Carleson
measures as stated by Christ and Journé [18].
Theorem 9. — Let (Ui)i>o be an e-family.

(1) (Up)t>o is bounded if and only if U1 is a Carleson function.
(ii) Moreover, when |Ul|. < 0o, one has

[U:fle < |ULlcllflloo + ccoll flloos  f € L®(R™), (11)

where ¢ = c¢(n,€) and co is the constant in (8-4).
A major point is the precise value of the constant, namely 1, in front of |U1|. in
(11). This is observed and used efficiently in [18] toward polynomial growth in norm

estimates for multilinear expansions, including the one used for the one dimensional
square root problem. We shall exploit later this value in a different way.

Proof. — The equivalence in (i) follows readily from the previous lemmas. The proof
of (11) exploits a fact that has not been used so far: P, is contractive on L*°(R")
provided we choose ¢ > 0, which we may. This fact yields

(U (Pef)le < |UeLell flloo-
This and (10) yields
[Uefle < [(Ue)(Pef)le +1Qcfle < [Usllellflloo + Qe fle

and we conclude using |Q+ f|c < ¢||f|lco by Lemma 6 and Lemma 3. O
Remark. — All of the above goes through if (4) is replaced by the weaker Holder
continuity estimate
t° ly' —yl |°
U, " -TU, < .
| t(l‘,y) t(z’y)l—c°(|x_y|+t)"+5 [Ix—y|+t
See [18].
2.2.2. Application to the one dimensional square root problem. — Even
though we are mostly concerned with the higher dimensional case, it is of interest to
. d
present a simple argument for the case n = 1. Here, L = —— (ag—), where a(z) is a
z

bounded and accretive function on R. It is always possible to normalize a(x) so that
a~! =1 —m where ||m||cc < 1 (see Appendix C).
By Proposition 5 of Preliminaries, establishing

d
121l < el L,
which was first proved in [20], amounts to proving that |U;|s < oo, where
d, d\\' d
=(I- (a— = (af).
Ui ( t dz (adx)) tdw(af)
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That (U)s>o is an e-family is proved in [14] (there, an exponential decay is ob-
tained). By Theorem 9, we are reduced to estimating |U;1|.: this is done using (11).

The key observation is the cancellation property U; a~! = 0 which implies U;1 =
U: m. Thus, by (11)

|Ullc = [Usmlc < [Imloo|Uel|c + ccollm| oo,
and solving for |U;1|. gives us

ccOIlmIIoo

|Ue1]e <
= 1—[Imlleo

< 00 (12)

since ||m||e < 1.

To finish the proof, we have to justify the use of (11). Indeed, it requires the a
priori knowledge that |U;1|. be finite, which is to be proved. To overcome this vicious
circle, we use truncations. As this trick is needed at various places without mention,
we describe it in detail here.

Let x be any non-negative measurable function with compact support in (0, co) and
such that ||x||lcc < 1. If (Ut)e>o0 is any e-family, then the truncated family (x(¢) Us)i>o
is also an e-family, with the same constant cg.

Because of the support assumption, there is a constant ¢ = ¢(x) > 0 such that
Ix(®) Utls < csup|Ut|2,2 < oo. Hence, |x(t)Uill. < oo by Theorem 9. As the
truncation by x does not affect the cancellation property, the same argument as
above applies and we have

ccol|m|loo

x(t) Usl|e <
XOTelle < T

This means that for a given cube Q € 9,

= < 00.

dtdzx
5l / () U@ 22 < o3,
QI
Fix @Q and for k > 1, let x =1 on [1/k, k] and O elsewhere. By letting k tend to oo,
the monotone convergence theorem of Beppo Levi yields

4@ dtd.r
|(Ue1)(z)|? <
IQI/ / DE@F == <a

Taking the supremum over all cubes gives the desired inequality and the proof of (12)
is finished.

2.2.3. Quadratic functionals of weakly regular families. — Our goal in this
chapter is to generalize Theorem 9 to the class of quadratic functionals arising from
the square root problem in higher dimensions. As a first step, we study a weakened
version of this result.

Before going into statements, it is worth taking a closer look at the decomposition
(10) in Lemma 8 to show when the different hypotheses are used. This argument
borrows ideas from [69] and [21].
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To avoid unnecessary technicalities, we consider a model case where U(z,y) is
supported in |z — y| < t and satisfies

|Ue(z,y)| <¢7" and [VyUe(z, )| < t7"71 (13)

Denoting by M; the operator of multiplication by U;1l, one can write (with the
notation of Lemma 8)

Ut == MtPt + (Ut - Mt)}Dt + Ut(I - R) (14)

In other words, the operator @; in (10) is broken up in two parts, (Uy — M;)P; and
U:(I — P,). That these operators send 1 to 0 is obvious and each part eventually has
the same property as @;. The interesting point we want to make concerns the kernel
analysis of each part.

The kernel of (U; — M) P, is

K}(z,y) = / Uiz, 2) (02 — ) — ulz — 1)) dz, (1)

This kernel is supported in |z —y| < 2t where, up to a numerical constant, it satisfies
(13). Here, U;(z, z) is used as an averaging integrable function and only a size estimate
is needed.

The kernel of Uy(I — P,) is

K2(z,y) = / (Ui(z, 2) — Uelz, 9)u(z — y) dz. (16)

Since ¢ is supported in the unit ball, this kernel also has support in |z —y| < 2¢ where,
up to a numerical constant, it satisfies (13). This is a consequence of the mean value
theorem and this indicates the importance of regularity assumptions in the y-variable
on Ui(z,y) for this term.

We are now ready for introducing the notation for the next result.

Definition 10. — Let (U;);>0 be a family of operators acting on L?(R™). We say that
it is a weakly regular family (with constant cy) when the operators U; are uniformly
bounded on L2(R™) with |Us|2,2 < co and when there are constants € > 0 and s > 0
such that:

(i) the kernels U;(z,y) are measurable functions with the estimate

€ n-+te
/ Uz w)ldy < coinf ((Z) . (1)), (17)
r<|a—y|<2r ¢ T

uniformly in ¢ > 0, r > 0 and = € R";
(ii) Ui(—A)*/? is bounded on L?(R™) with

1U(=A)* "2 f]l2 < cot™*|| fll2, t>0. (18)

Remarks
1. Condition (ii) is a smoothing condition for U;. It means that U; maps the
homogeneous Sobolev space H~*(R™) into L?(R"™).
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2. It is easy to see that e-families are weakly regular families provided € > n.
Clearly, (3) implies (17) and this is where € > n is needed. That (4) implies
(18) with s = 1 goes as follows. The decay estimate in (4) implies that U,;0/8z;
is bounded on L?(R") by interpolation, and its norm does not exceed ct1.
Using that

(_A)1/2f - _ i a(RJf)’

where R; is the jth Riesz transform, we obtain
A(R; R -
10(~8) 5112 < 2 1022 <t SRl < i
Jj=1

from the boundedness of the Riesz transforms.
3. One can also prove that the Holder estimate stated in the remark concluding
Section 2.2.1 is stronger than (18). The proof proceeds by duality and one uses

the semi-norm
If (@) — f@)P? 12
(/] et daaw)

as an equivalent semi-norm on H*(R") for 0 < s < 1.

As we shall see, (17) is only a technical refinement of (3). But, the use of (18)
leads to a different analysis of the term U;(I — P;). Still the statement of Theorem 9
goes through.

Theorem 11. — Let (Ut)t>o0 be a weakly regular family with constant co.

(i) (Ut)t>o is bounded if and only if Ul is a Carleson function.
(ii) When |Usl|; < oo, one has

[Uefle < |Ud|cl|flloo + coll flloo,  f € L™ (R™), (19)
where ¢ = ¢(n, €, s).

We begin the proof with a series of lemmas.

Lemma 12. — Assume that Uy(z,y) satisfies (17). Then [, |Ui(z,y)|dy < c(n,€)c,
uniformly over x € R™ and t > 0. In particular, Uy extends to a bounded operator on
L>(R™) with norm bounded by c(n,e)co and Uyf(x) = [ Us(z,y)f(y) dy a.e. when
f € L™ (R™).
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Proof. — It suffices to prove the integral estimate and the rest of the statement
follows from standard arguments. By (17),
“oco
[ o< 3 [  Uka,y)ldy
" jm—oo Y2 t<|e—y|<29H 1t
+m . .
< 3 coinf(27°,27H) = c(n,e)co,
j=—oo

which finishes the proof. O
Lemma 13. — Assume that Uy(z,y) satisfies (17) and that ¢ € L has support in

the unit ball. Then
te
Us(z, —y)dz| < S A —
| U@ 2outz =) | < eliplosco ot

Proof. — Without loss of generality one can take ¢ = 1 after rescaling and assume
also that [|¢||lc = 1. Calling K (x,y) the integral, we have

K (2,9)] < / \Us (2, 2)| dz < c(n, €)eo

by Lemma 12. This is enough if |z — y| < 4, while if |z — y| > 4 then 3|z — y|/4 <
|z — 2| < 5|z — y|/4 on the support of the integral and, by (17),

4 n+e
ke <o)
K G@9)] < eo g

This ends the proof. (]

Remark. — This is the only place where the term (t/r)"*¢ is used in (17), while a
term (t/r)¢ is enough elsewhere.

Corollary 14. — Assume that Ui(x,y) satisfies (17). Let My be the pointwise
multiplication operator by Uil and let P; be a convolution operator with p;, where
@ € C§°(R™) has support in the unit ball. Then (MiP.)i~o and (UiP:)i>o0 are e-
families and ((M; — Uy)Py)t>o0 is bounded when, in addition, [ ¢ = 1.

Proof. — The kernel of M;P; is (U;1)(z)p:(z —y), so that estimates (3-4) are imme-
diate.
The kernel of U, P, is given by the integral in Lemma 13, and (3) follows from
Lemma 13. The inequality (4) is obtained similarly on replacing ¢, by its gradient.
That ((M; — U)P;)¢>0 is bounded follows on applying Theorem 9 since
when [ ¢ = 1. The proof is complete. O

The next result is a generalization of Lemma 6, where, for subsequent use, we
obtain an explicit constant.
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Lemma 15. —  Assume that (Uy)i>o0 is a bounded family of operators that satisfies
|Utl2,2 < co and (17). Then for all Q € Q, one has

1 “@ o dudt 1/2< (2 N .

In particular, for all f € L>(R"™), one has
[Uefle < (|Uels + c(n, €)co) |l flloo- (21)

Proof. — It is clear that (21) follows from (20).
To prove (20), write f = fi1 + f2, where fi = f on the cube @ and f; = 0 elsewhere.
On the one hand,

¢Q) dzdt oo dzdt
/ / U fr ()2 224 < / / Uh@P SE < Ul [ @ dz,
QJo t xJo t Q

and this gives us the first term in the right hand side of (20).
On the other hand, it remains to prove

{Q) dxdt
LI wae@r SE < cdiniial

For fixed ¢t > 0, decompose further fs as fo = f3 + fa, where f3(y) = fa(y) if d(y) <t
and f3(y) = 0 otherwise. We have denoted by d(y) the distance of y to the boundary
of @ in the norm |y|eo = max{|y;|,1 <i<n}.

First, using |Uz|2,2 < co we have,

/ \Us fo ()2 dz 5c3/|f3|2
Q

< cllfsllZ|{y € R™d(y) <t}
< cchll fll2.(Q)" e

Integrating this inequality against dt/t over [0, £4(Q)] gives us the desired control for
this term.
Next, for z € @ and y in the support of f; we have

¢(Q)

| — ¥|oo 2t+T—|:1r:—:1:Q|oo =r(t,x) =r,

where z¢ is the center of ). Thus, by splitting the range of integration into the
dyadic annuli defined by 277 < |z — y|oo < 29t1r, 5 =0,1,... and using (17) we have

/Rn Ue(z,y) fa(y)l dy < C(n)c"g (257>n+5 il ccﬂ(%)"*’

Now, by making the change of variables u = (4(Q)/2 — |z — £Q|w)/t We have

/OZ(Q)(r(ttfw))zn-m%Sc(n’s)(lln(l_m—l—((%?lﬁ)'—kl)'
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Hence,
d:z:dt —zg|
2 < Q °° 1
/. [ 1w m@r 2 < i, S (- 2220l 1) o
By scaling, it is easily seen that the last integral is bounded above by ¢(n)|@| and
this ends the argument. O

We conclude this series of preparatory lemmas with the following result.

Lemma 16. — Assume that U, satisfies (18) for some s > 0. Let P, be a convolution
operator by t~"p(z/t) for some smooth function ¢ € L*(R™) with [ ¢ =1. Then

IUt(I - Pt)ls < C()C(n, S, ‘P)’ (22)
where

¢(n, s, ) = sup (/oo }:_ﬂ(ﬁﬁf dt)
gex \Jo [t€]? t
Proof. — Write
U(I — P) = Uy(—t2A)*/2Q,
where
Q: = (—t2A)*/2(I - P).

This operator is a convolution operator with symbol |t&|~%(1 — @(t€)), so that |Q:|s
c(n, s, ) by (2).

We conclude the proof of Lemma 16 on applying the following remark to L; =
Us(—t2A)*/2, M, = Q; and N = I, whose proof is left to the reader. O

Lemma 17. —  For operators Ly, M; and N, assumed to be uniformly bounded on
L%(R™), one has

1LMN|s < ((sup|Eilaz ) IMuls s (23)
>

We now turn to the proof of Theorem 11, first establishing the equivalence between
the boundedness of (U:)t>o and the Carleson measure estimate for U,1.

If |Uy|s is finite then, by Lemma 15, U;1 is a Carleson function.

Conversely, choose ¢ € C§°(R™) with support in the unit ball and such that |p(¢£) —
1| < C|¢|*H! for |¢] < 1. Again, P; denotes the convolution operator with ¢;(z) =
t~"p(z/t). Write as before, with M; being multiplication by U1,

Ut = Mtljt + (Ut - Mt).Pt + Ut(I - Pt) (24)

We have to prove that each term in the right hand side defines a bounded family.
For the first one, apply the Carleson estimate of Lemma 7 to obtain

|MiPy|s < c|Utl|..
For the second one, notice that [ ¢ = ¢(0) = 1 and apply Corollary 14.
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For the last one, observe that the constant c¢(n, s, ¢) in (22) of Lemma 16 is finite
with our choice of .

It remains to prove (19). Assume that U;1 is a Carleson function. The starting
point is again equality (24) which gives

|Uefle < |MPifl|c + |(Us — My) P f|c + |Ue(I — By) fe-
It follows from what we just established and Lemma, 15 that

|(Ut = My) Py f|e + |U(I = Pi) fle < ccol| flloo-

With our choice of ¢, P; may not be contractive on L*°, so we introduce an L*°-
contractive operator P, of convolution with ¢c(x) =t "@(z/t), with ¢ smooth, sup-
ported in the unit ball, ¢ > 0, [¢ = 1. Then as in the proof of (11) in Theo-
rem 9, |M;P,f|. < |Usllc||flloo- The error term can be handled as follows: since

|M¢|2,2 = ||Ut1||oo is uniformly bounded by cco by Lemma 12, we have

|My(P; = Py)fle < ccol(Pe = P) fle < ceoll flloos

where in the last inequality we used the fact that P; — 13t defines a bounded family
of convolution type since (P; — P;)1 = 0. This completes the proof of Theorem 11.

Remark. — Let us quickly discuss the vector-valued extension of this theory. We
restrict ourselves to the case where U; are operators acting from L2?(R";CP) into
L?(R"™; C?), where p,q are two non-negative integers. Here, CP and C? are equipped
with their natural Hilbert space structure. In the formula [ U.(z,y)f(y) dy, U(z,y)
takes values in B(CP,C?), the space of linear operators from CP into C?, equipped
with the induced norm. On the canonical orthonormal bases of C? and C?, Uy(z,y)
becomes a ¢ X p complex matrix with entries UF¢(z,y). Then, (U;1)(z) should be
understood as the matrix with entries [U}(z,y)dy and |(U:1)(z)| as its operator
norm. With these precautions, all the results above extend straightforwardly. In the
arguments, P; or (—A)'/2 are scalar operators, which means they act componentwise
on vector-valued functions.

2.2.4. Square roots of operators with special structures. — There is a class
of differential operators to which the theorem on quadratic functionals of weakly reg-
ular families may be applied. An example is A(a(z)A). Such operators enjoy more
regularity properties than the general differential operators as presented in Prelimi-
naries.

Fix a real m > 0. Let a(z), z € R", be a complex-valued accretive function. Let
o(&) be a real-valued homogeneous polynomial of degree m that does not vanish on
the unit sphere. Let (D) be the self-adjoint differential operator on L?(R™) with
symbol o(£). Observe that ||o(D)f|lz ~ [[(=A)™/2f||2.
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Define L = o(D)(a(z)o(D)), the associated maximal-accretive differential operator
of order 2m associated with multiplication by a(z) and o(D) as in Proposition 1 of
Preliminaries.

Theorem 18. — With the notation above,
NLM2 £l ~ (=AY |l (25)

This result is not new since it can be deduced from multilinear estimates similar
to the ones in [20] as in [59], but it is a good illustration of the method of quadratic
functionals that we have just developed.

Proof. — By Proposition 10 of Preliminaries, we may assume that m > n/2. Indeed,
(25) is equivalent to

I{(e(D)"(a(@)a (D))} "“fll2 ~ I(=A)™"*f|l2
for any integer » > 0 and o(£)" is a homogeneous polynomial of degree mr.

We show that ||LY/2f|ls < ¢||(=A)™/2f||;. The argument for obtaining this in-
equality with L* replacing L is similar and we conclude using Proposition 3 of Pre-
liminaries.

By Proposition 5 of Preliminaries the above inequality is equivalent to the quadratic
estimate

1/2

oo dt 1/2
([ na+emntenowiani §) " <l (26)

which we obtain by applying Theorem 11 to the operator family defined by U, f =
(1+t*™L)"1t™o(D)(af). Indeed, the estimate (18) holds for s = m by the global
L2-estimates (Proposition 2 of Preliminaries) and, since m > n/2, it follows from
Theorem 29 in Chapter 1 that the kernel of U, satisfies (17). Thus, (26) holds if
and only if U1 is a Carleson function. The latter is proved following the argument

d d
presented for — = (a(a:)%) in dimension 1 since the cancellation property U;a~! = 0
holds here too. O

2.3. Counterexamples

We do not claim that the conditions on weakly regular families are the weakest ones
for the conclusion of Theorem 11 to hold. However, one cannot drop the regularity
assumption (18). Here is a counterexample in L?(R) where the size condition (17) is
satisfied, yet the conclusion of Theorem 11 fails.

Consider operators U; given by their kernels

oo

Ui(z,y) = Z ajk(y) hjx(z),

k=—o0

SOCIETE MATHEMATIQUE DE FRANCE 1998



78 CHAPTER 2. QUADRATIC FUNCTIONALS

when 277 < t < 279+1 the functions hjx(z) = 29/2h(29x — k), j, k € Z, generating
the Haar system, and the functions a;(y) being of the form 2//2a(2/y — k) where a
is some square integrable function with support in [0, 1] and fol a=0.

These assumptions imply that for all t > 0,

/ Ui, dy < 2lalla /77 xrss
r<|z—y|<2r

and U;1 = 0. Observing that
e dt
| B =m2 T ltranr (27)
ik

it remains to choose a so that the last sum is infinite for some f € L2(R).
Let (a,) and (f,) be two non negative sequences in £2(N) and set

a(x) = Y ane®™"® x0.1)(2)
n>0
and

F@) =" £2€7"% xpo)(2).
n>0
Restricting the summation in (27) to j > 0 and 0 < k < 27, we find after an
explicit calculation that

e(2k+1)z7r2"' i

(f,a5k) = Zanf]+n2 ]/2+Z Z an f ) ——————sin(72™9)29/2,

n>0 n>00<m<y
Calling c¢; and dj respectively the series above, we have
ldiel <2 ) anfm27mI2mI202,
n>0 0<m<j

hence, with the above restriction on j and k,

Z|d,k|2<42(z S anfm2 2™ )

]>0 n>0 0<m<j

By Yy ase

J>0 n>0 0<m<j

=2 @Y s = FlalBifE

n>0 m>0

Thus, (27) is infinite as soon as 3,5, lc;|?27 diverges. Choosing a, = (n + 1)~%,
1/2<a<1,and f, = (n+1)"?,1/2 < B < 3/2— a, gives us the desired conclusion.

It turns out that the smoothing property (18) may fail for the operator families
arising from the square root problem.
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Proposition 19. —  For each n > 2 there is a real symmetric elliptic operator L =
—div(AV) on R™ such that, if 6, = e~ *'Ltdiv A, then 6;(—A)*/? is unbounded on
L2(R"™) for anyt >0 and s € (0,1).

Proof. — The idea is based on the fact that weak solutions of Lu = 0 do not satisfy
AVu € U,soH], in general. The first step of the construction is the reduction to
weak solutions.

Since the norm on the homogeneous Sobolev space H*(R") is given by ||f|l;7. =
(=A)*/2f|l2, by duality the conclusion of the proposition is that AtVe=*'L is not
bounded from L2(R™) into H*(R™).

We argue by contradiction. Assume that L is such that there exists 7' > 0 such
that ATVe~T"L is bounded from L2(R™) into H*(R™). If, in addition, the coefficients
of L are homogeneous of degree 0, then L is invariant under dilation on R™ and this
implies that for all ¢ > 0, AtVe~*'L is bounded from L2(R") into H*(R") with

— 2 —_—
14tVe™ ¥l . < ct™°|I fll2.

Furthermore, since e~*°L is bounded from H~!(R") into L2(R") (see Chapter 1) with
norm bounded by csup(t~!,1), we obtain using the semigroup property that

— 2 - —
|AtVe || g, < ct™* sup(¢™1, 1)]| fl| mr-1.

Since s < 1, this estimate can be used in the Laplace transform formula (60) of
Chapter 1 to obtain that

1AV (L + L) fll . < cllflla-1-

Now, let u be any weak solution of L on an open set 2 and v = xu where x is a test
function on 2. Since
(1+ L)yv =v — AVu - Vx — div (uAVx) € H™}(R"™),

we have that AVv € H*(R™). Also, Vv € L?>(R"), so that AVv € H*(R"), hence
AVu € H} (R™). It remains to construct a counterexample to this last fact.

Let F : R? — R? be a bilipschitz homeomorphism that is homogeneous of degree
1 and orientation preserving. Such a map is easily built from its restriction to the
unit sphere: in polar coordinates, any map e*® — (%), where b is a non-decreasing
bijection on [0, 27] that is Lipschitz with b’ and 1/b’ bounded, gives us such an F. In
particular, b can be chosen so that VF ¢ Ug<s<1 Hf . (R?).

To see this, observe that VF € Hf, (R?) would imply

/ |VF(z) — VF(y)|?
KJK |z — y|2+2e

dzdy < 00

for any compact set K of R2. Choosing K defined by 1/2 < r < 3/2 in polar
coordinates, an elementary computation would yield to

[b'(6) = ¥' () o
dfde’ < oo,
I
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which, together with b € L*([0,2n]) would mean that b’ € H°([0,2x]). Hence it
suffices to have b’ ¢ Ug<s<1 H*([0, 27]).

Next, the jacobian matrix of F', Jp, and its inverse are bounded so that L =
—div (AV) € £(5) for some § > 0, where A = |det Jr|'Jz'J5'. Denoting by Fi, F»
the coordinate functions of F, it is easy to see that LF; = 0 in the weak sense and
that AVF, = (0F,/0z2,—0F>/0x1). We have obtained the desired conclusion when
n=2.

For dimensions n > 3, it suffices to add to the above operator acting on the first
two variables the Laplacian in the other n — 2 variables. O

2.4. Quadratic functionals of irregular families

A consequence of Proposition 19 is that in dimension n > 2, the quadratic func-
tionals arising from the square root problem for divergence form operators do not fall
under the scope of Theorem 11.

The counterexample presented in Section 2.3, which is not related to a differential
equation, suggests that there is no abstract result to handle |6;|s unless we make use
of the differential character of 8; = e~t"Lt div A.

There are two features expressing this character. The first one is a special form
of regularity, namely that 6, is smoothing of order 1 only when acting on gradient
vector fields.

Lemma 20. — With the notation above,
10:V )22 < ct™h.
Proof. — Since
0.Vf=—eVLtLf = —tLe "L f, fe D(L),
the estimate follows from the uniform boundedness of t>Le~*"L on L? (R™). O

The second one is what we call the structure of 8; and is a consequence of ellipticity;
this structural feature tells us that the study of §; can be restricted to gradient vector
fields. Unfortunately, this is at some expense as far as the control of constants is
concerned.

Let us come to precise statements, formulated in such a way that they apply also
to various situations, including higher order operators (and even systems, see Section
2.6.1).

Consider V;: L2(R";CP) — L2?(R";CY), t > 0, a family of uniformly bounded op-
erators with |Vi|2,2 < c¢o. Here, p,q are two non-negative integers and C?,C? are
equipped with their respective Hilbert space structure. We make the following as-
sumptions.
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(i) Size condition: there exists € > 0 such that the distributional kernels V;(z,y) of
Vi, taking values in B(CP,C?), are locally integrable and satisfy

/rSIz—ylszr |Vi(z,y)| dy < coinf ((;)s, (;) n+s>, (28)

uniformly in t > 0, » > 0 and z € R™.
(it) Partial regularity condition: there exist a bounded convolution operator, II, on
L%(R";CP) and a constant s > 0 such that

IViIL(=A)*/2 f||s < cot™®||fll2, t> 0. (29)

(iii) Structural condition: V; factors through V;II in the sense that there exists a
bounded operator X on L?(R"; CP) such that

Vv, = V,IIX. (30)

The operator II can be represented by a p X p matrix with entries being scalar con-
volution operators. In applications, they will be Calderén-Zygmund singular integral
operators of convolution type acting on L?(R"). See [71] or [63] for definitions.

Under the size condition, the vector-valued version of Lemma, 12 shows that V; maps
bounded vector-valued functions to bounded vector-valued functions. In particular,
note that for each ¢ > 0 and z € R”, (V;f)(z) belongs to C?, while (V;1)(z) belongs
to B(CP; C?) (see a prior remark in Section 2.2.3), so that their norms should be taken
in the respective spaces.

Theorem 21. — With the assumptions above, we have
(1) M)t>o0 is a bounded family if and only if Vi1 is a Carleson function.
(ii) When |V;1|. < oo, one has

[Vifle < erlVellell flloo + c2coll flloo,  f € L°(R™;CP), (31)
where c1 = c|Il|2,2|X|2,2 and c2 = c(n, |II|2,2,|X]2,2, 8).

Proof. — By the remark at the end of Section 2.2.3, the CP-valued version of (21)
holds, hence for some constant c,

[Ville < €|Vi|s + cco < o0

and this uses only the size condition (28) and the uniform L2-boundedness of V;.
Thus, |Vi|s < oo implies |V;1], < oo.

We turn to the converse implication. First, the structural condition and (23)
implies that

[Vils < |Vill|s| X |2,2- (32)
Next, mimicking the proof of Theorem 11, we have

VL = My P11+ (Vi — M) PIL+ Vi (I — PII, (33)
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where P, acts componentwise on L?(IR”; CP) and is appropriately chosen, and where
M, is the pointwise multiplication by the matrix (V;1)(z).

Using (28), the first two operators in the right hand side of (33) are analyzed as in
the proof of Theorem 11 and II plays no other role than being bounded. Thus,

| M PIl|s < c|l]2,2|Ville and |(Vi — M) PiI|s < coc(n, €)|TI|2,2.

In the last term, we cannot control V(I — P;) since the operators V; do not satisfy
(18). This is where II plays its best role. We have V;(I — P,)II = II(I — P;) since
both I — P, and II are convolution operators. Applying now Lemma 16 to U; = V,II
gives us

|[V:(I — P)|s < coc(n, s).
Thus, we have shown that

IV;HLS < C|H|2,2|thlc + coc(n,z-:, S), (34)
and together with (32) we obtain
[Vils < C|l|2,2|X]2,2|Vi1|c + coc(n, €, 5). (35)

We turn to proving (31). Let f € L°°(R™; CP) with norm 1. Then, by Lemma 15
and (35), we obtain,

|V;.‘f|c S IVvtls + CCo S C|H|2,2|X|2,2|‘/tl|c + cCp,
which is (31) and the proof of Theorem 21 is finished. O

Remark. — We do not know whether ¢; = 1 in (31) (compare with (19)). For
application to the square root problem, a good description of c; is desirable towards
the best perturbative results. This involves optimizing the various inequalities used
in the course of the proof. We postpone this matter until Appendix C.

2.5. The heart of the matter

In Section 2.2, we have treated square roots of differential operators that enjoy a
special structure. Let us now consider the general case.

With the notation of Preliminaries, we are given a homogeneous differential oper-
ator of order 2m in R™, n > 2,

L= (-1)"0" (ass 6°) (36)
assumed to satisfy the Garding inequality (18) in Preliminaries, that is
Re [ aag 0 577 2 |V 1B,
R"

To simplify the exposition, we use the summation convention for repeated indices.
Here, |a| = |8] = m. Recall that V™ f is the array of all mth order partial derivatives

of f, valued in C?, p = (m:fl_ 1).

ASTERISQUE 249


file:///Vtf/c

2.5. THE HEART OF THE MATTER 83

2.5.1. Characterizations of (K) in terms of quadratic functionals. — The
next result turns out to be more useful for our purpose than Proposition 5 of Prelim-
inaries.

Theorem 22. — Assume that L is given by (36). Then, the following are equivalent.
() L2 flla < ClIV™fll2 ;

) . 1/2
) (Jo> llem* " tm0° (anpFa)l3 dt/t) < cllFllo;
1/2

(i) (f (1 + 2™ L) 1m0 (aasFp)IE dt/t)"* < clFll:.
Here, F = (Fj) € L?(R"; CP).
Proof. — We only consider the equivalence between (i) and (ii) as the argument for
the equivalence between (i) and (iii) is the same.
Defining 6, : L%(R"; CP) — L%(R") by
O.F = e V" Lt™ 0% (anpFs), F = (Fs) € L*(R™;CP), (37)

then (ii) means that |0:|s < 0.

Let A be the operator of multiplication by (asg) on L2(R"; CP).

As in Preliminaries, we begin with the polar decomposition of V™. To simplify the
notation, write D = V™. Then D = RS, where S is the one-one positive selfadjoint
operator on L2(R") given by

s=( ¥ comerr)”

la|=m

and R is the partial isometry defined by R = DS~!. Define next, B = R*AR. We
have L = D*AD = SBS.
The operator B is bounded and it follows from the Garding inequality that

Re (BSf,Sf) > dlISfll3, f€D(S).

Since S has a dense range in L?(R"), this implies that B is invertible and w-accretive
on L?(R") for some w < w/2. By Proposition 5 of Preliminaries, assertion (i) is,
therefore, equivalent to

had ZmL 2dt 1/2 2
([Treerrmsprg ) <clfla, fe 2@, (38)

where we have changed ¢ to t™ for convenience.
Next, observe that

8.Rf = et " Lt™SBY.
We conclude that (38) holds if and only if |6,II|s < oo, where II = RR* is the

orthogonal projector onto the range of R.
The next result shows that |0;II|s ~ |0:|s, which ends the proof of Theorem 22. [J

SOCIETE MATHEMATIQUE DE FRANCE 1998


file:///0t/s

84 CHAPTER 2. QUADRATIC FUNCTIONALS

Lemma 23. — We have 0; = 6,11X, where X = II(ILATI) 'ILA. Hence,
|6:I0[s < [Bels < [1(aap)llood ™" |6eT]s. (39)

Proof. — Let us first explain the meaning of X. We have IIAIl = RBR*, hence ITAII
is invertible on the range of II, and it is not hard to see that the norm of its inverse is
controlled by the inverse of the ellipticity constant ¢ in the Garding inequality. Thus,
X is a well-defined and bounded operator on L?(R™; CP) and

X122 < [l(@ap)llocd ™
Note that, II being a projection, IIAILX = IIAX = IIA. Since R* = R*II, we have
R*AIlX = R*TIAIIX = R*TIA = R*A.
Hence,
0,JIX = e ¥ "LtmSR*ATIX = e ¥ " LtmSR* A = 6,.

We have shown that 6; factors through X, and this implies |6;|s < |X|2,2|6:11|s.
Moreover |6:II|s < |6:|s since II has norm 1. The lemma is proved. Od

2.5.2. Characterizations of (K) in terms of Carleson measures. — In the
next result, we assume that L has the property (G) defined in Chapter 1. Recall that
this means that the heat kernel for L has a Gaussian decay (together with Holder
estimates which are not used here).

Let us check the hypotheses of Theorem 21 when V; = 6, defined by (37).

The vector-valued kernel of 6; is —t™aqg(y)(0y)* Ki2m (z,y) where Ki(z,y) is the
heat kernel for L. Thus, the size condition (28) is a consequence of Theorem 29 in
Chapter 1.

Next, the partial regularity condition (29) is obtained as in Lemma 20 for second
order operators. First, one sees via the Fourier transform that II is a Calderén-
Zygmund singular integral operator of convolution type in L?(R";CP). Then, using
the notation introduced in the proof of Theorem 22, we write for f € D(L),

OIS = e "Lt 9% (aapd’ f) = (~1)e "V " LtmLf = (1)t Le =L,
and the uniform boundedness of t2™Le=*"L f on L2(R™) gives us
10:LS fll2 < ct™™(|f|l2-
Hence,
1. T(—=A)™2 flla = ||6:TLS S~ (—A)™ 2 |l
< et™mISTH=A)"2 fll2 ~ £ £lla,

where the last equivalence is obtained from the Plancherel theorem.
Lastly, the structural condition has already been checked in Lemma 23. Thus,
combining Theorem 21 and Theorem 22, we have obtained
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Theorem 24. — Assume that L given by (36) has the Gaussian property (G). Then,
the following assertions are equivalent.
() 1221l < CIV™ 1l
(ii) For |B| =m, |e=t " Lt™(0%ang)(x)|?dzdt/t are Carleson measures on R™ x R*;
(iii) For |B| = m, |(1 + t>™L)~1t™(8%aqg)(z)|?dzdt/t, are Carleson measures on
R™ x RY.

Again, the argument with (1+ ¢2™ L)~ replacing e=**" L is completely similar and
is omitted.
In the general case where the property (G) is not fulfilled, we have the following

characterizations, which we only write for operators of order 2.

Theorem 25. — Assume that L = —div (AV) is mazimal accretive on L2(R™). Set
Ly = —A¥div (AV)AF*, with k integer such that 4k + 2 > n. Then, the following
assertions are equivalent.

(i) IIL2f]l2 < ClIVfll2s

(i) |e~t""*Leg2k+1(AF div A)(z)|2dzdt/t is a Carleson measure on R™ x Rt ;

(iii) [(1+¢**+2L0,) 12k (AR div A)(x)|?dzdt/t is a Carleson measure on R™ x Rt.

Proof. — By Proposition 10 of Preliminaries, (i) for L is equivalent to (i) in Theorem
24 for Lj. By Proposition 28 of Chapter 1, Ly has the property (G) since k is large
enough. The proof is complete by applying Theorem 24. O

Remarks

1. It looks as though checking (ii) or (iii) in Theorem 25 is more difficult because
we are dealing with a higher order operator instead of a second order operator.
But this is only superficial: the conditions we can produce to verify (ii) or (iii)
do not depend on k but only on the structure of A.

2. We have stated these results using the heat semigroup and the resolvent for L
by simplicity and for their connections with parabolic and elliptic equations.
However, one can use more general functions of L of the form ¢(t2™L).

3. Assume that L is of order 2 in Theorem 24. An examination of the argument
shows that one can replace in the proof the resolvent by (m~!+¢2L)~!, where m
is any bounded and accretive function on R", since the kernel estimates are not
affected by the choice of m (see Chapter 1, Section 2.5.1). Using the discussion
in Section 0.8 of Preliminaries, this shows that Theorem 24 applies to mL.
Since the space of Carleson functions on R™ x R* is invariant under bilipschitz
transformations in R™, this also proves that the statement of Theorem 24 for
second order operators is invariant under a bilipschitz change of variables.
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2.6. Miscellaneous results

2.6.1. The inequality (K);,.. — So far we have only considered equivalent for-
mulations of the inequality (K), namely ||L'/2f||s < C||V™ f||2, where L is as in (36).
We indicate in this section how to deal with its local version:

L2 fll2 < CUIV™ fll2 + 11 £1l2)- (K)ioc

As explained in Section 0.7 of Preliminaries, functional calculus shows that (K);oc
is a consequence of

L+ N2l < CUI=2)™ + 22 £l (40)

for any A > 0. Recall that this is obtained by factoring L + A as D*AD, where
= (V™f, f) and A is the operator of multiplication by the matrix

((agﬁ) g) '

If L has the local Gaussian property (G)i,. and if A is large enough, L + A has
the property (G), with in addition, an extra factor e~9"" for some a > 0 in the
estimates. This is where the choice of A is made. Therefore, the same results on
quadratic functionals apply and (40) is equivalent to

e——tzm(L+)\)tm (aaaaﬂ)(z), I/BI =m, and e_th(L+>\) (trn)‘l/2)(z)
being Carleson functions on R™ x R*. As we have the bound

Ie——tz"‘ (L+X) (tm>\1/2)(z)| < Ctme—atz’"

K

the Carleson measure estimate is readily seen. Now, the first function can be written
e“”zmg(w, t) for some a > 0 and the following simple lemma applies.

Lemma 26. — Let f: Rt — RT be bounded and such that [ f(t)dt/t is finite for
all 7 > 0. Let g(x,t) be a bounded function defined on R™ x RT. Then f(t)g(z,t) is
a Carleson function if

Q)

inf / JaNE APEL <o (41)
$>0 geal@ <, 1Q]

Calling local Carleson functions the functions g(z,t) satisfying (41), we have ob-

tained the local version of Theorem 24.

Theorem 27. — Assume that L given by (36) has the local Gaussian property (G)ioc.
If (e_t2mLtm6°‘aa@)(z) are local Carleson functions for all |8] = m, then (K)o is
valid.

Remarks
1. Of course the analogous statement holds with the resolvent replacing the semi-

group.
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2. Note that the above theorems on quadratic functionals also have local analogs
in which the variable ¢ is restricted to bounded intervals (0, T]. Alternately the
measure % may be multiplied by any non-negative bounded function of t. We
leave to the reader the care of stating them.

3. Theorem 27 remains valid if L is perturbed with lower order terms as in Section
0.7 of Preliminaries. This can be seen either by combining Theorem 27 for the
leading part and Proposition 11 of Preliminaries or by adapting mutatis mutan-
dis the arguments on quadratic functionals of this chapter. This, in particular,
is useful if L + )\ is maximal-accretive for Re A large enough, which is the case
when L satisfies the Garding inequality

Re (Lf, f) > 8IV™fII3 - cllfII3

for some 6 > 0 and ¢ > 0.

If L does not have the local Gaussian property, then we use Proposition 9 of
Preliminaries and change L+ A to (—A +1)¥(L+X)(—A +1)* for some k. Expanding
terms one finds

(=A)*L(=A)* + X + perturbations
and these perturbations can be disposed of by adapting Proposition 11 in Preliminar-
ies. We find that (40) is equivalent to

(A L(=A)* + N fll2 < CUI((=A)™ 2 + N2 £, (42)

If k is large enough then (—A)*L(—A)* has the property (G) and Theorem 27 ap-
plies to this operator. Specializing to second order operators, we have obtained the
following result.

Theorem 28. — Let L = —div(AV), k be an integer with 4k + 2 > n and set
Li = (~AXL(=A)k. If et Leg2k+1(Ak div A)(z) is a local Carleson function
then (K)ioc is valid.

Remark. — The results presented in this section extend to elliptic systems satisfying

a bona fide Garding inequality. The reader can consult [38] for a presentation of the
theory of elliptic systems. The extra work needed here is purely algebraic.

2.6.2. Localization principles. — When reformulating Theorem 21 for differen-
tial operators, one can obtain local statements. The main observation is the following
lemma that comes after reexamination of (33) and its use.

Lemma29. — Let L be as in (36) and assume that it has the property (G). Let 6,
be defined by (37). There is a constant ¢ such that for f € H™(R™) one has

(6:V™ f)(z) = (6:1)(z) - (PV™ f)(z) + be(z)
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with
| [ m@r £ <o, (43)

Corollary 30. — With the assumptions above, let Q¢ € Q be a cube such that
dxdt
sup 757 / / 6 @)PEE < o,

where the supremum is taken over all cubes Q C Qo. Then, for all f € H™(R™) with
support contained in $Qo, we have

L2 fll2 < CIIV™ fll2-

Proof. — We have to estimate [ [.. [(6:V™f)(z)|?dzdt/t. By the previous lemma,
we are reduced to control [;°f . [(6:1)(z) - (P.V™ f)(z)|?dzdt/t. The integration over
z € Qo and t < £(Qo) can be controlled by the hypothesis on (8;1)(z) and Carleson
inequality. The integration over the remaining part is taken care of using the support
condition on V™ f and straightforward estimates on P,V™ f. O

In order to use this result efficiently, we note the following lemma.

Lemma 31. — Let Ly and L, be as in Lemma 29, such that their coefficients agree
on an open set Q). Then, there exists ¢ > 0 such that for all cube Q € Q with 2Q C Q,
we have

/ i F —0F|” < C— e(Q)llFu%, F e L*(R™CP), Supp(F)C 9, (44)

and
/ 01F 0P < O IFIIQL F e L=®0). (45)
Proof. — We have used the evident notation that 6 corresponds to L;, where we

replace the heat semigroup by the resolvent for convenience.
Let us prove (44) first. Since the coefficients of L; agree on Q, u; = 0} F — 69F is
a weak solution of the equation

/ut ¢+t2’"/aaﬁ 8Puy 8% =0

for all ¢ € H*(Q). Using ¢ = u; ¢? where @ is a smooth test function equal to 1 on
Q, supported in 2Q) and scaled to the cube @, we obtain

[ 1o+ 7 [ 09 0 (up) 0 (@i0) = £ [ aap v10s

where
Vtap = —0Pu; 8%(W ©?) + 0% (ue o) 8% (U ).
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Hence, by the Garding inequality,

/Q ul < [ lufe? < e / fot,asl.

Calculating v; o using Leibniz formula, we see that the terms 8Pu; 8%z p? cancel.
For the other terms, since ||87us||2 < ct~1!||F||; by the basic L? estimates and using
size estimates on the derivatives of ¢, we obtain that t2™ [ |vy 4g| < ct/£(Q).

To prove (45), we localize F' as F; + F» where F; = 0 outside of 2Q). Then we use
(44) for F; and the method of Lemma 15 for F, where the difference plays no role
in 8} F, — 62F,. This lemma applies since the kernels of 6} satisfy estimates (76) of
Chapter 1. This finishes the proof. O

Theorem 32 (Localization principle for square roots). — Let Ly and L; be given by
(36). Assume that they both have the property (G) and that their coefficients agree on
an open set Q. If (K) holds for Lo then for all f € H™(R™) with support contained
in a fized compact subset of 1, we have

1LY fllz < CIIV™ f]l-
The proof goes as follows. If (K) holds for Lo, then 691 is a Carleson function. Using
Lemma 31, we obtain that 6} 1 satisfy the hypothesis of Corollary 30 for every cube

Qo such that 2Q¢ C Q. The conclusion follows by using a Whitney decomposition on
Q (see [71]).

Remark. — 1t is not clear whether one can drop the hypothesis on Gaussian estimates
in this result.

SOCIETE MATHEMATIQUE DE FRANCE 1998






CHAPTER 3

POSITIVE ANSWERS TO THE SQUARE ROOT
PROBLEM

3.1. Introduction

In this chapter, we present some positive answers to the square root problem, that
is, situations where the inequalities (K) or (K)o are valid. As we rely on the criteria
and methods developed in Chapter 2, it cannot be read independently. For simplicity,
we restrict our discussion to second order operators but it will be clear that many
analogous results hold for higher order operators.

The most original part of this chapter is the introduction and the study of a class,
denoted by S (resp. Sioc), of complex-valued matrices for which the inequality (K)
(resp. (K)ioe) is valid. The main property of S and Si.., aside from leading to
inequality (K) or (K)o, is to be open in the L* topology. Thus, we generalize
the results in [19] and [35, 37, 36|, namely that (K) holds for perturbations of the
identity or of constant elliptic matrices Ag, to the case where Ay belongs to S or to
Sioec- It is even possible to estimate how small the size of the perturbation may be:
we do it in Appendix C when Ay = Id and essentially find the same result as Journé
[45].

We also obtain Tb type results for a subclass of S which is characterized by a
differential structure condition on its elements. For example, several well understood
classes of matrices in homogenization theory, for which the homogenized matrix can be
computed to some extent (see [44]) (though we do not require periodicity in our case)
enter this class - we do not understand satisfactorily this coincidence. An example
is the class of elliptic matrices depending on one variable, which are used to model
stratified media.

The class S;oc contains matrices enjoying very mild smoothness properties. To
this end, we introduce the notion of absolutely bounded mean oscillation (ABMO),
which is the analog, in the sense of BM O, of absolute continuity. It encompasses
regularity conditions such as uniform continuity, vanishing mean oscillation, or local
uniform differentiability in some Sobolev space with positive regularity index. In



92 CHAPTER 3. POSITIVE ANSWERS TO THE SQUARE ROOT PROBLEM

Appendix A, we give a few characterizations of this notion, including its Littlewood-
Paley description, various examples and counterexamples. A surprising result is then
that the map A — L'/2 (see question 2 in the Introduction) is analytic at any Ag €
ABMO for the BM O topology.

Let us stress the fact that no exhaustive description of S or S;.. is available at the
present time. In particular, whether real and symmetric elliptic matrices belong to S
is an open question.

This led us to revisit the selfadjoint case. Indeed, when L* = L, the inequality
(K)ioc is true, hence the Carleson estimates described in Chapter 2, Theorems 24 (in
the real case) and 25 (in the general complex case) must hold. We find nevertheless
interesting to give a direct proof of these estimates. Though it is much longer than
the abstract one, it has two advantages: it is constructive and it sheds light on the
connection with the moments of Nash.

3.2. The class S and the inequality (K)

If F = (F,...,F,) is some C"-valued function defined on a domain of R™, denote
by VF the matrix whose column vectors are VIy,...,VE,.

In the sequel ¢ is a function in C§°(R™) with support in the ball B(0,1) and
Jo = 1. As in Chapter 2, it is associated to an approximation of the identity
(Pt)t>o0 and it is understood that P; acts componentwise on vector-valued functions.
Choosing ¢ non negative makes P; a positivity preserving contraction on L™, but it
is not necessary. We use the notation of Chapter 2.

Before we introduce the class S, it is worthwhile giving a heuristic (and incorrect)
argument ignoring constants, localizations, etc. As before we set 6, = e t’Lt div A.

Let Q be a cube and f € H'(R™) with support in Q and ||Vf||3 ~ |Q|. Starting
from Lemma 29 of Chapter 2, we have

{(Q)
L[ iev@ren@r st
(@
< [ etran avn@p 4 oo

HQ) dzdt
s 2
<[ [ v avp@Er EE +dal.

Thus, if one also has ||div AV f||2 ~ |Q|/£(Q)? and, in the spirit of [69], a control
of the Carleson norm of ;1 by expressions of the form

£(Q)
[ [1en@ren@rE®
0 Q

then one can conclude that this Carleson norm is finite. This is the reason for the
next definition.
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Definition 1. — Let A € A. We say that A € S when there exist constants C > 0,
a > 0, p > 1, and, for each cube Q € Q, a function Fg: u@Q — C™ fulfilling the
following requirements.

(i) Fo € H'(uQ) and [, |[VFol? < CIQl.

(i) div(AVFg) € L?(uQ) and

@l
£(Q)?

Here, the divergence is taken in the sense of distributions on u@.

(i) For every family (y:)t>0 in L (R™ x R*; C™), one has

/ |div(AVFg)? < C
uQ

1 4@ dedt
sup o [ [ (@) PAVFR) @ S > afl? ~ Cliel,
eee @l Jo  Jo t

where it is understood that VFg = 0 outside uQ.
Here, u@ is the cube with the same center as @, dilated by a factor p.

Definition 2. —  We say that A € S;,. when the above conditions hold for cubes
Q € Qp, where Qg denotes the class of cubes in Q with £(Q) < 1.

Remark. — Note that if the family (Fp) satisfies the above conditions, so does
(Fg + cg) where cq are constants. This means that, in addition, we may assume that
Fg have mean value 0.

Remark. — The following conditions are equivalent to the ones in Definition 1.
There exist constants C > 0, a > 0, p > 2, and, for each cube @ € Q, a function
Fg: @ — Cn fulfilling the following requirements.

1 1/p
(l)’ FQ € Wl,p(Q) and (lQ—|/ IVFQIP) < C.
Q
(i)’ div (AVFg) € L*(Q) and
div(AVEFQ)|’ < C 19| .
[ 1div (av I < 0y
(iii)’ For every family (v;)¢>0 in L®(R™ x R*;C"), one has
1 (4@ dwdt
sp o [ [ @PU(VEQ)@P S > alul? - Cllulz,
Qee Q1 Jo Q t
where it is understood that VFg = 0 outside of Q.
That (i-iii) imply (i-iii)’ follows from Meyers estimate (17) of Chapter 1. The
converse is straightforward.

The main results of this section are the following ones.
Theorem 3. — The inequality (K) (resp. (K)ioc) holds if A€ S (resp. Sioc).
Theorem 4. — The class S (resp. Sioc) is open in L°(R"™, M,,(C)).
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As a consequence, we have

Corollary 5. — For any Ag € S, there exists €(Ag,n) > 0 such that (K) holds for
L = —div (AV) whenever ||A — Ag||lec < €(Ao,n).

By taking Fg(z) = z, one sees that any constant elliptic matrix Ag belongs to S,
so that Corollary 5 extends results in [19] and [35, 37, 36].

Proof of Theorem 3. — Choose once for all an integer k£ > (n — 2)/4 and set

68 = et PLu 2kt AR diy A

and

0P 1)(z) = e~ P Le k1 (AF div A)(z),
the latter being a C™-valued function. Applying Theorem 25 of Chapter 2, it is enough
to show that (0§k)1)(.1:) is a Carleson function. Observe that it is uniformly bounded.
From (iii) in the definition of the class S, we are reduced to proving that there is a
constant C such that for all cubes @ € Q,

a1(Q) < ClQ),

where
d:z:dt
Q) = / / (69 1)(@) (P V ) ()2 222
Fix @Q € Q. Recall that VFg is only defined on u@, where 1 > 1, so that a local-
ization argument is necessary. Let x¢ be a C§°(R"™) function supported in (%E)Q,
with xo = 1 on (3£)Q and ||[Vxqlleo < e(n, u)€(Q)™"

Forz € Q and t < ";—IE(Q), we have
(PVFgQ)(z) = (PV(xq FQ))(z)-

Hence,

E514(Q)
w@= [T [ 10ED@@nTixe R

(Q)
o[ /1 (61)(2) (P.VFo) (z)

2 dzdt
B14Q) '

(1)
Using the uniform L2-boundedness of P;, one has
3
[ [ 160@Evra @t < qeiiz e [ 19Far.
£=14(Q) -1

Applying Lemma 29 of Chapter 2 with f = xg Fg to the other term in the right hand
side of (1), we obtain

01(Q) < 202(Q) + ¢ / VFal, @
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where ,
w@= [ [ 16096 Fan@r 5.
To control az(Q), we compute 0§k)V(XQFQ). For z € @), we have
OFV(xo Fo)) (@) = (6 (Vxa) Fo)) (@)
+ et L2k AR div (Ax oV Fo)(). 3)

For the first term in the right hand side of (3), we use the following variant of Lemma
15 in Chapter 2.

Lemma6. — Letp>X>1,Q € Q and f € L2(R™;C") supported in pQ \ Q.

Then
{Q dzdt
(k) 2 2
/0 /Ql(ﬂt HNE@N® —— SC/IfI ; (4)

where C' depends only on n,d, \, p.

To prove this lemma write
69 1)(@) = [ 6 @,0)1 W) dy

and observe that when z € @Q and y € Supp f then |z — y| ~ £(Q). Hence, by the
Cauchy-Schwarz inequality and estimate (76) in Chapter 1 (where the roles of  and
y are reversed and ¢'/2™ is changed to t),

¢ N@P < [ 1l dy / F @) dy

|e—y|~t
<cpu(42) [rwra,

where w(u) = u? exp { — au(**+2/(*k+D} with some a,e > 0. A straightforward
computation then gives us (4) and the proof of Lemma 6 is finished.
Applying this lemma with f = (Vxg)Fg, we have

/ / 68 (VX F)@F T < C [ [xa)PIFa)P dy. (5)

For the other term in (3), observe that the operators et L2k Ak gre uniformly

bounded on L2?(R"). Hence,
/ / 6P (VRN @ EE < 0 / / £2|div (Axq VFo) (z)? =&

<0uQp [1div(AxeVF)@lds.  (6)

d:cdt
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96 CHAPTER 3. POSITIVE ANSWERS TO THE SQUARE ROOT PROBLEM

Combining (2), (3), (5) and (6), we obtain

@(Q) <C / IVFg* +C / IV (xQ)PIFal? + C(Q)? / | div (Ax@VFo)[*.

Now, we use the hypotheses on Fg and xq together with the remark that Fy can
be chosen to have mean value 0. On the one hand, (i) and Poincaré inequality imply
that

/ IVFl® + / IV(xe)PIFal? < CIQI.

On the other hand, since div (AxgVFg) = x¢ div (AVFg)+AVxq:VFg, we deduce
from (i) and (ii) that div(AxqVFg) € L?(R™) with

clel
€(Q)*

/ |div (Ax@VFo) <

Hence, we have proved that

a1(Q) < C1Q|,
where the constant C' does not depend on ). This concludes the argument. O
Remark. — A slight twist in the last part of the proof shows that condition (ii) in

the definition of S can be weakened to the following;:
(ii)’ For some 0 < s < 1, that does not depend on Q, div (AVFg) € H*~1(Q) with

QI
(Q)
Proof of Theorem 4. — Let A € S and M € L*(R", M,(C)). We have to show that
A+ M € S provided ||M||o is small enough.

Let Q € Q and Fg satisfying the conditions required by Definition 1 for A. If || M ||
is small, then Lax-Milgram lemma tells us that —div (A + M)V is an isomorphism

from H}(uQ) onto H~1(uQ), hence there is a unique vector-valued function Hg €
H} (uQ;C"™) such that

—div (A + M)VHg) = div(MVEFy),

and [, |VHgQ[* < c(n,d)|IM|1%, [,o I[VFQl*. Setting Gq = Fq + Hg, we thus have
J.o|VGaql* < c|Q| and

—div (A + M)VGq = — div AVFg € L*(R™),

[ div (AVFQ)||gs-1(@) £ C

so that G¢ satisfies (i) and (ii) with respect to A+ M.
It remains to show that (iii) also holds: this forces a further size condition on M.
Extend VHg and VGg to be 0 outside of Q. Carleson inequality implies

“Q) o dedt 2 2 2 2
L [ n@eor@rEE <ok [19Hal < opziMial
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Hence by definition of Ggq,

£(Q)
ol [ meEveawrEt

1 [ dedt
> o0 [ [ @@ E)@PEE - CluiM
21Q| Jo Q t

[
> (§ - CIMIZ ) el =l

We obtain (iii) by imposing ||M||2, < a/(4C) and this ends the proof of Theorem
4. O

Remark. — We see in this perturbation argument the role of the arbitrariness of the
functions +; in Definition 1.

3.3. Applications

3.3.1. Structure conditions: Tb-type results. — The Tb-Theorem provides
boundedness for operators annihilating bounded invertible and accretive functions.
See [61] and [27]. In the setting of square roots, there is again a dichotomy between
one and several dimensions.

In one dimension, we have taken advantage of the cancellation condition 8;a=! =0
(see Chapter 2, Section 2.2.2). However, a closer look shows that a plays a more
subtle role than just being bounded invertible and accretive: its inverse is also the
derivative of a Lipschitz function. We make use of this observation by claiming that
a is in the class S. Indeed, the function f(z) = [; a~'(y)dy has a bounded and
accretive derivative and D*aDf = 0. Thus, for each cube Q € @Q, the function
fo = f on 2Q satisfies (i) and (ii) of Definition 1, while (iii) comes from the inequality

Re P.(Df)(z) > a > 0 a.e. for some a > 0 provided P, is positivity preserving, which
we may impose. This, therefore, gives another proof of the one dimensional square
root problem on applying Theorem 3.

In higher dimensions, we also have 8;A~! = 0, but A~! need not be the gradient of
some Lipschitz (or even less regular) function. A Tb-type result in our context must,
therefore, include a structure condition of a differential nature. We come to this now.

The following definition is taken from [27].

Definition 7. — A locally integrable matrix-valued function M is said to be pseudo-
accretive when there exist @ > 0 and a compactly supported approximation of the
identity (P;)¢>o such that (P,M)(z) is almost everywhere invertible for every ¢ > 0
with [|(PM) oo < 1/cx

Example 1. — Accretivity implies pseudo-accretivity.
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98 CHAPTER 3. POSITIVE ANSWERS TO THE SQUARE ROOT PROBLEM

Example 2. — A triangular matrix-valued function whose diagonal entries are ac-
cretive functions or even pseudo-accretive in the sense of G. David [25], is pseudo-
accretive.

Definition 8. — A bounded and accretive matrix M is said to satisfy the structure
condition (SC) when there exists a Lipschitz function F': R®™ — C™ such that (i) VF'
is pseudo-accretive, and (ii) div (AVF) = 0 in the sense of distributions.

Remarks
1. If A= = VF for such an F, then A satisfies (SC). See below for an example.
2. We could clearly make this condition more local by replacing F' by a family
(Fg) of functions defined on cubes, and what follows would remain true. We
shall leave the details to the reader.

Theorem 9 (Tb-type result). — If A satisfies (SC) then (K) holds for the square root
of L = — div (AV).

Proof. — Just observe that matrices satisfying the structure condition form a subclass
of S, the argument being the same as the one presented for the one dimensional case.
Thus, Theorem 9 follows from Theorem 3. O

Let us describe some examples of matrices satisfying the structure condition. The
first two are commonly used in homogenization theory [44].

In the solenoidal case, i.e., if div A = 0, the choice F(z) = x shows that A satisfies
(SC).

The irrotational case is when A~! = VF for some Lipschitz F'. For example, take
A diagonal of the form

ax (1?1) 0 e 0
A(z) = 0 ag.(xz)
: .. . 0
0 e 0 an(zn)

where the functions a; are bounded and accretive on R.

Remark. — That (K) holds for such an example may also be seen using the one
dimensional result and functional calculi of commuting operators (personal commu-
nication of A. McIntosh and E. Franks).

A further example of a matrix satisfying (SC) is

k(zy 0 ... O

A@y=| 0 @ '
: .o .0
0 e 0 k()
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where k(z) = a1(z1)az(z2) - . .an(zn). It is not of either of the above types.
The next example arises in the study of stratified media.

Proposition 10. — If A is a bounded and accretive matriz on R™ that depends only
on one coordinate variable, then A satisfies (SC).

Proof. — Assume that A depends on, say, the first variable and write A(z;) for
simplicity. We look for F' as in Definition 8 starting from the ansatz

Fi(z) = fi(z1) and Fj(z) =z; + fi(z1), 2<j<n.

Calling ajr the entries of A, then a;; must be a bounded and accretive function.
Elementary calculations show that the choice

fl':L and f;z_ﬂ

gives us div (AVF) = 0. It is easy to see that VF' is upper triangular so that it is
pseudo-accretive (see example 2). O

Combining Theorems 3, 4 and this proposition, we obtain the following result.

Proposition 11. —  For every matriz Ao € A(8) that depends on one coordinate
variable only, there exists € > 0 such that (K) and (K*) hold for L = —div (AV)
when ||A — Al < €.

Here (K*) is the inequality corresponding to (K) for L*. We obtain it in the
conclusion because the assumptions are stable under taking adjoints.
Let us study three amusing examples in dimension two.

Example 3. — 1t is easy to show that a matrix-valued function B(z) in R? satisfies
B = VF and B* = VG for some Lipschitz functions F' and G if and only if

B(z) = Hu(z) + (_Ob (I;)

where b € R, u is a C*! complex-valued function on R?, and Hu is its Hessian. As
a consequence, if u is strictly convex with positive definite Hessian and b = 0, then
Ao = (Hu)~! satisfies (SC) and, therefore, L = — div (AV) will satisfy (K) and (K*)
for any A with ||A — (Hu)™!||e small enough.

Example 4. — Similarly, a bounded matrix-valued function satisfies divA = 0 and
div A* = 0 on R? if and only if
v A
0z20x2 0x101, 0 b
A =
=) v v = 0

811012 Ox.07,
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100 CHAPTER 3. POSITIVE ANSWERS TO THE SQUARE ROOT PROBLEM

where b € R and v is a C''! complex-valued function on R2. Hence, we see that such
matrices with b = 0 and v strictly convex with positive definite Hessian satisfy (SC):
just take F(z) = .

Example 5. — Assume that A € A and that det A is constant on R2. Then a
straightforward computation shows that

A"! =VF ifandonlyif div(*4)=0.

(This explains, in part, the similarity between the preceding examples.) Hence, for
elements of 4 with divA = 0 and det A constant and their L™ perturbations, (K)
and (K*) hold simultaneously for L = — div (AV).

3.3.2. Functions of absolutely bounded mean oscillations. — Let us begin
by introducing a new function space. We say that two cubes do not overlap when
their intersection is a null set for the Lebesgue measure.

Definition 12. — A locally square integrable (scalar- or vector-valued) function f
is of absolutely bounded mean oscillation whenever f € BMO and, for each £ > 0,
there exists 7 > 0 such that for all Q € Qg and any finite family @Q;, i € I, of non
overlapping cubes in Qg with @; C @ and £(Q;) < n€(Q), we have

> [ 1= ma.fP <elql (1)
iel V@i
Here, mq, f is the mean value of f over @;. The space of such functions is denoted
by ABMO.

Note that one could make this definition scale invariant by replacing the class of
cubes Qo by Q. Doing this imposes some behavior at infinity on f and this is not
desirable for the application we have in mind.

Proposition 13. — If A€ ANABMO then A € Sioc.

From this and Theorems 3 and 4, we obtain the following result (where (K*);o. is
the inequality corresponding to (K);,. for L*).

Proposition 14. — If Ao € AN ABMO then, for some e >0, (K)ioc and (K* )ioc are
valid for any L = — div (AV) provided ||A — Aolleo < €.

See the next section for a stronger result (Theorem 18).
Before going into the proof of Proposition 13, we give a few characterizations of
ABMO functions and some examples, postponing most proofs to Appendix A.

Proposition 15. — For f € BMO, the following assertions are equivalent.
(i) fe ABMO.
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(ii) For all € > 0, there exists § > 0 such that for all cubes Q € Q,
/Q 1 = Py (DI < el@l, (®)

where (Pt)t>o0 48 an approrimation of the identity as usual.
(iii) For all € > 0, there exist ¢ > 0 and, for each cube Q € Qo, two functions
bg € L?(Q), hg € HY(Q) with

f(x) —mqf =bg(z) + ho(z), =€Q,

/|bQ|2<e|Q| and /|VhQ|2_ &5’2

Example 1. — The spaces BUC and vmo are contained in ABMO.

Indeed, since BUC C vmo (see Chapter 1), it suffices to prove the inclusion vmo C
ABMO. If f € vmo and € > 0 then [, |f — mqf|? < €|Q| for £(Q) small enough.
Hence (iii) in Proposition 15 holds with hg = 0.

Example2. — 1If f € L*°(R") is such that, for some ¢ > 0 and s € (0,1), flg €
H#4(R"™) with

Q'
L(Q)*’

If1ollaseny < C VQ € Qo

then f € ABMO.

To see this, use the classical observation that, given any R > 0, any function
g € H*(R™) can be written as g = b+ h where b € L2(R™) with ||b]|» < CR~*® and
h € H'(R™) with ||Vh|| < CR'~*, and where C is proportional to ||g|| gs(z»,- Given
€ > 0, apply this to g = flg with R = (¢£(Q))~! to obtain (iii) in Proposition 15
and the proof is finished.

For s € (0,1/2), charateristic functions of cubes belong to H*(R™), hence point-
wise multipliers of H*(R"™) satisfy the above condition. Examples are characteristic
functions of Lipschitz domains (see [76]). The square root problem with coefficients
being pointwise H°-multipliers was first solved by McIntosh [57].

The characteristic function of a cube is not in vmo. Hence, the inclusion vmo C
ABMO is strict.

Example 3. — An integral regularity condition. If f € BMO is such that
1 h) — 2
up fa )~ f@)
QeQo |Q| [r|<SLQ)/Q ||
then f € ABMO. The proof is done in Appendix A.

dzdh < oo,

Example 4. — Any continuous function away from the origin that is homogeneous of
degree 0 belongs to ABMO.
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102 CHAPTER 3. POSITIVE ANSWERS TO THE SQUARE ROOT PROBLEM

Example 5. — Characteristic functions of domains whose boundaries possess a mild
regularity are in ABMO. Here is a precise condition.
Assume that Q is an open set such that there exists a non decreasing function
d: [0,1] — R verifying
(a) lim d(s) = 0,
(b) for any cube Q € Qo,

min {{Z € 2N Q5 d(z, Q) < sLQ)}],
{ {z € QNQ;d(z,Q) < s£Q)}| } < d(s)lQl,

where |E| denotes the Lebesgue measure of E.

Then 1o € ABMO.
Examples of such domains are Lipschitz domains for which d(s) ~ s and domains
with fractal boundaries such as snowflakes for which d(s) = O(s®) for some a > 0.
The argument is as follows. Let f = 1q, Q € Qo, and (Q;):cr be a family of non
overlapping subcubes of ) as in the definition of ABMO. Set

c= |Q|Z / | —ma, fI2-

A direct computation gives

|Q1 N QI Qz CQI IQzl
=3 '

2Rl e el
If2(Q;) < 77\;(_2) using that the cubes @; do not overlap, we have
|Qi N Q| |Qi]
c< —_—
o, 1@l T
<H2e0nQ;d(z ) <nl(@)}H
1@

and symmetrically

{ze ‘NNQ;d(z,Q) <nlQ)}
QI

Hence ¢ < d(n) by (b) and the conclusion that 1o € ABMO follows from (a).

Example 6. — The characteristic function of the set Unzl(m, (ﬁF), where
a > 0, does not belong to ABMO. This fact is related to oscillations, since this
function alternates the values 0 and 1. A similar example of a bounded function that
does not belong to ABMO is sin(ﬁ;) for any a > 0. The verifications of these
assertions are in Appendix A.
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Proof of Proposition 13. — Let A belong to AN ABMO. We have to verify the
required properties in the definition of Sj,..

Let Q@ € Qo and € > 0. By (ii) in Proposition 15, there exists 7 > 0 which does
not depend on @ such that

[ 14-Pugy@ <lal. )
2Q
Observe that, with F(z) = z, by letting the divergence fall on P;, we have

div (P,’g(Q) (A)VF) = div (P,’g(Q) (A4)) € L2(2Q)

and

| c
LQ | div (Ppe(q) (A)VE)[* < Z(glz’

where C depends only on 7, n, and ||A||co- We now construct Fg by solving

—div (AVFg) = — div (Pyyq)(A)VF), on 2Q,
Fo - F € H (2Q).

Clearly (ii) in Definition 1 is satisfied by Fg and (i) comes from ellipticity. To see
that (iii) holds, it suffices to control

¢(Q) ;
I= |QL|/0 /Ql%(w)Pt(VF— VFQ)(:c)lzszt

from above by C|v:|2¢ and to choose € > 0 appropriately (recall that VF and VFg
are 0 outside of 2Q)). Again, we have by Carleson inequality,

1 1
I< Ol / IVF =~ VRl < Ol / P (4) ~ VEP

where the last inequality comes from the Lax-Milgram lemma which guarantees the
existence of Fg. Using (9) ends the proof. O

3.3.3. Perturbations in the BMO topology. — As we saw, S and S, are open
in the L™ topology. Some subclasses are also open in the BM O topology. This shows
that the space of holomorphy of the map A — L'/2 can be taken as BMO when it is
restricted to these subclasses. Here is the first one.

Proposition 16. — Let Ag € A be such that div Ag is locally square integrable with
the estimates
. C|Q|
div 4o|? < 10
ot o < g 1o

for all Q € Q. Then the class S is a neighborhood of Ag in the BMO topology.
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Proof. — Let Aq satisfy (10). It clearly belongs to S. Let A € A such that ||4 —
AollBmo < . We must show that if € > 0 is small enough, then 4 € S.

Fix a cube @ € Q and define F on 2Q by solving div (AVFg) = div 4y on 2Q
and Fg(z) — x € H}(2Q). Clearly, (ii) in Definition 1 is verified. Set F(x) = z. By
construction, we have on 2Q),

div (AV(Fg — F)) = div (Ao — A) = div (4dg — A — mag(Ag — A)).

Hence, by ellipticity of A,
[ 1VFa = VPP <C [ 140~ A= maq(ao - A < 027140~ Allharol)
2 2Q

In particular, the condition (i) in Definition 1 holds. Condition (iii) is proved as for
Proposition 13. This ends the argument. O

Remark. — Again, one can relax the requirement on div Ag and only assume that it
belongs to H*~1(Q) for some s € (0, 1] with the appropriate norm estimate.

The second subclass is ABMO.

Proposition 17. — Let Ag € AN ABMO. Then the class Sioc s a neighborhood of
Ag in the BMO topology.

Proof. — The argument is a variant of that of Propositions 13 and 16. Let us sketch
the main lines. Let A € A. We must show that if ||A — Ao||Bmo is small enough,
then A € Sioc.

Fix a cube Q € Q and define F on 2Q by solving div (AVFg) = div P;(4p) on
2Q and Fg(z) — =z € H}(2Q). Here, t = n¢(Q) and 7 will be chosen later.

Again, (i) and (ii) are easily checked.

As in the proof of Proposition 13, it remains to show that sz |VF — VFg|? can
be controlled by £|@| for some £ > 0 that is not too large. To this end, observe that,
if F(z) = z, we have

div (AV(Fg — F)) = div (P:(Ag) — Ap) — div (4 — Ag — mag(A — Ao))
on 2@). Hence,

/ IVF — Vo2 < c/ |P,(Ao) — Ao|® + c/ |A = Ag — mag(A — Ag)P?
2Q 2Q 2Q
<c / IPy(Ao) — Aof? + 2|4 — Ao|Brrol@l-
2Q

For all € > 0, the first integral in the right hand side is controlled by ¢|Q|/2 upon
choosing  small by (ii) in Proposition 15. The conclusion follows readily. O

We thus obtain the following improvement of Corollary 5 and Proposition 14.
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Theorem 18
(i) Let A € A(S8). There exists € = £(n,d) > 0 such that (K) and (K*) hold for
L = —div (AV) when ||A||Bmo < €.
(ii) Let Ag € A(6) N ABMO. There ezxists € = £(n,d) > 0, such that (K)ioc and
(K* )i1oc hold for any L = — div (AV) with ||A — Aol|BMo < €.

3.3.4. Open questions relative to the class S. — We list three questions.
Question 1. — Is S stable under bilipichitz change of variables?

As we have observed in Preliminaries, the Kato square root problem is stable under
a bilipischitz change of variables. It is not clear that our class S has the same property.
The difficulty lies in (iii) of Definition 1. This is an indication that the class S may
be enlarged so that Theorems 3 and 4 still hold.

Question 2. — Is S stable under taking the adjoint?

This is likely not to be the case. The subclass (SC) studied in Section 3.3.1 is
clearly not.

Question 3. — Does S contains the class of real uniformly positive definite bounded
matriz-valued functions?

We know from Preliminaries that the map 4 — (—div (4V))!/? is analytic on S.
A positive answer to this question is therefore of importance toward perturbation and
regularity results.

3.4. The real symmetric case

In this section, we assume that A(z) is a real positive definite n X n matrix with
0<dI < A(x) <671 ae..

We have already observed that (K) holds for a purely abstract reason. Since L =
—div (AV) has the property (G), Theorem 24 of Chapter 2 is applicable. Therefore,
6;1 must be a Carleson function, where we have set 6, = e~t’L tdiv A. Our goal here
is to obtain directly the Carleson measure estimate. As mentioned above, we do not
know whether A € S, so we proceed using integration by parts. We shall see in the
course of the proof that this method gives a Carleson measure estimate on the first
order moments of Nash.

Remark. — The assumption that A(z) be real symmetric can be replaced by A(r)
selfadjoint. Theorem 25 is used in that case and the strategy developed below should
be adapted.
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Let e; denotes the jth vector in the canonical basis of C®. We have to estimate
0:(e;), 1 < j < n. On a formal level,

O:(ej) =e —*L ¢ diy (Aej) = e 'Lt div (AVz;) = 7 (x’) (11)

where z; denotes the jth coordinate function. As this function plays no particular
role, we set, for any Lipschitz function f: R™ — C,

(@) = / Ki(z,9) (f() - /(@) dy, (12)

where K;(z,y) is the kernel of e"*L. We omit the dependence on f to keep the

notation simple. Let us just note that when f(z) = z;, this integral is a first order
moment for the heat kernel, as introduced by Nash [66]. With this notation, we have

6u(e;) = ths with f(2) = g, (13)

d
where ¢ stands for o,

To justify this equality, recall that for f € D(L)

t2Lf
0.Vf=—etLtLf = — (14)
hence,
1 [ 0Ky (x,
[owwviwa=; [ —‘—;(;—y)f(y) dy, ae. (15)
By density of D(L) in H'(R™) and since ; is L?2-bounded, the latter equality extends
to H1(R™).

Now, given a Lipschitz function f, it can be approximated by a sequence of com-
pactly supported Lipschitz functions fx in the sense that lim fix(z) = f(z) and
lim Vfi(z) = Vf(z) as k — oo for almost all z, with ||V fillcoc < C||Vf|loo uni-
formly. Since (15) holds for each f, it remains to pass to the limit as k — oo with

0K
the dominated convergence theorem using the estimates on 6;(z,y) and %
proved in Chapter 1.
—2L f
Finally, since e"*/'1 = 1, we have v, = e *l'f — f so that = = ty as

) 2 dit
desired.

We have to show, therefore, that t4,2 is a Carleson function. This property does
not depend on a specific choice of f and we do it for f arbitrary. Also, it is easier to

use the parabolic homogeneity by changing t? to t.

Theorem 19. —  With the notation above, t'/2%; is a parabolic Carleson function,
and
dxdt
sup { al. / s wp } <Vl (16)
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Before proving this, let us derive a consequence for the Nash moments.

Corollary 20. —  The first order moments t—1/2~, are parabolic Carleson functions
and
1 (@)? dzdt
sup d = [ [ @R G | < el a7)
qee | 1Q] Jolo t
Notice that this is stronger than
Ielleo < etV flleo, ¢ >0, (18)

which is a direct consequence of (G). This corollary sheds light on the cancellations
contained in these moments, thus improving (18) to (17). Observe, for example, that
these moments vanish whenever f(z) = z; and A(z) is a constant matrix, since the
heat kernel is an even convolution kernel in that case.

Also, (17) is an estimate for the parabolic Cauchy problem

% + Lu; = —div(AVf) on R" x (0, 00)

with ug = 0 on R™ of which ~; is a weak solution.

Remark. — Instead of using the heat semigroup, we may use the resolvent to define
6;. Then, we obtain analogous statements about Carleson measure estimates. They
may also be reformulated in terms of estimates for boundary value elliptic problems.

Let us first derive Corollary 20. By the Hardy inequality

/ Iu(t)l2 %<4 / [u(t)|? dt

applied to u(t) = v:(z), we have

2 £2 dt
[ m@rg <4 [ era@ed

Integrating over @ of sidelength £(Q) = ¢, we obtain (17) from (16) and Corollary 20
is proved.

Remark. — 1t is also true that (16) is controlled by (17) up to an error term. We
shall not use this.

In the proof of Theorem 19 we use the following lemma which holds under more
general assumption than A(z) being real symmetric. Its proof is postponed until the
end of this section.

Lemma2l. — If L = —div(AV) € £ has the property (G) and if f is Lipschitz,
then

(@) I1elloo < e[|V £lloos

(i) Helloo < 2|V £ lloos
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(i)  sup /|v%|25c|czu|wn§o,
0<t<0(Q)* J2Q

(iv) / Viel? < et 2|QIIVFIZ, when 0 < t < £(Q)?.
2Q

Proof of Theorem 19. — The inequality (16) holds provided we can show that there
exists a constant C such that for all cube Q and all € > 0, I.(Q) < C|Q||Vf|%,
where

2(Q)?
L@Q) = /Q / (@) 2 dadt.

By homogeneity, we may assume that ||V f|loc = 1. Let us also make the further
assumption that f has compact support, which makes f € H*(R™). Then we have

/f'yt1/zdx=—/A(nyt+Vf)-Vz/zdw, t>0, (19)

d —tL
for all ¢y € H'(R™) with compact support. Indeed, since 4; = ——%——L by definition
of the semigroup, one has

/"ytl/)dz' = ——/AV(e_th) -Vipdz = —/A(V'yt +Vf) Vipde.

Let ¢ € C§°(R™), ¢ > 0, such that ¢y = 1 on Q and ¢ = 0 on (2Q)¢ with ||¢|lcc < 1
and ||V¢|leo < 104(Q)~L. By (19) and Fubini theorem, we have

(2
I.(Q@) < Re //2 Yeyep dtdx

¢(Q)?
= — Re // AV + V) - V() dzdt.

Note that the use of 4:¢ as a test function is justified by (ii) and (iv) in Lemma 21.
The last integrand gives us three terms to which Fubini theorem applies.

First, we have
10AVy, - Vy o
2 ot
since A* = A. Integrating this equality with respect to d¢ and then to dz, we obtain
a bound C|Q| by (iii) in Lemma 21.

The second term is

Re AV, - Vyp =

Re AV, - V3.

Integrating with respect to z, using Cauchy-Schwarz inequality and Lemma 21, we
obtain a bound

ct™12|| V|l |Q| < ct™1/26(Q) Q).

Integration with respect to dt yields the desired estimate.
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The last term is
0 Re AV - V(1)

ot ’
Thus, integration with respect to dt and then with respect to dz gives us again a
bound ¢|@| by use of Lemma, 21.

It remains to remove the assumption that f has compact support. Pick a sequence
of uniformly Lipschitz functions fr with compact support that converges in all points
to f as k tends to co. By the dominated convergence theorem
. OKy(z,y .
we) = [ 22D (1) — pa)) dy = i Suale),

—00

0K, t (IL' ) y)

ot

Re AV - V(y) =

where 4 (x) = (fe(y) — fr(x)) dy. Thus, Fatou lemma gives us

2(Q)?
I.(Q) < liminf / / e (@) dadt < C sup |V fillooQl,
k—oo Jg/e2 k>0
and we are finished. O

Proof of Lemma 21. — Assume without loss of generality that ||V f|looc = 1. First,
(i) and (ii) follow directly from the Gaussian decay of K;(z,y) or its time derivative,
and use of the mean value inequality for f.

To prove (iii) introduce a function ¢ with compact support on 6@Q such that ||¢||cc =
1 and ¢ =1 on 4Q. Set

pe(z) = / Ku(z,9) (F(y) - (@)1 — o)) dy,

so that
Ye(x) = [f,e (@) (@) + (),

where [f, e tF] is the commutator between the multiplication by f and the semigroup.
We have

Van(@) = [ VaKi(o,w) () - £@)(1 - o) dy
- V(@) [ Ka,v) (1= o)) d.
Observing that |z — y| > 24(Q) for € 2Q and y in the support of 1 — ¢, we have

Vue(2)] < /

|V9:Kt($a y)l 'y - 'Tl dy
|lz—y|>2£(Q)

+/ |Kt(z,y)| dy.
le—y]>26(Q)

Now, use the condition (G) on Ki(z,y), the estimates in Theorem 7 of Chapter 1
on V,K(z,y), and the fact that ¢ < £(Q)?, to obtain (by adapting the argument to
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estimate U, fo in Lemma 15 of Chapter 2) that

[ on@P s <cil
2Q
It remains to control the commutator. This is a general fact.

Lemma 22. — For any L € £(J) and any Lipschitz function f, the operator V|f, e tL]
is continuous on L%(R™) with norm bounded uniformly by c||V f||c, where ¢ = c(n, §).

Accepting the truth of this operator bound, we have
L, 19U < clel < el

which ends the proof of (iii).

To finish the proof of Lemma 21, it remains to establish (iv). Thanks to the results
in Chapter 1 (Lemma 20 and the remark at the end of Section 1.4.7) one could have
replaced in the proof of (iii) positive times ¢ by complex times z in some appropriate
sector. Doing this allows us to use complex function theory and (iv) follows easily
from Cauchy estimates. The details are left to the reader. O

Proof of Lemma 22. — It suffices to establish a similar bound for the resolvent, namely

VL, (L + X ell2 < NIV llollell2 (20)

for —\ in any strict subsector of the resolvent set. Indeed, integrating this in the
Cauchy formula

et = L / ML+ X)),
271 ~

used in Chapter 1 (formula (61)) yields the result.
Now, an explicit computation gives us

VI (L+N=V(L+AN)"b-V + divh) (L + N7,
where b,b are bounded C™-valued functions with ||b]|eo + [|bllcc < ¢||Vf]loo- The

inequality (20) follows on applying the estimates (4) in Proposition 1 of Chapter
1. O

3.5. A variation on regularity conditions

We consider the class of matrices A € A such that (A — P, A)(z) is a local Carleson
function (see (41) in Chapter 2), (P;)t>o being a usual approximation to the identity.
As we shall see in Appendix A, such functions belong to ABMO in view of the next
result.

Proposition 23. — Let f € BMO. Then (f — P.f)(z) is a local Carleson function if,
and only if, f satisfies the integral regularity condition in Example 3. In particular,
any of these conditions implies that f € ABMO.

ASTERISQUE 249



3.5. A VARIATION ON REGULARITY CONDITIONS 111

Hence, we could invoke Proposition 14 to show that (K)o holds for L = — div (AV).
Here is a direct argument only using quadratic functionals.

Proof. — We have to show that

1
| [ evs@r SE < v,

where 8, = e*'Lt div A.
Again, write 6,V = 0, P,V + 6,(1 — P;)V and the last term is taken care of as in
the proof of Theorem 21 in Chapter 2. Now,
0.P,Vf = e "Lidiv [(PA)(P. V)] + e+ Lt div [(A — BA)(PVS)].
For the last term, by the uniform L2-boundedness of e~**Lt div and Carleson inequal-

ity, we have

/ "|e"t Ltdiv [(A - PtA)(PtVf)]|2 dedt

<c / / (4~ PAEIHEL < 014~ PARIVIIE.

For the first term, we have
/ le=t" Lt div [(PA)(PV )] |2 dz < / |t div [(P.A)(PV f)] |2 de.
R™ R™

By differentiating, we find that
tdiv [(PA)(PH)| = (Praxe) (QF He) + (QF are) (PeHy),

. 0 . .
where H = V f, ay are the entries of A and QF = ta—Pt. It remains to integrate
Tk

with respect to dt/t. For the term involving (P; ax¢) (Q¥ Hy), we use that || P; axe||oo <
||A|lco and the fact that (QF);>o is a bounded family, which can be checked using (2)
in Chapter 2. For the term involving (Q¥ax¢) (P;H,) we use again Carleson inequality
invoking the fact that Qf age is a Carleson function when ag, is bounded (Lemma 7
of Chapter 2). O

Remark. — For example pointwise multipliers of H*(R") for some s > 0 have the
above regularity property. This furnishes another simple proof of a result by McIntosh
[57].
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CHAPTER 4

SQUARE ROOTS OF DIFFERENTIAL OPERATORS,
SINGULAR INTEGRALS AND I THEORY

4.1. Introduction

Unless explicit mention all the results presented in this chapter are in dimension
larger than two and L denotes an operator of the form — div (AV) € £(d), as defined
in Chapter 1. The number 4 in this condition is referred to as the ellipticity constant
of A.

In the previous chapters, we have studied the validity of

IL 2 fllz < cllVEll2,  f € D(L), (K)

under various hypotheses on A. Recall that the conjunction of both (K) and (K*)
—the similar inequality for L*— implies that the domain of L!/2 is the Sobolev space
H'(R™).

Our purpose is to investigate the validity of the corresponding LP estimates when
1 < p < o0, and of the endpoint estimates when p = 1 or p = oco. By LP? estimates,
we mean the a priori inequalities

||L1/2f”p < ¢lIV £llp, (1)
VAl < ILY2fllp. (2)

By Proposition 3 of Preliminaries, (K*) is equivalent to (2) for p = 2.

Toward this aim, we study the link between L'/? and Calderén-Zygmund operators.
In spirit of classical Calderén-Zygmund theory, we start from (1) and (2) when p = 2
and look for extensions to other values of p.

The motivating example for doing so is the Laplace operator. When L = —A, (2)
is equivalent to the L? boundedness of the Riesz transforms:

L — 0 —-1/2 O
Rj_ax]( A) ’ .7_1)"'777'7

which are historical examples of Calderén-Zygmund operators in higher dimensions.
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Hence, a natural question is whether the Riesz transforms associated to L, namely
the operators aisz‘l/ 2, are Calder6n-Zygmund operators.

In dimension 1, the authors have shown in [14] that a(x)%L’l/ 2, where L =
—% (a(a:)gx-), is a Calderén-Zygmund operator.

Using homogenization theory, Alexopoulos obtained that the Riesz transforms as-
sociated to L are Calder6n-Zygmund operators when A has real-valued Holder con-
tinuous coefficients that are periodic with common period [2].

But the proofs cannot generalize: an example shows that the LP estimate (2)
may fail for p > 2 in R? and, hence, the Riesz transforms associated to L are not
Calder6n-Zygmund operators in general. This is due to C. Kenig. In particular, this
example can be adapted to show the necessity of assuming some regularity condition
for Alexopoulos’ result to hold.

A partial result concerning (2) has been obtained by David and Journé in [26]:
using their T'1-Theorem and multilinear estimates, they show that (2) holds when
1< p<2and||4— I|le is small (see also [22] for an exposition).

One of the main results of this chapter is that, when L has the Gaussian property
(G) defined in Chapter 1, the L? estimates but the one excluded by Kenig’s example
are a consequence of the L? estimates.

Theorem 1. — Assume that L has the Gaussian property (G) and that (K) and (K*)
hold. Then, the following a priori inequalities hold for f € D(L'/?) = H'(R"):
ILV2 £l < cllVEll, 1<p<oo,
VAl <L fll, 1<p<2+e,
L2 fllemo < cllAV£llBMmos
L2 fllap ey~ IV fllagn-
Here cp, ¢y, ¢ do not depend on f, and € > 0 depends only on L. Moreover, these

estimates are optimal, in the sense that, for every € > 0, there ezists an operator L
with the required properties such that (2) fails when p > 2+ €.

In this statement, H!(R"™) is the atomic Hardy space, BMO being its dual (see
[74]). Note also that no regularity assumption is made on A.
Typical situations where Theorem 1 is valid are:

(i) A is real symmetric,
(ii) ||A|lBao < x where x > 0 depends on n and the ellipticity constant of A,
(iii) A depends on one variable.

Parts (i) and (ii) follow by combining results of Chapter 1 and Chapter 3. Part
(iii) will be considered in Section 4.5.
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Note that part (ii) covers the case of L™ perturbations of constant (complex)
elliptic matrices, thus extending the L? results in [26].

As explained in the general introduction, L? estimates for L'/2 can be reformulated
in terms of elliptic boundary value problems. Inequality (2) implies a solvability result
for a Neumann problem with data in LP. Similarly, inequalities (1) and (2) imply a
solvability result for a regularity problem with data in an LP Sobolev space. Thus,
part (i) should be compared with the main results in [51].

A positive solution to the conjecture stated in Section 0.5 of Preliminaries would
imply the validity of Theorem 1 for perturbations of real symmetric L.

As observed, the Riesz transforms associated to L are not Calderén-Zygmund op-
erators; yet their kernels satisfy a Hormander condition, and this yields parts of the
L? estimates in Theorem 1. Additional estimates are obtained via a non-standard
factorization of L'/2 which makes Calderén-Zygmund theory fully available. More
precisely, we have

Theorem 2. — Assume that L has the property (G) and that (K) holds. Then, there
is a Calderon-Zygmund operator U such that

LY2f =UVf, feHY(RM).

There are extensions of these results in various directions.

As was mentioned before, all of this applies when A has coefficients depending on
one variable. But more is true; namely that the missing LP estimates are valid in this
situation. This generalizes the one dimensional results obtained in [14].

Going back to the general situation, the replacement of (K) and (K*) by the corre-
sponding local inequalities gives us local LP estimates with the same ranges of p’s as
in Theorem 1. An application of this combined with resolvent estimates of [3] enables
us to prove

Theorem 3. — Let L = —div (AV) € £(8), where A has vmo coefficients. Assume
also that the coefficients are real-valued if n > 3. Then, for p € (1,00), L'/? extends
to a bounded operator from W1P(R™) into LP(R™) with the estimates

ILY2fll, - < cp(IV £l + NI £1lp)s
VAl <UL fllp + 1 Flp)-

4.2. Standard factorization of L'/?2 and Riesz transforms associated to L

4.2.1. Generalities. — We start from
2 ® .
L1/2 = —————/ —t°L .
f 77 ), e Lfdt, feD(L) (3)
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Factoring out Vf in Lf gives us

LY?f =TV, feD(L), (4)
where
T= / o, & )
0 t
and 6,: L?(R™;C") — L?(R") is given by
L2 e
0 = \/7_re tdiv A. (6)

Here, A stands for multiplication by A(z) on L2(R"; C") (whose elements are arranged
as column vectors). More explicitely,

2 <~ 2, O
— t— Fy).
VT k§1 e dr (areFe)

Note that T* is related to the Riesz transforms associated to L* by the formal relation

T* — A*VL*—I/Z

0tF=—

(see Section 4.2.2).
Our first task is to give a precise meaning to the factorization (4) of L'/2.
Consider the subspace

N ={F e L*(R™C") ;divAF =0 },

where the divergence is taken in the sense of distributions (actually, div AF is a
distribution in H~1(R")).

Lemma 4 (Hodge decomposition). — N is closed in L2(R™;C™), and the sum
Lz(R";C") — VHI (Rn) + N,
is a topological direct sum.

Here, H!(R™) is the space of distributions (modulo constants) having a square-
integrable gradient, equipped with the inner product [, Vf - Vg.

Proof. — Let F € L*(R™; C™). By a classical representation theorem (see [48]), there
is a unique f € H'(R"™) such that

V g € H'(R") /AF-‘%‘:/ AVf -Vg.
R™ R™

Indeed, the right-hand side defines a coercive sesquilinear form on H!(R"), while the
left-hand side defines a conjugate linear functional. Moreover we have,

1 1
IVAllz < 5llAllollFllz < S5 1112,

where 4 is the ellipticity constant of the matrix A(z).
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In particular, we have
A(Vf—F)-Vp=0

Rn
for every test function ¢, which means that G = F — Vf belongs to N. We have
obtained the required decomposition of F' and the accompanying norm estimates. Its

uniqueness follows by density of C$°(R™) in H!(R™). O
We now define the space E = VD(L)+ N as the subspace of those F € L?(R™; C")
such that F =Vf+ G, f € D(L), G € N. Set
IFllE = I fllz + [ILfll2 + [IGll2-
Thanks to the preceding lemma, || ||g is a norm on E. Since the embeddings
D(L) — H*(R™) < H'(R")

are dense, E is a dense subspace of L%(R™;C"). We shall use E as a space of test
functions. It is not a classical space, and does not contain C§°(R™) in general.

Lemma 5. — If F € E, the integral / 0. F % converges normally in L?(R™;C").
0

Proof. — Let F' € E and write F = Vf + G, where f € D(L) and G € N. Observe
that

_ _i —t2L  3: _
0:G = \/7?6 tdiv AG =0,

(recall from Preliminaries that e~t’L extends to a bounded operator from H —1(R"™)

into H'(R™)) so that
2 2
0tF = OtVf = ﬁe_t L th

Therefore, as in Section 0.1 of Preliminaries we have

i dt Rl _ dt
| teeFe S < e [ mingeL s, 1A l) G = ULl A1)

O
We can define the operator T on E by
TF = / 0. F —, FeE,
and by construction
L\?f=TVf, feD(L). (7)

Now that T is defined, we immediately forget its construction and, following a
classical procedure, we consider the truncated operators

1/e
r.=["a% )
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where 0 < € < 1. They are continuous from L2(R™;C") into L?(R") with norm
bounded by O(]Inel).

Proposition 6. — The following assertions are equivalent.
@) L2 flla < ellV£ll2s  f € DL).
(ii) T extends boundedly from L?(R™;C") to L?(R™).
(iii) supgsg |Tel2,2 < oo.

Moreover, if the assertions above hold, T is the strong limit of the operators T, as €
tends to 0 and the equality (7) holds on all of H'(R").

Thanks to this proposition, one can do various calculations with the operators T,
instead of T'. Provided all the estimates hold uniformly in ¢, they extend to T'.

Proof. — Recall that L is w-accretive for some 0 < w < 7/2 (see Sections 0.1 and 0.2
of Preliminaries). Let w < p < 7/2. For z € T, define

2 [V . dt
be(z) = ﬁ/ ot tzl/z_t_'
£

sup sup |¢e(2)| < cu = (cosp)”
0<e<l z€l'y,

Then we have
1/2

and
;13}) Ye(2) =1
uniformly on compact subsets of I',. Hence by H* functional calculus, if f € D(L),
e (L)LY2 flz < ceull L2 £z, (9)

and
lim || (L)L f — L'/ f]||2 = 0.
E—>

Finally notice that
Ye(L)LY? =T,V on D(L).
Let us now prove that (i) implies (iii). Take F' € E and write F' = Vf + G, where
f €D(L) and G € N, so that

T.F = . (L)L'/*f.
By (9) and (i), we obtain
ITeFll2 < ceull L2 fll2 < el V£ll2 < cl| 2.

We conclude on using the density of E.
To prove that (iii) implies (ii) observe that, by Lemma, 5,

lim ||TF —T.F||» =0,
e—0
whenever F' € E. Hence, the hypothesis (iii) implies
ITFl2 < cl|Fl2

ASTERISQUE 249



4.2. STANDARD FACTORIZATION OF L'/2 119

Finally, that (ii) implies (i) is a consequence of (7). O

4.2.2. Negative results on Riesz transforms. — Recall that when A is real
symmetric, L is selfadjoint. Therefore, (K) and (K*) hold so that, by Proposition 6,
T extends continuously from L?(R";C") to L?(R™). The operator T is not in general
a Calder6n-Zygmund operator, because of the following result.

Theorem 7 (Kenig). — For every o > 0 there is a real symmetric L = — div (AV) in
L2(R?) such that the inequality
IV £llp < CIL? £l (10)

fails when p > 2 + a.

This means that the Riesz transforms associated to L are not bounded on L? if p
is large.

Corollary 8. — Let L be as in Theorem 7. Then the operator T defined by (5) is not
bounded on LP if p < 2 — a(l + a)~. In particular, it is not a Calderén-Zygmund
operator.

Let us first prove the corollary. Since T is bounded on L2, so is T = A~1T*. We
claim that for f € D(L)

TLY?f = V. (11)

This claim and Theorem 7 imply that T is not bounded on L7 if p > 2+ a. Hence,
T cannot be bounded on L? if p' <2 —a(l + o).
To prove (11), let f € D(L), and set

2 1/e 42 dt
Ue = ﬁ/s e’ LtLl/zf T = (L) f.
Arguing as in the proof of Proposition 6, we have that
lin flue — fllz =0

lim | LY ?u, — L2 f|l, =0.

e—0
Also, since L is selfadjoint,

Ve = V|2 < CILY ?ue — LY f]]2,

hence Vu, converges to Vf in L2.

Next, let T, = A~IT*. An easy calculation yields T.L/2f = Vu,. As it follows
from Proposition 6 that T, converges weakly to T' when ¢ tends to 0, we obtain (11)
by taking weak limits.
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Now, we turn to the proof of Theorem 7. The starting point is Meyers example

(see [38]). Let

B(B+2) ( x5 —zix9

Alx) =T+ —————=
(@) + |z|2 -T2 2 )’
with z = (z1,72) € R? and 8 > —1. The matrix A(z) is definite positive with
min(1, (1 + 8)*)I < A(z) < max(1, (1+ 8)*)I,

for all z # 0, so that L = — div (AV) is selfadjoint and that (K) and (K*) hold. It
is an elementary computation to check that uo(z) = r'*# cosd, where (r, ) are polar
coordinates of z, is a classical solution of L in R? \ {0} and a weak solution in R2.
Moreover |Vug| ~ r? near 0 so that Vug ¢ L7 _ if Bp < —2.

Fix a > 0 and choose 8 € (—1,—2(2 + a)7!]. If B = B(0,1) is the unit ball, pick
@ € C§°(B) with ¢ =1 on B(0,1/2), and set u = up¢p.

By construction, Vu ¢ LP(R?) when p > 2+ a. We next show that L'/2u € L? for
every p > 2 (in addition to being in L?), which proves the theorem. This is done by
writing

LY?y = L2 Lu, (12)
and using simple estimates on f = Lu and L—1/2,
We first compute f and find out that

f=2AVy - Vug + uoLeyp,

which implies that f is C*° with support contained in the annulus defined by 1/2 <
|z| < 1. Hence, u € D(L) and (12) is justified. As a consequence, we have

2 [ _p
LY?y = —/ e UL fdt. (13)
v Jo

By Aronson estimates (Theorem 4 of Chapter 1), there exist ¢ > 0 and v > 0 such
that

2
c r—y
Si(z,y) < 7 &P {—”‘/It—2|—} 3

where S;(z,y) denotes the kernel of e~t’L. Using this estimate in (13), together with
the support condition on f, one finds that

C
/2 <
L) <
which gives LP(R?)-integrability if p > 2.
Remarks

1. The decay of L*/?u(z) found here is not optimal. Indeed, observing that [ f = 0,
one can use the Holder estimate on S;(z,y) to find that

c
1/2 <Y
I u@)| < 17 |z|*
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for some s > 1.

2. It is clear from the proof that the failure of LP estimates for Vu is a local
property near 0. Let B coincide with A on the cube (—2,2)? and be periodic
with period 4 in each direction. Then Lp = — div (BV) is selfadjoint. Since
up is also a weak solution of Lp on (—2,2)2, the same argument applies. This
proves our assertion in the introduction concerning the result in [2].

4.2.3. Positive results on Riesz transforms. — Our aim in this section is to
describe a positive counterpart to Corollary 8. It will be obtained assuming that L
has the Gaussian property (G) of Chapter 1. For the convenience of the reader, let
us recall what it means and extract a few consequences proved in Chapter 1.

Set S; = e~*’L and denote by Si(x,y) its distributional kernel (this means that
Si(z,y) = K2(z,y) where the notation K;(z,y) is used in Chapter 1). In this section,
we assume

E ena>0 V>0 Vaz,y,heR* 2|h|<t+|z—y|
2
c alr —
S w)] < 5 exp{ ~HZ UL (G
(G) c |h| 7 alz —yl|?
— < - (1 == Il
S:@) = Suto + bl < = (s y|),,e"p{ =]
c |h| alz —y|
- < —(— =4
15:@+ 1) = 5@l < = () e { -] @
Under such estimates, we know from Proposition 25 of Chapter 1 that
Si1=1, t>0. (14)
Denoting by 60:(z,y) the kernel of the operator 8; defined by (6), we have
2
b:(z,y) = ﬁA(y)T tVySi(x,y).

It follows from Theorem 7 of Chapter 1 that there are constants c, 3, u > 0 depending
only on the constants in (G), the dimension n, and the ellipticity constant of A4, such
that

Vt>0 Vr>0 VzeR" VheR"with2|h|<r+t

ryn—1 /3,,.2
0 <c(- _k
/TSlz—yISZr' i(@,y)ldy < C(t) exp{ 2 } (15)

1/2
( / 18u(z + hyy) — Be(z, y)? dy) <
r<le—y|<ar

n—1 Al \# Br2
i (3) (i) eo{-%} 0o
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Moreover, 6; cancels each column vector of A~!, viewed as a vector-valued function,
which we write

6:;(A1)=0, t>0. 17

It is meaningful, since (see Proposition 24 of Chapter 1),

/ 6:(z,y)|dy < C
o

uniformly over £ € R™ (and ¢ > 0), which implies that 6; extends boundedly from
L>(R™;C™) into L*°(R"™).

Inequality (16) is a property of regularity with respect to the z variable of the
kernel of 6,, and we are going to show that the operator T has a similar property.
Without knowledge about L? boundedness of T, its kernel is not defined in the sense
of distributions as T only operates on F, a space which may not contain smooth test
functions, unless the matrix A itself is smooth. For the time being, it is enough to
deal with the kernels of the truncated operators.

Lemma 9. — Let T.(z,y) be the distributional kernel of T.. Its restriction off the
diagonal is a locally integrable function, and we have

3¢>0 Vee(0,]] Vr>0 VzeR* VheR” with2/h|<r

1/2 Ihl u
- 2 < ¢ i}
(/TSIx—yIS2r|TE(z+h’y) T.(z,y)| dy) = ( r ) . (18)

Here, 1 is the same exponent as in (16).

Proof. — Since

1/e dt
L.y = [ b@n T
€
we obtain from (15) that, if » > 0 and z € R”, then

/e ;py\n—1 Br2) dt

T (z,y)|dy < c/ - ex {——} —

/rgz—mszrl (z,y)| dy j (t) Py~ [ 3
< el((n—1)/2)p~»"1/32,

which proves local integrability. The inequality (18) is obtained similarly using (16)

and Minkowski integral inequality. This finishes the proof. O
A first consequence of Lemma 9 is that, by Cauchy-Schwarz inequality, we have
h H
/ 7.6+ h) - T nldy < e (1) (19)
r<|z—y|<2r r

Integrating this expression over r in [2|h|, 00) with respect to the measure dr/r yields

/ To(z + hy) - To(e,y) dy < c, (20)
2|h|<L|z—y|
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which is the standard Hérmander condition.

Assuming, furthermore, the (uniform in €) boundedness on L? of T, it is classical
that (20) implies its (uniform in €) boundedness on L?, 2 < p < o0, and from L™ to
BMO (see [63] or [74]).

In addition, the stronger inequality (18) combined with the cancellation prop-
erty (17) enables us to prove that the operators T.A are uniformly bounded from
BMO(R™;C™) to BMO(R").

Before entering into details, let us summarize these results and write down our first
LP estimates.

Proposition 10. — Assume that L has the property (G) and that (K) and (K*) hold.
Then, we have the a priori inequalities for f € D(L'/?) = H(R™):

L2 fllp < eolIV £llps 2<p<o, (21)
and
IVflle < L2 fll,,  1<p<2 (22)
with the endpoint estimates
IL*? fl|lBro < AV fllBmo (23)
and
IV fllar @y < ellLM2 £l any- (24)
Remarks

1. (K*) is not used when proving (21) and (23) and, for a dual reason, (K) is not
used when proving (22) and (24).

2. A proof of (21) and (22) that does not make use of the hypotheses (G2-3)
(regularity in « and y) has been recently found by X.T. Duong and A. McIntosh
[32]. In this case, the Hormander condition is replaced by a weaker condition
which still guarantees weak type 1-1. But the estimates (23) and (24) are unclear
under this weaker condition. See also the related work [24] in the context of
Riesz transforms for the Laplace-Beltrami operator on a Riemannian variety.

Proof. — For 1 < j <n and ¢ € (0,1], set

1/e
I R
€ sz t

so that for F € L*(R™;C"),
2 n
T.F = -7 ]:ZI W;.e(AF);,
where G; denotes the jth component of a C"-valued function G.

If the inequality (K) holds, then W; . are uniformly bounded on L?(R™) by Propo-
sition 6, and by (19), on L?, 2 < p < 0o, and from L*® to BMO. Moreover we have
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Wi;.(1) = 0in BMO. The boundedness on BMO of W . then follows from the next
lemma (compare with Lemma 2.7 in [27]).

Lemma 11. — Let K be a bounded operator on L?(R™). Assume that its distributional
kernel K (x,y) is locally square integrable off the diagonal and that, for some co,p > 0,

1/2 BN B
/ K@+ hy) - K@y)Pdy) <-< (1 (25)
r<|z—y|<2r 7’"/2 r

for allr > 0, z,h € R, 2|h| < r. Assume that K(1) =0 in BMO. Then K maps
continuously BMO into itself, with norm bounded by c(co + |K|2,2).

Let us finish the proof of Proposition 10 before proving this lemma. So far, we
have obtained (23), and (21) follows by interpolation with (K). For the remaining
estimates, we proceed by duality. If T4~ denotes the operator associated to L* and
A* by (5) and (6), then AV = (T4-)*L/2. Hence, as soon as (K*) holds, we have
(22) and (24). O

To prove Lemma 11, it suffices to establish

KK f,a)| < cllfllBmo (26)

for all atoms ¢ € H!(R™) and all BMO functions f. By stantard approximation
arguments, we may take f bounded (as long as we do not use its L™ norm quantita-
tively).

Let a be an atom, that is, a is bounded and compactly supported in a ball B,
with |Bl|lallec <1 and [pa =0. Let f € L>(R") and set fsp =

AB = B(zo, Ar) if B = B(zo,r). We have

<Kfaa> = <K(f - f3B)aa>

since K (1) = 0. Proceeding as usual, split f — fsp as fi + f2 where f; = f — fsp on
3B and 0 elsewhere. The contribution of f; is controlled by the L? boundedness of
K:

P — f, where
13B| Jss

KK fi,a)] < |K|2.2[lfillzllall2

1 1/2
<1Klax (g [, 1)

< 32Kl fllBMO-

To estimate the contribution of f2, we first use the oscillation of a to obtain

(K fa,a) = / . / oy PO E0) =~ Ko, )[ale) dude,
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and, if we set Cx = {y € R™; 2Fr < |zo—y| < 2%¥*+1r}, by (25) and the Cauchy-Schwarz
inequality, we have

(Kol <3 / . / o VWK ) - Ko, v)la(@)] dyde

oo 1/2
<eod ( /[ k If2|2) (2r) /2244 ja] .

k=1

Since C C 2¢*1 B, the well known inequality
1 2 21 £112
— <eclk+1
125 B /sz |f = f3B|" < c(k +1)°||fllBpmo
yields

(K f2,a)| < ceo (K +1)27* || fllBmo-

k=1
This concludes the proof of Lemma 11, and that of Proposition 10.

Remark. — The conclusion of Lemma 11 remains valid if the L? average in (25) is
replaced by an LP average for some p > 1.

4.3. Non standard factorization of L'/? by a Calderén-Zygmund operator

To derive more L? estimates, we take advantage of the following observation. In
the factorization

LM =TV,

only the action of T on the space VD(L) is relevant (see Lemma 4), which leaves
room for modifying T" without affecting the product 7'V. In other words, the above
factorization is not unique: our point is that among all possible factorizations, there
is a remarkable one. The next statement is a more precise version of Theorem 2.

Theorem 12. — Assume that L has the property (G). Then, there is an operator U
with Calderon-Zygmund kernel such that
L'?2f =UVf, feDL). (27)

Furthermore, there is an equivalence between the following assertions.

() L2 flla < ellV£llzs  f € D).
(i) U has a bounded extension from L?(R™;C") to L?(R") (this extension being a
Calderén-Zygmund operator).
(iii) U(ej) € BMO(R™) for1 < j <mn.

Moreover, when the above assertions hold, (27) extends to all of H'(R™).
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Here, e; is the jth vector in the canonical basis for C™.

The construction of U is done by two different means, both requiring smoothing
techniques.

Take a function ¢ € C§°(R™), supported in the unit ball and such that ¢ =1
and [zjo=0forj=1,...,n. Ift >0, set () =t "p(z/t), and P.f = f* ;. As
in the previous chapters, the action of P; on vector-valued functions is meant to be
componentwise.

Denote also by R: L2(R™) — L2(R";C") the array of Riesz transforms (see the
introduction of this chapter) given by

Rf =(Rif,...,Raf)T.
Its adjoint R*: L2(R™;C") — L?(R") is given by
R'F=R!F +- + R.F,.

We have that RR*V = V and by duality div RR* = div in the sense of distributions
on R™. Moreover, RR* is the orthogonal projector on VH!(R").
The first definition of U is that of a linear operator from Cg§°(IR™) into its dual by

U=V+W, (28)
where
|4 2/ 6, P, ﬁ, (29)
0 t
and
e L dt
0

We set V; = 6, P; and W; = 0;(I — P;)RR*. The key result is the following lemma.

Lemma 13. —  The operators V; and W, are bounded from L?(R™;C") to L*(R")
uniformly for t > 0; their kernels Vi(z,y) and Wi(z,y) are continuous functions, and
there exist constants ¢,7, u > 0 depending only on the constants in (G), the dimension
n, the function ¢ and the ellipticity constant of A, such that for allt > 0, z,y, h € R",
with |h| < t,

2
c z—
Mel < g ep{- 120,
¢ lz —y\ " (31)
el < 5 (1B
tm t
B — 2
peehn el < () o {22001,
c (I\* Iz —y|\ " (32)
Wiz + h,y) — Wi(z,y)| < t_n(T) (1+ t ) ,
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c vz —y|?
V@) < oo exp{_—t2 ,

(33)

—n=2
c T—y
IViWe(e,9)l < o (1 4] ; l) .
Proof. — The L? boundedness of V; and W; is obvious.
The estimates for the kernel of V; are easy. We have

Vi(z,y) = / 6,(z, 2)pu(z — y) d.
If |z — y| < 4t, we have

Va(z,9)] < t~"ll@lleo / 16:(z, )| dz < ct™™.

If |z — y| > 4t then 3|z — y|/4 < |z — z| < 5|z — y|/4 on the support of the integral.
Using (15) gives us
—-n gﬂ -y 2
i) < ot el exp { - L2V

Hence, (31) for V;(z,y) follows. The Holder estimate (32) is dealt with similarly by
applying (16) instead of (15). The y-gradient estimate is obtained as (31), replacing
@i by Vipr = t7H(Vop)s.

To derive the estimates on W;, we recall the following identity (see Lemma 20 of
Chapter 2).

1 dS;
J/r dt’
This means that, while 8;(z,y) has no regularity with respect to y, its y-divergence,
the kernel of —t6,V, satisfies (G) (see Lemma 19 of Chapter 1).
Applying Lemma 14, and using the fact that P, and R commute, we obtain

1 dS
W, = 6,(I — P.)RR* = 6,V(—A)~/2(I — P,)R* = -5t d—t‘ Q, (34)

Lemma 14. — 9,V = where S; = e~t°L.

where
Q¢ = (-?A)72(1 - R)R".
This is a bounded convolution operator bounded from L?(R";C") to L?(R") given
1
by Q:F =3 ;(¥;)t * Fj where (¢;):(x) = t—n¢j (z/t) and v; is defined by its Fourier
transform
— —it;(1-
Using the moment conditions on ¢, standard Littlewood-Paley analysis gives us

c
|9 ()] < eI+ [2])? (35)
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and
[Vy;(z)| < I_ml—"(l—ilw—D? (36)
By (34), one can represent W;(z, y) as
Wi(z,y) = /BSt(a: Z)¢t(z —y)dz.

Using the estimates (G1) and (G2) for t8S:(z, 2)/0t and the size estimate (35) just
obtained for 1;, one easily checks (31) and (32) for W;(z,y). We skip details. The
y-gradient estimate is a little more subtle.

If h € R™, we have

Wt(:l,',y +h) — Wt(x y) =

f/[ast(“' 22) _ 95z, y)][¢(z_y B) — iz — )] d

since 1 is integrable and [ ¢ = 0. Using (G1) and (G2) for tdS;(z,y) /0t and (36), the
Lebesgue dominated convergence theorem shows that V,W;(z,y) exists everywhere
and

ViWil@y) = = / [ast(” .2) astg’y)}th)(z—y)dz,

the integral being absolutely convergent. Hence, |V, W;(z,y)| is dominated by

c / 1 ( |z —y] )71 e—cle—yl?/¢?

i 2|z—y|<t+|z—y| 136 t+ |$ - y' |Z - yl (1 + |z - yl/t)2
c —alz—z|2/t? +e’a|z y|?/t?
n n n 2 dz
t 2|z—y|>t+|z—y| t |Z - yl (lZ - yl/t)

< c 1 lx _ y! - —a|z—y|?/t? c 1: l(l,' — yl w2
S\ttt ) ¢ Ml G

This ends the proof of Lemma, 13. O
Lemma 15. — We have the following cancellation properties.

V(1) =0 (37)

W (1) =0 and Wi(e;) =0, j=1,...,n. (38)

The first two equalities follow from (14), which yields 85S¢ (1)/8t = 6; (1) = 0, while
the last one is a consequence of Q:(e;) = [(v;)¢ = 0.

By standard results on singular integrals [26], [63], one deduces from Lemma 13
and Lemma 15 that V and W are defined as continuous operators from C§°(R™; C™)
into (C§°(R™))' by the absolutely convergent integral

VEo) = [“iFa ¢
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and the similar equation for W. Summarizing, we have obtained

Lemma 16
(i) V is a weakly bounded singular integral operator, with V*(1) = 0.
(ii) W extends to a Calderén-Zygmund operator, with W*(1) = W(e;) = 0, for
1<j<n

Hence, we deduce from the T'1-Theorem [26] the

Corollary 17. — The operator U = V + W extends to a bounded operator from
L%2(R™;C") to L?(R™) if and only if U(e;) € BMO for all1 < j <n.

In order to explain the relation between L'/2 and U let us now give the second
definition of U. To this end, we use the following lemma.

Lemma 18. — Let U;: L2(R®) — L2%(R"), t > 0, be bounded operators whose
distributional kernels U(x,y) are measurable functions that satisfy
i< g (1+274) (39)
and
/Ut(x,y) dz = 0. (40)
Then

| 10891 T < el sl + lal):

lg(z) — g(y)|
Here, |g|1/2 = sup,, o —yi/z

Proof. — First, using (39), one has
Uef,9) = } / Ue(z,9)f(v)9(z) dydz

<[(/ |Ut(w,y>|2dy)1/2 1£llslg )| dz

< ct™™2||fllallgll:-
Next, using (40), one has U} (g)(z) = [ U:(y,)(g(y) — g(x)) dy, which implies

U@ < [ (1 ; u) 19(v) — o)) dy.

t
Hence, by (39), lUfglloo < ct'/?|g|1 /2. Since ||U;glly < cllgll1, one finds that

Uz gll2 < et'/*(Igh2llgll)'/? < 2et*4(Igl/2 + llglh)

and, therefore,
U £, 9) = (£, U g)l < ct' /4| fll2(1gl1/2 + llglla)-
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The conclusion follows readily. O

Applying this lemma, we see that for F' € L2(R™; C"), the linear functional
e _, dt
9= [ (VF+W.Fg)
0

is continuous on C§°(R™) and defines a distribution which we call U F. The application
U: F — UF is linear and continuous from L2 (R C") to (Cg°(R™))".

It is clear from their constructions that U and U agree on C$°(R™;C"). Thus, if
Corollary 17 applies the extension of U must be U. So it is no harm not to distinguish
them from now on.

With this in hand, one can establish (27). Let f € D(L). If ¢ > 0, using that
RR*V =V, it is clear that (V;+W;)Vf = 6,V f, hence for all e > 0 and g € C§°(R"™),

1/e dt
[+ wvsg S = @959,

By Lemma 5 and the definition of U, passing to the limit as € tends to 0 proves (27).

Let us turn to the proof of the equivalence between (i), (ii) and (iii) in Theorem
12.

The equivalence between (ii) and (iii) follows from Corollary 17. That (ii) implies
(i) is obvious. We are left with the implication (i) = (iii).

If (i) holds, then T is L2-bounded. Its kernel is well defined in the sense of distribu-
tions; it is the limit in (C§°(R?™))’ of T (z,y) and, therefore, satisfies the Hérmander
condition (20). Hence, T maps L= to BMO. Since U(e;) = T'(e;), we have obtained
U(e;) € BMO, which proves (iii).

It remains to check that (27) extends to H!(R™) when assertion (i) holds. This
assertion implies that the domain of L'/2 contains H'(R"). So, for f € H!(R™), the
equality T,V f = 1. (L)L'/? f used in Proposition 6 makes sense. Letting € tend to
0, the left hand side converges to TV f in L?(R"™) by Proposition 6 while the right
hand side converges to L'/2f. This proves that (27) holds on H'(R") and the proof
of Theorem 12 is finished.

Remark. — A consequence of Lemma 18 and of (27) is that, whenever L has the
Gaussian property (G), L'/? extends to a continuous linear operator from H'(R")
into D'(R™).

4.4. Further L? estimates and invertibility of L1/2

We are now in a position to add new LP estimates to those given in Proposition
10.
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Proposition 19. —  Assume that L has the property (G) and that (K) holds. Then,
we have the a priori inequalities for f € H'(R™):
L2 fllp < collV £lps 1<p< oo, (41)
and
L2 fllaga any < ellV Fllzeny- (42)

Proof. — By Theorem 12, the assumptions imply that U is L? bounded. By Calderén-
Zygmund theory, it is bounded on L? for 1 < p < oo. Furthermore, since U*(1) = 0
it is bounded on H!(R™). The conclusion of Proposition 19 is now immediate from
equality (27) on H!(R™). O

Remark. — The operator W is always L? bounded. Indeed, by (34) and Cauchy-
Schwarz inequality, we have

o0 a 1 ([ Ldt\Y2 [ [ dSy  ,dt\'?
[T imsan® < 2 ([Tieng) ([ wbapd)

Thus, we have to control quadratic functionals as in Chapter 2. But the one given
by Q: is bounded thanks to (2) of Chapter 2 and the other one is bounded using
the maximal accretivity of L* and (4) of Preliminaries. Of course, without further
assumption and, in particular, the property (G), W may not be a Calderén-Zygmund
operator.

At this point, almost all estimates stated in Theorem 1 have been obtained. The
remaining ones are in the next result.

Proposition 20. — Assume that L has the property (G) and that (K) and (K*) hold.
Then, there exists € > 0 such that for |[1/2 — 1/p| < e,

IV£ll, < CIL2fllp, f € H'(R™). (43)

We denote by W1?(R") the homogeneous Sobolev space of the distributions f
defined modulo constants by ||V f||, < co. If p = 2, W12(R™) = H'(R"™).

Proof — Since (K) and (K*) hold, we have ||V f|l2 ~ ||L}/2f]|2 and the domain of
L'/? is H'(R™) (Proposition 3 of Preliminaries). By the previous results, we have
L'/2 = UV on H'(R™) and U is a Calder6n-Zygmund operator. Thus, L'/2 extends
to a bounded operator from W1?(R"™) into L?(R"). The inequality (43) then follows
on applying Sneiberg’s result (Lemma 23 of Chapter 1). O

We now study invertibility properties of L/2.

Theorem 21. —  Assume that L has the property (G) and that (K) and (K*) hold.
Then, L'/? extends to a continuous operator from W*(R") to LP(R"), 1 < p < oo,
which is invertible for 1 < p < 2+ ¢ for some € > 0.
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Proof — We have already seen that L'/2 extends to a continuous operator from
WLP(R™) to LP(R™) for 1 < p < oo.
Furthermore, combining Proposition 10 and Proposition 20, we have for some ¢ > 0,

IVfllp < CILY?fllp, feWHP(R™)NHY(R"), 1<p<2+e.

Thus, the extension of L'/2 is one-one from W1?(R") to LP(R™) for this range of
p’s.

To see that it is onto, it now suffices to show that it has dense range. Let g €
LP(R™) N L%(R™). Since g € L?(R™), we have g = L'/2L~1/2g by functional calculus.
By (22) and (43) we know that ||VL~*/2g]||, < c||g|l, < 00, and this shows that g is

in LY/2(W12(R")). O

Remarks

1. Consider the space of tempered distributions modulo constants f such that
Vf € H'(R"), equipped with the semi-norm ||V f |[#¢1(=)- This space coincides
with the Triebel-Lizorkin space F}'*(R™) [79]. Since test functions are dense in
Fl1 2(R"), the same argument as above shows that L1/2 extends to a bounded
and invertible operator from F}*?(R") onto H!(R").

2. Call (L'/?), the extension of L'/2 on W1P(R") for 1 < p < 2 + &. There is
another way of defining this extension. Assume that L has the property (G).
Then, for 1 < p < oo, the semigroup e~*L extends to a C°-semigroup on LP(R")
and its infinitesimal generator, which is denoted by —L,, is an unbounded oper-
ator of type w on LP(R"™) [77]. Thus one can define its square root on LP(R™),
which we denote by (L,)'/? with domain D, [1]. It is easy to show that D, is
the range of the bounded extension on LP(R™) of (I + L)~/2. Hence, Theorem
21 implies that D, = W'P(R") for 1 < p < 2 + ¢ and that (L,)/? = (L*/2),.
The situation for p large is not settled: neither D, is known nor can one define
appropriately an extension of L1/2. See Section 4.7.4 for further information.

4.5. Coefficients depending on one variable

If L = —%(a(z)%), then a(av)dii—L‘l/2 is a Calder6n-Zygmund operator [14].
In particular ||df /dz||, < cp||L*/2f||, for all p € (1,00). This L? inequality, false in

general for large p’s in higher dimensions, is valid in specific situations such as the
following one.

Theorem 22. — Let L = —div (AV) € £(8) on R™ and assume that A depends only
on one of the coordinate variables. Then, for 1 < p < oo,

IV £llp ~ 1LY flp» (44)
and L'/? egtends to an isomorphism from W1P(R") to LP(R™).
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Proof. — There is no loss of generality to assume that the entries ag; of A are func-
tions of z; where (z1,%2,...,Z,) are rectangular coordinates in R™. Introduce the
vector fields

0 o}
X, = a11(.’171) 527_1 + - +(I,1n(£L‘1) 67

and, for 2 < k < n, Xy = 8/0zx, and set X = (X1,...,X,). Note that Xf = MV f
where, by the ellipticity of A, M is bounded with bounded inverse. Thus, there exists
¢ > 0 such that

cHXFI S|V <X fl, ae. (45)

for all f for which V f exists almost everywhere.
The result will follow from

Proposition 23. —  Under the assumptions of Theorem 22, the operators X,L~1/?,
1 < k < n, are Calderon-Zygmund operators.

Indeed, Calder6n-Zygmund theory and (45) imply, for 1 < p < oo, that ||V f||, <
c|X fllp < ccpl|L*2f||p- The reverse inequality is already known from Theorem 1.
Eventually, the extension of L!/2 to an isomorphism can be done as in the proof of
Theorem 21. O

Proof of Proposition 23. — 1t is interesting to note that among the three operators
VL2, AVL~=1/2 and MVL~/2 only the last one is a Calderén-Zygmund operator.
This is due to some natural algebraic relation on the heat kernel and justify the
introduction of the vector fields Xj.

Set Tk = XxL~1/2. We have

2 o _g2p, dt

The key point is that we have good kernel estimates.

Lemma 24. — Under the assumptions of Theorem 22, for all1 < k < n, the operators
tXre~ "L satisfy (G1-3).

This lemma is proved in Appendix B.

It classically implies that the off-diagonal restriction of the kernel of Ty is a
Calder6n-Zygmund kernel [26]. Thus, it remains to show that T} is bounded on
L?(R™). We give two proofs of this fact.

The first one makes use of Proposition 11 of Chapter 3, which tells us that ||V f||2 ~
|IL*/2 f||2. The L? boundedness of T} then follows from (45).

In the second proof we establish the L? boundedness of T} as follows. Assume
first that 2 < k < n. Since Xy = 0/0z; and e~t’l1 = 1, it is easy to see that
Tr1 =131 = 0. Hence, T} is bounded by invoking the T'1-Theorem.
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Next, for the same reasons we have 771 = 0. Observe that b = al_l1 is a bounded
and accretive function on R™ and, by a simple calculation, that

T} (b) = D _ T (axb).

k=2

Now, this sum is in BMO because we already know that for k > 2, T} extends
boundedly from L* to BMO. Hence T}'(b) € BMO and the boundedness of T}
follows by invoking the T'-Theorem [27]. a

4.6. Local L? estimates

In this section, we are interested in the local inequalities corresponding to (1) and
(2). Namely, for L = —div (AV) € £(4), we consider the a priori inequalities

”Ll/zf”zr < c(IVFlle + 11 fllp)s (46)

IV £lle < (L2 Fllp + 1 £1l)- (47)

The strategy to obtain such inequalities is basically the same as before with some
modifications that need to be explained.
Let us begin with a simple observation.

Lemma25. — Let L = —div(AV) € £(6) and assume that L has the Gaussian
property (G). Then, for all p € (1,00) there is a constant C = C(p, ) > 0 such that

CTHIEL+ 1) fllp, < I fllp + 11 £1lp < CIE + DY £l (48)
for all f € D(L'/?).

Remark. — The assumption (G);,. would not suffice to obtain both inequalities.

Proof. — This lemma relies on the following result. The bounded holomorphic func-
tional calculus for L on L?(R") extends to LP(R") for all p € (1,00). This means
that for all 7 > 1 > w (see Preliminaries), there exists a constant ¢ = ¢(u, p) > 0 such
that for all ¢ € H>*(T',,)

(D) fllp < cllfllp, £ € LP N LAR™). (49)

This fact can be proved as in Theorem 6.3 of [11] by showing that ¢(L) is a Calder6n-
Zygmund operator. An alternative approach is to invoke a general result of Duong
and Robinson [33].

Applying twice (49) to p(z) = (2'/2+1)(2+1)~1/2 and to its inverse readily yields
(48) and the proof of the lemma is finished. O
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Set D = (V,Id). Since ||Df||, is equivalent to ||V f||, + ||fllp, when this lemma
applies, (46) and (47) become respectively equivalent to

I(Z + 1) fll, < CplIDf I, (50)
IDfllp < Cpll(L+ 1) flp. (51)
Note that when p = 2, (K),. is precisely (50) and (K*)io. is equivalent to (51) by

duality.
Now recall from Chapter 2 that we can factor L + 1 as D*AD where A is the

. . (A . . . .
multiplication by the matrix ( 0 2) It is then just a matter of adapting mutatis

mutandis the methods developed in Sections 4.2, 4.3 and 4.4 of this chapter to the
new situation. For this we need to assume (G), (K)io. and (K*);o and we obtain that
(50) holds for all p € (1,00) and (51) for p € (1,2 + €) for some € > 0.

Next, let us assume that, in addition to the preceding hypotheses, for a given
g € (1,00), (14 L)~ ! extends to a bounded operator from W~14(R") into W1 (R™)
with the estimate

N1+ L) fllwre < Collfllw-1.0,  f € L2R™) NW~HY(R™). (52)
We claim that
IDfll < CNL + 1) f|ly,  f € HYR™) NWHI(R™).

Indeed, let f € L2(R™) N W14 (R™), where ¢ is the dual exponent of ¢. Since
(L* +1)7Y2f = (L* + 1)Y/2(L* + 1)1 f, by (50) for L* with p = ¢, one has that

L+ 1) 25y < ellDL* + D)7 flly < Collfllw-1.0

using (52) and duality. Hence (L + 1)~/? extends continuously from L?(R") into
W14(R™). Finally, since the domain of (L + 1)1/2 is H'(R™), we obtain the desired
inequality.

Summarizing the above discussion, we have obtained the following result.

Theorem 26. — Assume L = — div (AV) € £(8) has the property (G) and that (K)ioc
and (K* )ioc hold. Then there is € > 0 such that

125, <Vl +Ifllp), 1<p<oo, (53)
IV£lle <ULV Sl +1Ifllp), 1<p<2+e. (54)

If, in addition, for a given q € (1,00), (1 + L)™1 extends to a bounded operator from
W—L4(R™) into WH1(R™), then (54) holds for this value of q.

Remark. — By combining these estimates appropriately, one sees that the converse
of the last statement is true if, in addition, (54) also holds for L* with p = ¢'.

Let us finish with a statement that encompasses Theorem 3.
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Corollary 27. — Let L = —div(AV) € £(9), where A has vmo coefficients. As-
sume also that the coefficients are real-valued if n > 3. Then, for p € (1,00), L'/2
(resp. (L + 1)Y/2) extends to a bounded (resp. bounded and invertible) operator from
WLP(R™) into (resp. onto) LP(R™) with the estimates

L2 fllp + 11 F1lp ~ IV £llp + 1£ -

Remark. — The hypotheses of this statement are selfadjoint.

Proof. — The hypothesis that A be real if n > 3 ensures the validity of the Gaussian
estimates on L by the results of Chapter 1. Next, (K)o and its adjoint follow from
Chapter 3. For the resolvent estimate, we quote the following result from [3].

Lemma 28. — Assume A € A(J) has vmo coefficients. Then, for all p € (1,00)
1~ div (AV) " fllwre < coll Fllw-1-

The proof of the corollary is complete provided the invertibility of (L + 1)!/2 is
established, which can be done as in the proof of Theorem 21 and is left to the
reader. O

Remark. — Theorem 26 is known under the additional hypothesis that A has Holder
continuous entries. In this case, further LP-Sobolev results can be obtained. See [11]
for statements and proofs.

4.7. Miscellaneous results

4.7.1. Perturbation theory. — We have shown in Section 0.5 of Preliminaries a
strong continuity result for the map A — (— div (AV))!/2 defined on real symmetric
elliptic matrices.

The real variable representation of square roots given by Theorem 2 and the per-
turbation results for heat kernels (Theorem 6, (ii), of Chapter 1) have the following
consequence for this map.

Proposition 29. — Let f € H'(R™) and ¢ € C°(R™). Then, the map A — (L2 f, )
is analytic on G.

Recall that G is the class defined in Section 1.6 of Chapter 1 of all complex A € A
for which L = —div (AV) has the Gaussian property (G) and that G is open in A. It
follows from Theorem 4 of Chapter 1 that this result applies to real symmetric elliptic
matrices. Of course, this is a weak analyticity result as L/2 is considered here as an
element of the space of bounded linear applications from H!(R"™) into the space of
distributions on R™ (see the remark after Lemma 18). One can recover from it the
strong continuity result mentioned above but it gives no hints so far to whether the
conjecture formulated in Section 0.5 of Preliminaries holds.
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The proof of this proposition is similar to that of Theorem 8 of Preliminaries. The
only difference is in the topology put on square roots. We leave the details to the
reader.

4.7.2. Extensions to higher order operators. — If
L=(-)™ >  8%ass0°)
lee|=|B|=m

is an elliptic homogeneous differential operators of order 2m with bounded coefficients,
satisfying the Garding inequality

Re (Lf, f) > 8|IV™fIl3

and for which (K) and (K*) hold (see Preliminaries), the same questions about the L?
counterparts may be formulated. It turns out that an entirely similar strategy that
uses the estimates of Section 1.7 in Chapter 1 gives results similar to Theorems 1 and
2. More precisely, the statement of these results generalize to such L, where A becomes
the multiplication with (as) and where H™(R™) and V™ replace respectively H* (R™)
and V.

If the Garding inequality occurs with a factor —C/||f||2 with a non-negative C in
the right hand side then the local analogs of these results are valid: they correspond
to the ones established in Section 4.6 for second order operators.

One can also develop the LP theory of square roots for elliptic systems along the
same lines.

4.7.3. L? theory and bilipschitz changes of variables. — Let us go back to
second order operators. The LP theory also can be transferred under a bilipschitz
change of variables. From the discussion in Section 0.8 of Preliminaries, it suffices to
extend our results to square roots of mL, where L = —div (AV) and m is a bounded
non-negative function with bounded inverse (in fact, all what follows generalizes to
the case where m is a bounded and accretive function on R™).

We claim that the L? estimates of Theorem 1 and Theorem 2 hold for (mL)!/2 in
lieu of L'/2. Let us give a hint, leaving details to the reader. We assume that (G)
holds for L and that ||(mL)Y2f||2 ~ ||V £ll2-

First, starting from (5) of Preliminaries we have

1/2 _2 * - _ ® (m) ﬂ
(mL) f_W/o (14 t>mL) lmLfdt_/O 6; (Vf)t,

where 6™ = —%(m_1 + t2L) "1t div A.

As observed in a remark of Section 1.5.1 in Chapter 1, 0§m) has the kernel estimates
that make the methods of Section 4.3 applicable. We obtain that

(mL)Y/? = UV, (55)
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where U is a Calderén-Zygmund operator, which gives part of the LP-inequalities.
For the converse inequalities, the starting point is

0

and LP-estimates for 1 < p < 2 follow from L2-inequalities and Hérmander’s condition
on the kernel of V(mL)~1/2m. The improvement from 2 to 2 + € is obtained as in
Proposition 20.

For the limiting cases p = 1 and p = oo, we need to understand the cancellations.
Observe that

(m P+ 2L Y (m ) =1, t>0,

hence U*(m~1) = 0. This can be used to show that U maps H!(R") into mH!(R"),
the image of #!(R™) under the operator of multiplication by m, and thus

(ML) fllmrerany < €llV Flla amy-
The converse inequality also holds using (56).
Finally, using the same method as the one in Section 4.2 one has

I(mL)'2 f||Brown < cllAV fllBmomn)-

4.7.4. Estimates on Morrey spaces and application. — We go back to the
situation where L = — div (AV) € £(4).

Let us define the homogeneous Morrey space M7, 0 < v < n, as the space of
f € L}, (R™) such that

1/2
I Flligs: = sup (,,—7 /B Ifl2) < oo, (57)

where the supremum is taken over all Euclidean balls B, of radius p > 0 (compare
with Chapter 1).

It should be noticed that for p > 2, Holder inequality yields the embedding

. 2
LP(R™) Cc M"(R™) if and only if v = n(l - —) .
b

While L? estimates for square roots fails when p > 2, we do have substitute estimates
on Morrey spaces.

First, a result of M. Taylor asserts that Calder6n-Zygmund operators are bounded
on homogeneous Morrey spaces [78]. Therefore, we have the following result as a
corollary of Theorem 2.

Proposition 30. —  Assume that L has the property (G) and that (K) holds. Then,
forall0 < v < m,

L2 |y < €lIV Il -

For the converse, we have
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Proposition31. —  Assume that L has the property (G) and that (K*) holds or,
equivalently, ||[VL~1/2f||2 < c||f|l2- Then for some yo € (n—2,n] and all 0 < 7y < 7,
we have

VL2 £l g < cll Fll g

A consequence is a better understanding of the L? domain of L!/2? (see Section
4.4).

Corollary 32. — Under the assumptions of Proposition 81, there ezists a real pg > n
such that if g € LP(R") and L'/?2g € LP(R™) with n < p < po, then g € C"(R™) for
n=1-n/p.

Proof. — Define py by 70 = n(l —2/po). If n < p < po, we obtain that
lgllgn < ellVallygs < el gl < ellLgllp,

where v = n(1 — 2/p) and n = (v + 2 — n)/2. This proves the corollary. O
To prove Proposition 31 we need the following lemma.

Lemma 33. —  If L has the property (G), then the heat kernel K.(z,y) satisfies
the following estimate: there exists vo € (n — 2,n|, such that for all 0 < v < 7,
V.Ki(z,y) € MY (R™) and there are non negative constants c,co > 0 such that

i}
/ |tV Kz (z,y) P do < (B) emelzomul/2,
By (z0) tn\ t

for all zo,y € R™ and p,t > 0 provided 2p < |zo — y|

Proof. — In the course of the argument done in Chapter 1 that to show (D) implies
(G), we have seen that, if k is large enough and if A belongs to an appropriate sector,
V(AL)~* is bounded from L!(R™) into M” (R") for all v € (0, 7o) for some yo > n—2.
Integrating this in the Cauchy formula (61) of Chapter 1 gives the same boundedness
result for Ve~*L. Taking into account homogeneity with respect to ¢ > 0, this is
equivalent to an estimate of the form

»
/ |tV Ky (2,9)[? do < — (3) .
B, (20) A\t

(Note the exponent v > n — 2: compare with (13) of Chapter 1.) The Gaussian decay
now comes by interpolating with (13) in Chapter 1 which changes 7 to an arbitrary
smaller value. This proves the lemma. O

Proof of Proposition 81. — Fix 0 < v < ~' < v, f € M” and a ball B,(zo) centered
at zo. Write

f=fo+H+fot---,
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where fo = f on By = Bs,(x0) and fo = O elsewhere, and if j > 1, f; = f on
B; = Byji+1,(x0) \ Baiy(20) and f; = 0 elsewhere. The assumption on f implies
[1£i113 < ¢(p27)”. To prove (57), it suffices to establish that for all j > 0,

1/2
( /B ( )IVL“/2ij2> < cp'/?2790 (58)
p\TO

for some B8 > 0 independent of j.

For j = 0, this follows from the L?-boundedness of VL~1/2,

Suppose that j > 1. Since VL™1/2 = ¢ [* tVe~t"L dt/t, from Minkowski integral
inequality and Lemma 33 with +', we deduce that

1/2
/ |VL—1/2fj|2
30(30)

1/2
ot , dt
<e["f (/ ItiKtz(w,y)Izdw) i)y
0 Bj B,(x0)

o0 ¥'/2 .

C 14 —Otl:t _ ’2/2t2 . dt

< _c (P —y di
- C/o /Bj tn/2 (t) € £i )l dy~

Next, for y € Bj, |to — y| ~ p27, hence integrating in ¢ and then using Hélder’s
inequality, we obtain a bound

C(pzj)—n/22—j7’/2/ Ifj(y)ldy < c2_j"’/2(p2j)"/2,

which proves (58) and the proof is finished. O
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APPENDIX A

THE SPACE ABMO

This space ABMO has been defined in Chapter 3. We give the proofs of results
announced there.

A.1. Proof of Proposition 15 of Chapter 3

That (ii) implies (iii) is evident.

Let us prove that (iii) implies (i). Let f € BMO. Fix ¢ > 0 and Q € Q. Take bg
and hg as in (iii). Now, let Q;, i € I, be a finite family of nonoverlapping subcubes
of @ with £(Q;) < n(Q). By Poincaré inequality

[ 1ho - maihal? < ct(Q:)? / IVhol? < c?€(Q)? / Vhal?.
Qi Qi Qi

On the other hand,

/|bQ—mQ.-bQ|2$2/ Ibal?,
Qi Qi

hence

S [ 1 - mafP < 2@ [ [Vhal +4 [ Ibal? < (2en? + )@
iel Y Qi Q Q
by definition of bg and hg, and (i) follows readily.

We now assume that f € ABMO and prove (ii). Fix a cube @ € Q¢ and normalize
f by imposing mqgf = 0. By scaling there is no loss of generality to assume that
Q =[0,1)". Consider the dyadic cubes Q;x, 7 > 0 and k € Z", and (S; f)(z) = mq,. f
whenever z € Qjr C @ and S;f = 0 elsewhere. By assumption, for any £ > 0, there
exists j which is chosen once for all such that

/Q F-Si= 3 /Q 1 =mafP se. (1)
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We show that for some o > 0 depending only on £ and f, fQ |f — B:f|? < 50e if
t <tp.
To this end, write

f=FBf=I-P)f-Sif)+I-PR)S;f).

If x;r is the characteristic function of the cube @i, the function (I — P;)x;x is
bounded uniformly with respect to ¢t and j and has support contained in the set of
z € R™ such that d(z, Q) <t (recall that P; has a kernel supported in |z — y| < t).
Hence

J 1= Pixal? < etz i) = ce2d|Qul.

If ¢ is small the functions (I — P;)x ;% have supports with finite overlap. Hence,
J1a=Pysipr < e 3 [10- Pmay fxsl?
k
< ct? Y Imq, fI71Qjx|

k
< ctsz/ Fik

PERAYT

<av [ |1
Q

Next, with x being the charateristic function of @), write
I —=P)f—S;f)=Ff—Sif —P(x(f = S;if)) — P((1 = x) f)-

In the last term we have used the fact S;f = 0 outside of Q. Thus, by (1), the
L2-boundedness of P, and localization, we have

[la-rys-sinpsee+s [In@-onp<ee+s [ |pp.
Q 1+)\Q
At this point, it is useful to state the following result.

Lemmal. — Let f€ BMO, Q€ Q and0<t<1. Then,

/ | 1F(@) — mof? dz < ct(|Int| + DIQII I mon
dist(z,0Q)<te(Q)

where ¢ depends only on dimension.

Applying this result and collecting all the estimates, we have
/Q |f = P.f? <12 + ct2|| fll 5o + el nt | + Vil fllBros

and choosing ¢ small enough gives us (ii).
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Proof of Lemma 1. — Decompose the set dist(z,dQ) < t£(Q) as a non-overlapping
union of O(t!~™) cubes @; with sidelength t£(Q) and adjacent to Q. Classical BMO

inequalities yields for each ¢,
[ @) —mast < et + DIQu o

and, since |Q;| = t"|Q|, we conclude by summing over all i’s. O

A.2. Littlewood-Paley characterization of ABMO

dP,
We tak —t—.
e take Qy = —t=
Proposition2. — Let f € BMO. The following statements are equivalent.

(i) f € ABMO.
(iv) For any e > 0, there is 1 > 0 such that for all Q € Qo,

n¢(Q)
IQl/ /th.f( )lzdmdt

(v) There ezists a non-increasing weight w: [0,1) — [0,00) such that

}1_1)1(1) w(t) = o0

9 t \dzdt
5é‘£o|cz|/ / @@ gigy) 7 <o
Remarks

1. In [15], we took (v) as a definition. We gave no proofs there.
2. As usual, these characterizations are independent of the choice of Q;.

and

Proof. — That (v) implies (iv) is evident. Conversely, assume that (iv) holds. To
each j > 0, apply (iv) with € = 277 and call (;) the sequence thus obtained. With no
loss of generality, it can be assumed non-increasing and converging to 0. The desired
weight in (v) is defined by w(s) = 2//2 when ;11 < s < 7.

Next, we prove that (iii) of Proposition 15 in Chapter 3 implies (iv). Let ¢ > 0
and @ € Qp. Construct bgg and hgg by (iii) (the fact that 3Q) may not be in Qp is
not a major difficulty and we ignore it). By standard Littlewood-Paley analysis and
localization, we have

«Q) 1 dzdt
/ [ 1ihso@l 5= < / [ 1msal,
0

hence

7I£(Q) 2 dxdt 2 2 9 9
[ @mso@PE < @2 [ ol < er?lal
0 Q 3Q
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by definition of h3g. Next,

Q) dxdt
[ [1ate@P P <c [ ol s el
0 Q 3Q

and (iv) follows from f = b3g + hsg on 3Q.
_Finally, we prove that (iv) implies (ii) with a modified approximation to the identity
(Pt)t>0 defined by

t
1-p- [ @
0 S

Let @ € Qp and x be the characteristic function of 2Q). Observe that since Q, has a
kernel supported by |z — y| < s, we have

Qif((l:) = Qs(Xst)(w)7 T€Q,s< K(Q)

Hence, using standard Littlewood-Paley techniques and (,) as the inner product on
L2(R"), if t < £(Q), we have

2

[ a6@un@ 2| a
0

Jolf ~Piffrde < [

o ds du
< [ [@e.aeunrenty
t pt
= C/O/O inf (% g) IxQufll2llxQs fll2 %%“
t ded
= C/O / X@)Quf @) ==,

where the last inequality follows from Schur lemma.

Now, let € > 0 and 1 > 0 given by (iv). Splitting 2@} into 2™ cubes with sidelength
£(Q), we can apply the inequality in (iv) to each of these cubes. Choosing t = nf(Q)
in the preceding calculations, we obtain

/ \f = Bif? < 27|
Q

which is the desired inequality. Proposition 2 is proved. O

A.3. A subclass of ABMO
We consider Example 3 of ABM O functions and Proposition 23 of Chapter 3.
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Proposition 3. — Let f € BMO. Then the following assertions are equivalent
_ 2
/ HCREOR (G @
Qer IQI h|<£(Q) A
£ dxdt
sup —/ / |Q:f(x)|? In (@) — < oo. (b)
Qeo IQI

dxdt

up 2 [ / f@) - PP 22 (©
QEQo |Q|

The condition (b) is clearly a special case of (v) in Proposition 2. So it follows

from this lemma that any f satisfying (a) or (c) is in ABMO. Also, the equivalence

between (a) and (c) gives us a proof of Proposition 23 in Chapter 3.

Proof. — We begin with some localisation arguments. Let f € BMO and set, for
each cube Q, fo(z) = f(z) — mof when z € @ and fo(z) = 0 otherwise.
First, (a) is equivalent to

2
wp L[ [ Vet B o@F 4, @)
QeQo 1Q] Jin<e@)Jrn ||
Indeed, for each @, the error terms are controlled by integrals of the form
c dzdh
AT f() —mofl?
QI /]h|§l(Q) ~/diSt(a;,8Q)§[h| | | 28

which, by Lemma 1, are bounded by

. 1By @) b

Next, (b) is equlvalent to

£(Q)
sral, fesern(fR)EE e o

Using the the fact that the kernel of Q; is supported in |z — y| < t and that Q; is
uniformly bounded on L2(R™), the error terms can be shown to be controlled by

o 9 mofP? é(_@)M
|Q|/o ~/diSt(z,8Q)St|f(w) ma/| ln( t t’

and again, Lemma 1 gives a bound c||f||%0-
Finally, by similar arguments (c) is equivalent to

£(Q)
up / fal®) — Pifa(@)

(©)
QEQo
It remains to prove that (a’), (b) and (c’) are equlvalent conditions. Since, by
definition of BM O, we have

1
sup = [ 1fa(@)Pde < fllho

QEDo

2 dedt d:cdt
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this follows from the next result and rescaling applied to each fg.

Lemma 4. — For f € L?(R"), set
|f(z + k) — f(z)[?
ol = /h|<1/n" |A|™ dzdh,

g (f) = / / Quf@)Plne | L,

= [ [ @ - rrpet,

Then, the quantities q;(f) + || fl|3, i = 1,2, 3, are equivalent (in the sense of norms).

The proof of this lemma consists in observing that each of these quantities is, via
Plancherel theorem, equivalent to

[ \Formede,

where m(§) is a continuous functions satisfying m(£) ~ 1 near 0 and m(£) ~ In €]
near oo.
This concludes the proof of Proposition 3. O

A.4. Further examples

Ezample 4 in Section 3.3.2 of Chapter 3. — We consider a function f that is con-
tinuous and homogeneous of degree 0 on R™ \ {0}.

To show that f € ABMO, pick a cube @ € Qp and remark that we may use any of
the conditions (i) to (v) on @ since the various implications are local (more precisely,
the proofs show that any of the conditions from (i) to (v) valid on @ implies the other
ones on subcubes of Q).

If 0 ¢ 3Q, we use condition (ii). Observe that since f is homogeneous, we may
assume by a linear change of variables that ¢(Q) = 1. In such a case, elementary
geometry gives us that 2Q C E = {zx € R*;1/2 < |z| }. Now, for t < £(Q) and z € Q,
using the support condition on the kernel of P;, we have

|f(z) = (Pef)(z)| < w(t) =sup{|f(z) — f(y);z,y € Eand |z —y| < t}.
Hence,

/ 1£(@) - Pof (@) dz < cw(t)?,
Q

and since f is uniformly continuous on E, this tends to 0 with ¢.
If 0 € 3Q, we use condition (iv). Again, the observation on homogeneity applies
and we may assume that £(Q) = 1/4. Then we have that @ is contained in the cube
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Qo = [-1/2,1/2]™ and it suffices to estimate

! dzdt
[ [ 1@s@run 5=
0 JQo
for a convenient weight.

To this end, remark that since f € L,

// 10uf ()2 2% dxdt

by Littlewood-Paley theory. To complete the proof, it suffices to apply the following
1
lemma to the function g(t) = / Q¢ f (x)|? dz.

Lemma 5. — For any g € L'([0, 1]), there exists a non-increasing weight w: [0,1] —
[0, 00) with }in(l) w(t) = oo and
—

[ o <2 [ ).
Y 0

Proof. — Assume fol |g(t)| dt =1 and select a non-increasing sequence t; by

t;
/Iﬂm#=¥1
0

If limt¢; > 0, then g vanishes in a neighborhood of 0 and the existence of w is
trivial. Otherwise, we define w by setting w(t) = 27 when t;;+1 < t < t;. Thus,
lim;—,0 w(t) = oo and

1 et t;
/ lg(t)w(t) dt = 22"/ lg(t)| dt < 2214 i=2,
0 j=0 tj+

7=0
O

Ezample 6 in Section 3.3.2 of Chapter 3. — Let f be the characteristic function of

the set E defined by
U ( 2’" +1 a 277/1 o )
n>1 ( 1) ( )

where a > 0 is fixed. Let n > 0 be arbitrary. Choose n, € N with

2a <n.
2n, —1 —
Choose
1 1 1
e e I [ e LS
We have, if n < n,,
(L) < 22t < (D),
- (2n—1)ot+1 —
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and it is easy to see that
[ 1 = ma, 7z = ot
In
where
lim ¢, = 1.
n—oo
Thus, if ny is chosen large enough, we have

> [ 1= mu gtz = 5 Y 6 > G0

n=n, n=ne

This proves that f € ABMO.
For g(x) = sin(z~1/%), we proceed analogously by choosing

1 1 1
I=10,—— d I,= )
[ (now)a] - [((n +Dm)’ (nm)®

Easy calculations show that my, g ~ 2(—1)"/7 as n increases indefinitely so that
/ 'g - mlnglzdx = cne(In),
I,

with ¢p ~ [y |sinz — 2/x|? dz. The conclusion follows as before.

], n > ne.
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APPENDIX B

COEFFICIENTS DEPENDING ON ONE VARIABLE

This appendix is concerned with the proof of Lemma 24 in Chapter 4, dealing with
L € £ having coefficients depending only on the first coordinate variable. With the
notation of this chapter this amounts to showing that the kernel M;(z,y) of tX et’L
satisfies

C a|r — 2

Mi(z,9)] < 5 exp{_ | - yl } (1)

c |h| " oz —y|?

_ <= |—F -

| My(z,y) = Me(z + h,y)| < o (t+1w_y|) e"p{ 2 @

¢ |h| K alz —y|?

— < —|— -T2
|Mt($,y+h) Mt(zay)l = ¢n (t_.l..lx_yl) exp{ t2 (3)

whenever 2|h| <t + |z — y|.

We assume throughout this appendix that L = — div (AV) where A has entries ax,
that are functions of z;, (z1, 2, ..., Z,) being the rectangular coordinates in R™ and
X = (X1,...,X5) is the arrow of vector fields

X1 = 611(231)6;21 +---+ aln(zl)aaTn
and, for 2 < k < n, X; = 0/0z.

The proof is long so let us explain the strategy.

The first step is to show that L has the Gaussian property (G).

The second step is to obtain boundedness and regularity with respect to both
variables for M;(z,y). For the boundedness and regularity with respect to z, we
show that £ — tV,X K (x,y) = V. Mi(z,y), the variables t,y being fixed, is in a
Morrey space, which implies that M(z,y) is bounded and Holder continuous in z.
The regularity in the y variable is obtained in a similar way.

The third step consists in obtaining the decay in (1-3) from the Gaussian decay of
K;(x,y) and the Holder regularity of M;(z,y) via an interpolation technique.
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Remark. — Before going on into the proof, a further simplification can be obtained by
noticing that the class of operators L considered in this argument is invariant under
scaling and translations. Thus, it suffices to obtain estimates for t =1 and y = 0 in
most cases and the full estimates with the correct dependence in ¢ and y follow by an
appropriate linear change of variables. For this reason, we do not care in the proof
about controlling constants.

Lemmal. — L has the Gaussian property (G).

Proof. — By Theorem 10 of Chapter 1, L has the property (G) if L and L* have the
property (D). Since this class of operators is stable under taking adjoints, we restrict
our attention to L.

Let us pick a cube @ = I x J in an open set §2 where [ is an interval of R and J a
cube of R®"!, and u a weak solution of L on .

As the coefficients ax; depend only on z;, L and 0/0z) commute for 2 < k <
n. Using only Cacciopoli inequality as in [39], one has that du/dz; € H} _(Q)
and L(0u/0zr) = 0 for 2 < k < n. Note that only the ellipticity of A is used
in this argument. By induction, one has that 8%u € H}_(Q) for all multiindices

loc

a = (0,as,...,a,). Using the inequality (Sobolev embeddings in R™~1)

/|6Q‘P(3,Z/)|2 ds < cp // Z |0%TP (s, 2)|? dzds
I 1Jrn-1

|Bl<n—1,80=0
for all ¢ € C§°(R™) and all multiindices a with first coordinate 0, and localization
and density arguments, one obtains
0% uCWllmy, 1y <em, by > 10°ullgs (q)-
[B|<n—1,80=0
Therefore u € C°°(J; H.,.(I)) and since H}, (I) C C’,lo/c2 (I), we have shown that u is
locally Holder continuous with exponent 1/2.

Let us show that u satisfies (18) in the definition of (D) with u = 1/2. Let Q = B;
be a ball of radius 1 and assume that v € H'(B;) and Lu = 0. Let 0 < p < 1. If
p > 1/3, the inequality is obvious, so we assume p < 1/3. From Cacciopoli inequality
and what we just established,

[ <% [ u-el <o,
Bp p B2p

where ¢, is the mean of u on By,. Note that ¢ depends on n and ellipticity and on
u. The correct dependence in u follows from the uniform boundedness principle as
follows.

Let E be the space of all weak solutions v € H'(B;) of Lu = 0. Then E/C
equipped with the norm |ju|| = (fp, |[Vu|?)!/? is a Banach space (it is easy to show
that the space of all weak solutions is closed in H!(B;)). Define T,: E — L?(R"™) by
T,u(z) = p~(»=V/2(Vu)(z) for almost all z € B, and T,u(z) = 0 otherwise. We have
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shown that supy.,<1/3 ||Tpull2 < +oo for each u € E. Thus supgc,<y/3 || Tl < +oo.
Writing out this inequality means precisely that

[ wup <comt [ v, @
B

A
where the constant C' depends only on n and 6.

On balls By with arbitrary radius, a linear change of variables (which does not
affect the ellipticity constant) brings us back to the preceding case. O

Remark. — A further investigation on the equation Lu = 0 shows that, in fact, u is
locally Lipschitz so that n — 1 in (4) becomes n. We do not need such a refinement
here. However, see the next remark for an alternate way of seeing this.

Lemma 2. — If Ki(z,y) denotes the heat kernel of L then for allt > 0 and y € R",
z — VXK, (x,y) belongs to the Morrey spaces M" for all v <n — 1.
Proof. — We start from the equation
. dK;(z,
div . (A(e1) V. Kule,y) = TEUEY) )
Fix 2 < k < n. Differentiating, we obtain
. 0K (z, . dK;(zx,
div (A(:cl)Vw ——#) = div (ek %) (6)

where e, is the kth canonical basis vector in R™. It follows from Lemma 19 of Chapter
1 and Lemma 1 that z — dK.(z,y)/dt is bounded, hence it belongs to all Morrey
spaces MP where 8 < n. Using Lemma 12 of Chapter 1, (6) implies have that
z — Vz(0Ki(z,y)/0zr) belongs to M7 for all v < n — 1. Since X; = 9/0zi we
have obtained that VX K;(x,y) belongs to M for v < n — 1. It remains to study
VX1 Ki(z,y).

If £ > 2, since 8/0z; and X; commute, we have that

O(X1K:(2,y)) _ Aey - VaKt(-T, )
61‘[ 3.’17[

belongs to M for v < n — 1 by what we have just proved.

Next, the function z — 9(X1K:(z,y))/Ox1 occurs as one term in equation (5).
More precisely, we have

0X1K(z,y) _ dK:(z,y) _ Z i(ake(xl)aKt(x’y))
3 — T

ozq T dt Oz,

k>2,6>1

Commuting 8/0z; with the other operators in the sum, we see that the function
z — XK (z,y)/0z1 belongs to M7 for v <n — 1. O

Lemma 3. — M;(z,y) is bounded and Hélder continuous in both variables (x,y) for
some ezxponent in (0,1).
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Proof. — We have seen that ¢ — VX K;2(z,y) belongs to M for y < n — 1. By the
Morrey embeddings (Lemma 11 of Chapter 1) and since M;(z,y) = tX K;2(x,y), this
implies that z — M;(z,y) is bounded and Hélder continuous with exponent < 1/2.

It remains to obtain the Hoélder regularity in the y variable for M;(x,y). The
argument of Lemma 2 can easily be adapted starting from Ki(z,y + h) — Ki(z,y)
instead of K;(z,y) in (5). This shows the boundedness of x — M(z,y+ h) — M(z,y).
Its supremum depends on the Holder bound of the heat kernel, which gives the usual
growth |h|"7. O

Remark. — One can improve the conclusion of Lemma 2 by a bootstrap. Indeed, the
proof gives that z — K;(z,y) is Lipschitz continuous. Thus, the term in the right
hand side of (6) is bounded. Starting again the argument shows that z — VX Ky(z,y)
belongs to the Morrey spaces M” for all v < n. Hence M;(z,y) is Holder continuous
in both variables (z,y) for any exponent in (0, 1).

Lemma4. — Let f: R® - C and fir 1 < k < n. Assume that 0f/0xy, exists and
0f [0z, € C"(R"™) for some n € (0,1). Assume, furthermore, that |f(z)| < w(|z|)
where w is a non-increasing weight on [0,00). Then

@) < el (e, ™

Proof. — We begin with Taylor formula
0
£+ hew) = 1(z) + gl (2) + O(Ih[™+)

for all z € R™, h € R and O(|h|'*7) is uniform in . Choosing h with the sign of =
we have |z + her| > |z|, and since w is non-increasing we have |f(z + her)| < w(|z|).
Thus, for all h with hzy > 0,

of 2w(|z])
= < h|".
Bwk(z) S T + C|h|
Optimizing over all possible h gives us (7). O

Lemma 5. — M;(z,y) satisfies (1).

Proof. — The preceding lemma applies to f(x) = Ki(z + y,y) when 2 < k < n and
t =1 with w(z) = e~2l=I” and gives a Gaussian decay for Of [0z = Xif. For the
remaining term we proceed as follows by adapting Lemma 1.4 in [14].

By the fundamental theorem of calculus, for all h € R with hx; > 0,

1
f(z + hey) :f(w)-f-h/ g—f(z+thel)dt. (8)
0o 011
Using the explicit form of X, one has
of 1 ajp Of ain Of
g5 _ - B T Nt Nt Lt 9
0r; an £1 a1 0z, a1 0Tn ©)
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Now, we insert (9) into (8) and replace X, f(z + the;) by X; f(z) since
X1f(z + ther) = X1f(z) + O(|h|")
uniformly in z,t. Invoking the Gaussian bound on f and (7) for 2 < k < n, we obtain
! 2u(J=])
——__dt|| X1 f(z)] < = 4 LR + e(n, )w(|])V (D
| e | f@1 < 25 o + et mua)
Since ||a11]]eoc < 1/6 and Reai1 > d almost everywhere, the integral involving this

function is bounded below by 6. Thus, optimizing over h gives us |X;f(z)| <
8= 3¢c(n, n)w(|z|)" (1) as desired.

O

So far we have obtained (1), and (2-3) without the decay. But Remark 2 after
Definition 3 of Chapter 1 applies and gives us the desired decay. This completes the
proof of Lemma 24 in Chapter 4.
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APPENDIX C

IMPROVED CONSTANTS

Journé studied in [45] how far a perturbation of the identity matrix one can take
to control the multilinear expansions involved in the square root problem.

Although we do not use multilinear expressions, we can ask whether our methods
improve Journé’s constants.

In fact, we more or less find the same results, and this indicates that these constants
may have a geometric meaning.

In this appendix, we need to care about algebra on matrices and their norms.
Recall that the space M,(C) is equipped with the operator norm induced by the
hermitian structure on C".

Let us begin by recalling a basic fact.

Lemma 1. — The following assertions are equivalent.
(i) A€ A.
(ii) There exist A € R and M € L®(R"™, M,,(C)) with ||M||co < 1 such that A(z) =
A(l — M(z)) a.e..
(iii) There ezist A\ € R and M € L>®°(R"™, M,,(C)) with |M||co < 1 such that A~(z) =
A — M(z)) a.e..
Define
ko = sup{ ||/ — Al|leo; (K) holds for — div(AV)}
and
k1 = sup{ ||l — A7||eo ; (K) holds for — div(AV)},
and ask for the values of k9 and k1. By Lemma 1, the square root problem will be

solved for all —div (AV), A € A, if one can show that kg = 1 or k; = 1. This is the
case when n = 1.

Theorem 2. — Ifn > 2, then

1
- <
1+2yn =0 1)
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and
1

Vv1+4n

Journé obtained essentially the same lower bounds for k¢ and k;, and we give proofs
based on our approach. He also observed that an abstract nonsense argument shows
that these numbers must be equal but our proofs do not give equal lower bounds.

Before we proceed, let us introduce, following Journé, the family of dyadic averages
defined by

<kKi1. (2)

S.f(@) = QI /Q 5,

where |@Q| is the dyadic cube of R™ which contains z and with sidelength satisfying
t < £(Q) < 2t. It is a classical result that the associated maximal operator, S*, is
bounded on L?(R™) with norm equal to 2. Also, the geometrical properties of dyadic
cubes make the constant in Carleson’s inequality equal to 1:

/ [ 18 @P dute,t) < 1dul? [ 15" 5(@)Pdz, f e 2R,
R” JO R~

Thus, we have

L[ m@ss@r S <ame [ (1@ iz, ©

for scalar functions f and b; and it extends to C™-valued functions where the product
b:(z)S: f(x) becomes a scalar product.

The other interesting point concerning the family of operators (S;):>o is that,
given any approximation to the identity (P;):>o as in Chapter 2, then (P, — St)¢>o is
a bounded family with

|(P: = St)|s < e(n, p). (4)
The proof of this inequality is merely sketched in [45] and we propose another
proof at the end of this appendix.

Proof of Theorem 2. — Let us begin the proof of (2). It consists in optimizing the
constant ¢; in Theorem 21 of Chapter 2 in a specific situation.

We consider V;: L2(R",CP) — L%(R"™) such that (V;):>o is a bounded family sat-
isfying the size and partial regularity assumptions of the above mentioned theorem.
Furthermore, we assume that

V, = W,IIA, (5)

where A is a bounded and accretive operator on L%(R", CP), which, by the operator-
valued version of Lemma 1, is normalized by

Al=1-M
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with ||M|| < 1, ||M|| denoting the operator norm on L?(R",C?). The operator II is
assumed to be an orthogonal projection in L2(R"™,CP) and W; is L2-bounded but we
never use its norm in a quantitative way.

It is easy to check that (5) with the conditions on IT and A implies the structural
condition with X = II(ITAII)"!IIA (see Lemma 23 of Chapter 2).

Lemma 3. — For some constant C we have, for all F € L>(R"™,CP),

T VI-|M|P?

Remark. — Recall that V;1 is the C"-valued function (V;ey,...,V;e,), while V, F is
scalar-valued. This remark will be of importance in the proof.

IFlloo + CIIFloo- (6)

Proof. — We follow the main steps of the argument of Theorem 21 in Chapter 2.
The three important inequalities in this proof are:

VeFle < (IVils + O)l| Flleo,

[Vils < TolViIl]s,

and
|[VeIl|s < T1|V2l|c + C.

Combining these inequalities gives us
[ViFle < YoT1|Velle||Flloo + CllFlloo, (M

and our task is to minimize Yo Y;.
Lemma 3 thus follows from the claims that

1
To £ e (8)
1—||M]?

and that
T, <2 9)

To estimate Y¢, use A = I + AM, the structural condition (5) on V; and the fact
that II(1 — IT) = O (since II is a projection) to obtain

Vi(1 - TI) = W,ITA(1 — TT) = W,IAM(I — TI) = V; M (I — TI).
Thus, for F' € L2(R™; CP), we have
ViF = VIIF + V,(1 — )F = V,I(IIF) + V;M(1 — I)F

and taking quadratic norms, we get

dt
(/0 IVeFlli3 — ) < |[Vell|s||ITLF ||z + [Vels([M[I[(1 — ID)F|[2.
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Now, II is an orthogonal projection, hence ||F||2 = ||ILF||2 +]|(1 — ) F||2. Optimizing
the above inequality over all F' gives us

Vils < /IViTIZ + [ViIZlIMIP,

and (8) is proved.
To control T;, begin with the inequality

[Villls < |(V:1) Pes + C
which follows from Chapter 2. Now,
|(Vi1) Bi|s < |(Ve1) Stls + [(Vi1) (B = Si)ls < 2|Vi(1)le + [[Villloo|P: — Stls

by (3) applied to vector-valued functions. Applying (4) finishes the proof of (9) and
that of Lemma 3. O

As shown in Section 2.5 of Chapter 2, this lemma applies to
Vi = 0F) = et Leg2k I AR giy 4
when k is large enough. The equality A = I + AM yields
k k
6:7e;)(z) = (6" M;)(a),
where M; denotes the jth column vector of M. Hence, for all cubes Q,
1 1D dedt _ 4]0 12| M52
_ 0 . 2 < t c Jlloco C
i), [eewrss < Bgmgle v
for some C' > 0. Now, sum over j and take the supremum over all cubes to obtain

an|6M 112 M 12,

ot = =T e
and (2) follows readily.
Remark. — A reexamination of the argument shows that the condition
4 1M @)1s lloo <1
1—||M]I%,

implies |0t(k)1|§ < 00. Since the Hilbert-Schmidt norm on M, (C) satisfies
IM||as < v/n|lM]l,

this is a stronger result. We leave details to the reader.

We continue the proof of Theorem 2 and establish (1). To this end, let us introduce
an estimator which was defined in [15]. For each cube @ and 1 < j < n, define f; ¢
as the unique solution in H}(Q) of

/QAVf,,Q-vcp=/QAe,--ch, Vo € Hy(Q).
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In other words,
div AV f; o = div Ae; in D'(Q).

Set
1 \ 1/2
L)= inf su (—/V ) .
7( ) QeQ 15;‘271 |Q| QI f]yQI
Writing A =1 — M, we have
/c:?(f - M)ij,Q . ijyQ = — /;Mq- . ij,Q, (10)
thus
1 / 2 |Me;l|%
il \vg 2 < M7 %llce
Q1 Jo Vel < Tl
whence
1Moo

Next, by a localization argument analogous to the one made in Chapter 3, one can
show that, for all cube @ and p > 1,

0e;)(@) = OV fin@)@) + bulz), z€Q,
where f(f @ Jo |be(2)[?dzdt/t < c|Q], the constant c being independent of Q. Now,

«Q) dzdt
[ [ 1699 fue)@r SE < oo / IV final?,
0 Q t nQ

where II is the projection on gradient vectors (note that we extended Vf; .o by 0
outside u@). A straightforward computation yields, therefore, that

168%¢;12 < 4u™16,"1124(2)* + C.
Summing over all j and using (11) shows that |0§k)1|c < oo provided

n/2
20" Mlloo -

Since this holds for any p > 1, this proves (1).
Remark. — The right hand side of (10) can be written as
—/Q(M - cQle; - Vi

where cg is any constant. Thus, we also have

IMllBmo
1) < WMo
S 17
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with the definition of the BM O using cubes instead of balls. Finishing the proof as
before and noticing that M and A agree in BMO we obtain that
1-J]4A- 1]l

2vn
implies (K) for — div (AV) (note that A is normalized by ||A — I||e < 1). This refines
the estimate obtained in Theorem 18 of Chapter 3.

l|AllBmo <

Proof of (4). — By Theorem 11 of Chapter 2, it is enough to show that (S; — P;)¢>0
is a weakly regular family. The size condition on the kernel is easily verified since
both S; and P, have bounded kernels supported in a band |z —y| < ct. The regularity
estimate
|U(=A)°" fll2 < cot || fl2
is true for Uy = P; and s > 0 by Plancherel theorem. For U; = S;, it holds for
0 < s < 1/2. Indeed, for 27971 < ¢t < 277 and g € L?(R"™), we have
(St(_A)s/2f: g) = Z ((—A)s/zfa 2an(2jx - k»mij (g)v
kezn

where Q ;i are dyadic cubes of sidelength 277 and x is the characteristic function of
the cube [0,1)™. Hence

(Se(=8)2f,9) = (£, ) cikxs(2z — k),
kezn

with ¢jr = mq,,(9)27("**) and x, = (—A)*/2x. Using Plancherel theorem and a
classical periodization argument (see [63]) we have that

[ Z e n@a-n

2
dz < c(n,s)2™™ E lejx)?,

kezn kezn
with
c(n,s) = sup D |Xs(£ + 2¢m)°.
£ern Lezn

Since i

N R

%:(©) = leI" [[ —z—

j=1 J

one has that ¢(n,s) < co when s < 1/2. In this case, we deduce that

1/2
[(Se(—A)*"2 £, 9)| < cll fl|227¢ (2"j > ImQ,-k(g)|2>

kezn
< ct™*|| fll2ligll2-
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REDUCTION OF DIMENSION PRINCIPLE

We have seen that for matrices depending only on one variable, the square root of
the associated accretive operator behaves as in the one dimensional situation. In fact,
there is a principle that governs this fact and that we call the reduction of dimension
principle for square roots. The situation is as follows.

We are given A € A(J) in R™ and L = —div(AV) on L*(R"). We assume that A
depends only on the m first variables z1,...,Zm, m < n. We shall put z = (y,2) €
R™ x R*™ with y = (z1,...,Zm)-

Now, extract from A the matrix consisting in the first m rows and m columns of
A and call it B. It is obvious that B € A(4) in R™. We set M = —div (BV) the
associated maximal accretive operator on L2(R™).

Theorem 1. — With the assumptions above, then
[ swtdy<e [ 1V@Pds, £ e DO, 1)
is equivalent to )
[ prt@rdz<c [ 1Vi@Pds, feDW). ?)
R" R"

The interesting implication is from (1) to (2). For example, when A is real, it suf-
fices that B be symmetric for (2) to be valid. There are inhomogeneous variants of this
implication. We leave to the reader the care of checking them. If B € ABMO(R™)
this gives (K)o for L.

Proof. — Let us first assume that both L and M have the Gaussian property. Set
08 = (I +2L) 'tdiv, A,

and
62 = (I +>*M)~'tdiv, B,

where we indicate the variables to ease the exposition.
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We first prove that (1) implies (2). By Theorem 24, (iii), of Chapter 2, we have to
show that 6/le; is a Carleson function in R™ x R+.
Since A depends only on y, we have for 1 < j <mn,
aal j 1
... — div..(BF:
3(171 + + Ba:m lvy( J)’

where ay; are the coeflicients of A and where Fj(y) € L>°(R™;C™) and, B(y) being
invertible, is completely determined by the equation

B@)F;(y) = ((a15(¥); - - am; ()"

Note in particular that, when 1 < j < m, we have Fj;(y) = e;, identified with the jth
basis vector in C™.
At this point, we quote the following result whose proof is presented later.

div,(Ae;) =

Proposition2. — Letn > 1 and L = —div (AV) € £(8) and assumed to satisfy the
property (G). Fiz F € L>*(R";C") and t > 0. Then (1+t2L)~1 ¢ div F is the unique
function u € L>°(R™) N HL _(R™) such that

/u(a:)d:(a;) dz + t* / A(z)Vu(z) - V() dx = —t/F(a;) -Vo(z) dz 3)
for all ¢ € C3(R™).

For t fixed, set uj(z) = (67'¢;)(z) and v;(y) = (62 F;)(y). The equations that
characterize u; in L= N H} (R") and v; in L N H}, (R™) enable us to show by an
easy but lengthy calculation using separation of variables that u; = v; ® 1, that is u;
depends only on y. Hence, given a cube @ in R™ and @' its projection on R™, we

have
(Q) drdt €(Q" dydt
A 2 _ n—m B 1. 2
/ /0 |(6'e;)(@)* —— = 4Q) /Q , / |67 F) ()* =~

Using our hypothesis on M and applying successively Theorem 24 and Theorem 21 of
Chapter 2 we obtain that the latter integral is bounded by c£(Q')™ = c£(Q)™, where
¢ does not depend on Q'. This proves that (1) implies (2) under the assumption that
both L and M have the Gaussian property.

The converse implication is dealt with using similar calculations; we skip details.

The assumption above is removed by raising the order of L and M to a large
enough order using the familiar technique by now so as to obtain Gaussian estimates.
Then the statement corresponding to Proposition 2 is valid in this case and the rest
of the argument is similar. The proof is complete. O

Remarks
1. It is not clear at all how to work out an argument of separation of variables
starting directly from (1). Thus, the reduction to the Carleson functions 8ie;
seems crucial.
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2. As the argument will show, the only estimate in the property (G) that is used
in Proposition 2 is the Gaussian decay, not the Holder bounds.

The rest of this appendix is devoted to proving Proposition 2. It is well-known
that for a data F € L2, the weak solution of (3) coincide with (1 + t2L)~! tdivF.
This result is an extension to the case of L data. The main difficulty is to show
that (1 +t2L)~! tdivF belongs to H}...

We begin with some further local estimates on the semigroup and the resolvent,
complementing those obtained in Chapter 1.

Proposition3. — Assumen > 1. Let L in £(8) satisfy the pointwise estimate (7)
in the property (G). Then e~ div and (1 + t?L)~' div extend to bounded operators
from L®(R"™;C") into L™ N HL _(R™) with, for all t > 0 and all compact K C R",
the estimates

lle™*"* div Flloo + [|(1 + £°L) ™" div Flloo < ¢t™![|Flloo (4)
/K |Ve L div F|? + /K V(1 +2L) 1 div F|? < cxt™* || F||%. (5)
Proof. — For n = 1 we refer the reader to [14] and [11]: the pointwise estimates

obtained in these works imply (4) and (5). For the rest of the argument, we assume
that n > 2.

The uniform L*° boundedness for e~**L¢div and (1 + t2L)~ 't div follows easily
from the results in Section 1.5.2 of Chapter 1.

Let us next prove the part of (5) involving the semigroup. By scale invariance, it
suffices to establish the inequality when #? = 2.

By Proposition 24 in Chapter 1, Ve~ is bounded from L!(R") into L?(R™).
Hence, e~ div is bounded from L?(R") into L*>(R™), and the similar result holds
with L replaced by L*. Thus,

le™% div Floo + [le™ % div Fl|oo < ¢||F|2- (6)

Let Ty (z,y) and T»(z,y) be the distribution-kernels of e~% div and e~L" div respec-
tively. Using a duality argument, the gradient estimates of Theorem 7 in Chapter 1
become

/ ITi(z,y)>dy < ce™", i=1,2, z€R"r>0, (7)
r<lz—y|<2r

for some c¢,a > 0.

Cover R™ with balls B(z,1/2), k € Z™, of radii 1/2 such that |z — z¢| ~ |k — ¢|
uniformly. Using a partition of unity subordinated to this covering, write F' = }_ F,
with Supp Fi, C B(x,1) and ||Fillee < C||Fllco, and G = ¥ Gy with SuppGe C

B(z,,1) and ||G¢||2 < C||G||2. We claim that

/ e div Fy e~ div G | < ce~ === || By [|Gellz- ®)
Rn
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(Here and in similar inequalities, we do not follow the precise values of the exponent
a, which, as for other constants, may change from line to line.)

Admitting this inequality, if G € L?(R";C") has support in K then the sum
G = Y G, has a finite number of terms and we have
E/ e LdivF, e L* divG,
ke YR

/ Ve 2LdivF -G

2
< 3" cemeler ==l F|| |Gz < ell Fllool|Gll2,
k,L

where we used |z — x¢| ~ |k — £| to bound the series.

To prove the claim, set d = |z — x¢| and distinguish two cases. If d < 4, there is
nothing to prove by the L? boundedness of e~ L div and e~ L" div. If d > 4, split the
domain of integration in three parts: |z — x| < d/2, |z — 4| < d/2 or else. This gives
us three terms: I, IT and III.

If |x — zx| < d/2, then using support considerations and (7), we have

le=E" div Ge(a)| < / T (z,9)|1Ge(y) | dy
d/4<|z—y|<7d/4

1/2
< ( / |Tz(z,y>|2dy) 1Gella
d/4<|z—y|<7d/4

< ce* |Gl
Also, |e~L div Fy(z)| < c||Fk||2 by (6). Thus,

1] < ede™ || Fellal|Gelle,
which is on the correct order of magnitude.

The second integral on |z — x| < d/2 is handled similarly.
Next, assume |z — x| > d/2 and |z — z,| > d/2. Then we obtain as before

le™L div Fi(z)| < ce™ || Fill2, |z — zx| > d/2.
while
le™2" div G ()| < ce™ ' ¥||Gyll2,
if 2771d < |z — 4| < 2’d and j € N. By splitting the domain of integration of III on
the rings 297 1d < |z — z,| < 27d, j > 0, one sees that
2 . ig2
11| < ce™oF 3 (27d) e | By ]Gl
720

and the series is bounded above by a numerical constant that is independent of d.

We have proved one part of (5) and we now turn to the part involving the resolvent.

Again, by scaling we can assume without loss of generality that ¢ = 1. If we apply
Laplace formula and use only what we just proved, we obtain a divergent integral.
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To get around this difficulty, we use the following off diagonal local estimate, which
follows from (7) by a similar covering argument to the one above and scaling.

Lemmad4. — Ifn > 2 and L € £(J) satisfies the pointwise Gaussian estimate (7) in
(G), then we have

[ vettawF @ | <5 e PG, ©
R™

whenever F,G € L2(R™;C") with d = dist (Supp F, Supp G ) > 4t'/2.

Continuing the argument, let F € L>(R™;C") and K be a compact. For simplicity
assume that K is the unit ball. Write F = Fy + F; + F> + --- where Fp(z) =
F(z) if |z|] < 2 and Fy = 0 elsewhere, Fi(z) = F(z) if 2 < |z| < 4and F; =0
elsewhere, etc. We claim that > ||V(1 + L)™' div Fj||12(x) < C||F||co, which implies
IV(1+ L)~ div Fllz2ga0) < CliFllo.

First,

/ V(1 + L)~ div Rol? < CllR2 < C2|IFI,
K

by (4) in Proposition 1 of Chapter 1. Now, for j > 1, Minkowski integral inequality
and (9) imply
1/2

1/2 o
(/ V(1 +L)™! divFj|2) < / (/ |Ve*L div Fj|2) e *ds
K 0 K

< / “e ¥ /5¢7% s || Fll2
0 S

< ce™? || KLz

S ce—a272jn/2“F”°o,

for some a > 0 (break the integral at s = 27). The claim follows readily and the proof
of Proposition 3 is finished. O

Proof of Proposition 2. — Without loss of generality, assume ¢t = 1 as it plays no role
and let uw = (1 + L)~1div F. We have just seen that u € L N H} (R™). Observe
also that we have the kernel representation

u@) = [ T@Fwd ae. (10)
n
where T'(z,y), the kernel of (1 + L)~'div, satisfies
sup/ |T(z,y)| dy < c.
TER™ JRrn

We now show that u verifies (3) by an approximation argument.
Consider a sequence of compactly supported and uniformly bounded smooth func-
tions F, that converges to F' almost everywhere. Define u,, = (1 + L)~'div F,,. By
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(10) and dominated convergence, we see that the sequence (u,) is bounded and con-
verges to u a.e.. Also, since (Vu,) is bounded in L?, , up to passing to a subsequence,
(Vun,) converges weakly to Vu in L2 .. Finally, since div F,, € L2, u,, € D(L) so that
the equality (3) holds for u,, F}, in place of u, F' respectively. It remains to let n tend
to oo and (3) is proved.

To prove uniqueness, it suffices to establish that any v € L® N H}.
/U($)¢($) dz + /A(w)Vv(z) -Vé(z)der =0

for all ¢ € C}(R™) must be 0. We do it via the classical localization argument.
Let ® € C¢(R™). Then w = v® € L™ N H}(R") and w satisfies

/w(a:)c,b(x) dz + /A(:I:)V'w(:v) -Vo(z)dr = /v(z)A(x)V@(:c) - Vo(z) dz

for all ¢ € C}(R™). Thus (1 + L)(w) = —div (A(V®)v), where this equality lies
in H~1(R™). Since (1 + L)™' is bounded from H~!(R") onto H!(R"), we have
w = —(1+ L)~ 1div (A(V®)v). Now, A(V®)v is bounded, thus

v(z)®(z) = —/T(x,y)A(y)(V(b(y)) v(y)dy a.e.

Next, apply this representation with ®,(x) = ®(z/n) where #(0) = 1 and let n
tend to oo. Since (V@,,) converges to 0 and since (||V®,||eo) is bounded,

[ @AW T2 0) o0 dy — 0

by the dominated convergence theorem and (10). On the other hand, v(z)®,(x)
converges to v(z). Therefore, v = 0. O

(R™) satisfying
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