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On the Second Order Derivatives of Convex Functions
on the Heisenberg Group

CRISTIAN E. GUTIERREZ — ANNAMARIA MONTANARI

Abstract. In the Euclidean setting the celebrated Aleksandrov-Busemann-Feller
theorem states that convex functions are a.e. twice differentiable. In this paper we
prove that a similar result holds in the Heisenberg group, by showing that every
continuous H-convex function belongs to the class of functions whose second
order horizontal distributional derivatives are Radon measures. Together with a
recent result by Ambrosio and Magnani, this proves the existence a.e. of second
order horizontal derivatives for the class of continuous H—convex functions in the
Heisenberg group.

Mathematics Subject Classification (2000): 35B50 (primary); 35B45, 35H20
(secondary).

1. — Introduction

A classical result of Aleksandrov asserts that convex functions in R” are
twice differentiable a.e., and a first step to prove it is to show that these
functions have second order distributional derivatives which are measures, see
[4, pp. 239-245].

On the Heisenberg group, and more generally in Carnot groups, several
notions of convexity have been introduced and compared in [3] and [7], and
Ambrosio and Magnani [1, p. 3] ask the natural question if a similar result holds
in this setting. Recently, these authors proved in [1, Theorem 3.9] that BVHZ]I
functions on Carnot groups, that is, functions whose second order horizontal dis-
tributional derivatives are measures of H-bounded variation, have second order
horizontal derivatives a.e., see Subsection 2.1 below for precise statements and
definitions. On the other hand and also recently, Lu, Manfredi and Stroffolini
proved that if u# is an H-convex function in an open set of the Heisenberg group
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H! in the sense of the Definition 2.4 below, then the second order symmetric
derivatives (X;X;u + X;X;u)/2, i, j = 1,2, are Radon measures [7, Theorem
4.2], where X; are the Heisenberg vector fields defined by (2.1). Their proof
is an adaptation of the Euclidean one, it is based on the Riesz representation
theorem, and it can be carried out in the same way for H". However, to prove
that H-convex functions u are BVH%, one should show that the non symmetric
derivatives X; X;u are Radon measures. Since the symmetry of the horizontal
derivatives is essential in the proof of [7, Theorem 4.2], this prevents these au-
thors to answer the question of whether or not the class of H-convex functions
is contained in BV{.

The purpose in this paper is to establish the existence a.e. of second
order horizontal derivatives for the class of H-convex functions in the sense
of Definition 2.5. We will actually prove the stronger result that every H-
convex function belongs to the class BVfH answering the question posed by
Ambrosio and Magnani in the setting of the Heisenberg group. In order to do
this we use the technique from our work [5] which we shall briefly explain.
Indeed, following an approach recently used by Trudinger and Wang to study
Hessian equations [10], we proved in [5] integral estimates in H' in terms of the
following Monge—Ampere type operator: det H(u)+ 12 (u,)?, see Definition 2.4.
We first established, by means of integration by parts, a comparison principle
for smooth functions, and then extended this principle to “cones”. Together
with the geometry in H!, this leads to an Aleksandrov type maximum principle
[5, Theorem 1.3]. Moreover, in [5, Theorem 1.4] we proved the estimate of
the oscillation of H-convex functions. This estimate furnishes L’ estimates of
the Lie bracket [X;, X,]Ju = —4d,u of H-convex functions on H' and permits
to fill the gap between the results in [7, Theorem 4.2] and [1, Theorem 3.9],
and to prove that

[X,', Xj]u + (Xin + XjX,')M

Xinu = 3 ) ,

i,j=1,2,
are Radon measures.

Following the route just described in H', in this paper we introduce in
H" the operator or(H(u)) + 12nut2, where o, is the second elementary sym-
metric function of the eigenvalues of the matrix H(u), we define the notion of
02(H)-convex function related to this operator, and as a main tool we establish
a comparison principle for o,(H)-convex functions, see Definition 2.6 and The-
orem 3.1. In this frame, we next establish an oscillation estimate, Proposition
4.3, which yields as a byproduct L? estimates of d,u in H" for a class of func-
tions bigger than the class of H-convex functions. We apply these estimates
to obtain that the class of H-convex functions is contained in BVH%, and as a
corollary of [1, Theorem 3.9] it follows that H-convex functions have horizontal
second derivatives a.c.

The paper is organized as follows. Section 2 contains preliminaries about
H", BVy functions, and the definitions of H-convexity and o, (H)-convexity.
In Section 3 we prove a comparison principle for C? functions. Section 4
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contains the oscillation estimate and the construction of the analogue Monge—
Ampere measures for o;(H)-convex functions. Finally, in Section 5 we prove
Aleksandrov’s type differentiability theorem for H-convex functions in H".

Acknowledgements. We are greatly indebted to Bianca Stroffolini for
useful discussions.

We like to thank the referee for reading carefully the manuscript and for
useful suggestions.

2. — Preliminaries, H-convexity and o, (H)-convexity

Let £ = (x,y,1),& = (x0, Y0, o) € R* x R" x R, and if x = (xq, ..., x,),
y=O1,.--,Yn), then x -y = 27:1 x;y;. The Lie algebra of H" is spanned by
the left-invariant vector fields

Q1) X;j=0, +2y8. Xupj =0y, —2x08 forj=1,_.n.

We have [X;, X1l = X;X,yj — XpyjX; = —40, for every j =1,...n, and
[X;, X;1=X;X; — X;X; =0 for every i #n+ j. If & = (xo, Yo, to), then the
non—commutative multiplication law in H" is given by

ok =xo+x,y0+y, t0+1t+2(x-y0—y-x0)),

and we have ! = —£, (50&) ' =& 'og . In H" we define the gauge
function

1/4
p® = (x4 +12) "

and the distance

2.2) d(£,&) = p(& ' 0 &).

The group H" has a family of dilations that are the group homomorphisms,
given by
81(5) = (hx, y, A%1)

for A > 0. Then
d (8§, 8,60) = L d (&, &o).

For more details about H" see [9, Chapters XII and XIII].
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2.1. — BVy functions

For convenience of the reader, we collect here some definitions and a result
from Ambrosio and Magnani [1] particularized to the Heisenberg group that will
be used in the proof of Theorem 5.1.

—

We identify the vector field X; with the vector (¢;, 0 ,2y;) in R*"! for
j=1,---.n, and with the vector (0 ,ej_,, —2x;_,) for j =n+1,---,2n.
Here e; is the jth-coordinate vector in R" and O is the zero vector in R”.
Given £ = (x,y,t) € R”*!, with this identification we let {X f163 )}2»”1 be the

Jj=
vectors with origin at £ and set H: = span{X;(§)}. The set H; is a hyperplane

in R**!1. Given Q C R we set HQ = UgcqH;. Consider 7. (HQ) the
class functions ¢ : @ — Rt ¢ = 21211 ¢;X; that are smooth and with

compact support contained in €2 and denote by [|¢|| = supscq ij-il |p; (§)].

DEFINITION 2.1. We say that the function u € L'(2) is of H-bounded
variation if

sup{/ udivggdx : ¢ € T | (HQ), ] < 1} < o0,
Q

where divy¢ = Z,zil X;¢;. The class of these functions is denoted by BV (£2).

DErFINITION 2.2. Let k > 2. The function u : Q — R has H-bounded k
variation if the distributional derivatives X;u, j = 1,---,2n are representable
by functions of H-bounded k — 1 variation. If k = 1, then u has H-bounded 1
variation if u is of H-bounded variation. The class of functions with H-bounded
k variation is denoted by BVﬁ(Q).

THEOREM 2.3 (Ambrosio and Magnani [1], Theorem 3.9). Ifu € BV]}%(Q),
then for a.e. &y in 2 there exists a polynomial Pig)(§) with homogeneous degree
< 2 such that

. 1
tim ][ u(€) — Py (§)| dE =0,
Ugo,r

where Uy, , is the ball centered at & with radius r in the metric generated by the
vector fields X;, and

2n

Pigg1(&) = Piggy [ exp | i X; + moua[ X1, Xal | Eo) | = D cant®
Jj=1 ler] <2
with o = (a1, ...,0511), ¢« € R, n% = n}! 17;,2[{’;{] and || = ij»llaj +

2O{2n+l -(1)

(DWe can explicitly compute n = (x — xp, y — Yo, (fo —t + 2(x - yo — ¥ - x0))/4) by solving the
2
ODE§ = exp (377, 1 X + a1 X1, Xa1) (G0
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2.2. — H-convexity and o, (H)-convexity

For a C? function u, let X2u denote the non symmetric matrix [X;X;u].
Given ¢ € C and u € C*(R), let

He(u) = X2y + cu; [_O;n gn} .

DEFINITION 2.4. The function u € C*(2) is H-convex in Q if the 2n x 2n
symmetric matrix

M) = Hau) = [M]

2
is positive semidefinite in €.

Notice that the matrix H.(«#) is symmetric if and only if ¢ = 2. Also, if
(H.(u)E, &) = 0 for all £ € R* and for some c, then this quadratic form is
nonnegative for all values of ¢ € R.

We extend the Definition 2.4 to continuous functions.

DerINITION 2.5. The function u is convex in 2 if there exists a sequence
ur € C*(Q) of convex functions in € in the sense of Definition 2.4 such that
up — u uniformly on compact subsets of €.

On the Heisenberg group, and more generally in Carnot groups, several
notions of convexity have been introduced and compared in [3] (horizontal
convexity), and [7] (viscosity convexity). All these definitions are now known

to be equivalent to Definition 2.5 even in the general case of Carnot groups,
see [2], [6], [8], and [11].

DEFINITION 2.6. The function u € C*(Q) is o»(H)-convex in Q if

(1) the trace of the symmetric matrix H(u) is non negative,
(2) the second elementary symmetric function in the eigenvalues of H(u)

. . . . 2
o (Hw) = {xgux;u - (W) }

i<j
is non negative.
We extend the definition of o, (H)-convexity to continuous functions.

DerINITION 2.7. The function u € C(R2) is o0»(H)-convex in 2 if there
exists a sequence u; € C 2(Q) of 0, (H)-convex functions in 2 such that u; — u
uniformly on compact subsets of €2.

REMARK 2.8. Every H-convex function is o,(H)-convex. The two defini-
tions are equivalent in H'. Moreover, from [3, Theorem 5.11] we have that if
u is convex in the standard sense, then u is H-convex. However, the gauge
function p(x, y,7) = ((Ix|* + |y/»)? —i—tz)l/4 is H-convex but is not convex in
the standard sense.
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3. — Comparison principle

A crucial step in the proof of Aleksandrov’s type theorem, Theorem 5.1,
is the following comparison principle for C? and o, (H)-convex functions.

THEOREM 3.1. Letu, v € C*(Q2) such that u+v is o> (H)-convex in Q satisfying
v=uondQandv < uin 2. Then

[ {0t + 120 @2} de < [ {oa01) + 120 @02} e,

and

/traceH(u)d%‘ S/traceH(v)dS.
Q Q

PrOOF. We can assume u, v € C*(£2). By arguing as in [5], set

.Y v\ 2
ﬂWZOﬂHWD=§:{ﬁmﬁu_(&ﬁﬂiﬁfﬁ>}_

— 2
i<j
. XinM + XjX,'M
We have, by putting r;; = — 5
8S(u) aS(u) X X+ X X;
(3.3) =Y Xiu = el B 5 20 )
rii ji tj

0S(u) s

r,'j

and it is a standard fact that if u is o»(H)-convex, then the matrix

non negative definite, see Section 6 for a proof.
Let 0 <s <1 and ¢(s) = S(v+ sw), w =u —v. Then

/wm—am&
Q

=f/¢m@m
A P

/ /{ZX < (v+sw)X w)—Xi<aari(v+sw)> ij} déds

i,j=1
= A — B.
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Since w = 0 on 922, w > 0 in 2, then the horizontal normal to 92 is

X
vy = ——w. Integrating by parts A we have
|Dw
S0 () s
i,j=1

_/ / ( (v—|—sw)> Xjw l)XidG(g)dS
or;j
! 98 X;w
-, /agi;1<3rz] >|Dw| ’

1 /38
- _5/39 iJZ:l <3rij (v ij) |Dw |do($)

because u + v is o, (H)-convex.
We now calculate B. Let us remark that for any fixed j = 1,...,2n by

(3.3) we have
) +)
15}

0
X:
< )+Z l<8r11
i#]
k#j lsﬁj

XiXiw+ X X0
Gxfo = x (FRE5252))

<[X,,X]Xa) [Xj,Xi]Xiw+Xi[Xj,Xi]w>

Il
>

> x (2

i

‘H~

J

2 2
i#j

=% (F55)

. é{ Xj+n[Xja Xj+i1]wa if j<n
2 XjoalX), Xjoplo,  if o> n,

where, in the last two equalities, we have used the remarkable fact that
[Xi, [X;, Xg]l =0 for every i, j,k=1,...,2n, and [X;, X;] # O iff i = j+n.
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Hence,

2n
= /o1 /sz 2 X ( 8? ( +Sw)> Xjwdéds

i,j=1 arl}

3 1 n
- 5/0 /QZXH'"[XJ"Xj+n](U+Sw)ijd§ds
=1

3 1 2n
+§/0 /sz Z Xl X, X;_p1(v + sw)X;jwdéds

j=n+1

31
- 5/0 /QZXM {IX), Xj1al + sw)X;w} déds
Jj=1

3
_5/0 /QZ[vaXj+n](U+Sw)Xj+anwd%-ds
j=1

2n

1
+;/ / Z X/—"{[Xj’xj—n](v—i-sw)Xju)} déds
0 Ja,

Jj=n+1

3 1 2n
— E/O A Z [XJ, Xj—n](U +Su))Xj_anw dgds
j=n+1

3 ! n
- 5/0 /QZXj+n {_431(1) +sw)ij} déds
j=1

3
B 5/0 /QZ[XJ"Xj+n](v+sw)Xj+anwd§ds

3 1 2n
+ 5/0 /QJZ Xj_n {40, (v +sw)X;w} déds

=n+1
3 1 2n
B 5/0 /QZ [X;, Xj—nl(v+ sw)X;_, X,wdéds
j=n+1
31
- E/o /QZXHn {—40,(v + sw)X;w} d&ds
j=1
31
- 5/0 /QZ;[XJ’Xj+n](v+sw)Xj+anwd§ds
=

31
+ 5/ / ZX/ {49, (v + sw) X, jw} dds
0 Q-
j=1

30
_5/0 /QZ[XJHHXj](U+Sw)Xij+nwd$ds
j=1
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3 1 n
"2 /0 /asz Zl —40;(v +sw)X;jw vy, do(§)ds
]:
3 /! n
B 5/0 /QZ[Xj’Xj+n](v+sw)Xj+anwd§ds
j=1
3 1 n
+ 5/0 AQ;481(U+SW)Xn+jw qu do-(é:)ds
j=
3 /! n
_5/0 /QZ[XJ'—HHXj](v‘f‘sl,U)Xij_’_nwdgds
j=1
3 1 n
:—// Z—4az(v+sw)ijvXj+ndg(§)ds
2 Jo 00 i
3 sl n
B 5/0 /QZ[vaXM](v + sw)[Xj1n, Xjlwdéds
j=1
3 1 n
+ 5/ / Z4at(v+sw)xn+jw VXJ- dO’(E)ds
0 Jag o]
3 sl n
-2 0 /QZ[Xj’XH‘"](U+Sw)[Xj+n,Xj]wdgds
j=1

1 1
= 37’1/0 /s2(481)(v+sw)(48,)wd§ds :24n/0 /Q(atv—}—satw)atwdgds
=120 [ (@ - @02 ds.

Q

This completes the proof of the first inequality of the theorem. The proof of
the second one is similar. O

4. — Oscillation estimate and o, (7)-Measures

In this section we prove that if u is o2(H)-convex, we can locally control
the integral of o5(H)(u) + 1271 (u,)> in terms of the oscillation of u. This
estimate will be crucial for the L? estimate of d,u.

Let us start with a lemma on o, (H)-convex functions.

LEMMA 4.1. Ifuj,u; € C*(Q) are oo(H)-convex, and f is convex in R?
and nondecreasing in each variable, then the composite function w = f(uy, uy) is
o> (H)-convex.
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PrROOF. Assume first that f € C?(R?). We have

2
af
Xiw = E —Xiu,,
J — aup JYp
p=1

~ (o ~_0f
XiXjw=>_ Xxup+z XiugXu, |,

p=1 ou p 3u 8
and for every h = (hy, hy) € R?
2n
(Hw)h,h) = > X;X;wh; h;
i,j=1
2 af
I;M H(Mp)hh-i-z o aup (;Xuq ) ZXMI’ .

Since the trace and the second elementary symmetric function of the eigenvalues

0
of the matrix H(u,) are non negative, 8—f >0 for p =1, 2, and the matrix
Up

(s
Jugdup O

is non negative definite, it follows that w is o, (H)-convex.
If f is only continuous, then given & > 0 let

fh(x)—h/ ( )f(y)dy,

where ¢ € C* is nonnegative vanishing outside the unit ball of R?, and [¢ = 1.
Since f is convex, then fj is convex and by the previous calculation w;, =
Jn(uy, up) is op(H)-convex. Since w, — w uniformly on compact sets as
h — 0, we get that w is o (H)-convex. O

REMARK 4.2. If u, v € C*(Q) are o»(H)-convex, then u+v is o, (H)-convex.
Indeed, it is enough to take f(x,y) =x 4+ y in Lemma 4.1.

PROPOSITION 4.3. Let u € C*(Q) be o2(H)-convex. For any compact domain
Q' € Q there exists a positive constant C depending on Q' and Q2 and independent
of u, such that

(44 | {00 + 120 w)?) dé < Closegur’
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ProoF. Given & € Q let Bgp = Br(&y) be a d-ball of radius R and center
at & such that Bg C Q. Let B,r be the concentric ball of radius o R, with
0 < o0 < 1. Without loss of generality we can assume & = 0, because the
vector fields X; are left invariant with respect to the group of translations. Let
M = maxpg, u, then u — M < 0 in Bg. Given ¢ > 0 we shall work with the
function u — M — ¢ < —e. In other words, by subtracting a constant, we may
assume u < —¢ in Bg, for each given positive constant ¢ which will tend to
zero at the end of the proof.

Define
mo = infu,
Bp
and mo
=7  _(R*—IE1M.
VO = e (R 1Y)
Obviously v = 0 on dBg and v = mg on 9 B,g. We claim that v is o (H)-convex
in Bg and v < mg in Byg. Indeed, setting r = |£]|*, h(r) = Jﬁ(}ﬂ-ﬂ,

and following the calculations in the proof of [5, Theorem 1.4] we get

2
o2(H(®) = eu(lx ] + %) ((l_mﬁ) =0,

with ¢, a positive constant and

mo
>0,

_ 2 2y Mo
trace (H(v)) = —(8n +4) (|x|” + |y| )(1 ZoMRE

because my is negative. Hence v is o, (H)-convex in Bg. So trace (H(v—myg)) >
0 and since v — mg = 0 on 3By, it follows from the maximum principle for
linear subelliptic equations that (v — mg) > 0 in B,g. In particular, v < u in
Bsr.

Let peCy° (R?), radial with support in the Euclidean unit ball, fRz px)dx=1,
and let

@) b =k [ o= /0 max(y vzl ddya

Define
wyp, = fp(u, v).
From Lemma 4.1 wj is oy(H)-convex in Bg. If y € Byr then v(y) < u(y).

If v(y) <u(y) then f5(u,v)(y) = u(y) for h sufficiently small; and if v(y) =
u(y), then f(u, v)(y) = u(y) + o h. Hence

/B (o2(HW)) + 12n ()7} dE = / (o2 (H(wn)) + 121 (wi))?) dE
oR

BsR

< / {02 (H(wp)) + 121 (i)} dE.
BR
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Now notice that f,(u,v) > v in Bg for all h sufficiently small. In addition,
u<0and v=0 on dBg so f(u,v) =0 on dBg. From Remark 4.2 we can
then apply Theorem 3.1 to wy, and v to get

/ (02 (H(wp))+ 120 (Bywp) 2} < / (02(H(W)) + 121 ()} d&
B Bg

(m)/ (a(lx® + 1y%)? + 48n1%) d§

=(mo) R [ (ea(lx]* + y1)*+48n 1) dE.
1-o0) B

Combining this inequality with (4.6) we get
/ {o2(HW)) + 12n (B;u)*} d& < C (mo)*R* 2 < C R*"*(oscppu + €)%,
BO’R

and then (4.4) follows letting ¢ — 0 and covering €’ with balls. O

COROLLARY 4.4. Let u € C?*(2) be o»(H)-convex. For any compact domain
Q' € Q there exists a positive constant C, independent of u, such that

@.7) / o2 (HW)) dE < C (oscqu)’.
Q/
and
(4.8) / (B,u)? dé < C (oscqu)?.
Q/

COROLLARY 4.5. Let u € C*(2) be o2(H)-convex. For any compact domain
Q' € Q there exists a positive constant C, independent of u, such that

4.9) / trace Ho(u) dé < C oscqu.
Q/

4.1. — Measure generated by a o, (H)-convex function

We shall prove that the notion [ o2(H(u)) + 12n ”12 can be extended for
continuous and o;(H)-convex functions as a Radon measure. We call this
measure the o, (H)-measure associated with u, and we shall show that the map
u e C(2) > u(u) is weakly continuous on C(£2).
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THEOREM 4.6. Givenu € C(S2) and o, (H)-convex, there exists a unique Radon
measure (u) such that when u € C*(Q2) we have

(4.10) 1(w)(E) = /E (o2 (HW)) + 12042} d&

for any Borel set E C Q2. Moreover, if uy € C(2) are oy(H)-convex, and u, — u
on compact subsets of 2, then w(uy) converges weakly to p(u), that is,

@.11) /Qfdu(uk)e/Qfdw),

forany f € C(2) with compact support in 2.

PROOF. Let u € C(2) be o, (H)-convex, and let {u;} C C%(2) be a sequence
of o,(H)-convex functions converging to u uniformly on compacts of 2. By
Proposition 4.3

[ttty + 120 ) e

are uniformly bounded, for every Q' € 2, and by [4, Theorem 2, Section 1.9]
a subsequence of (oo(H(ux)) + 12n(3,uz)?) converges weakly in the sense of
measures to a Radon measure p(u) on 2. We shall now prove that the map
ueC2) — uu) e M(R2), the space of finite Radon measures on €2, is well
defined. By the same argument used in the proof of [5, Theorem 6.5], let
{vi} € C*(2) be another sequence of o,(H)-convex functions converging to u
uniformly on compacts of 2, assume (o5 (H (1)) +12n(d,ux)?) and (o5 (H(vr))+
12n(3,v¢)?) converge weakly to Radon measures u, u' respectively. Let B =
Br € @, and fix 0 € (0,1). Let n € C%(Q) be a H-convex function such that
n=0in B,z and n =1 on dBg. From the uniform convergence of {u;} and
{ve} towards u, given & > O there exists k. € N such that

—% <up(x) — ve(x) < %, for all x € B and k > k..

Hence e
Uy + 5 < v+ é&n
on dBg for k > k.. Define Q; = {£ € By : uk+§ > vr+éen}. From Theorem 3.1
and (6.17) we have
/Q{O'Z(H(”k)) +12n(3,up)?} d& E/ o2 (H(ve + &n)) + 12n(d, v + £3,1)*

k Qk

< / 2 (H@W) + 12n(,00)? + €2 C
BR

4.12) +eC (trace H(vg) + |0;vr])
Br

< / o2 (H(e)) + 12030 + €2 C

Br

+eC (traceH(vk) + 19, vel* + 1)
Bg
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and by Proposition 4.3 and Corollary 4.5 the right hand side is bounded by
/ o2 (H(v) + 12n(3,00)* + & C.
BR

By definition of €2; and since n = 0 in B,g, it follows that B,z C € and so
by (4.12) we get

(4.13) /B o2 (Hu)) + 12n () < /B o2 (H(v)) + 120300 + £ C,
oR R

and letting k — oo, we get u(Bsgr) < W' (Bg) + Ce. Hence if ¢ — 0 and
o — 1 we obtain

n(B) < u'(B).

By interchanging {u;} and {vi} we get u = u'.

To prove (4.11), we first claim that it holds when u; € C*(Q). Indeed,
let uy, be an arbitrary subsequence of uy, so u, — u locally uniformly
as m — oo. By definition of u(u), there is a subsequence U, such that

" (”kmj) — w(u) weakly as j — oo. Therefore, given f € Cyp(R2), the se-

quence fﬂ fdu(ur) and an arbitrary subsequence fQ f du(ug,), there exists a
subsequence [, fd ,u(ukmj) converging to [, f du(u) as j — oo and (4.11) fol-

lows. For the general case, given k take u;‘ € C%(Q) such that uf — uy locally
uniformly as j — oo, and then argue as in the proof of [5, Theorem 6.5]. O

CorOLLARY 4.7. Ifu,v € C(Q) are o2(H)-convex in a bounded set Q, u = v
ondQandu > vin 2, then w(u)(2) < u()().

ProOOF. If u = v in 2 then the assertion follows from the previous theorem.
Otherwise we proceed as follows. Let uy, vy € C 2(Q) be sequences of o, (H)-
convex functions in €2, converging uniformly to ¥ and v respectively on compact
subsets of 2. For any 0 < ¢ < maxg(u—v)/3 we define Q, ={£ e Q: u) >
v(&)+e}. Then, Q. C Q and u = v+¢ on d€2,. From the uniform convergence,
given 0 < ¢ < maxg(u — v)/3, there exists k, > 0 such that vy +2¢ > u; on
02, for every k > k.. Moreover, in 23, we have u > v+ 3¢, and we can find
Es > 0 such that u; > vy + 2¢ for every k > %s. Given k > max{k,, %8} we
define @ = (£ € Q: ux(€) > v (&) + 2¢}. By construction 3, C QF C Q,
and u; = vi + 2¢ on dQF. From Theorem 3.1 we then get

) (QF) < (v + 26)(Q5) = (v (6.

Thus, w(ug)(R3e) < w(vg)(2). Letting k — oo we obtain from Theorem 4.6
that

() (§235) < () (€2),

and the corollary follows by letting ¢ — 0. O
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By arguing as in [5, Theorem 6.7] we also get the following comparison
principle for o,(H)-measures.

THEOREM 4.8. Let Q C R*™*! be an open bounded set. If u,v € C(Q) are
02 (H)-convex in Q, u < v on Q2 and u(u)(E) > n(v)(E) for each E C 2 Borel
set, thenu < vin Q.

5. — Aleksandrov-type differentiability theorem for 7-convex functions

As an application of our previous results we finally have the following
main theorem.

THEOREM S5.1. If u is H-convex, then u € BVI% and so the distributional
derivatives X; X;u exist a.e. foreveryi, j =1,...,2n.

Proor. If u is H-convex, then by [7, Theorem 3.1] u is locally Lipschitz
continuous with respect to the distance d defined in (2.2), and X;u exists a.e.
for i = 1,...,2n. Moreover, by [7, Theorem 4.2] there is a Radon measure
dv/ such that, in the sense of distributions

Xinu + Xinu
2

On the other hand, since u is continuous and o, (H)-convex, then by (4.8) d,u
isin L? .. Let K € Q, ¢ = 212.11 $;X; € C*(Q,R*!), with compact support

loc*

in K, [|[¢|| < 1. Since

=dv’, i, j=1,...,2n.

X Xp+ XX 4 (X X1 XX 4 XX,
o 2 o 2

X,'Xj + 28i,i¢nata

then for any i =1,...,2n

/X,-udivx (q&)dg:_/uxi divy (¢)d&
Q Q
2n
- — MX,X(de
2n X X9 + X; X:9;
(5.14) :—Z/Q“( % S % i26,-,i¢n8,¢j) de
j=1
2n 2n .
= AV T2 i d¢;d
;/9@ Ve F ;.1?,//9” ¢;d§

2n 2n
=S IE) F2Y b [ gy
j=1 j=1
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Now, let u, be the horizontal mollification of the function u as in the proof of
[7, Theorem 4.2]. Then u, is H-convex and

'/Qusatqud%_’ = ‘Aatusqudé‘ = c”at”.s”LZ(K) <C,

where ¢, C are positive constants depending on the diameter of K and on the
oscillation of u over K, but independent of ¢. Letting ¢ tend to zero, we get

(5.15) ‘ / uatqﬁ/ds‘ -c.
Q

Thus, by (5.14) and (5.15) we can conclude that
2n 3
/ Xjudivy (¢)ds < v/(K)+C < oo.
Q ;
j=1

Hence, u € BV and the result then follows from Theorem 2.3. O

6. — Appendix

Let A =[a;;] be an n x n symmetric matrix with eigenvalues A, --- , A,
and the second elementary symmetric function

o (A) =s(M) =) Ak

j<k
with A = (A1,...,A,). An easy calculation shows that
as
ﬁ(k) = Z A
J ket j
and
2
1 n n
(6.16) s =50 M| =2
j=1 j=1

0
Lemma 6.1. If 0,(A) > 0 and trace(A) > 0, then ﬁ(k) > 0 for every
J
j=1,...,n.
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Proor. Since

9
trace(A) = a—;(x) 220,

then either A; > 0 or a—(k) > 0. If &; >0, since s(A) > 0, then by (6.16)
Aj

n n 1/2
S 2 (Di)
k=1 k=1

and we get

—(,\) > =) k-2 =0 O
k=1

k#j
PROPOSITION 6.2. If 02(A) > 0 and trace(A) > 0, then

for every x € R".

Proor. Let C be a non negative definite Hermitian matrix. We write

02(A+C) —02(A) =51, ..., ) —S(A1y ooy Ap)
where n,...,n, are the eigenvalues of A 4 C. Since C > 0, then n; > A;,
for any j € {1,...,n}.
1
Moreover, by Lemma 6.1, § = S(A)——mln {BT(M,...,)»H) :j=1, ...,n}EO.

If C is small enough, then

1
02(A+C) — 0a(A) = /is(,wrr(n—)\))dr

= Z/ —(A +t(n —A)dt (nj — 4))
(6.17)

> 8 (nj —Aj) =8 (trace(A + C) — trace(A))
= 4§ trace(C) > 0.

Let us now apply this inequality to the matrix

C=tx-x" =t(xx;), xeR",
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and 7 > 0 small enough. We obtain
(6.18) 02 (A +tx - xT) — 02(A) > S trace (C) = 8tx|*.
On the other hand

n

d a0

— (A4 tx - x1) |m0= Z —Z(A)x,'xj.

dt Py 8a,~j
Then, from (6.18) we get

"9
(6.19) S 2% (A)xixg = 8lxP = 0, Vx e R, 0
i,j=1 daij
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