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Motion by Curvature of Planar Networks

CARLO MANTEGAZZA — MATTEO NOVAGA -
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Abstract. We consider the motion by curvature of a network of smooth curves
with multiple junctions in the plane, that is, the geometric gradient flow associated
to the length functional.

Such a flow represents the evolution of a two—dimensional multiphase system
where the energy is simply the sum of the lengths of the interfaces, in particular it
is a possible model for the growth of grain boundaries.

Moreover, the motion of these networks of curves is the simplest example of
curvature flow for sets which are “essentially” non regular.

As a first step, in this paper we study in detail the case of three curves in the plane
meeting at a single triple junction and with the other ends fixed. We show some
results about the existence, uniqueness and, in particular, the global regularity of
the flow, following the line of analysis carried on in the last years for the evolution
by mean curvature of smooth curves and hypersurfaces.
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1. — Introduction and basic definitions

In this work we address the problem of the motion by curvature of a network
of curves in the plane, where by network of curves we mean a connected planar
graph without self—intersections.

The evolution by curvature of such a network is the geometric gradient
flow with respect to the energy given by the Length functional which is simply
the sum of the lengths of all the curves of the network (see [10]).

We point out two motivations to study this evolution. The first is the
analysis of models of two-dimensional multiphase systems, where the problem
of the structure and regularity of the interfaces between different phases arises
naturally. As an example, the model where the energy of a configuration is
simply the total length has proven useful in the analysis of the growth of grain
boundaries, see [10], [11], [20], [30], the papers by Herring and Mullins in [9]
and http://mimp.mems.cmu.edu.

The second motivation is more theoretical: the evolution of such a network
of curves in the plane is the simplest example of motion by mean curvature
of a set which is essentially singular. In the literature there are various gen-
eralized definitions of flow by mean curvature for non regular sets (see [3],
[10], [14], [18], [27], [36], for instance). All of them are fairly general, but
usually lack uniqueness and a satisfactory regularity theory, even in simple
situations.

Inspired by Grayson’s Theorem in [19], stating that any smooth closed
curve embedded in R? evolves by curvature without singularities before van-
ishing, and by the new approach to such result by Huisken in [26], one can
reasonably expect that an “embedded” network of smooth curves does not de-
velop singularities during the flow if its “topological structure” does not change
(we will be more precise about this point in the sequel) and asymptotically
converges to a critical configuration for the Length functional.

Moreover, in [26] it is also shown that the motion by curvature of a single
embedded curve in a strip of R?, with its end points fixed to be some P! and
P? on the boundary of the strip, evolves smoothly and approaches the segment
connecting the two points P!, P2, We can see this case as a very special
positive example of motion of a network and we will try to follow the line of
analysis traced in that paper.

We consider a connected network S = U_,0", composed of a finite family
of smooth curves ai(x) : [0, 1] — Q, where  is a smooth open convex subset
of R?, that can intersect each other or self-intersect only at their end points.
We call “multi—points” the vertices o', 0%,..., 0" € Q of such smooth graph
S, where the order is greater than one. Moreover, we assume that all the other
ends of the curves (if present) have to coincide with some points P’ on the
boundary of €.

The problem is then to analyse the existence, uniqueness, regularity and
asymptotic behavior of the evolution by curvature of such a network, under the
constrain that the end points P! € 3Q stay fixed.
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Clearly, one can also set an analogous “Neumann” problem, requiring that,
instead of being fixed, at the “free” ends the curves intersect orthogonally the
boundary of €.

REMARK 1.1. If Q is a generic smooth open subset of R?, possibly non
convex, it could happen that during the evolution one of the curves “hits” the
boundary of € with a point different from its end point. Then, for sake of
simplicity, we assume the convexity of the domain since this condition excludes
a priori such an event (Proposition 4.1).

The hypothesis that the points P’ stay on the boundary and not inside 2,
is also in this spirit. If the fixed end points are inside the domain the interior
of a curve could possibly “touch” one of them, forming a loop and losing the
“embeddedness” of the network.

The convexity assumption and the fact that P! € 3Q avoid this possibility,
as we will see in Section 4.

In such a generality, although simplified in this way, this problem shares
various complications related to the multi-points.

As previously underlined, the existing weak definitions of curvature motion
do not give uniqueness of the flow, or allow “fattening” phenomena (see [18],
for instance) which we would like to avoid, as they seems quite extraneous to
our setting. Among the existing notions, the most suitable to our point of view
is Brakke’s one (see Definition 2.8 and the subsequent discussion), which also
lacks uniqueness but maintains the (Hausdorff) dimension of the sets, excluding
at least the event of fattening. In what follows this definition is the only that
we consider in relation to the evolution of networks, in particular, our flows
are Brakke flows.

In Section 3 we show a satisfactory small time existence result (Theo-
rems 3.1, 3.22 and Remark 3.24) of a smooth motion for a special class of
networks, that is, the ones having only multi-points with three concurrent curves
forming angles of 120 degrees (this last property is called Herring condition).

We have to say that the uniqueness problem is less clear at the moment
(see Remark 3.23).

In the case of the presence in the initial network of a “bad” 3-point,
not satisfying the Herring condition, we are not able at the moment to show
the existence of a flow, smooth for every positive time, satisfying a ‘“robust”
definition (at least as Definition 2.8).

Actually, one would expect that the desired good definition should give
uniqueness of the motion and force, by an instantaneous regularization, the
three angles to become immediately of 120 degrees and to remain so. This is
sustained by the fact that, by an energy argument ([10]), any smooth Brakke flow
has to share such a property (which is also suggested by numerical and physical
experiments, see at http://mimp.mems.cmu.edu and also the discussions in [9],
[10], [11], [20], [30]).

Notice that, by the variational nature of the problem it is appealing to guess
that some sort of parabolic regularization could play a role here. We remark
that if a multi-point has only two concurrent curves, it can be shown, by the
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regularizing effect of the evolution by curvature (see [4], [6], [7], [19]), that the
two curves together become instantaneously a single smooth curve moving by
curvature. Hence, the 2-point has vanished but this particular event is so “soft”
(and topologically null) that we can avoid to consider it as a real structural
change.

We discuss now some other difficulties of geometric character in having a
good definition of flow for a generic network.

1. The presence of multi-points O/ of order greater than three:

In the case of a 4-point (and clearly also of a higher order multi-point),
for instance, considering the network described by two curves crossing
each other, there are really several possible candidates for the flow, even
excluding a priori “fattening” phenomena. One cannot easily decide how
the angles must behave, like in the 3-point case above, moreover, one
can allow the four concurrent curves to separate in two pairs of curves
moving independently each other and it could even be taken into account
the “creation” of new multi-points from such a single one (all these events
are actually possible in Brakke’s definition).

In these latter cases, the topology of the network changes dramatically,
forcing us to change the structure of the system of equations governing the
evolution and the family of curves composing the network.

2. The presence of several multi-points O/ :

during the flow some of them can “collapse” together, again modifying the
topological structure of the network, when the length of at least one curve
of the network goes to zero (which can actually happen). In this case, like
at the previous point, one possibly has to “restart” the evolution with a
different set of curves.

Notice that even if one starts with a network such that all the multi-
points are 3-points, in the event of a collapse, one could have to face a
situation with multi-points of order higher than three (consider for instance
two 3-points collapsing along a single curve connecting them) or to deal
with “bad” 3-points (think of three 3-points collapsing together along three
curves connecting them).

REMARK 1.2. Actually, it seems reasonable that the configurations with
multi-points of order greater than three or 3-points with angles different from
120 degrees should be unstable (actually, they are unstable for the Length
functional), with the meaning that they can appear at some discrete set of times
(and probably in some cases are unavoidable), but they must vanish immediately
after.

Because of all these complications, as a first step, in this paper we are
going to analyze the simplest possible network which, by construction, rules
out all the troubles related to the cases above.

Anyway, we will point out when the results can be extended to more
general networks.
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DerinNiTION 1.3. We call friod T in Q a special network composed only
of three regular, embedded C? curves o' : [0,1] —  (here regular means
o;(x) # 0 for every x € [0,1] and i € {1, 2,3}), where 2 is a smooth open
convex subset of R?, moreover, these curves (sometimes we will call them also
edges of the triod) intersect each other only at a single 3-point O = o!(0) =
02(0) = 03(0) (the 3-point of the triod T) and have the other three end points
coinciding with three distinct points P! = o (1) (the end points of T) belonging
to the boundary of .

Finally, we assume that the tangents of the three curves form angles of
120 degrees at the 3-point O.

We say that the triod is (of class) Ck or C™ if the three curves are
respectively CK or C*. We remark that with this definition we assume that,
unless explicitly otherwise stated, every triod is at least of class C2, in order
to speak of its curvature.

Notice that the angular condition can be expressed as
i 01 (0)
~ lo} O

It is obvious that during the motion of such a triod the “bad” configurations
we discussed before are a priori excluded.

REMARK 1.4. Since in all the paper we will consider only triods with angles
of 120 degrees between the curves, for sake of simplicity, we chose to call these
sets simply triods with the meaning “triods with angles of 120 degrees”.

Moreover, sometimes we will speak of a triod without end points composed
of three curves o' : [0, +00) — R2, for instance, when we will need to allow
them go to infinity.

Actually, we could also consider the possibility that the three curves inter-
sect each other, so when ambiguity is possible, we will underline the property
of non self-intersection saying that the triod is embedded.

The paper is devoted to study the existence, uniqueness, regularity and
asymptotic behavior of these embedded triods in €2, moving by curvature keeping
fixed the end points P!, P2, P3 .

This problem has been considered by Bronsard and Reitich in [11], where
they prove an existence result which is the core of Theorem 3.1 and by Kinder-
lehrer and Liu in [30] showing the global existence of a flow for an initial triod
sufficiently close to the minimal configuration connecting the three points P’
(Steiner configuration).

We want to extend all this to any embedded initial triod, concentrating in
particular on the global existence and regularity of the flow. Even if this is
the simplest case, its understanding is clearly crucial in analyzing more general
networks, taking also into account Remark 1.2.

Our conjecture is that any embedded initial triod evolves in time without singu-
larities and asymptotically converges to the minimal connection between the three
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points P! ifthe lengths of the three curves stay away from zero, being the “vanishing”
of a curve the only possible “catastrophic” event during the flow.

REMARK 1.5. It should be noticed that if the triangle formed by the points
P!, P2 P3 has an angle of more than 120 degrees, then a triod composed of
three segments forming angles of 120 and connecting its vertices does not exist.
Then, if the conjecture is true, necessarily one of the lengths is not uniformly
bounded away from zero.

After discussing the existence (and uniqueness) of a smooth flow on some
maximal time interval in the first part of the paper, in order to prove such
conjecture we try to generalize the analysis of the motion by mean curvature
of smooth closed curves and hypersurfaces in the Euclidean space, employing
a mix of PDE’s and differential geometry techniques.

Essentially, what is needed is the understanding of the structure of the
possible blow up around the singularities, in order to actually exclude these
latter by means of geometric arguments. Some key references for this line of
research are [5], [22], [25], [26].

The most relevant difference between our case and the smooth one, is
the difficulty in using the maximum principle, which is the main tool to get
estimates on the geometric quantities during the flow. Indeed, the 3-point (by
the 120 degrees condition) is nice from the distributional point of view: in a
sense, it is an interior point, but it is troublesome for any argument based on
the maximum principle, since it behaves like a boundary point.

For this reason, some important pointwise estimates which are almost trivial
applications of the maximum principle in the smooth case, are here much more
complicated to prove (sometimes we do not even know if they actually hold)
and we will have to resort to integral estimates. These latter are similar to the
ones in [5], [6], [7], [24] for instance, but require some extra work in order to
deal with this strange “boundary” point.

If the lengths of the curves do not reduce to zero, by means of these
latters estimates, we can see that at the time 7" of singularity the curvature has
to explode, then like in the smooth case, we separate the analysis according to
its rate of blow up.

We say that a singularity is of Type I if for some constant C we have
maxt, k> < C/(T —t) as t — T and it is of Type Il otherwise.

Rescaling properly the flow around a hypothetical Type I singularity one gets
an evolution of embedded triods (unbounded and without end points) shrinking
homothetically during the motion by curvature. Classifying all such particular
evolutions, we will show that none of them can arise as a blow up of the flow
T,, this clearly implies that Type I singularities cannot develop.

With the same idea, rescaling the flow around a Type Il singularity, one
gets an eternal motion by curvature, that is, an evolution of triods defined for
every time t € R.

What is missing at the moment is that this eternal flow is actually simply
given by a translating triod (unbounded and without end points), like it happens



MOTION BY CURVATURE OF PLANAR NETWORKS 241

in the case of a single smooth curve. Here also, the main difficulty resides in
replacing some maximum principle arguments.

If the blow up would be translating, after classification, we could exclude
also this case by means of an argument based on the monotonicity of a geometric
quantity (see Sections 5 and 7 for details), hence, no singularity at all could
appear during the flow if the lengths of the three curves of the triod stay away
from zero.

The conjecture then would follow.

Acknowledgment. We are grateful to Alessandra Lunardi for helping us
in the proof of the small time existence of a smooth flow in Section 3.

2. — Definitions and preliminaries

We start setting in a precise analytical way the curvature evolution problem
for an embedded initial triod Tp = U}_ 0" in Q.

DEFINITION 2.1. We say that the triods T, = U?_, ¥/ (-, t) evolve by curvature
(remaining embedded) in the time interval [0, T) if the three functions y'

[0,1] x [0,T) — Q are of class C? in space and C' in time, at least, and
satisfy the following quasilinear parabolic system

yi(x, 1) #0 regularity
y ) £y (.0 if x # y simplicity

yix,)=y/(y,t) © x,y=0 if i # j intersection only
at the 3-point

SEACY)
(2.1 Z = 0. angles of 120
i=1 1720, 1 )| degrees at the 3-point
yi(,t) = P! fixed end points condition
y'(x,0) =o' (x) initial data
i Vxlx (-xs t) .
Y, (x, 1) = ——— motion by curvature

lyiGx, 0

for every x € [0,1], t € [0,T) and i, j € {1, 2, 3}.
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REMARK 2.2. We spend some words on the evolution equation

Yix
>’

(2.2) y, =2
lys

which is not the usual way to describe the motion by curvature, that is,

yti _ <V;x .| ‘2’i> V= ki
Iyl

where we denoted with v’ the unit normal to the curve y' and k' its curvature.

The two velocities differ only by a tangential component which actually
affects the motions of the single points (Lagrangian point of view), but it does
not affect the local motion of a curve as a whole subset of R? (Eulerian point
of view).

We remark that this property of global invariance is not peculiar to this
particular tangential term, it holds for any tangential modification of the velocity.
This fact is well known for the curvature evolution of a smooth curve, hence
also for a triod, any tangential contribution to the velocity does not modify the
flow outside the 3-point.

In our situation such extra term becomes necessary in order to allow the
motion of the 3-point O(t) = y*(0, t). Indeed, since we look for a C 2 solution
of Problem (2.1), if the velocity would be in normal direction at every point of
the three curves, the 3-point should move in a direction which is normal to all
of them, then the only possibility would be that it does not move at all (see
also the discussions and examples in [10], [11], [30]).

REMARK 2.3. It should be noticed that this definition of flow of a C? triod
is very strong, indeed, as the maps y’ have to be C' in time and C? is space
till the parabolic boundary, the compatibility conditions of order 2 have to be
satisfied, that is,

ol (1)
loi (DI
ol (0) /.0
RO

=0 for every i € {1, 2,3} and

for every i, j € {1,2,3}.

(the compatibility conditions of order 0 and 1 are automatically satisfied, since
they are equivalent to say that the three curves o’ form a 3-point with angles
of 120 degrees, which is assumed by construction).

This means, for instance, that for the initial triod the curvature at the end
points P and the sum of the three curvatures at the 3-point have to be zero
(see later).

Notice that these two conditions on Ty are really geometric, independent of
the parametrization of the curves y’, but intrinsic to the ser Ty (see Definition 2.5
and Remark 2.7) and are not satisfied by a generic C? triod.
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Since we are interested in an existence theorem for any triod composed of
C? curves (Theorem 3.22), we consider also Brakke’s definition of curvature
flow.

DEFINITION 2.4. We say that a triod Ty, composed of three C* curves o'
is smooth if it satisfies the compatibility conditions of every order of parabolic
system (2.1) (this is clearly much more striking that being simply a C* triod
according to Definition 1.3).

Precisely, this means that at the end points and at the 3-point, there hold all
the relations on the space derivatives of the functions o' obtained differentiating
in time, at t = (, the boundary conditions.

We say that a solution T; of Problem (2.1), given by the curves y'(x,t) €
C®([0, 1] x [0, T)) is a smooth flow if the compatibility conditions of every
order are satisfied at every time ¢ € [0, T), that is, all the triods T, are smooth.

DEerFINITION 2.5. We say that a triod T¢ is geometrically smooth if there
exist a regular parametrization of its three curves such that the resulting triod
is smooth.

To denote a flow we will often write simply T, instead of letting explicit
the curves y’ which compose the triods.

Moreover, it will be also useful to describe a triod as a map F : T — Q
from a fixed standard triod T in R?, composed of three unit segments from
the origin in the plane, forming angles of 120 degrees. In this case we will
still denote with O the 3-point of T and with P’ the three end points of such
standard triod.

The evolution then will be given by a map F : T x [0, T) — K, constructed
naturally from the curves y', so T, = F(T, t).

We adopt the following notation:

ti=1l(x,1) = |y—)§| unit tangent vector to y',
Vx
i
vi =vi(x,1) =Rt (x,1) = R|y’;| unit normal vector to y',
Vx
0=0(@)=y0,1) 3-point of the triod T, ,
i
v =v'(x,1) = |y’;)|‘2 velocity of the point v (x,t),
Vx
o i | i i '
A=A, )= (yrx .||2 ) = (J/chx _||J3/X> tangential velocity of the point y'(x, 1),
Ve Va
. . i vi . .
k' :k’(x, t):4<yxxi| 3 ) =<as‘L’l | Ul) =

IZ

= —(9,v" | %) curvature at the point yix, 1),
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where s is the arclength parameter on the relative curve, defined by s(x,t) =
fox |y; (£,1)|dg, and R : R> — R? is the counterclockwise rotation of /2.
Notice that d; = |y;|_18x.

Moreover, we set A' = A/t and k' = kv, then, it clearly follows that
vl =)+ Kk and P = (V)T + (k)%

Here and in the sequel, we denote with d; f and o, f the derivatives of a
function f along a curve with respect to the relative arclength parameter and
the time, 9] f, 0/ f are the higher order partial derivatives which often we will
also write as fj, fis,... and f;, fi, . ...

We adopt the following convention for integrals,

f@&, y,t,v,k kg, ... A As...)ds
Tt

3 1
:Z/O fa,y T v kK A AL ) |yl dx
i=1

as the arclength measure is given by ds = |y/|dx on the curve y'.

In general, if there is no need to make explicit the three curves composing
a triod, we simply write 7, v, v, A and k for the previous quantities, omitting
the indices.

We suppose now to have a smooth flow T, on some positive time interval
[0, T) and we write the evolution equations for the geometric quantities.

LEMMA 2.6. If y is a curve moving by

Ve = = AT + kv
Tl
then the following commutation rule holds,
(2.3) 8,8y = 8,8, + (K* — 1)

Proor. Let f :[0, 1] x [0, T) — R be a smooth function, then

Six (Vx| Var) fo _ Six

atasf - asatf = |)/ | |J/ |3 |)/ | = _<T|as7/t)axf

= — (7| (AT +kv))ds f = (K — As)ds f

and the formula is proved. O
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Then we can compute,

24) 34t =ddy = ddy + (kT — 1)y = &7 +kv) + (K2 — Ay)T
= (kg + k)M)v

2.5 0v=0;R1t)=R0;t = —(ky +kA)T
(2.6) 0k = 3,(d,T |v) = (39,7 |v) = (30,7 | v) + (k> — A) (0T | v)

= 0,(0,T | v) + k> — kry = 35 (ks + kL) + k> — ki
= kys + koh + K3

1 e | Vix (AT +k Ay — k2
Q7 dh=—80,— = 3XM _ 3XM _ 3)(%
Vx

[Vl |V)c|3 [Vx]
= 05(hs — k2) — (kg — k2) = Agy — AAs — 2kks + AK> .

As the triods T, are smooth, differentiating in time the concurrency condition
y'(0,t) = y/(0,t) we obtain A't' + k'v' = At/ + k/v/ at the 3-point for
every pair of indices i, j. Multiplying these vector equalities for 7/ and v’ and
varying i, j, [ we get the relations

)\'i — _)“i-‘rl/z _ \/§ki+l/2

A= AT 24 V3 2

k' = —ki*1 2 + /3412

k' =—k'"12 —3A71)2

with the convention that the superscripts are considered modulus three. Solving
this system we get

) ki—l _ki+1
L. .
V3
) )\’i+1 _)\l—l
k' =
V3

which implies
3 3
YK=>"2=0
i=1 i=1

at the 3-point of the triods T,. Moreover, considering K = (k', k2, k%) and
A = (A", A2, 13 as vectors in R?, we have seen that K and A belong to
the plane orthogonal to the vector (1,1,1) and K = A A (1,1, 1)/«/5, A =
-KA(,1, 1)/«/5 that is, K = SA and A = —SK where S is the rotation in
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R? of an angle of /2 around the axis I = ((1, 1, 1)). Hence, it also follows

that X ; X
&)=Y 05 and ) KA =0.
i=l i=l i=l

at the 3-point of the triods T;.
Now we differentiate in time the angular condition E?:l ti(0,1) = 0 at
the 3-point, by equation (2.4) we get

(2.8) K+ Ak = k] + Ak
for every pair i, j. In terms of vectors R as before, we can write
K, + AK = (k! + 'k k2 + 222 kD + 27K e 1.
Differentiating repeatedly in time all these vector relations we have
3K, d'A LT and 8/ (KK) =0,

3'A = —3'SK = —S9/K,
3" (Ks + AK) €1,

which, making explicit the indices, give the following equalities at the 3-point,
AN K=ok =0a> A= 0a=0) kr=0,
i=1 i=1 i=1 i=1 i=1

3 3
(2.9) D @k =) (8]21)?* for every I €N,
i=1

i=1
"kl + A'k'y = 3" (k] + A/k’) for every pair i, j and m € N.

By the orthogonality relations with respect to the axis I, we get also

K"Ky + AK) = 9/ A" (K, + AK) =0,

that is,
3 . . . . 3 . . . .

(2.10) > ok o' (ki + A'kD)y = 0jaT 9" (ki 4+ A'k') = 0 for every I,m € N.
i=1 i=1

Looking then at the three end points, by Lemma 3.10 in the next section,
we have that all the even space derivatives of k and A are zero.
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REMARK 2.7. As the “shape” of the curves is fixed under reparametriza-
tion, if a triod is geometrically smooth, the three curves have to be C* once
parametrized in arclength. Moreover, necessarily Z?Zl vl =0, and Z?Zl k' =0
at the 3-point must hold, like all the relations one gets from these two, itera-
tively, differentiating in time by means of formulas (2.5), (2.6) and substituting
every occurrence of A’ according to the formula (A', A%, 1%) = —(k', k%, k) A
(1,1, 1)/+/3 (notice that in this way A, never appears). Working analogously
at the end points, the compatibility conditions reduce to require that every even
space derivative of the curvature is zero (by Lemma 3.10 in the next section).

These necessary conditions are actually also sufficient, indeed the geomet-
rical smoothness is a matter of curvature, not involving A. If a triod satisfies
such conditions, we can parametrize every curve y’ in a way that A’ at the
3-point has the right value given by the relation A’ = —(K AT)'/+/3 and it is
zero at the end point of the curve, for instance, setting A\ constantly equal to
—A(0)/L?, where L' is the length of the curve.

It is straightforward to check that this can be done and the resulting
parametrization gives a smooth triod.

DerINITION 2.8. We will speak of Brakke flow with equality of an initial
triod Ty in [0, T), for a family of C? triods T, in  all with the same end
points as T( and satisfying the equation

d
@.11) _/W, t)ds=—/<p<y, DR ds +/ <V¢(y,t)|k>ds+/ oy, 1) ds
dt T{ T[ T[ TZ

for every smooth function with compact support ¢ : Q x [0,7) — R and
tel0, 7).
This means also that the time derivative at the left hand side has to exist.
The right hand side does not give any problem since the triods are C2, at least.
We will say that a Brakke flow is smooth if all the triods are geometrically
smooth.

REMARK 2.9. It is straightforward to check that a solution of Problem 2.1
is also a smooth Brakke flow with equality.

Actually, the original definition of Brakke flow stated in [10, Section 3.3]
allows equality (2.11) to be an inequality (and triods T, to be one-dimensional
countably rectifiable subsets of R?> with a distributional notion of curvature,
called varifolds, see [34]), precisely,

4 w(x,t)dH‘(x)s—/ o(x, k> dH (x)
dt T, T

+/ (Vw(x,t)ldel(X)Jr/ o (e, ) dH (x) |
Ty Ty

must hold for every positive smooth function with compact support ¢ : €2 x
[0,7) — R and ¢ € [0, T), where % is the upper derivative (the lim of the
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incremental ratios) and ! is the Hausdorff one-dimensional measure in R? (we
will use this notation through all the paper).

This weaker condition was introduced by Brakke in order to prove an
existence result [10, Section 4.13] for a family of initial sets much wider than
the networks of curves, but, on the other hand, it let open the possibility of
instantaneous vanishing of some parts of the set.

Since for our triods (probably, this can be done also for a general network)
we are able to show the existence of a Brakke flow via a different method, and
this flow is composed of smooth triods and satisfies the equality, for sake of
simplicity, we included such extra properties in the definition.

A big difference between Brakke flows and the evolutions obtained as
solutions of Problem (2.1) is that the former triods are simply considered as
sets without any mention to their parametrization (that clearly is not unique).
This means that actually a Brakke flow can be a family of triods given by the
maps y'(x,t) which are C? in space, but possibly do not have absolutely any
regularity with respect to the time variable .

If we consider two different smooth triods T, and T§ which are the same
subset of R?, giving two different solutions T! and T? of Problem (2.1) on
some common interval, then the two associated Brakke flows coincide (Propo-
sition 3.3), that is, as subsets of RZ, forgetting the parametrization, actually
T! = T? for every time .

This means that the geometric evolution problem has a satisfactory unique-
ness property if the initial triod is smooth.

In general, when we will speak of geometric problem we will mean that we are
thinking of the triods as subsets of R?, independently of the parametrizations of their
curves.

An open question is whether any smooth Brakke flow with equality admits
a parametrization of the initial triod with an associate solution of Problem (2.1)
representing it at least for some time.

A positive answer would imply the uniqueness in the class of these special
Brakke flows and the coincidence of the two formulations, from the geometric
point of view.

Finally we state precisely the conjecture which is the main topic of the
second part of the paper.

Here and in the following, we denote with L’ the lengths of the three
curves and with L = L' + L? + L the total length of the triod.

CoNJECTURE 2.10. Let T; be a smooth evolution of embedded triods on a
maximal time interval [0, T).

If li_mHTLi # 0 for every i € {1,2,3}, then T = +o00 and T, converges,
as t — 400, to the minimal connection between the three points P’.
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3. — Small time existence and a priori estimates

The first small time existence result for a flow very similar to Problem (2.1)
is due to Bronsard and Reitich [11]. In their paper it is shown the existence of
a unique solution y' € C?>T2*1+%([0, 1] x [0, T]) of the same parabolic system,
for an initial triod composed of three curves o/ € C2*2%([0, 1]) and satisfying
the natural compatibility conditions. The only difference is that they impose
the Neumann boundary condition of orthogonal intersection with 9€2, instead of
keeping the end points P’ € 9Q fixed as we do.

The same technique works also in our case and gives the small time ex-
istence of a wunigue solution y' € C?T2*1+*([0, 1] x [0, T]) (notice that this
means that the curves are C>*2% till the 3-point and their end points P’) of the
following parabolic system

y; (x,1)#0 regularity
v(0,1) =y7/(0,1) concurrence at the 3-point
3
0,1t
Z AL angles of 120 degrees at the 3-point
“yi0.n]
(3.1 . .
y'(l,t) = P! fixed end points condition
yi(x,0) =o' (x) initial data
i Vi (x, 1) .
Y, (x,1) = ————  motion by curvature
lye(x, D)

given any initial C>*2* triod Ty = U_,0!, with a € (0, 1/2), satisfying the
compatibility conditions of order 2, that is,

oy (1)
loi(D)?
ol (0) o]0
GIOF  |od(0)]

=0 for every i € {1, 2,3} and

5 for every i, j € {1, 2, 3}

(the compatibility conditions of order 0 and 1 are automatically satisfied, since
they are equivalent to say that the three curves o' form a triod with angles of
120 degrees).

Now we look for a higher regularity result.

THEOREM 3.1. For any initial smooth triod T there exists a unique smooth
solution of Problem (2.1) on a maximal time interval [0, T).

ProoF. Since the initial triod T, satisfies the compatibility conditions at
every order, the method of Bronsard and Reitich actually provides a way, for
every n € N, to get a unique solution in C?"T2%m+< ([0, 1] x [0, T;,]), satisfying
the compatibility conditions of order O, ...,n at every time.
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Then, by standard methods of one-dimensional parabolic equations we can
obtain a solution which belongs to C*°([0, 1] x [0, 7)) for some small positive
time 7 > 0 and consider its maximal time of existence.

We give just the line of the proof and we indicate the relevant references
for the details.

Let us consider a solution y! e C>*+2r+e ([0, 1] x [0, T,,]) for n > 2,
then the functions y)ﬁ (x,t) belong to C2—1+2en=1/24e ([0 1] x [0, T,]) (see for
instance [32, Lemma 5.1.1]), then we look at the parabolic system satisfied by
v (e, 1) =y (x, 1),

G z(vi(x, D1y, D)y (x, 1)

v, (x,1) = |y;'(x,t)|2 |y)§(x,t)|4

v (0, 1) = v/ (0, 1)

S BO0  @O0IRO.0RO0 _,
£ 1yi(0, 1) 70,0

vi(l,1) =0

v'(x,0) = ﬁ

for every i, j € {1, 2, 3}.
This system can be rewritten as
Vi, 1) = vl (e, ) f1 e, 1) + (ke ) [ 81 (x, 1)
v (0, 1) = v/ (0, 1)
Z v (0, ) p" () + (vy(0,0) [ g' (@)r' (1) =0
i=1
Vi(l, 1) =0
vi(x,0) = Al (x)

with coefficients
fi gt e ARt (0 11 % [0, T, D), p',q',r' e ¢ iren=l2te o, 7))

and Al € C*"*+%%([0, 1]), since the initial triod is smooth.

By Solonnikov [35] results, v’ = y; belongs to C*"+2*m+([0, 1] x [0, T,,])
and since y! = y/|y!|> with |y!|? e C?n—1H2en=1/2+2((0 1] x [0, T,,]), we get
also y! e C?nH2an=1/2%e ([0 1] x [0, T,]).

Following [33], we can then conclude that y? e C?'F1+2en+l/24e (0 1] x
[0, 7,,]). ,

Iterating this argument, we see that y' € C*°([0, 1] x [0, T,]), moreover,
since for every n € N the solution obtained via the method of Bronsard and
Reitich is unique, it must coincide with y’ and we can choose all the T}, to be
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the same positive value 7. Finally, by the same reason, all the compatibility
conditions are satisfied at every time, that is, the evolving triods are smooth.
The facts that these triods actually stay in the convex set 2 and that they
do not develop self-intersections during the flow will follow by the results of
Section 4 (Proposition 4.1 and Theorem 4.6). O

PROPOSITION 3.2. Any solution of Problem (2.1) is a smooth Brakke flow with
equality. ‘
Moreover, for every curve y' (-, t) and for every time t € [0, T) we have

dLi(t ,
@ :—)J(O,t)—/ k% ds
dt yiC0

dL(t
®__ k*ds.
dt T,

Hence, the total length L(t) is decreasing in time and uniformly bounded by the
length of the initial triod T.

and

Proor. The geometrical smoothness of the flow is clear.

The time derivative of the measure ds on the curve y' is given by (Al —
(k")?) ds, considering a smooth function with compact support ¢ : Qx[0, T) — R,
we compute

—/, so(y',nds:/, w(y',r>(xg—<k‘)2>ds+/ Vo', 0 o) ds
dr Jyic. yiG.n) %

i1 i1

+/, oy ds
YLt
=/,( )BS(A"w(V",t))—/\i(ch(yi,t)Ifi) — o', (K2 ds
yiG.t
+/. <V<p(yi,t)|yi>ds+/, (v’ 1) ds
vy et yi(,1)
- / OO )~ g DR s
vt

+/, <V<p<y",t>|kf>ds+/, 0y, 1) ds
yi(.t) i,

=—/, go(y",t><k">2ds+/, (Vo' 1) 1K) ds
yi(.t)

AL CY))

[, 0t nds X 0P D=1 0,090, 1.
yHen
Since A/(1, 1) is zero, being zero the velocity v at the end points P!, and since
the sum of A’ is zero at the 3-point, adding these three equalities for i € {1, 2, 3}
we obtain formula (2.11).

The formulas for the lengths are given by the same computation with
p=1 O
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Seeing the initial triod T, simply as a subset of R?, it can admit more than
a single parametrization of its curves making it a smooth triod, so there are
various flows arising by this theorem, associated to different parametrizations.
The following proposition shows that they must coincide geometrically.

PROPOSITION 3.3. If T} = U304 and T} = U_, &} are two smooth triods which
coincide as subset of R? and ’]I‘tl, th are the relative flows given by Theorem 3.1 on
a common time interval [0, T), then at every time t the triods ’]Ttl and th coincide as
sets.

Proor. Let yi(x,t) and n'(x,t) be the two smooth flows associated to
o' = yi(-,0) and & = n'(-,0), which parametrize the same triod, seen as a
subset of RZ.

We fix an index i € {1,2,3}. Since o' and &' are smooth regular
parametrization of the same curve of the initial triod, the map ¢’ = (6/) "' 0& :
[0,1] — [0, 1] is an orientation preserving, smooth diffeomorphisms of the
unit interval with itself, hence ¢'(0) = 0 and ¢'(1) = 1. Moreover, by the
compatibility conditions we have o/ (1) = & (1) = (0% 0 ¢'),,(1) = 0, hence

0=0l (' (I, (D + o} (¢' g, (1) = 01 (' (D)), (1) = o1 (Dl (1)
which implies that ¢! (1) = 0. At the 3-point, we have

w0 0,0 on (@ ()0 + 0y )¢, (0) oy, (0)
EO) ol () ol (¢! (0))¢l.(0)[? loi (0)
ol (0L (0)* + ol (0)¢L, (0) — ot (0)|¢L(0)[?

|04 (0)g5 (0)[?

OISO
LAOIAOI
h OO _ o 0l
‘ oL ek 0P 16! )¢l 0)12 ' _
@, (0) = 0 since the tangents to the curves o' and o/ are not parallel.
Now we look for three smooth functions ' : [0,1] x [0, T) — [0, 1]
satisfying the following parabolic system

hence, for every pair i, j € {1, 2, 3}. This means that

Yitnn = .0
T Wi, 0, O [ (x, D)
(3.2) Wi(0,1) =0
vi(l,t)=1
Yix,0) = ¢ (x)

for every (x,t) € [0,1] x [0, T) and every index i € {1, 2, 3}.
We see that the compatibility conditions of order 2 are satisfied by the
initial data, indeed, here these reduce only to ¢. (0) = ¢! (1) =0.
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By standard methods (now the problem is scalar, see [32], [35]), being
@' smooth and regular (¢’ (x) # 0 for every x € [0, 1] since it is a diffeomor-
phisms), the functions | bounded from above and away from zero, and holding
the compatibility conditions of order 0, 1 and 2, this quasilinear problem has
a solution on some maximal time interval [0, T'), with T’ < T, belonging to
CFr2e1te ([0, 1] x [0, T"]) (for some « € (0, 1/2)) for every time 7" € (0, T").

It is now straightforward to see that the functions 6% (x, ) = y' (¥ (x, 1), t)
coincide with n’(x, t) at time t = 0 (indeed, £ = o' 0 ¢') and

90 (x, 1) Y (W (x,0), 1)
o Y
=¥ (@0, 0+ vl D, DY (x, 1)
vEWI 0,0 L)
T i, DP Ty (x’t)’t)|y)g(w(x,t),t)|2|xp;(x, H*
YR D DI D+ (0, DY (x, 1)
- i (W, 0, O 1Y (e, 1)
WD, D) 0 (x, D)
G D, D) 10, D

Then, since such functions 6’ and 7' satisfy both system (3.1) and they take the
same initial data at time ¢ = 0, they must coincide on [0, T’), by the uniqueness
of the solution in C**2*1%% proved by Bronsard and Reitich in [11].

At the maximal time 7’ it has to happen that 1//)’; is no more bounded
away from zero or the C>*2* norm of ¥/(-, ) is not bounded from above, but
a simple computation shows that then the same holds for #' hence also for ',
which is smooth and regular on [0, T).

This clearly implies that 7 = T and that the triods T} and T? are the
same subset of R? for every time ¢ in the interval [0, T). O

Remark 3.4. This proposition clearly sets positively the question about
the geometric uniqueness of the flow of a smooth triod. Actually, we do not
know if, at least in this special initial case, uniqueness holds also in the class
of smooth Brakke flows with equality.

Clearly, if a triod is geometrically smooth but not smooth, we can reparame-
trize it and apply Theorem 3.1 in order to get a smooth flow (which is a smooth
Brakke flow with equality).

Now in order to improve these results and to study the global existence and
regulz_]rity_ of the evolution in the next sections, we work out a priori estimates
for k', A' and their derivatives.

REMARK 3.5. Sometimes we will consider time depending functions, defined
as the maximum of a geometric quantity over the triods, in order to get estimates
by means of ODE’s and maximum principle arguments. Even if the evolution



254 C. MANTEGAZZA — M. NOVAGA - V. M. TORTORELLI

is smooth, such functions will be typically only Lipschitz, hence they can fail
to be differentiable at some times, so there will be a little misuse of notation
in writing a derivative that possibly does not exist at every time. However,
the arguments used, which are pointwise and apparently affected by the lack
of differentiability, still work also in this situation, as explained in details by
Hamilton in [21, Sections 3 and 4].

We fix some non standard notation for the computations in the sequel.
We denote with p,(9/A, Bshk) a polynomial in A,...,9/A and &, ..., Bshk
with constant coefficients, such that every monomial it contains is of the form

J h J h
c[J@ne-T[ew" with 370+ D+ >+ Dp =0,
=0 =0

=0 =0

we will call o the geometric order of p,.

Moreover, if one of the two arguments of p, does not appear, it means
that the polynomial does not contain it, for instance, pa(afk) does not contain
neither A nor its derivatives. _

We denote with q,(3/ A, 3"k) a polynomial as before in A,...,d/A and
k,..., afk such that all its monomials are of the form

J h J h
c[Jen - TJ@i%  with > @1+ Do+ 1+ D =o0.

=0 =0 =0 =0

Finally, when we will write pa(|8sjA|, |8Shk|) (or qg(|8,jk|, |8Shk|)) we will mean
a finite sum of terms like

J h J h
cILainre-TT10tkiP with >+ Doy +> (1 + DB =0,

=0 =0 =0 =0

where C is a positive constant and the exponents oy, 8; are non negative real
values (analogously for q,). 4
Clearly we have p, (371, 3%k) < p, (|9/A], |3k]).

REMARK 3.6. We advise the reader that in the following computations
these polynomials can vary from one line to another, by addition of similar
terms, what has to be kept in mind is that the coefficients and the number of
monomials they contains are independent of k, A and their derivatives, since
they arise by the algorithmic construction of the polynomials.

We will often denote with C a generic constant which also can vary from
one passage to another.

We will make extensive use of Young inequality in the following form

ab <ea’ +C(e, p,q)b? fora,b,e <0, p,ge (l,00) and 1/p+1/q = 1.
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Lemma 3.7. The following formulas hold

30 k = 872k + 29Tk + pj+3(85jk) forevery j € N,
(33)  0lk =0}k +qj413] %, 97 k) ifj =2 iseven,
3k =0 "V Pky +qj1 Y0007k ifj =1 isodd.

ProoOF. The case j = 0 of the first formula is equation (2.6). Suppose that
the formula holds for (j — 1), using the commutation rule (23) we have

8,0k = 8,0,0) "'k 4+ (k> — 1,)d7k
= [0k + 207k + ;1237 )] — 297k + pj13(3]k)
= 8]k + 1,0/ k + 23]k + pj 39/ k) — A0k +pj13(3] k)
= 37 2k 4+ 297k + pj13 (37 k)

which gives the inductive step.
The second formula also follows by induction. The case j = 2 is again
equation (2.6). If the case (j —2) holds, then by the first formula,

8k = 3,972k — 28] "'k + pj1 (87 72h) = 3,8/ k + 0,187 0, 8] %h)]
= 0]k + 8,9;1(3/* 1, 0/ k) .

Now, when we differentiate in ¢ the term qj,l(a," / 272)», 8Sf —3k) we will get a
polynomial in A, ..., 9/ / z_lk, k,... Bsf ~Ik and time derivatives of space deriva-
tives of k. Using the first formula we can express these latter as polynomials
in A and space derivatives of k, up to the order 9 ~!k. Moreover, it is easy to

check that the resulting polynomial is of the form qj+1(8tj 271, 377 1k), hence
the formula for j is proved.
The odd case is analogous. O

LemMA 3.8. The following formulas hold

30 n = 3 F2h — AdI A — 2kdI Tk +pj 33, 9k)  forevery j €N,
3% = 8] x4+ pj1 I "x, 007 k) if j =2 is even,
3 =3V 4 pja (370, 8770 if j = 1 is odd.

ProoOF. The case j = 0 of the first formula is equation (2.7), then the proof
follows as for k in the previous lemma. O
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REmMARK 3.9. We state the following calculus rules which will be used
extensively in the sequel,

Pa (8] 1, B7K) - pp(Bi0. 3)"K) = Pasp ("1, BTk
9 (] 2, 1K) - ap(0}2, 9'K) = darp (072, 70k

Since the time derivatives of k and A and their space derivatives can be expressed
in terms of these latter, by means of Lemmas 3.7 and 3.8, we have

Apa (3, 31k) = Pt (3]0, 30 k), Blpa (30, 31k) = payar (@I, 31 K)
8o (3 1, 81K) = Qa2 B/ 2, 01TH) L 4a (D] 1, 97K) = pa (820, o2~ g),

Moreover, by relations (2.9), at the 3-point 3/ A’ = (S9/K)', that is, the time
derivatives of A’ are expressible as time derivatives of the functions k. Then,
by using repeatedly such relation and the first formula of Lemma 3.7, we can
express these latter as space derivatives of k'. Hence, we have the relation

Z 90 (37", 3] k") = po (8" 1K)

at the 3-point at the 3-point

with the meaning that this last polynomial contains also product of derivatives
of different k'’s, because of the action of the linear operator S : R® — R3.

We will often make use of this identity in the computations in the sequel
in the following form,

< lIpo (1™ R gy | oo

at the 3-point

3
Z qg(al)ht 8I1kl

Before proceeding we prove also a relation holding at the end points.

LEMMA 3.10. At the three end points P’ there holds 3/k' = 3/) = 0, for
every even j € N.

ProoF. The first case j = 0 simply follows from the fact that the velocity
v = AT + kv is always zero at the three fixed end points P'.

We argue by induction, we suppose that for every even natural / < j —2
we have Bik’ = BSI)J = 0, then, by using the first equation in Lemma 3.7, we
get - o S o

3k = 9,072k — A7k — p; 11 (8] 2K)
at the points P’. ‘ o

We already know that A' =0 and by the inductive hypothesis 8/ ‘zk’ =0,
thus 3,81 2k = 0. Since pj+1(8/ k') is a sum of terms like CH (8 ki)
with Zz:o (I + Doy = j + 1 which is odd, at least one of the terms of this
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sum has to be odd, hence at least for one index /, the product (I + 1)c; is odd.
It follows that at least for one even / the exponent ¢; is nonzero. Hence, at
least one even derivatives is present in every monomial of p; 0/ ~2k"), which
contains only derivatives up to the order (j — 2).

Again, by the inductive hypothesis we then conclude that at the end points
d/k' = 0.

We can deal with A’ similarly, by means of the first equation of Lem-
ma 3.8. O

Taking into account that the time derivative of the measure ds is given by
(As — k?)ds and using the first relation of Lemma 3.7, we compute for j € N

— |a§k|2ds=2/ Bjkatafkds—k/ 187 k|? (s — k%) ds
dt Jr, T, ‘ T

3k dI 2k + 237k 97k + pj13 (37 k) dlk ds
Tt

+ / |87k|* (s — k%) ds
Tt

10 k17 ds + [ 9,(r197k|*) ds
T Ty

/ p2j1a(dk) ds — 22 3k 3k

i=1

34)

at the 3-point

Jpi qj+lgi

+228sk ok
i=1

= |af+1k|2ds+/ p2,+4(d/k) ds

Tt

at the point Pl

— Z 20k 97K + 2197k 2
i=1

at the 3-point

where we integrated by parts a couple of times and we eliminated the contri-
butions given by the end points P’ by means of Lemma 3.10.

In the very special (and important as we will see) case j = 0 we get
explicitly

d

o kzds——Z/ Iks|* ds + k4ds—22k’k‘+)d(k’)

i=1 at the 3-point

Then, recalling relation (2.10) with [, m =0, we have

3

igi i/7,iN\2
Zk ks + A (k) |atthe3-point :O’
i=1
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and substituting in the last term above,

d 3.0
(3.5) 7/ k*ds = —2/ |kS|2ds+/ kKrds +Y AH(kH?
dt J, T T Z

i=1

at the 3-point

hence, we lowered the maximum order of the space derivatives of the curvature
in the 3-point term, particular now it is lower than the one of the “nice” negative
integral.

Now we are going to do the same for the general case, when j > 2 is
even.

By means of formulas (3.3) we have

207k 87k 4 1|9/ k|

= 200/ k + 413> 2 07T O 18/ ks + 0420710 9700
+ q2+3 (%, 3/K)

= 200/ k + 411 37 1 7O 1877 (ks + k) + 02871, 87001
+ a2j43(%, 07 )

= 20/"k - 8] (ky + k) + 8%k - i1 (371, 87 k)
+ 010/ 2, 007 k) - 97 ey + k)
+ a1 (070, 070 - i8]0, 07K + @43 (0, 97K

=20k - 0% (ks + k) + 051 (8]0, 977 ) - 07k,

+ 24370, 8]k .

We now examine the term qj+1(8//2_lk, ag*‘k)-a,f/zks, which contains (j+1)-th
space derivatives of k (after expansion of the j/2-th time derivative of kj).
By using the third relation of Lemma 3.7, it can be written as

a1/ 0 8)7 k) - 8,107k + 0,8/, 9] 0]
= 010770, 07K 1000k + 400712, 97 10)
= i1 00,070 0,0) 7 K 2y 0, 00K

moreover, if we look at the polynomial qj+1(8lj / 2—‘1)\’ st‘lk), we can see that
among its monomials, only those of the form AAd{~'k or Bkd{ 'k can contain
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the derivative 9/~ 'k (because of the geometric order of py;11). Hence,
aj+107 772, 07k - 0] Pk
= [qj+13/* "%, 8/72k) + Ard! "k + BkdI~'k] - 0,0/ 'k
+ 24307710 0] k)
= (AADI "'k + B3I 7'k) - 0,007k + 42,4387, 87k
+ a1 (771 87720977 k) — 8,10 (377 AL 97009 Tk

= (AA + BK)3, (3] 'k /2)% + 8,02 11(37 ', 977) + q0j43 (372, B

= 3,[(AXr + Bk) (37 "k /2)*] — (Ad, A + Bdk) (3 7'k/2)?
+ Oy 1 (37, 977 ) + q2y43(877 1, 07 k)

= 0011077 "%, 0771 k) + 243870, 97k) .

It follows that
3
> 207K 0] K + 119k Pa

i=1 at the 3-point

3
=207k 3P (K + kAT
i=l1

+ Oy 1 (077N 8K + 404 (B2, 07K

at the 3-point

3
= 0y (8] 91K + a3 (8724, 0K
=1

at the 3-point

4
by relations (2.10).
Resuming, if j > 2 is even, we have

d , . ‘
— |8{k|2ds=—/ |ag+‘k|2ds+/ p2j+4(d/k) ds
dt Jr, - T, T ‘

3
(3.6) + 3 B0 (374 9k

i=1

+ a3 AE, 87 k)

at the 3-point
Now, the key tool to estimate the terms

3
/T p2j+4(3]k) ds and Z 02j+3 (3701, 87K | at the 3-point
' i=1

259

k)

are the following Gagliardo-Nirenberg interpolation inequalities (see [2], [8], for

instance).
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PROPOSITION 3.11. Let y be a smooth regular curve in R? with finite length L. If
u is a smooth function defined on y andm > 1, p € [2, +00], we have the estimates

Bym,p

1—
(3.7) 137l < Comp 10"l 2l + =

lleell 2

foreveryn € {0, ..., m — 1} where
_n+1/2-1/p
B m

and the constants Cy . , and By, ,,,, are independent of y .

REMARK 3.12. We put in evidence the particular case p = +o0,

_ By m . n+1/2
(3.8) loFull 0 < Cn,m||3?u||(£2||ul|2za T Lo LGg “ull,2 with o= pra—

It clearly follows that for a family of curves with lengths equibounded from
below by some positive value, these inequalities hold with uniform constants.

Every monomial of py;;4(d7k) is of the form C H{ZO(aﬁk)“z with le:o(l'i‘
Doy = 2j + 4, then we estimate its integral by means of Holder inequality,

1/8
A]I@deS<CII(AJ¥”WO ds—CIHBMmm

1 =0

where the exponents §; satisfy > 1/8, = 1 and oy 8; > 2 for every [ € {0, ..., j}

such that o # 0. These conditions can be fulfilled choosing f; = (121‘;11’ then

B = 2j+4)/(+1) > 2since [ < jand Y 1/8 =Y ]_o(+Day/2j+4) = 1.
Notice that the constant C depends only on the structure of the polynomial
p2j+4(dfk), that is, only on j € N.
Putting n =1, m=j+1, p =B and u = k in inequality (3.7) we get

1-0
gkl s = Co (197 I 11 ™ + 11 2

with o7 = Hl/z;% for every [ € {0,...,j} and the constants C; depend

only on the lengths of the curves. _
Hence, since the number of monomials of py;,4(d/k) depends only on
jeN,

J
%M@mw§CHOwng+wm) BT
=0

Tt

. ij oja] (I—0p)e,
< C (107Kl 2 + Ikl 2) == 2=
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Now we have

’ LI 12— 1 @B) <=+ 1/ — 1/
o = (07 =

j+1 j+1

=1+ g+ Doy = 1/20  2j+3-1/25 g
B i+1 B j+1

2j 43125 g+ D)/G+1)  2j+3—Qj+4/2(j +1)
- j+1 B ji+1

2j4+3-1-1/(G+1) 1
= N =2 — N <

j+1 (j +1)2

then, by Young inequality,

Sy —opey

J
21:0 ooy
) k1

. . 2
(nog* el 2 + il 2 <& (W07 kl2 + Ikl 2)

YA

2— ]7 o1y
T Clk| =0

and this last exponent is equal to

. j 2j43-123 oo
221]:()(1 —o)oy 2Zl:O - 51

2-Yleow o, _wHuRYlw
J+1
_ U D Eu =2 =3+1/25 e
2j42-2j-34+1/2% 7y«
,=2 =3+ G +3/2 YL
—1+1/23
=2(2j+3).

Choosing a value ¢ > 0 small enough and controlling, via interpolation again,

the term ||k||iz, we conclude

' ' 2j43
/ p2j+a(dlk)ds < 1/4/ 18/ k> ds + C (/ kzds) +C
Ty Ty Ty

where the constant C depends only on j € N and the lengths of the curves of
the triod. o
The term 7, q2j+3(8t]/2)»’, k") |

Taking into account Remark 3.9, we have S°7_, q2;43(3//°Al, 97k') |

at the 3-point CAN be estimated similarly.

o<
at the 3-point —
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||p2j+3(|asfk|)|| oo and this latter can be controlled with a sum of terms like

C [T 18kl T5 with S0 + Doy = 2j + 3.
Then, we use interpolation inequalities with p = +o0,

-0
Nkl < € (107 K IS + IkI2)

_ 1§12

FE R hence

with o; =

J
i 1—o,
<CTT (ho k2 + el 2) ™ s

at the 3-point 1=0

3
o
> a3 (@20, 8]k
i=1

i J
. Zj: ojq; Z(l ooy
C (0] Kl 2+ 1Kl ) =0 kI

and
J J J
14+1/2 (I +1/2)
Yo = Y=y
=0 = J T = JTt
Yo+ Doy =120 2j+3—1/23 g
j+1 j+1
2j+3-1/23_ g+ 1D/G+1)  2j+3—-Q2j+3)/2(j+1
- j+1 N j+1
2j+3—-1—1/2(j+1) 1
= : =2—-— <2
j+1 2(j + 1)?

As before, by Young inequality,

Ej: ooy (1- ; 2
AT i (Wo =kl 2 + Ikl .2 )

E{ gU=oey
Zl =0 %1%
+ ClIkll

and the last exponent is again equal to 2(2j + 3). Choosing here also a value
& > 0 small enough, we get an estimate analogous to the previous one.
Hence, for every even j > 2 we can finally write

(No ™kl 2 + Ikl .2 )

) ) 2j+3
|07k)?ds < —1/2 [ 8/ k> ds + C (/ kzds) +C
Tt Tt

Ty

3
+ 3> a0 (377FTA 917K
i=1

2j+3
<C </ kzds) +C
Ty

3
+ 3> a0 (377FA 917K
i=1

at the 3-point

(3.9)

at the 3-point
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Recalling the computation in the special case special case j = 0, this argument
gives the same final estimate without the the last term.

3
§C</ k2ds> +C.
Tt

Integrating (3.9) in time on [0, f] and estimating we get

d
3.10 — | k*d
(3-10) dr /T, s

. 2j+3
18/k1>ds < | |8/k|>ds + C/ / k? ds dé + Ct
Ty JTy 0 T

3
+ Z 02137010, 1), 977K (0, 1)
i=1
— q2j1(8*7"21(0,0), 977K (0, 0))

t 2j+3
= C/ (/ kzdS) d& + [Ip2j+1 (13 "'kl + Ct + C
0 TE

where in the last passage we used as before Remark 3.9. The constant C
depends only on j € N and the triod Ty.

Interpolating again by means of inequalities (3.8) (we leave the details to
the reader), one gets

Ip2j+1(137 7 kDo < 1/2018/k12, + ClIkIS.

Hence, putting all together, for every even j € N.

' ¢ 2j+3 2j+1
/|agk|2ds§c/ (/ k2ds> d.§+C(/ k2ds> +Ct+C.
Ty 0 Te Ty

Passing from integral to L°° estimates by using inequalities (3.8), we have the
following proposition.

PropoSITION 3.13. If the lengths of the three curves are bounded away from
zero and the L* norm of k is bounded, uniformly on [0, T), then the curvature of T,
and all its space derivatives of are uniformly bounded in the same time interval by
some constants depending only on the L?* integrals of the space derivatives of k on
the initial triod T\.

Now in the hypotheses of this proposition we deal with A and its derivatives.

At the 3-point 35_, (A1)2 = 3°7_ (k')%, hence the squared modulus of the
velocity v? = |v|? is uniformly bounded at O.

Then, since y/(1,¢) = v'(1,1) = O for every index i € {I,2,3}, by the

maximum principle applied to the equation for v?,

dv* = (V)55 — 207 — 2k% — A(v?); + 2073



264 C. MANTEGAZZA — M. NOVAGA - V. M. TORTORELLI
which follows from equation (2.7)
IA = Agy — Ay — 2kks + AK>

and equation (2.6), we see that if v> gets larger than its value at the 3-point,
then its maximum is taken in the interior of some curve of the triod so, as k2
is uniformly bounded,
2 2 72 2
al Unmax = 2vmakaax = Cvmax .
Integrating this linear differential inequality, we obtain that v and hence A are

also uniformly bounded as k and its derivatives in the time interval [0, T').
By Lemma 3.8 and computing like for k, we get

E [ jaiapds = —2 [ 19t apds - 2/ 20029912
dt Jp, - T; Ty

+2kagxag+1kds+/ p2j+a(d/n, d7k)ds
Ty

3 . . . .
—2> 92 9]t

i=1

3 . . . .
+2) 0219t

i=1

(3.11) < —/ |ag+1)\|2ds+/ p2j+4(d] %, d7k) ds
Ty Ty

at the 3-point

at the point pi

+ [ 18T k| ds
Ty
3 . . . .
—2> 82T 9]t
i=1
<= [0t ads + [ npaaiah+C
T¢ Ty
—2> 92 9]t

i=1

at the 3-point

at the 3-point

where in the first passage we used Peter-Paul inequality ab < ea” + b*/4s with
e =1/2, a=9/""\ and b = A3JA on the first term of the second integral,
and with & = 1/2, a = 3/™'k and b = kdJ A on the second term of the second
integral. Then, we summed and absorbed the terms without (j+1)-th derivatives
into p2j+4(33j)», 8!]()

In the second passage, using Young inequality, we “separated” in all the
monomials of py;+4(d A, d/k) the derivatives of A and k, controlling them with
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©2j4+4([0A]) + v2;+4(|87k[), where t2;44 denotes a “polynomial” (similar to p
and q) with real exponents all greater or equal than 1.

Then we estimated the term v j+4(|ag' k|) with some constant, as we know
that k and its space derivatives are bounded. Notice that the number of mono-
mials of py;44(dfA, d/k) depends only on j € N.

Finally, the contributions of the end points P’ vanish by Lemma 3.10, since
at least one of the two derivatives of XA is even.

We estimate by interpolation, exactly like for k, the term le 1) j+4(|3&" Al ds

with a small fraction of the “good” term sz |8Sj+1)»|2ds and a possibly large

2j+3
multiple of ( le A2 ds) ! , which is bounded by the argument above.
Hence, it only remains to control the 3-point term
3
—2> " aa ol

i=1

3
< CY 192" 18] 1A

at the 3-point i=1

at the 3-point

Now, if j € N is odd, by the second formula of Lemma 3.8,
3sj+1)»i — 8,(j+1)/2)ui +pj+z(3f)»i, 8sjki)

thus, recalling that |9 "/22i| | < Ilpj+2(19/ T k)l by Remark 3.9,

at the 3-point

187 A7 18T

< 10/31 (1720 + Ipj42(3)3, 9]k

at the 3-point at the 3-point

< 1971200 192018 kD | oo + 1243 (187 A1, 137k D) | oo
oA , Lt
< 13/MI /" + Ipj2(18) T kDI /%
+ Ip2j43(10) 21, 17k D 20
< 23107 AD oo + C + llp2;+3(19] A, [87 kD [l oo
< lle2j3(10J AD oo + C + llv2;43(10] AD)
+ 12,4319 k[) Il Lo
< lle2j43(1AD Nl + €
where we used Young inequality and the fact that ||pj+2(|8sf“k|)|| oo 1S uni-
formly bounded.
Moreover, we separated, as before, the derivatives of A and k in every mono-
mial of py;13(9/A, 9/k), hence estimating them with vp;,3(]9]A|) +12;43(19]k]).
Finally, we controlled the k-terms with some constants and we can now inter-
polate the A-terms like we did for k, since these latter do not contain (j + 1)-th
space derivatives of A.
Hence, coming back to computation (3.11), we conclude that for every odd
jeN
d s
— [0/A]"ds < C < +o00
dt T,

for a constant C depending only on j € N and Ty.
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Like for k, since we know that [|A||,2 is bounded, passing from integral to
L*> estimates by means of inequalities (3.8), we obtain that also all the space
derivatives of A are uniformly bounded in [0, T).

Then, we can bound from above and positively from below the term |y, |
at the denominator in the evolution equation (2.2).

(Vx | th)

L = (t|d;(AT +kv)) = A, — k> < C < +00

o log lyx(x, 1) =

for a constant C independent of x € [0, 1] and ¢ € [0, T'). This implies that
|¥x| is bounded from above and away from zero, uniformly in space and time
as

t
tog s e, = [ o tog (e, 60 s = € < €T < oo,

Since |yx| is uniformly bounded and 9, = |y,|dy, by using the evolution equa-
tion (2.2), it follows that all the mixed derivatives in x and ¢ of y' for every
i € {1, 2,3} are uniformly bounded in [0, 1] x [0, T).

PROPOSITION 3.14. If T, is a smooth evolution of the initial triod To = U;_ 0"
such that the lengths of the three curves are uniformly bounded away from zero and
the L? norm of the curvature is uniformly bounded by some constants in the time
interval [0, T), then

e all the derivatives in space and time of k and )\ are uniformly bounded in
[0, 1] x [0, T),

e allthe derivatives in space and time of the curves y' (x, t) are uniformly bounded
in [0, 1] x [0, T),

e the quantities |y; (x, t)| are uniformly bounded from above and away from zero
in [0, 1] x [0, T).

All the bounds depend only on the uniform controls on k and the lengths of the
curves, and on the L™ norms of the derivatives of the maps o' composing the initial
triod T.

Now, we work out a second family of estimates where everything is con-
trolled only by the L? norm of the curvature and the inverses of the lengths of
the three curves at time zero.

As before we consider the smooth evolution T, of a smooth triod Ty in
the time interval [0, T).

PRrROPOSITION 3.15. For every M > O there exists a time Ty € (0, T) such that
if the L? norm of the curvature and the inverses of the lengths of the three curves of
Ty are bounded by M, then the L* norm of k and the inverses of the lengths of the
curves of T, are smaller than 2M? + 6M, for every time t € [0, Ty ).
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Proor. The evolution equations for the lengths of the three curves are given

by dL (’) —A0,1) — fyi(A_[) k% ds (Proposition 3.2), then recalling computa-
tion (3 5), we have '

d 1 .1 dL
— KRds+ > — | <=2/ kds+ | K*ds+Clkljoo — Y —5—
dt ( T, Z:: L’) T, T, L 2:1: (L2 dt
3 i 2
A, 1)+ i, k2 ds
=-2 kfds+/ k*ds + ClIk|3 00 + 70
Ty T t z; (L1)?
IK[| oo Ju, K ds
< -2 kzds+/ k*ds + C|lk|3 0 + C L
L Z (L )2 ; (Lz)z
<

3 3
1
—2/ k2ds+/ k4ds+C||k||3oo+C(/ kst> +C :
T Ty k Ty ;(Uﬁ

where we used Young inequality in the last passage.

Interpolating as before (and applying again Young inequality) but keeping
now in evidence the terms depending on L' in inequalities (3.7) and (3.8), we
obtain

Zt( k2ds+z ) kfds+c<Ak2ds> +CZ<‘[T’k ds)

le k% ds 3
+CZ ( (Lz)3/2> C; (Ll)3

i=1

3 3
1
<C /kzds> +CY ——
(m ;(UP
3. 3
<C Kds+) —
([ ae3i)

with a universal constant C independent of the triods.

This means that the function f(t) = sz k*ds + Z?zl L,-l([) satisfies the

differential inequality f’ < Cf?, hence, after integration the thesis follows. [

By means of this proposition we can strengthen the conclusion of Propo-
sition 3.14.

COROLLARY 3.16. In the hypothesis of the previous proposition, in the time
interval [0, Ty] all the bounds in Proposition 3.14 depends only on the L* norm of
the curvature and the lengths of the curves of To = U?:lcri and on the L*™ norms of
the derivatives of the maps o'
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Then, from now on we assume that the L2 norm of the curvature and the
inverses of the lengths of the three curves are bounded in the interval [0, Ty/].

Before dealing with the general estimate, we work out a special case as
an example.

By means of computations (3.4), we obtain

d 2 ) | Uk; 2 ) | Uk 2 2
— [ k +tky+—”ds=—2/ ks+tkss+ﬂds+/ky+tk”ds
dt T, ' 2 T 2 T o

+ [ K+ tpe(ks) + 2 ps(kys) ds

Ty

3
MK — 2Kk 4 A (KD
i=1

— 22kl kLA ATk )22

5§8°7SSS

at the 3-point

= — / k2 + tk2, + 12k2,, ds
Tt

+ [ K+ tpeks) + t2ps(hsy) ds
Tt

3
+ DMK — 12Kk + A (KD
i=1

— 212k K+ A (KE)?/2

ssTvsss .
at the 3-point

Estimating, as we did before in order to get inequality (3.9), the terms coming
from the integrals of k> and 1?k2, (the even terms) we get

2 ds

588

d
— | Ktk 2k 2ds <—1)2 | K 4tkE + Pk
dt TZ : o 'JI‘t ’ o

3
+ / tpo(ky) ds — 13 2KEKT 4 A (kT2
Tt

i=1

3 7
+C(/ kza’s> + Cr? (/ kzds> +C+12)
Ty Tt

3
+170, > as(A' kD)

i=1

at the 3-point

at the 3-point

The integral term [} tps(ks) ds and the term —r S A(kD)? , which
at the 3-point

is of type tqs(A', ki), can be estimated by means of interpolation inequalities
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like in the even derivative case with a small fraction of the term ¢ th k2,

5
and a possibly large multiple of ¢ ( fTF; k? ds) . The same holds for the term

—2t iy as(A, k)
at the 3-point

of the last sum. Finally since the L?> norm of k is bounded by some constant
and t < Ty, we conclude

arising by putting ¢ inside the time derivative

d
— | Ktk +%k2 ) 2ds < —1/4 / k2 4tk + 1%k ds + C
dt T; T

3
+0, > Pas(l kD)
i=1

3
— 2> kikl,
i=1

at the 3-point

at the 3-point

The last term is the only one which needs a special analysis, so we deal with
it in the general case.

Considering now j € N even and following exactly the same line, if we
differentiate the function

12k? 7107 k|?
kz—l—tkf—i— YY++ |r |
T, 2! J!

ds,

and we estimate as above, we obtain

d/ k2 4 th* + o + H19)kP ds
dt Jn, DY j!
< —& | K24tk + 12 k5 -+ 100 kPds + C
K
(3.12) +0, > as( kD)

i=1

o @A kL) + 4 a7, 87K

at the 3-point

§SS §5ST7SSSS

3
+ C tklkl A+ Ok kAT K
i=1

at the 3-point

in the time interval [0, T);], where ¢ > 0 and C are two constants depending
only on the L? norm of the curvature and the inverses of the lengths of the
three curves of T.
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We deal now with the terms > _ r"~'9/—1kighk with h €
at the 3- pomt

{2,...,j} even (notice that this family contains the term tk’yk’” of the case
Jj = 2 above). By formulas (3.3) we have

3k 8"k
= [0 ks + a0 @A 8001 10k + @i (8 00 R
= [0/ (ko + 2k) + 0, (@770, 0201 18k + ana (3 AL 90 0]
= 07" ey + Ak - 0]k + 0 (ky + k) - qun (8770, 07 k)
+ an (@270, 0772k - gy (7 1,\ k) + 0]k - qn (07 0, 07 2k)
072 ey + 2k - 0,k + qong1 (077 A, 91 k)
+8h/2k an (07270, 91 %k)
O (kg 4 1k) - 0,k + qone1 (97777, 0 k)
+ [0k + ann (32 2 90T qh(ah/2 "3, 9 2k)
01> ey + 2k - 0]k + qongr (077 A, 91 k)
+ 0k - qp(3]* "0, 07 2k)

and since we are summing at the 3-point, the first product is zero by rela-
tions (2.10) and, by Remark 3.9, we get

w

L PRI Ay L Lty '

;Mw

Z th71 Bs/"lflkiashki
at the 3-point

= i=

+th la kl ah (ah/2 1)\'1 ah 2k1)

at the 3-point

< " pan 1 (185 kD | oo

+ "9 k| oo llpn (187 2K ) || oo

The term ¢! ||p2h+1(|8§’_1k|)||Loo is controlled as before by a small fraction of
the term "~ [ |3?k|* ds and a possibly large multiple of 2"~ times some power
of the L? norm of k (which is bounded), whereas "8 k|| o0 [|p5 (|87 ~2k|)]| .00
is the critical term.
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Again by means of interpolation inequalities (3.8) we have

182kl oo < ClOM KIS 02K S + Cllakkll 2
< (WoI*'kIS + Clakl 7 ) nalkl )5

WMW2WMW<CW“%MNHZ”1 + Clkl%, < Cllaf* kIS, + €

/2
< c (19 k12, + C)
192kl 2 < CIAET kI D IkIS" Y + Clikll 2
< Clla k| 2+ C

h=2

S a+1/2)e
=0

with o = )

h—2
as every monomial of p;,(|8"2k|) is less than C [] [8'k|*.
=0

Hence, putting together the first and third inequalities above,

1/4
wﬁmw50@¥“wg+cw%w) RIS
<c(hr iz, +¢) ks
and multiplying this last with the second we get

"1 k|| oo llpa (182K ) | oo
_ o/2+ 1/2
< (e, + ) ok

Zz:o (I+1/2)a;

2ai=0 " /D% 1 1/4
= 1! ( 01+ k|2 ds + c> e ( |a§k|2ds> /
T, T,

h:_2(1+1/2>a1
h htlp2 1= e SV npz g\
(¢ fo, 100+ kP ds + C1") (=1, 1001 ds )

)
o (1+1/2)a1+h -
= 20FD i1

Zz 0(1+1/2)o¢1+l ”
(¢ Joy 100 P ds 4 Co) - 2EED (e otk ds )

Z (1+1/2)a,
1=0
3/4 h/2+h S0

tl*h ,th

-1
Zl 0 (l+1/2)cxl 1
201D 3 the

Now, applying Young inequality, if we elevate to ( + 2

first term at the numerator, to 4 the second, as Z (l + Da; = h, it follows
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that the exponent which, at the end, goes on ¢ at the denominator is

h—2 he2 -1
- (3/4_h/2+h 1=0(l+1/2)0t1> <1_1/4_ 13+ 1/ _1/4>

2(h+1) 2(h+1)
1 1/2 R
_ (34— npypt =12z Siso T2 Siso
2(h+1) 2(h+ 1)
_3h+3—2hn*—2h+ 202 —hY 4h +1)
B 4(h +1) 2h4+2-2h+Y 1l
_h+3- tho“l_ 3h+3 i
2+ Y5« 2+ Vi
and since S1—Ja; > S0 00‘1;,+11 = =1+1/(h—1), we have
2h -3 h+1
9h§3h—2=1_3ht2<1 for every even h > 2.

Thus,

3
D <en/2 (th/ |a;'+1k|2ds+zh—1/ |8Shk|2ds+Cth>
at the 3-point Tt Ty

i=1

+C/t%

with 6, < 1 and ¢, > 0 which can be chosen arbitrarily small.

We apply this argument for every even i from 2 to j, choosing accurately
the values g; > 0.

Hence, we can continue estimate (3.12) as follows,

12k /107 k|?

- k2 tk2 ss . s d
ar Jn, & TS T LTI
< —e/z/ K24tk + 2k + -+ 1 kP ds + C+ Ct2 4 4 C 1t

Tt

+3 > Pas kD +4q0 (A KL )+ -+ a0 (372797
i=1 at the 3-point

<Cc+cCyt

3
+3 > Pas( kD + a9 (A KL )+ -+ a0 (87297

i=1 at the 3-point

for some 6 < 1.
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Integrating this inequality in time on [0, #] with + < T), and taking into
account Remark 3.9, we get
k2 17107 k|?
K24tk — 4 |:* |

Tt 2! .]'

ds

kK*ds +CTy +CT; ? + Zt qs(AF, kD)
To

+ 0@ kL) 4 4 T an (37T 87K

at the 3-point

k> ds + C + t*{|ps (ks )| oo
To

+ 14 Ipo(lksss DIl oo + -+ + /P21 (10 kD) | Lov -

Now we absorb all the polynomial terms, after interpolating each one of them
between the corresponding “good” integral in the left member and some power
of the L? norm of k, as we did in showing Proposition 3.13, hence we finally
obtain for every even j € N,

12k 17107 k|?
/k2+tk$+ sy PIKE <C;
T, ' 2! Jj!

with ¢ € [0, Ty/] and a constant C; depending only on fTo k> ds and the inverses
of the lengths of the three curves at time zero.

This family of inequalities clearly implies

, Cij!
|07k|> ds < ;—]] for every even j € N.
Ty

Then, passing as before from integral to L°° estimates by means of in-

equalities (3.8), we have the following proposition.

PropPOSITION 3.17. For every p > 0 the curvature and all its space derivatives
of Ty are uniformly bounded in the time interval [, Ty] (Where Ty is given by
Proposition 3.15) by some constants depending only on i, the L norm of k of Ty
and the inverses of the lengths of the three curves at time zero.

By means of these a priori estimates we can now work out some results
about the flow and improve Theorem 3.1.

THEOREM 3.18. If [0, T) is the maximal time interval of existence of a smooth
solution T; with T < 400 of Problem (2.1), then

(1) either the inferior limit of the length of at least one curve of T, goes to zero
whﬂ t—T,
(2) orlim,7 [; k*ds = +o0.

Moreover, if the lengths of the three curves are uniformly bounded away from zero,
then the superior limit in (2) is a limit and there exists a positive constant C such
that le k*ds > C/JT —t — +oc foreveryt € [0, T).
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Proor. If the three lengths are uniformly bounded away from zero and the
L? norm of k is bounded, by Proposition 3.14 and Ascoli-Arzela Theorem, the
triods T, converge in C* to a smooth triod Ty as + — T. Then, applying
Theorem 3.1 to Ty we could restart the flow obtaining a smooth evolution on a
longer time interval, hence contradicting the maximality of the interval [0, T).
By means of differential inequality (3.10), we have

i 2 2 : 2 :
k=ds <C k*ds| +C<C |1+ | k*ds| ,
dt Ty Ty Tt

which, after integration between ¢,r € [0, T) with t < r, gives

1 1
— 2SC(r—z‘).

2

(14 fpk2ds) (14 Jr, ©2ds)
Then, if case (1) does not hold, we can choose a sequence of times r; — T
such that fTr. k*ds — +oo. Putting r = r; in the inequality above and passing

to the limit we get

1
5 <C(T 1)
(1+ Jr, K2 ds)
hence,
C C
Kds > ————1> — o0,
Ty T VT —t T VT —t
for some positive constant C. O

This theorem obviously implies the following corollary.

CoroLLARY 3.19. If[0, T) is the maximal time interval of existence of a smooth
solution T, with T < 400 and the three lengths are uniformly bounded away from
zero, then

C
3.13 max k> >
( ) Ty - ST —t

— +00,

ast —> T.

REMaRK 3.20. In the case of the evolution y; of a single closed curve in
the plane there exist a constant C > 0 such that if at time 7 > 0 a singularity
develops, then

C
max k> >
Vi T —1t

for every t € [0, T) (see [25]).

If this lower bound on the rate of blowing up of the curvature (which is
clearly stronger than the one in inequality (3.13)) holds also in the case of the
evolution of a triod is an open problem.

PropPOSITION 3.21. For every M > O there exists a positive time Ty such that
if the L? norm of the curvature and the inverses of the lengths of the smooth triod
Ty are bounded by M, then the maximal time of existence T > 0 of the associated
solution of Problem (2.1) with initial data T is larger than Ty;.
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ProOF. By Proposition 3.15 in the interval [0, min{Ty;, T}) the L?> norm
of k and the inverses of the lengths of the three curves of T, are bounded by
2M? +6M.

Then, by Theorem 3.18, the value min{7T),, T} cannot coincide with the
maximal time of existence, hence T > T),. O

By means of Proposition 3.17 we can now work out an existence result
for an initial triod Ty which is neither smooth nor geometrically smooth, but it
is only C? and satisfies the 120 degrees condition.

THEOREM 3.22. If T is a C? initial triod (not necessarily geometrically smooth)
then there exists a Brakke flow with equality T; of T for some positive time interval
[0, T).

Moreover, the triods T, are geometrically smooth for every time t > 0 and the
curvatures k' belong to C*([0, 1] x (0, T)), hence the flow is a smooth Brakke flow
with equality for every positive time.

Finally, the unit tangents t' are continuous in [0, 1] x [0, T) and the function
fTr k% ds is continuous on [0, T).

PrOOF. We can approximate in W22(0, 1) (hence in C'([0, 1])) the triod
To = Uj_jo’ with a family of smooth triods T;, composed of C* curves
i i ; L 4O i) d2oj©) _
o — o', as j — oo with = and 72 =0.
By the convergence in W22 and in C', the inverses of the lengths of
the initial curves, the integrals ij k* + A*ds and |9,/ (x)| (from above and

away from zero) for all the approximating triods are equibounded, thus Propo-
sition 3.21 assures the existence of a uniform interval [0, T) of existence of
smooth evolutions given by the curves yji (x,1):[0,1] x[0,T) — Q.

Now, by the same reason, Proposition 3.17 gives uniform estimates on
the L° norms of the curvature and of all its derivatives in every rectangle
[0, 1] x [w, T), with > 0.

We can then select a subsequence (not relabelled) such that the curves yji,
after reparametrization proportional to arclength, converge to some y'(x,1?) :
[0, 1] x [0, T) — © (composing the triods T,),

e uniformly in [0, 1] x [0, T),
e in C* in every rectangle [0, 1] x [, T'), with u > 0.

Moreover, since all the approximating flows are composed of smooth triods and
the curvatures converge smoothly, when ¢ > O the triods T, are geometrically
smooth (see Remark 2.7).

It is then an exercise to see that the unit tangents t' are continuous functions
also at t = 0, that is, on all the rectangle [0, 1] x [0, T) (by the uniform control
on ||k|l,2 and Sobolev embedding theorem). Notice that, the continuity of Y
also implies that the measures 'L T, weakly* converge to H'LT,, where !
is the Hausdorff one-dimensional measure.
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Now we show that T, = U?_ " is a Brakke flow with equality. By the
smoothness of the flow for every positive time, we have only to check the
derivative 4 [ @ds at 1 =0.

For every smooth positive test function ¢ : Q x [0, T) — R the functional
Jr @k? ds is lower semicontinuous in the convergence of the triods with their unit
tangents (see [34], moreover, integrating on [0, #) inequality (3.10) (forgetting
the absolute value), for the approximating flows yji , and passing to the limit,
we see that the function le k*ds is actually continuous at t = 0. Then, by a

standard argument, it follows that also the functions th @ k?ds are continuous
at t = 0, for every positive ¢, hence for every smooth function ¢ with compact
support in 2.

Analogously, also the terms fT,W‘P | k)ds and fT, ¢;ds are continuous at
t = 0, hence integrating equation (2.11), satisfied by the approximating flows,
on [0, ) and then passing to the limit we get

t t t
/(pds—/ (pdS:—//(pkzdsdé—i—//(Vgalk)dsd‘é}—}—// o ds d&
Ty To 0 ’]l'g 0 TE 0 Tg

which clearly says, by the fundamental theorem of calculus, that the derivative
% le @ds exists at + =0 and that T, is a Brakke flow with equality. O

REMARK 3.23.

(1) The relevance of this theorem is that the initial triod is not required to
satisfy any compatibility condition, but only to have angles of 120 degrees,
in particular, it is not necessary that the sum of the three curvatures at its
3-point is zero.

(2) It should be noticed that if the three initial curves are C*, the flow y’
is smooth till + = 0 far from the 3-point, that is, in a closed rectangle
included in [0, 1] x [0, T)\ {(0, 0)} we can locally reparametrize the curves
to get a smooth flow also at ¢+ = 0.

This follows from the local estimates for the motion by curvature (see [17],
for instance).

(3) As we said in the introduction, the next important question is what can
be said if the initial triod does not satisfy the 120 degrees condition. One
would hope to have a suitable definition of evolution (possibly weak) such
that the 120 degrees condition is satisfied instantaneously, that is, at every
positive time, like it happens here for the geometrical smoothness.

(4) The uniqueness of the limit )’ is an open problem as well as its dependence
on the approximating procedure.

Even more important is the geometric uniqueness of such a Brakke flow
with continuous unit tangents, forgetting the parametrizations and looking
at the triods as subsets of R.

Finally, if the initial triod is smooth (or geometrically smooth) this flow
should be a reparametrization of the smooth evolution given by Theorem 3.1
(see Proposition 3.3).
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(5) We do not know if every Brakke flow with equality starting from a C?

initial triod Ty, which becomes immediately smooth (possibly requiring
also the continuity of the unit tangents), can be obtained in this way, even
when the initial triod Ty is smooth.
This problem is clearly related to the uniqueness of the smooth Brakke
flows with equality (maybe further restricting the candidates to a special
class with extra geometric properties). A positive answer would also allow
us to extend to them the analysis of the singularities carried on in the next
sections.

REMARK 3.24. We point out that all this section can be extended to networks
of curves with many 3-points.

Indeed, an analog of the result of Bronsard and Reitich for such situation
(they also remark that) can be obtained generalizing the “algebraic” analysis in
their paper [11] in order to show the complementary conditions for the system 3.1
associated to the network. Then, all the estimates can be generalized simply
adding the contributions of all the 3-points and of every end point, since each
one of them has to satisfy the relations between k, A and their derivatives
computed in Section 2 for a single triod.

In all the discussion of this section, we did not take care of the fact that
the triods have to remain in the domain €2 and of the condition of embed-
dedness, which are required in the formulation of Problem (2.1), actually, we
only concentrated on the analytic properties of the solution of the parabolic
system (3.1).

It will follow by the geometric results of the next section that since the
initial triod is embedded, if the lengths of three curves stay away from zero, then,
during the evolution, the triods do not develop self-intersections and “touch”
the boundary of 2 only with their end points.

In the rest of the paper we restrict ourselves only to the smooth flows given by
Theorem 3.1 and we will analyse the possible formation of singularities.

4. — Geometric properties of the flow

Let us consider a smooth evolution T, in the time interval [0, T) of an
initially embedded smooth triod Ty in the convex set €.
The first thing we want to show is that the triods cannot get out of €.

ProOPOSITION 4.1. The triods T, intersect the boundary of Q2 only at the end
points.
Moreover, for every positive time such intersections are transversal.

ProoF. Even if some of the three curves of the initial triod are tangent to
a2 at the end points P', by the strong maximum principle, as Q2 is convex,
the intersections become immediately transversal and stay so for every time.
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By continuity, the 3-point cannot hit the boundary at least for some time
T’ > 0. Then, fixing a time ¢ € [0, T’), even if the curve y!(-, t) intersects the
boundary at some of its inner points, that is, y’(x, t) € Q2 with x # {0, 1}, again
by the strong maximum principle and the convexity of €2 we can conclude that
for every subsequent time in the interval (¢, T') there are no more intersections.

This argument clearly implies that if 75 > 0 is the “first time” when the
triods intersect the boundary with an inner point, this latter has to be the 3-point
O. The minimality of fy is then easily contradicted by the convexity of €2, the
120 degrees condition and the non zero length of the three curves of T,. O

Now we concentrate on the condition of embeddedness.

Given the smooth flow T, = F(T,¢), we take two points p = F(x,t)
and ¢ = F(y,t) belonging to T, and we define I', ; to be the geodesic curve
contained in T; connecting p and g. Then we let A, , to be the area of the
open region A, , in R? enclosed by the segment [p,g] and the curve Cpg-
When the region A, , is not connected, we let A, , to be the sum of the areas
of its connected components.

We consider the function &, : T x T — R U {+00} as

2
IpA ql it x £y,
D, (x,y) = -
.y 43 if x and y coincide with the 3-point O of T,
400 ifx=y#0

where p = F(x,t) and g = F(y, ).

Since T, is smooth and the 120 degrees condition holds, it is easy to check
that &, is a lower semicontinuous function. Hence, by the compactness of T,
the following infimum is actually a minimum

4.1) E(t) = inf ®,(x,y)
x,yeT

for every t € [0, T).

Similar geometric quantities have already been applied in [23], [13] and
[26].

If the triod T, has no self-intersections we have E(¢) > 0, the converse is
clearly also true.

Moreover, E(1) < ®,(0,0) = 43 always holds, thus when E(¢t) > 0
the two points (p, g) of a minimizing pair (x, y) can coincide if and only if
p=q=0.

Finally, since the evolution is smooth it is easy to see that the function
E :[0,T) — R is continuous.

These properties set the question of the possible self-intersections of solu-
tions of Problem (2.1) that we let open in the previous section at the end of
the proof of Theorem 3.1 (the fact that the triods remain in € is shown by
Proposition 4.1). Indeed, if the initial triod T is embedded, we have E(0) > 0,
hence E(t) > 0 for some time.
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Now we want to show something more, that is, in a/l the maximal interval
of existence of a smooth flow self-intersections cannot happen, in other words,
if E£(0) > 0 then E(¢) > 0 for every t € [0, T).

Since we are dealing with embedded triods, with a little abuse of notation,
we consider the function &, defined on T, x T; and we speak of a minimizing
pair for the couple of points (p,g) € T, x T, instead of (x,y) € T x T.

LEMMA 4.2. Assume that0 < E(t) < 4+/3, then for any minimizing pair (p, q)
we have p # q and neither p nor q coincides with the 3-point O of T,.

Moreover, it is always possible to find a minimizing pair such that A, , is a single
connected region and the segment [ p, q| meet the (one or two) curves containing p
and q only at these points and with transversal intersection.

Proor. We already saw that by the very definition of &,, the inequality
0<E@) <43 implies p # g. The proof that p and ¢ can be chosen in order
that the region A, , is connected and the segment [p, g] does not intersect the
curves which contain the two points, goes like in [13, Lemma 2.1]).

We prove the first claim, assuming by contradiction that p = O € T, and
®,(0,q) = E(t). By the above, we can suppose that the segment [O, g] is
contained in in the sector between the curves y' and y?, that ¢ € y' and that
the region Ao , is bounded by such segment and the curve vl

If the angle @ > 0 formed by [0, q¢] and 72(0,t) is smaller than 90
degrees it is easy to see that moving a little the point p along y?2, the distance
|p — gq| decreases while the area A, , increases, hence the ratio |O — q|2/A0,q
cannot be minimal.

Thus the width of the angle o has to be greater or equal than 90 degrees.

We consider then the points p(s) = y'(x(s), ) with arclength parameter
s € [0,¢e) (then p(0) = O and @ _ t1(0,1)) and we compute the right

d
derivative at s = 0 of ®,(p(s), q) (gee the proof of Proposition 4.4),

~ Apa 1P —aP=1p$) =g 1> S Ape).q

2
5=0 Apis)g 5=0

_ —2A,0)41p(0)—g|cos (120—a)+1/2|p(0)—¢g|* sin (120—«)

d ®
o +(p(s),q)

2
AP(O)/J

0 —
_ | 4! {—4A0,q cos (120 —a) + |0 —q|2sin(120—a)}

- 247,

which has to be non negative by minimality.
Hence, it follows that 4A¢ , cos (120 —a) < |O — q|?sin (120 — ) and

0 — 2
scot(120—a) < 12740 _ 4. 0.9 = E).
Ao,

Since 7/2 < a < 2m/3 we have cot (120 — a) > /3, hence we conclude
E(1) > 4+/3 which is in contradiction with the initial hypothesis.
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Finally, as neither p nor g coincides with the 3-point, if [p, g] intersects
T, tangentially at p or ¢, moving such point a little in the direction which
decreases the distance |p — ¢/, the area A, is little changed, so a variation as
above gives a contradiction (see [13, Lemma 2.1]). O

REMARK 4.3. Looking at the proof of the connectedness in [13], it can
be proved also that if there is at least one minimizing pair such that both its
points are distinct from the end points P’, then the same holds also for the
pair (p, q) with A, , connected whose existence is assured by this lemma.

ProposITION 4.4. The function E(t) is monotone increasing in every time
interval where 0 < E(t) < 4+/3 and for at least one minimizing pair (p, q) of @,
neither p nor q coincides with one of the end points P'.

PrROOF. We assume that 0 < E(f) < 4+/3 and that there exists a minimizing
pair (p, g) for &, such that the two points are both distinct from the end points
P!, for every t in some interval of time. Since E(t) is a locally Lipschitz
function, to prove the statement it is then enough to show that % > 0 for
every time ¢ such that this derivative exists (which happens almost everywhere
in the interval).

Fixed a minimizing pair (p,g) at time ¢, satisfying the conclusions of
Lemma 4.2 and Remark 4.3, we choose a value ¢ > 0 smaller than the geodesic
distances of p and ¢ from the 3-point O of T, and between them, moreover
if p and g both belong to the same curve we can also suppose that g is the
closest to O.

By simplicity, we discuss the situation where the points p, g are like in

Figure 1, the computations in the other cases are analogous.

Fig. 1.
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Possibly taking a smaller ¢ > 0, we fix an arclength coordinate s € (—¢, )
and a local parametrization p(s) of the curve containing in a neighborhood of
p = p(0), with the same orientation of the original one. Let n(s) = |p(s) — ¢q|
and A(s) = Ay 4, Since

> (s) _ n°(0)

E(l) = min = )
se(—ee) A(s)  A(0)

if we differentiate in s we obtain

dn’ © , dA0) ,

4.2) s A(0) =

n°(0).

As the intersection of the segment [p, ¢g] with the triod is transversal, we have
an angle a(p) € (0,7) determined by the unit tangent t(p) and the vector
q — p. We compute

dn?(0

T2 = 2(p) g~ p) = ~21p — gleosa(p)

dA©O) 1 1 1 .
s flf(p)A(q—p)I— <v(p)|q—p>=§|p—q|sma(p)

Putting these derivatives in equation (4.2) and recalling that n?(0)/A(0) = E(t),
we get

lp—ql _ E®

(4.3) coter(p) A, 1

Since 0 < E(t) < 4/3 we get -3 < cota(p) < 0 which implies

T (») 5
— << < —7T .
2 Pr=

The same argument clearly holds for the point g, hence defining a(g) € (0, )
to be the angle determined by the unit tangent 7(g) and the vector p — g, by
equation (4.3) it follows that «(p) = a(g) and we simply write o for both.
We consider now a different variation, moving at the same time the points
p and g, in a way that 20 = 7(p(s)) and %4 = 7(q(s)).
As above, letting n(s) [p(s) —q(s)] and A(s) = A)(s),q(s)>» by minimality
we have

4.4)

AQ) = ——=n"(0)  and 72 A0 =

dn*(0) dA©) , d*n*(0) d*A(0) ,
d — n(0).
s ds?
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Computing as before,

dn?(0
T —20p 12 () - v(g)
S
dA(0) 1
P —4|p —glcosa = ——(p —q|v(p) +v(g))
K} 2
d*n?%(0
I = 1p—glsine = 2(2(p) ~ 7(@) | 7(p) — (@)
+2(p —qlk(p)v(p) — k(g)v(g))
=2|z(p) — 1(@)I* + 2(p — q 1 k(p)v(p) — k(q)v(q))
= 8cos’ @+ 2(p — q | k(p)v(p) — k(q)v(q))
d*A0 1 1
dsﬁ ) _ —§<r(p) —1(q) |v(p) +v(g)) + 5(17 —qlk(p)t(p) +k(g)t(q))
1 1 1
= —§<r(p) [v(g)) + §<r(q) [v(p)) + 5(1) —qlk(p)t(p) +k(g)t(q))

= —2sinaxcosa — 1/2|p — q|(k(p) — k(g))cos .

Putting the last two relations in the second inequality of (4.4), we get

(8cos’a +2(p — q | k(p)v(p) — k(@)v(g))Ap4
> (=2sinacosa — 1/2|p — q|(k(p) — k(g)) cosa)|p — q|*

hence, keeping in mind that tano = —4/E(¢), by equation (4.3), we obtain
24,.4(p = q | k(p)v(p) — k(@)v(g)) + 1/2Ip — qI*(k(p) — k(g)) cos

> —2sinacosa|p —q|* — 8A, 4 cos’ a

2
(4.5) =-24,, cos’ <tana P =4l + 4)
Apg

4
= —2Ap,q COSzol <_E'([) E(t) +4) =0.

dE (1)

o exists and we

We consider now a time fy such that the derivative
compute it with the following standard trick,

dE(to) 0

= —®
yr o7 (P, q)

=1

|2

for any pair (p,q) such that p,q € T;, and 1 = E(t).

lp—
Ap.q
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Considering then a minimizing pair (p,q) for @, with all the previous
properties, by minimality, we are free to choose the “motion” of the points
p(t), q(t) “inside” the triods T, in computing such partial derivative.

Since locally the triods are moving by curvature and we know that neither
p nor g coincides with the 3-point or the end points, we can find ¢ > 0 and
two smooth curves p(t), g(t) € T, for every t € (tp — &, to + €) such that

d
pt)=p  and %zk@(z),n v(p(t). 1),
. dqt)
g =g and  TTE = kg0 vig@).0).
Then,
dE(t) _ 3
T atht(p7Q) .
4.6
0 _ U (b0 —g@F | dAgg
Tz \r dt P=ar—y .

With a straightforward computation we get the following equalities,

dlp(t)—q@®)?

o =2(p —qlk(p)v(p) —k(q)v(q))

=1

= [ @ lvr, g ds+1/21p =gl 01k (v () +k(@v(0)

=ty “/Tpg

=2a —571/3 = 1/2|p — q|(k(p) — k(q)) cos

dApw),q)
dt

where we wrote vr, , and vy, 4 for the exterior unit normal to the region A, ,,
respectively at the points of the geodesic I', , and of the segment [p, g].
Substituting these derivatives in equation (4.6) we get

dE(t)
dt
1
= (2Ap,q(p —q 1 k(p)v(p)—k(q)v(g))+1/2cosa|p — qI* (k(p) — k(q)))
p.q
lp—ql 51
T, )

and, by equation (4.5), the first term in parentheses is non negative, hence

)
dE(t) _ _|p—4l (20[_5_77).
dt ~ Az 3
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By equation (4.3) we have o = arctan(—4/E (p)), hence the following inequality

holds
dE(ty) - 2E(to)

it = A,,

(arctan(4/E(t0)) - arctan(l/«/g)) > 0.

As the area A, , is bounded by the area of €2, we conclude that for every ¢ in
an interval such that the minimum of ®, is taken by at least one pair of inner
points and the derivative of E(¢) exists,

dli(tt()) > 2CE(ty) (arctan(4/E(t0)) - arctan(l/ﬁ))

for the time independent constant C = 1/Area(2) > 0. O

REMARK 4.5. All this analysis can be extended step by step to a network
with many 3-points but without loops, that is, a tree. The presence of loops
complicates the analysis of the minimality properties, because of the possible
presence of more than one geodesic in T, between the two points p and gq.

We now show that on all [0, T) we have E(¢) > 0.

THEOREM 4.6. If Q2 is bounded and strictly convex, there exists a constant C > (0
depending only on T such that E(t) > C > 0 foreveryt € [0, T).

Hence, the triods T, remain embedded in all the maximal interval of existence
of the flow.

ProoF. We define three flows of networks of curves H/, H?, H} in the
interval [0, T). The network ]Hli is obtained as the set theoretic union of T,
with its symmetric image T! with respect to the point P'.

As the triods T, are contained in the convex €2 which is strictly convex,
this operation does not introduces self-intersections and since, by Lemma 3.10
all the even derivatives of k and A are zero at the end points P’, each one of
H!, H?, H} is a smooth flow by curvature of a centrally symmetric network,
which is a tree and it is composed of five curves, two 3-points and four fixed
end points.

We define for these networks the functions ELE% E3:[0, T)— R, analogous
to the function E:[0, T)— R of T, and we set I1(f) = min{E'(¢), E*(t), E>(t)}
which clearly turns out to be a locally Lipschitz function on [0, T') satisfying
I1(t) < E(t) < E(t) for every time ¢ and index i e {I,2,3}, since every
Hi contains a copy of T, (actually two copies). Moreover, as there are no
self-intersections by construction, I1(0) > 0.

Showing that for every time I1(#) > 0, we prove the theorem.

We consider a time ¢ € [0, T) such that the time derivatives of IT and of
all the E' exist (almost everywhere), then for every index i € {1, 2, 3} such that

Ei(t) = I1(t) we must have ‘“Z—lt(’) = dgt(”.
Extending the previous analysis to the flow Hi, which is a tree hence
Remark 4.5 applies, if the minimum E'(t) = II(z) is taken by at least one
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pair of inner points (notice that P’ became an inner point for H!), then this
derivative is positive.

If every minimizing pair (p, g) is constituted by two end points then, by
our construction, the squared distance |p — ¢|* is bounded from below and
Ei(t) = TI(t) > C > 0 for some uniform constant C > 0 independent of
t € [0, T), determined by Tj.

The same holds if one is an end point of T,, different from P, and the
other is a point of T! and viceversa (H: is centrally symmetric).

In the last case, when (p, ¢) is composed of an inner point and an end
point of Hﬁ, both in the same copy of T;, if we consider the same pair and
associated region, contained in the other two networks, in at least one of them
the two points are both inner, for instance this happens in the network, say H,
if the end point of H! in the pair is a copy of P/. Hence, we found an inner

minimizing pair of H;, that is E/(t) = E'(t) = I1(¢), which implies, by the
previous discussion, that %lt(” >0 so % > 0.
We conclude that if I1(z) is under some constant C > 0 on [0, T) then it

is increasing. Since [1(0) > O this argument gives a uniform bound from below
on I1(¢) on [0, T), hence on E(t). O

REMARK 4.7. The reason why we put the strict convexity of €2 in the
hypothesis is that, in the very special situation such that the three end points
P! stay on a line and one of them is the middle point of the segment determined
by the other two, then the symmetry operation with respect to this middle point
produces an intersection between T; and its image at the other two end points,
hence the argument above cannot be applied since two loops have formed.

All the results of this section, in particular the previous one can be general-
ized to networks of curves with many 3-points which are trees, that is, without
loops in a strictly convex set €2.

5. — Blow up and self-similar solutions

As before we suppose to have a smooth embedded solution T; of Prob-
lem (2.1) in a bounded and strictly convex € C R? on a maximal time interval
[0, T). Moreover, we assume that there is a constant § > 0 which uniformly
bounds from below the lengths Li(¢) of the three curves of T;.

By Theorem 3.18 and Corollary 3.19 the maximum of the modulus of the
curvature and its L norm go to 400, as t — T.

As it is standard, we divide the possible singularities in two cases (recall
Remark 3.20) according to the rate of blow up of the curvature.

We say that we have a Type I singularity (or a fast singularity) if there
exists a constant C such that

C
(5.1) max k% <
Ty T —1t

for every t € [0, T).
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In the case inequality (5.1) does not hold for any constant C we say that
the singularity is of Type II (or a slow singularity).

Blowing up in a proper way the evolving triods around a Type I singularity,
we obtain as possible limits an unbounded and embedded triod without end
points or an unbounded and embedded curve with at most one end point,
moving by curvature simply shrinking homothetically.

In the standard case of the evolution of a closed curve in the plane, it is
possible to do a blow up of a Type Il singularity obtaining a translating solution
of the motion by curvature which has to be a straight line or the grim reaper
(see [5], [22]). In our situation dealing with triods, we are not able at the
moment to get the same conclusion, but we can anyway hope to exclude the
presence of Type Il singularities, analysing the possible blow up.

In the rest of this section we classify the embedded triods without end
points (see Remark 1.4) shrinking homothetically by curvature and, since they
could become relevant, we classify also the translating ones.

DEeFINITION 5.1. We say that a family of unbounded triods without end
points is a smooth flow by curvature in R? if locally, in space and time, it can
be parametrized by some maps giving a smooth flow as in Definition 2.4 (but
with the end points free to move).

5.1. — Classification of homothetic flows of triods

We can clearly suppose that the origin of R? is the center of homothety.
By a straightforward computation, it can be seen that the curves y in R?
which are homothetically shrinking around the origin of R? under the curvature

flow satisfy the equation k = —XA(x | v), for some positive constant A, at every
point x € y.
Then, by a rescaling, we can suppose that k = —(x | v), that is A = 1.

LemMMA 5.2. If a closed, unbounded and embedded triod T in R2 without end
points satisfies k = —(x | v) at every point x € T, then the 3-point coincides with
the origin of R? and the three curves of the triod are halflines forming angles of 120
degrees.

Proor. By the work of Abresch and Langer [1], since the three curves of
the triod satisfy the equation above, they can be only halflines, pieces of circles
or pieces of a special family of curves (curves of Abresch and Langer) described
in [1], which are bounded, periodic and with transversal self-intersections. Since
the triod has no end points, if an edge is a piece of one of these curves or of
a circle, following this edge in the direction opposite to the 3-point one would
get a self-intersection which is not present, hence, these two possibilities have
to be excluded.

Then, the three curves are halflines meeting with angles of 120 degrees
and, by means of the equation above, it follows immediately that the 3-point
has to coincide with the origin of R O
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By the same argument used in this proof we can also get the following
two lemmas that we will need in the next section.

Lemma 5.3. If a closed, unbounded and embedded curve y without end points
satisfies k = —(x | v) at every point x € y, then the curve is a straight line through
the origin of R%.

LemMma 5.4. If a closed, unbounded and embedded curve y with only one end
satisfies k = —(x | v) at every point x € y, then the curve is a halfline.

These lemmas implies the following classification result.

ProposiTiON 5.5. If T, is a flow of unbounded triods (curves) without end
points (with one or without end points) shrinking homothetically during the motion
by curvature, then T, is composed of three halflines forming three angles of 120
degrees (one halfline or a straight line), hence it is not moving at all (k = 0).

5.2. — Classification of translating flows of triods

The curves y in R?> which move by translation with constant velocity
w € R?, for the curvature flow satisfy the equation k = (w |v) at every point
(observe that this equation is translation invariant).

DEeFINITION 5.6. The grim reaper relative to the vector e; is the graph of
the function x = —log(cos y) in R? when y varies in the interval (—m/2, /2).

The grim reaper relative to a non zero vector w € R? is obtained rotating
and dilating the grim reaper relative to e, in a way to make this latter coincide
with w.

REMARK 5.7. Notice that the grim reaper relative to w is a smooth convex
curve asymptotic to two straight lines in R? parallel to such vector.

LEMMA 5.8. If a closed, unbounded and embedded triod T in R* without end
points satisfies k = (w | v) at every point, with w # 0, then its curves are halflines
parallel to w or translated copies of pieces of the grim reaper relative to w (see
Figure 2), meeting at the 3-point with angles of 120 degrees (it clearly follows that
at most one curve is a halfline).

_— y=n/2

~——_ y=—/2

Fig. 2. The grim reaper relative to e .
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| -
T
N

Fig. 3. Some examples of translating triods.

—

PRrROOF. At every inner point of the curves composing the triod, differen-
tiating in arclength the equation above we get k;, = —k{w | t), hence, if the
curvature is zero at some point, it has to be zero on all the curve, so this latter
is a halfline parallel to w.

If k is non zero, then differentiating again we obtain kg, = —ks(w |T) —
k*(w|v) = k?/k — k> which is the equation of a grim reaper. Integrating such
equation we get the thesis. O

With the same arguments we can also prove the following lemmas.

LEMMA 5.9. If a closed, unbounded and embedded curve y in R? without end
points satisfies k = (w | v) at every point, then it is either a straight line parallel to
the vector w or a translated copy of the grim reaper relative to w.

LemMaA 5.10. If a closed, unbounded and embedded curve y with only one end
satisfies k = (w | v) at every point, then it is either a halfline parallel to the vector
w or a translated copy of a piece of the grim reaper relative to w.

Hence, we conclude as above.

ProposiTION 5.11. If T, is a flow of unbounded triods (curves) without end points
(without or with only one end point) translating during the motion by curvature, then
every T, is one of the sets of Lemma 5.8 (5.9 or 5.10).

6. — Type I singularities

In this section we study the Type I singularities of a smooth flow of triods
T,, described by a map F : T x [0, T) — Q (see after Definition 2.5), in a
bounded and strictly convex Q2 C R?, on a maximal time interval [0, T').

We remark that in this section, we will often consider the triods as subsets
of R?, without mentioning .

By the Type I assumption, there exists a constant C > 0 such that

c
(6.1) lim max k% = 400 and K (p,1) < T

t—T Ty

for every p €T and r € [0, T).
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LEMMA 6.1. One of the following three (mutually non exclusive) possibilities
holds:

(1) Thereis anindexi € {1,2,3} and a sequence of times t; /' T such that

, C
K0, )] >
R
for some positive constant C.
(2) We have the estimate
2 o(1)
max k= ——
Ty T —t
ast - T.
(3) The maximum of k? is definitely not taken at the point O and

1
max k> > ——
T; 2T —1)

for every t larger than some ty € [0, T).

ProoF. We consider the non negative, locally Lipschitz functions f(¢) =
maxr, k* and g(t) = (T — 1) maxr, k2.

If we are not in the first case, lim,_,7(T —t)[k (O, t)]*> = 0 for every index
i €{1,2,3}. Setting gp(t) = maxie{l,m}(T—t)[ki(O, H1%, if g(t) > go(t) then
the maximum of k> at time ¢ is taken in the interior of one of the three curves
(k is zero at the three end points).

If g > go does not hold definitely, there exists a time #p such that gp(¢) <
1/4 for every t > ty and another time ?; > ty such that g(¢;) = go(t;) < 1/4.

Then, following Huisken [25], at every time ¢ such that g(¢) > go(¢) by
the parabolic maximum principle the function f(¢) = maxr, k? satisfies the
differential inequality

d 4 2
(6.2) Ef(t) < zn%r?Xk =2f°()
and the function g(7),
d
Eg(t) <2T — z)n%xk“ — n%xk2 =Qg—Df@).

If J is the set of times ¢t € [t;,T) such that g(t) = go(¢) < 1/4, then in
[#1, T)\ J, which is a union of open intervals, the function g is decreasing, by
a simple ODE’s argument. It follows that g(t) < go(sup(J N[0, ¢])) and since
we supposed that lim,_, 7 sup(J N[0,7]) = T, we conclude lim;_ 7 g(t) = 0.
This means that we are in the second case.

If instead g > go definitely, then after some time the maximum of k” is
always taken at some inner points, hence inequality (6.2) holds and since f goes
to +oo as t — T, by integration we get the bound from below (Huisken [25])

) 1
maxk® > ——
T, 2T — 1)

for every ¢ larger than some %y, that is, we are in the third case. O
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In the second situation above we can get something more.

LEMMA 6.2. If the curvature of the triods satisfies

maxk2:ﬂ
Tt T—1t

then there exists an index i € {1, 2, 3} and a sequence of times t; /' T such that
kz(p, 1) < [k'(O, tj)]2 foreveryt <t;, p € T and [k (0, l‘j)]2 /400

Proor. We start studying the non decreasing hull f (1) = supg¢po, f(§) of
the function f(¢#) = maxr, k* = e(t)/(T —t), with lim,_,7 &(t) = 0. Clearly
f(t) > f(t), hence also f goes to 400 as t — T.

We notice that since f is locally Lipschitz, the same hold for f , moreover
the derivative of this latter, which exists at almost every time ¢ € [0, T'), is zero
or coincides with the derivative of f, if this happen f (t) = f(¢) also holds.

We saw in inequality (6.2) that when the maximum of k? is taken at some
points different from O, then f’ <2f2, so under the same hypothesis, it also
holds f' < f/ <2f2 <2f2

Let us consider the set J = {r € [0,T) | f(z) = maxi€{172,3}[ki(0, N7}, if a
value ¢ does not belong to J then either the maximum of k” is taken at some
points different from O or f(t) < f (t) and the derivative of f at t is zero. In
both cases the inequality f’ <2 f 2 holds at every time such that the derivatives
of f and f exist (almost everywhere).

If T is not a limit point of J, then definitely f’ <2 f 2 almost everywhere,
integrating then the distributional derivative of 1/ f , we obtain, as in the previous
lemma for f, the bound from below f () > ﬁ

This gives a contradiction since it implies that definitely f > f, hence f
would be constant against the fact that f(¢#) goes to 400 as t — T.

Thus, we can assume that there exists an index i € {1, 2, 3} and a sequence
of times #; /' T belonging to J, hence satisfying f(tj) = [k'(0, tj)]z. It follows,
by construction, that

K*(p,t) < [K'(O,1;)]* for every t <t; and p €T,

and [k’ (O, 1)]> / +o0. O

We will deal with the first and the last case of Lemma 6.1 by means of the
rescaling procedure of Huisken [25], adapting the line of Stone in [37], [38] to
our situation. By means of an argument of Ilmanen in [28, Lemma 8] and [29,
Section 3], we will show in Proposition 6.18 that the second case also cannot
happen.

We start with the analogue in our situation of Huisken’s monotonicity for-
mula for mean curvature flow (see [25]).
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Let xo € R? and define the backward heat kernel relative to (xo, T) as

_l=xo?
e AT-D

Pro (X, 1) = \/ﬁ

LEMMA 6.3. Foreveryt € [0,T) and i € {1,2, 3} the following identity holds

d (x — x0)* g
f/A Py (5, ) ds = —/, kST
dt Jyic.n yie.n 2T —1)
P! — X0
+ < 2(T —1)
n Y (0, 1) — xo
2(T —1)
+ A0, 1)psg (7' (0. 1), 7).

Pxy (X, 1) ds

r"(l,t)>px0(P", )

(0, t)> Pro (¥ (0,1), 1)

Proor. The proof goes like in [25, Theorem 3.1] with the extra boundary
terms coming from the application of the first variation formula (see [34]).
By such formula, for every C I vector field X we have

/A div' X ds= —/A (X|k)ds+(X ', 0) 1T A, D)= (X' 0, 1)|T' (0, 1))
yiG.t) yiG.t)

where div' means tangential divergence (see [34]), and following Huisken [25],

d 3
_/- Podds = / Pr diVTEdH/. (Vory |0) + 20 ds
dt v yiG.t) Y ot

. 9
= —/, prok” =divT (0 AT)ds +/_ (Vg 10) + 2250 g
) ) ot

1 (x —xolk) |x—xo
=— o 4 K2 — d
/yi(,,,)p 0 { 27— 20 =n Tac—n ("

— 10, D) pey (¥ (0, 1), 1)

X — X
=_/' k + 0
rHGn)

2
PO Xi _)\'l ’ X l ’ b
k57 -n| » 0ds = A0, 1)y (v (0, 1), 1)

Pxq <X — X0 | k)
+ / + Pxy ds
vien 2T =1y 2T —1) 70

since Ai(l, 1) =0.
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Now we use again the first variation formula with the field X (x) = (x —
X0) pxy(x, 1)/2(T — t) whose tangential divergence is given explicitly by

Z[z=1 va((xl - x(l))Pxo(x’ 1)

= x0 | VT o O, 1)) + 357 (e e ) prg (x, 1)
2T — 1) B

2T —1)
_ P D) —x9)TP
= XT =1 4T —p P

then,

—xo |k
/ divT X ds = —/ wpm ds
yi(.0 yicy 2T —1)

(P" = xo |T' (1, D) pxy (P', 1) = (¥ (0, 8) — x0 | (0, 1)) pry (¥ (0, 1), 1)
+
2T —1)

=/ Pxo _I(x—xo)lep ds
vien 2(T —1) A(T — )2 707

Hence,

il
— [ pypds= —/, k
dt Jyicn ™ yiGn

n (P'—xo ' (1, ) pxy (P, 1) — (¥'(0, 1) — x0 |T(0, 1)) pyy (¥' (0, 1), 1)
2T —1)
|(x — x0) T]?
+/y,-(.,,) 2T 1 Prods

2
/’(1)

(P'—xo |T'(1, ) pxy (P, 1) — (¥'(0, 1) — x0 |T(0, 1)) pyy (' (0, 1), 1)
_|_
2T — 1)

and reordering the terms we get the claimed identity.

2

X — X . .
U g ds = A0, 1) pry (¥ (0, 1), 1)

2T —1)

(x —x0)t
2(T 1)

0 ds — 110,104 (¥ (0, 1), 1)

O

PRrROPOSITION 6.4 (Monotonicity formula). For every t € [0, T) the following
identity holds

= xo) |
2(T —1)

> (s

Pxo(x, 1) ds

d
N Hds = — k
g L ot s /T

(6.3)

Tl t>> prg(P'.1) .



MOTION BY CURVATURE OF PLANAR NETWORKS 293

Integrating between t; and t, with 0 < tl <ty < T we get

? - 0)l
/ / Pxy(x, 1) ds dt
T t)
(6.4) = [ pmds = [ pgmds
Ttl T,

n
3

ty Pi_x
+Z_I/l <2<T 3

i=1
Proor. We simply add the contributions for the three curves given by Lemma
6.3, recalling that ¥/ (0,1)=0 and Y7, 7/(0,1)=3"3_, (0, 1) =0. O

LEMMA 6.5. Setting |P' — xo| = d', for every index i € {1,2, 3} the following
estimate holds

/T P — X0
¢ 2T —§)
Then, for every xg € R2,

o= [T P — x
zhf%;/z <2<T—s>

Proor. If d' > 0, we estimate

/T Pi—X()
t \ 2T —§)

T'(1, t)>px0(P‘ 1drt.

fi(l,é)>,0x0(Pi,E)d$

j

+
57 / e dy <1)2.
i T

r"(l,s>> Prg(P &) dE =0.

rl’<1,5)>px0<P",é)ds

</T P 2% |1 6) ) g (P 6) e
N o T 9 X 9
=)\ 20 —¢ Pro
1 r d! _ a2
< / e HT-%) dé—'
V2 o [2(T —§)P3/?
1 +00
2
_ e /Zd
V2T / Y
di JJ2T=1)
< /oo gy =12
b . _
27 Jo Y

where we could change variable y = d'//2(T — &) since d' > 0.
Since the integral on [0, +o00) is finite, looking at the third line we have

also that _
/T Pi— X0
o\ 2T —§)
In the special case d’ = 0, that is, xo coincides with the end point P, the
corresponding integral is zero for every t € [0, T), so the thesis follows. O

lim
t—>T

rl’<1,5)>px0(P",é)ds
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PROPOSITION 6.6. For every xo € R? the limit lim,_, 1 fT, Pxo(x, 1) ds there
exists.

Proor. Fixed xg € R?> we look at the function b : [0, T) — R

mn—/ <

As Lemma 6.5 says that b is bounded and lim,_.7 b(t) = 0, the monotonicity
formula (6.3) implies that the limit of the statement there exists.

o', §)> pxo(P', ) d§ .

Now, we introduce the the rescaling procedure of Huisken [25].
Fixed x( € R?, let Fiy : T x[-1/2logT, +00) — R? be the map

Fo(po="LDZ% iy = iog(r 1)
0 V2T —1) 2
then, the rescaled triods are given by
ﬁ‘ _ Tf - X()
0T AT — 1)
and they evolve according to the equation
9 ~ B ~
&Fxo(p, ) =v(p,t) + Fy(p, V)
where
_ v(p, () T T —2t
v(ip ) = ———=k+A=kv+ At and t)=T — .
p = s =kt ) e

Notice that we did not put the “tilde” over the unit tangent and normal, since
they remain the same in the rescahng
We will often write O(t) = Fy,(0,t) for the 3-point of the rescaled triod

']Afxo,tv when there is no ambiguity on the point xg.
The rescaled curvature evolves according to the following equation,

(65) 0k = koo + ko + K> —k

which can be obtained as in Section 3 by means of the commutation law
(66) 30 = 350y + (k> — Ao — 1), ,

where we denoted with o the arclength parameter for ’I~Fxo,t.

By a straightforward computation ([25], [38, Lemma 2.3]) we have the
following rescaled version of the monotonicity formula.
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PRrOPOSITION 6.7 (Rescaled Monotonicity Formula). Let xo € R? and set

x|

plx) =e 2
For every t € [—1/21log T, +00) the following identity holds

i)
dt Jt

X()t

Fv)do = — /~ &+ x PR do
Txg,t

3
+ Z < P;O’t
i=1

(6.7)

T 1)) AP0

~. pi_ ) i
where P;O,t = Z(T);(()t))' Integrating between t| and t; with —1/2logT < ¢} <
t) < +00 we get

t o~
/2/~ |k+xL|2,<7(x)dadt:/~ ,B(x)do—/~ p(x)do
t T T

X0t Txg. ¢ X056

3 L
i
+ Z/l] <Px0,t
i=1

(6.8)

T, 1(0)) AP ).

Then, we have the analog of Lemma 6.5 whose proof follows in the same
way, substituting the rescaled quantities.

LEMMA 6.8. For every index i € {1, 2, 3} the following estimate holds

+o0 , . ) e
‘/f (Pipe| ' 1.109) 'O(P)io,é)dg) <V/2.

Then, for every xy € R2

lim i/ﬂo (Ple|ea,1€)) 5Pl ) ds =0.
i=1 7t

t——+o00

We need the following lemmas in order to study the possible limits of the
rescaled triods.

LEMMA 6.9. Under the Type I hypothesis (6.1) there exists lim,_.r F(O,t) =
0 € R

The 3-point F;O (0, t) of the rescaled triods either it is uniformly bounded or it
goes to infinity as t — +00, according to the fact that xo = O or not.
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PROOF. Since at the 3-point we have >3  (A)2 =23 (kK)> < C/(T —1)
we have also |v(O, t)|*> < C/(T —t) for some constant C > 0 independent of

t € [0,T). Then we get
290F
/ 0" ar
n Ot

n 5] C
5/ |y(0,r>|drs/ 7 di <2/CT —m)
1 1 -

for every 0 <t <t, < T. Hence, the limit lim,.7 F(O,t) = O there exists
and

(6.9) |F(O,1)— 0| <2/C(T —1)

|[F(O,t1) — F(O,t)| =

for every t. B _
Considering then the 3-points F;(O, t) of the triods T , we have
~ F(O,1)— 0| 2JC(T —1
Fa0,0= 1@ =01 _2VCTD _

V2T -1 — 2T -0

hence, if xo = O then the 3-point always belongs to the ball B ;¢.

By the same inequality (6.9) it follows that if x¢ # O then the 3-points of
the rescaled triods go to infinity as t — 4o0. O

LEMMA 6.10. The curvature k of the rescaled triods i’xo,t is uniformly bounded
in space and time. Moreover, for every ball By centered at the origin of R?, we
have the following estimates with a constant Cg independent of xo € R and t €
[—1/21og T, 4+00) N

H' (T4, N Br) < Cg.

ProofF. The maximum of the curvature of every rescaled triod is bounded
by a uniform constant, by the assumption (6.1) on the blow up rate of the
curvature.

Moreover, using the rescaled monotonicity formula (6.7) we get

t

/~,5do~= / Fdo — / /|E—|—xL|2,5dod§

o T —1/2log T %
xg,—1/2log T x0-&
3 t
#Y [ (Pe|fanen) bl oae < c
i=1_1/510gT

where the last estimate follows from Lemma 6.8.

Hence, since p > e’Rz/ 2 in every ball Bg centered at the origin of R?, we
have a uniform bound Hl(ﬁxo,tﬂ Br) < Cg for some constants Cg independent
of t and x. O
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DEFINITION 6.11. We say that a sequence of triods converges in the Cj,.
topology if, after reparametrizing the curves composing the triods in arclength,
they converge in C” in every compact of R2.

The definition of convergence in W,..” is analogous.

LEMMA 6.12. The function (see Section 4)

_ 2
ET) = inf P79
pq€T Pq
P#q

defined on the class of C? triods without self-intersections (bounded or unbounded
and with or without end points), is upper semicontinuous with respect to the C120c
convergence.

Moreover, E is dilation and translation invariant.

Hence, every C12OC limit of rescaled triods satisfies E > C > 0 where the
uniform positive constant C is given by Theorem 4.6. Thus, such limit has no
self-intersections.

Proor. The proof is straightforward. O

LEMMA 6.13. For every xo € R? and every sequence of rescaled times t; — oo
there exists a subsequence t;, such that the triods TX() y;, converge inthe C\L . topology

to a limit set T, which, if non empty, is a curve or a trlod with at most one end point
and without self-intersections. _
Moreover, the Radon measures H'L_ TXo,tj, weakly* converge in R to the Radon

measure H' LT

PrOOF. Reparametrizing the triods in arclength, we have curves with uni-
formly bounded first and second derivatives, moreover, by Lemma 6.10, for every
ball By centered at the origin of R?> we have a uniform bound H 1(’f‘xo,tﬂB R) <
Cpr for some constants Cr independent of t.

Then, by standard compactness arguments (see [25] [31], 34]), the sequence
']I‘xo 4 of reparametrized triods has a subsequence Txo " weakly* converging in

WloC , then in the CloC topology to a (possibly empty) set To, which, if xq is
distinct from all the P, has no end points since they go to infinity during the
rescaled flow. If xo = P!, the set Ty, has a single end point at the origin of R?.

In both cases the 3-point could be present or not, if it is present then the
angles are of 120 degrees by the convergence of the curves in C\... The only
“strange” situation is if xp = P!, for instance, and lim;_, o 0 (tj) = 0, which is
in contradiction with the fact that the three lengths are uniformly bounded away
from zero, indeed in this situation the curve between P' and the 3-point has
to collapse otherwise embeddedness, which we are going to show now, is lost.

The limit set, which we suppose non empty, has no self-intersections by
Lemma 6.12.

Finally, the embeddedness of the limit and the C! convergence in every
compact imply that the Radon measures Hll_ﬁ‘xo,tjl weakly* converge in R? to

the Radon measure H'L Too. O
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LEMMA 6.14. Ifthe 3-point of the rescaled triod ﬁ‘xo,t does not belong to the ball
Bor(z) C R? with radius 2R and center 7 € R?, then there exist constants §g > 0
and Dy, independent of the points z, xo € R? and the time t € [—1/21og T, +00),
such that ky, kyo and ki for the family {TXO r | r € [t, t+8g1} are uniformly bounded
by Dg in the smaller ball Bg(z).

Proor. By the control on the curvature, the velocity of the 3-point is
bounded by a uniform constant, hence, for some §g > O in the time interval
[t — SR, t+ dg] the 3-point cannot enter in the ball Bzg/»(2).

Then, as the 3-points are far from the ball, by the uniform bound on the
curvature of all the rescaled triods, repeating the interior estimates of Ecker and
Huisken in [17] (see also [16, Section 2]) for the rescaled flow and recalling
the evolution equation for the rescaled curvature Btk = kw + nk + k3 — % we
get the thesis, possibly choosing a smaller g > 0. O

REMARK 6.15. The same conclusion clearly holds for a family of triods
moving by curvature (not rescaled) if we have a uniform bound on the curvature.

PROPOSITION 6.16. For every xo € R? and every sequence of rescaled times
tj — 00 there exists a subsequence t;, such that the triods ’]I‘XO y, converge in the

ClzoC topology to a limit set T, which, lf non empty, is one of the following:

e a triod composed of three halflines originating from 0 € R?,
e a halfline from 0 € R?,
e a straight line from 0 € R2.

Moreover, the Radon measures Hll_'ﬁ‘x(),til weakly* converge in R? to the Radon

measure H'L T.

Proor. By Lemma 6.13, we have to show that, supposing the Clloc—limit
Too = lim;_ o Txo,tjl non empty, it is among the ones of the statement.

Putting t; = —1/21og T and sending t, to +oo in the rescaled monotonicity
formula (6.8), by Lemma 6.5 we get

+00
|k + x5 do dt < +oo,
—1/2log T ¥

XQ,t

hence, extracting from the sequence of times t; a subsequence (not relabelled)
with t;, | > t; + 1/1, we see that there exists an increasing sequence rj such
that t;, <r; <t; + 1/l and on a subsequence of the r; (again not relabelled)
we have

lim |k+xtPpdo’ =0.

[—00

TXO V]
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Reapplying Lemma 6.13, we can assume that also the triods if"o”’jl converges

to some limit Ty, in Wli’coo (possibly empty), and since the integral above
is lower semicontinuous in this convergence (see [34]), the limit T, satisfies
k + x+ = 0, distributionally. The limit set is composed of curves in Wli’coo but
from the relation E+ x1 =0 it follows that E is continuous, since the curves
are Cl_.

Such limit set is a triod or a curve and the end point is present or not
according to the choice of the point x.

As the relation above implies k = —(x|v) at every point x € Ty, the
classification Lemmas 5.2, 5.3, 5.4 show that in any case the curvature of the
limit set is zero everywhere and that T, is among the sets of the statement.
Indeed, when such limit is an halfline, we have necessarily that the point xg
coincides with one of the fixed end points of the triods, hence the limit halfline
starts from the origin of R

We show now that To, = Ts and that the convergence is in the CZ_
topology, proving the proposition.

We consider a point y € Ty, such that the distance dist(y, Too) > 0. If
we denote with y, = 17}0 (pt, t) the point of minimum distance from y in the

rescaled triod 'ﬁ‘xO,t and we look at the function f(t) = dist(y, ﬁ‘xO,t) = |y —yl
we have (with the usual remarks about differentiability),

3Fxy (i)
dafw (- w| )
dt |y — »il
(y=3 |80+ Fypu)
ly — il

where we substituted the velocity with the curvature since, if y; is in the
interior, the vector (y — y¢) is orthogonal to ﬁ‘xo,t by minimality, if y; is an
end point then v(p¢,t) = 0, finally if y, is the 3-point, by the usual relation
3 (A2 =33 (k)2 the velocity is controlled by a constant multiple of the
curvature.

Since k is uniformly bounded and the triangular inequality gives |fX0 (p,H|=
lyel < Iyl +1y =yl = C+ f(t), we conclude

df
2t <f®+cC.

Integrating this differential inequality on the interval [t;,r;] we get
f(rjl) 5 erjl_tj] (f(t]l) + C) _ C S el/lf(tjl) + C(el/l . 1)

s0, if [ — 0o, since we know that lim;_, o f(t;) =0 we have also lim; .o f (1) =
0, thus y € Tq.
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This clearly implies that T., cannot be empty, then, inverting the roles of the
two limit sets and repeating this argument we conclude that they must coincide.
Now we show the CZ_ convergence.
If the limit set Ty, is a straight line, by the C' convergence in every ball
By and the uniform bound on the curvature k, we can apply Lemma 6.14 to
get a uniform bound on the norm ||k lLoo(Bg) for all the triods ?I‘Xot , hence

the CZ. convergence follows.

With the same argument we have a uniform bound on k, in the subset
B,r \ Bag, for every n € N greater than 2, in the case that the 3-point of 'ﬁ‘xo,t
definitely belongs to the ball By (see Lemma 6.9), or the limit T, is a halfline
from the origin of R2.

Then, we work out a local version of the estimates leading to Proposi-
tion 3.17 in order to deal with these two situations. By means of equations (6.5)

and (6.6) we have _ ~
dk = koo +koh + k> —k

8tko' == kaao’ + kdo’)\- + 4k2k0 — 2%0
dkos = koooo + Mooo + Skkgq + 8kk2 — ke

hence, for every smooth function ¢ : R? x [0, 8] — [0, 1] with compact support
we compute,
d T2 2 20 2 _ 2, g2 272 2
d—tN/ (& + 2 + K2, /2) g2 do = — / (&2 + &2, + €8, ) ¢*do

Txo, t Txo, t
3

- §02(67 t) Z ZEEG + 2tgagaa + tzzcrazaag
i=1

at the 3-point

n / (2Es + 20k + Chookiooo ) i do

Txg.t
* / (& + 2 + €82, /2) (%70 +20(Vo | TR) do
g
+ / k2 + th> +tzgga/2) (1 _ p) P do
Trgne
=y ly R (4R~ 2R + & (SERE, - 3;(30)] S do
Txg.t
+ / <k2 tk2 +t k2 /2) <<V§02|E) +2§0¢>t) Jo
Txg.t

where we already forgot the end points contributions, by Lemma 3.10.
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After integrating by parts the terms containing E if (Vg2 |k)+2¢pg; is non
positive for t € [0, §] and taking into account that k is bounded, we get

a 232, 2 2
= (& + &2 + €82, /2) ¢*do
:]‘1:)(0,(
<- / (zg + k2, + @%gw) ¢*do
ffxo,t

3
- §02(5, t) Z 2];%(7 + ZUZTETG + tzzaogaaa

i=1

at the 3-point

3
— @2 (0,0 > KK+ th2h + k2, 0/2

i=1

at the 3-point

+C / (& + 42 + K2, /2) g do

Txo, t

= [1?4—%2“(4%2%3—2%3)+§(8%%};%M—3%§”)] Sdo.

Txo,t

In doing this we choose a function ¢ as follows. If the 3-point of the rescaled
triods is bounded, according to Lemma 6.9, and it is definitely contained in
the ball of radius R, supposing that the curvature is uniformly bounded
by some constant C > 0, we set ¢(x,t) = Vh(Y(x) — Ct| V¥ L) choos-
ing a radially monotone and symmetric smooth function ¥ : R?> — [0, 1],
with compact support, such that ¥|p,, =1 and ¥ |g2, Byp =0 and a smooth in-
creasing function 2 : R — [0,1] such that hA(z) = 0 if z < 0 and
h(z) = 1 for z > 1. Then, for 6 > 0 small enough, depending only on
IV¥|lLe and C, the function ¢ satisfies the requirements above and possi-
bly choosing a smaller value § > 0, there holds ¢ > 1/2 on B;p for every
t € [0, 8].

Since by Lemma 6.9 the 3-point of the rescaled triods is definitely inside
or outside the ball Bz we can consider ¢2(O, t) constantly equal to one or
Zero.

Hence, if the 3-point is present, we are dealing with the case where T, is
an unbounded triod, so, by the C_. convergence, the lengths of the curves in
the ball B;r are bounded from below by R and we can treat the 3-point term
as before in proving Proposition 3.17. Then, denoting with Z the boundary
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term, we get

d . - . -
o / (B + &2 + €82, /2) g*do < — / (B + @2, + R, ) *do +7

o000

Txo,t :Exo,t
+C / (& + 2 + €82, /2) ¢*do
ﬁ‘/)co,t
74 72 7272 72 tz 7127 72 2
+2 [ R =R (4R - 2R2) + 5 (KKK — 3R, ) | P do
2
:[[‘vxo,f
<- / (B2 + @2, + k2, ) * do+T+C+C / (B + &2 + €82, /2) ¢*do
,1‘1‘4)6(),( ,1‘1‘4)60.(
e / (2 + €R2ky0 ) 9 do
A'H:xo,t
< / (B + @2, + R, ) * do+T+C+C / (B + &2 + €82, /2) ¢*do
’j\fxo,f ﬁ:xo,t
+C / (42 + CR2, + kL) o2 do
ﬁ‘/xo,t

and choosing § < 1 such that 6C < 1/2, it follows

d - - - -
o / (R+tk2+282, /2) p*do < =172 / (&2 + &2, + €82, ) ¢ do+T

o000

Txo, t Txo, t

+CHC / (& + &2 + €82, /2) ¢*do
Trgt
+C / tZEigDZ do .
Tag.
We break the last term into

/ tzgfi(pz do = / tzl;igaz do + / %‘;(pz do

ﬁxo,t ﬁxo,mBR "fxo,aﬂ(Bm\BR)
= / £k do + / Ckio? do
Tx.«NBR Tag. (B3 \BR)

as ¢ is zero outside the ball Bjg.
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The second integral is bounded since, by the argument based on the interior
estimates of Ecker and Huisken, discussed previously, ko is uniformly bounded
for Ty,,« N (B3r \ Br).

The first integral is controlled by interpolating between a possibly large mul-
tiple of [ k*do, which is bounded, and a small fraction of [ k2, do

Tag.«NBR Txg.«NBR

which is less than [ k2, ¢*do.
Ty
Hence, we conclude (in the case Ty, is a halfline the 3-point contribution

is not present)

d S - . -
= (& + &2 + €82, /2) ¢*do <+C / (&2 + k2 + 282, /2) ¢*do + C
:]fxo,( ,’fxo,t
3
" 0y 4+ 2 + o s

i=1

at the 3-point

3
— N 2PN A kLA + k02
i=1

at the 3-point

and dealing with the 3-point terms as in Section 3 we finally get

/ (& + 2 + €82, /2) ¢*do < C
ﬁ:xo,t

for every t € [0, §], with uniform constants § and C. Reparametrizing the flow
in time, in such a way that t; converges to §, we have

/ k:do < C/8
%Xostj, NBR
for every [ € N.

Then, since ||1;U 22 Bp) and k are uniformly bounded, we can finally extract
a subsequence of triods converging in the C]2OC topology to T. O

By means of this proposition we can exclude the first case of Lemma 6.1.

ProposITION 6.18. Type I singularities such that for an indexi € {1, 2, 3} there
exists a sequence of times t; — T satisfying

mmlszT_U

for some positive constant C, are not present.
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Proor. We have seen in Lemma 6.9 that lim,.7 F(O,1) = 0.
Considering the triods T, , where t; = t(7;), by Proposition 6.16 we can
4

extract a subsequence (not relabelled) C? converging in the ball of radius +/2C

to a limit set with zero curvature, moreover this limit is not empty because the

3-point F;(0, t;) belongs to such ball for every j € N, again by Lemma 6.9.
We have now a contradiction because at these points

(K (0, t)]? = 2(T — t))[k' (0, 1)1> = 2(T — Ak < - =2C>0,
-4

hence, as the convergence is in the C? topology, the curvature of the limit
cannot be zero. O
Following Ilmanen, we deal now with the second case of Lemma 6.1.
PROPOSITION 6.18. There are no Type I singularities such that
et
max k2 = L
Ty T —1t
ande :[0,T) - R goestozeroast — T.

ProoF. By means of Lemma 6.2 we know that there exists an index i €
{1,2,3} and a sequence of times t; /' T such that

K*(p,t) < [k'(0,1)]* for every t <t;, pe T and [k'(O,1;))]* /' +oo.

By Lemma 6.9, the limit lim,_,7 F(O,t) = O exists and repeating the compu-
tation in its proof we get

|F(O,1) — O | <2+/C(T —t)e(t)

for every t € [0, T).
We can suppose that O = 0 € R? and we consider the sequence of positive
values o = maxr, |k| /" 400, then we rescale the triods T, as follows, let

T = a; (T, 1 a?) for t € [—tj0f, (T — 1;)e;).

We see that —z‘jozj2 — —oo and, possibly passing to a subsequence, we can
assume that (T—tj)ozjz N\ 0. Then, notice that, for every j € N large enough, the
rescaled triods T/ still move by curvature with end points a; P’ for t € [—1,0].
Moreover if O/(t) is the 3-point of T{ , we have

|07 (t)] = o |F (O, 1; + t/a})]|
(6.10) < ajz\/C(T —tj — t/a))e(t; + t/a})

= 2\/CUT — e} — e + t/a))
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which goes to zero when j — oo uniformly for t € [—1, 0], since [(T —tj)a/z —
t] > —t and &(4 + t/a}) — 0.
We set ¢; = &(t;) > 0 and we denote with

x|

o T0

pj(x, H) = VG, =0

the Huisken’s backward heat kernel relative to (0, ¢;) € R? x R.

Computing as in [28, Lemma 8] and [29, Section 3] we show that a
subsequence of the flows T{ converges to a curvature flow T on [—1,0]
which is homothetic.

0
x
k4 | px.0dodt
/I/T{ £t 56 —o| 0
a?lyl?
/0/ kyoayt e 0
= o; | — R
SR Moy 2(e;— )| \fAr(e; —b)
J J
a?|y?
.y wovd _4(T—z)aj2
= o o; + i dsdt
J J 2
=12 7y 2T — Da; 4t (T — 1)o7
2
=/t" / et 2| s
tj—l/a]z Ty 2(T_t)

where pg is the backward heat kernel relative to (0, 7) € R? x R.
By the integrated monotonicity formula (6.4), this last term is equal to

/ 2p0<y,tj—1/a}>ds—A Py, t,)ds+§j /

tj—1/e;

P’ |r (1,1))

P, 1) dt
~1/a? —1) oo

and this last expression goes to zero when j — oo, by Lemma 6.6 and 6.5.
Thus, for almost every t € [—1,0] we have that

2
pj(x,)do =0.

L

X
6.11 li k+ ——
( ) im t. _+2(8j—’£)

j—oo Jp/

Now, all the flows ’]I‘{ have uniformly bounded curvature for t € [—1, 0] since
by construction,
max k% = o> max k2 < aj_Z max k> = qi_z[ki(O, tj)]2 =1

J
J T 2 T¢.
T tj-‘rwzj. J
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hence, repeating the local length estimate of Lemma 6.10 and the convergence
argument in the proof of Proposition 6.16 (interior estimates of Ecker and
Huisken plus the special treatment of the 3-point terms, see Remark 6.15), we
can extract a subsequence of the flows converging in the C12OC topology to a
curvature flow of triods T{° in [—, 1, 0] which, by limit (6.11) must satisfy

/Too ‘k - xL/Ztlzpj(X, do =0

for almost every t € [—1, 0]. By Lemma 5.2, it follows that forevery t € [—1, 0],
every triod T is composed of three halflines by the origin of R? and it has
Zero curvature.

Looking in particular at Tg° which is the limit in the C 2 topology of the
triods ozj’]I‘tj, we finally have a contradiction since these latter have at least one
squared curvature equal to one at their 3-points (which converge to the origin)
by the initial choice of the sequence #; /' T. O

The rest of the section is concerned with the last case of Lemma 6.1, so,
from now on, we suppose that the maximum of the curvature is not taken at the
3-point and that lim,_. 7 (T — 1k?*(0, t) = 0, otherwise we are in the first case.
Since in this case we have no bound on the tangential velocity at a maximum
point of the curvature, we modify our function F to keep it under control.

Let 6% : [0,1] x [0, T) — [0, 1] be the smooth solutions of the following
ODE’s,

001 (x,t) A0, 1)(1 —x) — A (O (x,1),1)
ot [y, (0 (x, 1), 1)

with the initial conditions 6?(x,0) = x. These functions are well defined on
the interval [0, T') since the curves yi and all their derivatives are smooth and
yi # 0, moreover 6/(0,¢) = 0, 6°(1,¢) = 1 are barrier solutions, as A'(1,7) = 0.

Defining naturally, via #%, a function # : T x [0, T) — T, the function
G(p,t) = F(@(p,1),t) satisfies

aG(p,t)
at

30 F,
=k+i+Fy =k+ir+ m(x(o, D1 —x(p)) — X)
p

=k(G(p, 1)) + (0, 1)1 —x(p))T(G(p, 1))
where x(p) denotes the value in the interval [0, 1] such that for a certain index
i €{1,2,3}, F(p,t) = y'(x(p), ). . ,

Notice that, by construction, G(O,t) = F(O,t) and G(P',t) = F(P',t).

From now on in all the rest of this section we will refer all the quantities t, v,
k, A, etc... to the new parametrization of the flow G, that is, for instance k(p, t) is
the curvature of the triod T, at the point G(p, t) and so on.

Denoting with w(p, t) the new velocity of the point G(p, t) € T, and with
n(p,t) =n(p,t)t(p,t) its tangential part, that is, w = k + n, we have

n(p,1) =n(p,H)t(p,t) =10, 1)(1 —x(p))t(p,1),
then clearly n'(0O,t) = A'(0,t) and n(P',t) = 0.
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By assumption (6.1) and the relations between k and A at the 3-point, the
new velocity w(p,t) = k(p,t) +1(0,t)(1 —x(p))Tr(p,t) is uniformly bounded
by C//T —t.

The evolution equation for the curvature has to be modified in
3k = kgs + nky + &
and the commutation law as follows,
395 = 0,0, + (k> — 1) .

Rescaling G, like we did before for F, we define the map éXO : T x
[—1/2log T, +00) — R? as

Goppy=2@D =% o Ler_n
Xi P = T s =—z10 - .
ot 2T =1 7 8
Notice that the rescaled triods are not changed
T . T, — xo0
0t 2T —0)

but now they evolve according to the equation

0 ~ ~ ~
ano(p, ) =w(p,t) + Gy (p, )
where w(p, t) is the rescaled velocity given by

w(p, (V)

The rescaled curvature evolves according to the following equation,

=k + 10, t®))(1 —x(p))T = kv + 7t .

(6.12) Ak = koo + ke +k° —k
and the commutation law is
3y = 0 + (K2 — T — 13, .

We call p; # O a point in T where the curvature achieves its maximum,
so by hypothesis

L g2 s
2T 1) <k (pt,t)sz(T_t).

We define the map ~: T — R? as follows

p=1limG(p,1)
t—T
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for every p € T. Such limit exists for every p € T since, for every 0 <t} <

t, < T, we have
290G
/ 99 a1
n Ot

15 153 C
5/ Iw(p,t)ldts/ ,/ﬁdtgz C(T —t1)
n 1 -
and then

(6.13) |G(p, 1) = p| =2/ C(T —1)
for every ¢. Notice that the definition of O coincides with the one in Lemma 6.9,
since G(O,t) = F(O,1).
LEMMA 6.19.
(1) The map ~: T — R? is CONLINUOUS.
(2) For every p € T all the triods TE . intersect the closed ball B s centered

at the origin of R?, indeed, (N};(p, t) belongs to such ball for every t €
[—1/2 logT +00).

(3) The point O is different from P!, P?, P3 (which coincide respectively with P!,
P2, P3).
PROOF.

(1) Since all the maps G(-,t) are continuous and inequality (6.13) says that

they converge uniformly as t — T, the map ~: T — R? is also continuous.
(2) By inequality (6.13), we have

~ , — —_
G~(p. O] = G(p, 1) — pl _ 2J/C(T — (V) _ JaC
g VAT —t) — VAT —t(1)
and the second statement is proved.

(3) The point O cannot coincides with any of the end points P, let us say
P!, otherwise, rescaling the triods around such end point, by Proposi-
tion 6.16 we can find a subsequence of the rescaled triods converging in
the C2. topology to a halfline from the origin of R?, but Lemma 6.9 says
that since O = P! the 3- -point cannot disappear in the limit, which is a
contradiction. O

IG(p.11) = G(p, )| =

Following Stone [37], we define the function ®(p, t) as

Op.1) = [ pyds = pdo
'
J

1
2 JT~
Py
for every p € T and the limiting heat density as the limit for t — T of
O(p) = lim O(p. 1),
1—
if it exists.

Notice that since p +> p is continuous, all the maps p — ©(p, ) are also
continuous, for every t € [0, T)
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PrROPOSITION 6.20. The limit @(p) exists and it is finite for every p € T,
moreover, ®(p) can take only the values 1/2, 1, 3/2.

Proor. As in Lemma 6.6, we define the function b : T x [0,T) — R as
follows,

T 3 pPi_ %
(6.14) b(p,t):/t 2<2(T——1;)

then Lemma 6.5 says that b is bounded and for every p € T we have
lim;_,7 b(p, t) = 0. The monotonicity formula (6.3) can be rewritten as

ﬂ(Ls>>/¢<Phs>ds

2
—_ )L
S P)

d
E(@(p,t)+b(P’t))=_/ )

Tt

hence, being non increasing and bounded from below, the functions (@(', 1)+
b(-,t)) pointwise converge on all T when + — T. Since we have seen that

b(-,t) also pointwise converge to zero everywhere, the limit @(p) exists for
every p.
We consider now, by means of Proposition 6.16, a sequence of times t; /' T

such that the rescaled triods ’ﬁ‘;’ ; converge in the C120C topology to some zero

curvature set Teo. _
Taking into account that & is uniformly bounded, we compute

i/~ e_lxldo.:/~ el 1_%2_M o
dt ']I‘;;t 'JI‘;‘ |x|

sﬁ e W (C — |x]) do

Pt

<C / e Wldo — / e Wdo

T B+ T \Be+
<(C+1 / e Wdo — / e Mdo .
T;‘nBC-H T;,t

This means that if 4

— “Hlde >0
S et =

Pt
then
/ e Mdo <(C+1) / e Mdo

T;,l T;lmBC+l
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which clearly implies that for every t € [—1/21log(T —t), +00)

/e*'xldag(c+1) / e Mdo

'JI‘;;" 'H';)\,‘ﬂBc+1

2

2 jx?

<(C+1 / e do

T NBet

c? k2
= (C+ De e 2 do

T B+

(€D
N N2
where the constant D does not depend on t, since we have seen that ®(p, ¢)

converges as t — T.
Now, we subdivide ']I‘;t, into annular pieces ']I‘%
4 ,

O(p,t()) =D

. for n € N, as follows:
J

T2 =T~ NB ﬁ‘%t,:{xefr; 2"l < |x| <2"} for every n > 1.
>

pot pitj 4 |

By the computations above f’qu e~ do is bounded independently of j € N,
Pt
then trivially

Hl('ﬁ‘%t) < e(zn)/~ e Mdo < Ae®,

T
Pt
hence, for every n > 1 we have
2
_xl® _1pn—1\2 n n_»~2n-3
/~ e 2 do<e 2@ 4@ = A2 )
T

Pt

°° -3
Now, for every ¢ > 0 we can find a number ny € N such that 3 Ae@' =277 <

n=ng
_lx?
e 2 do<¢g¢

T;;J\BR

e, that is, if R > 2"0~1

for every t € [—1/2log(T —t), +00). Since we have

1
®(p,t,-)=/ prds=—— [ pdo
Ty V21 ']l‘;;,tj
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we get

1 e
O(p, t / pdo| < —— / pdo < .
(p.t) — Wi o o o 7

T; ]ﬂBR T;l \Br
Since ©(p, t;) converges to @(p) and the measures H‘Lﬁ‘atj go to H'L Toe,
by Proposition 6.16, we obtain

&

~ 1
- od
O(p) NeT / pdo 5«/5

TooNBR

and sending R to +o0,

O(p) — pdo

7o

hence, by the arbitrariness of ¢,

—= /—27[ ]

O(p) = pdo .

7 ).

As T is one of the sets of Proposition 6.16, the claim follows from the fact
that [;Fe=*2dy = /m]2. O
We consider the following three parts of T,

W™= {p eT|O(p) = 1/2}

W={p€’]I‘ @(p):l}

W+={pe’]I‘ @(p)=3/2}.

Since by Lemma 6.19 the point O is distinct from P', P? and P3 (which
respectively coincide with P!, P? and P3), if p is different from all the P
and O, taking into account Proposition 6.16, every C10C converging subsequence
of the rescaled triods ’]I‘; . must go to a straight line, as the 3-point and the

end points go to infinity (recall Lemma 6.9). Hence O( p) =1

If p= P!, for instance, then ©(p) = O(P') which is equal to 1/2 since
the 3-point of the rescaled triods goes to infinity and the end point P! is fixed,
hence the limit is a halfline from the origin of R>.
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Finally, with the same argument (now the three end points go to infinity)
if p= 0O then ®(p) =3/2.
We get then the following equalities

W‘={peT ﬁe{P"}}

W={pe1r b ¢ (P, 0}

W+={pe11’ ﬁ:é}

moreover, notice that they are non empty with W=, W+ closed and W open
in T, as the map p — p is continuous.

|t —x0/?
T—t

maximum point of k> at time ¢ € [0, T)) we can find a sequence of points
pj = pi; € T such that |pj — x0l*> < 2D(T —t;), for some constant D.
Rescaling around xo like in the proof of Proposition 6.17, we see that the

limit triod is not empty because the point G (p;, t;) belongs to the closed ball
of radius +/2C + \/5, indeed

Fixed xo € R?, if lim,_, < 400 (we recall that p, € T is a

1G(pj, 1) = xol _ 1G(pj ) = pil | _|Pj — Xl

V2T =15 — 2T —1) V2T —1))

_2/CT=1) | DT 1)
= 2T — 1) V2T —17)

=2C++D,

G (Pjs )] =

by Lemma 6.19. Moreover,

K (pj, )% = 2(T — t)k*(p;. 1))* = 2(T — tj)r%gxkz > 2T — t,-)m =1,

by our initial assumption, hence, we can exclude this situation as we did in
Proposition 6.17.
Thus, we can assume that for every xg € R2

~ 2
(6.15) Jim 1P =0 _

+OO,
t—-T T —t

in particular for xo € {P', 0 }. This implies that the points p; belong definitely
to the set W, that is, ®(p,) = 1.
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We consider then a sequence of times t; /' T, such that the sequence of
points p; = Py € T converges to some p € T. By construction, maxr,, k* =
kz(pj,tj), moreover we can suppose that all the points p; belong to the

same curve of T and to the set W, that is, @(pj) is constantly equal to
1. By the uniform continuity of the map G, we have G(p;,tj) — p and
pi—>p.

Assumption (6.15) says also that for every radius R > 0 there exists an
index jy € N such that all the sets ’ﬂf;j 4 N Bzg do not contain neither the

3-point nor the three end points, for every j > jo. Indeed,

G(0.1) =il _ _1p; =0l _1G(0.1) = O]
V2T —1) ~— 2T — 1) V2(T = 1))

_ 1p—=01 2/CT~1)
~ V2T 1) 2T 1)

1G5,(0, )] =

15, — Ol
> —_—_-J2C
V2(T — 1)

which goes to +00 as j — oo. The argument is the same for the three end
points P'.

LeEMMA 6.21. For every € > 0 there exists an open neighborhood U, of W~ in
T and a time t, such that ©(p,t) < 1+ ¢ forevery p € U, andt € [t., T).

ProOF. Suppose, by contradiction, that t; T, p; = py = P € w=
and ®(p/,tj) > 14 ¢ for every j € N. Then we can also assume that
p P! hence, d2 d3 > C for a positive constant C and d1 — 0, where

|P _p]|~

Since on W~ the functions b(-,t) are locally constant, hence continuous,
and by Lemma 6.5 they converge uniformly to zero in W~ which is compact,
by Dini’s Theorem, the functions ®(-, t), restricted to W~, converge uniformly
to 1/2. Hence, fixing ¢ > 0, we can find a time #, and an open neigh-
borhood U, of W~ such that ®(p,t,) < 1/2 + ¢/2 for every p € U, and
O(p,t) <1/2+ ¢ for every p € W™~ and ¢t > t,. Moreover, we can choose ?,
such that

1 +00
2
— eV ?dy <e/4.
V2 / y=¢l
C//2(T—tg)

If now pj e U.\W™ and 1, <t; < T we estimate O(p;, t;) with equation (6.4)
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as follows,

O(pj. 1;) = O(pj, 1) + (O(pj. ;) — O(pj, 1))

/\

/,f<§} :

<1/2+8/2+Z¢_ / 12 gy

3
51/2+s/2+z

(1, s>>p;j<P",5)ds

d’/«/Z(T Ie)
+00
<1/2+8/2+ —— / — / e dy
J_
d’/\/z(T—w
> 7

2

<1l4+e/24+ — / e%d

Pt e Y

C//2(T—te)

<l+e.

Since pje W™ and t;>1, imply O(p;, tj)f% +¢, we have a contradiction. O
We are now ready to exclude the last case of Lemma 6.1.

PROPOSITION 6.22. There are no Type I singularities such that the third case of
Lemma 6.1holds.

ProoF. After the previous discussion, we have three situations to consider.

The case @(p) =1. R

The points p; and p stay in the open set W, as ©(p) =1, hence we can
find a closed interval I in W containing p, so definitely the sequence p;.

Recalling the definition of the function b(-, ) in formula (6.14), it is easy
to see that, since for every point ¢ € W we have g ¢ {P'}, it follows that
b(-,t) is continuous on W for every t € [0, T).

As the functions ®(:, t) + b(-,t) converge monotonically on the compact
I to the constant function 1 when ¢t — T, by the monotonicity formula (6.3),
by applying Dini’s Theorem such convergence is uniform. This implies that

lim ©(p;, 1)) + b(p;, ;) = 1
J—> 00

and coming back to the integrated monotonicity formula (6.4) we have

lim / /
j—oo Ty

(x - P;)l 2

~ dsdt =0.
27— | P
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Passing to the rescaled version (6.8) we get

+00
lim / |k—|—x [*pdodt=0.
j—o0 N
Pj-t

Since we know that there exists an index jo € N such that the 3-point is
outside the ball B g, by Lemma 6.14 we have that k, and kt for the family
{ij,r |j>joandr €[t ¢ +6m]} are uniformly bounded by a constant Dy
in the ball B ;¢ (notice that this is true because the constant Dy is independent
of xp in Lemma 6.14). Hence, considering a value 6§ > O smaller than the
constant § sz with 8D 5z < 1/2, possibly passing to a subsequence, there
exist times r; € [t;, t; + 8] such that

(6.16) lim |k +x'Ppdo =0.
j—)OO TA
Pjtj

By the choice of § < § 57 and Lemma 6.10, we can assume that the two

sequences of rescaled triods ﬁ‘;j 4 and T;j i both converge in the C? topology
in the ball B ;. Moreover, by limit (6.16) and Lemma 5.2, the sequence TTEJ rj

converges to a straight line passing through the origin in the ball B s, hence
with zero curvature.
The points GA (pj.rj) € ’]I‘ Piory all belong to the closed ball B s, according

to Lemma 6.19, then, as k2 (pj,tj) = 1, we have
K (pj.r) = K2 (pj ty) — (rj — )10k (pj &) = 1 — 8D 5 = 1/2

for some & € (t;, r;).

Since the convergence of the rescaled triods is in the C? topology in B Nored
such estimate from below is clearly in contradiction with the fact that the limit
triod has zero curvature, proving the thesis in this case.

The case @(p) =1/2.
We suppose that p = P! hence, by continuity, P — Pl
By the rescaled version of the monotonicity formula we have

1 /+OO/ - Lo~ -
— [ |k+x"|"pdodt= O(p;, 1)) — O(p;)
A/ 21 t; ;',t

“f Z<M_>

i

(1, t)> o5 (P, t)dt

2
=0 1) 1+ = § / e dy
AR “
d’/ /2(T—1))

where we applied Lemma 6.5 and we substituted @(pj) =1.
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Taking ¢ > 0, since pj - p€ W™ and t; — T, by Lemma 6.21 we have
O(pj, 1)) <1+¢ if j € N is large enough, hence

e T2 RS T 22
k+x|"pdodt<e+ — eV /7dy.
/ /n't'— e @Z ’

=1,
2T—1;)
i

Now, using the hypothesis that lim;_, ., —=.= = 400, we obtain
/2(T—1))

lim / |k+x I’6dodt=0
j

then we conclude like in the previous case.

The case @(p) =3/2.

We consider the evolution of only two curves of the triods T;, one of them
containing all the points p;, let us say the ones given by the curves y! and
y2. Thus, we restrict the map G to the set V composed of these two curves
of T and we call V, the evolving sets in R2. The monotonicity formula in this

situation reads

2
d oL
—/ PxO(X,t)dS=—/ k+(x %0) Pxo (X, 1) ds
dt Vs v,

=TT =0

2/ pi— . .
(6.17) +Z<2(T—_xt°) rl(l,t)>pr(P’,t)
i=1
0O — xp
<2(T_ ole ’(0, t)> Px (O, 1)

— 230,11y (0, 1)

Indeed, it can be obtained by adding the contributions of the two curves y!
and y? given by Lemma 6.3, recalling that y!(0,1) = y%(0,t) = G(O, t) and
S Ti0,0) =30, A 0,1) =0.

We define the functions ®y(-, t) analogous to ®(-,t) but relative to the
sets V;.

For every g € V, if ¢; is any sequence of times going to T, the rescaled

triods T?tj locally converge in ClzoC (up to a subsequence) to a subset of
the limit of the triods 'ﬁ‘A ~ which can be composed of a straight line or
I

one or two halflines from the origin of R?. Hence, it follows that @V(q) =
lim,_,7 Oy(q.1;) = O(q) if ¢ ¢ W* and Oy(q) =1 if § = O.
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Rescaling everything as before, equation (6.17) becomes

1 t - B
m/ /~ &+ X PFdo di = Oy(p, 1) — Oy(p, 1%)
t o~
3

,* 2 5
/ <2(T £)

- [ oo p0.6d.

(1, s>> p(P',§) d§

r3<0,5)> p5(0,§)d§

Since when t* — T, Oy(p, t*) — (:)\y(p) and the integral

gl L e
= | lk+x""pdod§
2w J¢ ;)\S,

is non decreasing and bounded above by the analogous integral for the complete
triod, the function

/\

bvip.1) = / <2(T £)

T O—p 3 i ~
_/, [<m . (o,g)>+x(0,§)} p5(0,§) ds

(1, s>> py(P',§)d§

is well defined, moreover lim,_, 7 by(p,t) = 0.

Restricted to a closed interval around O € V contained in the set VN (WU
W), all the functions by(-,t) are continuous, at least for ¢ close enough to
T, otherwise we could find a sequence of times #; /' T and points g — g €
VN (WUWT) such that

IGO0, 1) — qi
AT —n)

which would imply

0 — 3§ 0 — 1 1) —
10 —qil §|0 G(O 1)|+|G(0 1) 611|_)\/i
2(T — 1) 2(T — 1) 2(T — 1)

as [ — oo, clearly in contradiction with assumption (6.15).
Reasoning as before, the continuous functions Oy (-, 1) + by (-, H)|ynwuw+)

converge monotonically to the function ©v, which is constantly equal to 1 on a
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compact interval around p € V. Hence, by Dini’s Theorem, such convergence
is uniform and

e _ B R
/2 / /V |]£+XL|2pd0'dt= ®V(pj’tj)+bV(pj9t/)_®V(pj)
tj ~
pj-t

= Ovy(pj, tj)) +by(pj, tj) — 1

implies
+00 ~
lim /~ |k 4+ xt?pdodt=0.
j—o00 tj ~
Pj
Then we conclude again with the same argument of the previous cases, looking
at the curvature of the limit set in the ball B /;¢. O

Collecting together Propositions 6.17, 6.18, 6.22 we conclude this section
with the following theorem.

THEOREM 6.23. Type I singularities cannot develop during the smooth flow T,
of an embedded triod in a bounded and strictly convex domain @ C R? if the lengths
of the three curves are uniformly bounded away from zero.

REMARK 6.24. All this section, if the results on the function E discussed
in Section 4 (in particular Theorem 4.6) hold for some network of curves with
many 3-points, can be extended. The reason is that if we assume a uniform
bound from below on the lengths of all the curves of such a network, in every
blow up argument all but at most one of the 3-points go to infinity and vanish
in the limit (the same for the family of end points).

The situation changes dramatically without the control on the lengths, for
instance in Proposition 6.16 one should consider as possible limits also all the
unbounded networks composed of straight segments and curves of Abresch and
Langer (see Lemma 5.2) forming 120 degrees at the 3-points.

7. — Type II singularities

We suppose to be in the Type Il singularity case, that is,

lim,_7(T —t) n%raxk2 = +400.
t

We employ Hamilton’s trick to get an eternal solution to the mean curvature
flow.

Let us choose a sequence of times #, € [0,T — 1/n] and points p, € T
such that

7.1 Bput)(T—1/n—t)= max Kk(p, (T —1/n—1).
te[0,T—1/n]
peT
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As the curvature blows up as + — T, we can choose a (not relabelled) non
decreasing subsequence t, converging to 7, moreover, the curvature squared
k*(pn,t,) goes monotonically to +oo and we have

kz(Pn, tn)tn — 400 ) kz(pna tn)(T - l/n - tn) — +00.

The first limit is obvious, about the second, by assumption (7.1), for every M >
0 there exists 7 < T and p € T such that k*(p, 7)(T —f) > 2M, then choosing
n € N large enough such that 1/n < T —7 and k>(p,H)(T —7—1/n) > M we
get

K (P, t)(T = 1/n —t,) =2 kK*(P, (T —T—1/n) > M.

Since k%(p,, t,)(T —1/n —1t,) is an increasing sequence and M was arbitrary,

lim k%(pu, t,)(T — 1/n — t,) = +00.
n—0oo

We rescale now the triods as follows: let F, : T X [—k%(pn, tu)tn, k(P t2) (T —
1/n —t,)] — R? be the evolution given by

Fu(p, ) = k(Pus t)[F (P, /K2 (Pus t2) + 1) — F (P, 1))

and TY = F,(T, t).

o [(pn,0) =0, ky(pp,0) =1;
e for every ¢ > 0 and @ > O there exists 7 such that maxry k* <14 ¢ for
every n > 7 and t € [—k>(p,, tp)ty, @].

Indeed (the first point is immediate), by the choice of the pair (p,,t,) we get

K2(p, 1) = [k(pu, t) ]2k (py t/ K (P, a) + 1)

.o T—-1/n—1,
S [k(pnvtn)] k (pn,tn)T _ l/l’l—t —t/kz(p t)

_ kz(Pan)(T— 1/n—1,)
B kz(Pn, tn)(T - l/n - tn) —t ’

if t € [_kz(Pm tn)tna kz(pna tn)(T - l/l’l - tn)]-
The claim follows as k*(p,, t,)(T —1/n —t,) — 400.

ProposITION 7.1. The family of flows F, converges in the Cfoc topology to an
evolution by curvature of unbounded triods T (or curves, or curves with a single
end point) without self-intersections, in the time interval (—oo, +00). Such a flow
is called eternal.

Moreover, the modulus of the curvature is uniformly bounded in space and time
and it takes its absolute maximum, which is 1, at time t = 0 at the origin of R>.
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Proor. By the previous discussion, on every bounded interval of time, the
evolutions F, have uniformly bounded curvature, hence, reasoning like in the
previous section (interior estimates of Ecker and Huisken and treatment of the
3-point terms as in the proof of Proposition 6.16), we have a uniform local
bound also on k, for the family of rescaled flows.

Passing to the limit in the C]2OC topology we then get the flow T° which
clearly satisfies the claimed properties on the curvature, again by the computation
above.

Finally, the limit flow is embedded by Lemma 6.12. O

REMARK 7.2. It can be shown that such a limit flow is actually smooth
(see Definition 5.1), Indeed, we know by standard estimates that it is smooth
far from the 3-point and, being the curves C>* by the uniform local estimate
of k,, we can apply (locally around the 3-point) a version of the small time
existence and uniqueness Theorem 3.1, substituting the boundary conditions
regarding the fixed end points with the smooth motion of three chosen points
of the triods TP°.

In the case of the evolution of a closed curve in the plane, it is possible
to show that the limit flow arising from the analogous of this proposition is
a translating unbounded curve. This conclusion is reached in two steps: first,
one shows that at every time in (—oo, +00) the limit is a convex curve, then,
by means of the Harnack estimate proved by Hamilton in [22], it follows that
it is a translating flow by curvature.

In our situation convexity means that the curvature is never zero. Un-
fortunately, the presence of the 3-point makes troublesome the extension of
these results to the evolution of triods and we can only state the following two
conjectures.

CoNJECTURE 7.3. If the curvature is zero at some point of the triod (or
curve) T{°, then it is zero along all the curve containing such a point (every-
where).

CoNJECTURE 7.4. The triods (or curves) T{® move by translation.

If this last conjecture is true, we can exclude Type II singularities, indeed,
it would follows that T¢° is one of the sets of Lemmas 5.8, 5.9 or 5.10, hence,
considering a pair of points p,g on two curves of the triods with opposite
convexity such that the segment [p,qg] is orthogonal to the velocity vector
w € R? and sending them both to infinity, we can see that E (T°) =0, which
is in contradiction with Lemma 6.12 (where the function E is defined). Indeed,
the distance [p, g] is bounded by a constant (the three curves are pieces of the
same grim reaper) and the area A, , diverges.

The same argument works if the limit T{° is a single curve, noticing that
in this case such a curve cannot have an end point, because otherwise the
curvature would be zero there (such point comes from an end point of T),
hence the equation £k = (w |v) would imply that the curve is a static halfline



MOTION BY CURVATURE OF PLANAR NETWORKS 321

parallel to w, so with null curvature, contradicting Proposition 7.1 which says
that the curvature cannot be identically zero.

REMARK 7.5. The same argument, but with a different geometric quantity,
is used by Huisken in [26] to exclude Type II singularities during the motion
of a single curve.

ProposITION 7.6. If Conjecture 7.4 is true then Type Il singularities cannot
develop during the smooth flow T, of an embedded triod in a bounded and strictly
convex domain Q C R2.

Hamilton’s proof that a convex blow up of a Type II singularity (in the
standard smooth case) is translating, is heavily based on the maximum principle
which, as we said, is difficult to apply in the case of triods. So, it could happen
that only Conjecture 7.3 can be proved and one could possibly exclude Type
II singularities without actually show that the limit flow T{° is translating. For
instance, if the curvature is always or never zero on each curve of a smooth
triod, then its three curves have asymptotic tangents (indeed, they are all convex
but some of them in the opposite way, by the fact that the sum of the curvatures
at the 3-point is zero), hence in order to apply the previous argument based on
the function E, it would be enough to show that two of these limit tangents,
belonging to curves with opposite convexity, coincide.

CoNJECTURE 7.7. The flow T, of an embedded triod in a bounded and
strictly convex domain 2 C R2, such that the lengths of the three curves are
uniformly bounded away from zero, does not develop singularities at all.

8. — Open problems

The main problem left open in the paper is Conjecture 7.4, whose validity
would imply Conjectures 7.7 and 2.10, indeed, if the flow is defined for ev-
ery positive time, we can show the convergence of the triods to the minimal
connection between the three end points P'.

As the total length of the triods decreases, we have the estimate

+00 3 )
/ kdsdr <) L'(0) < +oo,
0 Ty

i=1

then, supposing that for a sequence of times #; /' +o0o we have fw k*ds > 8,
J

for some § > 0, and the lengths are uniformly bounded away from zero, by
inequality (3.10) we get that th k*ds > §/2 for every t belonging to a uniform
time interval around every #;. This is clearly in contradiction with the previous
estimate.
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Hence, as lim;_, fT, k*ds = 0, by Proposition 3.17, all the derivatives
of the curvature are uniformly bounded. By the usual convergence arguments,
this implies that (possibly after reparametrization) the triods converge in the
C® topology to a limit triod with zero curvature, which is clearly the minimal
connection between the three end points (Steiner configuration).

Other questions in the paper that we would like to set are concerned with
the extension of the results to all the networks, possibly with loops, with only
3-points (no 4-points or higher order points), in particular, proving an analogous
of Theorem 4.6. This would also make superfluous the requirement that the
ambient set Q C R? is strictly convex.

Finally, we conclude by listing some, naturally arising, research directions.

(1) The problem of the representation/uniqueness of Brakke flows (smooth/with
equality) of triods (or networks), discussed in Remark 3.23.

(2) The problem of the existence/uniqueness of a flow for an initial triod not
satisfying the 120 degrees condition at the 3-point (see the introduction and
Remark 3.23).

(3) The study of the singularities such that the curvature blows up but the
lengths are not bounded away from zero. Such analysis requires new esti-
mates and the classification of homothetic and translating networks moving
by curvature.

(4) The “definitory” problem of the motion of the multi-points and the analysis
of the collapsing situations with change of topology (see the introduction
and the papers by De Giorgi [15] and Caraballo [12]).
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