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DUALITY OF SCHRAMM-LOEWNER EVOLUTIONS

BY JULIEN DUBEDAT

ABSTRACT. — In this note, we prove a version of the conjectured duality for Schramm-Loewner
Evolutions, by establishing exact identities in distribution between some boundary arcs of chordal
SLE., k > 4, and appropriate versions of SLEz, & = 16/x.

RESUME. — On démontre dans cette note une version de la dualité conjecturée pour les évolutions
de Schramm-Loewner, en établissant des identités en distribution exactes entre certains arcs de SLE,
chordal, k > 4, et des versions appropriées de SLEz, & = 16/k.

1. Introduction

Schramm-Loewner Evolutions (or SLE), introduced by Schramm in 1999, are probability
distributions, parameterized by x > 0, on non-self traversing curves (the trace) connecting
two boundary points in a planar, simply connected domain. They are characterized by a
conformal invariance condition and a domain Markov property. See [7, 12, 16] for general
SLE background.

The geometric properties of the trace vary with the parameter . In particular, when
k < 4, the trace is a.s. a simple curve; this is no longer the case if k > 4 ([12]). The trace
stopped at some finite time is then distinct from its boundary. The duality conjecture for
SLE, roughly stated, is that a boundary arc of SLE,, is locally absolutely continuous w.r.t.
to (some version) of SLEz, & = 16/x. This was suggested by Duplantier. In the case
(k,k) = (8,2), this follows from the exact combinatorial relation between Loop-Erased
Random Walks and Uniform Spanning Trees and the identification of their scaling limits
in terms of SLE ([8]). In the case (x,&) = (6,8/3), it follows from the locality/restriction
framework ([6]). An approach based on a relation with the free field has been proposed
by Sheffield. A precise duality conjecture is stated in [1] and elaborated on in [3]; we prove
slightly different versions here.
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698 J. DUBEDAT

In [3], it is shown that duality shares common features with reversibility and the ques-
tion of defining multiple SLE strands in a common domain. This local commutation prop-
erty states that two SLE strands can be grown in a domain to a positive size, in a way that
does not depend on the order in which the SLE’s are growing. Such systems of commuting
SLE’s are classified in [3]; in particular, two versions of SLE,;, SLE; can commute only if
ke {k,16/K}.

While it is rather easy to check directly the local commutation identities implied by re-
versibility and some duality conjectures, the crucial difficulty consists in working backward
and proving reversibility or duality from these local identities. One may think of this as a
“local to global” problem.

Decisive progress was achieved by Zhan in [18], where he proves reversibility of chordal
SLE,, k < 4, i.e. that the range of the trace of an SLE, in D going from z to y has the
same distribution as the range of the trace of SLE going from y to z in D. This was previ-
ously known for k € {2,8/3,4,6,8}. The argument involves a sequence of couplings of an
SLE, (D, z,y) with an SLE, (D, y, z), such that each coupling in the sequence is absolutely
continuous w.r.t. the trivial (independent) coupling, and the limiting coupling is exact (the
ranges of the two traces are identical). The fact that similar techniques may be used to prove
duality is also mentioned in [18]. The present article stems in part from an effort to clarify
and extend this “local to global” argument.

After the present work appeared as a preprint, the manuscript [17] was brought to our
attention. There, as here, ideas and techniques from [3, 18] are combined to obtain a certain
number of duality identities, with some overlap with those stated here (in Proposition 10).
Subsequently, a different construction of duality identities was given in [4], via the free field;
this allows to establish “strong duality” identities, in which the conditional law of an SLE
given a boundary arc is also specified. Such identities were first conjectured in [1].

Let v, 4 be traces of two SLE’s satisfying the local commutation condition. Then, for U, V'
disjoint open subsets of the domain, one has a coupling of (y,%) which is “correct” on the
time set {(s,t) : s < 7,t < 7}, where 7, 7 are stopping times for the two SLE’s, such that
4T C U,4" C V. We construct a coupling of (v,4), which is “correct” on the time set
{(s,t) : V[0,5) N A10,q) = @}. See Theorem 6 for a precise statement.

The duality identities follow from applying Theorem 6 to appropriate pairs of commut-
ing SLE’s, together with some a priori geometric information on the traces. Plainly, many
identities may be generated in this fashion.

The identities considered here involve variants of SLE,: the SLE.(p) processes
(p = p1,--.,pn). They satisfy a domain Markov property when keeping track of n marked
pBints z1,-.., 2y (in addition of the origin and the target of chordal SLE). The influence
of z; on the SLE trace is quantified by the real parameter p;; this influence is attractive for
p; < 0 and repulsive for p; > 0.

Let us consider a chordal SLE in the upper half-plane H, going from 0 to infinity. In the
phase4 < k < 8, aboundary point, say 1, is “swallowed”, i.e. gets disconnected from infinity
by the trace at a random time 77 when the trace hits some point in (1, co). The boundary arc
straddling 1 is the boundary arc seen by 1 at time 7 .
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DUALITY OF SCHRAMM-LOEWNER EVOLUTIONS 699

THEOREM 1. — Consider a chordal SLE,; in (H,0,00), 4 < k < 8, let D be the leftmost
visited point on (1, 00). Conditionally on D, the boundary arc straddling 1 is distributed as an
SLE:(—%,& — 4,k —2) in (H, D, 00,0,1, D"), stopped when it hits (0,1).

In the phase x > 8, a.s. every point in H is visited by the trace. We isolate a boundary
arc in a different way. Let G be the leftmost point on (—oo, 0) visited by the trace before 7.
We consider the boundary of K., the hull of the SLE stopped when it first visits G; this
boundary is an arc between G and a point in (0, 1).

THEOREM 2. — Consider a chordal SLE,; in (H,0,00), k > 8. Let G be the leftmost vis-
ited point on (—o00,0) before 1. Conditionally on G, the boundary of K ., is distributed as an
SLE:(%,5 —2,—% & —4) in (H,G,00,G~,G*,0,1), stopped when it hits (0, 1).

272

The distributions of D and G are well known and easy to derive.

The article is organized as follows. Section 2 recalls some absolute continuity properties
of chordal SLE. Local commutation is discussed in Section 3. Maximal couplings of com-
muting SLE’s are constructed in Section 4. Geometric consequences (in particular duality)
are drawn in Section 5. Some technical lemmas are postponed to Section 6.
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2. Absolute continuity for chordal SLE

In this section we consider some absolute continuity properties of chordal SLE, mostly
based on [6]. Chordal SLE will also serve as a reference measure for variants we will study
later; some familiarity with chordal SLE is assumed (see, e.g., [7, 12, 16]).

We adopt the following notation: ¢ = (D, z,y) is a configuration where D is a simply
connected domain and x, y are distinct boundary points. Unless there is an ambiguity, the
configuration is simply denoted by D. The chordal SLE,, measure onc = (D, z, y) is denoted
by u. (k 1s fixed). It is seen as a measure on Loewner chains up to increasing time change; or
as a configuration-valued continuous process (up to time change); or as a measure on non
self-traversing paths ([12]). This path (the SLE “trace”) is denoted by ~, while the hull it
generates is denoted by K (D \ K is the connected component of D \ (o 4 having y on its
boundary). Let U be a subdomain of D, agreeing with D in a neighborhood of x, and not
containing y on its boundary. Then uY denotes the measure on paths induced by chordal
SLE starting from z and stopped on exiting U; this happens at a random time 7, at which
the hull is K, the tip of the trace is 7., and the configuration ¢, is (D, = D \ K,,v-,y).
More generally, for 7 a stopping time, 4™ denotes the trace stopped at 7 (i.e. the process up
to time 7), x4, the measure induced by stopping at 7. We will use  to denote both the trace
as a process and as a subset of D (the range of the process).
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700 J. DUBEDAT

For some computations, it is convenient to fix a particular time parameterization, typ-
ically half-plane capacity of the hull (mapping conformally the domain to the upper half-
plane). Otherwise we will reason up to bicontinuous (progressive, increasing) change of time.
The class of stopping times is invariant under such time reparameterizations.

Later on, we will use tightness conditions, so we shall review some technical points
now. Let (D, z,y) be a configuration, K a hull such that (D \ K,z’,y) is a configuration
for some z' € OK. By the Riemann mapping theorem, there is a conformal equivalence
¢k : D\ K — D; one can specify it uniquely by requiring its 2-jet at y to be trivial
(px(y) = v, P (y) = 1, ¢%(y) = 01if ¢k extends smoothly at y; this condition is coordi-
nate independent, so one can first “straighten” the boundary at y). One defines a topology
on hulls as follows: (K,,) converges to K if qb;{i converges to qﬁl}l uniformly on compact sets
of D. This is a version of Carathéodory convergence. A topology on chains (K;):>¢ is given
by the condition: (K7}'); converges to (K;); if (¢t,w) — qﬁl}; (w) converges uniformly on
compact sets of [0, 7] x D. Then the Loewner equation maps continuously C(R*,R) (with
the usual topology of uniform convergence on compact sets) to the space of chains endowed
with this topology. Thus the induced measure on chains is a Radon measure. From [12], we
know that the chain is a.s. generated by a continuous non self-traversing path ~. For clarity,
we will think of SLE as a measure on such paths, with the topology on chains described
above.

To express densities, we need to define some conformal invariants. Let (D, z, y) be a con-
figuration, z, z, analytic local coordinates at the boundary (z, mapping a neighborhood
of z in D to the neighborhood of 0 in the upper semidisk). The Poisson excursion kernel is
defined as

. GD (X7 Y)

lim - =
X—z,Y—y \S(ZE(X))\F(Z:U(Y))
where Gp is the Green function in D (with Dirichlet boundary conditions); this depends
on the choice of z, (or z,) as a 1-form. (If 2} is another local coordinate at z, dz/,/dz, is
positive). If D and D’ agree in a neighborhood of z, we choose the same local coordinate z,,
so that Hp. (z,y")/Hp(z,y) does not depend on a choice of local coordinate at z. Similarly
for ¢, = 1,2, consider configurations (D;;, z;,y,) such that D;; agrees with D; 5_; in a
neighborhood of z; and with Ds_; ; in a neighborhood of y;. Then the ratio:

Hp(z,y) =

Hp,, (z1,y1)Hp,, (72, y2)

Hp,,(z1,y2)Hp,, (%2, 91)
is defined independently of any (coherent) choice of local coordinates at z;, y;. To simplify
the notation, if ¢ = (D, z, y) is a configuration, we set H(c) = Hp(z,y).

There is a o-finite measure p!°°? on unrooted loops in C, the Brownian loop measure
([6, 9]). As in [5], let us denote

m(D; K,K') = u°*°P{6: 6 C D,0NK # 3,6 N K' # @}.

In accordance with [6], set & = o, = 62_—:, A=A\, = w.
PROPOSITION 3. — Assume that ¢ = (D,z,y) and ¢ = (D',z,y’) are configurations
agreeing in a neighborhood U of x such that U is compact and at positive distance to the
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DUALITY OF SCHRAMM-LOEWNER EVOLUTIONS 701

symmetric difference DAD’, and U N 9D = OU N 0D’ is a connected arc containing x at
positive distance of y,y'. Then u¥ and pY are mutually absolutely continuous, with density

) (Herto
aul H(c)H(?)

uniformly bounded above and below.

)a exp(=Am(D; K,,D\ D)+ Am(D’; K,, D"\ D))

Proof. — The bound on densities can be derived as in Lemma 14 (or actually seen as a
particular case of Lemma 14, when D and D’ can be obtained by removing two different
hulls from a common larger domain D”'). We will reduce the statement to two known cases.

1. Assume that D = D’. Then the statement follows from Lemma 3.2 in [3]; see also
[14]. More precisely, consider the following situation: H is the upper half-plane, three bound-
ary points z,y, 1y’ are marked; K is a hull around z, z’ its tip, ¢ a conformal equivalence
H\ K — H. Then Hy(z,y) = (x —y) "2, Hu(z,y') = (z —y')~2, computing in the natural
local coordinate. It follows that Hy\ x (2, y) = (My;{%’ Hy\g(2',y) = m,
for an appropriate (common) local coordinate at ’. Then the ratio

Tt e =40 (gl =sm) 0™ (h=se)

Hay (@ ) Ha(zy) 7 \oly) —ol@)/) “ \o(y) = @)
is independent of (coherent) choices. One concludes by identifying the density of an
SLE,(H, z,y) and an SLE,(H,z,y’) with respect to the common reference measure
SLE, (H, z, c0).

2. Assume that D’ C D, D" and D agree in a neighborhood of y = 3. Then the statement
is essentially a consequence of Proposition 5.3 in [6] and results on loop measures in [9]. More
precisely, it is shown in [6] that

w, = (HeH©

H(c)H(c)

is a (positive) local martingale under p.. If we stop the chain at 7 (first exit of U), then the

stopped process M7 is a bounded martingale. The Girsanov transform of p] by M7 is then
w7, See, e.g., Proposition 3.1 in [5] for a similar interpretation of the results in [6].

3. The general case reduces to 1,2 as follows. Let y” be a point on the connected
boundary arc of z in D N D', which is not on U; and V the connected component of
D N D' having z on its boundary. Then apply 1 to go from (D, z,y) to (D, z,y"); then 2 to
go from (D, z,y") to (V,z,y"); then 2 to go from (V, z,y"”) to (D', z,y"); then 1 to go from
(D', z,y") to (D', z,y"). Cancellations occur due to the “inclusion exclusion” form of the
ratios (H (¢ )H (c)/H (c;)H(c)) and the restriction property of the loop measure ([9]).

Explicitly, assume that the statement holds for two pairs of configurations (c;, c2) and
(c2,c3), ¢; = (Dy,x,y;), all three configurations agreeing in a neighborhood U of z. We are
thus assuming:

ety () ( Hel,)H(ei)
d#g H(cT)H(ci+1)

i
for ¢ = 1, 2. Since trivially

>a exp(—Am(D; K;, D\ D))

) exp(—=Am(D;; K+, D\ Diy1)+Im(D;11; K-, D11\ D;))

cl,ug3 dug d/,LcU2
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we need only show that

(H(CE)H(01)> (H(CE)H(01)> _ <H(CE)H(62)>
H(cT)H (c3) H(c])H(c2)/ \H(c3)H(cs)
m(Dy; Ky, D1\ Ds) —m(Ds3; K+, D3 \ D1)) = m(Dy; K7, Dy \ D2) = m(Dy; K7, Dy \ Dy))

+ m(Dg, KT, D2 \ D3) - m(Dg, KT, D3 \ Dg))

The first equation is clear, as one can evaluate these ratios with a common choice of local
coordinate for each of the marked points z,z’ = ~,,y;. For the second relation, consider
the set of loops that intersect K, and exactly one or two of the three sets D, D§, D§. Then
the measure of this set of loops under x!°°P can be expressed as

m(Dy; K;, D1\ D3) + m(Dg; K7, Dy \ D1) + m(Ds; K-, D3 \ D)

so that this quantity does not change under a permutation of the indices 1, 2, 3, which yields
the second relation. O

3. Local commutation

3.1. Reversibility

Following the discussion in Section 2.1 of [3], we phrase and then check a necessary con-
dition for reversibility.

Consider a configuration ¢ = ¢g,0 = (D, z, y), v an SLE from z to y and 4 an SLE from y
toz. Denote ¢s = (D\ (K UKt), ~s,9t). Let U, U be disjoint neighborhoods of z, y respec-
tively; 7, 7 denote first exits of U, U by v, 4 respectively. Assume that v, can be coupled so
that one is the reversal of the other. Then an application of the Markov property for 4 shows
that the distribution of ¥™ conditional on 47 is (stopped) SLE in ¢y » = (D \ K:,z, 43). In-
deed, the distribution of 4 after 7 conditional on 47 is that of chordal SLE in co + (from 4+
to ). Applying the (assumed) reversal coupling in ¢y +, one obtains the conditional distri-
bution of 47 given 47. Symmetrically, the conditional distribution of 47 given 47 is SLE in
¢ro = (D\ Kr,7v+,9). (The identities in distribution considered here are up to time repa-
rameterization).

By integration, this gives the identity of measures:

6 [F60 sena, 6 0al 6N = [ e[ 16N, G 6)
for arbitrary positive Borel functions f, f. This is the local commutation condition studied
in [3]. Disintegrating and inserting densities (that exist from absolute continuity properties)

yields the condition:

du¥ apl \ .
(32) ( C’jﬂ‘g*) (o) = ( — )(ﬂ

almost everywhere in 47, 47. This is an identity between two (continuous) functions of the
paths 7, 4. From the above results on absolute continuity of SLE (Proposition 3), we see that
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DUALITY OF SCHRAMM-LOEWNER EVOLUTIONS 703

both sides are indeed equal, and their common value is the explicit quantity:

s H(cr+)H(c) )a .
3.3 Lp(Y", A7) = (— exp(—m(D; K., K;
(3.3) p(v",4") H(coo)H(cos) p(—Am( )
which is manifestly symmetric in 47, 4". (We use £ for likelihood ratio, somewhat abusively.)
Using the expression of £ as Radon-Nikodym derivatives of probability measures, we see
that:

[0 3867 = [ape o3 =1 W

(3.4) / (v, A )dul (77) = / Ay, () =1 V4

This also applies to any pair of stopping times o, & dominated by 7,7 (i.e. o is a stopping
time for  such that o < 7 a.s.).

Such local commutation identities (without relying on explicit densities) are proved
in greater generality in [3] under an infinitesimal commutation condition, which is easily
checked in the present case. In the next subsection, we include a simple construction for the
cases needed in this article.

Let us also point out a (deterministic) tower property, dictated by compatibility with
the SLE Markov property. Let (D,z,y) be a domain, (K;) a Loewner chain grow-
ing at z (with trace ~,), and (K;) a Loewner chain growing at = (with trace %;). Let
cst=(D\ (KsU j{t)’%’:yt)_ Let us denote, for 0 < s1 < 89,0 < t1 < tg:

Z$27t2 = £031,t1 (7527 Atz).

s1,t1

Then,forO < 81 < So < 83,0§t1 Stg Stgl
(35) £527t2£837t2 _ 6537752 6827t2‘€82,t3 — Eszia

s1,t17s2,t1 s1,t10 s1,t17s1,t2 s1,t1°
For fixed ~, the first relation has to hold a.e. in v to ensure compatibility of (3.4) with the
Markov property of 7; the second relation corresponds to the Markov property of 4. Alter-
natively, this can be checked directly from the explicit expression (3.3), by telescopic cancel-
lations and the restriction property of the loop measure z'°°P ([9]).

3.2. The general case

We now move to the general case (in simply connected domains) of local commutation,
following Theorem 7.1 of [3], which we rephrase in the present context. For now we think
of local commutation as a condition on pairs of (collections of) measures on paths. In Sec-
tion 4, we will use this condition to construct pairings, i.e. (collections of) measures on pairs

of paths.
A configuration consists of a simply connected domain D with marked points:
¢ = (D,20,21,---52n,2n+1); the marked points are distinct and in some prescribed or-

der on the boundary. The question is to classify pairs of SLE measures that satisfy local
commutation (3.1), (3.2). The first measure is on paths growing at zg (hulls (Kj), trace v);
the second measure is on paths growing at z,, 1 (hulls (K +), trace §). We assume that, at least
up to a positive stopping time, the first (resp. second) SLE is absolutely continuous w.r.t.
the reference measure SLE, (D, 2, z) (resp. SLEz(D, z,+1, 2) ); here z is another marked
boundary point, used solely for normalization, and chains are considered up to time change.
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704 J. DUBEDAT

We also require conformal invariance and the Markov property (for configurations with
n + 2 marked points) for each SLE. In the upper half-plane model, the driving process of
each SLE differs from a Brownian motion by a drift term which is a function of the position
of the marked points; we assume that this dependence is smooth.

As before, we denote ¢,y = (Ds = D\ (K5 U R't), Vsy 21, -+ » Zny ) When this is still a
configuration (i.e. before swallowing of any marked point). Let o be a stopping time for the
first SLE such that K, is in a fixed compact set at positive distance of a boundary arc con-
taining z1, . .., Zn4+1, 2. Consider the measures induced on (K, )y<sas by @) the SLE under
consideration and b) the reference SLE (D, zo, z). The Radon-Nikodym derivative, denoted
by M, is a measurable function of (K,,),<snro. It is also a martingale under the reference
measure. We define similarly (M), the density of the second SLE w.r.t. its reference mea-
sure SLE;z (D, 2541, 2).

Then:

THEOREM 4 ([3]). — Local commutation (3.1), (3.2) is satisfied iff the following properties
hold:

1. & € {k,16/Kk}, and
2. There exist a conformally invariant function v on the configuration space and exponents
vi; satisfying E?:ll V0, = Q, Y ieo Vint1 = i such that if we define

Ze)=v() ] Hplz z)"™

0<i<j<n+1

then, up to multiplicative constants and before some positive stopping times, the densities
My, M, can be expressed as:

M; = Hcs,0(787 z)_aNZ(CS,O)

Mt = HCO,t (&t? z)_aRZ(COJ)'

In the theorem, notice that My = H._ (s, 2)”“*Z(cs,0) is defined via a choice of local
coordinates at z, 21, . .., 2,41, but not at -, where the evolution occurs (the choice of local
coordinates is arbitrary but fixed under evolution, and contributes a multiplicative constant
to the martingales).

Proof. — The delicate part is necessity, for which we refer to [3]. However, in this article
we shall need only sufficiency, which is rather straightforward. A proof is included for the
sake of self-containedness.

Assume 1,2. Let u. be the measure on the first SLE in the configuration ¢, and fi. the
associated reference measure, viz. chordal SLE, (D, 2, z). Consider 7, 7 stopping times such
thaty™ (resp. 47) are in compact neighborhoods of 2y, 2,41 at positive distance of each other
and all other marked points. We can assume that the two SLE’s are defined at least up to 7, 7.
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DUALITY OF SCHRAMM-LOEWNER EVOLUTIONS 705

We compute the density:
le’CO,-T- N dﬂco,+ dp’co,% d,ac T
)=\ =) ")
duc duco 7 d/‘LC d/‘LC
_ c.,..,(')'ruz) aNZ(CT%)
He, . (20,2) 7 Z(co,z)

<< C”((%’ ?)Hey,o (20,2 ))% exp(—Aﬁm(D;KT,IAG)))
H,,
(CT

cTo T7Z)HCO T(ZO’ )
' ( 0(20,2) 7% Z(co0) )
H 0 (Yry2) ™2 Z(CT,O)
Z )Z(CO 0) ) ~
= (=P 2250.0) ) oxp(—Aom(D; Ky, K3)).
( Gt 7 ) exp( Ao )
The outer densities are obtained by applying 2 in cg 3 and in cg, while the inner density
follows from Proposition 3. Notice that when % € {x,16/x}, A, = Az. The final expression

is plainly symmetric, which yields (3.2):
duz ) d,uc A (Z(C A)Z(CO 0)) ’ def 7
— O 22 ) ) =) ep(=Aem(D; K7, K2) = Le(y7,47),
( i >(v) ( P )(7 ) Z(6-0)Z(cos) p( ( ) = Le(v",47)
and by integration (3.1). O

A good example of the situation is the following: & = x = 6, with four marked points
(20, 21, 22, 23), Z the probability that there is a percolation crossing from (zg23) to (z122).

The definition of Z involves 1-jets of local coordinates at marked points; one could imag-
ine more complicate dependences, say on k-jets at marked points; this is ruled out by the
theorem. We refer to such functions, defined on the space of simply connected domains with
marked boundary points and 1-jets of local coordinates at the marked points, as partition
functions. (For other purposes, it is convenient to allow a dependence on the metric, see [4].)

The theorem gives a recipe to construct pairs of SLE satisfying local commutation: we
simply have to find Z such that the associated processes M, M are (positive, local) martin-
gales under the respective reference measures. Taking the Girsanov transform of the first
reference measure by M, we obtain an SLE distribution that satisfies the Markov property
w.r.t. configurations with n+2 marked points (up to a stopping time); one proceeds similarly
for the second measure. This yields two collections of measures (indexed by configurations)
satisfying the commutation identity (3.2).

An easy way to generate systems of commuting SLE’s is to look for partition functions
in the simple form Z(c) = [];.; Hp(z:, ;). (This situation is studied in [3], Section 3.2.)
To get a system of commuting SLE’s, we simply need to find a choice of exponents v;; for
which the processes (M), (M) defined from Z are (local) martingales under the respective
reference measures, and thus can be used as densities to define a probability measure on
(stopped) chains. Then the martingale transform of the first measure is an SLE,(p, p) in

(H, 20, ...,2n+1) With p; = —2k1g,;,%9 = 1...n,and p = ppp1 = —2KVg nt1, as is easily
seen from Girsanov’s theorem (see Lemma 12). Similarly, the other SLE is an SLE;(p, p)
with p = pg = —2RVy pn41, and p; = —2&v; 1. The following systems are found to solve

the local commutation condition:
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706 J. DUBEDAT

l.k =R;p=p=kK—06;p;, = p; = 0(two chordal SLE’s aiming at each other, the
reversibility setup)

2.k=Rp=p=2;p; = pi, p+ > ; pi =k — 6 (n — 1arbitrary parameters)

3. kR = 16,p = —k/2,p = =5, pi = —(R/4)pi = —(4/K)pi» p+ 3 ;pi = K — 6
(n — 1 arbitrary parameters).

In these cases, we have the following expressions for the common partition function:

6—r

Z(c) = H(z0, 2n41) ™
Z(c) = H(z0, z01) " [[ Hz0,2:) % H(zns1,20)” 5 [[ H(zi,25) " 5%

i<j
_1 _Pi Pi _PiPy
Z(c) = H(20,2n41) "7 [ [ H(20,2:) ™% H(2n41,2) % [ H(zi,25)" 7 .
i i<j
; - ; L b _pips _ _pib
In the third case (kA = 16), notice that — £ = £, - 58 = 507,

Another explicit situation is when four points are marked, so that there is a single cross-
ratio. Consider a configuration ¢ = (D, z, y, 21, 22), the marked points in some prescribed
order. Let v be a parameter and 3 a solution of the quadratic equation §5(8—1) +28 = 2v.
Define a partition function

Z(c) = Hp(z,y) = Hp(z1,2) % (u)

(z1—2)(22—Yy)
(y—=)(z2—21)

P(u) = (u(l — )’y Fy (2/3,2,3 + 2 1,28+ %;u>

where wu is the cross-ratio u = (in the upper half-plane) and

where 5 F; designates a solution of the hypergeometric equation with parameters 23, . .. (this
equation is invariant under v < 1 — u). If the solution is chosen so that it is positive on the
configuration space, then a computation shows that Z satisfies the condition of the theo-
rem and drives two locally commuting SLE’s starting from x, y. This covers for instance the
following situations: a chordal SLE, from x to y conditioned not to intersect the interval
[21, 22], 4 < k < 8; a chordal SLEg/3 from z to y conditioned not to intersect a restriction
measure (with exponent v) from z; to zo; and the marginal of a system of two SLE strands
T >y, 21 < 23 ([2], Section 4.1; this corresponds to v = ay,).

The situation in other (non simply connected) topologies is quite involved, though an im-
portant part of the analysis carries through (see [3]). For n SLE’s in a simply connected do-
main, the local commutation relation for the system of n SLE’s reduces to @ pairwise
commutation conditions.

4. Coupling

Let ¢ = (D,z0,21,-.-,2n,2n+1) be a configuration, where D is a simply connected,
bounded domain with n + 2 distinct marked points on the boundary in some prescribed
order. We consider a system of two SLE’s satisfying local commutation, one originating
at zp, the other at z,,1. These two SLE’s have the SLE Markov property for domains
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with n + 2 marked points. The first one is absolutely continuous (up to a disconnec-
tion event) w.r.t. SLE(D, 2o, 2,); the Loewner chain is (Kj), the trace 7, the mea-
sure p.. The second one is absolutely continuous (up to a disconnection event) w.r.t.
SLE:(D, zp+1, 2n); the Loewner chain is (K;), the trace 4, the measure ji.. We also denote
s = (D\ (Ks UKy), Vs, 21, s Zns 3e)-

From Theorem 4, we know that &4 € {k,16/x} and there is a positive conformally in-
variant function v on configurations, weights v;;, such that for 7,7 a pair of stopping times
(before disconnection events)

T 27T\ _ Z(CTy‘f)Z(C 5 ) . >
gc(ﬂy y Y ) - (Z(CWZ(C;);)) exp(—)\m(D,KT,K,;))
dul air o\
(4.6) = ( Z;i’) (v7) = ( ;;; )(ﬂ

where Z(c) = ¥(c) [;,<; Hp(2i, ;)" .

Let 47 be a fixed stopped path. Let 7 be a stopping time for ~ such that a.s. 47 is at distance
at least n > 0 from (47 U 9), where 0 is a connected boundary arc of D containing marked
points other than zy. Then we deduce immediately from (4.6) that:

4.7) /ﬁc(% ANNduI (") = / dul, (7)) =1 V4.
The symmetric statement holds for the same reason.
Define:

s 5~ Z(cg Z(cg . A
52 = o, (3% = (G 7 ) explAm(D (K U R )i Koo, Ko
S2,01 S1,02

We recall the (deterministic) tower property: for 0 < s; < s9 < 53,0 < t; < t5 < t3 such
that c,, +, is a configuration

(4.8) p52t2 psasta _ psaita po2:t2 ps2;ts _ psasts

s1,t1 782,61 s1,t1? s1,t1781,t2 s1,t1°
The goal of this section is to use these properties to extend a local coupling of p., fi., that
exists from local commutation, to a maximal coupling “up to disconnection”. The idea, in-
troduced in [18] in the case of reversibility, is to consider a sequence of couplings absolutely
continuous w.r.t. the independent coupling u. ® fi. that converges to a maximal coupling.
The construction of the coupling presented here somewhat differs from that in [18]. The exis-
tence of such a maximal coupling relies solely on (4.7), (4.8), and the SLE Markov property.

4.1. Local coupling

We briefly discuss here the interpretation of local commutation (4.6) in terms of couplings.

A coupling of ., fi. is a measure on pairs of paths (v, %) (or chains (K, K )) such that the
first marginal is u., the second marginal is fi.. The trivial (independent) coupling is . ® fic.

For simplicity, consider U, U neighborhoods of z, y respectively in D with disjoint clo-
sures. Assume that U is at positive distance of a boundary arc of D containing marked points
other than z, and the symmetric condition holds for U. Let 7,7 be the first exit of U, U by
7,4. Then we can consider the measure on pairs of stopped paths (y7,47) given by:

C(YT AT )dpg (VT )apL (A7)
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From (4.7), we know that this is a coupling of the stopped measures u7, fi’. One can extend
it to a coupling of p., fi. as follows: after 7, +y is continued as an SLE in ¢, ¢ (that is, fol-
lowing p.. ,) independent of the rest conditionally on c; o; 4 is continued in a similar way.
This describes a coupling of y., fi., using the (strong) Markov property. It is clear that this
procedure describes the measure:

(Y7, A7) dpe(v)dfic(7)
on pairs of paths (v,%). This coupling is local in the sense that the interaction is restricted
to the time set [0, 7] x [0,7]. In the next subsection, we will extend the interaction to the
(random) time set {(s,t) : Ks N K; = @}, to obtain “maximal couplings”.

4.2. Maximal coupling

The goal here is to construct explicit couplings of .., fi. parameterized by a small param-
eter n > 0 such that any subsequential limit as  \, 0 is a maximal coupling. As in the local
case, we start from the independent coupling pi. ® fi. and introduce a density that preserves
the marginal distributions.

We assume 1 < dist(zg, zn4+1) < diam(D) < oo. (The domain D is embedded in the
plane and distances are measured in the ambient plane.)

Define by induction the stopping times: 79 = 0;

Tiv1 =inf{t > 0: 7 ¢ (K7,)"}
where A" = {z € D : dist(z, A) < n}. Then 7; is a function of the path v (taking a modi-
fication where traces exist and are continuous). The sequence 7; is strictly increasing until it
reaches co.

If 7, < oo, then for all i < j < n, dist(vr,,7-,) > 7, since 7, is outside of (K, _,)".
Thus nw(%)? < area(D + B(0,n)). This gives a fixed N = |4area(D + B(0,n))/n| such
that 7y = oo.

Similarly, define 7 = 0, and by induction:

Fip1 = inf{t > 0: 4 ¢ (K:)"}.
We now introduce a dependence on the other path. Let 0 be the smallest connected bound-
ary arc of D containing all marked points except zp; symmetrically, let 0 be the smallest
connected boundary arc of D containing all marked points except z,,11. These two arcs over-
lap in general.

We define a (random) set G C N? of good pairs of indices as follows:

{(i,5) € G} = {dist(K,, K,) > 3n} N {dist(K~,,d) > 2n} N {dist(K>,,0) > 2n}.
(Here, dist(K,K) = inf ;i (dist(z,2)).) This is a separation condition. If ¢ < 4,
j' <4, (4,7) € G, then a fortiori (¢, j') € G. We take n small enough so that (0,0) € G.

For conciseness, set

'3 pTit1yTiel T AT
G =0 = (AT
fori <i,j<j. Ifr, =71y, set Ei;j/ = 1 (this is the case if 1 = 3’ or 7; = 73y = 00).

Let (4,4) € G. Then K, is at distance at least 3n from Iﬁj. and at least 2 from 9. Thus

C (K, )" is at distance at least 27 from Iﬁj., at least n from K. and at least n

j+1°

K

Ti+1
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from 8. Symmetric statements hold for K. #;. Thus éi;l’j *1is well defined and by Lemma 14
uniformly bounded by some C = C(D, n).

Define
I(j) = int{i € N: (i,j) ¢ G}
J@) =inf{j e N: (i,5) ¢ G}.
Plainly, I and J are non-increasing. If F (resp. ) is the filtration generated by v (resp. 4),
7; is an F-stopping time. Also, the event {(i, ) € G} is (F;, V F3,)-measurable. It follows
that 7;(;) is a stopping time in the enlarged filtration (F; V .7:}]. )¢. Symmetric statements hold
for 7A'j, 7A'J(,-).

Consider the measure ©7 on pairs (v, 9):

de?(v,4 [ 11 f”“”“] ne(v)die(4).
(1,))€G

The density is a function on pairs of paths (v, ). From the tower property (3.5), one can
rewrite this density as:

L — H £l+17]+1 H £z+1 I (4 H el(j),j+1
- 0,5
(4,4)€G 0<i<N 0<j<N

showing in particular that L is bounded by C™V. The last two expressions of L will behave
well in combination with the Markov property of 7, 4 respectively.

LEMMA 5. — The measure ©7 = L(p. ® fic) is a coupling of pic, fic.

Proof. — The statement can be rephrased as
V4, E(L) = 1 vy, EB(L) =1

where E, B refer to integration w.rt. duc(y), djis(§) respectively (in other terms
E(.) = E ® E(.|F)). The situation is completely symmetric, so we shall consider only
the distribution of the second marginal; that is, we have to check that given any 4, E(L) = 1.

For this, the relevant expression of the density is: L = [Jo<;<n EZH @ Notice that

4716 is (Fr, V Foo )-measurable. This implies that a term 62751 @ i (Fr, V Foo)-measurable
for any ¢ < n. Thus for fixed n:

(H £1+1 J (@ )|]_-Tn> lH £z+1 ,J(4)

and E(M I ")|.7-'Tn) = 1 by (4.7); the point is that given (F,, V Fu), v™ and 477 are
fixed. Thls is saying that

n+1,J(n) |]_-T )

M H €z+1 ,J(3)

is a (discrete time, bounded) martingale in the filtration (F,, V F)n>0. In particular,
E(L) =E(My) = My = 1. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



710 J. DUBEDAT

We can actually get a more precise statement. Let 7 be an arbitrary F-stopping time; let
n = inf{i € N: 7; > 7}, a random integer. We assume that dist(y",d) > 37 a.s., so that
(n,0) € G. Then 7, is a stopping time approximating 7 (as n \, 0). Consider the joint
distribution of (y™, 47 ) under ©". Then y™ has distribution u7». Moreover:

E®R(L|F,, V F2,,,) = [ 11 zjij”“]

<n
J<J(n)
”( IT e+ IT 6517 v Fa, )
zn j=J(n)
J<J(4) i<I(j)

=7 ek [TaY I 627, v £

i>n §>J(n)

J(n)

The term [, 4; arh 7@ involves v after 7,, and 4 before Finy (f i > n, J(i) < J(n)); the

other term, H]>J(n)€ I(2).5+1

, involves 4 after 7;(,) and ~y before 7,,. Hence these two terms
are independent condltlonally on (F,, V F;

#7(ny) (under the independent measure p, ® fic).
Moreover

(] 650 1F.) =BG |F,) =1

i>n

where (M) is the discrete-time, bounded martingale considered in the previous lemma, since
n is a stopping time for its discrete filtration. Similarly, E([T;5 ;) 4 1(3 VI EL ) = 1,and
consequently:

E@E(LIF,, vV Fs,,)) = (] " EE | [] b 17, v F

TJ(n)

E

i>n

ok | [ V"7, v £

TJ(n)
j=>J(n)

= (™) |- [ IO E -|
(¢ [ 11 P

R

b {]AE Ll}n) ééfj)’jﬂlﬁmn)} Iﬁw}

~TI(n)
d/%m (A-;—JM))
~TTI(n :
d CJ( )

J(n) _
—530 "

(n)

This proves that under ©7, the conditional distribution of 477t given y™ is ;@7 , where

7.7(n) 18 @ stopping time conditionally on y™
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To phrase the following theorem, it is convenient to introduce:
oc=sup{t>0: K;Nd =0}
6=sup{t>0:K,Nd=0o}

The measures p., fi. are defined on paths (v,4) up to o,5. Let © be a coupling of e, fic. If
T is an F-stopping time, 7 < o, define the (F, V F;);-stopping time 7:

7 =sup{t >0: K;N(K,Ud) =a}.

We say that the coupling © satisfies the property P(7) if the conditional distribution of 47
given 4" (under ©) is ﬂ;o. The symmetric property (starting from an F-stopping time 7)
is denoted P (7). A coupling O is said to be maximal if P(r) (resp. P(#)) is satisfied for any
F- stopping time 7 < ¢ (resp. for any F- stopping time 7 < &).

THEOREM 6. — Let p, fic be SLE measures in a configuration (D, zq, . . ., zZn+1) satisfying
local commutation. Then there exists a maximal coupling © of ., fic.

Proof. — The two marginal distributions of ©" are the fixed (i.e. independent of > 0)
Radon measures pg and pS (in the topology of Carathéodory convergence of Loewner
chains). Thus the family (©7),¢ is tight, and Prokhorov’s theorem ensures existence
of subsequential limits. Let (nx)x be a sequence n, \, 0 along which ©”¢ has a weak
limit ©. Then © is a coupling of u. and .. We can consider a probability space with
sample ((v',4%),...,(7*,4%),...) such that the distribution of (y*,4%) is @™ and
(v*,4%) — (7,4) a.s., where the distribution of (v, %) is ©.

Let 7 be an F-stopping time; we approximate 7 in a convenient way. Firstly, 7 can
be approximated by 7’ taking values in some discrete countable sequence (¢;);>0 (e.g.,
dyadic times). Hence there are Borel sets B; such that 15, is a Borel function of K* and
7/ = inf{t; : Ky, € B;}. Replace the Borel set B; by a larger open set U; such that the
measure of U; \ B, is very small. Then 7" = inf{¢; : K;, € U,} is a stopping time equal to
7/ with probability arbitrarily close to 1. Finally, let 7"/ = 7" A sup{t : dist(y,9) > €'}
for some fixed &’ > 0. Let us assume for now that 7 is of type 7/”/. This gives a common
stopping rule for all the chains K*: stop the first time that Kf is in U; or at distance € of 0.
We denote 7% this stopping time for the chain K*. In particular, 7% — 7 a.s. (using that the
U,’s are open).

For n > 0, 7¥ is an approximation of 7* as above: 7% = inf{r; : 7; > 7¥}; then

KF  CKj C K C(Kh )™
It is easy to see that T,’f — T, T,’f_l — T, ka — K, and 'yfk — 7, (since v, = NssoKr1s \ Kr)
as k — oo. We have seen that the conditional distribution of ‘yZ”’” is ﬂgfi"g Notice that
7 j(n) Occurs after first entrance in (K fﬁ )37 and before entrance in (K fk )T,

For fixed ¢ > 0, K¥, C (K;)* for k large enough. The configuration éﬁm converges in
the Carathéodory topglogy to ¢ (with also convergence of ka to v,); thnis implies weak
convergence of the conditional distribution of 4, stopped when erfltering (K,)® to the corre-
sponding stopped SLE in ¢, . This gives the correct conditional distribution of 4 stopped
when entering (K )¢, conditional on 4. One concludes by taking £ \ 0.
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This proves the result for a dense set of stopping times of type 7"/ as above (this will be
enough to draw geometric consequences). A general stopping time 7 < ¢ is the limit of a
sequence of stopping times 7,/; for each m, the conditional distribution of 4 stopped upon

entering (K. )° is correct. One concludes by taking m — oo and then ¢ ™\ 0. O

One may want to consider couplings that extend after collisions of the two SLE’s; this
requires additional arguments. Some examples are treated in [4].

There are some obvious extensions of this result. One involves radial SLE’s (not neces-
sarily aiming at the same bulk point). Another involves systems of n (pairwise) commuting
SLE’s. Let us discuss this case briefly.

Consider a configuration ¢ = (D, 21,...,2n, Znt1s- - - Zntm ), With n SLE’s starting at
21, - -+, 2n, driven by the same partition function Z. One can reason as above (sampling the
SLE’s at discrete times Till, ..., 7i). In a maximal coupling, one can stop the first SLE at a
stopping time 7', the second at 72 (first time it ceases to be defined or meets K1), ..., the
n-th at 7™ (first time it ceases to be defined or meets U?:_llK ?,) and get the appropriate joint
distribution. This works for any permutation of indices.

Let us describe the local coupling in this case: let Uy, . .., U, be disjoint neighborhoods
of z1,...,2zn, pt, ..., u™ the commuting SLE measures, Z their common partition function.
Let K; be the hull of the stopped i-th SLE; ¢, . ., , €; € {0,1}, is the configuration where
the i-th SLE has grown (until stopped) if ¢; = 1. Consider the density

n—1

dug dp dys? Z(c1..1)Z(co..0)" " . -1
L= €1..10 €1..100 €10...0 _ ex -\ m D’U]_ K“K .
dpg, ,  dus du2, o Z(c10..0) - Z(co...01) P ]; (DU i)

Then it is clear from the first expression that the first marginal of L(u! ® -+ @ p?) is pl
(integrating out K,,, then K, _1, ...); the second expression shows that the construction is
symmetric (for a discussion of the loop measure contribution, see Section 3.4 of [2]).

5. Geometric consequences

We have proved (Theorem 6) existence of maximal couplings under a local commutation
assumption. On the other hand, the systems of SLE’s satisfying this assumption are classi-
fied; we also checked directly the condition in the few cases we will need (combining Theo-
rem 4 and Lemma 12). So we can now apply the existence of maximal couplings to appro-
priate systems of commuting SLE’s to extract information on the geometry of SLE curves.

5.1. Reversibility

Reversibility for k € (0,4] is proved in [18]. We review the result for the reader’s conve-
nience.

THEOREM 7. — If k < 4, SLE is reversible; any maximal coupling © of chordal SLE,, in
(D, z,y) with SLE, in (D, y, ) is the coupling of SLE with its reversed trace.
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Proof. — Let (D, z,y) be a configuration, u. the chordal SLE measure from z to y,
i the chordal SLE measure from y to . They satisfy local commutation, hence there exists
a maximal coupling ©.

Take a countable dense sequence of F-stopping times (7™) (e.g., capacity of the hull
reaches a rational number); denote simply by 7 an element in this sequence. Then in the
maximal coupling ©, the conditional distribution of 47 is SLE in (D \ K,,y,~,) stopped
upon hitting K. For k < 4, the SLE trace intersects the boundary only at its endpoints.
Hence 4; = ;. This proves that under O, the intersection yN# is a.s. dense in . Since both
~,% are a.s. closed, v C 4; symmetrically, 4 C . Hence the occupied sets of 7, 4 are equal.
Again, as the paths are simple, the occupied set determines the parameterized trace. Hence
in any maximal coupling ©, 4 = 4" (the reverse trace) a.s.; this determines the coupling

uniquely. O

Besides local commutation, the argument uses only qualitative properties of the paths. So
we can phrase at no additional cost:

COROLLARY 8. — Let k < 4, e, fte a system of commuting SLE in the configuration
c=(D,z0,21,.-y2n, 2n+1). Assume that p., [i. are supported on simple paths that meet the
boundary of D only at 2y, zn,+1. Thenv" and 4 are identical in distribution.

A simple example of the situation is as follows: let (z1,...,24) be four marked points
on the arc (zpz5). Then we can consider chordal SLE from z; to z5 weighted by any, say,
bounded above and below function of the cross-ratio of (z1,...,24) in D \ . This plainly
preserves both local commutation and reversibility.

Another setup where the corollary applies is the following: ¢ = (D, zg, 21, . - . , Zn+1) With
points in counterclockwise order. Let p1,..., p, besuchthatp; +---+p; > 0forl1 <i<n
and p; + - -+ + p, = 0. Then the traces of SLE,(p, —2) starting from 2o and SLE4(—2, —p)
starting from z,,,1 are the reverse of each other in distribution. This describes the scaliﬁg
limit of the zero level line of a discrete free field ([13]) with piecewise constant boundary con-
ditions (with jump at z; proportional to p;). A version with marked points on both sides of
zg also holds.

One also obtains reversibility identities for the pairs of commuting SLE’s (aiming at each
other) with four marked points described at the end of Section 3.2. By degenerating two
points into one, this describes the reversal of SLE,(p), & < 4, p > § — 2. For instance, if
k = 8/3, one can represent an SLEg,3(p) in (H, 0, 1, c0) as the limit of a chordal SLEg 3 in
(H, 0, 00) conditioned not to intersect a restriction measure with exponent v = v(p) from 1
to z > 1 ([15]; reversibility in this case follows from [6]). For general &, it is unclear whether
there is a simple probabilistic interpretation, but one still gets an exact (if unwieldy in general)

description of the reversal.

COROLLARY 9. — Let k < 4, p > § — 2, (D, ,y) a configuration. Then SLE(p) in
(D, z,y,z7) andin (D,y,z,y~) have the same occupied set in distribution, where x,z%,y™y

are in this order on the boundary.
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Proof. — We sketch the argument. The result follows from reversibility in the regular sit-
uation with four marked points described at the end of Section 3.2. Indeed, if z, 21, 22,y
are in this order on the boundary, one has a pair of commuting SLE’s starting at x,y with
common partition function: Z(c) = Hp(z,y) = Hp (#1, 22)”%(u) where u is the cross-ratio
u = % (in the upper half-plane), §3(6 — 1) + 26 = 2v and

8 4
Y(u) = (u(l = w)">F1(28,268 + - = 1,26+ —;u).

When k < 4, p = k8 > § — 2, the processes do not hit [z1, 2], by comparison arguments.
Thus the local commutation extends to a maximal coupling, and in this coupling the occu-
pied sets coincide.

The first SLE is the martingale transform of chordal SLE,, in (D, z, y) by the martingale
(in upper half-plane coordinates):

. g;(21)9;(22) v u
g (<gt<zl>—gt<z2>>2> plu)

where u; is the cross-ratio at time t. Take zo = y —e. Then the leading term of the expansion
of the martingale as € \ 0 is:

e ( 9:(21)9:(v) )( (90(21) = X1)g;(v) )5
(9e(21) — 9:(y))* /7 \(ge(y) — Xe)(9e(y) — ge(21))
so that this limiting process is identified from Lemma 12 as SLE (p) in (D, z,y, 21), p = k3.
A symmetric result holds for the other SLE. O

The same arguments can be used to establish reversibility of systems of multiple SLE’s
considered in [2] (this also follows from the symmetry of the density of the system w.r.t. in-
dependent chordal SLE’s when the pairing of endpoints is fixed).

5.2. Duality

The question of SLE duality is to describe boundaries of SLE,, k > 4, in terms of SLE;,
£k =16/k.

There are various parametric situations we can consider. Let us start with the simplest
setting: a configuration ¢ = (D, z, 21, y, 22) has four marked points z, y, z1, 22 on the bound-
ary. We consider two SLE’s (inducing the measures p., fi., With traces v, %), see Table 1
([r] represents an SLE,; “seed”, the other entries are the p parameters).

TABLE 1.
z 21 Yy 22
K] | p1| =% | p2
—5 | p1| [R] | P2
The additional conditions for local commutation are p; + p2 = %(n —4), p; = —%pi,

consequently p; + p2 = %(/% —4). This leaves one free parameter, say p; = p. We need to put
conditions on p so that paths have a correct geometry. Take p € [’%4, k — 4], a nonempty
interval when k > 4. Consequently, ps € [52%, k — 4], p1, p2 € [552, & — 4]. Then the first
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SLE will first intersect [z, 22| at y (see Lemma 15). To restrict even more the situation, take
p1 = k — 4 (or symmetrically po = & — 4). Then the second SLE cannot hit (23, z), nor
(21, z2) except at y; and it hits (z, 21) since p; = &k —4 < g — 2.

PROPOSITION 10. — In a maximal coupling © of L, fie, the range of 4 is contained in that
of v. If p1 = k — 4, ¥ is the right boundary of K, if po = k — 4, 4 is the left boundary of K.

Proof. — As before, take 7 a stopping time for the second SLE. The first SLE in ¢ 7 is
defined until it exits at 4; at time 7. More precisely, it is defined up to a time where it ac-
cumulates at 47 and at no other point of the boundary arc [z, z2] of ¢ +; this follows from
maximality of the coupling and Lemma 15. But  is continuous away from [z, 23] in ¢g; so
if 7 is positive, v stopped when exiting ¢ ; has a limit, which is 4. Hence 4; is on y. Taking
countably many stopping times, this shows that 4 is included in (the range of) v. Moreover,
if o(t) = inf{u > 0 : 7, € Jpo,4}, then o is a.s. strictly decreasing (if 7 stopping time and
t < 7, then o(t) > o(7), and stopping times are dense), and a.s. v,y = 4; for all ¢ (again
by density of stopping times).

Set p; = k — 4. Then the range of ~ is partitioned into points on the range of 4, points
to the left of 4, and points to the right of 4; here left and right are from the perspective of
a particle moving along =, starting from x. We want to prove that actually no point in the
range of +y is (strictly) to the right of 4. Take a stopping time 7. Then #4 first hits K U [z, 1]
on the arc [y,, z1] at time 7, again by maximality of the coupling and exit properties of the
second SLE. If 4; isin K- for all ¢ > 7, then ~, is on ¥ or to its left. If there exists ¢ > 7 such
that 4, ¢ K., then o(7) < 7 < o(t), which contradicts the monotonicity of o.

Hence a generic point ;- lies on 4 or to its left. This implies that 4 is contained in the right
boundary of the range of . Indeed, a point z on ~ is on the right boundary of ~ if there is a
continuous curve § with endpoints z1, z that lies in D \  except at its endpoints. For any ¢,
since 4 is simple, one can find such a crosscut § from z; to 4; in D\ 4. This crosscut lies to the
right of 4 (except at its endpoint), where there is no other point of ~; it is thus also a crosscut
in D \ v. Hence the right boundary of « contains 4.

Since 4 starts at y (where « ends) and ends on (z, 1), this shows that 4 is the full right
boundary of 7. Indeed, 4 disconnects z; from points (strictly) to the left of 4. As no point
on + lies to the right of 4, the endpoint of 4 on (z, 21) is also the rightmost point on (z, z1)
visited by ~. O

REMARK 11. — The situation where p varies in [“7_4, k — 4] is of some independent interest
and seems related to pivotal points questions.

We consider now versions where the non simple SLE is actually chordal SLE,, at the
expense of some complication for the dual simple SLE;.

Proof of Theorem 1. — Assume that x € (4,8). Consider chordal SLE,, say in (H, 0, co).
The point 1 is swallowed at time 71; D = -, is on (1, c0) with distribution given by:

P(D € (1,2)) = F(z) = c/: ww (u— 1) "2du

where ¢ = B(1 —4/k,8/k —1)~1. In other words, D~! has a Beta(1 — 4/, 8/x — 1) distri-
bution. The function F is such that t — F((g:(z) — W;)/(g:(1) — Wy)) is a martingale. Let

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



716 J. DUBEDAT

us disintegrate the SLE measure w.r.t. D (see [1] for related questions). It is easy to see that
up to 71, the SLE conditional on D € dz is the Girsanov transform of chordal SLE by:

tr0:F (M) = cgt(ft;(f)wtwt(z) = W)™ (90(2) = 90(1) " (ge(1) = Wa)*

and this is readily identified with SLE, (x — 4, —4) in (H, 0, 00, 1, z) (Lemma 12). To get a
regular situation, we split the point z into two points y and 25, while settingz = 0, z; = 1,
z3 = 0o. Consider the system of commuting SLE’s given by Table 2.

TABLE2. 4 < Kk <8

z 21 Yy 22 23
K] | k=4 -5 |5—4]| 2

The first SLE hits [z1, 23] at y, while the second SLE will not hit [z, 23] and exits [z, 1]
somewhere in (z,21) (Lemma 15). Arguing as in Proposition 10, this shows that 4 is the
right boundary of K. Finally, one takes zo \, y, so that the first SLE, becomes chordal
SLE, conditional on D = y. This yields Theorem 1. O

When k > 8, the trace is a.s. space filling, and we have to proceed differently to isolate a
boundary arc.

Proof of Theorem 2. — Consider now the case of a chordal SLE,; in (H, 0, c0), £ > 8 (thus
% < 2). Then 7,, = 1 a.s. There is a leftmost point G on (oo, 0) visited by the trace before
71. We are interested in the boundary of K, a simple curve from G to some point in (0, 1).
Then the distribution of G is given by:

P(G € (2,0)) = c/ (—u) "1 — u)* 2du

where ¢= B(1—4/k,1—4/k). In other words, G is such that G/(G—1) has a
Beta(l — 4/k,1 — 4/k) distribution (generalized arcsine distribution). The disintegrated
SLE measure w.r.t. G is again SLE,(—4, x — 4) in (H, 0, 0o, G, 1), up to hitting G. In order
to get a regular situation, we need to split the point G into three points z1, y, z2; we also set
x =0, z3 = 1, 24 = co. Consider the system of two commuting SLE’s in (H, y, 21, z, 22, 23)
given by Table 3.

TABLE3. k> 8

21

<

zZ9 X z3 z4

|
V)
=z

X

|
)

— |N|Z
ISR IR

SRS
=
|
|
SRS
N
|
|
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The first SLE exits at y, the second one exits in (z, z3) (Lemma 15). As in Proposition 10,
this shows that one can couple the two SLE’s in such a way that the second one is the bound-
ary arc of the first one between y and a point of (x, z3). Taking 2, " y, 22 \, y gives Theo-
rem 2. O

At the expense of some complications, one can consider more symmetric situations. Let
(D,z,y,2,2',y,z") be a configuration (points are in that order). There is a system of four
commuting SLE’s attached to this configuration (where a + b = 2), see Table 4.

TABLE 4.
T Yy z | 2 y x’
k] |a(k—4) | =5 | =5 | b(k—4) | 2
2 |a(k—4)| 5| -5 |bk—4)| [K]
—Elak—4) | [R] | 2 |b(R—4)| %
—Ela(k—4)| 2 | [] |b(R—4)| %

6. Some technical results

6.1. Absolute continuity for variants of SLE

In this subsection, we phrase similar absolute continuity results for different versions of
SLE. In the context of duality, it is useful to consider SLE-type measures in a parametric
family SLE.(p) ([!, 6]), as acknowledged in [1].

AnSLE,(p), p = p1,- .., pn, in the configuration (H, =, 00, 21, . . ., 2,) is an SLE the driv-
ing process of which satisfies the SDE:

= Pi
dWy = v/kdBy + —dt
¢ = VrdBy Zl Wi — g4(z:)
and Wy = z, up to swallowing of a z;; as usual (g;) denotes the solution to the Loewner
equation: dg;(z) = 2dt/(g:(z) — W;). See Lemma 3.2 of [3] for homographic change of
coordinates. In particular, if >, p; = x — 6, the point at infinity is used for normalization
only.

The following lemma is a change of measure result (see also [15]).

LeMMA 12. — Consider an SLE, starting fromx in, p = py,..., pn, let Zi = gi(2;) — W
Then: -
M, = [T gz 12217 11120 - Zi|
i i<j
is a local martingale if 2c; = §3;(8; — 1) + 284, 2n:; = kBiB;. Before the swallowing of any
marked point, My/My is the density of an SLE,(p) starting from (x, 21, . ..2,) w.r.t. SLE,
where p = K[, ..., kBn. a
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Proof. — This is a standard computation relying on:

azi = 2 4t — JrdB, dop(z) _ 2, d(zi-2i) _ 2 _dt
vtz gi(z:) (Z3)? (z] - z}) z1z}
so that:
th ( ) K ﬂl(ﬂl — 1) 20[1 dt
= -dt — dB - dt — dt + K0; 2n; —.
Z f t 2 (Z$)2 (Zz)z ; ﬂ /8] nJ)ZZZg

The statement on the density follows from the Girsanov theorem (e.g., [11]), observing that:

d<Mt, Wt> . l‘iﬁz
M, Z Z’

that is, the drift term of an SLE,(p) with p; = k3;. More precisely, under the original mea-
sure, W = +/kB, B a standard Brownian motion. Under the transformed measure (via the
local martingale M, stopped away from swallowing a z;), W = W — (W, M) /M is a (local)
martingale with the same quadratic variation as W; i.e., from Lévy’s theorem, a Brownian
motion /xB. Hence W = \/kB + (W, M) /M. O

Letc = (D, 2, ..., 2,) beaconfiguration. Asin Theorem 4, we consider a variant of SLE
of the following type: let ¢ be a positive, continuous, conformally invariant function on the
configuration space and exponents v;; such that if

Ze)=v() [ Hplaiz)"
0<i<j<n+1
then Z;”ll v,; = o and
My = Hp(z0,2)" % Z(cs,0)

is a local martingale under the reference measure SLE, (D, z, z), z an auxiliary marked
point on the boundary. For short, let us denote by SLE,(Z) the measure obtained by
Girsanov transform of the reference measure SLE, (D, 2o, z) by M (up to a disconnection
event).

For example, from Lemma 12, it is easy to see that SLE.(p) in ¢ = (D, 2o, 21, - -, Zn),
p1+ -+ pn=kK—6,is SLE,(Z )w1th.

n ; PP
C)=I_IHD(ZO,7«’1’)757 H Hp(2i,25)” .

1<i<j<n

The following is an extension of Proposition 3.

LeEMMA 13. — Let ¢ = (D,z9,21,...,2n) be a configuration consisting of a simply
connected domain D with n + 1 marked points on the boundary, ¢ = (D', z,21,...,2,) is
another configuration agreeing with D in a neighborhood U of zy; U is at positive distance of a
connected boundary arc containing marked points other than zy. Let i¥ denote the distribution
of an SLE(Z) in ¢, stopped upon exiting U. Then:

G, (2420
0= (Feome)

where ¢ = (D\ K;,7vr,21,...,2n), similarly for c,.

) exp(— m(D; K,,D\ D)+ dm(D’; K., D'\ D))
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Proof. — One can proceed as follows: let u¥ denote chordal SLE, in the configuration ¢
(aiming at an auxiliary point z), stopped upon exiting U. Then trivially:
duy _ dpg  dud dpl
dpl  dpg  dpl dpd
The middle term is studied in Proposition 3, while the outer terms are, from the definition of
SLE,(2):

du¥ M, Z(c;) Hp(zo,2)"

duy My,  Z(c) Hp, (vr,2)
where 7 is the first exit of U, and similarly for the other term. Under the assumptions above,
MT is uniformly bounded (see Lemma 14). O

Recall that Z(c) depends on a choice of local coordinates at the marked points as a power
Z(cy)Z(c)

of a 1-form; but the ratio S ACRVAC)

does not depend on the choices.

6.2. A bound on densities

We give an upper bound on Radon-Nikodym derivatives that appear in the coupling
argument. This is a crude estimate that is sufficient for our purposes.

A configuration ¢ = (D, z,y, #1,...,2,) consists in a bounded simply connected Jor-
dan domain D, with distinct marked points on its boundary; @ (resp. ) is the smallest
connected boundary arc containing all marked points except z (resp. y); K (resp. K) is
a chain growing at x (resp. y) generated by the continuous trace ~ (resp. ¥). We denote
cst = (D\ (KsU Kt),ys, 21, 2, 3t); also Z(c) = ¥(c) [[ic; Hp (2, zj)Vi, 1 a positive,
continuous, conformally invariant function. For 0 < s’ < 5,0 < t/ < ¢, define:

Ez;tt’ _ ( Z(cst)Z(cs 1)

Z(co )2 (cs t,>) exp(=Am(D\ (Ky U Kuv); Ko, K2)).

LEMMA 14. — For any n > 0 small enough, there exists C = C(D,n) > 0 such that for all
chains K, K, 0< s' < 5,0 <t <twith dist(Ks,K't) > n, dist(Ks,0) > n, dist(Kt76) >,

cl<e, <.

Proof. — From the identity: £, = eg:g'eg;g(zgjgeg;g')—1, it is enough to prove the bound
for s’ = t' = 0. From, e.g., Corollary 2.8 in [10], it is enough to prove it in any reference
Jordan domain, say the upper semidisk, with all marked points on the segment (—1, 1). Also
without loss of generality, one can assume there is at least one marked point z;.

In the bounded domain D, the total mass of loops of diameter at least 1 in the loop mea-
sure p1°°P is finite; this gives uniform bounds above and below for the factor exp(—Amy(. . .)).

Consider the set S of quadruplets (K, z’, K.y ) where K, K are compact subsets of D,
K, K connected, with z’, 4’ on their respective boundaries, dist (K, K’) > 7, dist(K, d) > 7,
dist (K, §) > n, and &’ (resp. y') corresponds to a single prime end on D\ (K UK). (This last
condition is always satisfied “at the tip”). The set S is compact (for Hausdorff convergence
of compact subsets of D). To such a quadruplet are associated four configurations: cg g = ¢,
c0=D\K,2',y,21,...,2n), C01 = (D\K,x,y’,...),cl’l = (D\(KUK),x',y',...).
Then the ratio Z{11Z(c00) defines a positive function on the compact set S. It is enough to

. Z(Clo).Z(C().l) .
prove that this function is continuous.
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Let (K, ., Kn,y,)n converge to (K, z’, K, y'). By Schwarz reflection across [—1, 1] and
the Carathéodory convergence theorem ([10], Theorem 1.8), the conformal equivalence ¢4
between D, = D\(K,UK,)and D;; = D\(KUK), extended by reflection and normalized
by ¢4 (z1) = 21, ¢74(21) > 0, converges locally uniformly away from the unit circle and
(K UK UK UK) (here K is the conjugate of K). The same holds for D7, = D \ K,, and
Dy =D\ K,.

Fix small semidisks D(z;,n/2) around the marked points z;’s; the choice of D as the up-
per semidisk gives a choice of local coordinates at the z;’s. Then the Hpn (2, z;) are num-
bers; they can be decomposed into: excursion harmonic measure in the semidisks D(z;,1/2),
D(zj,n/2), and the Green function at points on C(z;,7n/2), C(z;,1/2). The excursion har-
monic measures are fixed and the Green function converges due to the conformal invariance
of the Green function and uniform convergence of the ¢™ near the z;’s. This proves continuity
of the HD‘@ (Z,’, Zj).

The treatment of ratios of type Hpr (wy,,2:)/Hpy (z3,,2;) is similar: take a crosscut §

at positive distance of K, separating it from K and the marked points. Then the Poisson
excursion kernel can be decomposed w.r.t. the first crossing (by a Brownian motion starting
near z,) of ¢ and the last crossing of C'(z;,7/2). It is easy to see that the excursion harmonic
measure on ¢ converges. This gives continuity of ratios of type H Dy, (x),,2i)/H Dy, (x],, 2;).
Assuming without loss of generality that there are at least two marked points 21, z5, the term
H(z,y) can be eliminated from the partition function.

The only remaining thing to check is the convergence of the cross ratios. This is immediate
for those not involving z, y, from the convergence of the ¢™ as above. This can be done also
for those involving x, y; though for our purposes it is enough to prove that all cross-ratios
(between marked points) are uniformly bounded. By comparison arguments, it is enough
to prove it for cross-ratios involving =,z %, y~,y™* (instead of z,y,z’,y") , where these
new points are on [—1,1] and are such that the interval (z~,z") (resp. (y~,y™)) contains
K, N[=1,1] (resp. K,, N [~1,1]) for n large enough, and no other marked point. This then
reduces to the previous situation. O

6.3. First exit of SLE,(p)

We need to establish some simple qualitative properties of SLE(p) in, say, a reference

configuration ¢ = (H, 0, 00, 21, . . ., 2, ). In particular, we are interested in the position of the
trace the first time a marked point is swallowed.

Assume that n = 2,0 < 27 < 23 < oo. Then the SLE is well defined up to swallowing
of z; at time 7y = 7,,. There are several possibilities: 71 = 00; v, = 215 v, € (21, 22);
Vo, = 225 Yr, € (22,00); or «y,, does not exist. (This last case is unlikely to ever happen,
though delicate to rule out in general).

More precisely, let Y; = % and ds = (gt(z;)iitfwt)? = —%dlog 94(22). Then:

p1+2
Y.

S

dYs = (1-Y;) |VkdBs + ( + po+2—K)dt
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where B is a standard Brownian motion. This is a diffusion on [0, 1]. Notice that g;(z2) is
positive before 75, and goes to zero at t 7. A scale function of this diffusion is F':

F(y) = /y u—%(2+p1)(1 _ u)%(4+p1+p2_"“)du.
1/2

It blows up at 0 if p; > 5 — 2. This means that Y does not reach 0 in finite time, so that
71 = T2 a.8. (possibly infinite). If p; < § — 2, p1 + p2 < § — 4, the scale function blows up
at 1, not 0, meaning that 7y < 75 a.s.

Assume that the trace has an accumulation point in [z, 22) ast / 7. Then (Y;) accu-
mulates at 0 as ¢ ” 7o. This can be seen by interpreting (g:(z) — W;) as the limit of the
probability divided by y that a Brownian motion started at 4y, y > 1, exits H \ K; on the
boundary arc [, z]. Consider a time where the trace is near an accumulation pointin [z, 22)
In order to exit on [y, z1], the Brownian motion has to get near zo, and then move through
a strait where the trace accumulates; this conditional probability is controlled by Beurling’s
estimate.

The following lemma gives conditions under which the exit point of an SLE, (p) process
(first disconnection of a marked point) can be located (at least on a segment). The statement
is in terms of accumulation points, which will be enough for our purposes. It is likely that a
stronger statement (in terms of limits) holds.

LemMA 15. — Consider an SLE(p) in (H,0,00,21,...,2,), 0 < 21 < -+ < z,. Let
Pr=p1+ -+ pk p, =K—6.
1. Assume that for some k, p; > § — 2 fori < kandp; < 5 —4 fork < i <n. Then a.s.
ast /' 11, v accumulates at zy, and at no other point in |21, zp).
2. Assume that for some k, p; > 5 — 2 fori < k; p, € (5 —4,5 —2); andp; < 5 — 4 for
k <i<n. Thena.s. ast / 11, v accumulates at a point in [z, zk+1] and at no point
in [Z]_,Zn] \ [Zk, zk-l—l]'

Proof. — While the results are fairly intuitive from a simple Bessel dimension count, com-
plete arguments are a bit involved.

1. a) Case k = n = 2. By a change of coordinates, one can send 22 to co. Then the
SLE is defined for all times, 771 = 72 = oo. This implies that the trace is unbounded
(accumulates at zz = o0). Moreover, for any z € (21, 22), the (time changed) diffusion
Y: = (g1(2) — Wi)/(g¢(21) — Wy) goesto 1 ast /11 = oo, by a study of its scale function.
In particular, it does not accumulate at 0; hence the trace does not accumulate in [21, 23).
So the only point of accumulation of the trace in [z1, 22] iS 2.

b) Case k = n > 2. Again, we change coordinates so that z, = co. Letp; = § — 2+ o1,
pi = pi—pi_,. Byassumption, p; > 0,7 < n. Consider the SDE (notations as in Lemma 12):

n—1

L pi Kk dt L2 — Zi
dz; 7 deHLZ dt det+2Zl+Z lemtdt

the last sum being nonnegative. By a stochastic domination argument (comparison with a
Bessel process, § = 2), this shows that 7, = co. Hence the process is defined for all times and
the trace is unbounded.
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Next we prove that there is no point of accumulation of the trace in |21, z,,—1]. Take a small
neighbourhood U of [z1, z,—1]. Let o, be the first time the trace goes at distance n (an a.s. finite
stopping time). Let U,, be the connected component of 1 in (g, (U)—W4)/ (9o, (2n—1)—W4).
By harmonic measure estimates, it is easy to see that U, is contained in an arbitrarily small
neighborhood of 1 as n — oo, say D(1,¢,,). By a), with probability 1 —o(1), an SLE,(p,,_;)
in (H, 0, o0, 1) does not intersect D(1, \/€,). On the other hand, the density of the SLE,(p)
starting with all marked points in D(1, e,,) w.r.t. to SLE, (p,,_,) in (H, 0, 00, 1) is 14+ 0(1) on
the event that the trace does not intersect D(1, \/€,,). This follows from an inspection of the
densities (Lemma 12) and the fact that on the event {yN D(0, \/z,)) = &}, (9;(2)/g:(1) — 1)
is small uniformly in ¢ and z € [1 —¢€,, 1+ ¢,]. Indeed, Brownian excursions starting from 1
and z couple with high probability before exiting D(1, \/€,,).

This proves that with probability 1 — o(1), the original SLE does not return to U after o,.
Notice that one can insert a point z/, between z,_; and z, with p,, = 0 and the result still
applies. This shows that there is no point of accumulation in [z1, z,,).

¢) Casen = 3, k = 2. We prove that the trace does not accumulate at z3 (similarly, at z;).
By sending z3 at infinity, it is easy to see that the half-plane capacity of the hull at 7 seen
from z; is finite a.s. (one can even compute its Laplace transform). We have to rule out that
the hull is unbounded while having finite half-plane capacity. It is enough to prove that the
driving process stopped at 7 stays bounded. Since Z} = g;(z1) — W; goes to zero ast /" T,
it is enough to prove that [” g—z is finite. Consider the SDE for Z}:

dZtl = —+/kdB; + p1+p2—-|1-2+€t
Z;

where e; = po(1 — Z}/Z3?); e; goes to zero as t /T (by studying the time changed dif-
fusion (Z}/Z2)). One can proceed with a comparison with Bessel processes. On the event
{e+ € 0,¢],t > to}, for t>tg, Z} is between a Bessel(§ —¢) and a Bessel(d),
6 =1+ QLZ”Q < 2 - % (both hit zero in finite time). Let ¢; be the first time the
ratio of the two bounding Bessel processes X ~ and X T is 2; restart them at ¢; from the same
position Ztll, and define inductively ¢;, ¢ > 1. One can think of restarting the majorizing
Bessel process at a lower level at ¢; as waiting for the Bessel to reach level Z; . This proves

that ftTO % <2 tzo %, which is finite.

d) General case. Send zj, to infinity by a change of coordinate. The conditions on the p;’s
are rephrased as:

K
P1aﬂ1+92,~--ap1+"'+,0k—125—2

K
pn,pn+pnf1,...,pn+-~-+pk+125—2.

Hence the situation to the left and to the right of 0 are identical. It is easy to see from b)
that the trace is defined for all times and is unbounded. Let o,, be the time of first exit of
D(0,n) by 7. Rescale the process so that g;(z1) (resp. g+(zn), Wy) is sent to —1 (resp. 1, wy)
att = o,. If w; is away from +1, one can reason as in b) from the result of ¢). If w is close
to 1, say, one can rescale by sending w to 0 (and 1) is fixed. The resulting process has density
very close to 1 with a process of type b) as long as w; stays close to 1. When w; separates
from 1, one can apply c) with a density argument.
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2. a)Casen = 2,k = 1. It is easily seen by sending z5 (or z;) to infinity that the trace
is defined for a finite time. Reasoning as in 1c¢) shows that the trace is bounded. Hence it
accumulates somewhere in (z1, 22), but not at z (and by symmetry z;).

b) General case. Send zj to infinity (so that zx1; < 0). A stochastic domination ar-
gument as in 1b) shows that the driving process is dominated by the one corresponding to
22,...,2K—1 being sent to infinity while zo,..., 2z, are sent to zxy1. It is easily seen that
for that process, 711 < 7. Consequently, this is also the case for the original process, viz.
the trace accumulates on [z, z,,] without accumulating on [z1, z;). As in 1d), the situation
is symmetric, so there is also no accumulation on (zg41, 25]- O
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