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J. LIPMAN 

INTRODUCTION 

This i s a  semi-expositor y accoun t abou t th e rol e o f differentia l 
forms an d residue s i n th e dualit y theor y o f algebrai c varietie s ove r 
a perfec t field . Th e main result s ar e summarize d i n the  Residue  
Theorem (0.6 ) state d nea r th e en d o f §0 , an d generalize d i n §10 . 

In som e sens e ther e i s l i t t l e her e whic h canno t b e du g ou t fro m 
other sources : th e basi c idea s involve d wer e announce d b y 
Grothendieck i n [G2] ; the  foundation s o f dualit y theor y wer e the n 
worked ou t fro m a  ver y genera l poin t o f vie w (derive d categorie s 
dualizing complexes , etc. ) b y Hartshorn e [RD] , Delign e [RD , Appendix ] 
and Verdie r [V] ; an d th e "fundamenta l class" , a  canonica l ma p from 
differential form s t o dualizin g complexes , wa s studie d b y E l Zei n 
and Angdnio l [E] . But , fundamental , powerful , an d beautifu l a s 
the resultin g theor y i s , th e formalis m i n whic h i t i s ensconce d an d 
some lac k o f detai l i n the  literatur e *1 * hav e prevente d i t fro m 
becoming a s well-know n an d understoo d a s i t shoul d be . Fo r m e at 
any rate , reaching eve n the  leve l o f understandin g represente d b y 
these note s ha s bee n a  lon g an d arduou s process . An d the  reaction s 
of audience s t o lecture s whic h I  hav e give n ove r th e pas t twelv e 
years o n thi s subjec t hav e suggeste d tha t a n expositio n i n the  spiri t 
of [S , pp . 76-81 ] (cas e o f curves , afte r Rosenlicht ) an d [K2 ] (cas e 
of projectiv e Cohen-Macaula y varieties) - i . e . accessibl e i n principl e 
to someon e familia r with , say . Chapte r II I o f [H] - may not b e 
superfluous. 

* *  * 

Various form s o f th e mai n result s t o b e presente d hav e appeare d 
in th e literature . I n thi s Introduction , an d i n §0 , w e gathe r 
some variant s togethe r an d poin t ou t thei r interconnections . I n th e 
process indication s abou t th e content s o f th e pape r wil l emerge . 

Of course i n th e writing o f an y exposition (thi s on e included) th e choices 
about which details t o includ e an d which to leav e t o th e reader are a  matter 
of taste , judgement , mood,.. . 
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INTRODUCTION 

Throughout V will b e a  d-dimensiona l variet y (reduce d an d 
irreducible) ove r a  fixe d perfec t fiel d k  ( V an d d  ma y vary) . 
We set 

°v - AX/k> 
the d  (= dim V)-th exterio r powe r o f th e shea f o f Káhler differential 
one-forms. 

For V  a  non-singula r projectiv e curv e ( d = 1 ) the classica l 
duality theore m state s tha t fo r an y invertibl e (or , mor e generally , 
coherent) ^-modul e 5, the k-vecto r space s H1(V,5 ) an d 
Hom̂  (5/Œy-) are naturall y dual . I n fac t ther e i s a  natura l 
isomorphism 

f : H^VfiU k(1 ) 
jV 

such tha t fo r al l th e compositio n 

(*>i Hom0 iS.Sly) natura l >  Homk (H1 (V,g) ,H1 (V, ̂ y) ) 

> Нот, (H1 (V,5) Д) 
via к 

J\7 is a n isomorphism . I n othe r words , the pai r (ftv , J  )  represents  
the functo r V 

H» (5 ) =  Homk(H1(V^ ) ,k) . 

This theore m i s sometime s prove d i n tw o steps , a s follows . 
First, b y mean s o f certai n injectiv e complexe s (Weil' s "repartitions" ) 
the functo r H 1 (5 ) i s show n t o b e representabl e b y some pai r (u),9), 
which i s necessaril y uniqu e u p t o isomorphism . W e say the n tha t 
the pai r (00 ,6) i s dualizing; an d i n particula r tha t u) i s a 
dualizing sheaf . Then , b y th e theor y o f residue s o f differentials , 
the canonical pai r (^v , |v ) i s show n t o b e dualizing . 

^realizable i f k  = C, via a  9-Dolbeault resolutio n o f ti^, b y integrating 
(l,l)-forms. 
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J. LIPMAN 

More specifically , th e residu e res v a t a  close d poin t v  €  V 
is th e uniqu e k-linea r ma p fro m th e meromorphi c one-form s 
k̂ (V) =  ^k(V)/ k t o ^  (k(V) = fiel d o f rationa l function s o n V ) 

such that , fo r an y loca l coordinat e t  a t v  wit h differentia l 
6t w e have : 

res^(ta6t) = 0 a  £  Z , a  ? - 1 

res'(t 1ôt ) =  1  . v 

In particula r res^ . factor s a s 

ft^ /TT \ 7 7»ft , /T7x/ftT 7 =  H1(ftT7) >  k k (V) natura l k  (V) V, v v  V  re s V 

where denote s loca l cohomolog y supporte d a t v . Th e local 
duality theore m say s tha t the  pai r [(^ v v)A/resv ] (wher e "  denote s 
completion wit h respec t t o th e maxima l idea l m v o f th e loca l rin g 

v) represent s th e functo r 

Horn, (H^ (G ) ,k) k m v 

of finitel y generate d ($ v V T -modules G . 
Now if ^ k ( v ) i- s tn e constan t shea f wit h section s ^  ,  an d 

ft^ i s th e shea f whos e section s ove r a n ope n U  e v  ar e give n b y 

" v ( u ) =  ®  " k ( v ) / " v , v =  ® H > v > 

(sheaf o f "differentia l repartitions" ) the n 

0 - " v -  \ (V ) - ^ " M . Q* . 0 

is a n injectiv e resolutio n o f £1^; an d takin g globa l section s w e 
get th e exac t ro w i n th e followin g diagram : 

nwv> > ®  H v ( V *  H1(V,f t )  >  0 
* '  v£ V v̂ * , 

@RESV\ -  '  F 
V v. J v 
"̂ k 
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INTRODUCTION 

The ke y residue theore m say s tha t "th e su m of th e residue s o f a 
meromorphic differentia l i s zero" ; whic h mean s tha t ( L reŝ  
annihilates th e imag e o f ̂ Ww w i-e - there i s a  uniqu e map 
H (V, ÍL_) -+ k making th e diagra m commute . Thi s ma p i s .  Th e 

v r J V proof tha t (f i ,  )  i s dualizin g ca n b e foun d e.g . i n [S,p.26] . V J V 
What we want t o brin g ou t her e i s tha t fo r non-singula r projectiv e 
curves, differential s an d residue s giv e u s a  canonica l realizatio n 
of an d compatibilit y betwee n loca l an d globa l duality . 

Our principa l Theore m (0.6 ) establishe s a  simila r canonica l  
compatibility fo r arbitrar y prope r k- varieties. 

Here ar e som e historica l highlight s i n th e developmen t o f suc h 
a generalization . I n hi s 195 2 thesis , Rosenlich t constructe d (i n 
essence) a n isomorphis m lik e (*)¡ for V  an y (possibl y singular ) 
projective curv e an d 5  invertible , wit h ft^  replace d b y a  certai n 
sheaf o f "regular " meromorphi c differentia l forms , definabl e e.g . 
through residue s (cf . [S,pp.76-81]) . Shortl y afterwards , Serr e 
established fo r an y d-dimensiona l normal projectiv e V  a n 
isomorphism o f functor s o f coheren t 0 -module s 5: 

(*)d Hom ^ Homk(Hd(V,5 ) ,k) 

where =  Horn Q Cf,0v) fo r an y ^-modul e f (cf . [Z,§8]) . I n 
other words : ft**  i s a  dualizin g shea f o n V . The n Grothendiec k 
showed fo r arbitrar y projectiv e V  tha t th e functo r Horn , (H {V/3) ,k ) 
is representabl e ([Gl] , [AK] , [H,§7]) . Grothendieck1 s metho d i s 
to deduc e fro m th e fac t tha t ftp  i s dualizin g o n P  =  3P£ =  projectiv e 
n-space ove r k  ( a fac t proved , followin g Serre , b y explici t 
calculation), tha t fo r a  close d embeddin g i: V • > P, th e shea f 
Ü)̂  = \*Ext1Q^ (0v,ftp) i s dualizin g o n V . O f cours e oo ^ i s no t 
canonical o n V ; bu t i f V  i s non-singular , the n usin g suitabl e 

^ ̂ Thoug h we concentrate her e on the dua l of (V,5) , tha t i s onl y one aspect of 
duality theory . Fo r example the isomorphis m (*) d extend s uniquely t o a 
homomorphism of ó-functors Ext1^,^) +  Homk (Hd-i (V ,k) (i^O) , whic h is an 
isomorphism for al l i  when V  is Cohen-Macaula y (cf . [H,§7] ; an d also 
(13.8.7) belo w for th e loca l case) . Moreove r the genera l theor y require s the 
consideration o f dualizin g complexes, on e of whose homologies i s a  dualizing 
sheaf. Al l thi s lie s beyon d the scop e of thes e notes. 
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Koszul complexe s Grothendiec k show s tha t i s isomorphi c t o Û , 
so tha t the  canonica l shea f i s dualizing . Thi s approac h an d 
its elaboration s involv e a  considerabl e amoun t o f homologica l algebr a 
(cf. §1 3 below , wher e a  close d embeddin g i: V • > X o f a  singula r 
d-dimensional v int o a  smoot h n-dimensiona l X  i s considered , wit h 
the objec t o f constructin g a n "adjunction " isomorphis m o f 
\*Ex£Ii ^ (0v) ont o a  canonica l dualizin g shea f o f V ) . 

°X V X 
There i s howeve r a  mor e elementar y approac h (indicate d e.g . i n 

[H,p.2 49,Ex.7.2]), whic h w e wil l follo w everywher e excep t i n §13 . 
Namely, instea d o f embeddin g V  i n JP? \ choos e a  finit e surjectiv e 

d 
map TT: V -> IP1 =  JP^. The n ther e exist s a  coheren t ^-modul e oô  
together wit h a n isomorphis m 

TT^ Hom0Jp1 (7T*̂ V,"lP, ) ' 

As above , ,  i s dualizin g o n IP' ; an d i t follow s easil y tha t o) ^ 
is dualizin g o n V . Moreover , usin g th e trac e ma p fo r differentia l 
forms, Kun z constructs , i n [Kl] , [K3] , a  concret e realizatio n o f 
such a n OJ ^ a s a  shea f o f meromorphi c d-forms , whic h turn s ou t t o 
depend onl y o n V  (no t o n th e choic e o f TT ) !  Thu s w e hav e a 
canonical dualizin g shea f ux̂ , the shea f o f "regula r differentials" , 
which (a s Kun z shows ) coincide s wit h fiv  a t th e smoot h point s o f V , 
and whic h i s identica l wit h Rosenlicht' s shea f o f regula r differential s 
when V  i s a  curve . 

Now since a ) i s dualizing , ther e i s a  map 

9v:Hd(V,£v) -  k 

corresponding t o th e identit y ma p of S^ . Thi s 9 V i s determined , 
a priori , onl y u p t o multiplicatio n b y non-zer o element s o f k 
(which giv e automorphism s o f ajy ) . Fo r non-singula r V , wher e 
cav = ftv,  Grothendiec k describe s a  canonical 6V, vi a th e 
"fundamental clas s o f a  point " ([Gl,p.149-13]) . Fo r genera l V , 
the existenc e o f a  canonica l 0 V i s closel y relate d t o a  theor y o f 
residues, a s i n th e abov e discussio n o f whe n d  =  1 ; whe n 
d >  1 thi s ide a i s worke d ou t explicitl y i n [K2] , a t leas t fo r 
Cohen-Macaulay characteristi c zer o V . 
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INTRODUCTION 

Actually a  higher-dimensiona l theor y o f residue s wa s announce d 
by Grothendiec k i n 195 8 [G2] , i n connectio n wit h hi s proo f o f a 
duality theore m fo r arbitrar y prope r k-varieties . (Detail s appea r 
in [RD]. ) Mos t o f wha t w e discus s i n thes e note s i s implici t i n 
Grothendieck's theory ; bu t i t need s t o b e brough t ou t int o th e open . 

Our globa l existenc e an d uniquenes s statement s (fo r instanc e 
(0.6)(d) an d (0.6)(e) ) mak e us e o f th e followin g result s o f 
Grothendieck: (i ) th e representabilit y o f th e functo r 
Horn, (Hd(V,5)fk) o f coheren t 0  -module s fo r an y prope r d-dimensiona l 
V; an d (ii ) surjectivit y o f th e natura l map s UT{$) + H  (V,$) ( v € V) 
from loca l t o globa l cohomology . Fortunately , relativel y simpl e 
proofs o f thes e result s hav e bee n provide d b y Kleima n i n [K m 2] 
resp. [Kml] . 

We will no t repea t Kleiman' s proofs , bu t rathe r concentrat e o n 
defining a  canonical dualizin g pai r fo r an y prope r k-variet y V . W e 
will show , firs t o f al l , tha t Kunz' s shea f wv -  whic h ca n b e define d 
locally vi a a  finit e surjectiv e ma p to affin e space , the n globall y 
by patchin g -  i s s t i l l dualizing . Not e tha t fo r arbitrar y prope r V , 
finite map s ont o smoot h varietie s exis t onl y locally ; s o tha t fo r 
example i f wv i s a  dualizin g shea f (fo r whos e existenc e w e refe r 
to [Km2]) , the n Kunz1 s method s giv e u s isomorphism s 

% uvl w 

only fo r affin e (o r quasi-projective ) ope n W  c  V . Wh y should thes e 
isomorphisms patc h togethe r t o giv e a  singl e isomorphis m ove r al l 
of V?̂ 1 * Thi s proble m typifie s th e essentia l difficult y i n th e 
non-projective case . 

Another on e o f ou r mai n concern s i s t o describ e higher-dimensiona l 
residue map s 

res~:H (̂u>v) -  k  ( v 6  V) . 

With thes e map s we hav e a  local dualit y theore m (cf . (0.6 ) (c)) , whic h 

(! ) 
Following Verdier [V] , Kleiman shows in [K m 2, Prop. (22)] that i f V  i s 
Cohen-Macaulay, then the restriction o f a  dualizing shea f t o an y smooth ope n 
VQ cv i s isomorphi c to ft^.  I t i s no t clear a  priori tha t Kleiman's 
isomorphism coincides with Kunz's when V Q i s affine . 

7 
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says i n particula r tha t ̂ v v  "*" s a canonica l v-modul e i n th e 
sense o f [HK] . Furthermore , residue s provid e th e mean s fo r over -
coming the  patchin g problem s jus t mentioned ; the y ma y be use d t o 
give a  loca l descriptio n o f tjj v (cf . (11.4)) ; an d fo r prope r V 
they glu e togethe r (a s i n th e above-describe d residu e theore m fo r 
curves) t o a  k-linea r ma p 

0v:Hd(V,£v) - > k, t 

giving u s th e desire d canonica l dualizin g pai r (o )v,0v) a s wel l a s 
a natura l compatibilit y betwee n loca l an d globa l dualit y (cf . th e 
main Theore m (0.6)) . 

As w e ar e limitin g ourselve s mor e o r les s t o th e topic s alread y 
indicated, w e d o no t g o ver y fa r int o th e theor y o f residues . Ther e 
are numerou s othe r treatment s i n th e literatur e (cf . remark s followin g 
the proo f o f (7.2 ) below) , eac h o f whic h illuminate s som e interestin g 
facets o f the  theory , thoug h non e seem s t o b e definitive . 

* *  * 

In § 0 we giv e a  mor e complet e discussio n o f th e mai n results . 
As thi s discussio n wil l b e rathe r long , a  fe w orientin g remark s ar e 
in order . 

First o f al l , a s alread y indicated , th e main theore m i s (0.6) , 
which give s a  loca l characterizatio n o f residues , an d describe s vi a 
residues an d th e canonica l shea f oa v th e compatibilit y o f loca l an d 
global duality . A  generalization t o th e "relativ e case " i s give n 
in §10 . 

The statemen t o f (0.6 ) shoul d b e understood , eve n i f nothin g 
else i s . Th e reade r ma y wish t o begi n wit h thi s statement , 
referring bac k t o (0.2A ) an d (0.4 ) a s needed . Th e proo f o f (0.6 ) 
occupies mos t o f §§1-9 , an d som e o f §0 , proceedin g roughl y a s 
follows: 

(4.2) =  (0.3A) ' 

=rO!if (0-2) = w r o f (0'6) 
§9 {93) > § 6 >  (0.3B ) 

8 



INTRODUCTION 

Theorem (0.1 ) an d the  remark s followin g i t ar e no t reall y 
needed i n th e sequel . The y ar e include d t o se t th e mood , an d t o 
indicate on e o f man y possibl e way s t o thin k abou t matter s relate d 
to (0.6) . 

Finally, a  wor d abou t th e styl e i n whic h result s ar e stated . 
We are concerne d her e wit h concrete realization s o f certai n aspect s 
of dualit y theory . Thes e realization s ma y not b e constructe d 
directly, but , fo r example , b y non-obviou s patchin g procedure s 
(which, incidentally , ar e greatl y facilitate d b y th e languag e o f 
^-modules reviewe d i n §1) . S o i t i s importan t t o enunciat e a 
minimal numbe r o f characteristi c propertie s whic h mak e explici t th e 
canonicity o f th e object s i n question . Whe n i t come s t o details , 
the subjec t i s no t a  simpl e one ; an d i f som e statement s o f theorem s 
seem lengthy , i t i s becaus e the y compres s a  lo t o f informatio n whic h 
seems t o m e essential fo r a  prope r understanding . Th e reade r i s 
therefore encourage d t o tak e th e tim e t o absor b thes e statements . 

9 
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§0. Discussion o f result s 
As before , V  i s a  d-dimensiona l variet y ove r th e perfec t fiel d 

k, an d ̂ v =  A^(fi^k ) i s th e shea f o f holomorphi c Kahle r d-forms . 
Among ou r principa l results , th e easies t t o stat e i s th e followin g 

portion o f [E , p.34 , Theorem e 3.1] : 
9 

THEOREM (0.1) . There exist s a  uniqu e famil y o f k- linear map s 

[ :  Hd(V,ftv ) +  k 

indexed b y prope r d- dimensional k- varieties V , and satisfyin g th e  
following condition s (a) , (b) , (c) : 

(a) I f V  is the  projectiv e spac e P^ , then j  is th e 
well-known canonica l isomorphis m (defined , fo r example , i n (8.4 ) 
below). 

(b) For an y finit e surjectiv e ma p f : V  •> W with W  a prope r 
d-dimensional norma l k- variety, if T  is th e map 

(trace f.Vtf/ w Vtfwfi W =  "w 

then th e followin g diagra m commute s (triviall y i f f  i s no t 
separable, i . e . i f th e functio n fiel d k(V ) i s no t separabl e ove r 
k(W)): 

h (w,f*0v®ftw ) 

via T 

Hd(w,sy 

natural *Hd(w,f*ftv ) =  Hd(V,fty ) 

.w 

v 

к 

10 
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(c) I f g  :  V  + W is a  birationa l ma p of prope r d- dimensional 
k-varieties, then th e followin g diagra m commutes ; 

HD(W,sy natural HD(W,g*ftv) natural HD(V,nv) 

V 

'k 

V 

Furthermore : 

(d) IJ Ê V  is a smoot h d-dimensional proper k- variety, then th e 
pair (Çl , )  is dualizing , i . e . represents the  functo r  v j v 
Hom^(Hd(V,5),k) of coheren t ffv- modules 

Remarks.(i) T o introduc e som e o f th e idea s whic h pla y a n 
important rol e i n thes e notes , w e sketc h a  partia l proo f o f (0.1) 
(even thoug h thi s proo f i s somewha t differen t tha n th e on e w e wil l 
use, cf. Remark (i ) followin g Theore m (0.2B ) below) . 

One ca n reduc e (a) , (b ) an d (c ) o f (0.1) to th e projectiv e cas e 
via Chow' s Lemm a (fo r (b ) thi s i s messy!) . Fo r projectiv e V , th e 
uniqueness o f follow s fro m (a) , (b), and Noethe r normalizatio n 

J V 
(Appendix A) , which give s u s a  finit e separable (=genericall y étale) 
f :  V •> Pd = W. (Not e tha t the n f^Oy®^ f  i s a  generi c 
isomorphism, s o tha t th e ma p in (b ) labelle d "natural " i s surjective. ) 
As fo r existence, give n a  finit e separabl e f: V = W i t i s 
well-known tha t ther e i s a  uniqu e ma p x ' :  f ^ w whos e 
composition wit h th e natura l ma p f+0Ty®ŒTT f+ŒT T is T (cf . [Kl , 
p. 15, Satz 5.5], which use s th e "equalit y o f Kahle r an d Dedekin d 
différents"); so w e ca n us e x 1 an d th e canonica l isomorphis m 

to defin e , which w e denot e temporaril y b y . The cru x o f th e 

problem i s t o sho w tha t does no t depen d o n th e choic e o f f ; an d 
J V 

further, (a ) an d (b ) bein g the n straightforward , t o prov e (c) . 
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This ca n b e done , roughly , a s follows . 
For an y close d poin t v  €  V w e conside r th e compositio n 

(0.1.1) res j :  H (̂fty ) qdc Hd(V,fty) -

f 
V > k 

where H d denote s cohomolog y supporte d a t v  an d cp v i s th e 
natural map . I t follow s fro m th e result s i n § 8 tha t i f f  i s 
etale a t v  (s o tha t V  i s smoot h a t v ) the n res ^ i s th e  v 
classical residu e ma p (reviewe d i n §7) . S o fo r an y tw o finit e 
separable map s f^, f ^ :  V  + P^, i f v  €  V  i s a  close d poin t wher e 
both ar e etale , the n 

•fi 
V o CP V = J V ° <P v ; 

and sinc e c p i s surjective (cf . (9.6)) , w e conclud e tha t 

í'1 - í'2- f does no t depen d o n f . Thu s w e ca n se t 

Jv "  J v '  r6S v •  r6S v • 

Furthermore i f v  i s any close d poin t wher e V  i s smooth , the n 
there exist s a n f  whic h i s etal e a t v  (cf . Appendi x A) , an d s o 
resv i s s t i l l th e classica l residu e map . Henc e (c ) ca n b e prove d b y 
picking a  v  aroun d whic h V  i s smoot h an d g  i s a n isomorphism , 
and considerin g th e resultin g diagra m 

(0.1.2) 

Hd. .  (fl ) . g (v) W 
*g(v) Hd(W,ftwh 

I 

H J < V - dv 
V 

Hd(v,ftv) 

k 

This kin d o f local-globa l interpla y i s on e o f ou r basi c themes . 
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Now (d ) o f (0.1 ) follows , i n th e projectiv e case , fro m the 
well-known dualit y theore m fo r an d th e fac t tha t whe n V  i s 
smooth the  abov e ma p T * correspond s t o a n f +0^-isomorphism 

(0.1.3) f*n v — H o m ^ ( f ^ V 

(cf. [Kl , Korolla r 5. 2 an d Sat z 2 . 2 ] ) . ^ Ultimatel y w e will prov e 
(d) (an d everythin g else ) fo r arbitrar y prope r smoot h V  b y 
reduction t o th e projectiv e case ; bu t ther e doesn' t see m t o b e an y 
relatively simpl e reductio n a s ther e wa s fo r (a) , (b) , (c) . 

(ii) Theore m (0.1 ) enable s u s t o define , fo r every close d  
point v  6  V  (smoot h o r not) , a  canonica l residue ma p res v 
(cf. (0.1.1) , ignorin g "f") . B y means o f diagram s lik e (0.1.2) , i t 
is no t har d t o deduc e fro m (0.1)(c ) tha t res v depend s onl y o n th e 
local rin g v  (an d no t o n V) , cf . §11 . I n fac t i t the n 
follows fro m (a ) an d (b ) an d th e result s i n § 8 tha t res ^ depend s 
only o n the  completio n {Q ) ~ . 

V , V 

Such a  definitio n o f (local ) residue s proceedin g fro m th e 
smooth cas e vi a a  globa l theore m t o th e genera l case , i s no t ver y 
appealing, A  direct an d muc h more genera l homologica l definitio n 
can b e foun d i n [HL] , [Ho] . I t ca n b e show n tha t thi s definitio n i s 
equivalent t o th e preceedin g one , wher e applicable , bu t ther e i s a s 
yet n o publishe d proof . 

* *  * 

We will deduc e Theore m (0.1 ) fro m a  stronge r result , whic h we 
now describe . 

In [K3 , p . 68 ] , Kun z define s th e shea f oJv o f regular  
differential form s o n V , a s follows . Conside r firs t a n integra l 
domain C  whic h i s a  finitel y generate d k-algebra . The n b y Noethe r 
normalization ther e exist s a  polynomia l rin g 

B = k[X,,---,X,] c  C 

In turn, th e existence o f T ' and the fac t tha t (0.1.3 ) i s a n isomorphism can 
be deduced directly fro m (0.1) . 

13 
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such tha t C  i s a  finit e B-modul e an d th e correspondin g extensio n 
of fractio n field s k(B ) c  k(C ) i s separable (cf . [Nl , p . 152 , 
(39.11)]; o r Appendix.A). A  trace ma p T  fo r degre e d  Kahle r 
differential form s i s the n give n b y 

- flk(OA -  k | c H ( B ) 8 M B ) A l*S~±-> MB)®k(B)^(B)/ k =  oJ(B) A m 

The "generalize d Dedekin d complementar y module " ̂ C/ B i s define d a s 

\/B = { v 6  "k(C)/ k I  T(cv ) < = fiB/k} • 
For an y d-dimensiona l k-variet y V , Kun z show s (an d thi s i s th e mai n 
result i n [Kl]) : 

THEOREM (0.2A) . There exist s a  uniqu e ffT7-submodule uL. o f 
the constan t shea f ^(vj/ k °f meromorphi c d- forms o n V  such tha t  
for an y affin e ope n subse t 

U = Spec(C) c  V 
and an y B  c C  as above , w e have 

r(u,wv) = Zc/B 

The 0v-module u5v i s clearl y coherent . I n [Kl,§5 ] th e 
following statement s ar e proved : (i ) Th e imag e o f th e natura l ma p 
v̂ • > ^^(v)/k ° ^ holomorphi c int o meromorphi c form s l ie s i n c5v, wit h 

equality .a t smoot h points , (ii ) Henc e whe n V  i s normal , u)v, bein g 
reflexive, consist s o f thos e meromorphi c form s whic h ar e holomorphi c 
in codimensio n one , i . e . c5 = (ftd)vv , wher e =  Horn* Cf,0v ) fo r an y 

^-module / . ( i i i ) Also , whe n V  i s a  curv e wv i s th e shea f o f 
regular differential s i n th e sens e o f Rosenlich t (cf . [S , p . 76]) . 
(Cf. (11.4 ) i n §1 1 belo w fo r a  higher-dimensiona l generalizatio n o f 
( i i i ) . ) 

In cas e V  i s projective , i t i s no t har d t o se e tha t o> v i s a 
dualizing sheaf , i .e . ther e exist s a n isomorphis m o f functor s o f 
coherent ^-module s 5 

Hom̂  (5,o)v ) Homk(Hd(V,5 ) ,k) 
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(cf. [Kl , Sat z 2.2]) . On e o f ou r mai n result s i s tha t for an y V 
proper ove r k , UI V is i n a  natura l wa y dualizing , i . e . ther e i s a 
natural k-linea r ma p 

?v : Hd(V,u>v) + k 

such tha t th e pai r (ui^l^ ) represent s th e functo r Hom ^ (Hd (V,5)/30 . 

Thus w e hav e a  dualizing pai r (w^ , 0̂ ) whic h i s canonical 
(not jus t uniqu e u p t o isomorphism) . 

Here, precisely , i s wha t i s mean t b y the  "naturality " o f 1^ . 
A dualizing structur e o n w  i s a  famil y o f map s (B } a s abov e 
( i .e . (wv,' e )  represent s Horn (̂Hd(V,5)/k ) fo r eac h prope r 
d-dimensional V ) suc h that , fo r eac h birationa l ma p f  :  V  W  o f 
proper d-dimensiona l k-varieties , th e followin g diagra m commutes : 

(0.2.1) 

Hd(W,f^v) - A Hd (W,(SW) 
I 

canonical 

Hd(v,ûv) 
qd 

qq 

k 

where A  i s induce d B Y th e inclusio n ma p f„,UL T UL , (cf. Lemma 
(3.2)). (This descriptio n o f "dualizin g structure " i s equivalen t t o 
the on e give n i n Definitio n (4.1)). The dualizin g structur e i s 
normalized i f fo r projectiv e spac e 2 P = Pd ( d ^  0), ^ i s th e 
well-known canonica l isomorphis m 

Hd(P,a5p) - Hd0P,Pp) —> k 

(cf. e.g. Propositio n (8.4)). Then ou r assertio n i s : 

THEOREM (0.2B) . There exist s a  uniqu e normalize d dualizin g  
structure {ev > o n t o such tha t fo r an y finit e separabl e  
(= generically étale) map f  : V W  of prope r d- dimensional 
k-varieties, the followin g diagra m commutes : 

15 
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j Hd(<E, ) , 
Ha(W,f^v) >  Ha(W,uw) 

d V 
Ha(V,w )  >  k 

ev 

where :  f^ v ̂ w is induce d b y th e trac e ma p T  for 
meromorphic form s (cf . exampl e (2.1.2)) . 

Remarks. (i ) Theore m (0.1 ) ca n b e derive d fro m (0.2B ) a s 
follows: defin e t o b e th e compositio n 

v 

Hd(V^v) natura l >  Hd(V,wv) — — > k 

and chec k . . . 

(ii) Jus t a s fo r (0.1) , uniqueness i n (0.2B ) follow s fro m 
Noether normalizatio n an d Chow' s lemma . (Not e tha t i n (0.2.1) , a  i s 
sur jective sinc e f  *""* • ̂ w i s a  generi c isomorphism. ) 

As fo r existence, givin g i s equivalen t t o givin g a n Q^-
isomorphism c  :  u)T T coT T wher e toT T i s som e dualizin g shea f o n V v V  V  V 
(whose existenc e i s guarantee d b y Grothendieck1 s dualit y theory , o r 
also b y th e simplifie d dualit y theor y o f Kleima n [K m 2]). Kunz' s 
methods provid e a  c  ove r an y quasi-projectiv e ope n subse t U  o f 
V, bu t thi s c  i s define d i n term s o f a  choic e o f a  Noethe r 
normalization o f a  chose n projectiv e compactificatio n o f U ; th e 
basic difficult y i s t o sho w tha t thes e loca l c' s actuall y d o no t 
depend o n th e choice s involved , henc e patc h togethe r t o giv e a 
global c v .  I n addition , o f course , w e must sho w tha t th e 
resulting famil y {*6V } doe s for m a  dualizin g structur e a s i n (0.2B) . 

* *  * 

We will prov e (0.2A ) an d (0.2B ) i n a n equivalen t —somewhat 
technical— form , give n belo w a s (0.3A ) an d (0.3B) . Firs t w e need 
some definition s (whos e lengt h wil l b e justifie d b y thei r 
convenience). 
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In § 1 , w e revie w the  notio n o f coherent ^-module , whic h means 
(cf. ( 1 . 3 ) ) a  famil y {f^} indexe d b y k-varietie s V , wit h /  a 
coherent 0v-modul e fo r eac h V , togethe r wit h a  famil y {3^} indexe d 
by ope n immersion s i : U  •+ U' ,  suc h tha t fo r eac h i , 3^ i s a n 
ffjj- isomorphism 

6. :  i-f0 , — > / 0 f 

and suc h tha t fo r eac h pai r o f ope n immersion s U  -̂ —> U ' ~— > U" 
we have the  transitivit y relatio n 

3 . . = 3. o  1 *3 . (x) 

A canonical structur e o n a  coheren t ̂ -modul e {<I)V } consist s o f 
the dat a (a) , (b ) below , subjec t t o condition s ( 1 ) , ( 2 ) , ( 3 ) 
(cf. § 2 fo r a n equivalen t -  an d mor e complet e -  treatment) : 

(a) Fo r eac h smoot h d-dimensiona l variet y V  a n 
^-isomorphism 

YV :  % —> " V * 

(b) Fo r eac h finit e separabl e ma p f : V  -* W, a n f*0y -
isomorphism 

Tf :  f*w v ~ > Hom ^ (f*^V' V * 

( 1 ) Y V i s compatibl e (i n a n obviou s sense , vi a 3) wit h ope n 
immersions int o V . 

( 2 ) i s compatibl e (vi a 3) wit h ope n immersion s int o W 
(precise formulatio n lef t t o th e reader) . 

( 3 ) I f V  an d W  ar e smooth , an d f : V  w  i s finit e an d 
£tale, the n T f correspond s t o th e trac e ma p (cf . ( 0 . 1 ) (b) ) 

x : F+RV FWOVRW > ft 

(i) We coul d also work with the etale topology , i.e . substitut e etal e map s for 
open immersions. 
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in th e sens e tha t th e followin g diagra m commutes : 

FRV 
DQ 

F+WV 

Tf 

T Hom(f*0 „,<*> w) 

evaluate 
at 1 

'W > 0) , W 
W 

The ̂ -modul e w  = {oiy } (wher e the  sheave s c5v o f regula r 
differentials ar e a s befor e an d th e 3^ ar e th e obviou s maps ) ha s a 
natural canonica l structur e (cf . exampl e (2.1.2)) . Moreove r (2.4 ) 
says tha t for an y coheren t ff- module u ) = {̂ v>, the canonica l  
structures o n OJ are i n one-on e correspondenc e wit h ff- module  
isomorphisms X : a ) —̂—> u>, the  structur e o n OJ correspondin g t o X 
being obtaine d b y pullbac k fro m th e natura l on e o n a> . Thu s the 
notion o f canonica l structur e i s simpl y a  characterizatio n o f ai , u p 
to isomorphism . An d th e proo f o f (2.2 ) show s tha t statemen t (0.2A ) 
above i s equivalen t to : 

THEOREM (0.2A1) . There exist s a  canonica l ̂ - module ( i .e . a  
coherent ̂ - module togethe r wit h a  canonica l structure ). 

But wha t i s th e poin t o f al l thi s elaboration ? It' s tha t w e 
have isolate d th e propertie s neede d t o sho w ho w w  relate s t o 
existing dualit y theory , an d t o prov e (0.2) , a s w e shal l no w see . 

We define a  dualizing structur e {6V> ( V proper) o n a  coheren t 
^-module G J i n a  manner simila r t o tha t use d abov e fo r w  - cf . 
Definition (4.1 ) fo r a  precis e statement . Give n (0.2B) , Remar k (4.8 ) 
says tha t the dualizin g structure s o n a > are i n one-on e correspond -
ence wit h ff-module isomorphisms X : u ) >  u> . 

Thus w e hav e a  one-one correspondenc e betwee n dualizin g 
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structures and canonica l structures. We can als o describ e thi s 
correspondence b y th e followin g statement s (0.3A ) an d (0.3B) , whic h 
are togethe r equivalen t t o (0.2A1 ) an d (0.2B) . 

THEOREM (0.3A) (cf. (4.2)) . There exist s a  dualizin g ff- module 
(i .e. a  coheren t ff-module together wit h a  dualizin g structure ). 

THEOREM (0.3B)(cf . §6). Every dualizin g fl- module ({o)v>, {Ôy}) 
has a  uniqu e canonica l structur e ({y^},{T^}) such tha t 

(a) for projectiv e spac e P  = H ( d 2 > o) , the compositio n 
d H<i( V d  ^ 

HA0P,ftIp) - >  HA0P,a)Ip) -~^- > k 
is th e canonica l isomorphis m ;  and 

(b) for an y finit e separabl e ma p f  : V •> W of prope r 
d-dimensional k- varieties, if t ^ : f*^v ̂ w is T ^ followed b y 
"evaluation a t 1", then th e followin g diagra m commutes: 

r\ Hd(tf ) . 
Ha(W,f̂ o)v) -—> Hu(Wfa3w) 

ew 
V 

Hd(V,u)__) g >  k 

Remarks.(0.3.1) Th e passag e fro m dualizin g t o canonica l 
structures describe d i n (0.3B ) respects ^- isomorphisms, i n 
the followin g sense . I f u>, a)1 ar e tw o dualizin g modules , an d 
(Y /T), (y'/T1) ar e th e correspondin g canonica l structure s give n b y 
(0.3B) , the n the uniqu e ff- isomorphism A : w -> a)1 given b y (4.7 ) 
coincides wit h th e isomorphis m o f (2.3) , becaus e b y uniqueness i n 
(0.3B) w e se e tha t ( Y ' /T') i s th e canonica l structur e obtaine d fro m 
(Y,T) b y "pus h forward " vi a X (cf . (2.4)) . I t follow s tha t th e tw o 
foregoing correspondence s betwee n dualizin g an d canonica l structure s 
(one via(0.2B ) an d isomorphism s X : w a), th e othe r a s i n (0.3B) ) 
are th e same . 
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(0.3.2) Th e equivalenc e o f (0.2 ) an d (0.3 ) ca n b e see n a s 
follows. Triviall y (0.3A ) an d (0.3B ) impl y (0.2A1) , an d (0.2A ) an d 
(0.2B) impl y (0.3A) . Give n (0.3A ) an d (0.3B) , henc e (0.2A) , 
Corollary (2.3 ) provide s a n isomorphis m o f ̂ -module s X :  o o >  ~ 
which i s compatibl e wit h th e respectiv e canonica l structures ; an d th e 
existence par t o f (0.2B ) follow s easil y (us e A  t o pus h th e 
dualizing structur e o n o o forwar d t o To) . Similarly , usin g (4.7 ) 
we se e tha t existenc e i n (0.2B ) give s existenc e i n (0.3B) . Th e 
corresponding implication s fo r uniqueness ca n b e prove d i n a  lik e 
manner wit h the  hel p o f (2.4 ) an d (4.8) . 

(0.3.3) W e have alread y note d tha t (0.2 ) (0.1) . O n the othe r 
hand, (0.2 ) ca n b e deduce d fro m (0.3A ) an d (0.1) . Fo r i f GO i s a 
dualizing ^-module , the n fo r eac h prope r V , OĴ  i s torsion-fre e o f 
rank on e (cf.(4.4)) , an d s o (whic h on e check s t o b e non-zero ) 
corresponds t o a n ̂ -homomorphis m ftv  u)v whic h become s a n 
isomorphism whe n tensore d wit h th e constan t shea f k(V ) o f rationa l 
functions. Th e invers e o f thi s isomorphis m take s u) isomorphicall y ^ d onto a n $v~submodul e wv o f th e constan t shea f ^^(v)/k ^  =  dim V ^ ' 
and o> v contain s th e imag e o f th e natura l ma p 

ft +  ft?,,,*  Fo r a n arbitrar y variet y V , choos e a  compact if ication 
V c: V (cf . §4 ) , an d se t 

WV = o>- |V. 

Using (0.1 ) an d th e definin g propertie s o f a  dualizin g structure , o n 
can sho w i n a  straightforwar d - i f somewha t tedious - wa y tha t thi s 
c3 doe s no t depen d o n th e choic e o f V , an d satisfie s (0.2A ) an d 
(0.2B). (1) 

In summary , w e have indicate d th e followin g implications : 

[(0.3A) +  (0 .1) ] *  [(0.2A ) +  (0.2B) ] o  [(0.3A ) +  (0*3B)] 

^ 1 ̂ For verifying (0.2A) , not e tha t an y finite map 
f :  U =  Spec(C)-*Spec(B) =  W 

has a  compactification f 1 :  W  = (cf . (5.4) ) , which may be assumed to be 
finite (replac e b y Spec(f1* '  • 
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(0.3.4) Le t a) b e a  dualizin g module . I n [E , p . 34, Theoreme ] 
ElZein define s a  canonica l ma p 

cv :  n?/ k *  w v ' 

the fundamental clas s o f V . (Th e existenc e o f suc h a  ma p was 
asserted b y Grothendiec k i n [G2 , p . 114]) . Thi s ma p expresses th e 
basic relatio n o f differentia l form s t o dualit y theory . I t appear s 
quite naturall y i n ou r setup , becaus e a s w e have see n w i s 
canonically isomorphi c t o U J and , a s w e have als o seen , ther e i s a 
natural ma p 

"v/k *  \  c  nk(v> A * 

Of cours e i f V  i s proper , the n c  correspond s t o .  Fo r an y 
V, i f V  i s the  smoot h par t o f V , the n c v i s th e uniqu e 
extension t o V  o f y v ,  wher e y  come s fro m th e 

o 
canonical structur e o n u> give n b y (0.3B) . A  more complet e 
discussion (includin g a n explanatio n o f th e terminolog y "fundamenta l 
class") i s give n i n §3 . 

* *  * 

Statements (0.3A ) an d (0.3B ) ar e consequence s (mor e o r less ) o f 
[RD, p . 383 , Corollar y 3.4] . Howeve r on e o f ou r mai n purpose s i n 
this pape r i s t o provid e a proo f o f (0.3 ) fo r whic h loc . cit . i s no t 
a prerequisite . (W e use instea d th e simpler , thoug h les s flexible , 
duality theor y give n b y Kleima n i n [K m 2].) Th e othe r mai n purpos e 
is t o describ e the  connection betwee n loca l an d globa l duality , via 
residues (cf . [RD , p . 386 , Propositio n 3.5]) . I n fact , wha t was 
referred t o i n Remar k (ii ) followin g (0.2B ) a s th e "basi c difficulty " 
(which become s fo r (0.3B ) the  proble m o f definin g y  fo r non-prope r (i) v smooth V ) wil l b e resolve d b y mean s o f thi s connectio n (cf . §9 ) . 

We migh t like t o define y ^ vi a [K m 2 , p . 55 , Prop . 3.3] ; but as far a s w e 
know, a  smooth V  ma y not have a Cohen-Macaulay compactification, a t leas t i f k 
has positive characteristic . 
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More specifically , tw o principa l ingredient s o f ou r proo f ar e 
Theorem (9.1) , whic h assert s roughl y tha t local dualit y i s induce d  
by globa l duality , an d th e followin g primitive residu e theorem , 
proved i n §§7- 8 b y mean s o f explici t constructions . 

Let £ ° b e th e collectio n o f al l d-dimensiona l regular loca l 
k-algebras R  whos e residu e fiel d R/"m R i s finit e ovê r k  (m p = 
maximal idea l o f R) , an d suc h tha t th e universa l finit e differentia l 
module fi^^  exist s ( i .e . ther e i s a  k-derivatio n R  •+ whic h i s 
universal fo r k-derivation s o f R  int o finitely generate d R-module s 
cf. e.g . [SSI , §1]) . Fo r R  € £° se t 

GR 4 GR 

THEOREM (0.4 ) ("Primitiv e Residu e Theorem") . With precedin g  
notation, there i s a  uniqu e famil y o f k- linear map s 

resR :  H^r№r ) -  k  ( R 6  £° ) 

(where denote s loca l cohomology ) such that : 
R 

(a) I £ R  is th e completio n o f R — so tha t ft£  is the  
completion o f G R [SSI , p . 141 , Korolla r 1.6 ] and 

H ^ J ^ ) -  H * (ftR ) -  then res R =  res - . 
R R 

(b) Tf R , R ' €  £ ^ ,  and R  R 1 is a  k- homomorphism vi a  
which R 1 becomes a  finit e £tal e R- algebra, whence 8  ,  =  ̂ r®rr' 
and 

4 < ° r . > -  <R(fiR)<&RR ' ' 
R K 

then 

resR, =  resR E(l^trace). 

(c) If x  is a  close d poin t o f th e projectiv e spac e P  =  3E>£ 
and R  = 0^ > then the  followin g diagra m ( with th e canonica l 
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isomorphism) commutes; 

H d <ftR> q H d 
x 

canonical E a, OP, q 

resR\ 

k 

b p 

Remarks. I t shoul d b e note d tha t whil e thi s resul t a s state d 
contains a  (global ) definitio n o f th e (local ) map s res R (i f i s 
assumed known , sinc e ever y complet e R  6 i s etal e ove r som e 
(^p,x)A), th e proo f itsel f begin s (§7 ) wit h th e standar d purely loca l 
description o f res_ , whic h i s the n use d i n (8.4 ) t o defin e 

R J P 
The abov e mentione d Theore m (9.1 ) i s prove d b y reductio n t o th e cas e 
of projectiv e space , where , i n vie w o f (a ) an d (c ) o f (0.4) , i t 
amounts t o th e followin g explici t versio n o f local dualit y (cf . 
Theorem (7.4)) : 

If R  € is complete , then th e pai r (ftR,resR ) represents th e 
functor Hom̂ ( H (G),k ) of finitel y generate d R- modules G . 

R 

* *  * 

The precedin g fact s ar e summarize d i n th e followin g stronge r 
Residue Theorem , whic h i s th e centra l resul t o f thes e notes . 

(In §1 0 w e wil l giv e a  more genera l "relative " residu e theorem , 
and i n §1 2 som e consequence s o f th e for m 

£ residuev(something ) = 0 . ) 
v€V 
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Let b e th e collectio n o f al l d-dimensiona l loca l domain s a 
R whic h ar e localization s o f finitel y generate d k-algebra s an d whose 
residue fiel d ̂ 1tl R (m R = maximal idea l o f R ) i s finit e ove r k . 

As befor e (cf . (0.2A)) , w e denot e b y u) th e ̂ -modul e o f regular 
differential forms . Fo r an y R  6 R  = Cf i wher e C  i s a n 
integral domai n finitel y generate d ove r k  an d i s a  prim e idea l 
in C . W e define a> R t o b e th e localizatio n №q/<q\* where ̂ C/ B 
is a s i n th e remark s precedin g (0.2A) ; the n (0.2A ) implie s tha t th e 
R-module aL depend s onl y o n R . I f S  z> R i s a  domai n whic h i s a 
finite R-module , wit h fractio n fiel d separabl e ove r tha t o f R , the n 
we defin e 

V R -  { v €  nk(S)/ k 1  T(Sv) c  V 

(cf. definitio n o f ̂ C/B ) * anc^ check tha t i f S^( l ^  i  ^  n ) ar e th e 
localizations o f S  a t i t s variou s maxima l ideal s (s o tha t S . 6  SL) 

~ I  a 
then a ) i s th e localizatio n ̂ s/R^®SSi " Not e tna t i f m i = ms ' i i 
then the  trac e ma p T  induce s a  map 

(0.5) e  <  <ff i >  - h*(< 3 >  v i a T >  4  ( S > 

We can no w stat e th e 

RESIDUE THEOREM (0.6) . There exist s a  uniqu e famil y o f k-linea r 
maps 

res~ :  H ^ (3R) -  k  ( R €  »d) 
R 

satisfying th e followin g condition s (a ) and (b ) : 

(a) (Normalization ) .  Ij f R  6 %^ is regular , then res ~ 
coincides wit h th e ma p res R of Theore m (0.4 ) (se e als o th e 
remarks followin g tha t Theorem) . 

(b) (Trac e property) . For an y R,S . as above , the followin g 
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diagram commutes ; 

cf.(0.5) 
cf.(0.5) ,_d x Hm (u ) 

R 

ress. 
1 

k 

reSR 

Furthermore; 

(c) (Loca l duality ) .  If _ "  denotes m^- adic completion , so 
that 

H V ^ R ) =  H V ^ R ) 

then the  pai r (O J ,res~) represents th e functo r Horn . (H-^ (G) ,k) o f K ^  K  K  — 
finitely generate d R-module s G . 

(d) (Globalization) . There exist s fo r eac h prope r 
d-dimensional k- variety V  a uniqu e k- linear ma p 

0V ;  Hd(V,o)v ) -  k 

such tha t fo r eac h close d poin t v  6  V , the followin g diagra m  
commutes: 

H>v> canonical Hd(V,o)v) 

res- \ 
uV,v Ov 

k 
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(e) (Globa l duality) . For eac h V  as i n (d) , th e pai r ^ 
(GOv,0v) is dualizing , i . e . represents the  functo r Homk( H (V,5 ) ,k) 
of coheren t ^-module s . 

Remarks. (0.6.1 ) On e ca n readil y deriv e (0.6 ) —  excep t fo r 
(c) —  fro m (0.2B) , usin g (0.6 ) (d ) a s a  definition o f res<^ ' whic h 
makes sens e b y straightforwar d consideration s followin g ̂ fro m th e 
commutativity o f (0.2.1) , cf . th e proo f o f (9.1 ) (a) . (Fo r (0.6 ) (b) 
note tha t finit e map s hav e finit e compactifications , cf . footnot e i n 
Remark (0.3.3) ; fo r (0.6 ) (a) , us e (0.6 ) (b ) t o reduc e t o th e cas e 
where R  i s th e loca l rin g o f a  close d poin t o f P d . . . . ) The n 
(0.6)(c) i s a  restatemen t o f (9.i)(b) . 

Conversely, i n vie w o f (9.6) , (a) , (b) , (d ) an d (e ) o f (0.6 ) 
easily impl y (0.2B) . 

(0.6.2) Th e existenc e o f th e famil y res ~ o f (0.6 ) wil l b e 
proved her e i n a  roundabou t an d indirec t manner , vi a globa l 
considerations. A  more satisfyin g loca l approac h i s given , unde r 
restrictive hypotheses , b y Kun z [K2] . H e defines W g an d th e map 

res~ :  Ĥ OOg ) -  k 

for any complet e loca l Cohen-Macaula y k-algebr a S  wit h residu e 
field finit e ove r k , k  bein g assume d t o hav e characteristi c zero . 
He has informe d m e that i t i s possibl e t o eliminat e the  Cohen -
Macaulay hypothesi s b y th e us e o f technique s suc h a s ar e foun d i n 
[Kl, §4] . 

Of cours e eve n whe n (a) , (b) , (c ) o f (0.6 ) ar e worke d ou t i n a 
purely loca l way , provin g (d ) an d (e ) i s s t i l l difficult . 

* *  * 

In §§11-13 , w e giv e variou s complement s t o th e Residu e Theorem , 
as describe d i n thei r respectiv e introductor y remarks . Suffic e i t 
here t o mentio n tha t §1 3 give s a n alternativ e approac h t o the 
construction o f a!, vi a embedding s an d th e "fundamenta l loca l 
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homomorphism" (Theore m (13.5)) ; an d th e essentia l loca l propert y o f 
residues fo r thi s purpos e i s give n i n Theore m (13.12) . (I n th e 
simpler approac h describe d i n thi s Introduction , th e correspondin g 
principle ingredient s wer e Noethe r normalization , "evaluatio n a t 1" , 
and th e "trac e formula " (0.4 ) (b ) fo r residues. ) 

It shoul d b e note d tha t al l th e mai n result s ca n b e extende d t o 
varieties ove r non-perfec t fields , o r indee d ove r regular  loca l rings . 
The mai n technica l requiremen t fo r suc h ar > extension i s a n adequat e 
notion o f th e trace o f a  differential , wit h respect , say , t o 
inseparable extensions . Suc h a  notio n i s availabl e (cf . [K3] , [A] , 
[L]); an d i s treate d i n grea t detai l i n a n unpublishe d manuscrip t 
of Kunz . 

Other topic s whic h coul d hav e bee n deal t wit h ar e th e behavio r 
of GO with respec t t o smoot h morphisms , an d th e correspondin g loca l 
property o f residue s (cf . (R4 ) o n p . 19 8 o f [RD]) ; an d a n explici t 
local descriptio n o f th e relativ e residu e ma p p  o f Theore m (10.2 ) 
(cf. [Ke]) . I  hop e t o retur n t o thes e question s -  i n a  mor e genera l 
context -  a t a  late r time ; bu t fo r now , enoug h i s enough . 
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I. CANONICA L MODULE S 
§1. Zariski sheave s (ff-modules ) 

(1.1) Le t k  b e a  perfec t field , an d le t D b e th e categor y 
of k-varieties , i . e . non-empt y reduce d irreducibl e separate d 
k-schemes o f finit e type . Fo r fixe d V  €  CD, w e wil l ofte n conside r 
data define d i n term s o f variou s ope n immersion s V  W , an d s o i t 
will b e quit e convenien t t o us e th e notio n o f Zariski shea f o n V, 
which w e no w recall . 

Let H)' b e th e subcategor y o f V havin g th e sam e object s a s ¿1 ar 
V an d havin g th e ope n immersion s i n V a s i t s morphisms . Le t 
fzD' • > (abelia n groups ) b e a  contravarian t functor , an d suppos e ziar 
that fo r eac h V  € V„^R F (V) ha s a n 0(V ) =  r  (V,0„) -module 
structure, an d furthe r tha t fo r eac h ope n immersio n i: U +  V th e 
corresponding ma p f(V) f(U) i s a  homomorphis m o f ^(V)-module s 
(f (U) bein g a n ̂ (V)-modul e vi a th e rin g homomorphis m 0(V ) - > 0(U ) 
corresponding t o i  ) . Fo r eac h V  w e denot e b y th e 
restriction o f f t o th e subcategor y o f H whos e object s ar e 
the ope n subvarietie s o f V  an d whos e morphism s ar e inclusio n maps . 
Then i s a  preshea f o f ^-modules ; an d w e sa y tha t f i s a 
Zariski shea f o f ^-module s -  or , fo r brevity , tha t f is a n 
-̂module -  i f i s a  shea f i n th e usua l sens e fo r ever y V . 

We say tha t f i s a  quasi-coherent (resp . coherent) ̂ -modul e 
if F V i s a  quasi-coheren t (resp . coherent ) ^-modul e fo r ever y V . 

The notio n o f homomorphism o f ̂ - modules i s define d i n th e 
obvious way . 

Examples. (1.1.1 ) Th e functo r 0 suc h that , a s above , 
0(V) =  T{V,0V) an d 0(V ) + 0(U) i s th e natura l ma p fo r ope n 
immersions U  •> V, i s a  coheren t ^-module . Fo r eac h V , th e 
restriction Oy i s identica l wit h th e usua l structur e sheaf . 

(1.1.2) Ther e i s a  quasi-coheren t ̂ -modul e %  wit h 
(̂V) =  fiel d o f rationa l function s o n V 

(a fiel d whic h w e als o denot e b y k(V)) . 
(1.1.3) Th e tenso r produc t F ®Q<8 of tw o ̂ -module s i s define d 

in th e obviou s way . 
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(1.1.4) Fo r eac h V  le t &r7/v be th e usua l shea f o f 
' e  e l relative Kahle r differentials ; an d fo r e  ^  0  le t ^y/ ^ =  ^V/k^ ' 

the e-t h exterio r power . Se t 
B(V) =  T(V,^ m V ) ("dim " =  "dimension") . 

Then Q i s , i n a n obviou s way , a  coheren t ^-module . Fo r eac h V , 
we have 

o =  odi m v 
(1.1.5) Fo r eac h V , le t OJ v b e th e shea f o f regular  

differential form s o n V , a s describe d i n th e Introductio n 
(cf. (0.2A)) . The n ther e i s a  coheren t ̂ -modul e u i suc h that , fo r 
all V , 

G(V) =  T(V,oJv ) . 

(The definitio n o f w  (V) OJ(U ) fo r ope n immersion s i: U -* V i s 
left t o th e reader. ) I n thi s example , th e tw o possibl e meaning s o f 
the symbo l "&v " coincide . 

(1.2) Th e mai n reaso n fo r introducin g ̂ -module s int o thi s 
exposition wil l no t emerg e unti l §4 , wher e w e dea l wit h dualizin g 
^-modules (cf . Definitio n (4.1)) . A s mentione d i n th e Introduction , 
one o f ou r principa l result s wil l b e tha t th e 0-modul e ft  o f 
example (1.1.5 ) i s dualizing . 

(1.3) Th e categor y o f ̂ -module s i s equivalent t o th e categor y 
whose object s are : familie s o f (sheave s of ) ^-module s ^V^V^ Y 

together wit h familie s o f isomorphism s $^:i*F v f^ (i: U • > V a n 
open immersion ) satisfyin g th e transitivit y conditio n 

3. . =  B.oi*B . Di i  D 
vis-a-vis couple s o f ope n immersion s U  —-—> V  —-—> W . 

More precisel y (bu t wit h som e detail s lef t t o th e reader) : 
If f% i s a n ^-module , an d i: U • + V i s a n ope n immersion , 

then ther e i s a n ff^-isomorphism 

8 ! :i*f1 -̂ - > f» pi*x Jv 9 JU 
corresponding b y adjointnes s t o th e obviou s ma p f.\ -> i+FT\; and fo r 
any pai r o f ope n immersion s U  —^ V W  th e followin g diagra m 
r»r»TTiTnnf-ofi • 
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i*i*<F ' w 

(ji)*^ 

J v (ji) 

( j i ) * ^ 

3' • 
Di 

FT 

And conversely : 
Suppose give n fo r eac h V  € #  a n ^-modul e jF"v, an d fo r eac h 

open immersio n i: U +  V a n ^-isomorphis m 

i J V * 
such tha t fo r an y pai r o f ope n immersion s U  —V — ^ W th e 
preceding diagram , wit h f, 3  i n plac e o f J', 3' , commutes . The n 
there i s a  functo r zar  -* • (abelia n groups ) define d b y 

f'(V) =  r(v,fv) 
and (fo r ope n immersion s i: U V ) b y 

P(i) :T(V, f ) 

J'(V) 

canonical r(u,i*fv) via p. l 
r(u,fu) 

J'(U) 

and thi s f% ha s a n obviou s ̂ -modul e structure . I n fac t fo r eac h 
V ther e i s a n ^-isomorphis m 

V V  V 
such tha t fo r an y ope n subse t U  c v, wit h inclusio n ma p i: U •> V, 
av(U) i s give n b y 

av(U) :T(UJV) = r(U,i*Jv) - ^ - g > T (U,^) = f '  (U) = r (U,J^) ; 
i 

and moreove r fo r an y ope n immersio n j: V • > W, th e followin g diagra m 
commutes : 

j * w 
3 1 

V 

(ji)*^W 
(ji)*^ (ji)*^ 

,av 
f ' 
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(1.4) Le t f b e a n ^-module , an d le t R  b e a  (commutative ) 
local domai n wit h maxima l idea l m , suc h tha t R  i s a  localizatio n 
of a  finitel y generate d k-algebra . W e can the n defin e a n R-modul e 
f-, th e stal k o f f a t R , a s follows : 

K. — 
There exist s a  k-morphis m 

cp:Spec (R) +  V 

where V  6 suc h tha t th e correspondin g map 
0VfV + R  ( v =  cp(m)) 

is a n isomorphism. W e order th e collectio n o f al l suc h c p b y 
setting cp ^ ^ cp2 i f ther e exist s a n ope n immersio n i:V ^ -> 
making th e followin g diagra m commute : 

Spec(R) ^ 
r Vl 

cp2 v2 
i 

Such a n i , i f i t exists , i s uniquel y determine d b y cp ^ an d cp 2 
[EGA 01, p.311 , (6.6.1) (i ) ] . Furthermor e [ ibid, p.312,(6.6.2),(6.6.4 ) ] 
shows tha t fo r an y cp̂ , cp 2 ther e exist s a  cp ^ wit h cp ^ ^ cp̂ , 
cp̂  ^ cp2- No w if cp ^ :> cp2 the n correspondin g t o i:V j V 2 w e nave 
a ma p ^(v2 ^ FV° + f(v1) and thu s w e hav e a  filtere d inductiv e system . 
We can the n se t 

fR =  Umf(V ) 
cp 

The followin g assertion s ar e easil y checked . 
(i) Le t K  b e th e fractio n fiel d o f R , an d d  th e 

transcendence degre e o f K  ove r k . The n ther e ar e natura l 
isomorphisms 

R ssf 
к 

«RA 

dd 

"R 

(ii) JR is in a natural way an 0R-module , hence (b y (i)) an 
R-module. 
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( i i i ) Fo r an y c p a s above , wit h v  =  cp(m ) , ther e i s a  natura l 
isomorphism o f R-module s 

R % , / v , v ^ * 

§2. Canonical ̂ -module s 

DEFINITION (2.1) . A  canonical ̂ -modul e is a  quasi-coheren t 
-̂module w together wit h th e followin g dat a -  whic h w e cal l a 

"canonical structure " o n u>: 

(a) a n isomorphis m o f functor s 

Y:Q|̂ 0 - u,|*0 

where i s th e ful l subcategor y o f ̂ Za r whos e object s ar e al l 
the smooth k-varieties , an d ft  i s a s i n (1.1.4) ; 

(b) fo r eac h finit e surjectiv e ma p f: V • > W (i n f) whic h i s 
separable ( i .e . th e correspondin g functio n fiel d extensio n 
k(W) c  k(V ) i s separable) , a n fxOv -isomorphism 

Tf:f̂ o>v ^— > Hom0 (f^,^) 

whose compositio n wit h "evaluatio n a t 1 " we denot e b y tf:f*u> v o>̂ ; 

these dat a bein g subjec t t o th e followin g conditio n (whic h states , 
roughly speaking , tha t t f i s genericall y identical-vi a y-with th e 
trace ma p T  fo r differentia l forms) : 

(2.1.1) Le t f: V W  b e a s i n (b ) . Le t v  b e th e generi c 
point o f V , se t k(V ) =  0  (th e functio n fiel d o f V) , an d 
ft .  .  =  ft .  Le t V n c  V  b e th e ope n subvariet y consistin g o f al l 
the smoot h point s o f V , an d se t 

Yv = YV0,v:"k(V ) — ^ wV, v ' 

Similarly defin e (wit h w  th e generi c poin t o f W ) 

V"k(w) — ^ >f W • 

Then th e followin g diagra m commutes : 

32 



CANONICAL MODULES 

k(V) ®k(w)«k(w) = nk(v) y *  UV,v =  (f*V w 

T= trace <g>l f,w 

k(W) ®kfw)nk(w ) ^  nk(w ) T W,w 

Remark. O f cours e th e f  ^^-isomorphism an d th e 
0̂ -homomorphism t ^ determin e eac h other ; w e ca n specif y a 
canonical ̂ -modul e b y (u),y,T) o r b y (co,y,t). 

Example (2.1.2) . Th e ̂ -modul e ft  o f regula r differentia l form s 
(cf. (1.1.5) ) ha s a  canonica l structure . Fo r V  smoot h w e have 
OJv = ftv  (cf . [Kl , Korolla r 5.2] , whos e proo f hold s i n th e presen t 
context) s o tha t y ma y be take n t o b e th e identit y map . A s fo r 
t^, w e have , b y [K3 , p.69 , Korolla r 3.7] , wit h th e shea f o f 
meromorphic form s Q = U ®Q % (cf . (1.1.2) , (1.1.3) , (1.1.4)) , tha t 
the imag e o f f*& v c  f*^ v unde r th e trac e ma p T.f̂ U y Q i s 
contained i n s o tha t w e ca n tak e t, . =  T|f*(wTT) . T o se e tha t w r  *  v 
the correspondin g ma p T^rf̂ o ^ • > Hom^ (f^Oy,^) i s a n isomorphism i s 
a loca l problem , easil y settle d b y choosin g (locally ) a  Noethe r 
normalization o f W  an d applyin g [K3 , p.5 6 Sat z 2. 2 an d p.61 , Sat z 
2.12]. 

Remark (2.1.3) . i f OJ is a  canonica l ̂ - module the n a) is  
coherent, and fo r an y V  € D, OJ^ satisfies th e Serr e conditio n (S^) • 
<In particular , oov is a  torsion-fre e ^-module. ) 

Proof. Th e questio n i s local , s o w e may assum e tha t ther e 
exists a  finit e surjectiv e separabl e ma p f: V W  =  Spec(B) , wher e 
B = k[X^,...,X^] i s a  polynomia l ring ; the n (a ) an d (b ) i n (2.1 ) 
give a n f^Q-isomorphism 

swv - Homt ssd Ov+Qw) 

and w e se e easil y tha t w__ i s coheren t an d tha t f +o)TT satisfie s 
(S2), whenc e [EG A IV, (5.7.11)] cov satisfie s (S2 ) . Q.E. D 

We shall no w se e tha t an y tw o canonica l ̂ -module s ar e 
canonically isomorphic . 

Let u> b e a  canonica l ^-module , an d se t 
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a) = O)® 0 % 
(cf. (1.1.2) , (1.1.3)) . Similarl y se t 

ft = ft<g>0 % 
(sheaf o f highes t orde r meromorphi c forms) . 

Clearly y induce s a n isomorphis m 

5|»0 5|y Q 

which extend s t o a n isomorphis m 

Y : S ——> a) . 

We have canonica l map s ft  •+ ft, u) -> OJ. Moreove r fo r an y V , 
wv -** OJv i s injectiv e becaus e u> i s torsion-fre e (2.1.3) . W e 
consider the n th e compose d map 

- Y " 1 -

which give s a n isomorphism o f OJ onto a n 0- submodule o f ft. 

LEMMA (2.2) . Let V  = Spec(C ) be a n affin e k- variety o f 
dimension d , and B  = k[X^,...,X^] a polynomia l k- subalgebra o f C 
such tha t C  is a  finit e B- module an d th e correspondin g extensio n  
of fractio n field s k(B ) c : k(C) is separable . Then 

(2.2.1) A(o))(V) =  {v €  fik(C)/klT(Cv) -  ̂ B/k } 

where T  . is define d b y 

(2.2.2) x:^(c)/k =MC)Sk(B)^(B)/ k traçe^k(B)0k(B)nd(B)/k=fid(B)/ki 

Remark. What thi s say s i s tha t A (u>) = w (cf. (2.1.2)) . 
However w e avoi d usin g û because w e want t o mak e clea r tha t w e do 
not nee d her e th e mai n resul t o f [Kl ] t o the  effec t tha t the  righ t 
side o f equatio n (2.2.1) depends onl y o n C . I n fac t the  Lemma 
shows tha t an y proo f o f th e existenc e o f a  canonica l ̂ -modul e implies 
that result . 

Proof. The proo f i s essentiall y a  matter o f unravellin g 
definitions. Le t f: V -> W = Spec(B) correspon d t o th e inclusio n 
B c C. Th e righ t han d sid e o f (2.2.1) is th e C-modul e o f globa l 

34 



CANONICAL MODULES 

sections o f th e imag e o f 

under th e isomorphis m 

Hom0 (f.0 v,sy czHom% ( f * ! ^ ) 

under th e isomorphis m 

fwvvv 

Hom^if^y c Horny tf^yv,^ ) 

corresponding t o T . S O it suffice s t o sho w tha t th e followin g 
diagram (i n whic h unlabelle d map s ar e canonical ) commutes : 

Tf 
tíom\(f*fv"w) 

via Y„ 

wwv 

••V1 

í.5„ 

via Tf 

via т 

tíom\(f*fv"w) 

wa vwf 

tíom\(f*fv"w) 

Hom^(f^v,í2w) 

The onl y proble m i s wit h th e subdiagra m labelle d ? ; bu t thi s 
is easil y dispose d o f b y mean s o f conditio n (2.1.1) . 

COROLLARY (2.3) . I f (o),y,t), (w'fY'ft1) are tw o canonica l 
^-modules, then ther e i s a  uniqu e ff- isomorphism X  : u) —u)1 
compatible wit h Y and Y1, i . e . i f V  is smooth , the n 

= Yy°Yv̂ - Moreover thi s X is als o compatibl e wit h t , t1 , i . e . 
for eac h finit e surjectiv e separabl e f: V W  the followin g diagra m  
commutes: 

(2.3.1) 

sfv 

fgvq 

f)wv 
tf 

fcf 
xw 

w 

ww 

Proof. Th e firs t assertio n follow s fro m Lemm a (2.2 ) an d th e 
remarks precedin g i t . Th e commutativit y o f (2.3.1 ) ca n b e checke d 
at th e generi c poin t o f W  (sinc e u).f 7 i s torsion-free ) ,  wher e i t 
follows a t onc e fro m (2.1.1) . 
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Remark (2.4). Let OJ ' be a  canonica l ^-module , an d le t O J b e 
any 0-module. I t i s easil y checke d tha t fo r an y ^-isomorphis m 
A:OJ ——> GO 1 there i s a  uniqu e canonica l structur e o n O J suc h tha t 
A i s a n isomorphis m o f canonica l module s (a s i n (2.3)). Hence, an d 
by (2.3), the canonica l structure s o n O J correspond one-on e t o th e  
0-isomorphisms X  : OJ O J ' . 

§3. The fundamenta l clas s 
Notation remain s a s i n §2. 
PROPOSITION (3.1) (cf. [E, p. 34] ) . If O J is a  canonica l 

^-module, then ther e exist s a  uniqu e ff- homomorphism 
c =  c (OJ) : - > OJ 

whose restrictio n t o i s Y . Moreover c  satisfies th e 
following trac e property : i f f: V -* W is finit e surjectiv e an d  
separable, with W  normal, then th e followin g diagra m commutes : 

f*cv 
f.fiv > f.uv 

CANONICAL/ 

f*(&7)®&T7 — —7- ^ 0T7<S>ftT7 = t̂ t > Wr7 * V W  TRAC E <G>L W W  W  C  W W 

FV 

Remark (3.1.1). I f O J ' i s anothe r canonica l ^-module , 
c':ft - * OJ1 i s th e ma p given b y (3.1), an d X:O J —— > OJ 1 i s th e 
canonical isomorphis m o f (2.3), the n 

c1 =  Aoc. 
(Since OJ ' i s torsio n free , thi s nee d onl y b e checke d o n Dq, where 
i t i s clear. ) 

Proof o f (3.1). Thi s i s a  straightforwar d consequenc e o f 
Lemma (2.2) an d [Kl,p. 15,Satz 5.5]. Fo r completenes s w e giv e a 
proof whic h i s basicall y tha t o f loc. c i t . , dresse d u p i n th e 
terminology an d notatio n o f thi s paper . 

We note firs t tha t sinc e OJ v satisfie s {S^) ,  cf . (2.1.3), w e 
have b y [EG A IV, (5.10.2) an d (5.10.5)]: 
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LEMMA (3.1.2) . Let U  be a  non-empt y ope n subse t o f V  6 9, 
with inclusio n ma p i: U V . Then th e canonica l ma p ср:<Д у -** i*i*u)v 
is injective ; an d i f V  - U  has codimensio n 2 > 2 i n V  then ф 
is bijective . 

Now the Lemm a gives a n injection 

n:Honi0 №V,OJv ) < >  Hom^ (̂ уДл1*шу) 

= Hom ^ (i*ftv,i*o)v ) =  Hom ^ (^^y ) 

from whic h w e se e (takin g U  t o b e an y non-empt y smoot h ope n 
subvariety o f V ) tha t ther e i s a t mos t on e с as i n Propositio n 
(3.1). 

To sho w tha t suc h а с  exists, suppos e firs t tha t V  i s 
normal an d U  с V i s th e ope n subse t consistin g o f al l th e smoot h 
points, s o tha t V  - U  ha s codimensio n ^ 2 i n V . The n th e abov e 
n i s bijective, s o ther e exist s a  uniqu e ̂ -homomorphis m 

cv:ftv o) v 

whose restrictio n t o U  i s y^. I f W  i s an y ope n subse t o f V 
then cvJ W an d c w bot h restric t t o Yunw o n U  ^ W whence , a s 
above, 

cw = cvw k 

For arbitrar y V , le t TT: V V  b e th e normalization , an d le t 
cv b e th e compose d map 

(3.1.3) c_.:ft- 7 :—-— * n + Q- —— *  TT.U) - — z > wT7 V V  canonica l *  V ff*c- *  V t  V * V  I T 

Let u s sho w tha t for an y smoot h ope n U  c V , c v restricts o n U  t o 
Yy. A s above , i t wil l follo w tha t fo r an y ope n immersio n i: W - > V , 
we hav e a  natura l identificatio n i*c. T =  c._ ; an d the n w e ca n defin e 
an 0-homomorphis m c:f t - > u> restrictin g t o y  o n Of^ b y setting . 
for eac h V  £ ft, 

c(V) = Г(су) :T(V,ftv) - r(V,u)v) 
II » 

ß(.V) аз (V) 
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Let i. U - > V b e th e inclusion . Appl y i * t o (3.1.3 ) t o obtai n 
a factorizatio n 

i*C_.:i*ft_7 =  i*7 T + ft~  r- j >  i*7T.O) - .  . , >  U)T _ V V  *  V  I*TT.C - *  V  i* t U * V  T T 
II 

So i t mus t b e show n tha t i * ^ ° i*7r^c- =  Sinc e 'i s torsion -
free (2.1.3) , thi s nee d onl y b e verifie d a t th e generi c poin t o f U , 
where i t follow s easil y fro m (2.1.1 ) because , V  bein g normal , w e 
have 

c-U-1(U) =  y 
V f r (U ) 

It remain s t o prov e th e trac e property . Again , sinc e o)TT i s 
torsion free , thi s nee d onl y b e checke d a t th e generi c poin t o f W , 
where i t i s nothin g bu t (2.1.1) . Q.E.D . 

LEMMA (3.2) . Le t ( a),y,t) be a  canonica l ^- module, an d le t 
f:V W  be a  prope r surjectiv e ma p such tha t th e correspondin g 
extension o f functio n field s k(W ) c  k(V ) is finit e an d separabl e 
( i .e . f  i s gener ically etale) . The n ther e i s a  uniqu e map __— 
t^:f*o)v + ^ w which localize s ( modulo y) t o trac e ® 1 at th e generi c 
point o f W  (an d henc e i s injectiv e i f f  i s birational) . 

Proof. Ther e i s a  cartesia n diagra m 

V -

f' 

_j > V 

w i 

f 

> W 

with f 1 finite, i  an d j  ope n immersions , an d W  -  i(W' ) o f 
codimension ^  2. B y (2.1.1 ) an d (3.1.2) , th e ma p t,. , extend s t o 
the desire d t^ . Uniquenes s an d birationa l injectivit y o f t ^ hol d 
because o o i s torsio n free . Q.E.D . 

Remark (3.2.1) . I f f  i s finit e the n t f =  tf . 
The followin g varian t o f (3.1 ) i s mor e genera l i n appearance . 
COROLLARY (3.3) . With f: V W , (a3 ,y,t) as i n (3.2) , there i s 

a uniqu e map 
cf = cf (a)) :f*ftv - uw 
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generically equal ( modulo y) to trace ®1 , namely cf  =  tfof^cv . In  
particular, if W  is smoot h w e hav e a  uniqu e ma p f*^ v ̂ w 
generically equa l t o trac e <g>l ( hence independen t o f OJ , i f to exists) 
namely y~ ocf . 

Remarks ( i) . Of cours e th e trac e ma p T.f*S v -*• of §2 gives 
rise t o a  ma p x'.f^ft y Q^; an d (3.3) te l ls u s i n particula r tha t 
the imag e o f T 1 l ie s i n i f W i s smooth . Thi s i s well-know n 
(e.g. [K3,p.69,Korolla r 3.7] and [Kl , Korolla r 5.2]), but no t trivia l 
(It depend s classicall y o n th e "equalit y o f Dedekin d an d Kâhler 
différents".) Here w e hav e exhibite d i t a s a  consequenc e o f th e 
existence o f a  canonica l ^-module . 

( i i ) . (Not use d elsewhere) . The ma p c v i s calle d th e 
fundamental clas s o n V  fo r th e followin g reason . On e o f ou r main 
results wil l b e tha t ther e exist s a n ̂ -modul e O J whic h i s bot h 
canonical an d dualizin g (cf. Introduction). Suppose the n tha t V  i s 
a close d subvariet y o f a  smoot h prope r (ove r k ) variet y X . Wit h 
d = dim V, N = dim X, i t i s wel l know n tha t (O J bein g dualizing ) 
there i s a n isomorphis m 

.f*Sv -*• .f*Sv -*• dqq 

(cf. [H , p . 242]) . Henc e c  give s ris e t o a  canonica l elemen t vi a 

Hom̂  0V.QX N-d, 
qd :0V.QX)) 

= Ext N-d 
'Ox 

.f*Sv 

Ext N-d 
^x (nx/k®fiv'nx/k) 

= Ext N-d 
0X 

dqdd N-d. 
X/k} 

- HJ N-d 
|V| (X,ft N-d 

X/kJ 

where th e arrow s ar e canonica l maps , an d H N-d 
|V| denotes cohomolog y 

with support s i n V . Thi s wa y o f associatin g a  cohomolog y clas s t o 
V c X , wa s introduce d b y Grothendiec k i n [Gl] . I t wil l pla y n o 
role i n thi s paper ; bu t i t i s importan t e.g . i n Angeniol' s theor y 
of Cho w schemes [A] . 
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II. DUALIZIN G MODULE S 
§4. Existence an d uniquenes s o f dualizin g ff-modules 

DEFINITION (4.1) . Let a ) be a  quasi-coheren t 0-module, an d fo r  
each ope n immersio n i: U - > V let .f*Sv -*• -̂ -> ^  be th e natura l 
isomorphism. A  dualizing structur e o n u > is a  famil y o f k- linear  
maps 

6v:Hd(V/o)v) - > k ( d =  dim V) 
one fo r eac h prope r k- variety V , such that : 

(i) fo r eac h suc h V  th e pai r (wv,8v) represent s th e functo r 
Hom (̂Hd(V,̂ ),k) o f quasi-coheren t ^-module s 3; an d 

(ii) fo r eac h commutativ e diagra m 

U 
i 

1 V 
f 

W 

with i , j  ope n immersion s an d V , W  prope r ove r k , th e followin g 
diagram commutes : 

(4.1.1) canonical 

i*(ef) 
i*(ef) 

W 

133 V 13 22 

11 

where 0̂ .:f+a)T 7 - * UL7 i s th e ma p (whos e existenc e an d uniquenes s i s r *  V  w 
guaranteed b y (i) ) suc h that , wit h d  =  dim U  = dim V = dim W , 

(4.1.2) canonical 

Hd(W,f*(DV) 
Hd(6f) 

Hd(W,w ) 

9W 

Hd(V,o)v) 
qd k 

commutes. 
A dualizing ̂ -modul e is a  quasi-coheren t ff-module together wit h  

a dualizin g structure . 
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We will se e belo w (Remar k (4,4) ) tha t a  dualizin g ̂ -modul e i s 
necessarily coherent. 

THEOREM (4.2) . There exist s a  dualizin g 0- module ( essentially  
unique, cf . (4.7) ). 

Proof. W e define a  quasi-coheren t ^-modul e u)v fo r eac h 
V 6 V a s follows : 

- i f V  i s prope r ove r k , o f dimensio n d , choos e a n OJ v whic h 
represents th e abov e functo r Hom (̂Hd(V,5),k ) [K m 2, p.43,Theore m 4] ; 
in particula r oov come s equippe d wit h a  k-linea r ma p 

9v(OJ) :Hd(V,u)v) - > k; 

- fo r arbitrar y V , choos e a  compactification, i . e . a n open 
immersion £y: V V  wit h V  prope r ove r k , cf . [N2 ] (choos e 
ev =  identit y i f V  i s alread y proper) , an d se t 

% =  •  U) 

In vie w o f (1.3) , i t clearl y suffice s fo r provin g (4.2 ) t o fin d 
isomorphisms 

$ :̂i*o)v — o ) ^ (i: U V  a n ope n immersion ) 

such tha t 

(4.2.1) :  fo r an y coupl e o f ope n immersion s U  -^-r V —3— w w e have 

BjjL = B^i.B j ; 

and suc h tha t moreove r 

(4.2.2): condition (4.1) (ii) i s satisfied . 

This wil l tak e u p most o f th e res t o f thi s section . 
We need th e followin g preliminar y versio n o f relative dualit y 

which wil l b e use d i n thi s sectio n onl y i n cas e f 1 =  identity, bu t 
which wil l als o for m th e basi s fo r §5. 

It i s possibl e t o bypass Nagata's compactification theore m by first definin g 
0)v onl y fo r quasi-projective V  (vi a a  projective compactification) , the n 
for arbitrar y V  choosin g an affine coverin g {v̂ } ,  an d with the following 
results pasting th e Uf y togethe r t o obtain 0 ) .. The n one must verify.. . 
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PROPOSITION (4.3) (Deligne). Given a  commutativ e diagra m 

V1 

f ' 

w 

j V 

f 

i W 

where V  and W  are prope r k- varieties, i  and j  are ope n  
immersions, and f  is proper , surjectiv e an d wit h al l i t s fiber s  
of th e sam e dimension , say d , set r  =  di m W ( so tha t 
dim V = r  +  d) , let 

9f:R f *wv + ww 

be th e ff^-homomorphism corresponding b y th e definin g propert y o f u)̂  
to th e compose d k- linear ma p 

Hr (W,Rdf â)v) canonical Hr+d(V,u)v) 
oq 

k 

(a), 6 a s above , an d cf . Remar k (4.3.1 ) below) , and fo r an y quasi - 
coherent ffv- module f let 

© = 0FJR:F.«.m0v(J,Uv) natural> HOM^(RDF .J,RDF^V) 

VIA 9 f >  ^M^(RDF .J,a>w) 

be th e induce d f̂ Qv- homomorphi sm. Then, with f% = we have 
that 

i*@:f; Hom^ ( (f ' , j*o)v) Hom̂  (Rf;ff,i*^w ) 

i*f̂ Hom^ (f/^y) i*Hom^ (Rdf f̂,a)w) 

u. l is a n isomorphism . 
Remark (4.3.1) . Sinc e di m W =  r , w e have , fo r al l q  ^  0  an d 

any quasi-coheren t ^-modul e ^ , 

(1)i .e . , wit h th e notatio n o f [K m 2,p.42], j *u)v =  f,!i *ajw-
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HP(W,Rqf*5) = 0 ( p >  r) 
and henc e th e Lera y spectra l sequenc e give s ris e t o a  canonica l ma p 
Hr(W,Rqf*5) - > Hr+q(V,5). Moreove r Rqf* 5 i s supporte d i n th e 
subvariety o f W  ove r whic h th e fiber s o f f  hav e dimensio n ^  q 
(use [EG A III, (4.2.2) ] an d th e fac t tha t 5  i s a  direc t limi t o f 
coherent sheave s [EG A 01, p.320, (6.9.12)]) , a  subvariet y which , i f 
q >  d, ha s dimensio n a t mos t r + d - q ^ l , s o tha t 

HP(W,Rqf*̂ ) = 0 (i f q  >  d an d p  +  q ; > r +  d) ; 
and th e spectra l sequenc e show s the n tha t the canonica l ma p 
Hr(W,Rdf*I5) •+ Hr+d(V,̂ ) is surjective . 

Proof o f (4.3 ) . Not e that , f 1 bein g proper , j(V' ) i s ope n 
and close d i n -  henc e equa l t o -  f  ^(i(W')) . I n particula r 
(Rdfi)oj* =  i*o(Rdf*) . 

Now the questio n i s clearl y loca l o n W ; s o i t suffice s t o 
show tha t i* @ induce s a n isomorphis m o n globa l section s ove r W" , 
i .e . tha t r(i*© ) is a n isomorphism . Also , w e may assume , sinc e f 
is a  direc t limi t o f coheren t ^-modules , tha t f itsel f i s coherent . 

Let I  b e a  coheren t 0^-idea l definin g th e reduce d close d 
subscheme W  -  i(.W' ) o f W , s o tha t Ov  defines a  (no t necessaril y 
reduced) subschem e o f V  whos e suppor t i s V  - f  i(W1 ) =  V - j(V') . 
Then fo r an y n  2 > 0 w e hav e j*(InF ) =  f% , an d ther e i s a  natura l 
commutative diagra m 

r (© )  - , 
Hom^I^a^) ^ > Homw(Raf*InJ,ü)w) 

Hom̂ . (f» , j*a) )  >  Horn.. , (RQf;f' ,i*a)w) 
V V  r(i*@ ) W  W 

where ®  =  © .  Fo r som e n n an d al l n  2 > nn , th e imag e o f th e 
t'1? n_n n 

natural ma p cpn:Rdf*ln J -  Rdf#in° f i s I  °Rdf* I ° f (cf . 
[RD,p. 412] ) ;  an d th e kerne l K n o f cp n i s supporte d o n W  -  W  , 
whence 

Homw(Kn,o)w) ^  Homk(Hd(W,Kn) ,k) =  0 ; 

i t follow s tha t cp n induce s a  bijection 
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Eom^il1 n°Rdf* I °f,03w ) Homw(Rdf̂ In f fa)w) . 

In vie w o f this , an d o f [EG A 01, p. 323, (6.9.17)] , w e se e tha t applyin g 
lim (ove r n ) t o th e abov e diagra m make s th e vertica l arrow s int o 
isomorphisms. Furthermor e th e followin g natura l diagra m commutes : 

Horn (I J) Hon^tH^d1^) ,Hr+dfa)v)) Homk( 
6f 

Homw(Rdf.inf,Uw) 
1 X 

Hon t̂H^d1̂ ) ,Hr+dfa)v)) Homk(Hr(RdfAinf ) ,Hr (Rdf.U)v)) Homk(H r (Rdf̂ "f) ,Hr (o.̂ )) 
\ 1  f 

6 
V 

2) Homk(Hr(Rdftinf),Hr+d(Wv)) C4 dg 

Homk(Hr+d(inf),k) 
dq 

Homk(Hr(R f*!^) ,k) 

Here the  to p ro w i s r(@n) ; (2)o(T ) i s a n isomorphis m b y th e 
definition o f 0)̂ ; an d similarl y (J) 0 (5) i s a n isomorphism . W e 
conclude: i t suffice s t o sho w tha t the  canonica l ma p 

(4.3.2) li m Horn , (Hr+d(Inf),k) +  li m Horn , (Hr(Rdf.Inf) ,k ) 

is a n isomorphism . 
We remarked i n (4.3.1 ) tha t th e canonica l ma p 

X :Hr(Rdf*InJ) -  Hr+d(I nJ) n * 
is surjective; henc e (4.3.2 ) i s injective . Surjectivit y o f (4.3.2 ) 
amounts t o the  following : i f K  i s th e kerne l o f X , the n fo r 
some N  > 0  the natura l ma p Kn+ N ~* Kn is th e zer o map . Agai n 
using th e Lera y spectra l sequence , w e se e tha t i t suffice s t o sho w 
that 

Rqf*ln+Nf -  Rqf*I nJ 
is the  zer o ma p fo r q  >  d an d N  large . A s above , i f n  i s 
sufficiently larg e th e imag e o f thi s ma p i s I  Rqf*I nJ fo r an y N ; 
and sinc e Rgf^I nJ = 0  (th e fiber s o f f 1 bein g o f dimensio n d , 
cf. (4.3.1)) , w e hav e INRqf*ln f =  0  fo r larg e N . Q.E.D . 

44 



DUALIZING MODULES 

Remark (4.3.3) . A t th e en d o f th e precedin g proo f i t woul d hav e 
been enoug h t o sho w tha t 

HP(W,Rqf*in+NJ) -  HP(W,Rqf̂ inf ) 
is th e zer o ma p fo r q > d , p + q ^ r + d - 1 , an d N  large ; an d 
so i t woul d suffic e fo r suc h p , q , N  tha t 

HP(W,INRqf*InJ) =  0 , 
which i s certainl y s o i f fo r p  <  r -  1  th e generi c fibe r o f f 
over an y p-dimensiona l subvariet y o f W  ha s dimensio n 
< r +  d- l - p  (s o tha t fo r q  >  d th e suppor t o f Rqf;in, f ha s 
dimension < r + d - l - q ) . Henc e w e ca n weake n th e assumptio n i n 
(4.3) o n th e fiber s o f f  t o th e followin g assumption : 

if E  c V 1 is a  close d subvariet y o f codimensio n one , then 
f'(E) c  W ' also ha s codimensio n on e (i n othe r words , the subvariet y 

{v €  V |di m (f,~1f'v ) >  d} 
has codimensio n ^  2 i n V1) . 

Remark (4.4) . W e can se e tha t an y dualizin g modul e w i s 
coherent a s follows : th e questio n bein g local , w e nee d onl y sho w 
that a) i s coheren t whe n V  i s projective, s o tha t ther e exist s a 
finite ma p f: V • > W =  IP, ( d =  dim V); b y th e dualit y theore m on 
d 

([H,p.240],[Km2,p.55]), w e know tha t ther e i s a n isomorphis m u)TT ft__;  an d the n b y th e simpl e cas e [ d =  0 , f  =  f ' finite , w w 
i =  identity , j  =  identity , f - 0^] o f (4.3) , w e hav e a n isomorphis m 

f*% Hom0 w (f * W ' 
whence a)v i s indee d coherent . 

* *  * 

Next, t o defin e 3 i an d prov e (4.2.1 ) an d (4.2.2 ) w e need a 
few remarks o n compactifications . Give n tw o compactification s 
i:V X , j  : V Y  w e sa y tha t j  ; > i i f ther e exist s a  ma p f: Y +  X 
such tha t f j =  i . Not e tha t suc h a n f , i f i t exists , i s uniquely  
determined b y i  an d j , sinc e j(V ) i s dens e i n Y  an d 
$Y ̂ *̂ v ^s in3ective * Finall y an y tw o compacti f ications i , j 
have a  least uppe r bound , namel y th e ma p e .̂.: V - + Z wher e Z  i s 
the closur e o f th e imag e o f th e compose d immersio n 

v diagona l >  ^ _JJ< j > 
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and e^ j i s th e obviou s map . 
Now given tw o compactification s i: V X , j: V Y , w e defin e a n 

isomorphism 
p.. = i.@f>^ = i*ef ddf 

as follows : 
first, i f j  ^  i , then , applyin g Propositio n (4.3) 5 t o th e 

commutative diagra m 
V —Î >  Y 
« if 
V > X 

we se t 
(4.5.1) P . . =  i.9f,0 v =  i*e f 

(notation a s i n (4 .3 ) ) ; 

second, fo r arbitrar y i , j , le t e  =  ê _ . (se e above ) an d se t 

(4.5.2) y. j =  W^.d.je)" 1 • 

The definition s (4.5.1) , (4.5.2 ) agre e whe n j  ^  i ; i n fac t 
in (4.5.2 ) w e ca n tak e e  t o b e any compactificatio n suc h tha t 
e ^  i  an d e  ^  j , an d thi s doe s no t affec t u^j - Indeed : 

LEMMA 4.6. (i ) For an y thre e compactification s i : V + X, j: V +  Y, 
h:V • > Z, we have 

U . . oil ., =  U  . . 
Hih 

(ii) Given compacti f ications i: V - > X, j: V • > Y and a n open  
immersion £: U - > V, we have 

P.. = i.9f 

The (slightl y tedious ) proof i s lef t t o th e reader . (Th e basi c 
point i s tha t fo r a  compositio n V  —W —̂ > X, wit h V , W , X  al l 
proper an d o f dimensio n d , w e hav e 6  ^  = 6g°g*^f ) 

Finally w e ca n defin e $ ^ fo r a n ope n immersio n i: U V . Le t 
ê rU U , Sy- V • > V b e th e compacti f ications chose n a s a t th e 
beginning o f thi s section , so tha t 

p.. = i.@f> P.. = i.9f 

Then ev i i s a  compactificatio n o f U , an d w e se t 
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Pi "  we0,evis(eVi,*u V *  eUu U 

i*uv vu 

(4.2.1) is no w a  direc t consequenc e o f Lemm a (4.6): 

dqqqd hurzsdf f U .oil . 
eufevx ev1,ewD 1 

= 3ioi*3j . 

As fo r (4.2.2) , i t simpl y amount s t o = $̂  o3j, whic h agai n 
follows fro m (4.6 ) becaus e V  an d W  ar e no w proper, s o tha t e v 
and e  ar e identit y maps : 

eufevx ev1,ewD1 eufevx ev1,e 

This complete s th e proo f o f th e existence o f a  dualizin g ^-module . 
Finally, fo r uniqueness,we hav e th e followin g analog s o f (2.3) 

and (2.4). 
PROPOSITION (4.7). Let (u>,{6 }), (u)',{6^}) be tw o dualizin g 

^-modules. Then ther e i s a  uniqu e ̂ - isomorphism X : o> ——̂ w1 
compatible wit h 0 and 81, i . e . suc h tha t fo r eac h prope r V , the  
following diagra m commutes ; 

Hd(v,o) ) 
Hd(Av) 

Hd (V,a)') 

dqq 6V 
k 

(4.7.1) 

Proof. Fo r eac h prope r V  le t ̂ v:w v ̂ e tn e uniqu e 
^-isomorphism makin g (4.7.1 ) commut e (X^ exist s becaus e u  an d 
w1 represen t th e sam e functor) . Fo r arbitrar y V , choos e a 
compactification i: V •> V  an d se t X^ - i*^ ; tha t this X^ does  
not depen d o n th e choic e o f i  follow s i n a  straightforwar d wa y 
from th e definitio n o f dualizin g structur e an d th e fac t tha t an y tw o 
compactifications hav e a  leas t uppe r bound . I t i s the n simpl e t o 
verify tha t th e famil y {X }̂ give s a n 0-isomorphism, as asserted . 

Remark (4.8) . Sam e a s (2.4) , wit h "canonical " replace d b y 
"dualizing", an d (2.3 ) b y (4.7) . 
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Exercise (4.9) . Generaliz e th e result s o f thi s sectio n by 
using Kleiman' s notio n o f dualizing pai r [K m 2,pp.41-44]. 
(Caution: th e proo f o f [ ibid, p.58 , exampl e (viii) ] i s globally , 
but no t locally , correct. ) 

§5 Relative dualit y 
As a  firs t ste p towar d th e proo f o f Theore m (0.3B ) o f th e 

Introduction, w e want t o define , fo r a  give n dualizin g modul e GO an d 
a finit e surjectiv e ma p f: V W , a  natura l 0̂ -homomorphism 

tf:f*wv - ww 

such tha t th e correspondin g f̂ ŷ-bomomorphis m 

Tf:f*wV Hom0w(f*V V 
is a n isomorphism. 

With a  l i t t l e extr a effort , w e can deal wit h arbitrar y prope r 
surjective maps , an d prove th e followin g relative dualit y theorem . 

THEOREM (5.1) . Let (o ),{6v}) be a dualizing ff- module; and  
for eac h ope n immersio n i: U -* V let $ :̂i *u)v oj y be the natura l 
isomorphism. It i s the n possible , in jus t on e way, to assig n t o  
each prope r surjectiv e ma p f: V -> W of k- varieties a n 
ff^-homomorphism 

ef :Rdf*wv + OJ W ( d = dim V - di m W ) 

so tha t the  followin g condition s (i ) and (ii ) hold: 

(i) I f W  (henc e V ) i s prope r ove r k , the n 9 f i s th e 
unique ma p making th e followin g diagra m commut e ( r =  dim W) : 

Hr(6f) 
Hr (W,Raf*u)v) >  Hr(W ,0JW) 

cf. (4.3.D ew 

Hr+d (V, ojy) ^  >  k 

(ii) Fo r any commutative diagra m o f map s 
V <• 3  ^  V l 

W * j—> wx 
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with f, both prope r an d surjective , an d i , j  bot h ope n 
immersions (s o tha t j(V ) i s ope n an d close d i n - hence equa l t o -
f^i(W), i . e . the  diagra m i s cartesian) , th e followin g diagra m 
commutes ( d = dim V - dim W): 

0f:f*H vdqd i*e-
ri 

i*uw1 

canonical 

0f:f*H dse bd 

Rdf.6j 

0f:f*H 
9f be 

Furthermore, if al l th e fiber s o f f  have th e sam e dimensio n 
d/1* then fo r an y quasi-coheren t ^- module f, the f*0y -
homomorphi sm 

0f:f*Hom^ 0f:f*H ^  Homo (Rdf*^,(V 

induced b y 9 ^ is a n isomorphism . 

Remark (5.2) . I n cas e f:V- > W  i s finit e an d surjective , w e 
set =  9 f r an< i the n takin g f = 6^ i n the  las t assertio n o f the 
Theorem, w e have tha t th e f̂ -̂homomorphis m 

f*u>v •+ Hom ^ (f^v,ww ) 

corresponding t o t ^ i s indee d a n isomorphism . S o w e have , fo r u , 
condition (b ) i n Definitio n (2.1 ) (withou t an y separabilit y 
assumption). 

Later on , i n th e proo f o f (9.1) , w e wil l us e th e followin g 
trivial cas e o f (5.1) : 

Exercise (5.3) . Le t f: V W  b e a n isomorphism , s o tha t w e 
have th e canonica l identificatio n o f functor s f * =  (f"1)* . The n 

^cf. (4.3.3 ) fo r a  weaker assumption. 
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ef:f*wv - ww 

Proof o f (5.1) . Th e underlyin g ide a i s quit e simpl e -  w e wil l 
observe tha t an y prope r surjectiv e f: V W  ca n b e compactified, 
i . e . embedde d i n a  diagra m a s i n (5.1 ) (ii ) wit h V. ^ anc i W ^ proper 
over k . The n 9f ^ i s uniquel y specifie d b y (5.1)(i) , an d henc e 
9f i s determine d b y (5.1 ) ( i i ) ; an d th e las t assertio n o f (5.1 ) i s 
given b y (4.3) . Th e proble m the n i s t o sho w that : 

(5.1.1): 0£ , as jus t described , does no t depen d o n th e chose n  
compactification o f f . 

So le t u s begi n wit h som e furthe r remark s o n compactifications . 
A compactification o f a  ma p f: V - * W i s a  commutativ e diagra m 

ef:f*wv - ww ef:f*wv - ww qd 

(5.4) 
j l V 

f 
w dq 

vl 
dqdd 

wl 

with V^ , W ^ prope r ove r k  an d i.̂ , j ^ ope n immersions . Suc h 
compactifications alway s exist : fo r exampl e w e ca n firs t choos e 
compactif ications î : W Ŵ , j  :V V  o f th e varietie s W , V; an d 
then w e ca n tak e t o b e the  closur e i n v,x ^ w ^ o f tn e grap h 
of th e ma p ij^ f (J ^ an( ^ bein g the n th e obviou s map s )  . 

We say tha t a  compactificatio n 

(5.5) 
V 

dq 
V2 

f 

W x2 W2 

f2 

dominates (5.4 ) i f ther e i s a  commutativ e diagra m 
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(5.6) 

j2 

V dq 

f 

w 
V 

da 

V 

f2 

W2 0» 

d 

qd 

Eqq 

w i 

Note tha t fo r commutativit y i n (5.6) , i t suffice s tha t gj 2 =  an d 
hi2 =  i.̂ : fo r the n f.̂ g =  hf2 becaus e J2(V ) I S DENS E I N V2 / 
0V + J2*^ V I S INJECTIVE ' AN D f]_93 2 =  hf2^2* 

Any tw o compactification s (5.4) , (5.5 ) o f f  are dominate d b y  
a thir d one ; w e firs t choos e a  compactificatio n suc h 
that ther e i s a  commutativ e diagra m 

z 
m 

w -
v 

L3 

wl 

W3 

(for example , a s i n § 4 we ca n tak e W  to b e th e closur e o f th e 
image o f th e compose d immersio n 

diagonal k  w  1 1 2 1  k  2 

similarly, choos e a  commutativ e diagra m 

V2 
Vfg 

v 

dq 
h 

yu 

V3 
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R f *u)v 

Bqkq 

© 

µBjql 

Rdf*̂ 2WV " 2 

j*e 
Jl g 

R d f * j i a ) v 1 

I2RDF2*uV2 
i*0 2 f Z r2„ 

^ w 2 

© 

i i R d f i . w v 1 i*fi 
1lyf1 

i*8 

iia3w1 

Bjl 

© G0R. 
W 

Bji 

The commutativit y o f subdiagram s (a ) an d (c)  i s give n b y (4.1) ( i i ) . 
This leave s u s wit h subdiagra m (b) , whic h ca n b e modifie d an d 
expanded to : 

i2Rdf2*uV2 i i h * R d f 2 * u v 2 
9f R2 iiRdfi* 

® canonical 6h 
6hf2 

RDF*J2wv " 2 i*Rd(hf2)^v i*Rd(fig)^V2 iiuw1 

© canonical © Ofi 

R f*j*g*o ) -
1 V 2 

1 
i fRdf1 .g ."V2 6g iiRdfi*uv1 

The commutativit y o f (A ) an d ( S ) i s lef t t o th e reade r (wv ca n b e 
replaced b y an y 0V -module). A s fo r ( c ) , after droppin g th e 
initial i |*s , applyin g th e functo r Hr(W1,- ) ( r =  dim W ^ an d 
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and finall y tak e t o b e th e closur e i n V3*k w3 o f th e grap h o f 
the ma p ^3°^ (s o tha t w e hav e obviou s map s - > Ŵ , - > V^ , 
v 3 - > v x . .  .) . 

We return no w t o (5.1.1) . 
We need t o conside r tw o compactification s (5 .4) an d (5.5 ) o f f ; 

and sinc e thes e ar e bot h dominate d b y a  thir d compactification , w e 
may assum e tha t (5.5 ) dominate s (5 .4). Th e proble m become s the n t o 
show, wit h referenc e t o (5.6) , tha t th e followin g diagra m commutes : 
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chasing around the commutative diagrams which define ®h/8f , a n d  

e h f 2 ' w e e n d u p n a v i n 9 t o show the commutativity of the following  
natural diagram (where, again, o) v^ can be replaced by any 
& T -module f): 

H r (W 1,h^R df 2^o) v ) 
* 2 

— > H r ( W 2 , R a f 2 ^ 0 ) v ^ ) 

0 
H r(W, , R d ( h f 9 ) ^ a ) . . ) — > H r ( V 9 , 0 3 v ) 

1 2 V 2 © 2 V 2 

This is a technical exercise, ̂  best carried out with the language 
of derived categories (cf. remark (5.8) below). Having forsworn 
such a luxury, we outline the argument as follows: 

For any complex of sheaves 

1 r n - l c n I  1 

C - : . . . +  c 1 1 " 1 — « >  C n C n + 1 

and any integer e, let c J e(C*) be the complex 

. . . _ > 0  +  0  + cokerCô 6" 1) + C e + 1 + C e + 2 -> ... 

For simplicity, write f for f 0. Given an 0\r -module f, let I* 
z 2 be an injective resolution. There is an obvious map of complexes 

Q
< j h * f * 1 * n * Q d f * 1 " ' a n d taking homology H , we get the canonical 

map Rd(hf)*F h^R^f^J. Hence there is a commutative diagram of 
complexes 

(h*R df J) [-d] > h*a df #(I-) 

(5.7) 

(Rd(hf)*J)[-d] > o dh #f,(D 

(where, for an object G, G[-d] is the complex which is G in 
degree d and 0 elsewhere). Replacing each complex in (5.7) by 
an injective complex with the same homology, we obtain a homotopy-

^ o n l y the simple case d = 0 is used in subsequent sections. 
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commutative diagram , fro m which , applyin g section s ove r W- . an d 
r "i"d 

then homolog y H  ,  w e deriv e th e commutativ e diagra m 

Hr(W1,hikRdfltf) 
5 

Hr+d(v2,f) 

1 

Hr(W1,Rd(hf)^) 2 Hr+d(v2,f) 

It remain s t o sho w tha t (5) =  ©  °  @ •  Fo r this , conside r a 
homotopy-commutative diagra m 

(Hdadf*l")[-d] =  (Rdf *f)[-d] a 2 dq dq 

6 

J* 

Y 

K' 

where a  i s th e obviou s map , J * an d K * ar e injectiv e complexes , 
and 3 an d y  ar e quasi-isomorphisms (i .e . the y induc e isomorphism s 
on homology) . Fro m thi s w e deriv e a  homotopy-commutativ e diagra m 

(h*Rdf*J)[-d] (h*R2 23 

K L' N# 
h*Y 

M* 
3-

h^j-

N* 

h*K-

where L' , M* , N ' ar e injectiv e complexes , an d K . A , y , v  ar e 
quasi-isomorphisms. (Not e that , a^f^(I* ) bein g flasque , ĥ y i s 
a quasi-isomorphism. ) Finally , appl y section s ove r t o th e 
inner squar e an d the n tak e homolog y Hr+ d t o obtai n (5) = (3) o (4). 

This establishe s th e commutativit y o f th e abov e subdiagra m (c) . 
Subdiagram (D ) i s treate d similarly . Q.E.D . 
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Remark (5.8) . I n th e languag e o f derive d categories , th e 
basic poin t i n th e precedin g proo f o f ® =  ® ° ® ° ® i s th e 
commutativity o f th e followin g natura l diagram : 

(h*Rdf J) [-d ] >  3Rh*(Rdf*J ) [-d ] 

(Rd(hf)^f) [-d ] >  OjRhjJRfJ >  JBh + O^fJ 

(to whic h on e applie s H  (wr •) . . .) . 

§6. The canonica l structur e o n a  dualizin g modul e 
We proceed wit h th e proo f o f Theore m (0.3B ) o f th e Introduction . 
So, give n a  dualizin g modul e (co,{0v}), w e want t o construc t 

a canonica l structur e ({yv},{Tf}) satisfyin g condition s (a ) an d 
(b) i n (0.3B) . Th e dualizin g propert y o f OJ give s th e uniquenes s 
of t f -  or , equivalently , o f T f -  satisfyin g (b) : i t mus t b e th e 
t^ o f Remar k (5.2) . Wha t i s neede d the n i s an isomorphis m 

y-n\VQ — u|& 0 

satisfying (2.1.1) , and suc h tha t y is th e canonica l isomorphis m  
when P  =  3Pd ( d ^  0) . (Thi s canonica l isomorphis m ove r 3 P i s 
well-known, fro m numerou s point s o f view , e.g . [Gl,p.149-13 , 
Theoreme 2] , [K2,pp.186-1871 , [RD,p.204 , Corollar y 10.2] , 
[Km2,p.55, Propositio n 22] ; w e wil l realiz e i t vi a th e residue map 
at th e verte x o f th e projectin g con e ove r IP , cf . (8.4 ) below. ) 

As mentioned before , y ca n b e derive d fro m th e genera l dualit y 
theory o f Grothendieck , Hartshorne , Delign e an d Verdier . Bu t a s we 
want t o avoi d usin g thi s theory , an d anywa y wis h t o brin g ou t 
relations betwee n th e foregoin g materia l an d residue s an d loca l 
duality, w e wil l rel y ultimatel y o n loca l consideration s t o b e 
developed i n Chapte r III . 

* *  * 
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We will no w give a  local descriptio n o f y whic h i s forced b y 
the abov e requirement s (s o tha t y i s unique, i f i t exist s globally) ; 
and the n i n the  remainde r o f thi s sectio n reduc e th e existenc e 
problem t o a  questio n o f patching (Propositio n (6.3)) . 

Let, then , V  b e a  d-dimensiona l smoot h variety , s o tha t V  i s 
covered b y ope n set s eac h o f whic h admit s a n etale ma p h  =  h^ 
into 3 P = JPd [EG A IV, (17.11.4)] . B y Zariski' s mai n theore m ther e i s 
a commutativ e diagra m 

(6.1) 

Va 
•i13 

hN 
IP 

V = V 
a 

'h = h 
a 

where i  i s a n ope n immersio n an d h  i s finite . W e have a n 
p̂-homomorphism 

trace ®l:hji*$k =  h ^ - ®^ -  ^p® ^ =  O p 

whence a  compose d h^y-homomorphis m 

h,h*^ • Horn, ( h ^ f y 

kdl Horn, (h^fy 

(TE)-i-
qsdqdedf 

(with the  canonica l isomorphism) . Correspondingl y w e hav e a n 
0--homomorphism 
(6.2) h* ^ -  a> -
and finally , restrictin g t o V^ : 

qda qdsqqa 
qlqlq i*h*^ dqd dqdq 

qdqda 
(8- bein g th e natura l isomorphism) . Thi s y. i s actuall y a n 1 v a isomorphism, a s ca n b e see n fo r exampl e b y completing , i . e . 
making th e bas e chang e 
^Such diagram s can also be obtained via Noether normalization, cf . Appendi x A . 
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S P e c ( 4 p , h ( v ) > (v €  V 

and usin g th e fac t tha t sinc e S  =  dxr i s a  finit e etal e algebr a ^ ' v over R  = Qjp h(v)' therefor e th e ma p S  HomR(S,R ) correspondin g 
to the  trac e ma p S  +  R  i s a n isomorphism . 

In § 9 (followin g Corollar y (9.2) ) w e wil l prove : 

PROPOSITION (6.3) . I f V  ,  VQ , h  : V +  3Pd, hQ:V Q 3P d ar e a s 
above, then th e correspondin g map s Y y and yv ^ agree o n n  V^. 

This enable s u s t o complet e th e proo f o f (0.3B) , a s follows . 
Given a  smoot h V  = U V a s above , w e ca n defin e y.T:U.T •> u)T7 b y 
patching togethe r th e V^ . I f j:V f - > V i s a n ope n immersion , the n 
Yv, =  J*YV : t o chec k thi s w e may assume V  = an d us e th e diagra m 

V j V i V 

ho ^ h 

sf 

g 

(cf. (6.1) ) t o defin e Yy i • I t follow s tha t ther e exist s a  uniqu e 
0-isomorphism yz^lV^ — ^ O J | w h o se restrictio n t o eac h smoot h V 
is th e abov e y^ (whic h coincide s wit h th e canonica l isomorphis m 
when V  = P) . 

It remain s the n t o verif y (2.1.1 ) fo r a  finit e surjectiv e 
separable ma p f: V +  W. Usin g (5.1 ) (ii ) (wit h d  = 0 ) w e may 
replace W  b y an y ope n subvariety , s o w e may assume tha t ther e exist s 
an etal e ma p h: W IP =  3Pd (s o tha t W  i s smooth , o f dimensio n d ) , 
and tha t furthermor e f  i s 6tale . Startin g a s wit h (6.1) , w e ge t 
a commutativ e diagra m 

V j V 

f f 

W i W 

h h 
3P 
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where i is an open immersion, h is finite, W can be taken to be 
normal, f is the normalization of W in the function field of V, 
and j is an open immersion; and we can use this diagram to 
calculate the maps Yy, Y W -

A little reflection shows then that (2.1.1) (for f) is 
equivalent to the commutativity of the diagram 

(6.2) 

(6.4) trace^® 1 fcf 

(6.2) 0)— W 

which follows from the (readily proved) commutativity of subdiagrams ®,0, and © in 

h.f* W-

h*(6.4) 
trace / 

h . 0 ) -* W 
^ f 

/trace ® 
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III. RESIDUE S AND DUALIT Y 
§7. Residues an d loca l dualit y fo r powe r serie s ring s 

In thi s chapte r II I w e develo p som e loca l theor y -  an d it s 
relation t o globa l dualit y -  an d us e i t t o prov e Propositio n (6.3) , 
which i s al l tha t remain s fo r th e proo f o f (0.1) , (0.2 ) an d (0.3 ) o f 
the Introductio n (cf . (0.3.3)) . 

The "primitiv e residu e theorem " (0.4 ) i s prove d i n §§7-8 . Th e 
connection betwee n loca l an d globa l dualit y i s the n give n i n (9.1) . 
As pointe d ou t i n (0.6.1) , th e Residu e Theore m (0.6 ) follow s fro m 
(0.2) an d (9.1) . Finally , i n §10 , w e giv e a  "relative " generalizatio n 
of (9.1) , an d henc e o f th e Residu e Theorem . 

To begin wit h w e nee d som e notatio n fo r specifyin g element s o f 
local cohomolog y modules . Le t R  b e an y d-dimensiona l noetheria n 
local rin g wit h maxima l idea l m , an d le t U  = Spec(R ) -  m . W e 
assume d  ^  1, leavin g th e trivia l cas e d  = 0  t o th e reader . Fo r 
any R-modul e M , le t M  b e th e correspondin g quasi-coheren t shea f o n 
Spec(R). W e have a  canonica l surjectiv e ma p (bijectiv e i f d  >  1) 

(7.1) Hd""1(U,M ) -  Hd(M ) . 

If t  =  (t^,. . . ,t^ ) i s a  syste m o f parameter s i n R , an d 
Û  cz u i s th e ope n se t wher e t ^ doe s no t vanish , the n ̂ Uî î î d 
is a n affin e ope n coverin g o f U , givin g a  Cec h comple x whic h ca n b e 
used t o comput e Hd-1(U,M) . W e denote b y 

m/(t^r...,t^) o r m/ t ( m € M ) 

the imag e unde r th e ma p (7.1 ) o f th e cohomolog y clas s o f th e Cec h 
(d-1)-cocycle 

m/tlt2...td €  H°(U l n  U2 n... n Vd.H) = M . 
1 2 a 

Thus an y elemen t £  6  Hm(M ) ca n b e represente d a s a  "generalize d 
fraction", i n whic h th e denominato r i s a  syste m o f parameter s (fo r 
example th e syste m t a =  (t^, . . . , ta ) fo r som e a  >  0  dependin g o n 
£). Th e ma p m  h > m/t i s clearl y R-linear , i . e . fraction s wit h a 
given denominato r ca n b e adde d an d multiplie d b y element s o f R  i n 
the obviou s way . T o sa y mor e w e nee d rule s fo r determinin g whe n two 
generalized fraction s represen t th e sam e elemen t o f Ĥ (M) • 
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LEMMA (7.2 ) Let R , t , M  be a s above . Then : 

(a) m/ t =  m'/t (m,m ' 6  M) if an d onl y i f fo r som e n  2 > 0 
(n =  0  i f M  has dept h d ) we have 

(t1t2...td) (m-m1 ) €  (t 1 ,t 2 , . . . , t d ) M = t  M ; 

(b) i f t ' =  ( t | , t^ / . . . , t^ ) is a  syste m o f parameter s i n R , 
with 

4 -  ' i j ' j < i *  i  *  a . r± j E 

then, denotin g determinan t b y "det" , w e have 
m/t =  det(rij)m/t ' . 

Remark. T o se e whethe r p/ u =  q/v , wher e no w p , q  ar e an y 
elements o f M  an d u , v  ar e an y tw o system s o f parameters , choos e 
a syste m o f parameter s t  suc h tha t t R c  u R n vR, us e (b ) t o 
write p/ u =  m/t, q/ v =  m'/t, an d the n us e (a) . Similarl y (b ) 
allows u s t o fin d th e su m p/ u +  q/v , viz . ( m + m')/t. 

Proof o f (7.2) . (Cf.[SZ ] fo r a n alternat e treatment. ) W e firs t 
recall th e Koszu l comple x interpretatio n o f loca l cohomology . Le t 
K.(t) b e the  Koszu l comple x determine d ove r R  b y th e sequenc e t 
(cf. e.g . [EG A III , §1.1]) . A s a  grade d R-module , K.(t ) i s th e 
exterior algebr a A( R ) ; an d i f e ^ , . . . i s th e standar d basi s o f 
Rd, the n th e differentia l 

6:AP(Rd) +  AP"1(Rd ) ( 0 <  p s  d ) 

is give n b y 

6(e. Ae . A...Ae . )  =  f  (-l)^"'1t . e . A...Ae . A—Ae . . 
Xl X 2 x p j= l x j x l * j X p 

We let K*(t,M ) b e th e comple x 

K*(t,M) =  HomR(K.(t),M) 

and denot e th e cohomolog y o f K%(t,M ) b y 

H'(t,M) =  H*(K#(t,M)) . 
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d d 
The ma p cp: R • + R give n b y 

«p(e±) =  Z f = 1 r.je . ( 1 *  i  S  d) 

extends t o a  ma p A(cp ) o f exterio r algebra s 

K.(t') =  A(Rd ) —  >  A(Rd) =  K.(t) , 

which i s moreove r a  ma p of complexes . Henc e w e obtai n a  ma p of 
complexes K * (t,M) K*(t',M) , an d th e correspondin g cohomolog y map 

M/tM Hd(t,M ) - + Hd(t' ,M) ~  M/t'M 

is induce d b y multiplicatio n b y det(r^.. ) i n M . I n particula r w e 
see tha t th e R-module s 

Hd(tn,M) =  M/tnM ( n >  0) 
form a n inductiv e system , wit h maps 

i|; fa: M/tbM -> M/taM ( a ^  b) 
given b y multiplicatio n b y (t^t2...t^) a b . A s i n [G4,p.20 , 
Proposition 5 ] w e hav e the n a  canonica l isomorphism 

(7.2.1) li m Hd(tn,M ) —— > Hd(M ) 
n 

under whic h m/ t i s th e imag e o f th e cohomolog y clas s i n H  (t,M) o f 
the ma p in K  (t,M) =  Horn (K,(t),M ) whic h take s th e generato r 
e1 A  e 2 A... A e ^ o f Kd(t ) =  A  (R )  t o m . I n othe r words , afte r 
naturally identifyin g Hd(t,M ) wit h M/tM , w e have tha t m/ t i s 
the canonica l imag e o f (m+tM ) €  M/tM. 

The assertio n (a ) o f (7.2 ) shoul d no w be clear . (I t i s well -
known -  an d no t har d t o sho w -  tha t i s injective i f th e 
sequence t  i s M-regular , i . e . i f M  ha s dept h d. ) 

Now we prove (7.2)(b) . I n cas e d  =  1 , se t t ^ =  t , t | =  t ' =  rt . 
Then H°(U,M ) i s th e modul e o f fraction s M  =  Mt,, Ĥ M ) i s th e 
cokernel o f th e natura l ma p j  :M -> Mfc/ an d 

m/t =  m/t +  j(M ) e Mt/j(M ) =  H (̂M). 
So (7.2 ) (b ) follow s fro m th e equatio n (i n Mfc ) 

m/t =  rm/r t =  rm/t' . 

Suppose the n tha t d  >  1. W e have t o sho w tha t the diagra m 
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M/tM > Hd(t,M) 

(7.2.2) det(r±j) 

M/t'M > Hd(t',M) 
/or* 

3d(M) ~  H d 1(U,M) 

(with map s a s describe d above ) commutes. Fo r this , w e loo k mor e 
closely a t th e ma p a . Le t S ' b e th e Cec h resolutio n o f M| u 
associated wit h th e coverin g {U^} . (cf . e.g . [H,p.220 , Lemm a 4.2]) . 
If i * i s a n injectiv e resolutio n o f M|U , the n ther e i s a  homotopy -
unique ma p of complexe s S * whenc e th e canonica l isomorphis m 

H'({Ui},M) =  H ' ( r ( u , r n H'(r(U,/#) ) =  H'(U,M). 

Next le t % * be th e comple x o f quasi-coheren t sheave s (o n Spec(R)) : 

0 > K1(t,M)"' >  K2(t,M)~ . . . 
if i f 

(K1(t,M) a s above) . Ther e i s a  canonica l commutativ e diagra m 
(cf. EG A III,p.86] ) 

M|U 
£°|U 3fX|U ..... 

adqdq qddqdq .... 

and a  i s th e resultin g cohomolog y map 

H d " 1 ( r ( x , D ) - Hd"1(r (u , l# ) ) -> H d _ 1 ( r ( u , ^ - ) ) - Hd"1(r(U,jf#)) 

Hd(t,M) Hd"1(U,M) . 

Replacing t, S\ X* b y f , g " , %'* ,  we ge t a  simila r descriptio n 
of a 1 . 

As above , w e hav e a  ma p of complexe s %' - > %'* which i s 
multiplication b y detfr^ ) i n degre e d  - 1 . Since tO^ = 0^, 
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therefore %* |U i s a  resolution o f M|u, an d s o th e diagra m 

X9 u *yia 

via f! via f! '' 

1K 

is homotopy-commutative. Th e commutativit y o f (7.2.2 ) no w follows . 

* *  * 

Now we ca n mov e towar d the  definitio n o f th e k-linea r residue 
ma£ 

r e V Hm< V *  k 

where R  i s a  complet e regular d-dimensiona l loca l k-algebr a wit h 
maximal idea l m  suc h tha t th e residu e fiel d R/ m i s finit e ove r k , 
H~ denote s cohomolog y wit h support s i n the  close d poin t m  o f 
Spec(R), an d ftR =  ftR/k  i s th e d-t h exterio r powe r o f th e universa l 
finite differentia l modul e ̂ /̂ ^ ( i .e . ther e i s a  k-derivatio n 
6:R ft^/k  whic h i s universa l fo r k-derivation s o f R  int o finitely  
generated R-modules) . 

This residu e ma p was mentione d b y Grothendiec k i n [G4,pp.59-60] , 
though i t appear s t o hav e bee n aroun d i n analyti c gar b fo r a  lon g 
time [GH,Chapte r 5] , an d migh t hav e bee n know n i n som e algebrai c for m 
to Macaula y (alway s wit h R  regular) . Ther e exis t variou s algebrai c 
treatments i n the  literature , fo r exampl e [RD,pp.195-199] , [V,p.400 ] 
and, mor e explicitly , [B,§4 ] ( R regular) , [SS2 ] ( R a  complet e 
intersection), [K2,§2 ] ( R Cohen-Macaulay) , [HL ] an d [Ho ] 
(R arbitrary)? and , fro m a n intriguingl y differen t viewpoint , [L] . 

* *  * 

Since th e residu e fiel d R/ m i s assume d finit e ove r k , an d 
k i s perfect , therefor e i f K  i s th e integra l closur e o f k  i n R 
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then K  i s a  finit e separabl e fiel d extensio n o f k , an d i f 
t =  (t^, . . . , t^ ) i s a  regula r paramete r syste m i n R  (i .e . m  =  tR) 
then R  i s th e powe r serie s rin g K[[t^, . . . , t^]] . Moreove r th e 
universal finit e differentia l modul e fi^^  i s fre e ove r R , wit h basi s 
6t^,. . . ,6t^. W e define a  k-linea r ma p 

reSt: Hm< V *  k 

as follows : a s abov e an y x  €  Hd(o,R ) ca n b e writte n a s 

x =  v/ta =  (I aTtI6t)/t a ~ I  ~  ~ 

for som e v €  ftR  an d som e intege r a  >  0 , wher e I  =  ( i^, . . . , i^ ) 
runs throug h d-tuple s o f non-negativ e integers , 6  K, 
t =  t i fc2 d  '  an d 6 ~ =  6ti6t2* * *6td; an d w e se t 

rest[x] =  traceK/k(aa-l,a- l a-l> -

By (7.2 ) thi s definitio n doe s no t depen d o n th e choic e o f th e 
representation x  =  v/ta (not e tha t fl0 £  R  ha s dept h d) . Moreove r 
we have , wit h v = Jo^t 6 t a s above , 

res^fv/U*1 4d) ] =  traceK/k(aai_ 1 ^  (a . >  0) 

LEMMA (7.3) . I f t  =  ( t ^ . . . , ^ ) , u = (u1,...,ud ) are regular  
parameter system s i n R , then res t =  resu< 

Proof. Sinc e res k ̂ s k-linear , an d sinc e (7.2 ) (a ) implie s 
that 

v/ta =  \(a) aitI(S£/^ a 

where th e su m I (a) i s take n ove r thos e I  =  ( i ^ , . . . , ^ ) suc h tha t 
0 <. < a  fo r A =  1 ,2 , . . . ,d , therefor e i t i s enoug h t o show , fo r 

A 
any a  €  K , tha t 

(7.3.1) resu[a6t/t ] =  traceK/k(a ) 
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and tha t fo r an y d-tupl e o f positiv e integer s ( a ^ . ^ / a ^ , a t leas t 
one o f whic h i s ^ 2 , w e have 

(7.3.2) res 
u 

a1 . . . , tda)] =  0 . 

To prove (7.3.1 ) i t i s clearl y enoug h t o sho w tha t 

(7.3.1)1 ót/t = óu/u . 

We can writ e 
u. = i Id r . . t . Lj=l 1 3 3 

with element s €  R  suc h tha t detfr^ ) i s a  uni t i n R . The n 

6u. = Jd (ór. .)t . +  ld r. .6t . i j= l X J 3  Lj= l 1 3 3 

so tha t 

<5u - de t (r . . ) 6t €  to. 

and hence , b y (7.2) , 

det(ri;j)ót/t = <5u/ t =  det (r±j) 6u/u. 

Since det(r^j ) i s a  unit , (7.3.1) ' follows . 

For (7.3.2 ) w e us e the  map 

det(ri;j)ót/t = <5u/t = det (r±j) 6u/u. 

induced b y exterio r differentiatio n considere d a s a  ma p of sheave s o f 
abelian group s ove r Spec(R) . Workin g ove r U  = Spec(R) -m , w e fin d 
that, fo r 8  e K, 

(7.3.3) am[86ur . . 6u.. . . 6ud/ (u^1, . . . ,udd) ] 

= (-1 ) biB6u1...6ud/(u11,...,ui 1 ud d ) 
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and i t follow s easil y tha t 

(7.3.4) resu[8tny ] =  0  fo r al l y  e Hm(ftR~£ ) . 

Replacing u  b y t  i n (7.3.3) , w e se e wit h 0  ^  p  =  characteristi c 
of K  tha t i f j£ 1 (mod . p ) fo r som e i  the n fo r an y a  e K, 

al a d 
a6t1 ^ 3 / ^ 1 / . . . , t d )  i s ^ y fo r som e y , s o tha t (7.3.2 ) holds . 
In particula r thi s complete s the  proo f whe n k  ha s characteristi c 
zero. 

Moreover, w e hav e a n induce d map 

w i t •  Hm(^R)/8mHdl(^ ) =  H,£(nR) -  k . 

To trea t th e cas e a ^ =  1 (mod . p ) fo r al l i  (wher e no w we may 
assume p  >  0) w e conside r th e exterio r algebr a Q* = ©n̂ n̂ R/k a s a 
complex vi a the  exterio r differentiatio n 3 , s o tha t the  homolog y 

H* =  © Hn(fiB ) 
n:>0 

2 1 
is a  grade d anticommutativ e S-algebra , wit h £  = 0 fo r al l £  e H  . 
Since exterio r differentiatio n i s Rp-linear , w e may conside r H # t o 
be a n R-algebr a vi a th e Frobeniu s ma p F  :  R  R p (F(r ) =  rP fo r al l 
r 6  R ) . The n ther e i s a n R-derivatio n y :  R  •> H"*" give n b y 

y(r) =  homology clas s o f r p 16 r , 

whence a  homomorphis m o f grade d R-algebra s (th e "invers e Cartie r 
operator") 

c"1 :  S T H - . 

In particula r w e hav e a n R-homomorphis m 

С"1 : 0 R - V8Q5Ì 

66 



RESIDUES AND DUALITY 

inducing 

C'J :  Ĥ (ftR ) -  H&(ftR/3^~J ) =  Hm(̂ R) • 

(For th e las t equality , us e th e fac t tha t 3  i s Rp-linear , an d tha t 
Ĥ +1 vanishe s o n Rp-modules- ) On e checks , fo r 3 €  K  an d fo r 
non-negative integer s e^,.. . ,e^ , tha t 

. en+ l e/i+ 1 n  e  p+ 1 erqp+ 1 
(7.3.5) C ^L[36u/(u11 ,. . . ,ud a ) ] =  3P6u/(u11 ,. . . ,ud a ) 

(mod. imag e o f 3TO ) 

and consequentl y tha t 

(7.3.6) res^cj^lz] ) =  (resu[z]) p fo r al l z  e Ĥ (fiR ) . 

Now se t 

vi =  sup{n|p n divide s a.̂ -1 } 

and 

v =  min v. 
l^i^d 1 

so tha t v <  «> i f som e a ^ >  1. I f v = 0 , the n som e a . i s ? 1 
(mod p) , an d a s abov e (7.3.2 ) holds . Then , usin g (7.3.5 ) wit h t  i n 
place o f u , an d (7.3.6) , w e se e b y inductio n tha t (7.3.2 ) hold s fo r 
any valu e o f v 
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It make s sens e no w t o define 

resR:Hd(̂ R) +  k 

by res R =  res t fo r an Y regular  paramete r syste m t . 

We have the n th e followin g for m o f loca l duality: 

THEOREM (7.4) . Let R  b e a  d- dimensional complet e regula r  
local k- algebra, with maxima l idea l m , such tha t [R/m:k ] <  00 ; 
and le t ftR =  ̂ R/ k be a s above . Then th e pai r (fiR,resR ) represents  
the functo r 

H'(G) =  Homk(Ĥ (G) , k ) 

of finitel y generate d R- modules G . 

Proof. Sinc e H * i s lef t exact , w e hav e a  natura l functoria l 
isomorphism 

H'(G) -^- > Hom R (G, H'(R) ) 

(cf. [G4 , p.44 , Propositio n 1.1]) . I n particular , correspondin g t o 
res_ £  H'(̂ D ) w e hav e a n R-homomorphis m 

a:ft_ >  H'(R) ; 
R 

and b y runnin g throug h definition s w e fin d tha t (7.4 ) simpl y assert s 
that a  is a n isomorphism . 

If t  i s an y regular  paramete r syste m i n R , the n on e check s 
that 0 i s th e invers e limi t (cf . (7.2.1) ) o f th e map s 

o i^/tnQ^ - * Horn, (R/tnR, k ) ( n ^  1) 
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associated wit h the  pairing s 

p :ftD/tnft D x  R/tnR - * k 

given b y 
Pn(v+£nftR, r+tnR ) =  rest(rv/tn ) 

Using th e k-base s 
al a 2 a d 

{t, t 0 . - . t , 6tn6t~...6t, } 0  £  a . <  n 

BL B 9 brf 
{tl fc2  ""-t d J  0  *  b i <  n 

of ftR/tnftR,  R/tn R respectively , w e se e a t onc e fro m th e definitio n 
of res £ tha t th e pairin g p n i s non-degenerate , i . e . i s a n 
isomorphism. Q.E.D . 

As a  forma l consequenc e o f (7.4) , w e hav e a  mor e genera l 
appearing versio n o f loca l duality : 

COROLLARY (7.5) . Let R  be an y d- dimensional complet e loca l 
k-algebra, with maxima l idea l m , such tha t [R/m:k ] <  °°. Let S 
be a  d- dimensional complet e regula r loca l k- subalgebra o f R , with  
maximal idea l n , such tha t R  is a  finit e S- module. Let u > =  OJ_ 
be th e R- module 

a) = Homs(R,ng) 

and le t e:c o + ftg  be th e S- homomorphism give n b y "evaluatio n a t 1 " 
Let p  = p _ 0  be the  compositio n 

H£(U» =  Hd(a » >  Hdn(Us) »  k  . 
Hj| (e) S 

Then th e pai r (w,p ) represents th e functo r Homk(H (̂G),k ) of  
finitely generate d R- modules G . 
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§8. The residu e theore m fo r projective spac e 

In thi s sectio n w e establis h the  "primitiv e residu e theorem " 
(0.4). Fo r this , w e wil l defin e th e canonica l isomorphis m (fo r 
projective spac e P  =  Pd) 

j N Hd0P, V 

using th e residu e ma p at th e verte x o f th e projectin g con e ove r P 
(Proposition (8.4 ) below) , an d the n th e theore m wil l com e ou t o f 
Lemma (8.6 ) whic h describe s a  canonica l cohomolog y ma p via Cec h 
cocycles. I n essenc e thi s proo f i s closel y relate d t o th e on e 
sketched i n [RD,p.200,Propositio n 10.1] . Anothe r proof , base d o n 
the Cousi n complex , ca n b e foun d i n [K2,pp.186-187] . 

Using re s a s define d i n § 7 fo r loca l ring s o f th e for m 
0 

R = K[ [t±f...,td]] €  %d, an d the n (a ) o f (0.4 ) a s a  definition 
of res R fo r non-complet e R  6 w e ca n reduc e (b ) o f (0.4 ) t o 
the complet e case , whic h i s readil y handle d (detail s lef t t o 
the reader) , becaus e an y etal e K [ [ t ^ t ^ ] ] - a l g e b r a i s o f th e for m 
K1[[t^,...,t^]] wit h K ' finit e an d separabl e ove r K , an d th e 
trace i s transitive : 

traceK./k(a) =  traceR/k(traceRl/k(a) ) a  €  K1. 

The res t o f thi s sectio n i s devote d t o a  proo f o f (0.4 ) (c) . W e 
begin b y recallin g som e explici t description s o f differential s an d 
cohomology o n d-dimensiona l projectiv e spac e IP = Pd ( d ^  1 ) , leadin g 
up t o the  definitio n o f 

•OP 
For an y grade d modul e M  ove r th e polynomia l rin g 

k[X] =  k[XQ,X1,...,X^] , le t M  b e th e correspondin g quasi-coheren t 
sheaf o n P . I n particula r w e conside r th e modul e o f Kahle r 
differentials ^£[X]/k ' 9rade d s o tha t th e fre e generator s DX i 
(D = universa l k-derivation , 0  £  i  £  n ) hav e degre e 1 . Ther e i s 
a canonica l exac t sequenc e o f ^-module s [AK,p.ll] , [H,p.l76 ] 

(8.1) 0  >  t£A — ^ J$[x]/ k — ^ 3 p * 0 

where £  come s fro m the  derivatio n o f @jp = (k[X]) ~ int o ^[X]/ k 
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induced b y th e universa l derivatio n D:k[X ] ^k[Xj/ k (whic h i s 
homogeneous, o f degre e zero) ; an d n  i s induce d b y th e "Eule r 
derivation" o f k[X ] int o itself , i . e . th e derivatio n takin g an y 
homogeneous f  o f degre e n  t o nf . I f Y  € k[X ] i s a  linea r 
form, an d A y = k[XQ/Y,...,*d/Y], the n ove r Spec(Ay) , th e comple -
ment i n P  o f th e hyperplan e Y  = 0 , w e ca n describ e (8.1 ) a s 
follows: w e continu e t o denot e b y D  th e natura l extensio n o f D 
to th e rin g o f fraction s k[X]y , an d le t &'-0jp ̂ p/f c b e tn e 
universal derivation ; th e modul e o f section s 

ff^Y) =  r(Spec(Ay ) /^[x]/k ) 

consists o f element s o f degre e zer o i n th e grade d k[X]Y-modul e 

"MX]YA "  fl^[Y,Y-i]A =  (A»lY'Y"1,%°ixA,eAsIY'Y"llDY ' 

and henc e i s th e direc t su m of th e AY-modul e generate d b y 
{ D ( X ^ / Y ) a n d th e (free , ran k one ) AY-modul e generate d b y 
Y"̂ DY; and , ove r AY , (8.1 ) correspond s t o th e spli t exac t sequenc e 
of A -̂module s 

(8.2) 0  >  J^/ k — ^ fl^Y)  A Y >  0 

given b y 
5y(6f) =  Df ( f €  Ay) 

ny(D(Xi/Y)) = 0 ( 0 ^  i  £  d ) 

nY(Y"XDY) =  1  .  (1) 

From (8.1 ) an d (8.2 ) w e obtai n a  canonical isomorphis m 

(8.3) =  A V ^ / k ^  ^ i t X l / k =  " S S l A 

which i s give n ove r A y b y 

^The equivalenc e clas s o f (8.1 ) i n Ext̂ (̂ p'̂ yk ) =  ^^'^P/k* i s th e 
cohomology class o f ̂ p( D [H , p.367, Ex . 1.8] . 
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iP(6f16f2. . .6fd) = Y 1DYDf1Df2. . .Dfd (f i <E Ay) 

Now let R  b e th e localizatio n o f k[X ] a t the  maxima l idea l 
9ft = (XQ,Xir . . . ,Xd)k[X] an d le t m  = SWR b e th e maxima l idea l o f R . 
For a  grade d k[X]-modul e M , le t M * b e th e quasi-coheren t shea f 
on ^ * =  Spec(k[X] ) -  W;} correspondin g t o M . Ther e exis t 
canonical surjectiv e homomorphism s 

}p: © HP(P,M(n)) > Hm+1(1V ( p * 0) 

(bjLjective i f p  >  0) , arisin g a s follows : an y finit e sequenc e 
f =  (fQ , f^,..., fm) o f positiv e degre e homogeneou s element s i n k[X ] 
such tha t k[X]/(fQ,.•.,fm ) i s a  finite-dimensiona l vecto r spac e 
over k  define s a n affine open coverin g % * = (U*,...,U* ) o f A* , 
with 

U| =  { x É^lf^x) ^ 0 } ( 0 £  i  < : m) ; 

and a n affine open coverin g %  =  (UQ,1^,...,Um ) o f P , wit h 

U± = { y €3P|fi(y ) ? 0 } ( 0 < ; i < : m) . 

Then ther e i s a  natural identificatio n o f Cec h complexe s 
6': 0 H'0P,M(n)) H* (&*,M*) . 

(cf. [EG A III,§2]). S o w e hav e a n isomorphism 

6': 0  H'0P,M(n) ) H * (&*,M*) . 

This 9 £ does no t depen d o n the  choic e o f f : fo r i f 
g =  (gn7g- , , • • • ,9 • ) i s anothe r suc h sequence , an d 

fg =  (f .g.) , .  n  •  . 

is th e produc t sequenc e (ordere d i n som e way) , the n th e covering s 
of A * an d H P associate d t o f g refin e thos e associate d 
respectively t o f  an d g , an d th e standar d wa y o f mappin g th e 
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Cech cohomolog y o f a  coverin g t o th e Cec h cohomolog y o f a  refinemen t 
(applied ove r bot h A * an d P ) give s 

0 L. = 0!. = 0 1 . 

Composing th e isomorphis m 0* wit h th e natura l surjectiv e map s 

HP(A*,M*) +  HP+1(MOT ) 

(bijective i f p  >  0) w e obtai n th e abov e 0P. 
Ordinarily on e woul d comput e 0 b y takin g f  t o b e a  "syste m 

of coordinates " o n P , ( i .e . th e ar e linearl y independen t form s 
of degre e 1 , an d m  =  d) . Th e poin t t o not e i s tha t 0 i s the n 
independent o f th e choic e o f coordinates . 

In particula r (cf . (8.3) ) ther e i s a  natural isomorphis m 

e HdaP,Op(n) ) Hm+1(̂ p/i ) < d * D n€Z W  R/ K 

Moreover, w e have 

Hd0P,i^(n)) =  Hd0P,^|^]/k(n) ) 

S HddP ,Ad+1[^p(-l)d+1] (n) ) 

Hd0P,^p(n-d-l) ) 

which vanishes whe n n  >  0 , whil e fo r n  £  0 , followin g throug h 
definitions, an d wit h notatio n a s i n §7 , w e fin d tha t 
Hd0P/̂ p(n)) c : Hd+1(ftd̂ £) is th e k- vector spac e wit h basi s consistin g  
of al l element s o f th e for m 

DXQDX^ . .DXD/(XQU, .  . .  ,XDA) 

where a ^ >  0 ( 0 £  i  £  d) , and 
d 
Y a. =  d  +  1  -  n . 

1=0 
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*1 Now the completio n 1 S naturall y isomorphi c t o th e universa l 
finite differentia l modul e ^g/ ^ '  s o tha t 

d+1 d+1 . _  d+ 1 d+ l 
Hm (Vk 3 ~  H ™ (fiR/k ) 

and a s i n § 7 w e ca n se t 

resR =  resg : I<i+1<nJ2 > .  k  . 

From th e definitio n o f re s =  re s ,Y v  w e conclud e that : 
K '  o ' 1 ' " * * ' d 

PROPOSITION (8.4) . With precedin g notation , the residu e map d — 
resR annihilates H  0P/^p(n)) for n  ^  0 , and induce s a  canonica l  
isomorphism 

:Hd(P,̂ D) k  . Jp & 

Remarks. W e do no t o f cours e actuall y nee d th e residu e ma p t o 
define I  :  w e ca n simpl y sa y tha t is th e uniqu e k- linear ma p 

JJP hp 
under whic h the  generato r 

DXQ. ..DXd/(XQ,...,Xd) 

of th e one-dimensiona l k- vector spac e Hd0P,ftp ) goes t o 1  €  k . 
This descriptio n o f i s independent o f th e "coordinat e 

system (xQ ,. . . ,x^) 11; becaus e i f YQ/Y1 , •. . ar e linea r form s 
such tha t 

k[XQ,...,Xd] =  k[YQ,.../Yd ] 

then (cf . (7.3.1)' ) : 

(8.4.1) DXQ...DXd/(XQ,...,Xd ) =  DYQ...DYd/(YQ,...,Yd) . 

By the  way , the  equalit y (8.4.1 ) i s equivalen t t o th e followin g 
statement, whic h i s als o a  corollar y o f (0.2B) : i f f : I P + IP is a 
k-automorphism, then th e ma p H^OP,̂ ) - > HdQP,f*̂ p) induced b y th e  
natural isomorphis m 0^ •> f*ftp is invers e t o the  natura l ma p 
HddP,f̂ ^p) +  Hd0P,̂ p ) . 
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For an y close d poin t x  €  IP, wil l denot e cohomolog y 
supported a t x . A s a t th e en d o f §7 , w e defin e th e k-linea r ma p 

res :  Hd(^ ) +  k x x  J P 
by passin g t o th e completio n o f th e loca l rin g Qjp x - The n par t (c ) 
of th e "primitiv e residu e theorem " is : 

PROPOSITION (8.5 ) (Residu e theore m fo r IP) . For an y close d  
point x  6  IP, the followin g diagra m commutes : 

H*«fe> canonical ^  „ d g ^ 

r e s x \ / [ 

к 

Proof. W e first reduc e t o th e cas e wher e x  i s a  k-rationa l 
point. 

Let K  b e th e residu e fiel d o f 0^ x, s o tha t K/ k i s a 
finite fiel d extension , o f degree , say , e . Le t K ' 3 K b e a  finit e 
Galois extensio n o f k , an d le t 

TT:IP' =PD F =IPdxKK ' +IP D =3 P 

be th e projectio n map . The n th e fibr e T T "̂ (X) ha s e  member s 
x^,. . . ,xe, eac h o f the m K 1-rational; and fo r i  = 1 ,2 , . . . , e , th e 
natural ma p of completion s x  ^  • x. ̂ s étale. 

Consider th e followin g diagram , where j: k c  K 1 is th e 
inclusion, an d th e unlabelle d arrow s represen t canonica l maps . 
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HdOP,^p) 

res^ x 
k qa 

HdOP,̂ p) 

HdOP,^p) Hdop,7r̂ |̂p,) 
I 

.® H X . ( V > 
1=1 i 

jd 

F re s L x . I 

K' 

qaz 

HdOP',^,) 

The rectangle s i n this diagra m ar e clearl y commutative . Once (8.4 ) 
is know n fo r th e K1- rational point s x^ , the n th e lowe r triangl e 
commutes, an d on e ca n deduc e (8.4 ) (detail s lef t t o the reader ) 
from the  followin g tw o statements : 

(8.5.1) Ij f t  =  (t1, . . . , td ) is a regular paramete r syste m in 
Op x, so that th e imag e o f t  i n x  is also a  regular 
parameter system , i f a is a positive integer , and if v  e ^ ha s 
image v. i n O^, ,  then 

± If /X ^ -
j (res[v/ta]) =  I re s [v./ta ] ; x ~  i= i x i 1  ~ 1 

and: 

(8.5.2) For an y y  6 Hd(IP,̂ p), with imag e y ' i n Hd(P',^pI) , 
we have 

f y ' = j (f y ) . 
J3PF JJP 

Proof o f (8.5.1) . T o fin d re s [v/ta], wor k in the completio n 
^ -  -1 x 

S =  C-jp x  an d procee d a s i n §7: writ e 
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v = I aItI6 t , 

so tha t re s [v/ta ] i s th e coefficien t o f t a "^...t ^ "'"ôt in x ~ I d 

traCeS/k[[t]] (v ) = I trace^tajj^f i t . 

Now just not e tha t "trace " = "sum of conjugates" : mor e precisely , 
using th e fac t tha t trac e i s compatibl e wit h bas e change , an d that , 
with S' =  K1 [ [ t ] ] , 

s®k[[t]]s' = S®kK' = ft 4p.,x . 

with 0^% =  S* fo r eac h i , on e find s tha t 
Jr , X̂  

traceS/k[[t]](V) = ^ " ( S ^ ^ j S ' J / S ' ^ ® 1 * 

= I i=i v i 

(where ^k[[t]]/ k ̂ s naturaH y identifie d wit h a  subgrou p o f ^s'/k^ * 
From these observations , (8.5.1 ) follows . 

Proof o f (8.5.2) . Chec k tha t i f y  i s th e canonica l generato r 
of Hd0P,̂ p) / the n y 1 i s th e canonica l generato r o f H d OP1 , ft^,) . . . 

* *  * 

It remain s no w to prov e (8.5 ) whe n x  i s k-rational . Th e maps 
involved d o no t depen d o n coordinates , s o w e may choos e a  coordinat e 
system (XQ,...,Xd ) o n 3 P suc h tha t x  i s th e poin t (1 ,0 ,0 , . . . ,0 ) . 
Let ( 0 £  i  £  d ) b e th e complemen t o f th e hyperplan e X ^ = 0 . 
Then %  = {U^n^i^ d i s a n ope n coverin g o f P , 

{x} =  p -  U  U . , 
i>0 1 

and 

*' =  <u o n  Vi> 0 
is a n ope n coverin g o f U Q - {x} . Se t t ^ =  X̂ /XQ, whic h i s a 
rational functio n o n UQ . A n examination o f th e definition s o f 
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res an d show s tha t i t suffice s t o d o th e followin g :  conside r 
X J P 

in th e Cec h comple x {W ,fip) a  (d-1)-cocycl e o f th e for m 

5 = 6tv . . 6td/t±.. .td a 6  r ( (UQ nux) H . . .fl (U Q HUD) ,ty (a ± >  0) ; 

the correspondin g cohomolog y clas s i n Hd~ * (UQ -  {x},^ ) ha s a 
canonical imag e i n H^ p̂ ^ an d henc e i n H d OP, ^) ;  the n prove  
that thi s las t imag e i s represente d b y th e d- cocycle £  i n (11,tip) 
given b y 

? =  6t1...6td/t1J-...td a €  r(U Q n V± H.. . n U D , ^ ) 

(which maps , unde r th e canonica l isomorphis m (8.3) , t o th e d-cocycl e 

d+1~ai ~ • • • ~arf ai AA 
DX0DXr..DXd/X0 € F(U0 fl .-.O V ^ X l / k * 

which i s a  coboundar y i f d  +  1  -  a ^ - . . . - a d £  0 , s o tha t i t s 
cohomology clas s vanishe s unles s =  a 2 =... = =  1 , i n whic h 
case th e cohomolog y clas s i s th e canonica l generato r o f Hd0P,^p)) -

Thus w e nee d t o explicat e th e canonica l ma p H d (•) - > Hd0P,*) 
in term s o f Cec h cohomology . Thi s i s carrie d ou t i n a  mor e genera l 
context i n th e followin g discussion , whos e principa l conclusio n 
(Lemma (8.6) ) provide s a  solutio n t o the  precedin g problem . 

Let U  b e an y topologica l space , an d le t % =  {UJ^J^ J ̂ E A N 
open coverin g o f U . W e assume withou t los s o f generalit y tha t th e 
index se t I  i s totally ordered , an d ha s a  least elemen t 0 . Se t 

Y =  U  -  U  U . ; 

then Y  c U Q i s a  close d subse t o f U , and 

V =  {u Q n  u.}.> 0 

is a n ope n coverin g o f U Q -  Y . 
Let f b e a  shea f o f abelia n group s o n U , an d conside r th e 

alternating Cec h complexe s 

%f = fS'f = ?  fS'f = ?  fS'f =  ?•(»' , f |u Q -  Y) 
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so tha t fo r an y p  ^  0  w e have 

fS'f = ? = I I N  U . N. . . N U . ) 
i0<i1<...<ip X 0 x l x p 

with th e usua l differentia l d:£ p - > £P+1, an d similarl y fo r 
£P(^*, f|U Q - Y) . Recal l tha t fo r an y comple x C : 

. . . > c™-1 c m — C m +1 — > .  . . 

C[l] i s th e comple x suc h tha t fo r al l integer s n 

(C[l])n = cn+1 , 

and whos e differentia l d[l ] i s -d . W e define a  homomorphis m o f 
complexes 

cp = q y : ^  *fS'f = ? 

as follows : 
For an y Ç € gjj-p, le t 

? =  cp Ç €  ( £ f [1])P =fS'f = ? 

be give n (fo r i Q < i1 < .. . < ip 6 I) b y 

1, ± ± = Q ±  (6 J(U N U N. . .N U )) if i  =0 

= 0  if i Q > 0 . 

That c p i s a  homomorphis m o f complexes , i . e . 

(dÇ)~ =  -dÇ 

is easil y checked . Passin g t o cohomolog y w e deduce a  homomorphism, 
functorial i n f\ 

*£: HP(^', J|U0 - Y) = HP(^) - HP(gf[l]) = HP+1(ft,J). 

LEMMA (8.6). The followin g diagra m -  in whic h unlabelle d arrow s  
represent canonica l maps , and H y is cohomolog y wit h support s i n Y-
commutes: 
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4 
up(U',f\vn - Y) £ r HP+1(UJ) 

HP(U0-Y,J) ^HP +1(J) , HP+1(U,f) 

Proof. Le t 

О > f F ' =  F° — ¡b> F1 —i-* F2 

be a  flasqu e resolutio n o f f. A s i n [Go,p.213 ] w e ca n describ e a 
p-cocycle i n r(Ug-Y,FP ) representin g th e canonica l imag e o f 
the homolog y clas s o f a  p-cocycl e £  €  a s follows : 

e£ 6 if £ i s th e coboundar y of som e €  g']?"1 F° F 

(-l)P"2aCP"1 €  ̂ ,P"1 is th e coboundary of som e £P~ 2 € g'P" 2 
F F 

(-l)P"3â P"2 €  #T2 i s th e coboundary of som e £P~ 3 € g,p"3 
F F 

€ $  ̂ * ,  i s th e coboundar y of som e ^  €  ^  , pP-1 pP" 1 

is a  O-cocycle i n ̂ ' ^ ,  hence the imag e of som e £* * £ T (u -Y,FP) . 
pP 0 

Operating similarl y wit h £  6  ̂ +̂ " /  w e fin d tha t w e can 
actually tak e 

|P+l-i =  -c p EP- i €  gP+l- i 1  S i  *  P . 

F F  - 1 
To ge t £* , w e s t i l l nee d ^  £  ,  whic h w e construc t a s follows : 
let ?  6  FP(UQ) b e suc h tha t 

?|UQ -  Y  = 

(1 exist s becaus e F p i s flasque) ; an d defin e £ ® b y 
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= I i  =  0 

= 0  i  >  0 

Then we chec k tha t af 1 e  i s indee d th e coboundar y o f 
Thus € r(U,FP+1) i s suc h tha t 

1*|U0 =  3 5 

1*|ui =  0 i >  0 . 

On the othe r hand , calculatin g th e canonica l ma p 

f j : HP(U0-Y,J ) -  HP+1(f ) *  HP+1(U,J ) 

by applyin g th e exac t sequenc e o f functor s 

0 > ry >  r ( u o ' #) > r (UQ-Y,- ) 

to th e flasqu e resolutio n F# , w e fin d directl y tha t take s th e 
cohomology clas s o f t o tha t o f th e abov e £* . 

This complete s th e proo f o f Lemm a ( 8 . 6 ) , an d henc e o f (8 .5 ) an d 
the primitiv e residu e theorem . 

§9. Compatibility o f loca l an d globa l duality . 

The main resul t o f thi s section . Theore m ( 9 . 1 ) , show s ho w a 
dualizing ̂ -modul e induce s local duality . Thi s resul t ma y be viewe d 
as a  specia l cas e o f [RD,p.386 , Propositio n 3 . 5 ] . Th e proo f i s b y 
reduction t o th e cas e o f projectiv e space , wher e th e result s o f 
§§7-8 ar e immediatel y applicable . Theore m ( 9 .1 ) enable s u s t o giv e 
in (9 .3 ) a  quic k proo f o f Propositio n ( 6 . 3 ) , thereb y completin g th e 
proof o f ( 0 .3 ) (cf . §§4,6 ) henc e o f (0 .2 ) (cf . ( 0 . 3 . 2 ) ) ; an d the n 
- a s indicate d i n ( 0 . 6 . 1 ) -  th e Residu e Theore m (0 .6 ) follows . 

As i n ( 1 . 4 ) , w e conside r a  d-dimensiona l loca l k-algebr a R 
which i s a  localizatio n o f a  k-algebr a o f finit e typ e havin g n o non-
zero zerodivisors . W e assume furthermor e that , m  being th e maxima l 
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ideal o f R , th e residu e fiel d R/ m i s a  finit e extensio n o f k . 
Let V  b e a  prope r k-variety , an d le t 

CP: Spec(R) + V 

be a  k-morphis m suc h tha t th e correspondin g map 

0 + R ( v j = cp (m) ) 

is a n isomorphis m (Suc h V , cp , wit h sa y V  projective , clearl y 
exist.) Not e tha t v  i s a  close d poin t o f V , sinc e Oy v i s 
residually finit e ove r k . Le t c o = ({o>w}, {ôwJ) be a  dualizin g 
{/-module (cf. §4) . Define p _ = pt)(o)) t o b e the  compositio n 

Hd(u,R) — ^ H (̂a)v ) —-5L_ > Hd(V,a,v) H- » k 

where \i i s define d vi a th e isomorphism s Oy v — > R, 
R®/) x r w 0 induce d b y c p (cf . (1.4 ) (i i i ) )  ,  an d v  i s th e 

°V,v V'V R 
natural ma p fro m loca l t o globa l cohomology . 

THEOREM (9.1 ) (a ) The ma p p R depends onl y o n c o and R 
(not o n cp ) . 

(b) I f ~  denotes tn- adic completion , so tha t i n particula r 
H«.(a)D) =  (&_.) , the n th e pai r (uL,p_ ) represent s th e functo r 

IN K  H | K . K  K d ^ Horn, (H/V (G) ,  k) of finitel y generate d R-m odules G . K TIT . 

Proof. (a ) Suppos e w e hav e map s cp̂ : Spe c (R) - > V\ ( i =  1,2 ) a s 
above. B y [EG A 01, pp.311-312] , ther e exis t ope n neighborhood s V | 
of cp ^ (m) i n V^ , an d a n isomorphis m ̂ :V { V 2 suc h tha t 
ipcp =  cp̂ . Le t c  v l b e th e closur e o f the  grap h 

% C  Vi \  V 2 C V l X k V 2 
of I|J * ^. Then , a s i s easil y seen , ther e i s a  commutativ e diagra m 

(i) 
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Spec(R) 

CP, 

cp3 
cp2 

V3 

Vl 

V2 

such tha t th e ma p ffTT ,  .  — > R  induce d b y 9 0 i s a n isomorphism . 
3,cp3 '  3 Thus w e may assume withou t los s o f generalit y tha t ther e exist s a 

map f;V 2 v i suc h tha t fcp ^ = <P̂ . Fo r convenienc e w e se t V  = V^, 
W =  V^, v  =  cp2 (m) ,  w  = cp (m ) ,  s o tha t f  i s a  loca l isomorphis m a t 
v an d f  (v) =  w. W e have the n th e ma p 0 :̂f̂ o)v -> w o f (5.1) , an d 
the assertio n (8.6 ) (a ) result s fro m th e commutativit y o f th e followin g 
diagram (wher e th e unlabelle d map s ar e th e obviou s ones) : 

i4((oR) 

HV(V • 

H w < W 

Hd(V,o)v). Qv 

Hd(V,o)v). 0 

2 

® 
via 6̂  (D via 0f 

Hd(o)T7) w W Hd<w,<y qw 

k 

The commutativit y o f (7 ) follow s fro m (5.1)(i) , an d o f ̂ [ ) fro m 
(5.1)(ii) an d (5.3) ; th e commutativit y o f (2 ) an d (5 ) i s lef t t o 
the reader . 

(b) . W e can choos e cp:Spec(R ) • > V a s above , wit h V  projective, 
and the n b y Noethe r normalizatio n choos e a  finit e ma p f: V - * 3P = 3Pd. 
Let x  =  f  (v) . The n w e hav e th e ma p Q^if^y an d th e 
isomorphism ©  = @f ^  :f*a) v tf°m^  ( f *$V' )̂ o f (4.3) , an d a s i n §6 , 
the isomorphis m Yp:̂ p ^  correspondin g t o th e canonica l 

r 
isomorphism I  o f (8.4) ; an d ther e i s a  commutativ e diagra m 
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Hd(v,uv 
* ®-i H 2 ( V • 

uef x(x ) u  v 
Hd(v,uv) 

A 

(9.1.1) 
Hd(v,uv 

Hd(v,uv sq 

6 ef 6f 

Hd(Hom ( f # e v ^ ) ) 
e Hx(V Hd(P,oj|p) 

jkt k 

p dqdq 
p 

Hd(Hom (f^v ,JJp ) e Hx(V HaOP,̂ p) ip 

where th e map s labelle d "e " ar e induce d b y evaluatio n a t 1 . Wit h S 
the completio n #| p x ' w e als o hav e a  commutativ e diagra m 

Hd (U) )< v V, v - © .  Hd(o) ) „-1, ,  u V, u u£f (x ) i 
Hd((f 0) f ) x * V x 

(9.1.2) 

Hd(v,uv Hd(v,uv  
u€f -1 (x) 

d 
u (Homr Hd(v,uv = H X 

(Horn Hd(v,uv 

where th e broke n arrow s i n (9.1.1 ) an d (9.1.2 ) represen t th e sam e map. 
In vie w o f (8.5 ) w e deduc e fro m (9.1.1 ) an d (9.1.2 ) th e 

following commutativ e diagra m (wher e n  i s th e maxima l idea l o f S) : 

qqsdqdf PR k 

res 

H (̂Homs(R,fis)) 
e 

H J < O S ) 

and th e conclusio n follow s fro m (7.5). Q.E.D. 
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COROLLARY (9.2). With nota tion a s i n (9.1), assume further _that 
R is regular , so tha t v  has a  neighborhoo d V  w hich a dmits a n 
étale map h  to P , . If yX7 i s the isomorphis m o f (6.3), then th e  — K — va 
following diagra m commute s : 

Hm«V 

resR 

via c p an d Y y 
a 

Hd(v,uv 

PR 
k 

Proof. I n (9.1.1 ) w e ca n pu t V  = V, f  =  h  (cf . (6.1)) . Fro m 
the definitio n o f Yv , an d i n vie w o f (8.5) , w e obtai n a 
commutative diagra m a 

Hv(V Hv(<V 
I 

t ^f. (9.1.1) 
C/V,V 

Hd(v,uv 
resx k 

where t  i s induce d b y th e trac e ma p fo r differentia l forms . Sinc e 
Cv v i s étale over C p x  , the inclusio n (jpfX c * &v,v can be 
identified wit h the  inclusio n 

k'[[X1,...,Xd]] c  k"[[X1,...,XdJ ] 

where k 1 c  k " ar e the  residu e field s a t x  an d v  respectively . 
It the n follow s easil y fro m definition s tha t 

res = res o t , v x 
and (9.2) results. Q.E.D . 

Now, finall y w e ca n give : 

(9.3) Proof o f (6.3). 

In (6.3), for an y v G  V f l Vc , wit h £ =  CX1 w e se e b y (9.2) 
Ot D V, V 
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(for a  an d 6 both ) an d b y (9.1)(b ) tha t th e germ s a t v  o f y ^ 
and y^ hav e the  same compositio n wit h the  (injective ) 
completion ma p u> _ •+ uL; s o y. 7 an d y_ _ agre e i n a  neighborhoo d R R  V a 
of v , henc e everywher e o n f i V^ . Q.E.D . 

Remarks (9.4) . W e may now consider Theorem s (0.1) , (0.2) , (0.3) , 
(0.4) an d -  abov e al l -  (0.6 ) o f th e Introductio n t o b e proved . 

(9.5) W e know no w tha t u f ha s a  natura l dualizin g structur e 
(Theorem (0.2)) ; an d fro m Remar k (0.6.1 ) w e se e tha t 

rGSR = PR(̂ } 

(notation a s i n (9.1)) . 

(9.6) Le t v  b e a  close d poin t o n a  prope r d-dimensiona l 
k-variety V , an d le t 5  b e a  coheren t ^-module . The n the natura l  
map 

Hd(5) -  Hd(V,5 ) 

is surjective . Thi s follow s a t onc e fro m (9.1) , sinc e the  dua l map 

Honw (5,o ) )  - * Hom^ ( ? .1 5 ) 
vv ^v, v 

is clearl y injective . (Cf . [G3,p.100,Theore m 6.9] ; an d als o [Kml ] 
for a  simple r proo f whic h avoid s dualit y theory. ) 

§10. A relative residu e theore m 

In thi s sectio n w e prov e a n expande d relativ e versio n (10.2 ) o f 
Theorem (9.1) . I n vie w o f (9.5) , thi s give s a  generalizatio n o f th e 
Residue Theore m (0.6) . 

Let % =  U  (cf . (0.6) ) b e th e collectio n o f al l loca l 
d̂ 0 a 

domains R  whic h ar e localization s o f finitel y generate d k-algebras , 
and whos e residu e fiel d R/to R (nt R = maximal idea l o f R ) i s finit e 
over k . 

DEFINITION (10.1) . We say tha t a  k- homomorphism cp: R S 
(R, S  €  %) is admissibl e i f c p is injectiv e an d i f fo r ever y heigh t 
one prim e idea l i ) i n S  the localizatio n R  n  satisfies th e 

cp (ti) 
Serre condition (S2) • 
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Examples. (i) I f R  itsel f satisfie s (S^) (i n particula r i f 
dim R  £ 1 ) then ever y injectiv e c p i s admissible . 

(ii) I f di m R  2 and fo r ever y heigh t on e to  i n S , c p 
has heigh t £ 1  in R , the n c p i s admissible . I n particula r i f 
cp i s fla t the n c p i s admissible . 

THEOREM (10.2). Let a)= ({aJyhOy}) be a  dualizin g ff-module. 
There exist s a  uniqu e famil y o f R- linear map s 

P . = p o P . ggq 

indexed b y admissibl e map s cp: R + S, with R , S  e  t r  = dim R, 
s =  dim S , and satisfyin g th e followin g condition s (a ) and (b) : 

(a) I f R = k and c p is th e obviou s ma p (whic h i s admissible ) 
then -  after naturall y identifyin g H^fu^ ) with k  - we have 

p = pc (cf. (9.1)) . 
Cp o 

(b) .I f cp: R + S, \p:S -* T, and ipc p are al l admissible , then 

P . =  p o  P . 
ipcp c p ^ 

Furthermore : 
(c) With cp: R -»• S, r , s  as above , if ~  denotes completion , 

so tha t 

Hms<"s> = \&J> 

then th e pai r (uL, p ) represents th e functo r 
o C D " -  '•—- — 

Hom_ (H 5 (G ) , l £ (u > ) ) 
K ni g Wj ^ K of finitel y generate d S- modules G . 

(d) Let f: V - > W be a  prope r ma p of k- varieties, s  =  dim V, 
r =  dim W, and suppos e tha t f  is "equidimensiona l i n codimensio n 1" , 
i . e . th e subvariet y 

{v 6 V|dimv(f~1f(v)) >  s -  r} 

of V  has codimensio n 2 > 2 . Let w  6 W  be a  close d point . Then 
for eac h close d poin t v €  E  = f  (w ) , th e ma p cp :0T T 0T T  1 i- ,v W, w v,v 
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induced b y f  is admissible ; and ther e i s a  uniqu e 0^ w-linear ma p 

e[f,w]:HE(V * H>W> 

such tha t fo r eac h suc h v  the followin g diagra m commutes : 

Hv(V 
canonical 6[f,w] 

YW,V 

6[f,w] 

6[f,w] 

(e) With assumption s a s i n (d) , i f V  is th e forma l completio n  
of V  along E , then th e pai r (a i ,  6 r ,  ) represents the  functo r 

H*(5) =  Horn . (H|(^),H^(a ) J) 
Ŵ,w *  w  w 

of coheren t ^- modules $  (cf . followin g explanation) . 

Explanation. W e define H|(5 ) b y  ———— j*, 

H|(5) =  lim^Ext^(^y/m^y^ ) 
n>0 V 

where i s th e maxima l idea l o f 0^ w- The n i f 5  =  f fo r som e 
coherent ^-modul e f, w e find , usin g [EG A III, (4.5.1) ] an d 
[G3,p.30,Th.2.8] ( = [G4,p.22,Th.6] ) tha t 

H|(F) =  iim ^ Ext^(^v/tt^Cv,f ) =  H^(f) . 

In particula r w e ca n conside r the  map 

6[f,w]:HE(V * < < V 
II 

4 < v 

to b e a n elemen t o f H*(ûv). 
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Proof o f (10.2) . We consider a  k-homomorphis m cp: R -* S 
(R,S € %), which, fo r th e moment , nee d no t b e admissible . Se t 

IR = lim Hom (̂R/mR,k ) e  Homk(R,k) . 
n>0 

By loca l dualit y (cf. (9.1) (b)) the map 

PC:H® (w_ ) > k ( s = dim S) 
s ms s 

induces a n isomorphis m o f functor s o f finitel y generate d S-module s G : 

(10.2.1) Homg(G/ajs ) >  Homk(H 5 (G ) ,k) 
S 

HomR(H|̂ (G),Homk(R,k)) 

= HomR(H I (G)' V 

where th e las t equalit y hold s becaus e eac h elemen t o f (G ) i s 
annihilated b y som e powe r o f nt g ,  henc e b y som e powe r o f n^ . 
(Note tha t cp-1(ms ) =  mR, sinc e S/nt g i s finit e ove r k. ) S o 
there i s a  unique R-linea r ma p 

a :Hf , (u > )  =  H | ( £ )  — > I_ cp "» g S  ITl g S  R 

corresponding t o th e identit y ma p of a)g , i . e . suc h tha t th e 
composition (evaluatio n a t 1 ) ° a i s p_ . I n particular , th e 
identity ma p R  •> R give s u s a n R-homomorphis m 

aR:Hĵ (u)R) + I R ( r =  dim R ) ; 

and the n a) , b) , an d c ) o f (10.2 ) follo w easil y (detail s lef t t o 
the reader ) from : 

LEMMA (10.3) . The precedin g ma p a R is surjective . Moreover  
if cp: R + S  is admissibl e an d J  is th e kerne l o f a  ,  then fo r  
any finitel y generate d S- module G , 

HomR(H|l (G),J ) =  ExtR(H? (G),J ) =  0  , 
S S 
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whence a  induces a n isomorphis m o f functor s 
x\ —————~"~~_————_________________________________ 

HomR(H| (G),- f (_R) ) -Z* HomR(H § (G),IR) . 
S R  S 

The proo f o f (10.3 ) wil l b e base d o n Corollar y (10.5 ) below . 

LEMMA (10.4) . Let B  be a  norma l noetheria n domai n wit h  
fraction fiel d K , let L  3 K  be a  finit e fiel d extension , and le t 
C 3 B  be a  module-finit e B- subalgebra o f L . For an y B- module M , 
set M * = Hom_(M,B) . Then , w ith C* , C* * considered a s C- modules 
in th e obviou s way , we hav e a  natura l commutativ e diagra m o f 
C-linear map s 

C *  Homc(C*,C*) 

i 
C** = = = = = HomB(C*,B ) 

with a  injective, and fo r an y prim e idea l a  i n C , the  
localization a Q is a n isomorphis m i f an d onl y i f th e loca l rin g 
Ca satisfies (S2) . 

Proof. Onl y th e las t assertio n i s no t straightforward . Firs t 
of al l , sinc e B  satisfie s (S2) , s o therefor e doe s th e B-modul e 
C** =  HomB(C*,B) . Henc e [EG A IV, (5.7.11) ] s o doe s the  C-modul e 
C**, a s doe s the  C q -module (C**) ^ .  S o i f aQ is a n isomorphism , 
then C a satisfie s (S2) . 

Conversely, suppos e tha t C q satisfie s (S2) . Sinc e C  i s a 
torsion-free finitely-generate d B-module , w e may identif y C q wit h 
a Cq-submodul e o f (C**) q e  L . Sinc e B QÎ B i s a  discret e 
valuation rin g fo r ever y heigh t on e prim e q 1 c  C , i t follow s 
easily tha t (C**/C)a , =  (0) , s o tha t th e annihilato r I Q o f 
(C**)̂  /Ca i s no t containe d i n an y heigh t on e prim e o f C  .  Hence , 
by (S2) , ther e i s a  CQ-regula r sequenc e (x,y ) containe d i n IQ . 
So i f ?  €  (C**) Q ,  the n x £ €  Cq ,  y £ €  Cq ,  an d yx £ €  xC Q , 
whence x ? €  xCq an d ?  €  CQ . Thu s (C**) q =  Cq .  Q.E.D . 

COROLLARY (10.5 ) (cf . [He] , Propositio n (4.1)) . Let R  € % , 
# # and le t R  =  Horn(co_,io_ J . The n th e natura l injectiv e ma p aD:R - > R  K K  •  K 
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localizes to an isomorphism precisely at those prime ideals Q c R 
such that Rg satisfies ( S 2 ) . 

Proof. From (4.4) and (1.4) we see that u> is isomorphic to 
a localization of a C-module C* (for suitable B,C); so (10.5) 
follows immediately from (10.4). 

Proof of (10.3). With R # as in (10.5), local duality (9.1) (b) 
gives an isomorphism 

(RV H o m k ( H m ( a ) R ) , k ) ' R 

We also have the natural isomorphisms 

R 1 im Horn, (Horn. (R/m£, k) , k) 
n 

Horn, (lim Horn, (R/m?,k),k) 
n 

Hom k(I R,k) 

One checks modulo these isomorphisms that the map a R of (10.5) 
completes to the k-dual of a R : 

( a R ) " = H o m k ( a R , k ) , 

whence, ( a D ) ^ being injective, a is surjective (as asserted in 
R R 

(10.3)); and there is a natural isomorphisms of R-modules 

(R*/Rr Hom k (J,k) . 

Clearly, then, for a € R, we have that 

[a(R #/R) = (0)] » [Hom k(aJ,k) = (0)] « [aJ = (0)]. 

Hence, by (10.5), the prime ideals Q c R containing the  
annihilator of J are precisely those for which R a does not  
satisfy ( S 2 ) . 

We can therefore choose 0 ^ a€R annihilating J. For 
s s 

convenience we will write "H " for "Htfu" • ^ *P ^ s admissible. 
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hence injective , the n G/a G ha s suppor t o f dimensio n <  s, an d i t 
follows tha t multiplicatio n b y a  i n H  (G) i s surjective , i . e . 
we hav e a n exac t sequenc e 

0 >  P >  HS(G ) —— > HS(G ) > 0  . 

Applying th e functo r HomR(-,J) , an d usin g a J =  0 , w e fin d tha t 

Hom_(HS(G),J) =  0 

ExtR(HS(G),J) =  HomR(P,J ) . 

It remain s the n t o sho w tha t Hom_(P,J ) = 0 . I f G  i s th e 
kernel o f multiplicatio n b y a  i n G , the n fro m th e exac t sequenc e 

0 >  G >  G  — a G *  0 
a 

we obtai n a n exac t sequenc e 

HS (G )  >  P >  P' >  0 
a 

where P ' i s th e kerne l o f th e natura l ma p Hs(aG ) Hs(G) . Since , 
as w e have jus t seen , Hor n (Hs( G ),J ) =  0 , therefor e ther e i s a n 

K a isomorphism 

HomR(P\J) HomR(P/J ) 

Since P 1 i s a  homomorphi c imag e o f H  (G/aG) , i t wil l suffic e 
to prov e tha t 

Hom_ (HS~̂ " (G/aG) , J) =  0 . 

Arguing a s above , w e need onl y sho w tha t ther e i s a n elemen t b  6  R 
with b J =  0  an d suc h tha t G/(a,b) G ha s suppor t o f dimensio n 
< s  -  1 . Bu t thi s follow s fro m th e admissibilit y o f cp , whic h 
implies tha t an y heigh t on e prim e idea l o f S  containin g a S ha s 
an invers e imag e (sa y Q) i n R  suc h tha t R g satisfie s (S2) , s o 
that, a s note d above , a  does no t contai n th e annihilato r o f J ; an d 
since a S i s containe d i n onl y finitel y man y heigh t on e primes , 
there i s a  b  €  R  wit h b J =  0  an d suc h tha t (a,b) S i s no t 
contained i n an y heigh t on e prime ; thi s b  i s a s desired . 
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This complete s th e proo f o f (10.3) , an d s o o f (a) , (b ) an d (c ) 
in (10.2) . 

* *  * 

We proceed wit h th e proo f o f (d) . W e have th e map 
s—r 

f *  V W 
of (5.1) , whenc e a  map 

U :HR (RS~rf*0)T7) +  H r(coT7) . w *  V w  W 

Now if p  >  r the n HP(Rqf*a)w ) =  0  fo r al l q ; an d i f q  >  s -  r 
then, a s i n (4.3.3) , th e suppor t o f Rqf^ v ha s dimensio n 
< s -  1  -  q , whenc e fo r p  +  q ^ s -1 w e hav e agai n HP(Rqf*u)v ) = 0. 
Therefore th e Lera y spectra l sequenc e give s a  natural isomorphis m 

(10.2.2) v:H^(RS-rf*o)v ) - ^ H * ^ ) ; 

and w e se t 
6 r r , = yoV_1 [f ,0)] 

As i n (4.3.3), f take s codimensio n on e close d subvarietie s 
of V  t o codimensio n on e subvarietie s o f W , an d therefor e th e map s 
cpw v i n (d ) ar e al l admissibl e (cf. example (ii ) followin g (10.1)). 

In vie w o f th e precedin g proo f o f (a) , (b) , (c) (Lemm a (10.3) 
plus th e uniquenes s o f o ) , to complet e th e proo f o f (d ) i t wil l 
suffice t o sho w tha t for close d v  6 E the compose d map 

Hv<V » HE(V 9ffw 1 > H>W> — h * k 
[f'W] Vw 

is equa l t o 
C/V,v 

For thi s purpose , choos e a  compactificatio n fj/v i w ^ ° f f 
(cf. (5.4)) , and conside r th e diagra m 
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Hv(V HE(V Hw(RS_r 
qdq dqd 

Hw(RS_rf^v) • Hr(Wl,RS-rfliW ) k 

qd 

Hw(V Hw(RS_r 
eWl 

where unlabelle d arrow s represen t natura l maps . Usin g (5.1) , w e 
see tha t thi s diagra m commutes ; an d th e desire d conclusio n the n 
results fro m th e definitio n o f p  (cf . (9.1)) . 

The uniquenes s assertio n i n (d ) follow s fro m Propositio n (10.6 ) 
below. 

As fo r (e) , w e recal l fro m (5.1 ) (an d (4.3.3) ) tha t 0f induce s 
an isomorphis m 

(10.2.3) f*Homf l (f,a)v) Hom0 (RS~rf J,a>w) 

for an y quasi-coheren t ^-modul e f . W e need a  simila r resul t afte r 
making a  bas e chang e t o th e completio n R  o f R  = 0^ w ,  i . e . afte r 
replacing W  b y W 1 = Spe c (R) , V  b y V 1 =  Vx W, f  b y the 
projection f': V • > W* , an d o> v (resp . cô ) b y ŵ . = o)v®vV l (resp . 
cu' =  u)T,®T7W') ; an d thi s ca n b e establishe d i n th e sam e wa y a s (i ) 
in [K m 2, pp.44-45 , Theore m (5)] , onc e w e not e tha t 
Horn * ( R f̂ j£,u ) , ) i s a  left-exact contravarian t functo r o f quasi -
coherent -module s %  (a s follow s readil y fro m (3.1.2 ) an d th e 
fact tha t fo r al l %  th e suppor t o f R  £\% ha s codimensio n 
£ 2  i n W  [EG A III , (4.2.2)] ) . 

Suppose no w tha t J i s a  coherent $v,-module . Completin g 
along E 1 =  Ex̂ v1 an d applyin g [EG A 111,(4.5.3) ] w e deduc e fro m 
(10.2.3) (fo r f ) isomorphisms 94 
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(10.2.4) Hom^(/,aiv) Horn-(R S r f (wŵ w ) ") 

HomR(H^(RS-rf;f),H^(fiw)) 

(cf. (10.2.1) and (10.3), with S = R = #w w ) 

HomR(Ĥ f (f),Hw(o)w)) 

(via v  -  fo r f  -  cf . (10.2.2 ) notin g tha t f  i s als o 
equidimensional i n codimensio n 1  [EG A IV, (13.3.8)]) . A s i n th e 
"explanation" followin g (10.2) , w e hav e a  natura l identificatio n 

H|(£) =  Ĥ F (f) 

and vi a this , w e ca n chec k tha t th e compositio n o f th e isomorphism s 
(10.2.4) i s equa l t o th e compositio n 

Hom^ Cf ,u>v) -> HomR(H|(f),H|(£v)) 

—— 9 Hor n (H|(J),H£(U ) ) ) 
via 9[f,w ] R  E  W  W 

This prove s (e ) fo r 5  =  f , an d hence , b y [EG A 111,(5.1.6)], 
for ever y coheren t 5 - Q.E.D . 

PROPOSITION (10.6) . Let V  be a n n- dimensional separate d  
scheme ( not necessaril y reduce d o r irreducible ) over a  fiel d k 
(not necessaril y perfect ), and le t E  be a  locall y close d subse t  
of V . Then ther e exist s a  finit e se t E ' c  E  consisting o f  
closed point s an d dependin g onl y o n th e pai r o f reduce d scheme s 
E c Vre£ , such tha t fo r an y quasi-coheren t ^- module 5  we have 

HE-E'(V'5) =  0  ' 

i . e . th e canonica l ma p (5 ) H (̂̂ ) i s surjective . 
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Proof. Thi s i s basicall y a  corollar y o f [K m 1]. Firs t o f al l 
i t i s enoug h t o conside r coheren t ^-module s c5, sinc e ever y quasi -
coherent ^-modul e i s th e direc t limi t o f i t s coheren t submodule s 
[EGA 01,p.319,(6.9.9)] , an d cohomolog y wit h support s commute s wit h 
direct limit s (th e proo f o f [H , p.209,Prop. 2.9 ] carrie s over) . 
Next, i f V \ ( 1 £  i  £  m ) ar e th e irreducibl e component s o f V , 
considered a s reduce d k-schemes , E ^ = E n V\ , an d E ^ c E ^ i s a 
closed subse t o f V . suc h tha t „,(5- ) =  0  fo r ever y coheren t 

1 hi . —Jb . 1 1 1 
0^ -module the n wit h E 1 = E | w e see , usin g Lemm a 1  o f 
[Km 1], tha t H _ „,($) =  0  fo r ever y coheren t 0  -modul e '3. (Not e hi—hi v 
that fo r an y H J ^ , , ^ ) =  UE .-E1 f]E . ^ i s a  nomomorPni c imag e 

of „,(5-). ) Thu s w e may assume tha t V  i s reduce d an d hi. —hi. ± l l 
irreducible. 

Now if di m E  = di m V, the n w e ca n le t E ' b e a  finit e se t o f 
closed points , on e fro m eac h componen t o f E . The n 

H£_E. (V,5 ) =  HN(E-E\^ |E-E' ) 

which vanishe s [K m 1, Theore m ] . S o assum e di m E  < dim V, an d 
induct o n di m V, th e cas e di m V ^ 1  bein g trivial . Le t U  b e 
any affin e ope n subse t o f V  - E , wit h inclusio n ma p i: U • * V, 
and se t Y  = V - U . Bot h the  kerne l %  an d th e cokerne l g  o f 
the natura l ma p *$ -* i*i*5 ar e supporte d i n Y . Therefor e b y 
induction ther e exist s E ' c  E  (no t dependin g o n 5 ) suc h tha t 
Hg"g,(V,g) =  0 . Also , w e have 

H£_e.(V,J) -  0 

and 
Hj_E.(v,i.i*S> =  H S n ( E _ E l ) ( u , i * 5 ) =  o 

since i  i s a n affin e morphis m an d U  fl E  i s empty . I t follow s 
easily tha t Hg_E,(5 ) =  0 . Q.E.D . 
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§11. Reformulation vi a holomorph i_c differentials^ 
In thi s sectio n w e firs t giv e a  weake r versio n (11.2 ) o f th e 

Residue Theore m (0.6) , i n term s o f holomorphi c differentia l forms . 
The nic e thin g abou t thi s versio n i s tha t i t lend s itsel f t o 
generalization, sa y t o th e "relative " situatio n o f fla t morphism s o f 
noetherian schemes , wher e to ma y no t b e definable/1 ^ Unlik e (0.6) , 
i t doe s no t contai n (0.3A ) (existenc e o f a  dualizin g ^-module) ; bu t 
together wit h (0.3A) , i t doe s impl y (0.6) , a s w e wil l se e i n (11.3) . 

We then give , i n (11.4) , som e intrinsic loca l description s o f C 
via holomorphi c differential s an d residues . 

We keep th e notatio n o f (0.6) , an d a s befor e se t 

R̂ = AR(</k > (R €  %d). 

As i n [Kl,p.l5 , Sat z 5.5] , i f R  i s regular an d S  3  R  i s a  domain 
which i s a  finit e R-module , wit h fractio n fiel d separabl e ove r tha t 
of R , the n ther e i s a  uniqu e R-homomorphis m 

Hw(RS_r Hw(RS_r Hw(RS 

whose localizatio n a t th e prim e idea l (0 ) o f R  i s th e trac e ma p 
T:fiL/k ̂ K/ k ̂ L = fractio n fiel d o f S , K  =  fractio n fiel d o f R ) . 
Hence i f S ^ ( 1 £  i  ^  n) ar e th e localization s o f S  a t i t s 
maximal ideals , m . i s th e maxima l idea l o f S. , an d m D o f R , the n 
we hav e th e map 

(11.1) Hw(RS_r Hw(RS_r Hw(RS via T  1 Hw(RS_ 

THEOREM (11.2) . There exist s a  uniqu e famil y o f k- linear map s 

resR:H^(ftR) -  k  ( R €  %d ) 

satisfying th e followin g condition s (a) ' and (b)' : 
(a)1 (Normalization) . I f R  € %d is regula r the n res R is a s  

in th e "primitiv e residu e theorem " (0.4) . 

^̂ We will no t deal with such generalizations here , bu t cf . [E ] . 
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(b)' (Trac e property) . For an y R , as above , with R 
regular, the followin g diagra m commutes : 

:Hd(V,^v) cf. (11.1) :Hd(V,^v) 

r e S s \ resR 

k 

Furthermore: 

(c) 1 (Loca l duality ) .  If _ "  denotes mR- adic completion , so 
that 

4R<«R> = «AR(V ' 

and i f R  is regular , then th e pai r (f t resR ) represents th e 
functor Hom,(H d (G),k ) o f finitel y generate d R-module s G .  k m R 

(d)' (Globalization) . There exist s fo r eac h prope r d- dimensional 
k-variety V  a uniqu e k- linear ma p 

|v:Hd(V,^v) - k 

such tha t fo r eac h close d poin t v  €  V, the followin g diagra m ( with 
res =  resA )  commutes: 

v ̂ V, v 

Hv(V 
canonical Hd (V,fiy) 

res \ v Jv 

4 J 
k 

(e)1 (Globa l duality) . For eac h smoot h V  as i n (d)1 , the  
pair (fl.. , )  is dualizing , i . e . represents th e functo r 
Homk(H (V,^),k ) of coheren t fl  - modules 5 -

Remarks. ( i ) . Th e uniqueness statement s ar e eas y consequence s 
of Noethe r normalizatio n an d th e fac t tha t E^{Q^) - > H (V,^) i s 
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surjective (cf . (9.6)) . I n particular , i f V  i s projectiv e spac e 
3Pd, the n |  i s th e canonica l isomorphism . 

( i i ) . Exi stence i n (11.2 ) follow s a t onc e fro m (0.6) : jus t le t 
resD b e th e compositio n 

K 
_,d / n .  natura l .  TT d ,~ N  reS R x  , 
HmR(V >  HmR(ajR) >  k 

and le t |  b e th e compositio n 
Q TTd /RR O \  natura l > . ..d ,TR ~ X  V  V  , H (V,fiy ) >  H (V,0)V) >  k . 

Incidentally, sinc e th e kerne l an d cokerne l o f u) ar e 
supported o n th e singula r locu s o f V , therefor e th e correspondin g 
local o r globa l cohomolog y map s i n degre e d  =  dim V ar e surjective, 
and eve n bijective i f V  i s smoot h i n codimensio n one . 

( i i i ) . I n th e sam e wa y tha t [(0.6 ) withou t (c) ] an d (0.2B ) 
imply eac h othe r (cf . Remar k (0.6.1)) , als o [(11.2 ) withou t (c)1 ] an d 
(0.1) impl y eac h other . 

(iv). Analogue s o f (7.3.4 ) an d (7.3.6 ) ca n b e establishe d fo r 
any R  6 fi^, basicall y becaus e x ' commute s wit h exterio r 
differentiation an d wit h th e invers e Cartie r operator . Detail s ar e 
left t o th e reader . 

(11.3). Deduction o f (0.2A ) and th e Residu e Theore m (0.6 ) from 
(11.2) an d (0.3A) . 

First o f al l , le t В c С be a s i n (0.2A) , le t R  = ( D a 
prime idea l i n C) , n t = DĈ , 0  =  ь Л В , and le t ̂ R/ B b e th e 
localization 

Vb =  (Zc/b\ • 

Then ̂ R/ B i s a n R-submodul e o f ^/ k ̂ K = fracti° n fiel d o f R) , 
and (0.2A ) i s equivalen t t o th e assertio n -  whic h w e wil l no w deduce 
from (11.2 ) -  tha t шк/з depends onl y o n R  (no t o n С or B ) . 

From (11.2 ) an d th e trac e ma p for differentia l form s w e obtai n 
a compose d map 
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:Hd(V,^v) :Hd(V,^ 
> H X / k } res 

dqd 

and, afte r completing , w e deduc e fro m (c) 1 o f (11.2 ) tha t the pai r 
(wR^B,res^B) represents th e functo r Homk(H (̂G),k ) of finitel y  
generated R- modules G  (cf . Corollar y (7.5)) . Moreove r fro m (b) 1 w e 
see tha t 

(11.3.1) Hi(FLR> natural :Hd(V,^v) 

res^ R /res'Vy R/B 

k 

commutes. Henc e i f B , C  ar e replace d b y B' , C , the n ther e i s a 
unique R-isomorphis m 

:Hd(V,^v) :Hd(V,^v) 

such tha t 

reSR/B = reSR/B° HA(tt ) 

and th e resultin g natura l diagra m 

ßR 

"R/B C V B 

qdqfd ^R/B' 

commutes. Bu t clearl y 

v/r € flj/k (v 6 flR, 0 ^ r  € R) 

l ies i n ̂ R/ B i f an & only i f th e canonica l imag e o f v i n toR//B 
is divisibl e b y r , i . e . (by * faithful flatnes s o f completion ) i f an d 
only i f th e canonica l imag e o f v  i n ̂ R/ g i-s divisible b y r ; an d 
similarly wit h B " i n plac e o f B ; whenc e 
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:Hd(V,^v) :Hd(V,^v) :Hd(V, 

This prove s (0.2A) . 
Furthermore, sinc e ft  • > Jo, bein g bijectiv e a t smoot h points , ha s 

cokernel wit h suppor t o f dimensio n <  d, th e natura l ma p 
d d  *s ' 

Hm(ftR) - > Hm(o)R) i s surjective; s o i n th e commutativ e diagra m 

:Hd(V,^v) 

HJ(S)R) = HJ{UR) res~. \ R / B 

Hd(a) k k t 
:Hd(V,^v) :Hd(V, reSR/B-

we hav e H (̂a ) = identity, whenc e a  = identity an d 

reSR/B = reSR/B' = (Say) reS R » 

This give s (a) , (b ) an d (c ) o f (0.6). 
Now for th e globa l statement s (d ) an d (e ) o f (0.6), we le t 

{u),6} b e a  dualizin g modul e (cf. (0.3A)). The n w e hav e th e 
composition 

Hv<V - canonical . Hd(V,o)v) - 6v k 

whence, b y th e loca l dualizin g propert y o f !o, a n $ v v-homomorphis m 

(11.3.2) V,v V, v 

This ma p depends onl y o n th e loca l rin g 0^ v (no t o n V) . T o se e 
this, not e tha t w e hav e a  ma p of sheave s c :̂ft ^ a) ^ correspondin g 
to th e ma p o f (d)1 , whenc e (cf . (11.3.1) ) a  commutativ e 
diagram 

H>v>.; HD(V,fiv)^ L 

qd :Hd(V,^v) res kqq 

:Hd(V,^v) • HA(V,a)v)" 
qdq 

101 



J. LIPMAN 

(Note tha t b y th e dualizin g propert y o f AT , commutativity o f (l ) ca n 
be checke d after composin g wit h res~. ) I t therefor e suffice s t o 
check tha t the  cokerne l o f c v ha s suppor t o f dimensio n <  d (sinc e 
then H (̂̂ v ) - > H (̂O)V) i s surjective , s o th e ma p HD(A)V ) • > (COv ) i s 
uniquely determined , an d hence , b y th e dualizin g propert y o f C, s o 
is (11.3.2)) . No w we remarke d befor e tha t Hd(̂ v ) + H (̂G^ ) i s 
surjective, an d res ~ =  res ^ ^  0  (otherwis e th e pai r (3 1 .res^ ) 

v uVfV *  v, v v 
would represen t th e zero-functor , an d 31 7 woul d vanish) , henc e 
f V  , V ^ 0  an d therefor e i s no t th e zer o map ; bu t usin g (e) 1 w e 
see a s i n (4.4 ) tha t i s genericall y free , o f ran k one ; an d th e 
conclusion follows . 

Next on e show s tha t fo r eac h affin e ope n U  a v  ther e exist s a n 
isomorphism ̂ u:a) u — ^ inducin g (11.3.2 ) fo r ever y close d poin t 
v i n U . Thi s ca n easil y b e don e (detail s lef t t o th e reader ) b y 
choosing a  projectiv e closur e U  o f U , an d a  finit e separabl e 
TT:U - > 3P = 3P̂ . ,  an d usin g th e natura l isomorphism s 

TT*U)- Hom^dr^u^ ) (cf.(4.4 ) an d (e)f ) 

T*U>JJ ~  > Hom (̂TT |̂j,̂ p ) (vi a trace ) 

Basically, thi s argumen t i s jus t a  varian t o f (9.3) . 
Finally, b y th e uniquenes s o f (11.3.2) , w e ca n patc h al l th e 

isomorphisms \ ^ t o obtai n a  natura l global isomorphis m ̂ :aj v 
Defining 9 V t o b e th e compositio n 

Hd(V,3Y) A  1 >  Hd(V ,u)v) °V > k 

we obtai n (d ) an d (e ) o f (0.6) . Q.E.D . 
Remark (11.3.3) . I n the  precedin g argument , w e neede d (11.2 ) (e ) 1 

only fo r V  = P. 

(11.4). Some description s o f S T via res . 

From (0.6 ) (c ) w e obtain , fo r R  € a n isomorphism 

S>R = Hom-(R,3'R ) ~  >  Homk(Ĥ (R) ,k) =  (say ) H d (R) • , 
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whose compositio n wit h ftR  -*» aTR + uR i s , i n vie w o f (11.3.1), just 
the map 

Ç»nR - Hm<R>' 
corresponding canonicall y t o th e bilinea r for m 

resR:fiR®R Ĥ (R ) k 

®R H^(R) 

As i n (11.3 ) (proo f o f (0.2A)) , w e conclud e that : 

(11.4.1) S L = {v/r| v €  ft ,  0 . ? r e R , an d ?(v ) i s 
K K  — 

divisible b y r} . 
We can rephras e thi s descriptio n a s follows : sinc e multiplicatio n 
by r  ^  0  i n R  ha s cokerne l wit h suppor t o f dimensio n <  d, 
therefore th e map 

Ur = {multiplicatio n b y r  i n Hd(R) } 

is surjective, whenc e X € H (̂R) ' i s divisibl e b y r  i f an d onl y 
if X vanishe s o n th e kerne l o f ur. Thus : 

(11.4.2) u?_ = {v/r|v 6  ft-,, 0  ?  r  £  R , and fo r ever y 

h €  Ĥ (R ) such tha t r h =  0 , we have 
resR [v <g> h] =  0 } . 

In particula r (cf . (7.2(a)) : 

(11.4.3) I f R  is Cohen-Macaulay , then 

coR = {v/r| v G  ftR, 0 r  €  R , and fo r ever y 
system o f parameter s t  =  (t^,. . . ,t^ ) 
and ever y s  €  R  such tha t 
rs €  tR , we hav e resR[sv/t ] =  0} . 

103 



J. LIPMAN 

Finally, fo r an y R  € 

PROPOSITION (11.4.4) . With notatio n fo r loca l cohomolog y a s i n 
§7, we hav e ( for v  €  ftR  and 0  ^  r  €  R ) that (v/r ) £  aT R if an d  
only if , for ever y sequenc e r2, . . . ,r d such tha t (r,r2,. . . ,rd ) is  
a syste m o f parameter s i n R  and fo r al l s  6 R: 

resR[sv/(r,r2,...,rd)] =  0 

Proof. Afte r canonicall y identifyin g Ĥ (ftR ) an d ̂R® R Hm̂ R̂ ' 
we have 

sv/(r,r2, .  . . ,rd) =  [s/(r,r2 , . . . ,rd) ] =  (say)v <g>h. 
But b y (7.2)(a ) r h =  0 , s o (11.4.2 ) show s tha t 

v/r €  oT R => resR[sv/(r,r2 , . . . ,rd) ] =  0  . 

For th e converse , w e may assum e tha t r  i s a  non-unit , an d 
choose r2, . . . ,r d suc h tha t (r,r2,. . . ,rd ) i s a  syste m o f parameters . 
Let h  b e a s i n (11.4.2) . The n fo r som e intege r n  >  0 an d som e 
t ( E R, w e have 

i_ /  / n  n  n * h =  t/( r ,r2, . . . ,rd ) . 

Since r h =  0 , (7.2 ) allow s u s t o assum e (enlargin g n  i f necessary ) 
that 

. _  ,  n  n  n  x _ rt 6  ( r ,r2,...,rd) R , 

SAY 

Then, (cf . (7.2) ) 

rt =  s, r +  2  s.r V (s . €  R). 
1 i= 2 1  1 

, .  /  / n+ 1 n  n . V<G>H =  RTV/( R , R 2 , . . . , R D ) 

= (Slrn +  2sir;)v/(rn+1,r 5 r̂ ) 

^ n n x 
R , R 2 , . . . , R D ) . 

Hence 
RESR[v<g>H] =  RESJ^ts-J^v/(R,RN , .  . .  ,RD) ] =  0 . Q.E.D . 
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§12. Sums o f residues ; Koszu l c omplexes o f v ector bundles. 
The basi c resul t i n thi s sectio n i s (12.2), which i s jus t a 

reformulation o f (11.2)(d1) (o r (0.6) (d)). Examples (12.3), (12.4 ) 
and (12.5) are specia l case s o f (12.2), giving som e mor e familia r 
statements whic h hav e gon e b y th e nam e "residu e theorem" . Exampl e 
(12.6) relates som e recen t result s o f Akyildi z an d Carrel l t o th e 
formalism develope d here . 

(12.1) As always , V  i s a  d-dimensiona l variet y ove r th e 
perfect fiel d k . T o avoi d annoyin g trivial i t ies , w e assum e d  ^  1. 

Let 
C:0 * Cd * Cd-1 * "  C2 * Cl * 6V 

be a  sequenc e o f ^-module s an d le t F c V  b e a  finit e se t o f 
closed point s suc h tha t th e restrictio n C|(V-F) i s exact . Suppos e 
further tha t w e ar e give n a n 0V_ F homomorphis m 

*:Cd| (V-F) - ftv_p . 

Then th e exac t sequenc e C|(V-F) represent s a n elemen t 

[C]p € ExtJ:J(0v_F,Cd| (V-F) ) = Hd"1(V-F,Cd) , 

from whic h w e obtai n a n elemen t 
i>ie[C]F € Hd"1(V-F,Qv) 

by applyin g th e ma p ty^ = Ĥ""1 (V - F, ty) induce d b y ip . 
Note tha t whe n d  = 1 , 

[C]F < E Hom v-F(^v-F,C1|v-F) 

is th e invers e o f th e isomorphis m Cjjv-F — 0 V _ F give n b y C. 

We denote b y 
[<f//C] € ©  Hd(ft ) 

v€V 

the imag e o f ̂ *[C] F under th e natura l ma p 

Hd_1(V-F,ftv) —^HF(ftv) c  © Hd(ftv), 
v€V 
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If w e conside r tw o pair s ( i l i ^ F ^ , (*2,F2 ) a s abov e t o b e 
equivalent i f ty^ an d ̂ 2 agre e outsid e a  finit e se t F ^ (F^ljt^), 
then i t i s easil y checke d tha t [ty/C] depends onl y o n th e equivalenc e  
class o f (\p,F) . 

[The poin t i s tha t i f C  i s exac t a t v  e  F , an d i f extend s 
across v , sa y t o ¡¡1, the n the  componen t [ty/C]^ € Hd(̂ v ) vanishe s 
since ̂ *[C] p l i f t s bac k t o the  elemen t [C]p_ v € HdA1((V-F) U{v},n )̂.] 

We se t 
resv[*/C] =  res v([VC]v) 

where,again, [i|;/C] v €  H (̂̂ v ) i s th e v-componen t o f [lp/C ] , an d 
res =  res * (cf . (11.2)) . 

v °V, v 
PROPOSITION (12.2) . I f V  is prope r ove r k  then 

I re s [if>/C ] =  0 . 
v£V 

Proof. Th e natura l compositio n 
(12.2.1) Hd"1(V-F ) ,ftv) 2L^Hp(^v ) £->Hd(V,$ y 
is th e zer o map , whenc e (cf . (11.2 ) (d1) ) 

I resU/C] =  f  Boul^lC] - =  0  . 
v€V J V 

Remarks (12.2.2 ) Throughout , w e ca n replac e b y SL̂ , re s 
by res" , an d (11.2 ) (d' ) b y (0.6 ) (d) . 

(12.2.3) Conversely , (11.2)(d1 ) ca n b e deduce d fro m (12.2) . 
For, i n vie w o f (9.6) , (11.2)(d1 ) jus t say s tha t fo r an y £  i n the 
kernel o f th e natura l ma p 0 H  (f <L.) + H  (V,ft.7) w e hav e 
I resv(?v ) =  0 . Bu t thi s ma p i s th e direc t limi t o f map s £  = & F 
as i n (12.2.1 ) (wher e th e finit e set s F  for m a  directe d syste m 
under th e orde r relatio n give n b y inclusion) ; an d sinc e (12.2.1 ) i s 
exact, w e nee d onl y se e tha t ever y elemen t n € Ex t ̂ (£V_F,̂ V ) i s 
of the  for m [C]p , wher e C  i s a  sequenc e a s before , wit h C d = ftv 
(and =  identity) . Now , wit h U  = V - F , n  corresponds t o a n 
exact sequenc e o f C^-module s 

0 *  " u - Ck-1 *  •  • •  *  C 2 -  C i * CV * 0 ' 

to whic h w e ca n appl y the  functo r i * (i: U V  bein g the  inclusion) , 
then replace -
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i.^U > i*Cd-l 

by i t s compositio n wit h th e natura l ma p 
% — > i * n ü 

and replac e i.^U > i*Cd-l i.^U > i*Cd-lcc b fgfg 

by i.^U > i*Cd-l rzraet(ettrt btjj i.^U > i*Cd-l dqd 

to ge t th e desire d C  (whic h i s , i n fact , a  complex) . 

Example (12.3) . Le t V  b e a  prope r curv e ( d =1), an d le t 
v £  ^k(V)/ k k e a  non-zer o meromorphi c differential . Le t F  c V  b e 
the finit e se t consistin g o f zero s an d pole s o f v , s o tha t wit h 
U = V - F  ther e i s a n isomorphis m fi^  —̂ > 0^ takin g v  t o 1 . Le t 
i:U - > V b e th e inclusion , an d le t C  b e th e sequenc e 

0 +  ci = -*% \ A projectio n > ov + o . 

Straightforward checkin g verifie s tha t 
resv(v) =  resv[l/Cv ] 

is th e goo d old-fashione d residu e o f v  a t v ; an d (12.2 ) become s 
the classical residu e theorem : 

I re s (v ) = 0  . 
v£V 

Example (12.4) . Le t t b e a  locall y fre e ^-modul e o f ran k d , 
and le t a  b e a  globa l sectio n o f £ , havin g isolated zeros . W e 
can identif y a  wit h a n ̂ -homomorphis m 

a:S* =  Hom^ (£,0y) -  0 y , 

which i s surjectiv e outsid e a  zero-dimensiona l subse t F  o f V , an d 
then buil d th e Koszul comple x 

Co:0 -  AdS * -  Ad" V -  . . . -  A V =  t -^0V -  0 

where th e map s ĉ iA^S * A 1 ̂ "2* ar e give n locall y b y 
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a1(e, Ae 9 A . . . Ae . ) =  J  (-1)^-1a(e.)e , A  . . . A e\ A  ...A e . 
± z i  j= l 

(where e1>. . . ,e i £  g* , an d "ê " means "omi t e_j" ) . The n eac h v  €  V 
has a  puncture d neighborhoo d o n whic h a  i s surjectiv e an d C a i s 
exact. 

Now i f e^e9 , . . . , e ^ i s a  basi s o f th e stal k £* , an d w e se t 
a(e.) =  a. , the n 0  / ( a , , . . . , a . ) ha s dimensio n < ; 0, an d fro m th e 1 1  v , v J . u 
definitions i n § 7 w e fin d tha t the natura l imag e o f 

in Hd(Ad£* ) i s 
[CQ]F € Hd"1(V-F,Ad£*) 

e-ĵ  A . . . A ed/ (air . . . ,ad) 

(which w e defin e t o b e 0  i f (o1M..,a,)f i =  0  ) . Thu s i f w e 
_L C L V  , V V  f V 

have a n ̂ -homomorphis m 
i|,:Ad£* - > ̂ v 

and if , a t v , 

(12.4.1) ip(e1A . Aed ) =  h6a1...6ad €  ̂ v v  , 

then 
(12.4.2) ^/ca] v =  h6al*'-6ad/(al'''*,ad} ; 

and (12.2 ) become s th e residue theore m fo r vecto r bundle s [GH,p.731 ] 
(with n o assumptio n o n th e singularitie s o f V) . 

Example (12.5) . A s a  specia l cas e o f (12.4) , le t D^,...,D ^ b e 
tive divisor s 

dimensional; le t 
effective divisor s o n V  suc h tha t D , f l D 0 n...f l D , i s zer o 

1 z a 
I = CV(D1) 00V(D2) ©. . .© 0v(Dd) ; 

and le t a:g * 0y b e the  ma p whose restrictio n t o 0y(~D±) c ^v 
( l^ i^d) i s jus t th e inclusio n map . W e have the n 

Ad£* = 0v(-D1-D2-...-Dd) 

and an y 
if € Hom̂  (ADS*,^V ) = H°(V,fiv(D1+ . . . +Dd)) 

can b e identifie d wit h a  meromorphic differentia l d-for m wit h pole s 
no wors e tha n D^+.-. + D^. Wit h th e Koszu l comple x o f (12.4) , 

108 



VARIATIONS 

we ca n se t 
[V/Ca] =  [*/(Dr.. . ,Dd)](1) 

and rewrit e (12.2 ) a s 
I resv[ij)/(Dr...,Dd) ] =  0 . 

v€V 
When d  =  1 , [ty/D^] depend s onl y o n \p (no t o n D̂ ) , an d we 

have, again , th e classica l residu e theore m fo r (possibl y singular ) 
curves. 

Example (12.6) . Thi s exampl e i s inspire d b y [AC] , wher e a 
particularly interestin g applicatio n t o Gysi n homomorphism s i s given . 

Let S , a , if ; b e a s i n (12.4) , s o tha t fo r an y close d poin t 
v £  V w e hav e i n Hd(̂ v ) 

[*/Calv =  i/(e 1 A...Aed)/(a1,...,ad ) 
(cf. (12.4.1) , (12.4.2)) , a n elemen t whic h i s annihilate d b y 
{o^,...,od)0y v  (cf . (7.2 ) (a)) . Thu s fo r an y X € (coke r a) v ,  th e 
element 

A[*/Ca3v 6  H ^ j y 
is well-defined . 

Now suppose w e hav e a  ma p f: V - * '/ wit h W  smooth. Le t 

W/k W 
be a n Cw-homomorphis m whic h i s surjectiv e outsid e a  finit e se t o f 
closed point s ( i .e . T  is a  vector fiel d o n W , with isolated zeros ). 
There i s the n a  correspondin g elemen t 

[1/C ]  €  ©  H*(f i )  ( r =  dim W). 
w£W 

As before , i f x ^ , X 2 , . . . , x r i s a  regula r syste m o f parameter s i n 
V w ' the n 

[i/cT]w =  6x r .  . 6 x r / ( T 6 X l , . . . ,x6xr ) €  H£(V 7 

and fo r an y y  €  (coke r T) w ,  th e elemen t 

y[l/CT]w €  H>w > 
is well-defined . 

Assume furthe r tha t ther e exist s a n ̂ -homomorphis m ̂ *(̂ /jc ) 2 * 
such tha t 
(1) comin g from the imag e in Hd 1({v-D.},ft )  o f the-Cec h cocycle ,  cf . §7 . 
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f*<4/k> 2s 

f * (T.) fd 
<ob 

commutes. Le t w  = f(v) . The n f  induce s a  k-algebr a homomorphis m 
5 

(coker T) w + (coke r a)v ; an d fo r eac h A € (coke r o)v , w e hav e a 
k-linear ma p 

rx:{h€Hw(ftw)|(i6xi)h=0,l^i^r} =  nW/W/(T6x1,...,T6xr)nWf W -  k 

given b y 
rx(p[l/CT]) =  resv(y X[*/CA] ) ( y €  (coke r T)W ) . 

From th e proo f o f (7.4 ) (loca l duality) , w e no w fin d easil y that : 
There exist s a  uniqu e 0^ w-homomorphism 

t:(coker o) v +  (coke r T) 

such tha t fo r eac h X € (coke r a)v , we hav e 

resw(t(X) il/CT] ) =  resv(X[i|;/Ca] ) 

Remark (12.6.1) . I f th e ma p cp:# w w + Cv v induce d b y f  i s 
admissible (cf . (10.1)) , an d i f p  i s the  compositio n 

Hv<V natura l >  H v (V p ~ ^ < ( V =  Hv (V 
cp 

(with p  a s i n (10.2)) , the n (cf . (9.4 ) an d (10.2) ) 
cp 

resy =  reswop 
and consequentl y the abov e ma p t  is the  uniqu e on e fo r whic h 

t(X)[l/CT] =  p(X[^/Ca]) (X 6  (coke r a)w) . 

§13. Adjunction 
A common strateg y i n studyin g dualit y o n a  k-variet y V  i s t o 

relate V  t o a  non-singula r variet y X , an d the n t o deduc e result s 
on V  fro m correspondin g result s o n X  vi a thi s relation . (Th e 

110 



VARIATIONS 

main proble m usuall y i s t o sho w tha t wha t i s obtaine d i n thi s wa y i s 
intrinsic t o V. ) U p to no w we hav e use d Noethe r normalizatio n t o 
get suc h a  relation . I n thi s sectio n w e us e instea d a  closed  
immersion V  -*• X. Thi s i s the  approac h use d b y Grothendiec k i n [Gl ] , 
by E l Zei n i n [E,par t III ] , an d b y Kun z i n a  recen t preprin t o n 
regular differentials . 

We consider, then , a n n-dimensiona l variet y X , a  d-dimensiona l 
closed subvariet y V  o f X , an d the  (prime ) £>x-idea l f o f 
functions vanishin g o n V . W e assume throughou t tha t V  is no t  
entirely containe d i n th e singula r locu s o f X  ( i .e . X  i s smoot h 
almost everywher e alon g V) . 

The mai n resul t (Theore m (13.5) ) connects  C x an d vi a th e 
fundamental loca l homomorphis m ([Gl,p.149-05] ) 

(13.1) cp : Ext*~d(Gv,ux) >$V, X =  Hm0 ^n'd^2^x/?SX) 

which ca n b e describe d locall y a s follows : 
If Y  = Spec(A ) i s a n affin e ope n subse t o f X , an d P  c A  i s 

the prim e idea l correspondin g t o V  n Y, then , wit h c o = r(Y,ffx ) w e 
have a  natura l ma p 

Ext£~d(A/P,u)) +  Ext£~d(A/P /̂Pu) ) 

- HomA/p(Tor£_d(A/P,A/P ) ,w/Pu)) 

[the secon d arro w bein g give n b y the  natura l map s 
H D  HOMA(F . ,̂ /PO))) HN~D(HOMA/P(F . ®AA/P,A)/PA))) — > HOMA/ P (HN_D (F. <8>AA/P) ,A>/PU)) 

where F . i s a n A-projectiv e resolutio n o f A/ P . . . ] whic h ca n b e 
combined wit h the  natura l ma p 

A^"d(P/P2) -  TorJ_d(A/P,A/P ) 
[arising fro m th e canonica l isomorphis m P/ P >  Tor^(A/P,A/P) plu s 
the natura l anticommutativ e grade d A/P-algebr a structur e o n 
0m*O Torm(A/p'A/p)] t o 9iv e (13-1. ) ove r Y . 

We need t o identif y % ^ x (modul o torsion ) wit h a  modul e o f 
meromorphic d-form s o n V . 

There i s a  natura l exac t sequenc e o f ^-module s 

f / ? _ x * ^ / k / ^ / k — * q J a — - > o  . 
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Over the  ope n subse t U  o f V  wher e X  i s smooth , ^x/k^^X/ k i s 
locally fre e o f ran k n  an d \/f^x = S /^X i s invertible ? 
moreover o n th e ope n subse t U n o f U  wher e V  to o i s smooth , 
f/f i s locall y fre e o f ran k n- d an d y i s injective . I t 
follows tha t ther e i s a  natura l ma p (ove r U ) 

ij,:ftTJ -  Uom0^(An-d?/f2,ttx/fnx) = %vtX\U 

such that , locally , 

(13.2) i^(6vx16vx2 . . .6yxd) [f | A  f 2 A ...Af^_d] 

= 6xfi-'-6xfn-d6xxr--6xx d +  ?fiX 

where the  x ^ ar e function s o n X  wit h respectiv e restriction s x ^ 
to V , th e f . ar e function s vanishin g o n V , wit h natura l image s 
f \ i n f/f ,  an d 6 V (resp . 6^) i s th e universa l derivation , (i p i 
well-defined because , o n th e smoot h par t o f X , i f f  £  f the n 
6f^...6fn_^6f €  ^x/k '  a s ca n k e see n restrictin g furthe r t o 
any ope n se t whos e intersectio n wit h V  i s UQ- ) I t i s easil y see n 
that if ; i s a n isomorphis m ove r UQ . Henc e ther e i s a n isomorphis m 
of constan t sheave s 

(13.2.1) *k(V):"k(V)/ k ^ ^ V , X % k ( V ) 

via whic h the  imag e ( = % v/torsion ) o f th e natura l ma p 

fv x  - * %v x<g>k(V) get s identifie d wit h a n 0v-submodul e %~ x o f 

"k(v)/k-
For example , a t an y v  6  V wher e X  i s smooth, the  stal k 
X̂ v ca n k e describe d a s follows : 
We can choos e (x1,x0,.. . , x )  £  R  = 0V suc h tha t 

(6x^, 6X2, . • • , <$xn) i s a  basi s o f ̂ R/k ' th e subscript s bein g 
arranged s o tha t 6x^,...,6x ^ for m a  basi s o f ̂ k(V)/k " Le* * 
f^ , . . . , f t b e generator s o f th e stal k f^ a R , an d le t J v b e th e 
Oy v~ideal generate d b y th e restriction s t o V  o f al l the  (n-d)x(n -
minors o f th e t  x  (n-d) matri x 

(afi/8xj)l£i£t,d+l^j^n 
(where 3f/3x . i s define d b y th e equatio n 6 f =  I Of/3x.)6x . i n 
nR/k). The n 
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d3.3) ^ , x K = j ; 1 ^ . . ^ ^ 

= {X6x16x2...6xd| A 6 k(V),XJ v c  £  }  U) 

In an y case , w e hav e th e compose d map 

n-d Vl a k(V ) ~  d (13.4) Ex t jj (0v,u>x ) (13.1 ? fV, X (13.2.1 ) >  fV, X C  "k(V)/k * 

THEOREM (13.5) . The imag e o f the  ma p (13.4 ) is containe d i n ~v ; 
and moreove r a t an y poin t wher e X  is locall y Cohen-Macaulay , (13.4 ) 
maps Ex t ̂ "d(0v,2ix) isomorphically ont o E^ . 

Remark. Th e statemen t i s essentiall y local. I n fac t i t wil l b e 
transformed belo w int o Theore m (13.12) , whic h i s a  generalize d loca l 
version o f th e propert y (R3 ) o f residue s give n i n [RD,p.l97] . 
Lacking, however , a  goo d loca l theor y o f residue s (cf . remar k (ii ) 
following (0.1.3) ) w e wil l argue , a s i n §6, i n a  roundabou t way , 
using a  global statemen t (13.8 ) t o reduc e th e proo f o f (13.12 ) t o th e 
easily dispose d o f cas e o f smoot h point s (th e onl y case , b y the  way , 
covered b y (R3 ) o f loc . c i t . ) 

But firs t her e ar e som e corollarie s o f (13.5) . 
COROLLARY (13 .6). If a t v  €  V, X  is smoot h an d V  is locall y  

a complet e intersection , f being generate d b y fi'f 2'* *''fn-d ' 
then, with notatio n a s i n (13.3 ) we hav e tha t c o is invertible , 
generated b y 

6x1...6xd/[8(fx,.../fn_d)/9(xd+i'•••,xnl~ 

(where th e denominato r i s the  restrictio n t o V  of a  Jacobia n  
determinant). 

Indeed, usin g th e Koszu l comple x o n ( f ̂ , . . ., fn-cj) t o calculat e 
Ext1s an d Tor's , on e show s tha t (13.4 ) i s a n isomorphis m a t v , 
whence b y (13.5 ) 

It follow s tha t $ ~ )  depend s only on 0y y : i n fac t i f A  i s any 
commutative domain , with fractio n fiel d F , M a!ny finitely generate d A-module, 
and e1,e2,...,e d a  linearly independen t sequenc e i n M  such that 
M/(Ae2+.. .+Aed) i s a  torsion module. , with 0-t h Fittin g idea l J , the n the 
submodule J ' ^ A e ^ . ^A e d o f A&(M®^F) depend s only on M  (cf . [LS , p.211, 
Proposition]). 
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:Hd(V,^v) :Hd(V,^v) 

and the n (13.3) gives (13.6). 

COROLLARY (13.7). Suppose tha t X  is smoot h everywher e alon g V . 
Assume furthe r tha t V  is locall y (S2) / and tha t moreove r V  is  
locally a  complet e intersectio n outsid e a  subvariet y of codimensio n  
two i n V  ( these condition s hol d fo r exampl e i f V  is normal ). 
Then 

:Hd(V,^v):Hd(V,^v) 

Proof o f (13.7) . A s i n (2.1.3) , w e se e tha t bot h an d $y x 
satisfy (S2 ) (i n particular , % ^ x i s torsio n free , i . e . 

x s  f v x) • Thu s (cf . (3.1.2))'i n checkin g tha t C v = JE£ x, w e 
may remov e fro m V  an y subvariet y o f codimensio n ^  2 , an d s o we 
may assum e tha t V  i s a  loca l complet e intersectio n an d argu e a s i n 
(13.5). Q.E.D . 

• *  • 

The proof o f (13.5 ) wil l occup y th e res t o f thi s section . 

PROPOSITION (13.8) . (a ) There exist s a  uniqu e 0v- homomorphism 

H^EXTJ-d(^v,ûrx)) 

such tha t fo r eac h close d poin t v  €  V, the followin g diagra m commute s 
(where R  = Cv Ty, S  = & . ,  and m  is th e maxima l idea l o f R ) : 
_______ ,  V V  , V ~~—— ~ _____________________________•_•__ • 

H^EXTJ-d(^v,ûrx)) 
X. 

via f | :Hd(V,^v) 
5.ess 

k 

:Hd(V,^v) :Hd(V,^v) :Hd(V, 
Yoneda ' 

:Hd(V,^v) :Hd(V, 

(b) I f Cv is Cohen-Macaulay , then n  is a n isomorphis m a t v . 
___ X , V _——_______—______——_—_--— — _____________________________ _ 

Recall: Ext^(S,G ) i s a  universa l 6-functo r o f R-module s G 
(cf. [H,pp.205-206]) , an d th e Yoned a pairing s 

Hj,(S)®sExt|(S,G) - .H^(G) (q * 0 ) 
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can b e define d b y th e followin g condition : 

(13.9) For fixe d y  €  Hm(S) , the famil y o f map s 

Yj:Ext̂ [(S,G) - Hd+q(G) 

given b y 
Ŷ (A) = Yoneda (y<s>A) 

is th e uniqu e homomorphis m o f 6- functors suc h tha t 
Y J ( A ) = [ Hd(A)](y) 

d d 
(i .e . th e imag e o f y  unde r th e ma p Hm(S ) Hm(G ) induce d b y 
A € HomR(S,G)). 

We will prov e (13.8 ) below . Give n (13.8) , i t i s clea r tha t 
(13.5) follow s from : 

PROPOSITION (13.10) . The followin g diagra m commutes: 

I = Ex^~d(0v,u)x) (13.4) 
J6V,X 

inclusion 

qdqd inclusion 

qd 

ftd 
Hc(V)A 

If Propositio n (13.10) is tru e a t on e poin t v €  V, the n i t i s 
clearly tru e everywhere . I f X  i s Cohen-Macaula y a t v , s o tha t 
nv i s a n isomorphis m (cf. (13.8 ) (b)), i t follow s the n fro m defini -
tions tha t t o prov e (13.10) at v  (henc e everywhere ) i t suffice s t o 
show tha t th e followin g diagra m - with x  6 X th e generi c poin t o f 
V ( x smoot h o n X) , and c  th e natura l ma p - commutes: 

V, V OL. — 
t V,v 

dqd 
dqd (13.1) 

> «VfX>v 

(13.10.1) 
natural / inclusion natural 

"k(V)/k (13.2.1) >Homk(v)(An-d^x'«x,x^x"x,x)  115
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We proceed the n a s follows . 
As befor e w e denot e b y %  th e collectio n o f al l loca l domain s 

R whic h ar e localization s o f finitel y generate d k-algebra s a t 
maximal ideal s (s o tha t th e residu e fiel d R/m ™ i s finit e ove r k ) . 
We will prov e below : 

LEMMA (13.11). Let R  € % be Cohen-Macaulay , of dimensio n n ; 
let P  be a  prim e idea l i n R  such tha t R p is regular , of 
dimension n  -  d ; and se t S  = R/P . Let g  =  ( g 1 , g 2 , . . . , 9 N _ D ) b e 
an R- regular sequenc e o f element s i n P  such tha t gR p = PR p (suc h 
sequences exis t -  cf . e.g . [LS,p.213 , Lemm a (3.8)]) . Se t c o = af_ . 

Then ther e i s a n isomorphis m 

a:ExtR d(S,a7 ) —HomR(S,co/ga D =  (gaT:P)/ga T 

such that , if fo r an y v  €  gaT: P e  J o we se t 

= a  ̂ "( v +  gaT) €  ExtR d(S,u7) 

then: 

(a) with th e "fundamenta l loca l homomorphism " 

(p:Ext!?~d(S,a?) Hom D (An~dP/P2 , w/Pw) 
as i n (13.1) , and 

gi =  (g i +  p2) e  P/p 2 

we have 
cp(v̂ ) [g1 Ag2 A. . . Agn_d] =  v  +  Pol-

and. 
(b) for an y sequenc e s  =  (s^,.. . ,sd ) i n R  whose imag e i n 

R/gR is a  syste m o f parameters , if 

Ii =  s i +  P €  R/P =  S  ( 1 < , i  < ; d ) 

then the  Yoned a pairin g 

Hd(Ext£~d(S,0))) =  Hd(S)®sExt£"d(S,0) ) -  H^uT ) 

(where m  is the  maxima l idea l o f R ) satisfies 
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Yoneda[v*/(s^,...,sd)] =  Yoneda([l/(s1,...,sd) ]<z>vi() 
= V ( g r . . . , g n _ d , s r . . . , s d ) 

(For notatio n cf . beginnin g o f §7. ) 
Now supposing (13.11 ) t o hav e bee n shown , loo k agai n a t (13.10.1) , 

and se t R  = £L (assume d t o b e Cohen-Macaulay ) , G O = uL, an d S  = • 
Let c..: ^ (0 , cc:ftc uL, b e th e natura l maps . Fo r eac h 
v £  ̂ R/ k le t v  b e i t s natura l imag e i n ^5/ ^ =  ̂ v v , an d choos e 
v' 6  g  w: P suc h tha t 

n;1cs(v) =  v ; . 

Then fo r (13.10.1 ) t o commut e i t i s , i n vie w o f (13.2 ) an d (13.11 ) (a) , 
necessary an d sufficien t tha t fo r al l v , v ' a s abov e 

(13.12.1) v ' =  cR(6g16g2...6gn_d Av ) (mod . Pw p 0  w ) . 

Moreover, wit h "res " a s i n (11.2) , an d notatio n a s i n (13.11 ) (b), 
we must have , i n vie w o f (13.8) : 

resg[v/(s1,. . . ,sd)] =  res " [cg(v)/(s1,. . . ,sd)] 

= res ~ [ Yoneda( [1/ (s ,̂ . . . , s"d) ] ®vi) ] 
i . e . 
(13.12.2) ress [v / ( sr . . . , sd) ] =  res ~ [v ' / (gx , . . . , gR_d, s±, . . . , sd) ] 

In summary , (13.8) , (13.10 ) an d (13.11 ) imply : 

THEOREM (13.12) . With notatio n an d assumption s a s i n (13.11) , 
for an y v  £  ̂ R/ k there exist s a  v 1 6  guT:P satisfying (13.12.1 ) 
above. This v 1 is uniqu e modul o gco ; and i t als o satisfie s 
(13.12.2) ( where v  is th e natura l imag e o f v  i n and 
(s1,. . . ,sd) is a s i n (13.11 ) (b)) . 

Remarks. (i ) Th e uniqueness o f v1 (mo d gC) result s fro m th e 
equality 

(gw:P) (1 (Pw p f] B = (guf:P) fl gufp = guT 

which hold s becaus e th e natura l ma p 
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(gaT:P)/gG> -* u?p/gafp = [ (goT: P) /gw] ®g k (V) 

is injective, th e sourc e bein g isomorphi c t o c? g (cf . (13.11 ) an d 
(13.8) (b) ) whic h i s torsio n fre e (cf . (2.1.3)) . 

(ii) Conv ersely, (13.8) , (13.11 ) an d (13.12 ) (fo r R  = 0W TT, 
S =  CV v) imply tha t (13.10.1 ) commutes. Fo r (13.12 ) (a, ) give s u s a n 
S-homomorphism 

$:ftg -> (gC:P)/gco 

(viz. 3(v) = v' + guf) , suc h tha t 

ft (gcorPj/g w — Ext""-d(S ,w) (13,1 ) Hom D (An~dP/P2,ff/Pff) 
S R  K 

'k (V) A (13.2.1) 
"> Homk(v ) (A^^Rp/P^^p/PSp) 

commutes. (Not e tha t to =  ft  sinc e i s regular . Not e als o 
F K p _  F 

that 3  i s well-defined , sinc e i f v =  0 , the n w e hav e (vi a (13.2.1) ) 
that 6 g .  ..6g .  A  v £ PuL ,  whenc e -  b y th e uniquenes s i n (13.12 ) -— i _  1 v* =  0. ) S o w e nee d t o sho w tha t a 3 = n v cg . But , sinc e th e pai r 
(afs,resg) i s locally dualizin g (cf . (0.6 ) (c ) ) ,  therefore , b y (13.8 ) 
so i s th e pai r (Extg" d (S, uf) , res~<>Yoneda) ; an d w e ca n verif y tha t a 3 = n v c g b y firs t applyin g th e functo r Hm , an d the n 
using (13.11 ) (b ) an d (13.12.2 ) t o sho w tha t 

res^oYoneda o  H (̂a_13) =  resg  =  res~° Yoneda°Hd(n"1cg) 

where the  las t equalit y come s fro m (13.8) . 
( i i i ) . Now, given (13.8 ) and (13.11) , we ca n prov e (13.10 ) and 

(13.12) as follows . Firs t not e tha t (13.12 ) i s practicall y trivia l 
when bot h X  an d V  ar e smoot h a t v , g  i s par t o f a  regula r 
system o f parameter s (g^,...,gn ) i n R  (s o tha t g R = P) , an d fo r 
some intege r a 

Si =  (9n-d+i) a ( l * i * d ) . 

(Just tak e v1 = 6g,...6 g ,  A  v, an d us e the  definitio n o f re s 1 n- a 
given i n §7) . A s i n remar k ( i i ) , (13.10.1 ) the n commute s a t suc h a 
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v, an d henc e (13.10 ) holds , an d hence , a s we hav e seen , (13.12 ) 
follows i n full generality ! 

* *  * 

It remain s t o prove (13.8 ) an d (13.11). 

Proof o f (13.8) . Th e uniquenes s o f n  follow s easil y fro m 
local dualit y ((0.6 ) (c)) . 

For th e existenc e o f n , we may replac e X  b y a  compactificatio n 
X an d V by its closure i n X ; s o we may assume tha t X  and V 
are prope r ove r k . 

Consider the n th e standar d spectra l sequenc e 

Ê q = HP(X, Ex£jj (0 V,S>X)) = > Ext ^q(0v,STx). 

Since EP q = 0 fo r p  > d = dim V, w e have edg e homomorphism s 
Hd(X,Ex*q (0 V,S>X)) +  Ext̂ +q(0v,o)x) ( q * 0 ) 

which compos e wit h th e natura l map s 

B x t £ X , f f x ) -  Ext^(0x,wx ) =  Hd+<3(X ,Crx) 

to giv e map s 

(13.8.1) Hd(V,Ex* g (0 V,S>X)) =  Hd(X,Ext̂  (0V,"X)) + Hd+q(X,̂ x) (q*0) . 

X bein g proper , o f dimension n , we ca n tak e q  = n - d  an d obtai n 
a compose d ma p 

Hd(V, ExtJ" d (0v,ux) ) -  Hn(X,o)x ) ^ > k. 

Since oTv is dualizing , w e hav e the n a  corresponding map 

Bxt£X,ffx) - Ext^(0x,wx) = H 

Now for any close d poin t v  6 X conside r the  cub e 
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<(EX*;rd(0V,FOX)) 
EX*;rd(0V,FOX)) 

Yoneda 
VP 

Hv<"x> 
(13.8.1) 

N1 

> Hd(V,~v) 

Hv<"x> 

res~ 

Hn(X,aTx) 
6 

res~ 

k 

gfv 

k 

with horizonta l arrow s representin g natura l maps . I t is clea r tha t 
the fou r face s whic h d o no t hav e "Yoneda " as an edg e commute . Th e 
assertion i n (13.8)(a ) i s tha t th e fac e o n th e lef t sid e commutes ; 
to prov e thi s i t wil l b e enough t o show tha t th e rea r fac e commutes . 

For thi s purpose , i n the constructio n o f n  replac e th e functo r 
r(X,•) b y i ts subfunctor rv(• ) (sections supporte d a t v  € X) t o 
get a  composed map 

6:Hd( Ext^~d(Cv,ux)) -  Ext*(Ov,ux) 
X 

Hd( Ext^~d(Cv,ux)) 

(where Ext ^ is th e derive d functo r o f T^o Horn). Clearl y the  rea r 
face wil l commut e i f "Yoneda " i s replace d b y "3". So w e nee d onl y 
show tha t 

(13.8.2) 3 = Yoneda . 

120 



VARIATIONS 

The questio n is local , s o w e replac e X  b y R  = Ùw ân d V 
by S =  Orj • Also, i n th e constructio n o f 3, we ca n replac e ~ 
by a n arbitrar y R-modul e G , an d w e ge t G-functoria l map s 

3q(G):Hd(Ext^(S,G)) - Ĥ +q(G) ( q k 

(where m is th e maxima l idea l o f R) . We can the n prov e (13.8.2) 
by showin g tha t th e condition s i n (13.9) hold wit h "3" in plac e o f 
H Y » 

First o f al l , then , w e hav e t o sho w tha t 

B°(G) :Hd(HomR(S,G) ) • > Hd(G) 

is th e ma p induced b y th e natura l inclusio n (i .e . "evaluatio n a t 1" 

(Note tha t th e diagra m 

e:Hom_(S,G) <= >  G. 

Hd(S)0Hom (S,G ) 

vtakes y&X to [H (̂X) ] (y) 

Hd(Hom0(S,G) ) :  :— : >Hd(G ) 
"I R  VI A INCLUSIO N M 

commutes.) Fo r thi s w e le t I * b e a n R-injectiv e resolutio n o f G 
then exten d th e natura l (inclusion ) ma p of complexe s 

HomR(S,I*) >  Horn (R,I* ) =  I* 

to a  ma p of Cartan-Eilenber g resolution s (doubl e complexes ) C  • + D 
and conside r th e resultin g ma p 

rm<c"> -  rm(D") , 
which induce s a  natura l homomorphis m o f spectra l sequences ; i n 
particular w e obtai n th e commutativ e diagra m 
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Ed0(C,#) = Hd(HomR(S,G)) >Extd(S,G) 

via e 

E2°(D- ) =  Hd(HomR(R,G) ) = Extd(R,G) = Hd,(G) 

which give s u s th e desire d result . 
Second, w e hav e t o sho w tha t 3 is 6-functorial , i . e . i f 

(13.8.3) 0  • > G' -  G  +  G " + 0 

is a n exac t sequenc e o f R-modules , the n th e resultin g diagra m 

Hd(Extj*(S,G") ) Extd+q(S,G") Hd+q(G") 

1 2 

H^Extj^CS,^)) Ext£+g+1(S,G') Hâ+q+1(G') 

commutes fo r al l q  ^  0 . Thi s i s easil y checke d fo r th e subdiagra m 
(2) . A s fo r (l ) ,  w e choos e a n exac t sequenc e o f injectiv e 
resolutions. 

0 >  I' * >  I- >  I" # >  0 

over (13.8.3) ; an d then , wit h J1 * =  Hom_)(S,I1' ) etc. , w e hav e a n 
exact sequenc e 

0 >  J' * —J •  >  J" ' >  0 . 

The horizonta l arrow s i n (l) com e fro m th e standar d spectra l sequence s 
for th e hypercohomologie s B^(JH' ) , K^J'" ) respectively . Ther e i s 
however a  natura l ma p fro m th e mapping con e K * of u  [H,p.26 ] t o 
J"" whic h induce s homolog y isomorphisms ; s o w e may replac e Hm(J"* ) 
by Um(K#) . Bu t the n th e vertica l arrow s i n (l ) ar e thos e associate d 
to th e natura l projectio n K * - > J"[l] ,  wher e [1 ] denote s "shiftin g 
one plac e left " (cf . remark s precedin g (8.6)) . Th e commutativit y 
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of (T) results , an d tha t finishe s th e proo f o f (13.8 ) (a) . 

Now we prov e (13.8)(b) . Wit h R  an d S  a s above , ( R no w 
being assume d Cohen-Macaulay) , t o sho w tha t n  i s a n isomorphis m we 
may pass t o completions ; s o w e kee p th e sam e notation s a s before , bu t 
assume tha t R  an d S  ar e complete . 

It suffice s the n t o sho w tha t th e pai r consistin g o f 
E = Ext^ d(S ,aL) togethe r wit h th e map 

(13.8.4) H * < E ) Yoneda Yoneda resR 
k 

represents th e functo r Hom̂ . (Hd (E) , k) o f S-module s E . I n othe r 
words, w e nee d t o sho w tha t the compositio n (13.8.4 ) ©natura l in th e  
following diagra m i s a n isomorphism . 

(13.8.5) 

Ext£~d(E,wR) a Homs(E,E) 

via Yoneda natural 

HomR(Hd(E) ,H£(£R) ) i via 
Yoneda Homs(H (̂E),Hd(E)) 

resR (13.8.4) 

Homk(H (̂E),k) 

Here o  correspond s t o th e natura l pairin g 

(13.8.6) ExtR"d(E,œR)0E =  ExtR"d(E,oTR)® HomR(S,E) + ExtR"d (S , uTR) = E. 

But th e diagra m (13.8.5 ) commutes: fo r th e lowe r triangle , thi s i s 
clear, an d fo r th e squar e i t i s equivalen t t o th e commutativit y o f 
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ExtR d(E,CR ) ®E ® Hd(S) 

ExtR""d(E,a)R) 0Hd(E) 

via(13.8.6) 

YONEDA Hm<̂R> 

-> Ext£ d(S,wR ) ̂ H (̂S) 

YONEDA 

which i s readil y checke d (fo r exampl e b y replacin g u ) b y a  variabl e 
R-module G  an d usin g (13.9)) . I t wil l suffice , therefor e t o show : 

(13.8.7) (Ful l Loca l Duality) . For an y R- module G , the  
composition 

.n-d . ~ .  VI A YONEDA .  T T /TTd,̂ , N TTn ,~ .  X  RES R v  TT /TTd,̂ N .  x ExtR (G,0)r ) >  HomR(Hm(G) ,Hm(o)R) ) >  Homk (Hm(G) ,  k) 

is a n isomorphism ; 

and, i n addition , that : 

(13.8.8) for an y S- module E , the ma p a i n (13.8.5 ) is a n  
isomorphism. 

By ((0.6)(c) ) w e hav e a  natura l isomorphis m o f functor s o f 
R-modules G : 

HomR (G, afR) — H o m k (Ĥ (G ) , k) , 

which the n extend s uniquel y t o a  homomorphis m o f 6-functor s 

(13.8.9) ExtR(G,u)R ) —Homk(Hni"1(G ) ,k) ( i ^  0). 

Replacing d  b y n  -  i  i n (13.8.7) , an d Yoned a b y (-l)iYoneda , w e 
get a  homomorphis m o f 6-functors , whic h coincide s wit h (13.8.9 ) fo r 
i =  0 , an d henc e fo r al l i . S o (13.8.7 ) assert s tha t (13.8.9 ) is  
an isomorphis m fo r al l i . Bu t thi s follow s fro m the  fac t that , R 
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being Cohen-Macaulay , w e hav e H (̂F ) =  0  fo r an y fre e R-modul e F 
and an y intege r i  ^  n  =  dim R  [G3,p.13,Prop . 1.1 2 an d p.47 , Cor . 
3.10], s o tha t th e targe t i n (13.8.9 ) i s th e derive d functo r o f 
Homk(HjJl(G) ,k) . 

In particular , i f E  i s a n S-module , the n 

ExtR"*d"1(E,0)r) =  Homk(Hd+1(E) ,k) =  0 

and s o th e functo r Ext!?~ d (E,w )  o f S-module s E  i s left exact . 
From this (13.8.8 ) follow s (cf . [G3,p.49,Prop . 4.2] ; th e cas e wher e 
E i s finitel y generate d woul d suffic e fo r ou r purposes , bu t anywa y 
the genera l cas e reduce s t o thi s on e vi a direc t limits) . 

This complete s th e proo f o f (13.8) . 

* *  * 

Proof o f (13.11) . Conside r th e diagra m 

(13.11.1) 

© / 

HomR ( S, ExtR d ( R/gR, of) ] 
sevaluate at 1 

ExtR d(S,af) © Ext̂ "d(R/gR,or) 

(13.1) 
\0t 

cp 
¿1 

HomR(S,af/gaf) © HomR(S,HomR(An"dgR/(gR)2,u/g~) ) (13.1) 

HomR ( An"dP/P2 f io/Pw) 
© 

Horn ( An dgR/ ( gR) 2, co/gST) 
R 

Here th e ma p (5) correspond s to th e natura l ma p R/g R -** S; an d th e 
map (l ) i s the  uniqu e on e makin g th e uppe r triangl e commute . A s i n 
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the proo f o f (13.8.8 ) jus t above , sinc e the  functo r Ext! ? d(E,oii ) o f 
R/gR-modules E  i s lef t exact , therefor e ®  is a n isomorphism . 

The map s labelle d (13.1 ) ar e fundamenta l loca l homomorphisms ; 
and the y ar e isomorphisms a s ca n b e see n b y usin g the  Koszu l comple x 
K (g) determine d b y th e regula r sequenc e g  a s a  projectiv e 
resolution o f R/ g t o calculat e (13.1 ) explicitly . 

The ma p (3 ) correspond s t o th e isomorphism S  —A n dgR/(gR) 2 
taking 1  t o the  natura l imag e o f g ^ A g2 A. . . A gn_^ 

Thus th e ma p a  give n b y 

a =  ©  -1о (13.1) o@ 

is a n isomorphism . 
The assertio n (13.11 ) (a ) the n follow s fro m th e commutativit y o f 

the diagra m (13.11.1) , whic h w e leav e t o th e reade r t o check . ( A 
variant o f al l thi s i s give n i n [LS,p.218 , Lemm a (A.2)]) . 

As fo r (13.11 ) (b) , w e firs t not e tha t ther e i s a  commutativ e 
diagram 

ExtR (S,OJ ) 
2 

Ext£~d(R/gR,w) 

HomR(Ĥ (S) ,HJ}j(SJ) ) HomR(Hd(R/gR),H£(£)) 

where th e horizonta l arrow s ar e induce d b y th e natura l ma p R/g R S 
(so tha t ®  i s th e sam e a s i n (13.11.1)) , an d the  vertica l arrow s 
by Yoneda . A s before , i f w e us e the  Koszu l comple x K_(g ) t o n-d ~  s~\ calculate ExtR ~ (R/gR,u> ) , w e fin d tha t ®  take s t o th e 
cohomology clas s o f th e (n-d)-cocycl e 

v e goo : P c o f = HomR(R,ca) =  HomR (KR(g) n_d, of) . 

We see then , afte r a  l i t t l e thought , tha t i t wil l suffic e t o prov e 
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the followin g statement : 

(13.11)(b)' The Yoned a produc t o f 

[ l / ( s1 , . . . , sd] e H (̂R/gR) (si =  (s i +  gR) e R/gR) 

with th e equivalenc e clas s (KR(g) ) i n Ext R (R/gR,R ) of th e exac t  
sequence consistin g o f KR($ ) together wit h it s natura l augmentatio n 
KR(g)Q =  R -» R/gR, i s 

[ l / (gr • 'gn-d'sl'-'"sd)] 6  Hm(R ) ' 

Now we hav e a  natura l ma p of 6-functors (o f R-module s G ) 

Ext1(R/(g,s)R,G) ̂— » Ĥ (G) ( i ^  0) 

T0 , [which ma y be though t o f a s th e Yoned a produc t wit h 1  €  Hm(R/(s,g)R)], 
and, henc e a  commutativ e diagra m 

ExtR(R/(g,s)R,R/gR) <S > ExtR"d (R/gR, R) T0 1 > Hd(R/gR) ® ExtR"d (R/gR, R) 

Yoneda Yoneda 

ExtR(R/(g,s)R,R) -> H„(R ) 

On the othe r hand , accordin g t o th e definition s i n §7 , w e fin d (wit h 
i =  d , G  =  R/gR) tha t 

[ l / ( I r . . . , Id )J =  i<KR/gR(i) > . 

Similarly (wit h i  =  n , G  =  R), 

[i/(g1,-..,gn_d,s1,...,sfJ)] =  T<KR(g,s)> 
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So (13.11) (b) 1 follows from : 

(13.11)(b)": The Yoned a produc t o f 

and 

<KR/gR(s)> < E ExtJ(R/(g,s)R,R/gR ) 

<KR(g)> € ExtR d(R/gR,R ) 

<KR(g,s)> e ExtR(R/(g,s) R ,R ) . 

As i n (13.9) , w e ca n characteriz e th e Yoned a pairin g (fo r 
R-modules E , F , G ) 

ExtR(E,F) ® R ExtR(F,G) ^  ExtR+q(E,G) 

as follows : fo r fixe d E , F  and fixe d y  6  ExtR(E,F) , th e famil y o f 
maps 

Yq:Extq(F,G) ̂ Extd+q(E,G ) 

given b y 
Yq(A) = Yoneda(y ®X) 

is th e uniqu e homomorphis m o f 6-functors suc h tha t 

Y°(X) = image o f y under the  ma p Extd(E,F ) Extd(E,G ) y K K 
induced b y X 6 Hom-̂ F̂ G). 

It follow s tha t thi s pairin g i s give n b y pastin g (composition ) o f 
exact sequence s (cf. [M , Ch. Ill, §9]). 

This bein g so , i t i s clea r tha t (13.11) (b)" follows fro m 

(13.11) (b)"1 . Let R  be an y commutativ e ring , and le t h  =  (h^, . 
be a n R- regular sequence . Then, in ExtR(R/hR,R) , the equivalenc e  
class (KR(h) ) is th e sam e a s the  clas s o f th e compositio n 
a,a?...a, of the  followin g exac t sequences : 
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(a1) 0  >  R R  »  R/hjR •  0 

(a2) 0  »  R/h R ^  R/h1 R >  R/(h1,h2)R >  0 

h 
(a )  0  >  R/(h ,..., h .  _)R —2-»R/(h_,..., h .) R >  R/(h_,...,h ) R —> 0 

n 1  n- 1 1 n- ± I n 

Proof o f (13.11 ) (b ) '". W e need onl y fin d a  ma p \p o f complexe s 
K_(h) • > a,a0...a ove r th e identit y ma p of R/hR , whic h i s th e K J . z n 
identity ma p of R  i n degre e n . 

Let (e^,e2,...,en ) b e th e standar d basi s o f Rn , an d defin e 
i|; i n degre e j  b y 

^:Aj(Rn) - * R/(h1,...,hn_j-1)R ( 0 < ; j < ; n) 

(the targe t i s R  fo r j = n - l o r j = n ) wher e 

\p . (e . Ae . A...Ae . )  = 1 i f (i . ,  i0, . . . , i .  ) =  (n-j+l,n-j+2,. ..,n ) 
1 2  j 

= 0  otherwise . 

This ij > ha s th e require d properties . 
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APPENDIX A 
Projective Noethe r normalization . 

In thi s Appendi x w e prove : 
PROPOSITION (A.l) . Let V  be a  d- dimensional projectiv e variet y  

over a  fiel d k , and le t v  £  V be a  smoot h point . Then ther e exist s  
a finit e ma p f: V 3 P = 3Pd which i s etal e a t v . 

Remark. Geometricall y ( i .e . whe n k  i s infinit e an d v  i s a 
k-rational point ) (A.l ) i s clear : projec t V  e PN fro m a  linea r 

d ^  e PN whic h meet s neithe r V  no r th e tangen t spac e t o V 
at v . 

The mai n difficult y arise s whe n k  i s finite . 
Proof o f (A.1) . Recal l tha t V  i s smoot h precisel y wher e the 

differential shea f i s fre e o f ran k d , an d tha t a  map 
f:V - > P i s etal e precisel y wher e th e relativ e differentia l shea f 
V̂/IP =  ̂ ' S o th e cl°sur e o f v  contain s point s whic h ar e bot h 

smooth an d closed , an d w e may assum e tha t v  itsel f i s closed . The n 
if t n i s th e maxima l idea l o f 0  ,  0  / m i s finit e an d separabl e 
over k , an d f  i s etal e a t v  i f an d onl y i f m  i s generate d b y 
the maxima l idea l o f f(v) • S ° i t wil l b e enoug h t o fin d a 
sequence (g^gj , .  . ./9^) o f form s ( = homogeneou s elements ) i n th e 
homogeneous coordinat e rin g k[V ] (define d wit h respec t t o som e 
embedding V  ^IP ) , al l o f the  sam e degree , suc h tha t g ^ (v) ^  0 , 
gi/g0 d  ^  i  ^  d) generat e m , an d k[V]/(g^,g| , ,g^ ) i s finite -
dimensional ove r k . (The n w e ca n tak e f  t o b e the  ma p associate d 
to th e inclusio n k  [g^, . . . ,-g^] c : k [V] .) 

The cas e d  =  0  i s trivial , s o assum e tha t d  >  0 . Pic k a n 2 
element g-̂ / h i n m  - m*** , wher e g ^ an d h  ar e form s i n k  [V] o f 
the sam e degree , wit h h(v ) ^  0 . Assum e inductivel y tha t a  sequenc e 
(g^,g2/•••/9j) ( 1 £  j  <  d) o f form s ha s bee n foun d suc h that : 

(a) fo r eac h i  £  j , ther e i s a  for m havin g the  sam e 
degree a s g^ , wit h £^(v ) ^  0 , an d suc h tha t €  m' 

(b) i f m. i s th e idea l m 2 + (g,/£ , , . . . ,g./&. ) i n 0  x r 
J x x J J 2 v, v 

(J^ a s i n (a)) , the n th e (0y v/m)-vecto r spac e im/ m ha s 
dimension j  ; 

(c) ever y prim e idea l i n k[V ] containin g g^,. . . ,g j ha s 
height 2 > j . 
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Let M  e  k[V ] b e th e prim e idea l correspondin g t o v , le t 
Y j£ M b e a  for m o f degre e 1 , an d le t M . c  M  b e th e homogeneou s 
ideal whos e element s o f degre e e  >  0 ar e th e form s g  suc h tha t 
g/^e €  ntj (cf . (b ) above) . The n M  £  M j (sinc e m  £ m , j  bein g 
< d); an d i f ^ , . . . , » s ar e prim e ideal s whic h ar e minima l amon g 
the one s containin g (g^/•••#9j) , the n M  £  D̂ , becaus e M  ha s 
height d  >  j  =  height fc^. I  clai m the n that : 

(A.1.1) ther e i s a  for m 

gj+l 6  M "  (M j U  *1 U  *2 U # ' *U V  ' 

Once (A.1.1 ) i s proved , w e ca n continu e i n th e sam e way , t o buil d 
up a  sequenc e (g-̂ / • • • ,g^) o f form s suc h tha t th e abov e condition s 
(a), (b) , (c ) ar e satisfie d fo r j  =  d . W e can als o choos e a  for m g Q 
not lyin g i n an y o f th e minima l prime s o f th e idea l (g1,...,g^)k[V ] 
(cf. [ZS , p.286]) . S o (g0,glf...,gd ) ha s al l th e require d 
properties, except tha t th e g ^ ma y have differen t degrees . W e will 
return t o thi s proble m below , bu t firs t le t u s prov e (A.1.1) . 

As i n [ZS , p.286] , ther e i s a  for m 
YQ € M -  (D1 U...U as) 

and w e may assume tha t yQ €  M.. (otherwis e tak e = YQ)• A 
similar argumen t yield s th e followin g Lemma , whic h w e nee d t o complet e 
the proof : 

LEMMA (A.1.2) . Le t a 1 , . . . , QT b e homogeneou s ideal s i n k[V ] 
such tha t k[V ]/ai ha s Krul l dimensio n >  0 fo r 1  < . i < ; t. The n 
there i s a n intege r n ^ suc h tha t fo r ever y n  ; > n^, ther e exist s 
a for m g  6  k[V] o f degre e n  wit h 

t 
g £ U  0. . 

i=l 1 
Proof. Th e assertio n i s clea r whe n t  =  1  (conside r th e 

Hilbert polynomia l o f k[V ]/Q^). Assum e the n tha t t  >  1. Afte r 
replacing < T b y a  suitabl e prim e idea l containin g i t , w e may assume 
that < T i s prime . W e may als o assum e tha t £  i f i  ^  j. 
For eac h pai r i  ^  j  choos e a  for m a ^ i n 0̂  - Q_., an d se t 

a. = ( I I a.. ) e (  n  o  )  - Q 
3 i^ j 1 3 i^ j 1  3 
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Let 6. b e th e degre e o f a. , an d le t 6 = max, .  (6.). Le t 6' 
be a n intege r suc h tha t fo r an y j  wit h 1  ^  j  < ; t an d fo r an y 
n' ^  6* ther e i s a  for m b . ,  o f degre e n 1 no t containe d i n 0. 

3 rn 3 (cf. th e abov e cas e t  =  1) . Then , fo r an y n  ^  6  + 6' , th e for m 
2j ajk j n -6 ha S ^e9re e n  an d l ie s i n n o Qj. Q.E.D . 

Returning no w t o (A.1.1) , w e procee d b y inductio n o n s , th e 
case s  =  0  bein g trivial . W e may assume , b y th e inductiv e 
hypothesis, tha t fo r eac h i  =  1 ,2 , . . . , s , ther e exist s a  for m 

y± €  M -  (M j U  t)± U... U i . U... U *s ) 

(where "8̂ " means, a s usual , "omi t fc^").  I f y ^ £  * r fo r som e i , 
then w e ca n tak e =  Yj_ - S o assum e y ^ 6  I K fo r al l i . Choos e 
n̂  a s i n (A.1.2) , an d le t m  b e a n intege r larg e enoug h tha t 

s 
n =  m(degree yn ) -  (degre e y, ) +  £  (degre e y. ) ^  nn u l  i= 2 1  u 

(where, a s above , y, j €  M_. -  ( U . . . U fcg) )  s o tha t ther e i s a  for m 
g o f degre e n  no t lyin g i n M  U  U... U bQ. The n conside r th e 
form 

gj+l =  gYl +  Y0Y2Y3-"Y s ' 

Since g n £  M  an d y ^ £  M , w e fin d tha t gy ^ £  M_ . . Also , fo r 
i >  2, g  H . an d y 1 £  ^  s o gy 1 £ ti^. Moreove r gy1 €  ^  an d 

Y™Y2...Y8 6  (M j n  » 2 n... n 6S > -  \  . 

The assertio n (A.1.1 ) follows . 

We consider no w the sequenc e (gQ,...,gd ) foun d above . W e will 
construct a  sequenc e o f form s (h^,h^,...,h^ ) suc h tha t 

(i) hi(v ) ? 0  ( 0 < ; i *  d ) ; 

(ii) al l th e form s hig i ( 0 < ; i < ; d) hav e th e sam e degree ; an d 

(i i i) k[V]/(h0g0,h1g1,...,hdgd ) i s finite-dimensiona l ove r k . 
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Then th e sequenc e (g| ) =  (higi ) ha s al l th e propertie s neede d -
as previousl y explaine d -  fo r th e proo f o f (A.l) . 

We choose h ^ t o b e an y for m no t containe d i n an y o f th e 
minimal prime s o f (g^,...,gd)k[V]. Assum e tha t w e hav e foun d form s 
hQ,h1,...,hj ( j <  d) suc h tha t (v ) /  0  ( 0 £  i  £  j ) , suc h tha t 
all th e form s ^ig i ( 0 £  i  £  j ) hav e th e sam e degree , sa y $  ,  an d 
such tha t 

k[V]/(h()g0,h1g1, . .. ^ g . . ,g.+1, .. .  ,gd) 

is finite-dimensional . Lemm a (A.1.2 ) give s u s a n n Q suc h tha t fo r 
n £  n Q ther e exist s a  for m h(n ) o f degre e n , no t lyin g i n an y o f 
the minima l prime s o f th e idea l 

(hQg0,h;Lg1, . .. /h^g^ , g, .  . .,gd) k [V] , 

and suc h tha t ĥ n̂ (v ) 7 * 0. Le t =  degree h i ( 0 £  i  £  j ) an d le t 
r b e an y commo n multiple o f th e r ^ suc h tha t 

nr =  r  +  6 - degree(9j+1 > *  nQ. 

Then replacin g h i b y h \ 7  i  ,  an d settin g n_.+ 1 =  h(n^, w e 
have th e sam e condition s a s abov e wit h j  replace d b y j  +  1 . 

Continuing i n thi s way , w e complet e th e construction . 
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