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ABSTRACT. — The group of real analytic difftomorphisms of a real analytic manifold is a rich
group. It is dense in the group of smooth diffeomorphisms. Herman showed that for the n-dimensional
torus, its identity component is a simple group. For U(1) fibered manifolds, for manifolds admitting
special semi-free U (1) actions and for 2- or 3-dimensional manifolds with nontrivial U (1) actions, we
show that the identity component of the group of real analytic diffeomorphisms is a perfect group.

RESUME. — Le groupe des difféomorphismes analytiques réels d’une variété analytique réelle est
un groupe riche. Il est dense dans le groupe des difféomorphismes lisses. Herman a montré que, pour
le tore de dimension n, sa composante connexe de I'identité est un groupe simple. Pour les variétés
U (1) fibrées, pour les variétés admettant une action semi-libre spéciale de U(1), et pour les variétés de
dimension 2 ou 3 admettant une action non-triviale de U (1), on montre que la composante de 'identité
du groupe des difféomorphismes analytiques réels est un groupe parfait.

1. Introduction and statement of the result

Let Diff*(M) denote the group of real analytic diffefomorphisms of a real analytic
manifold M. The group Diff* (M) is an open subset of the space of real analytic maps
Map®“ (M, M) with the C' topology. The group Diff* (M) with the C! topology has a
manifold structure modelled on the space X (M) of real analytic vector fields on M. Hence
Diff* (M) is locally contractible (see Proposition 11.9). It is well-known that Diff (M) is
dense in the group Diff>* (M) of smooth diffeomorphisms in the C*! topology (See Corollary
11.8). Hence Diff” (M) is a huge complicated group.

Let Diff (M), denote the identity component of Diff (M ). For the n-dimensional torus
T™, Herman [10] in 1974 showed that Diff (T™) is a simple group. For 30 years since then,
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there are no new results on the simplicity of the groups of real analytic diffeomorphisms.
However, Herman conjectured and we may still conjecture that for any compact connected
manifold M, the identity component Diff* (M )y of the group of real analytic diffeomor-
phisms is simple.

Now, in this paper, we change the question. If an infinite group is simple, then it is per-
fect. Hence we may ask a weaker question and may try to show the perfectness of the group
of real analytic diffeomorphisms. Note that, in the case of the group of smooth diffeomor-
phisms, the perfectness implies the simplicity ([5], see also [2]), however, we cannot apply this
argument to the group of real analytic diffeomorphisms.

For this question, our present results are as follows.

THEOREM 1.1. — Let M be a real analytically U (1) fibered real analytic closed manifold.
Then the identity component Diff” (M) of the group of real analytic diffeomorphisms of M is
a perfect group.

We consider other manifolds with well-understood U(1) actions. Let N be a compact
(n — 1)-dimensional manifold with boundary ON. Let M be the n-dimensional manifold
obtained from N x U(1) by identifying {z} x U(1) to a point for z € IN. This M has a real
analytic structure with the obvious real analytic U (1) action. We call this U (1) action a spe-
cial semi-free U (1) action. Spheres and direct products with spheres admit special semi-free
U (1) actions.

THEOREM 1.2. — Let M be a real analytic manifold which admits a special semi-free U (1)
action. Then the identity component Dift* (M )q of the group of real analytic diffeomorphisms
of M is a perfect group.

If the dimension of M is 2 or 3, we can show the perfectness of Diff (M), if M admits a
nontrivial U (1) action.

THEOREM 1.3. — Let M be a real analytic manifold of dimension 2 or 3 which admits a
nontrivial U(1) action. Then the identity component Diff” (M )q of the group of real analytic
diffeomorphisms of M is a perfect group.

These theorems are shown in the following way.

First, we show the perfectness of the group of orbit preserving diffeomorphisms for the
U(1) bundles (Theorem 2.2) and a similar result for the orbit preserving diffeomorphisms
for the manifolds admitting special semi-free U(1) actions (Theorem 5.1). These theorems
for orbit preserving diffeomorphisms are proved by using the famous Arnold theorem [1] for
the Diophantine rotations and a similar Theorem 5.3 for the rotations of concentric circles,
which we prove in Section 10. We also need certain explicit orbitwise actions of elements of
SL(2; R), and the existence of such nice actions gives the restriction to the U(1) actions for
which we can show our results by now.

To show our main theorems, we perturb the given U(1) action by real analytic diffeo-
morphisms and obtain finitely many U(1) actions such that the tangent space T, M™ of
any point z of the manifold M™ is spanned by the generating vector fields of the resultant
U(1) actions.
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For n = dim(M™) and U(1) actions generated by the vector fields &1, ..., &,, we have

the determinant A = det(¢;;) with respect to an orthonormal frame . for a real analytic
J
. . . - 0 .
Riemannian metric on M™, where §; = Z &im— (@=1,...,n).
=t Oz

On the open set where A # 0, a diffeomorphism sufficiently close to the identity can be
written as a composition of orbit preserving diffeomorphisms. In fact, we show that for real
analytic diffeomorphisms f such that f — id are divisible by a certain power of A, f can be
written as a composition of orbit preserving real analytic diffeomorphisms. This is done by
an inverse mapping theorem for real analytic maps with singular Jacobians (Theorems 6.7
or 6.12).

Now we need to decompose a real analytic diffeomorphism sufficiently close to the
identity as a composition of real analytic diffeomorphisms which satisfy the assumption of
Theorems 6.7 or 6.12. This is done by using the regimentation Lemma 7.1, which replaces
the fragmentation lemma ([2], [13]) for the smooth diffeomorphisms.

Then we use the perfectness of the group of orbit preserving diffeomorphisms of U(1)
bundles (Theorem 2.2) or a similar theorem (Theorem 5.1) for manifolds admitting special
semi-free actions, to show our main theorems (Section 8).

Our method can treat the real analytic manifolds with a little more general U (1) actions.
We say that two elements of a group are homologous if they represent the same element in the
abelianization of the group. In Section 9, we show that, if the manifold admits a nontrivial
U(1) action, any real analytic diffeomorphism isotopic to the identity is homologous to a
diffeomorphism which is an orbitwise rotation (Proposition 9.1). Then we show Theorem
1.3 by showing Propositions 9.2, 9.3 and Theorem 9.4.

We think that Diff” (M), is perfect if M admits a nontrivial U (1) action. But for the mo-
ment we need a structure theorem for the orbifold M/U(1) in the construction of a nice
multi-section outside of a codimension 2 suborbifold to show that orbitwise rotations are
homologous to zero.

2. Orbit preserving diffeomorphisms of U (1) bundles

As we mentioned, for the n-dimensional torus 7", Herman [10] in 1974 noticed that the
result of Arnold [1] implies Diff (T™)g is a simple group. Hence it is perfect.

We note that Herman’s proof ([10]) uses the fact that the commutator subgroup
[Diff*(T™)o, Diff(T™)o] of Diff”(T™)o is its dense subgroup. In fact, for the group
Diff*° (M) of C*° diffeomorphisms of a smooth manifold M, its identity component
Diff*(M)q is perfect by the result of Thurston ([20], [2]). Since Diff (M) is dense in
Diff*° (M), the commutator subgroup [Diff* (M )g, Diff (M)o] is dense in Diff” (M ),.

For the real analytic diffeomorphisms of 7", Arnold [1] already noticed the followings.

THEOREM 2.1 (Arnold[1]). — Let o € R" satisfy the Diophantine condition. For a real
analytic family ®(w) (w € W) of analytic diffeomorphisms of T™ close to the identity, there is
an analytic family (1 (w), AM(w)) € Diff“(T™)o x T™ such that

S(w) = Ry(w)—a 0 P(w) 0 Ry 0 th(w) ™,
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where R, denotes the rotation by x on T" = R"/Z".

Here a real vector « € R"™ is said to satisfy the Diophantine condition if there exist posi-
tive real numbers C and (3 such that o e £ —m| > C||¢|| 77 forany £ € Z™\ {0} and m € Z.

Since R, can be written as a commutator in
PSL(2;R)" = PSL(2;R) x --- x PSL(2; R)

depending real analytically on A, #(w) can be written as a product of 2 commutators depend-
ing real analytically on w € W.

This means that for a compact manifold N and the product N x T™ with the product
foliation F = ({x} x T™) (x € N), the group Diff* (F) is a perfect group, where Diff” (F)
denotes the group of real analytic diffecomorphisms mapping each fiber of the projection
N x T™ — N to itself and the subscript ( denotes the identity component.

We first generalize the perfectness result for the group of orbit preserving diffeomorphisms
of a U(1) bundle.

THEOREM 2.2. — Let p : M — B be a real analytic principal U (1) bundle over a closed
manifold B. Let Dift” (F) denote the group of real analytic diffeomorphisms mapping each fiber
of the projection p : M — B to itself. The identity component Diff* (F)o of Dift* (F) is a
perfect group.

3. Proof of Theorem 2.2

Proof of Theorem 2.2 for trivial U(1) bundles. — Theorem 2.2 for the trivial U(1) bun-
dle is just a reformation of Arnold’s Theorem 2.1. In this case, M = B x U(1l) and
F = ({*} x U(1))xep- An element of Diff (F), is written as the real analytic family ¢(w)
(w € B) of real analytic diffeomorphism of U(1). It is enough to show that &(w) near the
identity can be written as a product of commutators.

Take a Diophantine rotation R, in the direction of the fibers of the U(1) bundle. The
element $(w) near the identity is written as

®(w) = Ry(u)—a 0 P(w) 0 Ry 0 th(w) "

Here, A(w) is determined uniquely by the condition that the rotation number of
R_x(w) © (Ra o ®(w)) coincides with that of R,, o mod 1. In the proof in [1] of Arnold’s
Theorem 2.1, the conjugating diffeomorphism ) (w) is obtained uniquely so that the base
point 1 € U(1) is fixed (¢ (w)(1) = 1). Thus ¢(w) (w € B) is a real analytic family of real
analytic diffeomorphisms. In the expression @(w) = Ry(w)—a © ¥ (w) 0 Ry 0 h(w) ™1, Ry(u)
can be written as a product of two commutators in Map®“ (B, SL(2, R)) by the following
Lemma 3.1. Thus Theorem 2.2 for trivial U (1) bundles is shown. O

X
LeMMA 3.1. — A rotation (Y x ) (X2 +Y? = 1) close to the identity can be written

as a product of 2 commutators using products of rotations and diagonal matrices.
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Proof. — We notice the following equality:
X-Y)\ (a0 20%¥
y x )\oi)\2& ‘; X
1 0 X 2a°Y
=<0a><iﬁt% X)( )( )

O/ (
Then <

<i‘5)2(é<2> <>> )
Gl e (e

2
Hence (Y _X ) can be written as a product of 2 commutators. Here note that

1 1 11
(W Z>:<\f—\/§> <W+Z 0 ><f f>
11
4 5 7 0o wW-2Z2 7 75

and this shows the lemma. O

Put

X 2a%Y

“'-1) ¢ SL(2; R).
X

—
N =
S N
~
Il

[

Proof of Theorem 2.2 for non-trivial U(1) bundles. — We choose a family of trivializing
neighborhoods for the U(1) bundle. On each trivializing neighborhood, we can write &(w)
as a family of real analytic diffeomorphisms. Then we take a Diophantine rotation R, and
@(w) near the identity can be written as #(w) = Rjy(w)—a © ¥(w) o Ry o ¢(w)~" on the
trivializing neighborhood.

Now note that, for any U(1) bundle, the rotation in the direction of the fiber is defined.
Hence the Diophantine rotation R, is globally defined. Moreover, since A(w) is determined
uniquely by the condition that the rotation number of R_ ,,)®(w) coincides with that of R,
amod 1, and this condition does not depend on the choice of local trivialization of the U (1)
bundle, A\(w) is well defined as a real analytic function on B.

On the other hand, ¢(w) on a trivializing neighborhood is unique only up to composing
rotations on the right. However, the Lebesgue measure along the fiber is well defined, and
among these 1 (w), there is a unique element ¢ (w) € Diff* (F)q such that

[ @)~ i@ =o.
Sl

In fact, for a given ¢ (w), put

8(w) = [ (w(w) = ia)(©)a0 = = [ (o)~ —sa)(o)as
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Then
[ 000 Ry — (000

= [ 6(w) 0 Ry =~ vlw) + ¥(w) — i) 0)at

== [ (oo ww)™ v @0+ [ (4w - i@ =o.
St g1

By replacing the given 9 (w) by ¥(w) o R_g(,), the new ¢ (w) satisfies the above condition,
and the conjugating diffeomorphism (w) taken for the trivializing neighborhoods for the
U (1) bundle matches up on the intersections.

Thus we can write &(w) = Ry(w)—a © ¥(w) 0 Ry 0 ¢h(w) ™! (w € B). This means that any
element of the abelianization H, (Diff”(F)o; Z) is represented by an element of the group
Map® (B, U (1)) of diffeomorphisms which are fiberwise rotation.

Rotations near the identity can be written as commutators in PSL(2; R) or SL(2; R),
however we need a trivialization of the circle bundle to make PSL(2; R) or SL(2; R) act on
the fiber.

We will show the following proposition, which completes the proof of Theorem 2.2 for
non-trivial U(1) bundles.

PROPOSITION 3.2. — Each element of Map® (B, U (1))o can be written as a product of com-
mutators of the group of real analytic orbit preserving diffeomorphisms Diff” (F)o.

For the proof of Proposition 3.2, we carefully choose a finite family of trivializations of
the circle bundle over the complements of submanifolds D;’s. We decompose an element of
Map® (B, U (1)) into elements which are the identity over D;. We see that there is an ana-
lytic action of Map® (B \ D;, SL(2; R)) on p~*(B \ D;). The action of certain elements of
Map® (B \ D;, SL(2; R)) extends to that of elements of Map“ ((B, D;), (SL(2; R), {id})).

Proof of Proposition 3.2. — Let p : M — B be a real analytic principal U(1) bundle.
Let pg : E — B be the associated complex line bundle. The space of real analytic sections
of F is a real vector space.

We use a finite set of real analytic sections s; : B — E (i =1,...,k; 2k > n+1 =
k

dim(M) + 1) transverse to the zero section such that ﬂ s;1(0) = @. Then the bundle
i=1
M — B has k trivializing open dense sets B \ s; *(0) which form a covering of B.
We consider a real analytic Hermitian metric for E. Then the square of the absolute value
|s;|?: B— R (i =1, ..., k) is a non negative real analytic function on B.

For r € Map® (B, U(1))o near the identity, let7: B — [ﬁl/) be the lift near the identity,
where U (1) is the universal covering group of U(1).

Put

i) = (Jsil*w) / i ) ) "2,
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where the productin U (1) = R is written additively. Let r; be the element of Map® (B, U (1))
defined by 7;. Then as an element of Map® (B, U(1))o,

r=r%r,

where the product in U (1) is written multiplicatively. Note that r; is flat along s; *(0) which
is divisible by |s;|*.

For a real analytic section s : B — E transverse to the zero section, s~1(0) is a codi-
mension 2 submanifold of B. The restriction of the bundle M|(B \ s~1(0)) is trivialized by

s(b)

using the section e : B — M given by e(b) = SO Then the coordinate transformation
is written as follows. First,

M|(B\ 's;*(0)) — (B\'s;7%(0)) x U(1)
a: ), where e; = si(b) . Hence we have the coordinate trans-

ei(p(z)) |54(b)]

(B\'s;'(0)) x U1) > (B\ (s 1(0) Us;(0)) x U(1)
l

(B\s71(0)) x U(1) > (B\ (s71(0) Us;(0)) x U(1)
ei(w))
ej(w)”

We would like to make a certain element of Map®“(B \ s;'(0),SL(2, R)) act on
p~1(B\ s;1(0)) in such a way that this action extends to an element of Diff* (F)j.

(1 +lsil2 0 >
Let A; : B\ s; '(0) — SL(2, R) be the map 4; = 1 which acts on
1+ |si[?

U(1) = SO(2) identified with the oriented lines through the origin on the plane. For a neigh-
borhood N of b € s;*(0), there is a real analytic coordinate

N 3w — (u(w),pe(si(w))) € R" > x C,
where u : N — R" " and pc : pp' (N) — C = {z + yv/—1}. On this coordinate,

1422442 0
1+a2% 492

In order to see whether this extends to an element of Diff“ (F),, we need to look at the action
on another trivialization. If N C B\ sj_l(O), we have

is given by z — (p(z),

formation

given by (w, z) — (w, 2

z— (p(z), ej(p(m))) : M|N — N x U(1)

and
T

ei(p(2))

These trivializations are related by (w, z) — (w, 2z

z — (p(z), )t MI(N '\ s71(0)) — (N \ s71(0)) x U(1).

ei(w)
ej(w)
jugate to (u, z,y, z) — (u,z,y, R(z, y)ez’fﬁ“ﬁ(“)z). Here t;;(u) is real analytic function
on u, for a neighborhood D of 0 € C = R*, R : D\ {(0,0)} — SL(2; R) is the map given

), which is real analytically con-
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1 T =Y\ . .
by R(z,y) = \/TTy? <y . ) in the real coordinates. Thus we need to check whether

R~'A;Ris real analytic on N.

LeEmMA 3.3. — Let R : D\ {(0,0)} — SL(2; R) be the map given by R(z,y) =
1 - 0
(z y) Let A = <g _1>, where a = a(z,y) is real analytic and a(0,0) = 1.
a

If a(x,y) — 1 is divisible by x® + y?, then R=Y AR is real analytic at (0,0).

0
Proof. — For A = (g 1),
a

1 0 —
RUAR-T1=—— (") (" T o
2+ Yy’ \—yz) \0a ') \y z

1 ((a — 12?2+ (et — 1)y? (—a+aHzy )

a2 4 y? (—a+aHzy (e =122 + (a — 1)y?

a—1 < ax? — y? —(1+a)my>

a(z® +y?) \ -1+ a)zy —22 + ay?

Hence if a(x,y) — 1 is divisible by 22 + 3? then R~! AR is real analytic at (0, 0). O

By Lemma 3.3, A; extends to an element of Diff (F),. We will use A; to write r;2 as a
product of commutators. For this we look at the way to write rotations as products of com-
mutators in SL(2; R) and the extension question on the commutators.

LeEmMMA 3.4. — Assume that
(Om  alz,y) =1+ k(z,y)(@® +y*)™ (k(0,0)#0) and Y =Ll(z,y)(z* +y*)*"

for real analytic functions k(z,y) and €(x,y) and a positive integer m. Then when we write the
rotation ( if _g ) ? (X24+Y? = 1) as a product of two commutators as in Lemma 3.1, using the
products of rotations and diagonal matrices, W +Z—1 in Lemma 3. | are divisible by (z>+y?)™.

Proof. — We have

Y Uz, y)(z? +y*)*"
At =1 k(z,y)(a+ 1)@+ 1)@ +y?)"
_ ( ) (x2_|_y2)m

k(z,y)(a+1)(a® +1)
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and
1 44+ 1)2Y?2 24%Y
W+27-1= 1-v2— 1—(“1)2 -
—@rr @17 a1
GRS
4a*Y?
B 1 (a* —1)2 2a%Y
- 1 1)2y2 41 12y2  at-1
1— (a(aj_)l)z VI—YZ+,[1- (a(a:——)l)z
are divisible by (22 + y?)™. O

Using Lemmas 3.3 and 3.4 for m = 1, we obtain the following lemma.

LEMMA 3.5. — Assume (x); in Lemma 3.4. Then (3 _)3’)2 (X24Y? = 1) can be written

as a product of two commutators which are analytic at (z,y) = (0,0) after conjugated by R.

Proof of Proposition 3.2 continued. — For r;, we use the trivialization

M|(B\ s;'(0)) — (B\ sy '(0)) x U(1).

. . : L+ s> 0

We use the diffeomorphism of (B\ s;*(0)) x U(1) given by A; = ( i L > . Then
e
) 1+]s]
2 Xi _}/’-L . . 1
rit = v x can be written as product of 2 commutators in Map(B\s; *(0), SL(2; R))
by Lemma 3.1. Then for N C B\ 5;1(0), by Lemma 3.5, the elements appearing in the
commutators are real analytic on the fiber of s;(0).

This completes the proof of Proposition 3.2 and the proof of Theorem 2.2 for non-trivial
U(1) bundles. O

By using Theorem 2.2, we have the following corollary.

A closed manifold n-dimensional M is multi U (1) fibered if there exist n oriented circle
bundle (U (1) bundle) structures with the tangent spaces of fibers spanning the tangent space
T,.M of M at each point z € M. For example, compact Lie groups and the 7 dimensional
sphere ST are multi U(1) fibered.

COROLLARY 3.6. — Let M be a real analytically multi U (1) fibered real analytic manifold.
Then the identity component Diff” (M) of the group of real analytic diffeomorphisms of M is
a perfect group.

By using the following Proposition 3.7, Corollary 3.6 follows from Theorem 2.2.

ProroOSITION 3.7. — Letpy : M — By, ..., p, : M — B, be real analytic U(1)
fibrations and let F1, ..., F,, be the bundle foliations. Assume that

TF & ®TF, =TM.

Let Dift” (F;)o denote the identity component of the group of real analytic diffeomorphisms of
M mapping each fiber of p; to itself. Then for an element f € Diff* (M )q close to the identity,
there are elements f; € Diff (F;)q such that f = fio0---0 fp.
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Proof. — For each U(1) bundle p;, we fix the vector field ¢; generating the U (1) action as
the flow @ﬁi) (t € R/Z). We look at the real analytic mapping F : R" x M — M x M
given by

by, tn;@) = (91, 00 0f7)) (@), ).
By the assumption that 7'M is the Whitney sum of T'F;, the tangent map T\ ) F' : ToR"™ x
T.M — T, M x T, M is an isomorphism for x € M. Hence by the (real analytic) inverse
mapping Theorem 6.5, a neighborhood of {0} x M in R™ x M and a neighborhood of the
diagonal set of M x M are C* diffeomorphic. Thus an element f € Diff* (M), close to the
identity can be written as (f(z),z) = F(t1(z),...,tn(z);z). Fori =n,n —1, ..., 1, define
Jiby .
Fillfixr0-0 fa)(®) = @), 00 oM (@)
and we obtain the desired decomposition. O

REMARK 3.8. — Such a decomposition was suggested by Sergeraert to the author in early
1980’s. In the literature, we refer the readers to [9].

4. Orbit preserving diffeomorphisms of manifolds with locally free U (1) actions

For a locally free U(1) action, we can also show that any orbit preserving real analytic
diffeomorphism close to the identity is homologous in Diff (F), to a real analytic diffeo-
morphism which is an orbitwise rotation. Here we say that two elements are homologous if
they represent the same element in the abelianization of the group Diff* (M ).

ProPOSITION 4.1. — Let R: U(1) x M — M be a real analytic locally free action on a
real analytic manifold M. Let F denote the orbit foliation and Diff” (F)y, the identity compo-
nent of the group of orbit preserving real analytic diffeomorphisms. Then any orbit preserving
real analytic diffeomorphism close to the identity is homologous in Dift” (F)g to a real analytic
diffeomorphism which is an orbitwise rotation.

Proof. — For any point z € M, let G, denote the isotropy subgroup at z:
G, ={9e€U(l)|g-z=ua}.

Then there exists a positive integer m called the multiplicity of the orbit through x such that
G, =2 Z/mZ. When m = 2, we call the orbit through z a multiple orbit of multiplicity m.
There is an injective homomorphism h : Z/mZ — O(n — 1) (O(n — 1) is the orthogonal
group) such that a neighborhood N of the orbit through z is described as follows.

N (B x UQ)/ ~,

where B"~! is the (n — 1)-dimensional ball of radius 1, (w,2) ~ (h(k)w,e2™V=1k/mz)

(k € Z/mZ) and the action of U(1) on N is induced from that on the U(1) component.
An orbit preserving diffeomorphism @ of NV near the identity induces a unique orbit pre-

serving diffeomorphism @(w) near the identity of B*~! x U (1) which is Z/mZ equivariant.
Let @ € R be a Diophantine number and let

®(w) = Ry(w)—a 0¥ (w) o Ry o¥(w)™" (w € B)
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be the expression given by Arnold’s Theorem 2.1. Since &(w) is Z/mZ equivariant,
D(h(k)w) = Ry /m o @(w) o R_j/p,. This implies A(h(k)w) = A(w). By substituting h(k)w
in the above expression and using A(h(k)w) = A(w),

(h(k)w) = Ry(uw)—a © ¥(h(k)w) o Ry o ¥ (h(k)w) ™.
By the Z /mZ equivariance,
P(h(k)w) = Ri/m 0 D(w) 0 R_g/m
= Ry(w)—a © (Ri/m 0 ¥(w) 0 R_g /) © Ro 0 (Ryjm 0 W(w) 0 R_ /) "

If ¥ (w) is chosen such that /(W(w) —id)dé = 0, then

By the uniqueness of such conjugating diffeomorphisms, we see that
W(h(lﬂ?)?ﬂ) = Rk/m © W(UJ) ° Rfk/ma

that is, ¥ (w) is also Z/mZ equivariant. Thus ¥ (w) induces an orbit preserving C* diffeo-
morphism ¥ of N such that

&= R)\(w)—a o¥oR, og_la

where R; corresponds to the action of e2™V=1t and R) () 1s an orbitwise rotation which is a
Cv diffeomorphism of N.

We take the invariant neighborhoods for the multiple orbits and regular orbits to obtain
a covering of M. On each invariant neighborhood, we obtain the conjugating diffeomor-
phism ¥ and the orbitwise rotation Rj(,). They match up on the intersections of the
neighborhoods and give the global diffeomorphism ¥ and the orbitwise rotation R (.
(w € M/U(1)). Thus the proposition is proved. O

5. Orbit preserving diffeomorphisms of manifolds with semi-free U (1) actions

When we treat manifolds with special semi-free U (1) actions, we need to look at orbit pre-
serving diffeomorphisms and groups of orbitwise rotations.

Let M = (N x U(1))/~ be the manifold with a special semi-free U (1) action. There is
amap s : N — M transverse to the orbits in int(/N) x U(1) such that s(ON) is the fixed
point set. The normal bundle of s(ON) is trivial and the action of U(1) near s(ON) is the
product of rotation of R? and trivial action in the direction of s(N).

Let Diff* (O, s(ON);) denote the group of the orbit preserving diffeomorphisms f of M
such that f — id is divisible by (22 + y?)*, where (z,y) is the coordinate normal to s(ON)
along s(ON) where the U(1) action is the rotation.

We have the following theorem for the orbit preserving diffeomorphisms of M with a spe-
cial semi-free U(1) action.

THEOREM 5.1. — Let M = (N x U(1))/~ be the manifold with a special semi-free U (1)
action with the fixed point set s(ON). Then f € Diff* (O, s(ON)2) can be written as product
of commutators in Diff” (O, s(ON)o).
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The proof of this theorem uses the following Theorem 5.3 of Arnold type for the Diophan-
tine rotations of concentric circles on the plane. Theorem 5.3 is a spacial case of Theorem
10.1 which we prove in Section 10.

We consider the following situation. Let
Ac={weC™||lw| <¢(i=1,...,m)}.
Let U be an open neighborhood of 0 € R* and & : U x (AcNR™) — R? be a real analytic
map such that
(@1(1‘1, x2; ’LU))2 + (@2(.’131, o, ’U}))2 = .'E12 + $22.
We write z = x1 + vV —1x2,Z = ©1 — v/ —1z5 and
&(z,z;w) = P(x1 + V—1za,21 — V—1z9; W)
= &1 (x1, 25 w) + V1P (1, T2;w).

Since &(z1, zo; w) is real analytic, it is written as a convergent series in z; and x2, hence
&(z,Z;w) is written as a convergent series in z and z, with analytic parameter w.

For the differential D@ in the direction (z1,23) or (2,%), assume that D®(g,,) = id.
For a Diophantine number «, we consider the rotation by 2w« which is the multiplication
by e2™V~1o The question is whether e2™V =12 is conjugate to the rotation by 2mv/—1lcv.
The obvious necessary condition is that the rotation number is constant for the concentric
invariant circles.

REMARK 5.2. — For each circle, this is the case by Arnold’s theorem ([1]) provided that
e2™V=1ag is close to the rotation by 27v/—1a. Since Arnold showed his theorem with real
analytic parameter, it is true on U\ {0}. On the other hand there is the theorem by Siegel ([19],
[15]) for the holomorphic diffeomorphism germ, and there also is the parametrized version.

THEOREM 5.3. — There are real analytic maps X : U x (A N R™) — R (A(2,Z;w)
depending on (2Z,w)) and h : U x (A¢ N R™) — U (h(z,Z;w)h(z,Z;w) = 2Z) such that

6_27“/?1)‘“’('2)627”/?10‘@(272; w) = ha (GZW\/jlahw_l(Z))

)

where My, (2) = Mz, Z;w) and hy(2) = h(z,Z;w).

We assume the above Theorem 5.3 for the Diophantine rotations of concentric circles and
prove Theorem 5.1.

Proof of Theorem 5.1. — The proof goes as in the proof of Theorem 2.2 for trivial U(1)
bundles. We consider the Diophantine rotation along the orbits of the U (1) action, that is,
the action of e2™V~=1* ¢ U (1). f is thought as a real analytic family of real analytic diffeo-
morphisms @(w) (w € N) which are near the identity. Then in a neighborhood of an interior
point w € int(N), ¢(w) is written as B(w) = Ry (w)—a © (W) o Ry o (w) !, where A(w)
is uniquely determined by the condition that R_y,,)®(w) has the rotation number o mod 1.
Since we have the section s : N — M, ¢(w) is also determined uniquely by assuming that
¥ (w) fixes points of s(N). For a neighborhood of a point w € N, by Theorem 5.3, &(w)
is written as

®(w) = Ry(w)—a 0 P(w) 0 Ry 0 th(w) 7,
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where ) is a real analytic function on z? + y? and w € N, and ¢(w) is a real analytic dif-
feomorphism sending each orbit to itself. The diffecomorphism ¢ (w) on the neighborhood
of a point w € IN is also unique by assuming that ¢(w) fixes points of s(N). Thus (w)
determines an orbit preserving real analytic diffeomorphism ¥ of M and R)(,,) determines a
real analytic diffeomorphism A of M which is an orbitwise rotation. Since f — id is divisible
by (2% + 32)2, \is divisible by (22 + y2)2.

We would like to use Lemma 3.1 to write A as a product of commutators.

. . . . . a 0 .
We use an orbit preserving action of the diagonal matrix A = ( 1) , Where a is a real
a

analytic function of 72 = 22 + ¢2.

a 0
LEMMA 5.4. — Let A = <0 1) , where a = a(z,y) is a real analytic function on x2 + y?
a

and a(0) = 1. Then the map A preserving concentric circles given by

i) -1CC) /Ol

is real analytic at (0,0).

Proof. — Note that

-l

Y ’a2;172 + a72y2 a—l
and
vV +y? / y?
=1 - =)
Va2z? +a=2y? 2 4y 3 ( a?
Since a(z,y) — 1 is divisible by 22 + y2, A is real analytic at (0, 0). O

Now we can finish the proof of Theorem 5.1.

We take a real analytic function a on the double DN of N such that a = 1 along 9N,
a > 1on DN \ ON, a is invariant under the involution on DN, and the second derivative
normal to N is nontrivial. Then we have a real analytic map N — SL(2; R) given by

0 . o . .
w —> (a(;u) (w) 1). Using this diagonal matrix, by Lemma 3.1, A can be written as
a(w)™

commutators in SL(2; R) outside of s(0N) and by Lemma 5.4 these elements used in com-
mutators extend to s(9N) as real analytic diffeomorphisms.

Thus we proved Theorem 5.1. O
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6. Inverse mapping theorem and its singular case

We already used in showing Corollary 3.6, the real analytic inverse mapping theorem. To
show our theorem we need an inverse mapping theorem for the real analytic maps with the
Jacobian matrices being not regular.

Real analytic maps between real analytic manifolds are defined by taking the local coor-
dinates. In fact, the definition of the real analytic manifolds relies on the real analytic inverse
mapping theorem.

Before reviewing the real analytic inverse mapping theorem, we review the fundamental
lemma.

LEMMA 6.1. — Let U C RY be an open set and (T, m) an interval with the probability
measurem. If f : T x U — R isreal analytic inx € U, then F(z) = / f(t, z)dm(t) is real
analytic in x. ’

Proof. — For each (¢t,z) € T x U, there is a neighborhood I x V of (¢,z) and f|(I x V)

has a complexification (f|(I x V))€ : Ix V€ — C. We can cover T x {x} by finitely many
such neighborhoods and f|(T x {z}) has a complexification f€ : T x W€ — C. Since f€

satisfies the Cauchy-Riemann equation with respect to z € W€, FC€(z) = / fE(t, z)dm(t)

T
satisfies the Cauchy-Riemann equation as well. Hence the restriction F(z) of F€ is real
analytic. O

LEMMA 6.2 (Hadamard Lemma). — For a real analytic function f defined in a neighbor-
hood of the origin of RY, there are real analytic functions gy, ..., g defined in a neighborhood
of (z,z) € R*N such that

Proof. — We have

1 N
of
= _— _ T 7 dt
/O B, (=)o) (¥ = 2i)

=1
N 1
of
= i — Ly a_ —x)+x dt
;(y x)/o B, (Hw==)+2)

1
and / %(t(y_xHx)dt is real analytic in z and y. O
0 i

COROLLARY 6.3. — For a real analytic function f defined in a neighborhood of the origin
of RY, there are real analytic functions hij (i, j=1,..., N ) such that
N

of ol
fy) = f(z) = Z(yi - xi)%(z) + Z (i — i) (y; — @) hij (2, y).

i=1 i,j=1
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We also need the following lemma given by Cartan ([3]). This is usually referred to as the
closure of modules theorem (see also [7], [8]).

LEMMA 6.4. — Let f; be a sequence of real analytic functions on U C R™. Assume that f;
is divisible by a real analytic function p(x) and the complexification f;€ converges uniformly to
the complexification of a real analytic function fo, on a complexified neighborhood of U. Then
foo is divisible by p(x).

Now we review the real analytic inverse mapping theorem.

THEOREM 6.5 (Inverse mapping theorem). — Let f : U — V be a real analytic map
between open sets in R"™. If the Jacobian matrix D f,y at x is invertible, then there are a neigh-
borhood W of f(x) and a real analytic map g : V. — U such that g(f(x)) = z, g o f is the
identity on g(W) and f o g is the identity on W.

Proof. — There are several ways to prove the real analytic inverse mapping theorem.

By the usual (differentiable) inverse mapping theorem, f has a differentiable inverse map
g : W — U. We need to show that f is real analytic.

f : U — V has a complexification f€ : U® — V€, where U® and V€ are neigh-
borhoods of U and V in C™ = R™ & v/—1R". The Jacobian matrix (D f€), of f€ is the

. ofi . .
same matrix as D f(,) = ( 81{ ) considered as a complex matrix. Now we look at
37 4G=1,.n
the pull-back of dz;. Then we have
Jj=1

This is equivalent to the Cauchy-Riemann equation for f€ = u; + v/—1v;.

By the usual (differentiable) inverse mapping theorem, there is a mapping
g€ : W€ — UC. Since the Jacobian matrix D(g) () is the inverse of (Df€),,

. . 09; . .

it is the same matrix as Dg(s(z)) = ( agz > considered as a complex matrix. Then
Tji/ i i=1,..n

we have

- 0g;
(¢€)*dz; = dz;.
j; 8:vj J

Thus g€ also satisfies the Cauchy-Riemann equation. Since g is the restriction of g€ to R",
g is real analytic. O

REMARK 6.6. — There is a little more direct way to prove the inverse mapping theorem
and it is more important for its generalization to the case where D f(,) = 0.

The usual proof of the differentiable inverse mapping theorem considers the fixed point
of G(y) : @ — z + Dfoy~*(y — f(x)). This fixed point can be obtained as the limit
of the points {z*}1>0, where 2° = 2° z' = G(y)(2°) = 2° + Dfo) " y — f(2?)),
% = G(y)(«*~1) (k > 2). Then

G(y)(@™") = Gy)(e*) = 2" — "7 + Dfeoy T (f(2"71) = f(a")).
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Since

o) = ila") = > 5y e 3 el ), - ) (o - o)

7,4=1

for some real analytic functions hy;(z, 2°),

A = e = 3 58 oy o)

j=1

and

Gy) (") = G(y)(a*) = Df(;vo)_1< i hije(ib“k_l,ivo)(w?_l - :v?)(x’;_l —z9)

=1
n
=Y hopla 2@ - o)k — 1))
j =1 =1,...,n
Each component of vector given as the parenthesis < . ) is estimated by

1=1,...,n
€ max |ac;C - x§*1| with arbitrary small € as z* tends to 2°. In fact,
J

D hujel@® 2 (@ - o) (2 - af)
je=1
- Z hzgé(xkaxo)(xj _xj)(xé _I(E))
je=1
= > {hije(@® 1, 2°%) = hyge(a®, 20} — ) (ap ™ — o)
je=1
+ D higel@®, ) {(@f T = af)(@f T - af) — (2f —2f) (e D)},
je=1

and formulas
n
hije(x®1,2%) = hije(a®, a®) = D (bt — 2k )bl (aF 1 2%, 20)
m=1
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for some real analytic functions b}, (z*~!, z*, 2°) and

(7" = af) (@™ —af) - (fv?—ﬂf )(§ — )
k

= {(aj 7t —af)(ap ™" —29) — (&f —af)(ap™t — D)}
+{(af — 2@y —ap) - (af — 2§)(z} — 29)}
= (af = @)@yt —af) + (af —ad) (@t — )

imply that G(y) is Lipschitz with small Lipschitz constant in a neighborhood of z°.

Now we look at the same proof in a complexified neighborhood of 2°. Then G(y) is holo-
morphic on y and z* are also holomorphic on a neighborhood of z°. Since this converges
uniformly on this neighborhood the limit G(y)€ is holomorphic. Hence its real part G(y) is
real analytic.

Now we look at the case we are interested in. The following theorem treats the case where
the Jacobian matrices of real analytic mappings are singular.

THEOREM 6.7. — Let M be a closed n-dimensional real analytic manifold. Let vy, ..., yn
be real analytic functions on M. Let (x1,...,x,) be a coordinate around a point x € M. Let

0y;
A(z) = det (%) be the Jacobian. Let f : M — M be a real analytic diffeomorphism of

J
M close to the identity such that f — id is divisible by A(z)" (r € Z, r > 3). Then there are
real analytic diffeomorphisms f, ..., fn such that

f=fio- o fn,
where, fork =1, ..., n
Y1((feo---ofu)(@) =y1(z), -, Y—1((fw 00 fu) (@) = yr-1(2),
Ye((fr o o fa)(@) = yr(f(@)), -\ yn((fr o -0 fa)(@)) = yn(f(2)).
Moreover, f; —id (i =1, ..., n) is divisible by A(x)™*

REMARK 6.8. — For another choice of coordinate (z1, ...,z ), we have
Oy; 0y; Ox;
det( y):det( y)det( xf),
o), Oz oz},

0y; \ .
and hence the condition that f(z) — z is divisible by the r-th power of A = det ( 8915/ > is
J

independent of the choice of the coordinates.

Proof. — This follows from the following Proposition 6.9. We put

u(x) = (yl(m)7 s ,yk(m),yk+1(f(:£)), cee 7yn(f(x))) - (y1($), s ’yn(w))

and we obtain fj o - -- o f,, as z(z) in the proposition. O

PROPOSITION 6.9. — Let U be an open set of R"™ and V', a compact subset of U. Let

Oy;
y=(Yy1,.--,Yn) : U — R" be areal analytic map. Put A(z) = det < i ) and assume

8.’13j
that A(x) is not the constant 0. Let u = (u1,...,u,) : V. — R" be a sufficiently small real
analytic map such that w;(z) is divisible by A(z)" (r € Z, v > 3). Then there is a real analytic
map z : V. — R" such that y(z(z)) = y(z) + u(zx). Here z(z) — x is divisible by A(z)"~!
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Proof. — By Corollary 6.3, we have

vi(z) —yi(@) = 2 5 =@z — ) + D hije(®,2)(z; — 25) (2 — 2k),
j=1 "7 j,k=1

where h;j, is real analytic on a neighborhood of (z, ).
0y . . . .
If A(z) = det (%“”) # 0 and u(z) is sufficiently small, then by the inverse mapping
J
Theorem 6.5, there uniquely exists z(z) in a neighborhood of z.
For the point 2o where A(xg) = 0, the solution should satisfy that z(z¢) = z¢. We would
like to know the analyticity of the map z(x).
Oy
If A(zo) = 0, u(x) is divisible by A(z)" near zo. Put J(5) = (%@g). We look at the
J
following functional for real analytic map z from a neighborhood of z¢ to R".

F(Z) =z 4+ J(z)_l <’u,(:L‘) — {J(m)(z — :L‘) + ( Z hijk(x, Z)(Z] — (Ej)(Zk — TL'k)) }),
gk=1 i
where (o), denotes the column vector. This functional is defined so that the fixed point z(z)
of F is the desired map z(z). Namely, if F(z) = z, then u(z) = y(2) — y(z).
For u(x) = A(z)"v(z), this functional is rewritten as follows. Note that A(z)J,) ™" =
0y;

(A;j(z)), where A;;(x) is the cofactor of (@)-

T4

n

> hge(,2) (25 — 25) (2 — xk))-

J,k=1

F(2)g =z + A(z)™? Z Agi(z) (A(x)rvi(x) —

We are going to find the fixed point by sequential approximation. So we put z(*) = z, and
define (™) (m > 1) by 2(™) = F(2(™~1). Then

zél) —xp = Ax)" ! Z Api(z)vi(z).
i=1

If 2™ (z) — @, is divisible by A(z)"~1, then 2™ (z) — &, is again divisible by A(z)" 2.
For, by putting 2™ — z; = A(w)’"_lCi(m) (2),

%

Zém-i—l) —xy = F(Z(m))g —

= A(z)"! i Agi(z)v;(z)
— A(z)™! f Agi(x) i higi (@, 2™) A(z) 1™ Ay ™)
P Pyt
= A(z)"? zn; Agi(2)vi ()
— Az)> 3 i Agi() i hig (@, 2™ ™.
P

jk=1
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. K
Note that if [¢(V] < > and || < K,
K _
(") < 5+ Kal A) 2K

for some constant K. If we take = close to zg, then |A(z)| < and on this neigh-

1
V2K K
borhood |C§m+1)| <K.

Now we would like to show that z(™ converges uniformly on a complexified neighbor-
hood of zg.

Zém_'_l) . zém) _ F(Z(m))g N F(Z(m_l))g

=1

J,k=1

+A@) Y An(@) Y hagi(e 2T — 2 (5 - )

i=1 jik=1
-1 ZA&- x) {( ik (@, 2™ = hij(x, z(m_l))) (z](m) - xj)(z,(cm) —Ty)
i=1 jik=1

+ g, 2D (5 = 2 () = a) = (Y = 2) (Y - )

Since

hijk(x,z(m)) — hijr(z, L (m— 1) Z (m 1)) Likp (m’z(m)’z(mfl))
p=1
for some real analytic functions hj;.,

n

3 A0 3 (el 2) — i, 27 )) (A — )G —
i=1

J,k=1
_ _A(l,)erSZAli(x) Z Z(zz()m) (m 1)) zgké(x Z( m) Z(mfl))cj(m)glgm)'
i=1 j,k=1p=1

The absolute value of the right-hand side is estimated by |A(z)|*" 3 K, K? max |zz(,m) -
p

1
(4K2K2)1/(2r—3) ?

zl(,m_l)| for some constant K,. On the neighborhood where |A(z)| <

L 1 :
this is estimated by 7 max |z1(3m) - zz()m’l) |. Since

m m m—1 m—1
(™ = 2) (™ = ax) = (2" — 2y (2" — )
-1
= ((zj(.m) - asj)(z,im) —xy) — (zj(m ) a:j)(z,(cm) - xk))
m—1 m m—1 m—1
+ ((z]( ) ac])(z,(c ) Tg) — (zJ( ) :v])(z,(c ) xk))

m m—1 m m—1 m m—1
= (2™ =2 ) + (Y — g - A7),
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—A@@) Y Ag(@) Y higr(@, 2mY)

jk=1

m m m—1 m—1
(G = a) ™ =) = (Y =) Y - )

= —A(m)_legi(m) > hijela, 2m7Y)

k=1
' ((Z('m) — 2 ) (Y ) () - Zz(cm_l)))

= —A(w)’"‘2ZAgi(m) > hijr(z, 2m7Y)

J,k=1

) ((Z]('m) . z](m—l))qém) + (Zl(cm) _ Z’(Cmfl))cj(mfl)) .

The absolute value of the last expression is estimated by |A(z)|" 2K3K max|z](7m) -
p

. 1
ZI()m_l)|' On the nelghborhood where |A($)| < W’
1

— max |z§,m) - z}(,m’l)|. Thus 2(™ satisfies |zém)| < max|z§,1)|, and z(™) converges uni-
4 »p P

this is estimated by

formly on a complexified neighborhood of xy. Hence the limit is holomorphic on the
complexified neighborhood and z(™) converges to a real analytic map.
The divisibility of the limit z(z) by A(z)"~! follows from Lemma 6.4. O

ExAMPLE 6.10. — For the unit sphere

S™ = {(z1,...,%ns1) € R™! | 212 4t g ? = 1},

we look at the map (z1,...,z,) : S — R". Then on the coordinate
(.Tl, oy Lk—1,Th415- -+ Tm, £Ijn+1)>
2
AT, .oy Th—1, Tl 1y o Ty 1) = i$n+1/ 1- le .
i#k

Hence by Theorem 6.7, if a diffeomorphism f of S™ close to the identity is divisible by
(xn11)?, then f = f1 0--- o f,, where f; maps an orbit of the rotation in the z;x, plane
to itself and f; — id is divisible by (z,,11)3.

The previous theorem is for one real analytic mapping. Now, we consider families of real
analytic mappings. What we did in Theorem 6.7 is similar to showing that the exponential
map of a Riemannian manifold is a diffetomorphism in a neighborhood of the zero of a tan-
gent space. What we consider now in Theorem 6.12 is similar to show that the exponential
map induces the diffeomorphism from a neighborhood of the zero section of the tangent bun-
dle to a neighborhood of the diagonal set of M x M.

PROPOSITION 6.11. — Let €V, ..., €™ be real analytic vector fields on an open set U of
R"™. Let @Ei) denote the flow generated by €@ (i =1, ..., n). For a compact subset V of U,
consider the map @ : R" x V. — U defined by ®((t1,...,tn),z) = (gag) 0---0 gagz))(a:)
Let f be a real analytic diffeomorphism from V into U close to the identity and f — id is di-
visible by A(z)", where A(z) = det (5(1) ‘e 5(")). Then there are real analytic functions
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t1(x), ..., to(x) such that f(x) = &((t1,...,tn),x). These t1(x), ..., t,(x) are divisible by
AL

Proof. — We would like to solve

fl@)—z=2((t1,...,tn),x) — x.
First note that
D((t1,- - T)e— o= Zﬁ/ i+ > neij(t,a)tit;
ij=1
for real analytic functions n;;(t, ), where t = (t1,...,tn).
For the points z, where A(z) = det (5(1) e 5(")> # 0, by the inverse mapping theorem

we obtain real analytic functions t1 (), ..., t,(z) such that f(z) —z = &((t1,...,tn), ) — .
For the points z where A(x) = 0, the solution should be (¢;(x), ..., t,(z)) = (0,...,0) and
we would like to show the analyticity of this solution near .

Put = = (51@) and A=~ = (4;;), where A;; is the cofactor ofgj(-i). Now we look at the
functional

F(t)=t+5*1<f(as)—x—{ <ankt:cttk>

J,k=1 i=1,...,n
:E*l( —x—(Z'r]mkt:Ettk> )

4, k=1 i=1,...,n
Put t© = (0,...,0), and define t(™)(z) = F@t™ Y (z)) (m > 1). Since flz) —xis
divisible by A(z)", put f(z); — z; = A(x)"v;(z). Then t(l) = A(x)"! ZA”

If t=1) is divisible by A(z)"~', then t() = F(¢(*=1) is also divisible by A( )'~L. For, if
™ = A(z)r17™ (x), then

t(m+1) _ F(t(m))

= ) IZAh z)vi(x) — <” 1< Z ik ( t( m oz (x)r_lem)A(x)r_lT,gm)) )

7,k=1 i’ L

_ )= IZAh )y (z) — 2r 3ZA@Z Z Mij( t(m) (m) ( )

i=1 7,k=1

. K m
Note that 1f|7-i(1)| < 5 and |7-Z-( )| < K, then

K
|T[(m+1)| < ? +K1K2|A(:L')|T72

1

for some constant K. If we take z close to the zeros of A, then |A(z)] < ——————
(2K, K)1/=2)

and we have |Te(m+1)| <K.
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We show that ¢(") converges uniformly on a complexified neighborhood of the zeros of
A(x).
£ ) = Py, — F(t(m’l))

J,k 1

ZAh Z i (t (m=1) )tgm—l)tém—l)
J,k=1

ZAh Z {(Tth ) - nijk(t(mil)vx)) tg‘m)tl(cm)
J.k=1

+ mjk(t(mfl)’x)(tg‘m)t;cm) _ t§m_1)tim_”)}-

Since

Uijk(t( ), ) Mij k t(m 1) Z t(m) - t;m_l))nz{jkp(t(m)7t(m_l)ax)

p=1

for some real analytic functions 7.,

ZA& S (™, ) = g (1D, )

7,k=1
_ 2’!‘ SZAh Z Z t(m _ 4(m— )nmkp(t(m) t(m 1) .'I}) (m) (m)
i=1 J,k=1p=1

The absolute value of the right-hand side is estimated by |A(z)|* ~*K,K* max [t{™ —
p

. 1
t;mfl)| for some constant K. On the neighborhood where |A(z)| < AR, K@=

o 1 .
this is estimated by 7 X |t](,m) - tz(f”_l) |. Since
(m)(m) _ (m—1) (m—1)

T

_ (t§m)t§cm) . tgmfl)t’(cm)) + (t‘gmfl)tl(cm) . t;rnfl)tgcrnfl))7

_ m— m —1 —1
2)7Y " An(e) Y mign ™D, @)@ — 6O

J,k=1
T An(@) D migk™ Y, 2)
i=1 G k=1

. <(t(m) . t(m—l))t(m) _’_t;m—l)(tém) . t’(cm—l)))

- T 2214-@1 Z Tth Z(m_l))

7,k=1
m m—1 m m—1 m—1 m—1
-((t; S LD L L G | (e U el
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The absolute value of the last expression is estimated by |A(z)|" "2 K3 K max |t§,m) - tém’l) |
p

. 1 . . .
D
On the nelghborhood where | A ($) | ( s )r 57 this is estimated by

1 . m .
Zmax|t1(,m) - tz()m_l)|. Thus t(™) satisfies |t§ )| < max|t§1)|, and t(™) converges uni-
P J2

formly on a complexified neighborhood of zy. Hence the limit is holomorphic on the
complexified neighborhood and ¢("™) converges to a real analytic map. O

HEOREM 0.12. — Let e a closed n-dimensional real analytic manifold in . Let

T 6.12. — Let M be a closed n-dimensional real analyti ifold in RN. L
s, e real analytic vector fields on M. Let ¢ enote tne flow generated Dy 4

€W ™M) pe real anal lds on M. Let o\ d h d by £

(i = 1,..., n). Consider the map ® : R" x M — M defined by ®((t1,...,tn),x) =

(gog) 0---0 <p§:))(x) Let f be a real analytic diffeomorphism of M close to the identity and

f —id is divisible by A(x)" (r € Z, r > 3), where A(z) = det (ﬁfj)), £0) = Z{fj)ai ina
Li
coordinate neighborhood (U, (x1, . . ., ©,,)) and we assume that A(x) is not the constant 0. Then

there are real analytic functions t1(z), ..., t,(x) such that f(z) = &((t1(x),. .., ts(x)), z).

REMARK 6.13. — For another coordinate neighborhood (V, (y1,...,9n)),

~.) 0 _ N~ Ok 9
;fi ox; Z & 0x; Oy,

i,k=1

and A(y) = A(z) det <gyk ) Thus, the condition that f — id is divisible by A(x)" is inde-
x

pendent of the choice of cozordinate neighborhood.

Proof. — The expression f(z) = (<p§i) 0--+0 wi:))(x) is unique where A(z) is not zero,
and (¢1,...,t,) = (0,...,0) on the zero set of A(z). By taking a coordinate neighborhood,
it is real analytic on a neighborhood of a zero point of A(x), Hence (¢1(z),...,t,(z)) is a
globally defined real analytic map. O

Here is the same example as before for the application of Theorem 6.12. The estimates
are worse than before but it still works.

EXAMPLE 6.14. — Consider the unit n sphere
N {(171,...7:L‘n+1) c Rn+1 | 1812 +"'+5L‘n+12 — 1}.

Let £67) (1 < i < j < n+ 1) be the vector field generating the rotation in the direction of
x;x; plane, i.e.,

y o

f( ’])(.’131, Ce ,$n+1) = —.Zjaixi + .1‘187%
We look at £6m+D) ( = 1, ..., n) and their time ¢ maps """, Then A(z) with respect to
the (z1,...,x,) coordinate is (—z,+1)", and A(x) with respect to the (z1,...,Zr_1, Tk+1,

<+ vy Tp, Tpt1) coordinate is

24 (Tn41)" " = (@)L 1Y @
itk
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Hence if a diffeomorphism f of S™ close to the identity is divisible by (z,,41)*"~1), then

f=fio- o fn, where fio---o f,(x) = wgz(z;rl) 0---0 goij’(z;“l) and f; maps an orbit of

") (o itself. Moreover f; — id is divisible by (z,41)3" D).

7. Regimentation lemma

The key tool in the proof of the perfectness of the identity component of the group of
smooth diffeomorphisms is the fragmentation lemma [2] which uses the partition of unity by
the bump functions. Note that we cannot use the bump functions in the real analytic case.

However, we can use the following lemma to show our Theorems 1.1 and 1.2.
m

Let 1, ..., .y be nonnegative real analytic functions on M such that Z w; = 1. Put
=1

m J
Sk = uxr~1(0) and assume that ﬂ Sy =@. Puty; = Z“i (j=1,...,m). Let
k=1 =1
$:[0,m x M —[0,1] x M

be the map given by
o(t,z) = (v () + (= [tDupg+1(2), 2).
This map is real analyticon [j — 1,5] x M (j =1, ..., m).
Let F be a foliation of [0,1] x M given by a real analytic isotopy F': [0,1] x M — M,
that is, the leaf passing through (¢, x) is

{(s,(F(s) o F()™")(x)) | s € [0, 1]}

THEOREM 7.1 (Regimentation Lemma). — If F' is close to the constant isotopy, then
D|{t} x M is transverse to F for t € [0,m], and &*F is real analytic isotopy on each
[I—LjlxM(j=1,..,m). Thus

F(0)o F(1)™ = Gy o0 G,

where G; (j = 1, ..., m) are real analytic diffeomorphisms of M such that G;|S; = idg;.
Moreover, G; — id is divisible by ;.

REMARK 7.2. — The fact that a diffeomorphism G near the identity is divisible by a real
analytic function p does not depend on the choice of the coordinate neighborhood. For, let
G be written as (g1(z), ..., gn(x)) in a coordinate (z1,...,x,) and g;(z1,...,2y) — @; 18
divisible by u(x1,...,2,) (¢ = 1, ..., n). In another coordinate (yi,...,y,), first we have
yi(z)—y;(z) = Z(zk —xk)a;k(z, ) with real analytic functions a, (2, ) by the Hadamard

k=1
Lemma 6.2. Then

n

Yi(g1(@(®)), -, 9n(z®))) = y5 = Y _(9(2(y)) — zr(y))azn(9(z(y)), z(y))

k=1
and if g;(z1,...,z,) — x; is divisible by pu(z1,...,2,) (¢ = 1, ..., n), then the function
Yi(91(z(y)), -, gn(z(y))) — yj is divisible by u(z1(y), ..., zn(y)).
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Proof of Theorem 7.1. — This is a consequence of the real analytic inverse mapping The-
orem 6.5. A real analytic foliation is defined by a family of local real analytic submersions,
and the induced foliation on [j — 1, j] x M is given by the composition of real analytic map
P|[j — 1,74] x M and the submersion given by the isotopy, hence it is real analytic. The
transversality insures that it is given by an isotopy.

To show the divisibility, we look at the induced vector field on [j — 1,5] x M. Let

% + &(t, x) be the vector field on [0,1] x M defining the isotopy F. The map &;(t,z) =
(vj—1(x) + tp;(x), «) induces the tangent map
(@)« Tt,2)([0, 1] X M) — T, (2,2 ([0, 1] x M)

given by
0 0
(P))x 5, = 1i(@) 50
(@j)*|({t} X T:L‘M) = ((Vj—l)* +t(/lzj)*,id).
If &;*F is defined by % + (¢, ), then we have

(@1)- e+ 16 ) = (15(2) + {051 + 1) Y (6,2) 51+ 3(62)

. . 0
and this is proportional to En +&(P;(t,x)). Hence

i (@) = (u () + {(vj—1)s + t(wy)a 0 (2, 7)) §(D; (2, 7).
That is,
(1= &(@;(t, @) {(vj—1)s + t(ug)}) i (t,2) = p;(2)€(D;(t, 2)).
Since §(t, ) is small, 1 —&(P; (¢, z)){(vj—1)« +t(1;)«} is invertible, and we obtain n; (¢, ) as
a C* time dependent vector field. Since this vector field is divisible by p;(z), by the following
Proposition 7.3, for the time 1 map G, G; — id is divisible by p; (). O

PROPOSITION 7.3. — Let £(t,x) (t € (—¢,€), € > 0) be a real analytic time dependent
vector field on an open set U of R". Assume that £(t, x) is divisible by u(x). Then for the isotopy
o1 generated by £(t, x), py — id is divisible by p(x).

Proof. — The differential equation

dzx

E = §(t,:z:) = /J’(x)n(tvx)

is solved by looking at the integral equation

olt,x) =2+ / E(p(s,))ds.

We use the method of sequential approximation. That is, first put ¢(©) = z and

o ®(t,2) =z + / et D(s,))ds (k> 1).
0

Then the sequence converges uniformly on ¢ and x on a (small) complexified neighbor-
hood (in x) and the limit is real analytic with respect to x.
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t
In fact, define the functional F by F(p)(t,z) = « + / &(s,p(s,x))ds. Assume thatin a

0
§-neighborhood Us(z(?) = {z | |z; — 2(9;| < 6} of (¥, max < K. Then
7

[F(p1); (t,7) — Flpa);(t,2)| < mlt|Kimax  sup  pui — pail.
v Is|<It],z€Us

1 1
Hence for |t| < MK, F' is a Lipschitz map with Lipschitz constant 7 On the other

hand, if max |&(s,2)] < Ko in Us, max o™ — o) < |t|K,. Thus if |¢| %
m;ax|go§1> 0)| < d . Then for = with max|x - 20 < g, mlax|<pl(-k_l) — 2]
~ 5 ohot imphes
max [ — {7 = max |F(p* V) - F(o*7?);]
< ;max|<p(k n_ Ek_2)| < &,
and hence max o) — 2@, <5 — 5o Then the estimates for ¢(*) hold. Thus for |t| <
min {ﬁ, %}, ©*) converges uniformly on Uy /2. The uniform estimate holds on a

complexified neighborhood and the limit (¢, z) is real analytic with respect to = for small
|t|. By the continuation with respect to ¢, we see that the limit (¢, z) is real analytic with
respect to z for t € [0,1].

Now since &(x) = u(z)n(z), the sequential approximation () is given by

t
e (t,2) =z + [ ule® V(s,a)nls,e® (s, o)ds (k> 1).
0

Note that

oO(tz) -z / w(z)n(s, z)ds = p(x) / (s, a)ds

0
is divisible by p(z). If =1 (t, ) — x is divisible by u(z) and say o*~V(t,z) — 2z =
w(z)n®=1(t, z), then

t
P0(0) — = [ et )t s, oD (s, ds,
0
and by the Hadamard Lemma 6.2, there are real analytic functions «;(z,y) such that

wy) — p(z) = Z( —zj)oj(z,y) and

Jj=1

p(e® (s, 2)) = p(z + p(z)n*=(s, z))

= ) + 3wy s, 2oy, + p@ynf ™ (s, 2)
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is divisible by u(z). Hence (¥ (¢, z) — x is divisible by u(z). Since the limit of a sequence of
real analytic functions divisible by u(x) is divisible by u(z) by Lemma 6.4, ¢; —id is divisible

by pu(x). O

Here is an example of application of the regimentation lemma.

EXAMPLE 7.4. — Let " = {zx € R""" | ||z|| = 1}. We have the functions
ui:xi4/2xj4:5"—>R
J

such that S"7%! u; = 1. We think about the decomposition of real analytic diffeomor-
phisms of S™ into regimented diffeomorphisms by Lemma 7.1. Then for a diffeomorphism
f: 8™ — S™ close to the identity, f = fM) o--. o f(**1D where f(¥) — id is divisible by y;,
i.e., 4-flat along {z € S™ { z;=0}@E=1,....,n+1).

For a diffeomorphism f : S — S™ close to the identity, as in Example 7.4, f is decom-
posed into a composition of diffeomorphisms which are flat along coordinate hyperplanes.
Then as in Example 6.10, such flat diffeomorphisms are decomposed into a composition
of orbit preserving diffeomorphisms. Then by Theorem 5.1, these orbit preserving diffeo-
morphisms can be written as product of commutators of orbit preserving diffeomorphisms.
Hence we obtain the following corollary.

COROLLARY 7.5. — The identity component Diff* (S™)g is a perfect group.

8. Proof of main theorems

PROPOSITION 8.1. — Let M be a compact real analytic manifold with nontrivial U (1) ac-
tion. Let & be the generating vector field for the U (1) action. Then there are finitely many real
analytic diffeomorphisms f;, i = 1, ..., N (f1 = id) of M such that, for any point x € M,
there is a subset {i1,...,in} C{1,..., N} with (fi,)«& ..., (fi, )& spanning T, M.

Proof. — For each point z € M, there is a point y close to x where £(y) # 0. Then there
are C* diffeomorphisms g1, ..., g, of M such that (g1)+&, ..., (gn)«& span T, M. Now we
take real analytic approximations f¥, ..., fZ of them. Then (f7).&, ..., (). span T, M
and these span T, M for 2’ in a neighborhood U, of . We cover M by these U, and take a
finite subcover and obtain fy, ..., fx. O

Proof of main Theorems 1.1 and 1.2. — Let M be a U(1) fibered manifold or a manifold
admitting a special semi-free U (1) action.

We put a real analytic Riemannian metric on M. We use Proposition 8.1 and obtain U (1)
actions generated by &1, ..., &x with the following property. For each choice k of n vec-
tor fields among {&1,...,¢n}, we have the determinant A, = det (§,;) with respect to

an orthonormal frame . at each point, where k = {&,,...,&, }, n = dim(M), and
Ty
= 0 .
&k, = E Eiyij T By Remark 6.13, A, does not depend on the choice of the orthonormal
T
j=1 J

frame and A is a real analytic function on M.
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Then M is covered by the open sets of the form M \ {A, = 0}. By the regimentation
Lemma 7.1, any real analytic diffecomorphism f close to the identity is decomposed into real
analytic diffeomorphisms f, such that f,, — id is divisible by (A,)*. Then by the inverse
function Theorem 6.12 for multi-vector fields, f, can be written as a composition of orbit
preserving diffeomorphisms. For a special semi-free U (1) action, A, = 0 along the fixed
point set s(ON) and these orbit preserving diffeomorphisms satisfy the assumption of The-
orem 5.1.

Then by Theorems 2.2 and 5.1, orbit preserving diffeomorphisms can be written as
product of commutators in the group of orbit preserving diffeomorphisms. Thus Theorems 1.1
and 1.2 are proved. O

9. Real analytic diffeomorphisms of 2 and 3 dimensional manifolds with U (1) actions

In this section, we show that Diff (M), for 2 and 3 dimensional manifolds M with non-
trivial U (1) actions are perfect.

First we note that, by the proof of main theorems, if M admits a nontrivial U(1) action,
any element of Diff (M), is homologous to a diffeomorphism which is an orbitwise rota-
tion. Here we say that two elements are homologous if they represent the same element in
the abelianization of the group Diff* (M)o.

PROPOSITION 9.1. — If M admits a nontrivial U(1) action, any real analytic diffeomor-
phism isotopic to the identity is homologous to a diffeomorphism which is an orbitwise rotation.

Proof. — We note first that by the proof of main theorems, if M admits a nontrivial U (1)
action, using Proposition 8.1 of perturbation, the regimentation Lemma 7.1 and the inverse
function Theorem 6.12 for multi-vector fields, any real analytic diffeomorphism f close to
the identity can be written as a composition of orbit preserving diffeomorphisms. Note that
these orbit preserving diffeomorphisms are conjugate to orbit preserving diffeomorphisms
of the original U(1) action.

If M admits a locally free U(1) action, Proposition 4.1 implies that orbit preserving dif-
feomorphisms close to the identity are homologous to diffeomorphisms which are orbitwise
rotations. In general, the argument of the proof of Proposition 4.1 together with Theorem
5.3 (and its generalization Theorem 10.1) implies that orbit preserving diffeomorphisms, ob-
tained by the regimentation Lemma 7.1 and the inverse function Theorem 6.12 for multi-
vector fields, are homologous to diffeomorphisms which are orbitwise rotations. Here, note
that Theorem 10.1 in Section 10 gives

Hw(z) — (ZleQKlem1kw(z), e Zn62ﬂ\/jlm"kw(z))
such that @,,(z) = (R, (z) © R—a © Hy © Ry o Hy')(z). This H, can be replaced

by Hy o R_g, (z), Where (3,(2) is real analytic function constant along the orbit. Put

1

Bu(z) = g/kw(z)d& then

(HyoR_p,2))(2) = (2162”ﬁm1kw(ze_2"ﬁ5w<Z))), . zne%ﬁm"k”(ze_hﬁﬁwm))

4¢ SERIE — TOME 42 — 2009 — N° 4



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 629

and k,, (ze=27V =10 (2)) satisfies

ko (ze~ 27V 18w (2))q9
Sl

_ / (b (2672180 ()) _ ko (2) + ko (2))(8)d6
Sl

— [ T + ()~ @0+ [ ()00 = 0
Sl

Sl
Thus the conjugating real analytic diffeomorphisms match up on M as in the proof of Propo-
sition 4.1.

Since the product of orbitwise rotations is an orbitwise rotation, we showed that any real
analytic diffeomorphism close to the identity is homologous to an orbitwise rotation. Since
any element of Diff (M), is a composition of diffeomorphism close to the identity, it is ho-
mologous to an orbitwise rotation. O

Now we prove Theorem 1.3. This is done by showing following Propositions 9.2, 9.3 and
Theorem 9.4.

If the dimension of M is 2, then M with nontrivial U(1) action is diffeomorphic to the
torus T2, the sphere S2, the Klein bottle K2 or the real projective plane RP?. For the torus
T2, Diff(T?), is simple by the result of Herman ([11]). For the sphere S2, our Theorem 1.2
says that Diff* (S2), is perfect.

PROPOSITION 9.2. — Diff*(K?) is perfect.

Proof. — For the Klein bottle K2, we have a locally free U(1) action with 2 multiple or-
bits of multiplicity 2. By Proposition 9.1, any element of Diff* (K?), is homologous to a
diffeomorphism which is an orbitwise rotation. K2/U(1) is an interval. We can take a cir-
cle transverse to the U(1) orbits which is Z/2Z equivariant, where Z/2Z C U(1). Using
this circle, we can make SL(2; R) act on the regular orbits so that the induced action on
the 2 multiple orbits is the action of PSL(2; R). Using this we can write orbitwise rotations
close to the identity as a product of commutators of orbit preserving diffeomorphisms. Thus
Diff* (K?)y is perfect. O

PROPOSITION 9.3. — Diff*(RP?), is perfect.

Proof. — For the real projective plane RP2, there is a U (1) action with 1 fixed point and
1 multiple orbit of multiplicity 2. By Proposition 9.1, any element of Diff (RP?), is ho-
mologous to a diffeomorphism which is an orbitwise rotation. We can arrange so that this
orbitwise rotation satisfies that f — id is divisible by (z2 + y?)? at the fixed point. We have
the action of Lemma 5.4 which extends to the multiple orbit of multiplicity 2, and using it
we can write orbitwise rotations close to the identity as a product of commutators of orbit
preserving diffeomorphisms. Thus Diff (RP?) is perfect. O
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All other closed 2-dimensional manifolds are hyperbolic and do not admit nontrivial
U(1) action. We do not know the abelianization of Diff* (M), for a hyperbolic closed
2-dimensional manifold M.

Now we consider a closed 3-dimensional manifold M3 admitting a nontrivial U (1) action.
Those manifolds with U(1) actions are classified by Raymond ([17]) and Orlik-Raymond
([16)).

In the rest of this section, we show the following theorem.

THEOREM 9.4. — Let M3 be a closed oriented 3-dimensional real analytic manifold admit-
ting a nontrivial U(1) action. Then the identity component Diff” (M?3)q of the group of real
analytic diffeomorphisms of M is a perfect group.

First we assume that the action is locally free. If there are no multiple orbits, then the the-
orem follows from our Theorem 1.1. Hence we assume that there are multiple orbits. Then
the quotient space M3 /U(1) is a 2-dimensional orbifold with boundary which corresponds
to the multiple orbit of multiplicity 2 with the homomorphism Z/2Z — O(2) sending the
generator to an orientation reversing map. Let S7, ..., S! denote the boundary components.

Other than orbits corresponding to the boundary, there are finitely many multiple orbits
O, ..., Oy, where the isotropy subgroups are nontrivial. Let mq, ..., m; be the multiplicity
of O1, ..., Oy. Let k be the least common multiple of my, ..., my if the boundary is empty,
and k be the least common multiple of mq, ..., my and 2 if the boundary is not empty.

For the multiple orbit O;, we have a neighborhood N; = (B2 x U(1))/ ~, where
(w, 2) ~ (we2mV=1rai/ms ze2nV=1r/mi) (m; ¢\ =1andr € Z/m;Z).

For the boundary component S} of M/U(1), we have a neighborhood N; =
([-1,1] x S} x U(1))/ ~ of the component of multiple orbits, where (u, v, z) ~ (—u,v, —z).

For each N;, we take k sections B2 x {e2™V=1i/k} (j = 0, ...,k — 1) in B2 x U(1), and
then this gives k/m; disks in N; transverse to the multiple orbit O;.

For each N/, we can take a family of curves v; on S} x U(1) such that v; intersects
{z} x U(1) (z € S})in k points and is invariant under the translation by e2™V=1/* in the
U (1) direction. We take a family of annuli [—1,1] x v; in [=1, 1] x S} x U(1). Then, for each
N/, this gives a family of annuli transverse to each multiple orbit in ({0} x S} x U(1))/ ~
at k/2 points.

The quotient space X = M /U(1) is an orbifold which is topologically a connected sur-
face of genus g with £ marked points and possibly with the boundary. Then the projection
M — X = M/U(1) has a multi-section on each N;/U(1) and N//U(1). We try to extend
the multi-section over X. Put ¢’ = 2g if the surface X is orientable, and put ¢’ = g if the
surface X' is nonorientable.

If the boundary is empty, we choose arcs Ay, ..., A¢_1, B, ..., By on ¥ = M/U(1)

£ -1 g
connecting N;/U (1) so that the complement of U (N;/U(1)) U U A; U U B, is simply
=1 =1 =1

connected. We extend the multi-section over these arcs, and then we have a multi-section
along the boundary of the simply connected region. We have the obstruction to extend this
multi-section to the simply connected region, which is the Euler class.
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If there are multiple orbits O; and the boundary is not empty, we also choose arcs
A, ..., Ay_1, B1, ..., By on ¥ = M/U(1) connecting N;/U(1) and arcs C; connecting
4 n

Aj to N!/U(1) (i = 2, ..., n) so that the complement of U(Ni/U(l)) U U(N{/U(l)) U
i=1 i=2

-1 g’ n

U A; U U B; U U C; is an annulus with a boundary component being Si. We choose a

i=1 i=1 i=2

multi-section on each N;/U(1) (i = 2, ..., £) and on each N//U(1) (i = 2, ..., n). We extend
the multi-section over these arcs, and then we can extend it to the whole ¥ = M/U(1).
If there are no multiple orbits other than the boundary, we take arcs C;(i =2,...,n— 1)

n n—1
connecting N//U(1) (i = 2, ..., n) so that the complement of U(N{/U(l)) U U C; is an
=2

i=2 =
annulus with a boundary component being Si. We choose a multi-section on each N; /U (1)
(i =2,...,£), we extend the multi-section over these arcs, and then we can extend it to the

whole X = M/U(1). If the boundary is the circle S;, then X is the disk or the Mobius band,
and we have a multi-section (k = 2).
Now we need to know that we can choose the multi-section real-analytically and invariant
under the action of Z /kZ, possibly outside of several regular orbits if the boundary is empty.
Consider M = M/(Z /kZ). For each multiple orbit O;,

Ni/(Z/kZ) = (B*/(Z/m:Z)) x (U(1)/(Z/k2)),
where B%/(Z /m;Z) is a cone of angle 2 /m;. For each boundary component S},
N!/(Z/kZ)=[0,1] x S* x (U(1)/(Z/kZ)).

Then the action of U(1)/(Z /kZ) is free on M. The multi-section we took corresponds to a
section of this U(1)/(Z/kZ) bundle M — X.

For the cases where there is a multi-section for M — X, we approximate this section
for M — X, by a real analytic section and the inverse image of it under M — M is the
desired real analytic multi-section for M — X. Note that, for the real analyticity around
the cone points and the boundary, we understand as follows. A function f on B%/(Z/m;Z)
is real analytic if f is induced from a real analytic function on B2 invariant under the action
of Z/m;Z. A function f on [0,1] x S} is real analytic if it is induced from a real analytic
function on [—1,1] x S} invariant under the map (u,v) — (—u,v).

If there are obstructions to construct multi-sections, we proceed as follows. Let E be the
C bundle over ¥ = M/U(1) associated to M — X. We consider real analytic sections of
E— X

We divide into two cases according to the uniformizability of ¥ = M/U(1). We treat the
case where X = M /U (1) is not uniformizable in a different way later.

If ¥ = M/U(1) is uniformizable, there is a finite branched cover

Y — Z/F~5=M/UQ),

where F' is a finite group acting on the real analytic surface Y. This map X' — X' is cov-
ered by the C bundle map Ex;, — E. First, take a smooth section which is not zero on
B?/(Z/m;Z) (i = 1, ..., £) and is transverse to the zero section of E — X. This gives an
F equivariant smooth section of £y, — Y. Let s be a real analytic section of By — X
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which approximates the smooth equivariant section. Then we take the average by the action

. 1 . o .
of F. Thatis, let 0 = | Z 4 -s o~ Then ¢ is equivariant and still not zero on the
yEF
preimages of B2/(Z /m;Z). The section o is transverse to the zero section because the maps

~v-so0y~! (y € F) are close to each other, each zero of o is near a zero of y-soy~! (y € F)
and the tangent maps of 7y - s o y~! near the zero of ¢ are close to each other. Thus this &
induces a real analytic section g of £ — X.

Outside the zeros of g, o gives a real analytic section of M — Y. Now we take the inverse
image & of g(X \ Zero(¢)) under M — M. This & gives the desired multi-section outside
the zeros of o.

Now we have necessary real analytic multi-sections ¢ when the boundary of X is not
empty or X is uniformizable.

Let SL* (2; R) denote the k fold covering group of SL(2; R). Using this section, we make
the diagonal matrices of SL* (2; R) act along the orbits.

If there is a real analytic multi-section ¢ over X, then we make ﬁk(Q; R) act along the
orbits. By Lemma 3.1, orbitwise rotations close to the identity can be written as a product
of commutators of orbit preserving diffeomorphisms, and the theorem of this case is shown.

If Zero(o) is not empty and there is a multi-section only over X'\ Zero(o), we need a multi-
section version of Lemma 3.3, which is proved by looking at the k fold covering along the
fiber and lift the maps appearing in the proof of Lemma 3.3 to the & fold covering.

LEMMA 9.5. — Let R : D\ {(0,0)} — SL(2;R) be the map given in Lemma 3.3.

0
Let A = <g _1>, where a = a(z,y) is real analytic and a(0,0) = 1. If a(z,y) — 1 is
a

divisible by z* + y2, then R~ AR lifts to a real analytic map A : D — SL*(2; R) such that
A,(0,0) = id.

We note that Lemma 3.4 can be applied to the lifts of the actions of the rotations and
diagonal matrices and this together with Lemma 9.5 implies the following lemma.

LEMMA 9.6. — The orbitwise action Map(D\ {0}, SL* (2; R)) which is the lift of the action
given in Lemma 3.5 extends real analytically to the fiber on 0.

By using real analytic sections o whose zero sets are disjoint, we can write an orbitwise
rotation as a product of orbitwise rotations such that the condition (x); of Lemma 3.5 is
satisfied as in the proof of Proposition 3.2. Then by Lemma 3.1, using the action of elements
of ﬁk(Z; R), we can write an orbitwise rotation close to the identity, as a product of two
commutators in Map® (X' \ Zero(o), SL* (2; R))o. Then by Lemma 9.6, the diffeomorphisms
appearing in the commutators are real analytic on the fibers of Zero(g).

If M/U (1) is not uniformizable, ¥ = M/U(1) is the 2-dimensional sphere S? with 1 or
2 cone points. In this case, M is a lens space L(p, q) for coprime integers (p, q). The lens
space L(p, q) admits a U(1) action such that L(p, ¢)/U(1) is uniformizable. The lens space
L(p,q) is given as the quotient space of S3 by the Z/pZ action defined by £ - (z1,22) =
(e2m/PV =14, e2ma/PV=12) for ¢ € Z /pZ. Thereisa U(1) action (actuallya U(1)/(Z /pZ)

4¢ SERIE — TOME 42 — 2009 — N° 4



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 633

action) induced from the diagonal U (1) action of {2V ~T*} on the unit sphere S3. For this
action X = L(p, q)/U (1) is the 2-dimensional sphere without cone points (p = 1) or with two
cone points of angle 27 /p (p # 1). Thus X is uniformizable and we can apply the previous
argument.

If the fixed point set is not empty, we need the following lemma which is SL* (2; R) version
of Lemma 5.4.

LEMMA 9.7. — Let A : C — C be the map given in Lemima 5.4 preserving concentric
circles, where we identify R* with C and a = a(w,®W) is a real analytic function on wiv and
a(0) = 1. If a — 1 is divisible by (ww)¥, then the map Ay : C — C satisfying (A (w))* =
A(w*) is real analytic at (0, 0).

Proof. — Put z = w* and in the coordinate (2, %), the map A given by
i z V2 + y? azr

/a2 + a—2y% \a"ly

is written as follows:

A(z) =

e

1<2+1)+1(2 1)22+22
“ a2 = (P R
2 a? 4 a? 2z

1(a—1)2 -

L l@-1?  1e-D@+1)

_ 2 _a 2 a _
\/ la—12%(a+1)2 1(a—1)(a+1)(a®+1)2%+722
1+ + 2 —

2 2 4 a? 2Z

If a — 1 is divisible by (2 + y2)¥ = (ww)* = 2z, Then A(z) is divisible by z and written as
the convergent series
A(z) =z (1 + Z aijzifj) .

The map Ay, is written as

/Tk(w) = ’\‘/'w’C (1 + Z aijwkiﬁkj) =w {/1 + Z aijwki@kj
and it is real analytic.
If the fixed point set is not empty, ¥ = M/U(1) is a surface of genus g with boundary and

with £ marked points. It is always uniformizable. Since ¥ = M/U(1) is uniformizable, we
proceed as before and we obtain a multi-section of M — M/U(1) outside the boundary.
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For the boundary components corresponding to the fixed point set, we have a k-fold multi-
section. By using this multi-section we make Ay act along the orbits. We can arrange the or-
bitwise rotation f obtained by Proposition 9.1 to satisfy that f —id is divisible by (z2 +y?2)2*

We take a real analytic function a on X such that a = 1 on the boundary 9%, and @ > 1 on
X\0X, a—1isdivisible by (22 +y?)* along the boundary 0.X but the (2k)-th derivative is not

— 0
trivial. By using the real analytic map ¥ — SL*(2; R) which lifts w — (a((;u) ( )_1> )
alw

by Lemma 3.1 the orbitwise rotation f close to the identity can be written as a product of two
commutators. Then by Lemmas 3.4 and 9.7, the diffeomorphisms appearing in the commu-
tators are real analytic on the fixed point set.

Thus we proved Theorem 9.4. O

10. Appendix 1: Proof of Theorem 5.3

Theorem 5.3 is a special case (n = 1) of the following Theorem 10.1. Before stating The-
orem 10.1, we clarify the situation.

We consider the complex vector space C™ with the coordinate (21, ...,2,). Let U be a
neighborhood of the origin 0. Let & : U — ¢(U) C C™ be a real analytic diffeomorphism
fixing 0 such that Thp = idp,cn.

Then the component p;(2,Z) ¢ = 1, ..., n) of (2,2) = (¢1(2,2),.-.,pn(2,2)) is
written as a convergent series in the variables (z,z) = ((#1,.-.,2n),(Z1,.-.,2n)), and

satisfies g 2 (0) = 0ij and — 8 2
Let U(1) x C™ — C™ be the U(1) action given by

(GQﬂ\/jlt, (317 e Z")) — e27r\/jlt . (217 o Zn) _ (6271'\/?17"11‘/21 627“/?1m”t2’n),

ge ey

—=*(0) = 0. Hence the linear term of ¢; is z;.

where (mq, ..., m,) is a primitive integer vector called the type of the U(1) action. Any ef-
fective real analytic U (1) action on C™ with the unique fixed point set {0} is real analytically
conjugate to this action for some (my, ..., my,).

Assume further that (z, z) is on the orbit of z. Put

v;(2,%) E: gkez] 217

k>0,6>0
k+£>1
where g7, are convergent series on
(215, 2j=1, 25415 -5 Zn)s (B1y e o3 Zjm15 Zjib 1y - - -5 Zn))-

Since ¢(z, Z) is on the same orbit of z, ¢, (z,Z)p;(z,Z) = 2;Z;. Since p;(z,Z)p;(z, Z) begins
with
(91025 + 90,175 + - )(G10%5 + Goa2 + )
i o S P
= 9{,096,121‘ + (g{,ogio + 9(]),1!1%,1)23'2'1' + 9(1),1931,0”53’ +oeee
apd this coincides with z;%;, 9{705&1 =0, g{oﬁio + 93715671 =1 and 93,1?11',0' = 0. Here
910(0) = 1 and hence it is nonzero on a neighborhood of 0, g5 ; = 0 and |g] o| = 1. If

S of 0;(2,2)p5(2,2) is g} .

g{),z, ooy g0 +—1 15 0 and 902 # 0, then the coefficient of z;

4¢ SERIE — TOME 42 — 2009 — N° 4



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 635

Since ¢;(2,2)p;(2,2) = 2;Zj, g}, = 0. Thus all the terms of ;(z,%) contain z; and
v;(%,Z)is written as ¢;(z,%Z) = z;u;(z,z), where u;(z,Z) is real analytic, u;(0,0) = 1 and
u;j(2,Z)u;(z,%Z) = 1. Then by putting u;(2,z) = 1 — v;(#,%) and

_ _ = v;(2,2)!
27y —1,u1'(Z,Z) = log(l - ’Uj(Z, Z)) == Z f&
i=1
©;(2,%) is written as @ (z,z) = z;€*>™V~1#i(*2) where u;(z, ) is real-valued if the value of
the variable Z is the complex conjugate of z.
Now since &(2,z) = (ze2™V-1m(22) 2 27V=1un(232)) is on the same orbit as
z=1(z1,...,2n),and p1, ..., p, are small near the origin,

2V —1p;(2,2) /my = 20V —1pk(2, Z) /my

holds where |z;| - |2x| # 0. This means that the real analytic functions u1(z,%)/m, ...,
tn(2,Z)/m, defined on a neighborhood of 0 coincide on the open set where
|z1]---]zn] # 0. Hence there is a real analytic function u(z,%z) defined in a neighbor-
hood of 0 such that pi(2,2) = miu(z,%2), ..., pn(2,2) = muu(z,z). Thus the orbit
preserving map @ is written as follows:

@(z’ E) _ (ZleZW\/?lmlp(z,E)’ o zneQﬂ\/?lmnu(z,E)).
We show the following theorem.

THEOREM 10.1. — Let A¢ be the polydisk of radius (. Let « € R be a Diophantine num-
ber. Let (z,Z;w) = (p1(2,Z;w), ..., 0n(2,Z;w)) be a real analytic family of real analytic
diffeomorphisms of a neighborhood U of 0 in C™ which sends each orbit the U (1) action of type
(ma,...,my) to itself, and T(gyP,, = id,cn, where D,(2) = D(2,Z;w) and w € Ac N R™.
Then there are real analytic maps A : U x (AcNR™) — R (A(z,Z; w) is constant along each
orbit) and H : U x (A; N R™) — U (H(z,Z;w) is on the same orbit as z) such that

e—2ﬂJj1Aw(z) . 627“/?10‘ . gst(z) _ Hw(e2ﬂ\/jla . Hw_l(z)),

where Ay, (2) = Ay(2,Z; w) and Hy, (2) = H(z,Z; w).
For the proof, we rewrite the equation. By replacing H,, ~!(z) by 2, the equation is written

as follows:

e—QW\/lew(Hw(z)) X 627r\/?1a . ¢w(Hw(z)) — Hw(e%r\/?la X Z)

Since @,,(z) sends each orbit to itself, we have the real analytic function p.,(z) =
u(z,Z; w) such that

@w(z) = (ZleQTF\/?lmlle(Z)7 . ,zne27r‘/jlm"/“‘w(z))_

We are going to find H,(z) such that ToH,, = idp,c~. If Hy (%) is on the same orbit as z,
then there is a real analytic function k,,(z) = k(z, Z; w) such that

Hw(Z) — (Zle2fr\/jlm1kw(z)’ o Zn€27r\/jlm"kw(z)),
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If A\, is constant along each orbit, A, (Hy(2)) = Aw(2). Then the i-th coordinate of the
above equation is written as follows:

e—2ﬂ\/—71mi Aw (2) e2ﬂ\/—71m¢a (Zie%n/jlmi kw(2) )6271'\/—71mi,uw (Hw(2))

27r\/—1mia627n/—1mi,uw (e2™V 1.z

= Z;€
Since H,,(0) = 0 and k., (0) = A, (0) = 14, (0) = 0, we have the following equation.
oo (Hup (2)) = Mo (2) = b (€27 71 2) — oy (2)
H, (Z) _ (z1€2nﬁm1kw(z)’ o ,ZHCQW\/jlm"kw(z)).

We use the Kolmogorov-Arnold-Moser process to obtain the sequence converging to the
solution.
Put

G\ k) (2,Zw) = po(Hu(2)) = Ao (2) = (ku(e2™Y 71 - 2) — Ky (2)).

We are looking for \,, and k,, such that G(\y, k) (2,Z; w) = 0. The question is:

“If we have an approximation (A, k) of the solution, how can we make a better approxi-
mation (A + Nk + 79\)?”

In principle, for an appropriate norm || - ||, we have

|G+ X,k +F) = GO\ k) = DG oy (A, B < comst (A + [[&]))”.

Thus for the given (A, k), take (X, E) sothat G(A, k)+DG » x) (3\\, 79\) is small, then ()\+X, k+7c\)
should be a better approximation.

First we investigate the terms which we need to estimate.

Put

U (21, -5 20, 0) = ,uw(zleQ’”/jlmle, el zne%‘/jmne).

Then

Oty g Oty _ Opw
50 = ; (2%\/—177%’%87% — 27V _1mizi872i .

The differential DG (5 1) is computed as follows:

DGy (N k) = E”‘J(Hw(z))%(z) —Az) — (B(e2™V I 2) — &(2)).

o0
Then
GO+ NE+k) — GO\ k) — DG (A, F)
— (22T ()R ()| 2m/ =T (ka(2) ()
— uw(zle%ﬁmlk“‘(z), e Zne2w¢?1mnkw(z))
— g—g(zle%ﬁmlkw(z), .. ,zneQW\/jlm"k’“(z))E(z).
Hence
(10.1) |G+ X,k + k) — GO\ k) — DGy (A, )| < sup 227’; (sup |&[)2.
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o%u o\\°
Here 502 = <§: (271'\/ mlzz—i — 21V —=1m; zz ) ) L.

Put
K (21, - oy 20y 0) = ki (21€2™V"TMO o o2mV/=Tma0)

Then

Oky (
50 —; 21/ — mzzZ

Now put E(z) =(1+ %(z))E(z), where E(z) = E(z,%;w). By substituting this to the

differential of G(A, k),

Y oV —1m;Z; 82)'

Zq

~ Ok,
D 1+ —)F
Gy (A (1 + 89) )

= 1,2 (14 %2 2)) () - Ac2)
(14 B v ) pem e ) - (14 %)) B(s)).

Since
GMNK) = (21, oy 20,0 + k(21,0 ooy 20,0)) — A(21, .-y 20)
— (kw(#z1y -y 20,0 + @) — ky(z1, .- ., 2n,0)),
OG(\ k) a,uw ( Okw )_(% 2rv/ T Ok, )
20 () = B (a1, () (14 52 () ) - (G ) - Tz

Hence we have
OG(\ k)

(B = o (11, (2)) (1+ 22 (2)) (2)

a0
- (FrE@n T 9Ee) - GreEE)
= O, ) (14 2 () B
_ ( (1+ 3;9 (27T )) E(z) - <1+ %( )) E(z)),
Thus
DG M1+ %)E) - %(z)E(z)
(1+ 3;9 (e2mVTa . )) (BT 2) - B(2)) - A(2).

For (A, k), we would like to solve

G\ Ek)— X = (1 + %‘“(e%ﬁa : z)) (B>l 2) - E(2)).

That is

E(e¥™V1e. 5) — E(z) = (1 a;a (271 z)>7 (G k) =),
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To find E, it is necessary that

/<1+8;0 (2T ))71 (G(\ k) —X)do =0.

Since )\ is constant on each orbit, this is rewritten as

/<1+a;9 (e2™V=Te . )>_1G(A,k)d9=X/(1+a;0 (e27V T )>_1d0.

With these (X, k = (1 + %)E)

60,0+ DG (3 (14 %) )

— GO\ k) + DGy ()\ (1 + %) E) _9GNE) g
OGO\ k)

+ 22 ()ER)

= G(\k) - (1 + age (2t )) (B>l 2) — B(2)) -
dG(\ k)
T(Z)E(Z)

= 9GO k) (2)E(z).

(10.2) 59

dG(\, k)

It is important to note that since G(, k) is small, 50

(%) is small.
Thus by (10.1) and (10.2),

8G(\, k)
0

~ ~ 02
|G(A+ X,k + k)| < sup (z)|sup |E(z)| + sup 892 (sup [k|)2.

We treat the equation

E(2™71 . 5) _ B(z) = (1 + %(e”ﬁ“ : Z)>_ (G(k) =2)

for the given (A, k), where X is already determined.

Assume that

ok 1
sup |G(\ k)| <e, and sup a2 (2,7w)| < .
ApxAyxAg AyxA,xa, 00 2
~ ~ 94
Then by the equation determining A\, sup |A| < 326 hence

Ap XAy xAg

452
< -——=e< 2%¢.

sup 332

(1 LE S >)_1 (G k) =)
Ap XAy XAg

00
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Here
ok -1 ~
veziw) = (14 B0 @) (o - 3)
00
= . Ji Jns k1 - kn
- Z ajl--~1nk1---kn(w)zl Tt ZpttZ1 Tt Zp
J1seesdnskiyeeskn
- n
satisfies @k, (W) = Qoo jrogy (@) A0 gy ek, (W) = 00 Y g =
i=1
n

Z m;k;. The reason for the latter is as follows: Since the integral of v along the orbit is 0,
i=1

/V(eznme 2, e~V 50

— E /627“/—1(21-:1 miji=y v, miki)ezljl .. annzlkl .. -E"k”de
Jiseodni ki kn
j ins k = k
= E Qs ojrkoy ool (W) 217 - - 27" 2™ - 2" = 0.

n P n k
E i:lmi‘]i_ i:lmi i

Since it vanishes as a function on (z,7z; w), the coefficient satisfies a;,...j, ...k, (w) = 0if

n n
E mij; = E msk;.
i=1 =1

. 2%¢
Since  sup  |v(z,Z;w)| < 2%, |aj, .. i ky ook (W)| < —=5————— by the Cauchy
Ap XAy XA nzz‘:l it ki
inequality.
For the series v(z,Z;w) = Z Qjseejrkirhin (w)z - - - 2,972 % - 2,k with

J1seesdn ks kn

n n
jy ek kn (’LU) = Ay okpjiegn (w) and Qjy ek kn (’LU) = 0 for Z mij; = E m;k;, put
=1 =1

B(z) = Z bjyjnkr -k (w)zlj1 T annzlkl o 'Enknv

J1s--sdn k1, skn

and we can solve

E(e%r\/jla . Z) _ E(Z) — Z (eQﬂ'\/j].a(Zz;l miji—Z:zl mik;) 1)
J1y-esdnsk1,kn

, e
by kn (W) 21 2T 2

‘Zn

[0 7T S S (w)
be — J1 " Jn k1 n .
gregnkykn (w) 62’”/?10‘(2?:1 migi—Y o miks) 1

i=1 "
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Thus
E = b . jl jnf k‘1 = k‘n
(2) = ek edon (W) 217 < 2T 2T Ey,
J1seesdn k1, kn
a.jl"'jnkl"'kn(w) 71 e _ k
=2 R RS

n . n
62wﬁa(zi=l miji—) iy maki) _ q

J1yeesdn K1y skn

This E(z) is real if the value of the variable Z is the complex conjugate of the value of z and
satisfies

v(z,Z;w) = E(e%‘/?la -z) — E(z2).
Note that by the Diophantine condition,

|e27r\/jla(27:1 miji‘zll maki) _ 1 > Cs (B=>1).

- n n 1+8
i=1 i=1
. 22¢
Slnce |a]1 Jnkikn ('UJ)| —= 7’]2?:1 ji_,’_z:»:l ks )
n n 1+
2% 2 i = 3 mik
|bj1-~jnk1-~-kn(’w)| < Cf =1 _ ,221 —
B 772i=1]’+2i=1 %
holds. Then, for |2| < (1 —a)n (0 < a < 1),
S gk )[[217 zP E
3i>0,k;>0
22e & n )
S Z Cil Z mij; — Z miki|1+5(1 — a)zz':l ‘“+Zi:1 ki
ji=>0,k;>0 - i=1
22 n 1+6 n 148
€ . no o m
< Z Cf (Z |ml|> (Z |.]Z - k’L|> (1 — G)Zizl '77’+Zi:1 kl.
§i>0,k:>0 P \i=1 =
Here

n 1+
> ( i — m) (1= )T ik
1

Ji20,k: >0

1=

n 1+
= Z (Z(]z + k1)> (1 — a)Z?:l ji_"ZLl ki

520,820, T Gk YT k0 i

SZ(Qn_l_}—g)flJ“@(l—a)e

>1 2n —1
<2271y A (1 — a)
£>1
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In the second inequality above we used the following inequality:

£ 2n-1

(zn_1+f)(2n—2+z)---(1+z):<1 1 )(bﬁ)(l 1)§22n_1_

(2n —1)(2n —2)---1-¢2n-1 2_1_1

Then by using the equalities

0 [eS) 2n+0 (2 1
/ I2n+,867’ywdx:/ (E) e~ %d (E) — ( T;"‘l +/8)
0 o \7 g yAns

with v = |log(1 — a)| and the inequality |log(1 — a)| > a,

a2nt1+8

1+
(Z ji — ks |> (1- a)Z?=lji+Z?=1 ki < 22n71w.

Ji20,k:i 20

Thus
> regkaekn W27 2 I E 7 R
>0,k >
2e (& VL Dent145)
€ oan—1L(2n+1+
cﬁ(izh’m) s TEu N

+B
_ 22"+1I‘(2n + 1 + ﬁ Z | | g
= ,@ m; I iiiB

IA

This implies that E is real analytic on A1 _gq),; X A(1_q)p X A¢ and

+B
22n+1r(2n+ 1 +ﬂ .
sup El < m &
4<17a>n><A<17a)nXA<| | Z| Z| a2n+1+8
Since
OF _ =T > § miji — Zml )
00 . ‘
J1seednok,e ke =1
J1 Ins k1 = kn
'bjl"'jnkl"'k?n(w)zl e 2n? 2y c e Zn ,
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for|z;| < (1—a)n(i=1,...,n),

2% & = 0
‘ Z 75| Z mz]z - Z mzkz|2+ﬁ(1 — a)zi:1 Ji+Zi:1 ki
Cs 5 i=1

§i>0,ki>0

23 2+8 n 2+ . .
Cﬂ-a Z <Z |m1|) (Z |7 — kz|> (1- G)Zizl Jity v ki

B 550, ki>0

IN

2+5
27e [ & n 0 e
< C (Z |mz|> (Z(Jz + kJ) (1- a)Zi=1 Jit) i,k
B i=1 ]l>0 k; >O i=1
1]1""2
o3 n 248
e 2n—1 2n+1+8
< (Zlmzl) 221N "y (1 - a)’
i=1 £>0
2me (- on—1L(2n+2+ )
< (Sml) etlrzed
=1
Thus
n 2+8
OB| _ 22*7T(2n +2 + f) S s e
Sup 90 | = my T F"
Aq-aynXAa—axAc | 00 Cs v a?nt2+s
. 22n+11(2 2 n
Thus by putting C5 = (g+ +5) and M = Z ||, we have
A i=1
ChM'*Pe
sup |E| < 555
AG—aynXA@a—a)ynXAc¢ a?nti+h
and

OF 27rC;3M2+ﬁ5

su 90| S Tganters

A—aynXAa—ayn X A¢

~ ok
Then f k:(l 7“})E,
en for + 50

~ 50,’3M1+'85

sup k| < —5——5-
= T 2nti+B
AG-ayn X Aa-ayn X A¢ da

If a holomorphic function f on A, x A, x A satisfies  sup  |f(2,Z,w)| < K, then
Ap XAy xAg
for

of

_ of
80( w) = Z(Qﬁx/imzzZ — 21V —1mZ; =),

0z; 0%;

i=1
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of
0Z;

of

are estimated by
0z;

(2,2, w)

and sup
A—ayn XA@—ayn X A¢

sup (2,Z,w)

A(l ayn XAa—ayn X A¢

% by the Cauchy formula, and

of  _ 22(1 — a)1K «— 227K
%(z,z,w)‘g(a)2|mi|§ p > fmil.

sup
A—a)nXAa—ayn X A¢ i=1 i=1
For
% f o\’
w(z,f,w) = <2(27T\/ m,zl - — 21V — mlz, )) f
0? 0 H?
— 2,2 2/— _9
= -2 <Zmz Zz +21 8zi2)+mi (2187314-21 ﬁlg)
H? 0?
+Z mlmjzlzja 07; +mm]zz ZJ%)

i#]

2 2
0 0
— E 7711777,J,21:/:J8 " +mijzZJ6 0z, )
J J

%,
by the Cauchy formula,

su a2f(zzw)‘
AnxA,I,)XAg 062>
- 1—a 2(1-a)?
<22 2(2 i|? K
< 2 Z|m|<a+ ~)
) (1-a)?
—|—22|mzm]| K+22|mzmj|7K
i#j 4,3
d l—a  (1-a)? (1—a)
2_2 2
§2W<2i=21|mi|( — K—|—4Z|mz K)
n 2
<2%7%.6 (Z |m1|>
i=1
Ok 1
Thusif su —(2,z,w)| < =, then for
A,,foxAg 39( )’ 22
%k, _ 0 |0k
ﬁ(z,z w) = Z(27r\/ mlzzai 2y — mlzlazi)@’

i=1
sup
A—aynXA@a—a)ynXAc¢

ok 0%k (1 8k>aE

Since — =

062

%k, _ T — TM
(Z,Z,’LU)‘ S EZ |ml| = 7
=1

06 — 962 80/ 06°
okl M C’,’@MHBs 5 27TC’,’3M2+55 227TC/5M2+E8
sup | < — = <
A(l—u,)’r,XA(l—u,)nXA( 80 a a2n+1+ﬂ 4 a2n+2+ﬂ a2n+2+ﬁ
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Assume that  sup  |p| < €. Then for
Ay X ApXA¢

3 (Zn: 27r\/7m1zZ
=1

5 \2
802 = —27r\/ mzzZ )) 14

0u e 2%3m* M
22 2 -6 <Z |mz|> T

sup 802

A—ayn XA —ayn X A¢

%u -\’
07 ) ( Sup "“')
A—aynXA@a—a)ynXAc¢

_ 23m M <5%M1+ﬂ5)2 3. 52n2CL2 M40/ e?

= a2 4g2n+1+5 2a4n+4+28

Thus

( sup
A—a)nXAa—ayn X A¢

Since sup |G\ k)| <e,
Ap XAy xAg

OG(\ k) ' 227 2 ~Me
su AN I -
A(lfa)nXA(Il)fa)nXAc 00 Zl 1|

OG(A, k) D ( sup |E|> - 22770’5M2+552.

2n+2+8
90 A(—ayn XA —a)yn X A¢ a

and

( sup
A—aynXAa—ayn X A¢

We assume further that
3.5 nCLM* TP < 28
and we have
N ~ 237rCéM2+ﬂ )
sup GO+ NEk+k)| < —E &2
A —ayn XA —ayn X A¢ & )l adn+4+28

Now we put Ao = 0 and ko = 0. Then G(\g, ko) = G(0,0) = u(z) and assume that

23
S <g=ée' < —o—
A,,]XX,I,)XAg @)l < -3 527TC£3M2+13

1 1
Putn,_, = <§ + ?) n and g = €, we have
sup |G (Ao, ko)| < eo.
Apg X Apg X A¢

Note that
1 1
9 0+1
Mg = Mg 121 21 =ng—1(1 — ar—1)
2t ar
1
_ 2¢6+1
where Qyp_1 = 1_|—71 e 2@—‘,—1 for ¢ > 1.
2 2¢
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Oko

Th have (Ao, ko = (1 + o
en we have (A, ko = (1 + 20

)E[] E()) such that

GO ko) = R = (14 G2V 72) ) (Bo(e?™/712) - Bo(2)

00
and
~ ok
Bo2) = (14 22(2)) B,
where
~ 24
sup [l < 55€0
no ><A,,O X A¢ 3
SC’BMH[’
sup ko| < ———
Am XAnl X A¢ | 0| 4(1 2n+1+6
ok, 227TCéM2+ﬂ
- = —_— 0.
Ay x Ay, x Ac o0 ag2n+2+p 0
Then for Ay = A\g + Xo and kq = ko + //50,
237TC;3M2+ﬁ
sup G\, k)| < —F—c¢
A?’ll XA7I1 XAC | ( ' 1)| a04’ﬂ+4+2ﬂ 0

< 237TC£3M2+ﬁ22(4n+4+2’6)802

For (Ag, k¢), assume that

sup |G (Mg, ke)| < &g
Apy X Ap, X A¢

SV ok
Then we get ()\e, ke = (1 + %> Eg) such that
5\ ok
=15 5) -0
and
T ok
ke(z) = (1 + 8702(2)> Ey(z),
where
~ 24
sup [Nl < e
Aﬁg XATI@ ><A< 3
-~ 5C’M1+B
su A oL
AnonAinA(' ol < day, 2n+1+5
Oky 22w CYy M8
A 20 | S T onters Ct
A"z+1><AZ+1><A< 06 a2nt2+B t
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Put A\pp1 = Ao + :\\z and kg1 = ke + ?C\z. Then

2371'C’ﬁM2+5
sup |G(>\Z+17k2+1)| < ﬁ&‘g
Ay XA XA agintit B
< 2P0y M P2+ Un+ar26) . 2
Moreover,
Oknt1 2 3248 €0 €2
sup < 2°wCuM =0 Lyt ).
Ay XA, X A¢ 00 B ag2n+2+hB TR

We will show that A\, and &, are defined successively and (A, k¢) converges to (A, k) which
are holomorphic on A, /5 x A, /5 x A¢, and then we will have G (A, k) = 0.

Put N = 23WC,’3M2+522(4"+4+2[’), and we have

€1 < Neg?, eg < N2AWH4H205,.2 0 gy ) < NonUinta+28) g2,
1 1 1
If we take o S W’ then €1 S W If Ey S N2(€+1)(4n+4+2ﬁ) ) then
€41 S N2(+2)(4n+a+28) Then
Y L R
2°rCsM <a02n+2+ﬂ +ot a£2n+2+ﬁ)
22(2n+2+,3) 2(€+2)(2n+2+ﬂ)
2 v 4T
< 2°nCsM (N2(4n+4+2[3) +oeet No(+1)(dn+4+25)
2270 M2tP 1
= i 1+ 4+ —-—
N 2@(2n+2+,6’)
22w CHM*+P 2nClM>+P 1 1
= N = QBWCIHM2+ﬂ22(4n+4+2B) = 92(dn+4+28) S 927
and
Okni1 1
sup < =
A XAy xAc | 00 22

is satisfied.

Thus the construction of the sequence (Ag, k¢) is performed. Since ng converges,

A= Z}:g is holomorphic on A, ;5 x A, /5 x A¢. Since
£=0
Z €0 _ Z 9(£+2)(2n+1+p) _ Z 1
a2 t1+s - N2(+1)(4n+4+28) — N 22-+£(2n+3+8)

(oo}
converges, k = ZEZ is holomorphic on A, /5 x A, /9 x Ag.
£=0
Thus (A, k) satisfies G(A, k) = 0on A, /5 x A, /5 X A¢ and this is the desired real analytic
solution.

4¢ SERIE — TOME 42 — 2009 — N° 4



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 647

11. Appendix 2: Preliminary on the real analytic diffeomorphisms

In this section, we review several fundamental facts on real analytic manifolds, real ana-
lytic maps and diffeomorphisms. Basic references are Cartan [4], Grauert-Remmert [7].

Let A be the sheaf of germs of real analytic functions on a real analytic manifold M.
Analytically coherent sheaves are defined as follows. A sheaf S on M is analytically coherent
if there is a neighborhood U of z, such that Sy is finitely generated over Ay and fory € U,
S, is represented as follows:

S, = (Ayer + -- +Aek)/{f Zazyez|2bma1y—0 (G=1,. e)}

for some basis {ej,...,ex} and bgj) € Ay. In other words, there is an exact sequence of
sheaves:
(Av)* — (Av)* — Sy — 0.
It is fundamental that if S, is finitely generated over A, then there is a neighborhood U of
x where Sy is finitely generated over Ay.
Let H™(M;S) be the n-dimensional cohomology group with coefficients in S. Then,
Theorems A and B of Cartan are stated as follows ([4]).

THEOREM 11.1 (Theorem A). — For any analytically coherent sheaf S, H°(M;S) — S,
is surjective.

THEOREM 11.2 (Theorem B). — For any analytically coherent sheaf S, for n >0,
H"(M;8)=0

Let M be a real analytic submanifold in RY . Let Z,; denote the sheaf of the real analytic
functions on RY which vanishes on M. Then, we have the well known proposition.

ProrosSITION 11.3. — Z,; is coherent.

For a real analytic submanifold M of RY, the sheaf A, of real analytic functions on M
is identified with the quotient A/Z)s. Proposition 11.3 and Theorem B of Cartan (Theorem
11.2) imply the following proposition.

PROPOSITION 11.4. — For any real analytic function f on M C RY, there is an extension
fonRYN.

PRrOPOSITION 11.5. — Any compact real analytic manifold M is defined by f = 0 with
fe HYRN; A).

Proof. — Let S ¢ R™™! be the unit sphere in RV **. Since SV — {*} = R real
analytically, M is real analytically embedded in SN < RN'!. It is sufficient to show that
there is a real analytic function f on SV defining M.

By Theorem A of Cartan (Theorem 11.1), forz € M, the definingideal (Zy;). is generated
ka

by F, .., F,E:) € H°(RN*™Zy). Then G = z:(Fi(g”))2 is a real analytic function
i=1
on RV such that G®) = 0 on M and G®) defines M on a neighborhood U, of z. For
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y € SN\ M, (Zyr), is generated by any F®) € HO(RN*': T)/) such that F) # 0 on a
neighborhood U, of y.

Now take the covering {Us }oenr U {Uy }yesn\ar of SV, Since SV is compact, we have a

b q
finite subcovering {Uy, }j=1,...p U {Uy, }¢=1,....q of it. Then the sum Z G@i) 4 Z:(F('W))2
j=1 =1
is the desired defining function of M on S™. O

The defining function fj; obtained by Proposition 11.5 is positive and bounded. By
taking a function like (1 — %)m, we obtain the following corollary.

COROLLARY 11.6. — For any e > 0 and § > 0, there is a real analytic function f on RY
whichis 1 on M and f < € out of the § neighborhood of M.

Now we look at the topology of the set of real analytic maps (see Royden [18], Hirsch [12]).

It is shown by Grauert [6] and Morrey [14] that an n-dimensional real analytic manifold
M™ is real analytically embedded in the (2n + 1)-dimensional Euclidean space R****.

Let M; and M, be compact real analytic manifolds. Let Map”(M;, Ms) and
Map® (M1, Ms) be the set of C™ maps (1 < r < co) and real analytic maps from M; to
Mo, respectively.

PrOPOSITION 11.7. — For compact real analytic manifolds My and Ms, Map® (M1, M>)
is dense in Map" (M, My) in the C" topology.

Proof. — Using the real analytic embedding theorem, this is shown as follows. Let M;
and M, be real analytic submanifolds of RM and RM2, respectively. Let f : M; — Ms be
a C" map. Then the C" map f extends to a C" map f: Upn, — M, for aneighborhood Uy,
of My in R™*. Then by the Weierstrass approximation theorem, this fis C" approximated
by a C* map f: Um, — R™2. Here, the trouble is that f(Ml) may not be in Ms. Let pyy,
denote the normal bundle projection for M, ¢ R™? which is defined in a neighborhood of
M; and C¥. Then pyy, © fis a C* map to Ms which is C” close to f.

For the group of real analytic difftomorphisms of a compact real analytic manifold M,
we have the following corollary. O

COROLLARY 11.8. — For a compact real analytic manifold M, Diff” (M) is dense in
Diff"(M) (1 <r < o) in the C" topology.

Proof. — Since Diff (M) is open in Map® (M, M) in the C™ topology, if f is a diffeomor-
phism then pyy, o fin the proof of Proposition 11.7 is a C* diffeomorphism. Thus Diff* (M)
is dense in Diff" (M) in the C" topology. For r = oo, the C*° topology is given as the pro-
jective limit topology. Hence Diff” (M) is dense in Diff (M) in the C*° topology. O

PrOPOSITION 11.9. — For a compact real analytic manifold M, Dift” (M) is locally con-
tractible.
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Proof. — Let M ¢ R", and letp : vM — M be the projection of the normal bundle
of M to M. For a real analytic diffeomorphism f in a C! neighborhood of the identity id s,
take fi(x) = p((1 —¢t)x+tf(z)). Then fi(x) is a C¥ path in Diff* (M) from the identity id ps
to f. O

ProrosITION 11.10. — For a compact real analytic manifold M, Diff (M) is homotopy
equivalent to DIff" (M) (1 <r < c0).

Proof. — Given a continuous map S* — Diff 1(M ), it is approximated by a C! map
Sk x M — M such that {*} x M — M are diffeomorphisms. Then it is approximated by
a C¥ map S* x M — M such that {x} x M — M are diffeomorphisms. Since Diff* (M)
is open in Map' (M, M), my, is surjective.

Given a continuous map f : S*¥ — Diff*(M), assume that f : S¥ — Diff*(M)
extends to a continuous map F : D**! — Diff'(M). F is approximated by C'* map
D**1 x M — M such that {*} x M — M are diffeomorphisms. Then this is approxi-
mated by a C* map F : D¥+1 x M — M. Thus we have F : D*1 — Diff(M). Now
consider the map S* x [0, 1] — Diff* (M) given by pj; o (tf—i— (1—1t)f) and we attach these
2 maps along S* = 9D**! to obtain a map D**! — Diff* (M) bounded by f. O

PropPOSITION 11.11. — Let L C M be a closed submanifold. If f € Diff“ (L) extends to
F € Diff' (M) then f € Diff*(L) extends to F € Diff* (M).

Proof. — We may assume that M is a real analytic submanifold of RY. First we approxi-
mate F by a real analytic map Fy : M — M. The C' norm of Fy|L — f : L — R" can be
made arbitrarily small. Let py; be the normal bundle projection on a neighborhood in RY
of M to M. In the product M x [0,1] ¢ RY x [0, 1], we consider the submanifold

{(pm((1 = t)Fi(z) — tf(2)),t) | = € L,t € [0,1]} € M x [0, 1],
which is C* diffeomorphic to L x [0, 1]. We have a vector field

(8;0M((1 —t)Fi(z) —tf(z)) 1)
ot ’
along this submanifold. Then by Proposition 11.4, we can extend this vector field to a C¥
vector field on RY x [0,1]. The second component of the vector field is always taken to
be 1. Now we take the restriction of this vector field on M x [0, 1] and take the image by
((pa1)+,1d,) of the restriction. Then we have a C* vector field £ on M x [0,1], and forz € L,
{(pr((1 = t)Fi(z) — tf(x)),t) | t € [0,1]} is the integral curve of £&. Let p : M — M be
the time one map of &, then this is a diffeomorphism extending f o (F1|L)~!. Then po F; is
a C% extension of f. O

COROLLARY 11.12. — Let L1 C My be a closed submanifold. If f € Diff”(L; x M>)
extends to F € Diffl(Ml X My) then f € Diff“(L; x M) extends to F' € Diff” (M; x Ms).

This corollary means the following. Given a C* map f : S¥ — Diff* (M), assume that
f: 8% — Diff* (M) extends to a continuous map F : D¥*1 — Diff*(M). Then f extends
toa C* map F : D**1 — Diff*(M).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



650 T. TSUBOI

Acknowlegement

The author is grateful to the referee for his very careful reading and for his suggestions on
the improvement of this paper.

REFERENCES

[1] V. I. ARNOL'D, Small denominators. I. Mapping the circle onto itself, Izv. Akad. Nauk
SSSR Ser. Mat. 25 (1961), 21-86, (= Amer. Math. Soc. Translations 46 (1965), 213—
284).
[2] A.BANYAGA, The structure of classical diffeomorphism groups, Mathematics and its Ap-
plications 400, Kluwer Academic Publishers Group, 1997.
[3] H. CARTAN, Idéaux de fonctions analytiques de n variables complexes, Ann. Sci. Ecole
Norm. Sup. 61 (1944), 149-197.
[4] H. CARTAN, Variétés analytiques réelles et variétés analytiques complexes, Bull. Soc.
Math. France 85 (1957), 77-99.
[5] D. B. A. EpsTEIN, The simplicity of certain groups of homeomorphisms, Compositio
Math. 22 (1970), 165-173.
[6] H. GRAUERT, On Levi’s problem and the imbedding of real-analytic manifolds, Ann. of
Math. 68 (1958), 460-472.
[71 H. GRAUERT, R. REMMERT, Coherent analytic sheaves, Grund. Math. Wiss. 265,
Springer, 1984.
[8] R. C. GUNNING, Introduction to holomorphic functions of several variables. Vol. II, The
Wadsworth & Brooks/Cole Mathematics Series, 1990.
[9] S. HALLER, J. TEICHMANN, Smooth perfectness through decomposition of diffeomor-
phisms into fiber preserving ones, Ann. Global Anal. Geom. 23 (2003), 53-63.
[10] M.-R. HErRMAN, Simplicité du groupe des diff€omorphismes de classe C*°, isotopes a
I'identité, du tore de dimension n, C. R. Acad. Sci. Paris 273 (1971), 232-234.
[11] M.-R. HERMAN, Sur le groupe des difféomorphismes R-analytiques du tore, in Differ-
ential topology and geometry ( Proc. Colloq., Dijon, 1974), Springer Lecture Notes
in Math. 484, 1975, 36-42.
[12] U. HirscH, Some remarks on analytic foliations and analytic branched coverings,
Math. Ann. 248 (1980), 139-152.
[13] J. MATHER, On the homology of Haefliger’s classifying space, C.I. M.E. Differential
Topology (1976), 71-116.
[14] C. B. MORREY JR., The analytic embedding of abstract real-analytic manifolds, Ann.
of Math. 68 (1958), 159-201.
[15] J. MoSER, A rapidly convergent iteration method and non-linear partial differential
equations. I and I, Ann. Scuola Norm. Sup. Pisa 20 (1966), 265-315 and 499-535.
[16] P. OrLIK, F. RAYMOND, Actions of SO(2) on 3-manifolds, in Proc. Conf. on Transfor-
mation Groups ( New Orleans, La, 1967 ), Springer, 1968, 297-318.
[17] F. RaymMonD, Classification of the actions of the circle on 3-manifolds, Trans. Amer.
Math. Soc. 131 (1968), 51-78.

4¢ SERIE — TOME 42 — 2009 — N° 4


http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#1
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#2
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#3
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#4
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#5
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#6
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#7
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#8
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#9
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#10
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#11
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#12
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#13
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#14
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#15
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#16
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#17

ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 651

[18] H. L. RoyDEN, The analytic approximation of differentiable mappings, Math. Ann. 139
(1960), 171-179.

[19] C. L. SIEGEL, Iteration of analytic functions, Ann. of Math. 43 (1942), 607-612.

[20] W. THURSTON, Foliations and groups of diffeomorphisms, Bull. Amer. Math. Soc. 80
(1974), 304-307.

(Manuscrit recu le 2 juillet 2008 ;
accepté, apres révision, le 24 février 2009.)

Takashi Tsusor
Graduate School of Mathematical Sciences
University of Tokyo
Komaba Meguro
Tokyo 153-8914, Japan
E-mail: tsuboi@ms.u-tokyo.ac.jp

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE


http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#18
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#19
http://smf.emath.fr/Publications/AnnalesENS/4_42/html/ens_ann-sc_42_4.html#20

	1. Introduction and statement of the result
	2. Orbit preserving diffeomorphisms of U(1) bundles
	3. Proof of Theorem 2.2
	4. Orbit preserving diffeomorphisms of manifolds with locally free U(1) actions
	5. Orbit preserving diffeomorphisms of manifolds with semi-free U(1) actions
	6. Inverse mapping theorem and its singular case
	7. Regimentation lemma
	8. Proof of main theorems
	9. Real analytic diffeomorphisms of 2 and 3 dimensional manifolds with U(1) actions
	10. Appendix 1: Proof of Theorem 5.3
	11. Appendix 2: Preliminary on the real analytic diffeomorphisms
	Acknowlegement
	References

