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Hormander Systems and Harmonic Morphisms

ELISABETTA BARLETTA

Abstract. Given a Hormander system X = {Xy,---, X,,} on a domain 2 € R”
we show that any subelliptic harmonic morphism ¢ from 2 into a v-dimensional
Riemannian manifold N is a (smooth) subelliptic harmonic map (in the sense of J.
Jost & C-J. Xu, [9]). Also ¢ is a submersion provided that v < m and X has rank
m. If Q@ = H,, (the Heisenberg group) and X = {% (Ly + Lg), 2]—1 (Ly — La—)},
where Lz = 3/07% —iz%d/0t is the Lewy operator, then asmoothmap ¢ : @ — N
is a subelliptic harmonic morphism if and only if ¢ o 7 : (C(H,), Fy,) — N isa

harmonic morphism, where S I CcH, BN H,, is the canonical circle bundle
and Fy, is the Fefferman metric of (H,, 6p). For any § ! invariant weak solution to
the harmonic map equation on (C (H,,), Fy,) the corresponding base map is shown
to be a weak subelliptic harmonic map. We obtain a regularity result for weak
harmonic morphisms from (C({x; > 0}), Fp()) into a Riemannian manifold,
where Fp() is the Fefferman metric associated to the system of vector fields

X1 =98/9x1, X2 =8/dx2 +x¥ 3/3x3 (k= 1) onQ =R\ {x; = 0}.

Mathematics Subject Classification (2000): S8E20, 53C43 (primary), 32V20,
35H20 (secondary).

1. — Introduction

J. Jost & C-J. Xu studied (cf. [9]) the existence and regularity of weak
solutions ¢ : 2 — N to the nonlinear subelliptic system

0 H¢' — é (‘ jik

0¢) Xa@)Xa(") =0, 1<i =,

where H = Y " | X*X, is the Hormander operator associated to a system
X ={Xy1,---, X;} of smooth vector fields on a open set Q2 C R”", verifying
the Hormander condition on €2, and N is a Riemannian manifold. If w C Q
is a smooth domain such that dw is noncharacteristic for X, the result of
J. Jost & C-J. Xu (cf. op. cit., Theorem 1 and 2, pp. 4641-4644) is that
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the Dirichlet problem for (1), with boundary data having values in regular
balls of N, may be solved and the solution is continuous on w, up to the
boundary. Any such map is then smooth by a result of C-J. Xu & C. Zuily
(cf. [14]), who studied higher regularity of continuous solutions to a quasilinear
subelliptic system including (2). Solutions (smooth a posteriori) to (1) are
subelliptic harmonic maps and (1) is the subelliptic harmonic map system. Cf. also
Z-R. Zhou, [15]. Clearly, if X, = 9/0x%, 1 < a < n, then a subelliptic
harmonic map is an ordinary harmonic map (2 is thought of as a Riemannian
manifold, with the Euclidean metric). An important class of harmonic maps are
harmonic morphisms, i.e. smooth maps of Riemannian manifolds pulling back
local harmonic functions to harmonic functions. That these are indeed harmonic
maps is a classical result by T. Ishihara (cf. [7]), actually holding in general for
harmonic morphisms between semi-Riemannian manifolds (cf. B. Fuglede, [5]).
In the present paper we extend the notion of a harmonic morphism to the
context of systems of vector fields and generalize the Fuglede-Ishihara theorem.

A localizable (in the sense of [8], p. 434, i.e. for any xo € Q2 there is an
open neighborhood U C € of xy and a coordinate neighborhood (V,y’) on
N such that ¢(U) C V) map ¢ : @ — N is a (weak) subelliptic harmonic
morphism if for any v: V — R, with V € N open and Ayv =0 in V, one
has i) vo¢ € L}OL.(U), for any open set U C 2 such that ¢(U) C V, and ii)
H (v o¢) =0, in distributional sense. Our main result is

THEOREM 1. Let X = {Xy,---, X;u} be a Hormander system on a domain
Q C R" and N a v-dimensional Riemannian manifold. If v > m there are no
subelliptic harmonic morphisms of Q into N, except for the constant maps. If
v < m then any subelliptic harmonic morphism ¢ : Q2 — N is an actually smooth
subelliptic harmonic map and there is a smooth function A : Q — [0, +00) such that

@) > Xad)()(Xap)) () = ()8, 1 <i,j <,

a=1
Jor any x € S and any normal coordinate system (V, y) at ¢(x) € N, where
¢' = y' o¢. Inparticular if x € U = ¢~ (V) is such that M(x) # O then the
matrix [(X,¢")(x)] has maximal rank, hence ¢ is a C* submersion provided that
{Xy,---, Xy} are independent at any x € Q.

When @ = H,, the Heisenberg group, and X = {X4,Y, : 1 < a < n}
where X, = (1/2)d/0x*+y*d/0¢t and Y, = J X, we relate subelliptic harmonic
morphisms to harmonic morphisms (from a certain Lorentzian manifold), in the
spirit of [1] where subelliptic harmonic maps were related to harmonic maps
(with respect to the Fefferman metric). Here J is given by JL, = iL, and
JLgz = —iLyz. We may state

THEOREM 2. Let H, = C" x R be the Heisenberg group endowed with the
standard strictly pseudoconvex CR structure and the contact form 6y = dt +
iy _1(z%dz* —7%dz®). Consider the Fefferman metric

* 2 *
Fay = 7" Gy + 5 (1°00) © (d)
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on CH,) = (A”“’O(Hn) \ {0}) /Ry, where w : C(H,) — H,, is the projection
and y afibre coordinate on C(H,,). Then a smoothmap ¢ : H,, — N is a subelliptic
harmonic morphism, with respect to the system of vector fields X = {Xy, Yy}, if and
only if ¢ om : (C(H,), Fgy) — N is a harmonic morphism.

The main ingredient is to relate the Laplace-Beltrami operator [0 of the
Fefferman metric Fy, to the Hormander operator H on H,. This is rather well
known in CR geometry (cf. J.M. Lee, [10], where (I is related to the sublaplacian
Ay of the given strictly pseudoconvex CR manifold) yet not presented in the
literature on PDEs. We emphasize on the relationship between subelliptic and
hyperbolic PDEs by providing a short direct proof that, for the Heisenberg
group, .0 = —2H where

n 2 2 2
Df=12<af T )+2<|z|2on> o7

2 ot 3(ua)2 8(u"‘+")2 3(M2n+1)2
% f 0% f % f
a+n o
+2u Queountl —cu Quetngy2n+l + 2(}’L + 2) Qu2n+1gy2n+2 ’

for any f € C*(H,). Here u? =x4om, 1 <A <2n+1, and u*>"*? =y,
where (x4) = (z% = x* +iy%, t) are coordinates on H,,.

ACKNOWLEDGEMENTS. The Author is grateful to Sorin Dragomir for care-
fully explaining to her the construction of the Fefferman metric within pseudo-
hermitian geometry. The Author has profited from the many suggestions of the
(anonymous) Referee.

2. — Hormander systems

Let @ € R” be an open set and X = {X,---, X} a system of C*
vector fields on 2. We say X satisfies the Hormander condition (or that X
is a Hormander system) on €2, if the vector fields Xi,---, X,, together with
their commutators up to some fixed length r span the tangent space T, (£2), at
each x € Q. If X, = b2 (x)3d/9x” then we set X} f = —a(b2 f)/dx", for any
fe C&(Q). Our convention as to the range of indices is a, b, --- € {1,--- , m}
and A, B,--- €{l,---,n}. The Hormander operator is

- 9 AB, . Ou
Hu:ZXZXauz— Z 8X—A(a ()C)ax—B) s

a=1 A,B=1
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where a?8(x) =" bA(x)bB(x). The matrix a*? is symmetric and positive
semi-definite, yet it may fail to be definite, hence in general H is not elliptic
(H is a degenerate elliptic operator).

ExampLE 1 (CF. [9], p. 4634). The system of vector fields
(3) X, =0/0x", X, =9/9x* + (x")*9/0x> (k = 0)

satisfies the Hormander system on R? with r = k+1. We have X'=—-X,,ac¢
{1, 2}, hence the Hérmander operator is

= _82—14 — 82_” — xl)zkaz_u —2(xhHk 0%u )
a(xhH2  9(x2)2 a(x3)2 9x29x3

“4)

As we shall see later, there is a CR structure H (k) on Q = R*\ {x! = 0} such
that the (rank 2) distribution D spanned by the X,’s is precisely the Levi (or
maximally complex) distribution of (€2, H(k)).

ExawmpLE 2. Let H, = C" x R be the Heisenberg group with coordinates
(z,t) = (', -+ ,7", 1) and set z% = x% + iy*, 1 < o < n. Consider the
Lewy operators

L J j 7 l<a<
a = —— — 17T —, oa=n,
Az ot

and the system of vector fields
1
(5) X = {XouXot—i-n ) R Sn}, X(x+n =JXo, Xo = E(La‘i‘LE) ,

where L, = Lz. The Heisenberg group is thought of as a CR manifold (of
hypersurface type) with the standard CR structure

TI,O(Hn)x = Z CLoz,x ,xeH,.

a=1

Then J is the complex structure in the (real rank 2n) distribution H(H,) :=
Re (T1,0H,) & To,)(H,)), ie. J(Z+Z):=i(Z—2Z), for any Z € T o(H,). As
(Lo, Lzl = —2i84pT (with T = 9/0t), (5) is a Hormander system on H,,, with
r =1. Next X} = —X, and the corresponding Hérmander operator is

1 9%u 9%u 9%u 9%u 9%u
(6) Hu=——2{ + }—y"‘ x“ —zP =

4 Ax0)2 " a(y)? axear T ayear a2

a=1
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3. — Subelliptic harmonic morphisms

First we see that a weak subelliptic harmonic morphism ¢ : 2 — N is
actually smooth. Indeed, let x € 2 and p = ¢(x) € N. As ¢ is localizable,
we may consider an open neighborhood U of x and a local system (V,y’) of
harmonic coordinates at p (cf. e.g. [3], p. 143, i.e. p € V and Ayy' =0in V,
where Ay is the Laplace-Beltrami operator of N) such that ¢(U) C V. Then
yioge L}GC(U) and H(y' o¢) = 0. Moreover, it is a well known fact that H
is hypoelliptic, i.e. if Hu = f in distributional sense, and f is smooth, then
u is smooth, too. Hence y’' o ¢ € C®(U). To show that ¢ is a subelliptic
harmonic map we need the following

LeEmmMaA 1 (T. Ishihara, [7]). Let N be a v-dimensional Riemannian manifold
and C;, C;; € R a system of constants such that C;; = C;; and Yl Cii = 0.
Let p € N. Then there is a normal coordinate system (V, y') in p and a harmonic
function v : V. — R such that

av
oy

(p)=Ci, v j(p)=Cyj.

Here v; ; are the second order covariant) derivatives

92 ‘ k ‘ ov
D Byigy) ij1ayk
ProoF oF THEOREM 1. Let iy € {I,---,v} be a fixed index and consider
the constants C; = §;;, and C;; = 0. By Ishihara’s lemma there is a local
harmonic function v : V — R such that

av
dy!

(p) = diiy » vi,j(p) = 0.

A calculation shows that

v .
Xa(v o d)) = 87 Xa(¢]) s

y/
C9v m . « i | ov
@) H(vOd))=(H¢])@_;(Xa¢])(xa¢ ){Uj’k-i_‘jk’{)yi} :
Then (by (7))

0= Hwo @) = (HE® = > (X0 (Xat @) | 5| ).
a=1

(DHere k

.. | are the Christoffel symbols (of the second kind) associated to the Riemannian metric
on N.
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To prove (2) in Theorem 1 consider the constants C;; € R such that C;; = Cj;
and >, C;; =0. Let x € Q and p=¢(kx)eN. By Ishihara’s lemma there
is a normal coordinate system (V, y') in p and a local harmonic function v on

V such that
av

ay!
As ¢ is a subelliptic harmonic morphism (again by (7))

(p) =0, v j(p)=Cij.

0=H@od)x) = — > (Xad) (1) (Xu$") ) Cyi

a=1
that is
(8) Cix X*(x) =0,
where

X =" (Xap)(Xagh) .

a=1

The identity (8) may be also written as

) > CyXi@) + Y G { X - X"} =o0.
itj i

Now let us choose the constants C;; such that C;; =0 for any i # j and

1, i =1
Cii = { -1, i=1
0, otherwise

where iy € {2,---,v} is a fixed index. Then (9) gives

Xoio(xy— x"(x) =0,

that is
X)) = X2 = = X" (x)
and (9) becomes
(10) > CiiX(x)=0.
i#]
Let us fix ig, jo € {1, -, v} such that iy # jy, otherwise arbitrary, and set

Ci — 1, i=i0,j=j0 or i=j0,j=i()
710, otherwise



HORMANDER SYSTEMS AND HARMONIC MORPHISMS 385

Then (10) implies that X%J0(x) = 0. Let us set

=X =3 (Xaph? € C2U),

a=1

where U = ¢~ (V) C Q. Summing up the results obtained so far, we have

D (X)) (Xap!) (x) = M(x)87

a=1

which is (2), and in particular

VAR =D (X' ().

a,i

Therefore, we built a global C* function A : 2 — [0, +00). Indeed, if (V, ¢ =
', yY) and (V/, ¢ = (y'!,---,y")) are two normal coordinate systems
at p=¢(x) and F = ¢’ 0 ¢~ !, then the identities

. OF . aF%  9F*
X, 0" = 35 Xq', Z oEi (P)@(P) = §jj

k

yield
D (XM (@) =) (Xap))(x)*.
i J

Assume there is xop € Q such that A(xg) # 0 and consider
v i= ((X19) o). -+, (Xnd) ) €R™ 1 i < v,

Clearly v’ # 0, for any i, and v' - v/ = 0, for any i # j. Consequently
rank[(X,¢")(xo)] = v, hence v < m. Thus, whenever v > m it follows that
A =0, ie. Xaqbi = 0, and then the commutators of the X,’s, up to the length
r, annihilate ¢'. As X = {Xi,---, X,} is a Hormander system and €2 is
connected, it follows that ¢’ = const. Theorem 1 is proved.
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4. — The relationship to hyperbolic PDEs

A smooth map ® : M — N of semi-Riemannian manifolds is a harmonic
morphism if for any local harmonic function v : V. — R on N, the pullback
vo ® is harmonic on M, i.e. Ay(vo®) =0in U = &~ 1(V) (cf. e.g. [13]). In
the context of Example 2, we shall relate the subelliptic harmonic morphisms ¢ :
H, — N to harmonic morphisms from the Lorentzian manifold (C(H,), Fg).
We need to recollect a few notions of CR and pseudohermitian geometry. A CR
structure (of CR dimension n) on a C* manifold M, of real dimension 2n+1, is
a complex rank n complex subbundle 7 (M) C T(M)® C of the complexified
tangent bundle such that T o(M) N Tp (M) = (0), where Ty (M) := T o(M)
is the complex conjugate of Tjo(M), and [Z, W] € I'*°(T10(M)), for any
Z, W e I'*(To(M)) (the formal integrability property). A pair (M, Tj0(M))
is a CR manifold (of CR dimension n) and H (M) := Re{T1 o(M) & Tp.1(M)}
(a real rank 2n distribution on M) its Levi distribution. The Levi distribution
carries the complex structure J defined by J(Z + Z) = i(Z — Z), for any
Z e TioM). If (M,T,0(M)) is an orientable CR manifold the conormal
bundle H(M)* := {w € T*(M) : Ker(w) 2 H(M)} is a trivial line bundle,
hence admits globally defined nowhere zero sections 6 € I'™°(H (M)%), each of
which is a pseudohermitian structure on M (a term coined in [12]). The Levi
form is Lo(Z, W) = —i(d0)(Z, W), Z, W € Ty o(M). Often the following real
version of the Levi form is used. Set Gy(X,Y) := (d0)(X,JY), X,Y € H(M);
then Ly and the C-linear extension of Gy coincide (on 7} o(M)®Tp.1(M)). The
CR manifold M is nondegenerate (respectively strictly pseudoconvex) if Ly is
nondegenerate (respectively positive definite) for some 6. If M is nondegenerate
then each pseudohermitian structure 6 is a contact form, i.e. 6 A(d6)" is a volume
form on M. For a fixed contact form 6, there is a unique vector field T on
M such that T |d6 = 0 and 6(T) = 1 (the characteristic direction of df). A
complex p-form 7 on a CR manifold (M, T} ¢(M)) is a form of type (p,0) if
To.1(M) |n=0. Let APO(M) — M be the vector bundle of all forms of type
(p,0) and set

C(M) = (A”H’O(M) \ {zero section})/R+,

where R, is the multiplicative group of the positive reals. When M is nonde-
generate C(M) — M is a principal S'-bundle and C(M) ~ M x S' (the trivial
bundle) when M is embeddable (i.e. CR isomorphic to a real hypersurface in
C"*t!, e.g. the boundary of a domain in C"*!). If M is strictly pseudoconvex,
with each contact form 6 (such that Ly is positive definite) one may associate
(cf. [10]) a Lorentzian metric Fy on C(M) (the Fefferman metric of (M, 0))
which can be computed in terms of the connection 1-forms and (pseudoher-
mitian) scalar curvature of a canonical connection V on M, known as the
Tanaka-Webster connection of (M, 0). The Tanaka-Webster connection obeys to
the axioms i) H(M) is V-parallel, ii) VJ = 0, Vgg = 0, and iii) the torsion
of V is pure (e.g. in sense of [2], p. 65) and its existence and uniqueness
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is actually guaranteed when M is merely nondegenerate (cf. [12] and [11]).
Here gy is the Webster metric (cf. e.g. [2], p. 65) of (M, 0), i.e. gog = Gy on
HM)® HM), go(X,T) =0 for any X € H(M), and go(T,T) = 1. We only
recall the construction of the Fefferman metric for the case of the Heisenberg
group (for the general case of an arbitrary strictly pseudoconvex CR manifold,
cf. [10]). As the Heisenberg group is embeddable (the map f : H, — 02,41,
f(z,t) == (z,t +ilz]?), (z,t) € H,, is a CR isomorphism of H, onto the
boundary of the Siegel domain Q,4; = {(z,u + iv) € C**' 1 v > |z]?}) the
bundle C(H,) — H, is of course trivial. 6y =dr +i > ,_,(z%dz* —7%dz") is
a contact form on H,, (with the corresponding Levi form positive definite). An
element [w] € C(H,) is a class of a (n+ 1, 0)-form w =A@y AO' A --- AO"),,
for some A € C* = C\ {0} and x € H,. Here 6% = dz®. We shall use the local
fibre coordinate y on C(H,) given by

y ([@]) := arg(A/[A]),

where arg : S ! — [0,27). Let us extend the Levi form Gg, to the whole
of T(H,) by requesting that Gg,(V,T) = 0, for every V (the characteristic
direction of dOy is T = d/dt). Consider the (globally defined) 1-form o =
(1/(n+2))dy on C(H,) and set

F90 = JT*GQO +2(*0y) © o,

where © denotes the symmetric tensor product. Then Fy, is a Lorentz metric
on C(H,) (the Fefferman metric of (H,, 6y), cf. [10]).

PrOOF OF THEOREM 2. With respect to the local coordinates (u%) = (u?, y),

where u# = x4 o 7, the Fefferman metric may be written as

Fgy =2 Z [(du"‘)z + (du“”)ﬂ

(11) o=t )
+ " 5 [du2n+l + 2;(uadud+n _ ua-i—nduot) o du2ﬂ+2 )
We wish to compute the Laplace-Beltrami operator
1 0 of
Of = ——— (VIFIF® =), f e CH(CH,)).
= o <\/| |F! aub) feCCM,))

A calculation shows that

n A\ 2
(12) F = det[(Fg))ap] = — (n +2) ,



388 ELISABETTA BARLETTA

/2 -+ 0 o -~ 0 utl 0
0 1/2 0 0 u" 0
- _y!
avy mre| v O
0 0 0 1/2 —u" 0
un—H uZn _ul —u" 2|Z|207T n4+2
0 0 0 0 n+42 0
hence
1| 3%f 2 f 2 f
Of = — 2 2)—
(14) f 2 ; la(ua)z + 3(14"""'")2 + (n + )8u2"+18u2"+2
2 f 32 f 2 f
a+n o 2
+ 2u 3ua8u2n+l LU 3ua+nau2n+l + 2(|Z| © 7'() 3(u2n+1)2 :

Let c € 7~1(0) c C(H,). [F(,‘z)b(c)] has spectrum {1/2, n 4+ 2, —n — 2} (with

multiplicities {2n, 1, 1}, respectively). The corresponding eigenspaces are

2n
Eigen(1/2) = > Re;, Eigen(£(n+2)) =R(0, - ,0,1,£1),
j=1
(where {eq, - ,exmi2} C R is the canonical linear basis). Consequently,
under the coordinate transformation
wl = 2ul, 1<j<2n
1
2n+1 _ 2n+1
w = —— (U +
V2(n +2) ( 7)
1
2n+2 __ 2n+1
w - _
V2(n +2) ( 7)
(14) goes over to the canonical hyperbolic form
2n+1 2 2
o°f o°f
@f)e) = AZ:jl Twh? €~ G ©)-

The unit circle S' acts freely on C(H,) by R, ([w]) = [0] - w := [ww], w € S'.
Then u? o R, = u® and y o R, = y + arg(w) + 2kw, for some k € Z,
hence R} Fy, = Fy,, i.e. S' ¢ Isom(C(H,), Fgy). As well known, this yields
ORw = [, where we set OV f := (Df‘/’fl)‘/f and f‘/ﬁ1 = f oy, for any
diffeomorphism ¥ of C(H,) in itself (we adopt the conventions in [6], p. 241).
Therefore,

70: C®H,) — C®M,), (r.0)u = O@on)y,
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is well defined, where, for a given S! invariant function f on C(H,), f denotes
the corresponing base map. Finally, a calculation based on (6) and (14) leads to

(15) (ms0)u = =2 Hu, u € C*(H,) .

At this point, Theorem 2 is proved. For given a local harmonic function
v:V > Ron N and ¢ : H, — N a subelliptic harmonic morphism then
(by (15)) 0= —-2H@o¢) = (mO)(vo @) hence OvoP) =0, ie. P=¢orx
is a harmonic morphism.

ExamPLE 1 (continued). Theorem 2 applies, with only minor modifications,
to subelliptic harmonic morphisms from = R®\ {x! = 0}, with respect to
the Hormander system (5). R® is a CR manifold with the CR structure (k)
spanned by

where z = x! +ix? and t = x3. Next

i (z+7\F .
9<k)_dt+§(T) (dz —d?)

is a pseudohermitian structure on R® with the Levi form

— z+7\!
Le(k)(Z,Z)=—k( 5 ) ,

hence (R?, H(0)) is Levi flat while (2, H(k)) is nondegenerate, for any k > 1.
Moreover, if k > 1 each connected component QT = {x! > 0} and Q= =
{x! < 0} is strictly pseudoconvex. If V is the Tanaka-Webster connection of a
nondegenerate CR manifold M (on which a contact form 6 has been fixed) and
{T, : 1 <o <n}is a (local) frame in Tjo(M) then we set V7, Tp = I'{;Tc,
where A, B,---€{0,1,---,n,1,---,7}. Also Ty :=T, and Ty:=T. Let Ty
be the torsion tensor field of V. Then Tv (T, T,) = Ag TE is the pseudohermitian

torsion (cf. also [4] for the properties of Ty). Let RV be the curvature tensor
field of V and set RV (Ts, Tc)Ta = RaPpcTp. The (pseudohermitian) Ricci
tensor is R,z = R, and the (pseudohermitian) scalar curvature is R = R
(one uses the local coefficients of the Levi form 845 = Lo(T,, TE) and their

inverse [g"‘E] = [gag]_l to raise and lower indices). The Tanaka-Webster
connection of (€2, 6;) is given by

In particular, the Tanaka-Webster connection of (€2, 8(k)) has pseudohermitian
scalar curvature R = —k;—l (2/(z +2)**!, and one may explicitely compute
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the Fefferman metric Fyqy of (QF,6(k)). Also the pseudohermitian torsion
vanishes (i.e. Al =0). Note that (Q,6(1)) is Webster flat. Set V¥u = 7pVu,
where Vu is the gradient of u € C*°(€2) with respect to the Webster metric and
wy : T(2) — D the projection with respect to the direct sum decomposition
T(Q) = D@ RI/dt. That is VIu = u'Z + u'Z, where u' = h''u; and
u; = Z(u). The sublaplacian is Ayu = —div(V7u), where the divergence is
taken with respect to the volume form 6 (k) A (d6(k))". As

k—1 T 1
div(Z) = , WM = xR (g =)
X1 k
one has A, = %xll_k(ZZ-i—ZZ), hence (by (4)) A, = —%xll_kH on C*®

functions. By a result in [10], the Laplace-Beltrami operator O of the Fefferman
metric of (QF, 0(k)) is related to the sublaplacian by 7,0 = %Ab hence

1
(16) (mDu = —— x{ " Hu, ueC®(Q*).

Consequently

PROPOSITION 1. For any subelliptic harmonic morphism ¢ : QF — N, with
respect to the Hormander system (4), the map ® = ¢pomw : C(QF) — Nisa
harmonic morphism, with respect to the Fefferman metric of (2*, 6(k)).

For the converse, cf. our Section 5.

5. — Weak harmonic maps from C (H,))

From now on, we assume that N is covered by one coordinate chart ¢ =
»',--,y):N—> R’ and & =y od. A map ®:CH,) — N satisfies
weakly the harmonic map system

P (L 9P/ 9ok ,
(17) 0% + F! (‘jk‘on) Sy =0 1=i<v,

if ®' and their first derivatives (in distributional sense) are square integrable and
%

> {/ @' Co' d vol (Fyy)
C(Hn)

i=1

+/ F (| : o) 0TI i ot(Fy b = 0
. (@) frd y
ca,y 0 \lJjk Jus aub ¥ %
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for any ¢ € C3°(C(H,),R"). Given a smooth vector field X on & € C(H,)
open, the function gi € L*(U) defined a.e. by

/g§(¢dvol(F90)=/d>i X*@d vol (Fyy),
u u

is denoted by X (). Here X* is the formal adjoint of X with respect to the
L?-inner product (u, v);2 = [uv dvol(Fygy), for u, v € C*(C(H,)), at least one
of compact support. In [1], given a strictly pseudoconvex CR manifold M, one
related smooth harmonic maps from C(M) (with the Fefferman metric corre-
sponding to a fixed choice of contact form on M) to smooth pseudoharmonic
maps from M (as argued there, these are locally J. Jost & C-J. Xu’s subelliptic
harmonic maps). Here we wish to attack the same problem for weak solutions
(of the harmonic, respectively subelliptic harmonic, map equations). We recall
the Sobolev space Wy?(2) = {u € L2(Q) : X,u € L%(RQ), 1 < a < m}, adapted
to a system of vector fields X = {X;,---, X} on Q € R" (the X, u’s are
understood in distributional sense). Then ¢ : 2 — N is a weak solution to (1)
if ¢! € Wy*(Q2) and

% m ) ) m l.
(X)) agr dx = [ 3]

S S oo [$(]]
for any ¢ € C°(2,R"). Cf. e.g. [9], p. 4641. We wish to show

LEmMMA 2. Let @ : C(H,) — N be a Sl-invar_iant map and ¢ = O the
corresponding base map. If ® € L>(C(H,)) and Y (®') € L*(U), for any smooth
vector field Y onUd € C(H,), then ¢' € W)l(’z(Hn).

One has ||<I>i||L2(C(Hn)) = 2n||¢i||L2(Hn), hence ¢’ € L>(H"). In particular

¢ € L} .(H,) and & € L} (C(H,)). Let ¢ € CH,). Then p o7 €
C(CH,)) (because S Uis compact) and

09) (Xug ) (Xath)g' dx} =0,

/ ®'O(p o) dvol(Fgy) = (by (15))
C(Hyp)

=-2 (¢' Hp) o 7w dvol (Fy,) = —4n / ¢ Ho 0y A (d6p)"
C(Hp) H;,

2n
S /H S (Xa)(Xa9) b0 A (d60)" .

nog=1
On the other hand

¢ (XEp)dx = — / ¢ (Xap)dx = —— [ & (Xap) o 7w dxdy
Hy, H, 21 Jemy)

1 N
=—— [ ' X,(pom)dxdy
21
= (as (0/0u)* = —3/0u)
1

= E/QDI' (}A(a>*(¢or[)dxd)/ = %/(}Afacl)i) (pom)dxdy .
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The notation dx (respectively dx dy) is short for 6y A (d6p)" (respectively, for
dvol(Fy,)). Also, we set

a - 1 9 a

a+tn o

N 1 9
Xo 1= 2 Jue gu2ntl > etn = 5 atn T u gu2n+l

The Jacobian of the right translation R,, with w € S' is the unit matrix, hence
for any ¢ € C°(C(H,))

/ (f(aqf) Vdxdy = — / O X, pdxdy = — /(qf' o Ry)(Xat) o Rydxdy =
(as }A(a is right-invariant)

= [ (¥ ora) ) (@epR)R) W) y) =
(as @' is $'-invariant)

- / &' R (¥ o Ry)dxdy = / (K@) (¥ © Ry) dxdy
= / ((}A(acpi)on_l) Ydxdy,

hence )A(aCD" :'(}A(acbi) o R, -1, ie. there is an element of L*(H,), which we
denote by X,¢', such that

X, @ = (X9 om.

We may conclude (by Fubini’s theorem) that
[ ¢ xipdx = [xuphea.

i.e. X,¢' is indeed the weak derivative of ¢'. The Lemma 2 is proved. At this
point we may establish the following

THEOREM 3. Let ¢ : H,, — N be a map such that ® := ¢ o w satisfies weakly
the harmonic map system (17). Then ¢ is a weak solution to the subelliptic harmonic
map system (1).

Combining the regularity results in [9] and [14] with Theorem 3 we obtain
the following

COROLLARY 1. Let N be a Riemannian manifold of sectional curvature < k2,

for some k > 0. Let ® : C(H,) — N be a bounded S'-invariant weak solution to
the harmonic map equation (17) such that ®(C (H,)) is contained in a regular®
ball of N. Then ® is smooth.

@ That is a ball B(p,v) = {g € N : dy(g, p) < v} such that v < min{rr/(2c), i(p)}, where
i(p) is the injectivity radius of p (cf. [9], p. 4644).



HORMANDER SYSTEMS AND HARMONIC MORPHISMS 393

Proor oF THEOREM 3. The statement follows from the preceding calculations
and the identity

. j k . 2n R ) R
(el) e s 15 = (el o) {2 oo

AD/ Yok Ad/ Yok
oy qu2ntl Qu2n+l1 dy

+(n+2)<

(itself a consequence of (13)) provided we show that &/ /3y = 0, as a distribu-
tion. Indeed, given ¢ € C5°(C(H,)) set C := supc,, [09/dy|, T :=supp(p)
and I'y = n(I"). Then, given ¢{ € Ci°(H,) such that ¢/ = L-lim,_ o ¢{,

. ) , 3

/ (¢] 0 1) < dvol (Fgy) —/ (¢7 0 1) < dvol (Fgy)
C(Hp) ay C(Hp) ay

<2m CVolT)'? o] — ¢/l 2,

hence (as (12) implies (9/dy)* = —3/0dy)

ID 1
9% (@) = - / @ o) 2 dvol (Fyy)
oy C(H,) oy

)
= — lim (6] 0 7) <2 dvol (Fyy) =0,
V=00 JeHy) ay

by Green’s lemma and div(d/dy) = 0, again as a consequence of (12).

ExampPLE 1 (continued). As shown in Section 3, as a consequence of
the hypoellipticity of the Hormander operator together with the existence of
local harmonic coordinates on the target manifold, there is no notion of weak
subelliptic harmonic morphism (of course, this is true for harmonic morphisms
between Riemannian manifolds, as well). In the context of the Hormander
system (4) we say a localizable map @ : (C(Q%1), Fowy) — (N, h) is a weak
harmonic morphism if, for any local harmonic function v : V — R on N
one has vo ® € L} (U), for any U € C(Q*) open such that ®WU) C V,
and O(v o @) = 0 in distributional sense. Then we may prove the following
regularity result (and converse of Proposition 1).

PROPOSITION 2. If ® : C(QF) — N is S'-invariant weak harmonic morphism
then the base map ¢ = ® : QT — N is a smooth subelliptic harmonic morphism
(in particular, ® is smooth).

Let ¢ € C§°(Q2F). Then

0=D(vod>)((poyr)=/c(Q

(by (16) and Fubini’s theorem)

2

2
= Z/ (v o)) (Hp) () dx = == Hx!* vod) (@),
QF k

. (vo ®) (g om)dvol (Fyuy) =
)
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ie. H (xll_k v o ¢) = 0 in distributional sense [here dx is short for (k) A
(d0(k))"]. Hence there is f € C®°(U) such that vo¢ = x{ ' f, ie. vo¢ is
smooth (here U € Q% is any open set such that ¢(U) C V). Then, again by
(16), Hvo¢) =0. Q.ed.

REFERENCES

[1] E. BARLETTA — S. DRAGOMIR — H. URAKAWA, Pseudoharmonic maps from nondegenerate
CR manifolds to Riemannian manifolds, Indiana Univ. Math. J. 50 (2) (2001), 719-746.

[2] E. BARLETTA — S. DRAGOMIR, Differential equations on contact Riemannian manifolds,
Ann. Scuola Norm. Sup. Pisa, CI. Sci. (4), 30 (2001), 63-95.

[3] A. Bessg, “Einstein manifolds”, Springer-Verlag, Berlin-Heidelberg-New York-London-
Paris-Tokyo, 1987.

[4] S. DRAGOMIR, A survey of pseudohermitian geometry, Proceedings of the Workshop on
Differential Geometry and Topology (Palermo 1996), Rend. Circ. Mat. Palermo Suppl. 49
(2) (1997), 101-112.

[5] B. FuGLEDE, Harmonic morphisms between semi-Riemannian manifolds, Ann. Acad. Sci.
Fenn. Math. 21 (2) (1996), 31-50.

[6] S. HELGASON, “Groups and geometric analysis”, Academic Press Inc., New York, London,
Tokyo, 1984.

[7] T. IsHIHARA, A mapping of Riemannian manifolds which preserves harmonic functions, J.
Math. Kyoto Univ. 19 (2) (1979), 215-229.

[8] J. Jost, “Riemannian geometry and geometric analysis”, Springer, Berlin-Heidelberg, 2002
(third edition).

[91 J. Jost — C-J. Xu, Subelliptic harmonic maps, Trans. Amer. Math. Soc. 350 (11) (1998),
4633-4649.

[10] J.M. LEE, The Fefferman metric and pseudohermitian invariants, Trans. Amer. Math. Soc.
296 (1) (1986), 411-429.

[11] N. Tanaka, “A differential geometric study on strongly pseudo-convex manifolds”, Ki-
nokuniya Book Store Co., Ltd., Kyoto, 1975.

[12] S.M. WEBSTER, Pseudohermitian structures on a real hypersurface, J. Diff. Geometry 13
(1978), 25-41.

[13] J.C. Woob, Harmonic morphisms, foliations and Gauss maps, Contemp. Math. 49 (1986),
145-184.

[14] C4J. Xu - C. ZulLy, Higher interior regularity for quasilinear subelliptic systems, Calc.
Var. Partial Differential Equations 5 (4) (1997), 323-343.

[15] Z-R. ZHou, Uniqueness of subelliptic harmonic maps, Ann. Global Anal. Geom. 17 (6)
(1999), 581-594.

Universita degli Studi della Basilicata
Dipartimento di Matematica
Contrada Macchia Romana

85100 Potenza, Italy
barletta@unibas.it



