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GLOBAL STABILITY OF TRAVELLING FRONTS
FOR A DAMPED WAVE EQUATION
WITH BISTABLE NONLINEARITY

BY THIERRY GALLAY AND RoMAIN JOLY

ABSTRACT. — We consider the damped wave equation cus + us = uge — V' (u) on the whole real
line, where V is a bistable potential. This equation has travelling front solutions of the form u(z,t) =
h(z — st) which describe a moving interface between two different steady states of the system, one
of which being the global minimum of V. We show that, if the initial data are sufficiently close to the
profile of a front for large |z|, the solution of the damped wave equation converges uniformly on R to
a travelling front as ¢ — +o00. The proof of this global stability result is inspired by a recent work of
E. Risler [38] and relies on the fact that our system has a Lyapunov function in any Galilean frame.

REsUME. — Nous étudions I'équation hyperbolique amortie cusy + us = uge — V' (u) sur la
droite réelle, ou V est un potentiel bistable. Cette équation posséde des ondes progressives de la forme
u(z,t) = h(z — st) qui décrivent le mouvement d’une interface séparant deux états d’équilibre du sys-
téme, dont I'un est le minimum global de V. Nous montrons que, si les données initiales sont suffisam-
ment proches du profil du front pour |z| grand, alors la solution de I’équation hyperbolique amortie
converge uniformément sur R vers une onde progressive lorsque ¢ — +oco. La démonstration de ce
résultat de stabilité globale s’inspire d’un travail récent de E. Risler [38] et repose sur I’existence pour
notre systéme d’une fonction de Lyapunov dans tout référentiel en translation uniforme.

1. Introduction

The aim of this paper is to describe the long-time behavior of a large class of solutions of
the semilinear damped wave equation

(1.1 QU + Uy = Ugy — V' (1),

where @ > 0is a parameter, V : R — R is a smooth bistable potential, and the unknown u =
u(z,t) is a real-valued function of z € R and ¢ > 0. Equations of this form appear in many
different contexts, especially in physics and in biology. For instance, Equation (1.1) describes
the continuum limit of an infinite chain of coupled oscillators, the propagation of voltage
along a nonlinear transmission line [4], and the evolution of an interacting population if the
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104 T. GALLAY AND R. JOLY

spatial spread of the individuals is modelled by a velocity jump process instead of the usual
Brownian motion [18, 21, 24].

As was already observed by several authors, the long-time asymptotics of the solutions
of the damped wave equation (1.1) are quite similar to those of the corresponding reaction-
diffusion equation u; = u,, — V' (). In particular, if V/(u) vanishes rapidly enough asu — 0,
the solutions of (1.1) originating from small and localized initial data converge ast — +oo to
the same self-similar profiles as in the parabolic case [11, 23, 27, 34, 35]. The analogy persists
for solutions with nontrivial limits as x — +o00, in which case the long-time asymptotics are
often described by uniformly translating solutions of the form u(z,t) = h(x — st), which are
usually called travelling fronts. Existence of such solutions for hyperbolic equations of the
form (1.1) was first proved by Hadeler [19, 20], and a few stability results were subsequently
obtained by Gallay & Raugel [9, 10, 12, 13].

While local stability is an important theoretical issue, in the applications one is often in-
terested in global convergence results which ensure that, for a large class of initial data with
a prescribed behavior at infinity, the solutions approach travelling fronts as ¢ — +4o0. For
the scalar parabolic equation u; = u,, — V' (u), such results were obtained by Kolmogorov,
Petrovski & Piskunov [29], by Kanel [25, 26], and by Fife & McLeod [7, 8] under various
assumptions on the potential. All the proofs use in an essential way comparison theorems
based on the maximum principle. These techniques are very powerful to obtain global infor-
mation on the solutions, and were also successfully applied to monotone parabolic systems
[41, 44] and to parabolic equations on infinite cylinders [39, 40].

However, unlike its parabolic counterpart, the damped wave equation (1.1) has no max-
imum principle in general. More precisely, solutions of (1.1) taking their values in some in-
terval I C R obey a comparison principle only if
(1.2) dasupV"(u) < 1,

uel

see [37] or [10, Appendix A]. In physical terms, this condition means that the relaxation time
« is small compared to the period of the nonlinear oscillations. In particular, if I is a neigh-
borhood of a local minimum @ of V, inequality (1.2) implies that the linear oscillator cuy; +
ug + V”(@)u = 0 is strongly damped, so that no oscillations occur. It was shown in [10, 13]
that the travelling fronts of (1.1) with a monostable nonlinearity are stable against large per-
turbations provided that the parameter « is sufficiently small so that the strong damping con-
dition (1.2) holds for the solutions under consideration. In other words, the basin of attrac-
tion of the hyperbolic travelling fronts becomes arbitrarily large as @ — 0, but if « is not
assumed to be small there is no hope to use “parabolic” methods to obtain global stability
results for the travelling fronts of the damped wave equation (1.1).

Recently, however, a different approach to the stability of travelling fronts has been devel-
opped by Risler [14, 38]. The new method is purely variational and is therefore restricted to
systems that possess a gradient structure, but its main interest lies in the fact that it does not
rely on the maximum principle. The power of this approach is demonstrated in the pioneer-
ing work [38] where global convergence results are obtained for the non-monotone reaction-
diffusion system u; = uz, — VV (u), withu € R® and V : R® — R. The aim of the present
article is to show that Risler’s method can be adapted to the damped hyperbolic equation
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GLOBAL STABILITY OF TRAVELLING FRONTS 105

(1.1) and allows in this context to prove global convergence results without any smallness as-
sumption on the parameter «.

Before stating our theorem, we need to specify the assumptions we make on the non-
linearity in (1.1). We suppose that V' € C3(R), and that there exist positive constants a and
b such that

(1.3) uV'(u) > au® —b, forallu e R.

In particular, V(u) — +oo as |u| — co. We also assume

1.4 V() =0, V'(0)=0, V"(0) >0,

(1.5) V(1) <0, V(1) =0, V') >o.

Finally we suppose that, except for V(0) and V (1), all critical values of V' are positive:
(1.6) {ueR]V'(u)zo, V(u) go} = {0;1).

In other words V' is a smooth, strictly coercive function which reaches its global minimum
at w = 1 and has in addition a local minimum at v = 0. We call V' a bistable potential be-
cause both u = 0 and u = 1 are stable equilibria of the one-dimensional dynamical system
@ = —V’'(u). The simplest example of such a potential is represented in Fig. 1. Note however
that V' is allowed to have positive critical values, including local minima.

A V(u)

V(1) —+
F1GURE 1. The simplest example of a potential V satisfying assumptions (1.3)—(1.6).

Under assumptions (1.4)—(1.6), it is well-known that the parabolic equation u; = ug, —
V’(u) has a family of travelling fronts of the form u(z,t) = h(z — c.t — zo) connecting the
stable equilibria v = 1 and u = 0, see e.g. [1]. More precisely, there exists a unique speed
¢« > 0 such that the boundary value problem

{h"(y) teh(y) - V'(h(y) =0, yeR,

(1.7)
h(—o0) =1, h(+o00) =0,

has a solution i : R — (0, 1), in which case the profile A itself is unique up to a translation.
Moreover h € C*(R), h/(y) < 0 forally € R, and h(y) converges exponentially toward
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106 T. GALLAY AND R. JOLY

its limits as y — +oo. As was observed in [10, 19], for any a > 0 the damped hyperbolic
equation (1.1) has a corresponding family of travelling fronts given by

(1.8) u(z,t) = h(v/14+ac?z —cit —x0), z0€R.

Remark that the actual speed of these waves is not c,, but s, = ¢,/+/1 + ac2. In particular
s, is smaller than 1/4/« (the slope of the characteristics of Equation (1.1)), which means that
the travelling fronts (1.8) are always “subsonic”. In what follows we shall refer to ¢, as the
“parabolic speed” to distinguish it from the physical speed s..

We are now in position to state our main result:

THEOREM 1.1. — Let a > 0 and let V € C3(R) satisfy (1.3)—~(1.6) above. Then there exist
positive constants § and v such that, for all initial data (uo,u1) € HY(R) x L2(R) satisfying

£+1 )
(1.9) limsup/ ((uo(w) —1)2 +uj(z)” + ul(x)2) dz <6,
§——o0 J¢
£+1 )
(1.10) lém sup/ (uo(;c)Q +ugy(z)” + ul(x)2) dz < 4,

Equation (1.1) has a unique global solution (for positive times) such that u(-,0) = uo,
ut(+,0) = uy. Moreover, there exists xog € R such that

(1.11) sup |u(z,t) — h(v/14+ ac?x — cit — xo)‘ = 0(e™"), ast— +oo.
Tz€R
REMARKS. — 1. Loosely speaking Theorem 1.1 says that, if the initial data (ug, u1) are

close enough to the global equilibrium (1,0) as x — —oo and to the local equilibrium
(0,0) as z — 400, the solution u(z, t) of (1.1) converges uniformly in space and expo-
nentially fast in time toward a member of the family of travelling fronts (1.8). In par-
ticular, any solution which looks roughly like a travelling front at initial time will even-
tually approach a suitable translate of that front. It should be noted, however, that our
result does not give any constructive estimate of the time needed to reach the asymp-
totic regime described by (1.11). Depending on the shape of the potential and of the
initial data, very long transients can occur before the solution actually converges to a
travelling front.

2. The definition of the uniformly local Lebesgue space L2 (R) and the uniformly local
Sobolev space H,(R) will be recalled at the beginning of Section 2. These spaces pro-
vide a very convenient framework to study infinite-energy solutions of the hyperbolic
equation (1.1), but their knowledge is not necessary to understand the meaning of The-
orem |.1. In a first reading one can assume, for instance, that u{, and u; are bounded
and uniformly continuous functions, in which case assumptions (1.9), (1.10) can be re-
placed by

lim sup(juo () — 1] + |ug(2)| + Jus(2)]) < 6, limsup(|uo(x)| + |ug(z)] + |ur(@)]) < 0.

Tr— —00 r— 400

Also, to simplify the presentation, we have expressed our convergence result (1.11) in
the uniform norm, but the proof will show that the solution u(z, t) of (1.1) converges to
a travelling front in the uniformly local energy space HY (R) x L2 (R), see (9.5) below.
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3. Theconvergence rate vin (1.11)isrelated to the spectral gap of the linearization of (1.1)
at the travelling front. As is shown in Section 9, we can take v = (O(1) in the parabolic
limit & — 0, whereas v = O(1/a) as & — +o0. On the other hand, the parameter ¢
in (1.9), (1.10) must be chosen small enough so that the following two conditions are
satisfied. First, the initial data (ug,u;) should lie in the local basin of attraction of the
steady state (0,0) for large positive z, and in the basin of (1,0) for large negative x.
Next, the energy integral

/0oo RS (%U,l (z)? + %u{)(;ﬂ)Z + V(uo(;c))) dz,

which is well-defined for any ¢ > 0, should diverge to —oo as ¢ — 0. The second con-
dition is an essential ingredient of our variational proof, but we do not know if the
conclusion of Theorem 1.1 still holds without such an assumption.

The proof of Theorem 1.1 relies on the fact that Equation (1.1) has, at least formally, a
whole family of Lyapunov functions. To see this, let u(x, t) be a solution of (1.1) whose initial
data satisfy (1.9), (1.10). Given any ¢ > 0 we go to a uniformly translating frame by setting

y+ct
(1.12) w(z,t) = uc(V1+actz—ct,t), or wu.(y,t) = u<7,t).
V14 ac?

The new function u.(y, t) is then a solution of the modified equation
(1.13) atie + U — 2act, = ul + cul, — V'(uc),

where . (y,t) = duc(y,t) and ul,(y,t) = Oyuc(y, t). If we now introduce the energy function

() B = [ (Gl ) + G0 + Vs 0) d,

a direct calculation shows that
(1.15) El(t) = —(1+a02)/ e (te(y,t))?dy < 0.
R

In other words, Equation (1.1) possesses (at least formally) a continuous family of non-
equivalent Lyapunov functions, indexed by the parabolic speed ¢ > 0. In the parabolic
case « = 0, it is shown in [14] that this rich Lyapunov structure is sufficient to prove the
convergence (1.11) if we restrict ourselves to solutions which decay sufficiently rapidly to
zero as x — +o0, and we believe that the approach of [14] works in the hyperbolic case too.

However, it is important to realize that the solutions we consider in Theorem 1.1 are only
supposed to be small for large positive x, and do not necessarily converge to zero asx — +o00.
Under these assumptions the integral in (1.14), which contains the exponentially growing
factor e, is usually divergent at +oco, so that the Lyapunov function F. is certainly not well-
defined. This is a technical problem which seriously complicates the analysis. To overcome
this difficulty, a possibility is to truncate the exponential factor eV in (1.14) to make it inte-
grable over R, see [7], [38]. We choose here another solution which consists in decomposing
the solution u(z, t) into a principal part v(z,t) which is compactly supported to the right,
and a small remainder r(z, t) which decays exponentially to zero as ¢ — +o0. The idea is
then to study the approximate Lyapunov function defined by (1.14) with u.(z, t) replaced by
ve(z,t), see Section 4 for more details.
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108 T. GALLAY AND R. JOLY

As was already mentioned, the proof of Theorem 1.1 closely follows the previous work [38]
which deals with gradient reaction-diffusion systems of the form u; = u,, — VV (u). There
are, however, significant differences that we want to emphasize. First, the evolution defined
by the damped hyperbolic equation (1.1) is not regularizing in finite time, but only asymp-
totically as t — +o0. As a consequence, the compactness arguments which play an essential
role in the proof become slightly more delicate in the hyperbolic case. On the other hand, the
solutions of (1.1) have a finite speed of propagation, a property which has no parabolic ana-
log. Although this is not an essential ingredient of the proof, we shall take advantage of this
fact here and there to get a priori estimates on the solutions of (1.1). Finally, an important
property of the scalar equation (1.1) is that the associated elliptic problem (1.7) has a unique
solution (h, c.), and that the corresponding travelling front is a stable solution of (1.1). This
is no longer true for the systems considered in [38], in which several stable or unstable fronts
with different speeds may connect the same pair of equilibria. In this more general situation,
without additional assumptions one can only show that the solution u(x,t) approaches as
t — oo the family of all travelling fronts with a given speed.

Besides these natural differences due to the properties of Equation (1.1), we also made
technical choices in our proof which substantially differ from [38]. As was already mentioned,
the most important one is that we give a meaning to the Lyapunov function E. by decom-
posing the solution u(z, t), and not by truncating the exponential weight e“. The main ad-
vantage of this approach is that the behavior of the energy is then easier to control. However,
new arguments are required which have no counterpart in [38] or [14]. This is the case in par-
ticular of Section 6, which is the main technical step in our proof.

The rest of this paper is organized as follows. In Section 2, we briefly present the uni-
formly local spaces and we study the Cauchy problem for Equation (1.1) in this framework.
In Section 3, we prove the persistence of the boundary conditions (1.9), (1.10) and we de-
compose the solution of (1.1) as u(z, t) = v(z,t) + r(x,t), where v is compactly supported
to the right and r decays exponentially as ¢ — +o00. We also introduce the invasion point
Z(t) which tracks the position of the moving interface. The core of the proof starts in Sec-
tion 4, where we control the behavior of the energy E. in a frame moving at constant speed
s = ¢/v'1+ ac?. These estimates are used in Section 5 to prove that the average speed Z(t) /¢
converges to a limit s, € (0,1/+/a) ast — +oo. The main technical step is Section 6, where
we show that the energy stays uniformly bounded in a frame following the invasion point,
see Proposition 6.1 for a precise statement. This allows us to prove in Section 7 that the solu-
tion u(z, t) converges as t — +oo to a travelling front uniformly in any interval of the form
(Z(t) — L,+00). The proof of Theorem 1.1 is then completed in two steps. In Section 8, we
use an energy estimate in the laboratory frame to show that the solution u(z,t) converges
uniformly on R to a travelling front, at least for a sequence of times. Finally, the local stabil-
ity result established in Section 9 gives the convergence for all times and the exponential rate
in(1.11).

NOTATIONS. — The symbols Ky, K1, ... denote our main constants, which will be used

throughout the paper. In contrast, the local constants Cy, C1, . .. will change from a section to
another. We also denote by C a positive constant which may change from place to place.

4¢ SERIE - TOME 42 — 2009 — N° 1



GLOBAL STABILITY OF TRAVELLING FRONTS 109

Acknowledgements. — As is emphasized in the text our approach is essentially based on ideas
and techniques introduced by Emmanuel Risler, to whom we are also indebted for many
fruitful discussions. The work of Th. Gallay was partially supported by the French Ministry
of Research through grant ACI JC 1039.

2. Global existence and asymptotic compactness

In this section, we prove that the Cauchy problem for Equation (1.1) is globally well-posed
for positive times in the uniformly local energy space X = H} (R) x L? (R). We first recall
the definitions of the uniformly local Sobolev spaces which provide a natural framework for
the study of partial differential equations on unbounded domains, see e.g. [2, 5, 6, 15, 16, 17,
28, 30, 31, 32].

For any u € L2 (R), we denote

&+1 ) 1/2
@) lulzg, = swp( [ u@)ae) " = suplfullzagecrn < oo
EER Mg £€R
The uniformly local Lebesgue space is defined as
22) Ly(®) = {u € Le(®)| ullz, < o0, lim |Teu— ul 2, =0},

where T denotes the translation operator: (Tzu)(z) = u(z — ). In a similar way, for any
k € N, we introduce the uniformly local Sobolev space

2.3) Hy(R) = {u € HE (R) )af‘u € L%(R) for j = 0,1,2, .. k}

which is equipped with the natural norm

k o \1/2
lull, = (D 10%ul22 ) "
u ul

=0

It is easy to verify that HY, (R) is a Banach space, which is however neither reflexive nor sep-
arable. If CF_(R) denotes the Banach space of all u € C*(R) such that 8/ is bounded and
uniformly continuous for j = 0, ..., k, we have the continuous inclusions

Cha(R) — Hy(R) — CLT'(R).
In particular HL(R) — €2 (R) and |Jul|2. < 2||u||§ﬁl for allw € H} (R). Note also that

H}(R) is an algebra for any k > 1, ie. luv||gn < Cllullgs [lv]| gy for all u,v € Hy(R).
Finally the space C2°(R) is dense in HY, (R) for any k € N.

REMARK. — Some authors do not include in the definition of the uniformly local L? space
the assumption that £ — Tgu is continuous for any u € L2 (R). The resulting uniformly local
Sobolev spaces are of course larger, but also less convenient from a functional-analytic point of
view. In particular, one looses the property that H{ffr L(R) is dense in HE (R). As we shall see,
the definitions (2.2), (2.3) guarantee that the damped wave equation (1.1) defines a continuous
evolution in H,(R) x L? (R).

Let X = HY(R) x L2/ (R) and Y = H(R) x H} (R). The main result of this section is:
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110 T. GALLAY AND R. JOLY

PROPOSITION 2.1. — For all initial data (ug,u,) € X, Equation (1.1) has a unique global
solution u € C°([0,+00), HL(R)) N CL([0,+00), L% (R)) satisfying u(0) = uo, ut(0) = uy.
This solution depends continuously on the initial data, uniformly in time on compact intervals.
Moreover, there exists Ko, > 0 (depending only on o and V') such that

(2.4) limsup (Jlu(-, Oy, + e, )l1Z2) < Koo

Proof. — Setting w = (u, ), we rewrite (1.1) as a first order evolution equation

(2.5 wy = Aw + F(w),

where

(2.6) A:1< 0 O‘), and F(w):1< 0 )
a\§?-1 -1 o \u—V'(u)

Using d’Alembert’s formula for the solution of the wave equation auy; = ug,, it is straight-
forward to verify that the linear operator Ag on X defined by

10«
D(Ap) =Y, AO:04<620>’

is the generator of a strongly continuous group of bounded linear operators in X. The same
is true for the linear operator A, which is a bounded perturbation of Ag, see [36, Section 3.1].
On the other hand, as V € C3(R) and HY(R) — C2 (R), it is clear that the nonlinearity F
maps X into Y, and that F is Lipschitz continuous on any bounded set B C X. Thus a
classical argument shows that the Cauchy problem for (2.5) is locally well-posed in X, see
[36, Section 6.1] or [15, Section 7.2]. More precisely, for any » > 0, there exists T'(r) > 0
such that, for all initial data wy € X with |wg||x < r, Equation (2.5) has a unique (mild)
solution w € C°([0, 77, X) satisfying w(0) = wy. This solution w(t) depends continuously
on the initial data wg in X, uniformly for all ¢ € [0,T]. Moreover, if wy € Y, then w €
CL([0,T],X) N Co([0,T],Y) is a classical solution of (2.5). To prove Proposition 2.1, it re-
mains to show that all solutions of (2.5) stay bounded for positive times (hence can be ex-
tended to global solutions), and are eventually contained in an attracting ball whose radius
is independent of the initial data.

Assume that w = (u,us) € C°([0,T], X) is a solution of (2.5). Let p(z) = exp(—«|z|),
where x > 0 is small enough so that 2y/ax < 1 and k2 < a, with @ > 0 as in (1.3). For any
¢ € Rand allt € [0,T], we define

— 1
Q7))  E(Et) = / (Tep) () (oﬂuf + au? + 20V () + 5u? + auut> (z, 1) dz,
R
(2.8) F(,t) = /(Tgp)(m) (au? +u2 + au2> (z,t)dez,
R

where V(u) = V(u) — V(1) > 0 and (T¢p)(z) = p(z — ). We also denote

(2.9) M(t) = sup&(&,t), tel0,T].
EER
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GLOBAL STABILITY OF TRAVELLING FRONTS 111

Since u(-,t) € HYL(R) and u:(-,t) € L?(R), it is clear that M (¢) < oo for all ¢ € [0,T].

— 2
Moreover, as V(u) > 0 and |ouu| < 29-u? + 1u?, we have

E(,t) > /R(Tgp)(a:)(cfuf + au? + éu2)(x,t) dz.

Taking in both sides the supremum over £ € R and using the definitions (2.1)—(2.3), we see
that there exists C; > 0 (depending only on «) such that

lw(, )% = llu, Ol + llu, OlIZ2, < CrM(E).
On the other hand, differentiating £(&, t) with respect to time, we find

OE(Et) = — /R(Tgp)(auf +uZ +uV'(u))dz — /R(Tgp)’(m% + 20, uz) da.

To estimate the last integral, we observe that

K:2

- [ @eprunede = 5 [ @ as - matef < 5 [ @onas,

and
‘/(Tép)’Qauwut dm‘ < QaH/(Tgp)|uwut|d:L‘ < \/a/-i/(Tgp)(ozuf +u?)da.
R R R

Using (1.3) together with our assumptions on x, we arrive at

2 1 2b

1
(2.10) E(&,t) < —E/R(Tgp)(auf—i-ui—i-af)dx—i- —5.7:(5,15)4—;.

— =
This differential inequality implies that the quantity M (t) defined in (2.9) is a decreasing
function of time as long as it stays above a certain threshold. More precisely, we have:

LEMMA 2.2. — There exists Cy > 0 (depending only on o, V') such that, if M (t) > Cs for
somet € [0,T) and E(&,t) > M(t) — 1 for some € € R, then 8;E(&,t) < —1.

Assuming this result to be true, we now conclude the proof of Proposition 2.1. It follows
readily from Lemma 2.2 that M (t) < max(C2, M (0) —t) forall ¢t € [0, T, an estimate which
holds for any solution w € C°([0,T], X) of (2.5). This shows that any solution of (2.5) stays
bounded in X for positive times (hence can be extended to a global solution), and that (2.4)
holds with Koo = Cl CQ. O

Proof of Lemma 2.2. — We use the same notations as in the proof of Proposition 2.1. Let
Cs = 2(1 + 2b/k), and take L > 0 large enough so that e** > 3. Fix also ¢ € R and
t€[0,T]. If F(&,t) > Cs, then 9;£(€,t) < —1 by (2.10). On the other hand, if F(¢,t) < Cs,
there exists C4 > 0 (depending on «, V', L, and C3) such that

E+L
(2.11) /{: 5 (Tep) () e(u, ug, ug)(z, t) dz < Cy,
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112 T. GALLAY AND R. JOLY

where e(u, ug, ur) = o?uf + au? + 2aV (u) + 3u? + auu, > 0. Inequality (2.11) holds
because F(&,t) controls the norm of (u,u;) in HY([¢ — L, & + L)) x L%([¢ — L, & + L]). As
a consequence of (2.7), (2.11) at least one of the following inequalities holds:

(2.12) either /OO (Tep)(z) e(u, ug, ug) (z, t) dz > %(5(5,25) —Cy),
E+L

e—L
or [ (Tep) (@) el u)w 0)di > 5(EE,1) — Co)

Suppose for instance that the first inequality in (2.12) holds. Then

oo

E(E+L1) > /5 | Tenp)@) e ), 1) d

h 3
> 3/€+L(T§P)(x) e(u, ug,up)(z,t)dz > Z(E(E1) ~ Ca),

because (Teyrp)(xz) > 3(Tep)(x) for all z > £ + L, by assumption on L. Using a similar
argument in the other case we conclude that, if 7(£,¢) < C3, then

(2.13) max (E(€ + L,1),£(6 — L,1)) > S(6(6,1) — Cu).

Now, fix C5 > 3(Cy+1). If M(t) > Csand E(&,t) > M (t)—1, we claim that F (¢, ¢t) > Cs,
so that 9;£(&,t) < —1 by (2.10). Indeed, if F(&,t) < Cs, it follows from (2.13) that

M(t) > max(£(5+L,t),£(5—L,t)) > g(M(t) —-1-0Cy),

which contradicts the assumption that M (t) > Cs. O

REMARK. — The proof of Proposition 2.1 can be simplified if we assume, in addition to
(1.3), that uV’(u) > o'V (u) — b’ for some positive constants a’, b’, but Lemma 2.2 allows us
to avoid this unnecessary assumption.

To conclude this section, we show that the solutions of (1.1) given by Proposition 2.1 are
locally asymptotically compact, in the following sense:

PROPOSITION 2.3. — Letu € C°([0, +00), HL (R))NC ([0, +00), L2, (R)) be a solution of
(1.1), and let { (2, tn) }nen be a sequence in R X R such that t,, — +o00 asn — oo. Then there
exists a subsequence, still denoted (z,,,t,), and a solution i € C°(R, HL (R)) NC' (R, L?,(R))
of (1.1) such that, for all L > 0 and all T > 0,

sup (”"(iﬂn + ot +t) = U0, )| =0 F ug(@n + 5t +1) = ﬂt('7t)HL2([—L,L])> — 0.
te[-T,T] n—oo

In other words, after extracting a subsequence, we can assume that the sequence

{u(zy, + z,t, + t)} converges in C°([-T,T], HL.(R)) N C}([-T,T], L% .(R)) towards a
solution @(z,t) of (1.1), for any T > 0.
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Proof. — As in the proof of Proposition 2.1, we set w = (u,u;) and we consider Equa-
tion (2.5) instead of Equation (1.1). If wy € X, the solution of (2.5) with initial data wq has
the following representation:

t
w(t) = etwy +/ At F(w(s))ds = wi(t) + wa(t).
0
As s easily verified, there exist Cg > 0 and p > 0 such that [|e?*||z(x) < Cg e forallt > 0
(this estimate will be established in a more general setting in Section 9, Lemma 9.2). Thus
w1 (t) = ewy converges exponentially to zero as t — 00, and can therefore be neglected.
On the other hand, by Proposition 2.1, there exists C7 > 0 such that ||w(t)||x < Cy for all
t > 0. As F maps X into Y = D(A) and is Lipschitz on bounded sets, there exists Cs > 0
such that ||AF(w)||x < Cs whenever ||w||x < Cr. Since Aws(t) = fot eAt=9) AF (w(s)) ds,
we deduce that

t
[Aw, ()]l x < Cs/ eI AF (w(s))|x ds < L =0
0

hence there exists Cy > 0 such that ||wy(¢)||y < Cy for all ¢ > 0. In particular, given any
T > 0, the sequence {wy(zy, + -, t, — T)} is bounded in H?([-L, L)) x H*([-L, L)) for any
L > 0. Extracting a subsequence and using a diagonal argument, we can assume that there
exists Wy € HZ . (R) x HL_(R) such that, for any L > 0,

(2.14) wo(xy 4ty —T) —— Wy in HY([-L, L)) x L*([-L, L]).

n—oo

By construction ||@p|ly < Co, hence in particular wy € X. Note that (2.14) still holds if we
replace wo by the full solution w, because ||w; (-, t)||x converges to zero. Finally, let w(t) €
C%([-T,+00), X) be the solution of (2.5) with initial data w(-, —T') = . Since the evolution
defined by (2.5) has a finite speed of propagation, it is clear that the solution w(t) depends
continuously on the initial data @y in the topology of H (R) x L2 (R), uniformly in time

loc
on compact intervals. Thus it follows from (2.14) that, for all L > 0,

sup [lw(zy + -t + 1) —0(, )| (L, L)yxL2(-L,2)) —— O.
te[—T,T] n—oo
Repeating the argument for larger T and using another diagonal extraction, we conclude the
proof of Proposition 2.3. O

3. Pinching at infinity and splitting of the solution

In this section we prove that, if the initial data satisfy the boundary conditions (1.9),(1.10),
the solution u(z, t) of Equation (1.1) has the same properties for all positive times. As a con-
sequence, we show that any such solution can be decomposed into a principal part v(z,t)
which is compactly supported to the right, and a small remainder r(z, t) which decays expo-
nentially to zero as t — +oo0.

We first verify that, due to assumptions (1.4), (1.5), the homogeneous equilibria v = 0 and
u = 1 are stable steady states of Equation (1.1). Let (ug, u1) € X = HL(R) x L% (R), and let
(u, ut) be the solution of Equation (1.1) with initial data (ug,u;) given by Proposition 2.1.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



114 T. GALLAY AND R. JOLY

LeEmMA 3.1. — There exist positive constants K;, ;, p; for i = 0,1 such that

a) If || (uo, w) 1% < o, then [[(u(-,t), us (- 1)) 1% < Koll(uo, )|l e™#°* for all t > 0.
b) If [[(wo—1,ur)ll% < 01, then [|(u(-,t)=1,ue(-, )% < Kill(uo—1,u1)||% e=#* for all
t>0.

Proof. — Tt is sufficient to prove a), the other case being similar. Let 8y = V" (0) > 0,
and choose ¢ > 0 small enough so that

(3.1) 50

In particular, we have

Bou?
2

< V"(u) < 2By, forallu e [—eg,e0]-

(3.2 < uV'(u) < 2Bpu?, and < V(u) < Bou?,

Bou®
4
whenever |u| < 9. In analogy with (2.7), we introduce the functional
1
Eo(é,t) = /(Tgp)(x) <o¢2uf + au? + 2aV (u) + §u2 + auut> (z,t)dz,
R

where p(z) = exp(—x|z|) and k > 0 is small enough so that 2¢/ax < 1 and 2x% < §y. If
Ju( )7 < 2[lu(-t)|3%. < e, it follows from (3.2) and from the definitions (2.1)—(2.3)
ul
that
Co (), u ()% < Sup50(§ t) < Coll(u(,t), (-, 1),

for some Cp > 1. Under the same assumptlon, we find as in the proof of Proposition 2.1:

0:E0(€,1) = — /R(Tgp)(auf +u? +uV'(u))dz — /R(Tgp)'(uuw + 20uzu;) do

_/]R(Tgp)((; + 2“w+i0 2) dz < —po&o(§, 1),

for some pg > 0. Now, let Ko = CZ and choose §p > 0 small enough so that 2Kdy < €3.
If ||(uo,u1)|% < &o, the inequalities above imply that the solution (u,u;) satisfies

I(w(t), w15 < Koll(uo,u1)||% e ot for all ¢ > 0. In particular, ||u(-,t)[|2. <
2l|u(-,t)]12, < egetot forallt > 0. O
ul

IN

From now on, we assume that the initial data (ug, u1) € X satisfy the assumptions (1.9),
(1.10) for some § < min(dg, d1)/2, and we letu € CO([0, +00), HL (R))NC ([0, +00), L2 (R))
be the solution of (1.1) given by Theorem 1.1. Using Lemma 3.1 and the finite speed of prop-
agation we show that, for all ¢ > 0, the solution u(z, t) stays close for large |z| to the homo-
geneous equilibria u = 0 and u = 1.

PROPOSITION 3.2. — [f'd < min(dy, d1)/2, the solution of (1.1) given by Theorem 1.1 sat-
isfies, for all t > 0,

£+1
(3.3) lim sup/ (u(x, )% + ug(, t)2 + u(z, t)2> da < Koy e Mo,

£+1
3.4) limsup/ ((u(m,t) —1)? +ug(z, 1)’ + ut(x,t)2> dz < K16y e Mt
1

E——o0
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Proof. — We only prove the first inequality, the second one being similar. Take £, € R
such that

e+ 2 350
/ <uo(m)2 +ug(z)” + ul(x)Q) dz < R forall¢ > & —4.
3

We consider the modified initial data (rg,71) € X defined by
(3.5 ro(z) = 0(z — &)uo(z), ri(z) = 0(x — &)ui(z), =z €R,

where 6(z) = min(1, (1 4+ z/4)) satisfies (z) = 1 forz > 0, 8(x) = 0 for z < —4, and
|6'(z)| < 1/4 for all z. By construction (ro(z),r1(z)) = (uo(x),u1(x)) for all z > &, and
4 £+1 )
o)l < 5 s [ (u0(e)? + (@) +ur(2)?) do < o
3 e>g0-4J¢

If (r,r;) € C°([0,+00), X) is the solution of (1.1) with initial data (rq,71), we know from
Lemma 3.1 that

(3.6) I(r(-, 1), e ()% < Kodge #ot,  forallt > 0.

On the other hand, the finite speed of propagation implies that u(z,t) = r(z,t) forallt > 0
and all z > &, + t/+/a. Both observations together imply (3.3). O

Decomposition of the solution: The proof of Proposition 3.2 provides us with a useful de-
composition of the solution of (1.1). Let

(3.7 u(z,t) = v(z,t) +r(z,t), z€R, t>0,

where r(z, t) is the solution of (1.1) associated to the initial data (rg,r1) defined in (3.5). By
construction, the principal part v(z,t) vanishes identically for x > &y + ¢/+/a, and satisfies
the modified equation

(3.8) v = Vge — V' (v+7) + V' (r),

supplemented with the initial data (vg,v1) = (ug — 70, u1 — r1). If we define

1,1

(3.9 flo,r) =V (0)+V'(r)=V'(v+r) = —vr/ / V" (tv + sr) dtds,
0 Jo

we can rewrite (3.8) in the form

(3.10) vy + vy = Vge — V' (v) + f(v, 7).

The main advantage of working with (3.10) instead of (1.1) is that the energy functional (1.14)
(with u replaced by v) is well-defined for all ¢ > 0 since v(z,t) is compactly supported to
the right. The price to pay is the additional term f(v,r) in (3.10), which we shall treat as a
perturbation. Remark that, since v(z, t) and r(z, t) stay uniformly bounded for all ¢ > 0, the
formula (3.9) shows that there exists K5 > 0 such that

(3.11) |f (v(z,t),7(z,t))] < Kal|v(z,?t)||r(z,t)], ze€R, t>0.

Moreover, we know that [|r(-,t)(|7 . < 2||r(-,)[|%,: < e #o forallt > 0, hence (3.10) is
ul
really a small perturbation of (1.1) for large times. In particular, the asymptotic compactness
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property stated in Proposition 2.3 holds for the solution v(z,t) of (3.10), and by Proposi-
tion 2.1 there exists My > 0 such that

(312 oGOy, + e O3, < Mg, forallt > o,

The invasion point.: Asis explained in [14, 38], to control the behavior of the solution u(z, t)
of (1.1) using the energy functionals (1.14) it is necessary to track for all times the approxi-
mate position of the front interface. Since r(x,t) converges uniformly to zero as ¢ — +oo,
this can be done for the solution v(z,t) of (3.10) instead of u(x,t). We thus introduce the
invasion point Z(¢) € R defined for any ¢t > 0 by

(3.13) z(t) = sup{z € R||v(z,t)| > €0},

where g¢ is as in (3.1). It is clear that Z(t) < & + ¢/+/« since v(z, t) vanishes identically for
larger values of z. In the same way, using (3.4), one can prove that there exists £&; € R such
that Z(t) > & — t/+/a for all ¢ > 0. Note that Z(¢) is not necessarily a continuous function
of ¢, although it follows from the definition (3.13) that Z(¢) is upper semi-continuous.

4. Energy estimates in a Galilean frame

As is explained in the introduction, the proof of Theorem 1.1 is based on the existence
of Lyapunov functions for Equation (1.1) in uniformly translating frames. The aim of this
section is to define these functions rigorously and to study their basic properties.

Let u(z, t) be a solution of (1.1) whose initial data satisfy the assumptions of Theorem 1.1.
Given any ¢ > 0, we go to a uniformly translating frame by setting, as in (1.12), u(z,t) =
uc(vV1+ ac?z — ct, t). To avoid confusions, we always denote by y = v/1 + ac? x — ct the
space variable in the moving frame. Note that the physical speed s € (0,1/+/a) of the frame
is related to the parabolic speed ¢ > 0 by the formulas

C S
4.1 §= o=
“-1) V1+ ac? V1—as?
If u(z, t) is decomposed according to (3.7), then u.(y, t) = v.(y,t) + rc(y,t) where
y+ct y+ct
4.2 ve(y,t) = v —————=,¢t), and 7.(y,t) = r| ——,¢t).
@2 w0 =(J5aa ! w0 = (e

By construction, both v, and r. belong to C°([0, +00), HL (R))NC* ([0, +00), L% (R)). More-
over, from (3.12) and Lemma 3.1, we know that
4.3) lve@®lZee < 20Ol < MG, lIre@®lie < 2lr®)lF, < ege ™,

for all ¢ > 0. In view of (1.13), (3.10), the evolution equations satisfied by v., 7. read

4.4) { afe + 7c — 2acrl, = 1l +erl, — V'(r.),

ate + Ve — 2act), = v 4+ v, — V' (ve) + f(ve, re),
where f(ve,r.) = —V'(ve+71e)+ V' (ve) + V'(r.). Here and in the rest of the text, to simplify
the notation and to avoid double subscripts, we set 0.(y,t) = dyvc(y,t), vL(y,t) = Oyvc(y, t),

and similarly for r.. In analogy with (3.13), we also define the invasion point in the moving
frame by

4.5) 7o) = V1+al@a(t) —ct = sup{y € R| jue(y, 8)] = eo}.
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4.1. The energy functional
In a moving frame with parabolic speed ¢ > 0, the energy functional involves an expo-

nentially growing weight eV, see (1.14). It is thus natural to introduce the following weighted
spaces:

(4.6) L2(R) = {u e L2 (R)| e ?u € L*(R)},

loc
H!R) = {u e H}.(R)|e®¥/?u € L*(R) and e®¥/?u’ € L*(R)}.

Since v (-,t) € HL(R) and v.(y,t) vanishes for all sufficiently large y > 0, it is clear that
ve(+, t) belongs to H(R) for any ¢ > 0. Similarly, .(-, ) belongs to L(R). The following
quantity is thus well-defined for any yo € R and all ¢ > 0:

., 1
(47) Bl ) = [ e (Sl + 510t +V00) o +,0) .
R

We shall refer to E.(yo,t) as the energy of the solution v.(y,t) in the moving frame. The
translation parameter y, is introduced here for later convenience. Changing yq results in a
simple rescaling, as is clear from the identity

(4.8) Ec(yo,t) = e“ W Y E (yy,1).

Due to the term f (v, r.) in (4.4), the energy E.(yo, t) is not necessarily a decreasing function
of time. Indeed, a formal calculation gives

(4.9) O FEc(yo,t) = —(1+ acQ)/ e (yo + v, 1)|* dy + Re(yo, t),
R
where
(4.10) Ro(yot) = / eV (ver o)) (o + 9, 1) dy.
R

Using (3.11) and (4.3), it is easy to verify that R.(yo, t) is well-defined for all ¢ > 0 and de-
pends continuously on time. A classical argument then shows that E.(yo, t) is indeed differ-
entiable with respect to ¢ and that (4.9) holds for all ¢ > 0. The purpose of this section is to
show that, in appropriate situations, the remainder term R, in (4.9) is a negligible quantity
which does not really affect the decay of the energy. Our first result in this direction is:

LEMMA 4.1. — There exists a positive constant K3, independent of ¢, such that
@11 [Relyor )] < Ko (Belyo, ) + 22 e,
forallyo € Rand all t > 0, where p = po/2 with pg > 0 as in Lemma 3. 1.

Proof. — Using (3.11), (4.3), and (4.10), we obtain

Kseg e"”/ W= |0, v,/ (y, 1) dy
R

K.
< ;50 e—,ut/ ec(y—yo)(|1}c|2 + [vel*) (y, ) dy.
R

Ify > 9.(t), then |v.(y, t)| < eo by (4.5), hence |v.(y, t)|? < (4/80)V (ve(y, t)) by (3.2). Thus

S Ue P + ey, 0P) < O(Sliely, 0 + ety OF + V(wely, 1)),

|Re (Yo, 1)

VAN
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where C' = max(a™1,26;"). If y < 3,(t), we can bound
1. Q. 1
5o, OF + ooly, D)1?) < O (S0, DF + 50w, O + V(vely, 1))
1 .
+ §||fuc(t)||%oc + C|minV|.

Combining these estimates and using (4.3), we thus obtain

M2 7. (1)
|Re(yo, )| < Kagoe™ | CEe(yo,t) + (70 +C|min V) / ecW=10) qy
Ka -
< Kze Mt (Ec(y(),t) + 23 eC(yc(t)*yo)) ,
C
which is the desired result. -

The following corollary of Lemma 4.1 will turn out to be useful:

PROPOSITION 4.2. — Assume that the invasion point satisfies, for some cy > 0,

Y., (t
limsupy”i() < 0.
t—+oo t

Then, there exist 1 > 0 and K4 > 0 such that, for all ¢ € [c1 —n,cy + 1), all yo € R, and all
t1 > to > 0, one has

(412) Ec(yo,tl) < K4 ma‘X(EC(yovtO)a e—cyo).
Moreover
(4.13) |R(y0,1)| < Kye "2 max(E,(yo,t0), e ), forallt > t,.

Proof. — By assumption, for all e > 0, there exists Cc > 0 such thaty,, (t) < et + C. for
all ¢ > 0. In a frame moving at parabolic speed ¢, this bound becomes

1+ ac? 1+ ac?
7.(t) < - —c)t + y/——5 C..
yc() = < 1+ac§_ (C++5) C) + 1—|—o¢cﬁ_

Thus, if we choose € > 0 small enough, there exist € (0, ¢y ) and C; > 0 such that, for all
¢ € ey —n,cy+n]andallt > 0, we have ¢, (t) < (ut)/2+ C;. Using (4.9) and Lemma 4.1,
we deduce that

(4.14) 9:Ec(yo0,t) < |Re(yo,t)| < Kse " (E,(yo,t) + Cqelt/2=cv0),

for some Cy > 0. Integrating this differential inequality between ¢y and ¢, we obtain

—mt —Ht b —ut_—pt
Ec(yo,t1) < el (e 1)Ec(yo,to)+K3,C2/ o (€T eI —pt/2—cyo gy
to
< Kymax(E.(yo,t0), e~ ),
which proves (4.12). Estimate (4.13) is a direct consequence of (4.12) and (4.14). O
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REMARK. — Of course, if the initial data ug, u; decay rapidly enough as z — +o0, the
decomposition (3.7) is not needed and we can use the energy (1.14) instead of (4.7). This is the
point of view adopted in [14]. In a first reading of the paper, it is therefore possible to setr = 0
everywhere, in which case the remainder term R, (yo, t) disappears from (4.9) and the energy
E.(yo, t) is a true Lyapunov function. However, once the invasion point is under control, the
results of this section show that R.(yo,t) becomes really negligible for large times. Thus the
general case can be seen as a perturbation of the particular situation where r = 0, and the
structure of the proof is the same in both cases.

4.2. A Poincaré inequality
As was already observed in [33] and [14], Poincaré inequalities hold in the weighted space

H!(R)ifc > 0.

PROPOSITION 4.3. — Let ¢ > 0 and let v. € H}(R). Then e®|v.(y)|*? — 0 asy — +oo.
Moreover, for any y; € R,

02 %) oo
@.15) T etPay < [P ay
Y1 Y1
and
@.16) o) < [ eol)P dy,
Y1

Proof. — A simple integration shows that, for all y; < ys,

Y2

Y2
P loc(ya) P~ e ool P = 2 [ ety +e [ eo)P .
Y1 Y1
When y9 goes to +o0, both integrals in the right-hand side have a finite limit since v, €
HL(R). Thus the first term in the left-hand side also has a limit, which is necessarily zero
since y — e%|v.(y)|* € L}(R). It follows that

@ P <2 [ el —c [ )Py
Y1 Y1

Now, forany d > —¢, we have |2v.v| < (c+d)|ve|*+ 5]v.|*. Inserting this bound in (4.17)

we find

oo
oy < ) dy+d [ e dy,
Y1

ct+dlJ,
from which (4.15) follows by taking d = —¢/2 and (4.16) by choosing d = 0. O

The Poincaré inequality implies the following important lower bound on the energy. We
recall that, for all y > 7,(¢), one has |v.(y, )| < &g by (4.5), so that V (v.(y,t)) > 0 by (3.2).
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Thus
Y. (t)

1
Balyot) = [ e (Sl + Slutl + Voo 6 dy

— 0o

o0
1
e [T (S Hutl + Vo) w o ay
7.0 N2 2

Y. (t) 1 [
> e W0 / e (minV)dy +e”° - / eVl (y,t)|* dy.
o0 2 J5.0
Using now (4.16) and the fact that |v.(7,.(¢),t)| = €9, We obtain
: 2
(4.18) Boyo,t) > ec@-w) (mmV 0570)
c

5. Existence of the invasion speed

The purpose of this section is to show that the invasion point Z(¢) defined in (3.13) has a
positive average speed as t — +00:

z(t
PROPOSITION 5.1. — The limit s = lim () exists and lies in the interval (0, ).
t—-4oo ¢ Vo

We call s, the invasion speed because this is the speed at which the front interface de-
scribed by the solution u(z,t) “invades” the steady state u = 0. We prove that s, < ﬁ,
which means that the invasion process is always “subsonic”. As a side remark, we mention
that this property may not hold in the monostable case, that is, if we drop the assumption
that the equilibrium « = 0 is stable. For instance, if h(z) = (1 + €)1, one can check that
u(z,t) = h(x — st) is a solution of (1.1) provided that

~V'(u) = u(l —u)(s+ (1 —2u)), wherey = as® - 1.
If we choose s > 0 large enough so that v > 0, the front h(xz — st) is supersonic, but in that
case we also have V”/(0) < 0, hence v = 0 is an unstable equilibrium of (1.1).
Our proof of Proposition 5.1 follows closely the method introduced in [38] and simplified
in [14]. It is divided into three lemmas.

Z(t) 1

LEMMA 5.2. — One has limsup — < — .

t——+oo t \/a

Proof. — Choose ¢ > 0 large enough so that LZ‘V + @ > 0. By (4.18), there exists
Cy > Osuch that E.(0,t) > C e¥e(®) for all t > 0. Inserting this bound into (4.11), we see

that there exists Cy > 0 such that
0:E,(0,t) < |R.(0,t)] < Coe " E,(0,t), forallt>0.

If we integrate this differential inequality as in the proof of Proposition 4.2, we find that
E.(0,t) < C3E.(0,0) for all t > 0. Going back to the lower bound E,(0,t) > C eV,
we conclude that 3, (¢) is bounded from above, hence

i () 1 ( i yc(t)) ¢ 4

imsup —> = ———(c+ limsu —,
et Vitae\V it ) S itaE  Va

which is the desired result. O
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z(t
LEMMA 5.3. — One has lim sup & > 0.
t—+oo

Proof. — We argue by contradiction and assume that lim sup(y,(¢)/t) < 0 for all ¢ > 0.
Using (4.9), (4.10) together with the bound (3.11), we find

0 Ec(0,t) = —(1+Oéc2)/R€cy|®cl2(y7t) dy+460y(f(v07rc)0c)(y,t) dy

1 K2
1 [ arol w0ty < B2 [ ety 0P et 01
R R
Our goal is to bound the right-hand side by a quantity which is integrable in time and in-
dependent of ¢ if ¢ is sufficiently small. To do that, we fix ¢’ = 2,/u, where 4 > 0 is as in

Lemma 4.1, and we assume that ¢ € (0, ¢]. Denoting p = V1 + ac2/v/1 + ac’? and using
the definitions (4.2), we obtain the identity

[ et dy = [ e¥uclire P+t - ¢t )y
R R

IN

:pec(pc/_c)t/ec”z|vcf|2|rcz|2(z,t) dz.
R

Since p < 1and ¢(pc’ — ¢) < e(c¢’ — ¢) < ¢/?/4 = p by construction, we have

[ 0
[ttt an < o ( [7 eantteotmtrans [ i)
R 0

—0o0
Remark that the right-hand side is now independent of ¢. To bound the first integral, we pro-
ceed as in the proof of Lemma 4.1. Since 7, (¢) is bounded from above by assumption, so is
E.(0,t) by Proposition 4.2 and we obtain

oo
| et PireP w0 dy < e [ o Vusty, o ay
0 R

1 =
< e (CE(0,1) + (M3 +Clmin V) e ) < Cye,

for some C4y > 0. To estimate the second integral we observe that r(z,t) = 0 for
x < & — 4 — t/+/a, because the initial data (rq,r;) satisfy (3.5). Thus there exists C5 > 0
such that r. (y,t) = 0 whenever y < —C5(1 + t), hence

0
/ oo Plre *(y,t) dy < Cs(1 + t)llver ()| L llrer (8) [T < Cs(1 +t)Mieg e

Summarizing, we have shown the existence of a constant Cg > 0 such that 6, E.(0,t) <
Cs(1 +t)e# forallt > 0andall c € (0,c]. In particular, f0°° OE:(0,t)dt < C7 =
Co(1+p)/1*.

Now, if the initial data (ug, u1), or equivalently (vg, v ), satisfy the boundary condition
(1.9) for some sufficiently small 6 > 0, it is straightforward to verify that
5.1

\ic:(_)i’jc)? = /Re“ 1+“02w<%|vl+sv6|2 + mhjf)ﬁ + V(’Uo)) (z)dx — —,
because V(1) < 0. In particular we can take ¢ € (0, ¢/] small enough so that E.(0,0) <
—2C7. Then E,(0,t) < —Cx for all t > 0, and since E.(0,t) > —e%¥<(!)| min V|/c by (4.18),
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we conclude that 7, (¢) is bounded from below. Thus lim sup(%,(¢)/t) > 0, which is the de-
sired contradiction. O

LEMMA 5.4. — One has lim inf @ = lim sup M .
t——+oo t— 400

Proof. — Again, we argue by contradiction and assume that

z(t z(t
s_ = liminfM < limsupM = sq4.
t—too ¢t t—oc0

Then there exist two increasing sequences of times ¢,, and ¢}, both converging to +oo, such

that

= (4!
Ba) g T
tn n— oo '/n

— S_.
n— oo

Given T' > 0, we can assume in view of Proposition 2.3 that the sequence of functions
(v,0)(Z(t) + -, tn + -) converges in the space C°([0, T, HL . (R) x L2 (R)) to some limit
(w,w) which satisfies (1.1). Note that |w(0,0)| = €9, because |v(Z(t,,), tn)| = € for all n by
definition of the invasion point.

Let c_, ¢4+ be the parabolic speeds associated to s_, sy according to (4.1) (if s— < 0,
we simply take c. = 0). We choose any ¢ € (c_,c4) such that ¢ > ¢y — 7, where
is the positive constant given by Proposition 4.2. By construction, 3,(t,) — oo and
y,.(t,) — —oo asm — oo. Applying (4.13) with yo = to = 0, we see that there exists Cg > 0
such that |R.(0,t)| < Cge /2 for allt > 0. Since 8,E.(0,t) < R.(0,t), it follows that
E.(0,t) > E.(0,t,) — Coe "/ for t € [0,t,], where Cg = 2Cs/pu. Taking the limit n — oo
and using (4.18), we conclude that E.(0,t) > —Cy e~ #*/2 for all t > 0.

On the other hand, using (4.7) and the estimate above on R.(0,t), we obtain

t
Ec(Oa t) - EC(O7 O) S _(1 + acZ) / / 6cy|’[}c(ya T)|2 dy dT + 09(1 - eiut/2)~
o Jr
Recalling that E,(0,t) > —Cge#t/2 and setting t = t,, + T, we find

totT
E.(0,0) > —Cg+(1+ac2)/ /ecy|i}c(y,t)|2dydt
0 R

tn+T _
> —Co+ (1+ ac?) / / Wl )4, (5, (tn) + , 1) dy dt,
tn R
hence
52 [ e 2ayat < £ (g c
. No(y,.(t, ytn +1 t < —(F:(0,0 0.
62 [ [ il + .t OF dydt < ST (B(0,0)+ Co)
Since
. . y+ct , y+ct c
Ve(y,t :v(i,t)-i-sv (7,0, where s = ———,
(1) V14 ac? V14 ac? V14 ac?

it follows from (5.2) that fOT f_LL |0+sv'|2(Z(t,) +,t, +t) dz dt converges to zero asn — oo
for any L > 0. Passing to the limit, we conclude that w(x,t) + sw’(z,¢) = 0 for all ¢t € [0, T
and (almost) all z € R. The key point is that this identity must hold for all ¢ € (c_,c4)
such that ¢ > ¢4 — 7, i.e. for all s in a nonempty open interval. Obviously, this implies that
w’ = w = 0, hence, since |w(0,0)| = &9, w(z, t) is identically equal either to €g or to —&g.
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But this is impossible, because w must be a solution of (1.1) and we know from (3.2) that
V/(:|:60) 7é 0. O

6. Control of the energy around the invasion point

Proposition 5.1 shows that the invasion point Z(t) has an average speed s, € (0,1/1/a)
as t — +o0. Our next objective is to prove that the solution v(z, t) of (3.8) converges in any
neighborhood of the invasion point to the profile of a travelling front. To achieve this goal,
a crucial step is to control the energy E.(7,.(t),t) for c close to ¢, where

(6.1) - S

Coo = —F—.
— os2?
V1 —oasz,

The main result of this section is:

PROPOSITION 6.1. — There exists a positive constant n such that, for all ¢ € [coo — 1), Coo + 1),
the energy E.(y,(t),t) is a bounded function of t > 0.

REMARKS. — 1. Itisimportant to realize that, unlike in the previous sections, we do
not consider in Proposition 6.1 the energy E.(yo,t) located at some fixed point yq in
the moving frame, but the energy E.(7.(t), t) located at the invasion point. From (4.18)
we know that E.(y,(¢),t) > (minV')/c for all ¢ > 0, hence the only problem is to find
an upper bound. If ¢ is close to ¢, it follows from Proposition 4.2 (with ¢, = ¢ ) that
E.(y.(to),t) is bounded from above for all ¢ > ¢, > 0. Thus, using the relation

(6.2) E.(G.(t),t) = eW)VM) B (5 (t0),t), t>to,

which follows immediately from (4.8), we see that E.(g.(t), t) is bounded from above
if 7,(t) stays bounded from below. Unfortunately 3,(t) — —oco ast — +oo if
¢ > Coo, and even if ¢ = co, We do not know a priori if 7, (¢) is bounded from below.
The essential ingredients in the proof of Proposition 6.1 are Lemma 6.2, which allows
to control the growth of the exponential factor e¢(e(f)=¥:(1)) in the right-hand side of
(6.2), and Lemma 6.4, which shows that the energy E.(7.(¢o), t) decays significantly
under appropriate conditions.

2. We shall prove in Section 7 that ¢, = ¢, and that the function v, (7, (t) + -, t) con-
verges uniformly on compact sets to the unique solution h of (1.7) such that h(0) = .
Now, it is easy to verify that h € HX(R) for ¢ < ¢, = 1(c. ++/c2 + 4V"(0)). In agree-
ment with Proposition 6.1, we thus expect that the energy E.(7.(t),t) stays bounded
for all times if ¢ is close to ¢, = ¢4, and blows up if ¢ > ¢p,.

3. The fact that the conclusion of Proposition 6.1 holds not only for ¢ = ¢, but for all cin
aneighborhood of the invasion speed is one of the key points of our convergence proof.
It will allow in Section 7 to control the variation of the energy E.(7,.(t),t) when the
parameter c is increased, a difficult task due to the exponential weight e in (4.7). This
problem is completely avoided in the alternative approach of [38] where only bounded
weights are used.

The first step in the proof of Proposition 6.1 consists in showing that the invasion point
Z(t) cannot make arbitrarily large jumps to the left.
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LEMMA 6.2. — There existsn > 0 such that, for all ¢ € (coo —1), Coo ), there exists a positive
constant M such that,

(6.3) y.(t') > y.(t) — M., forallt' >t>0.

Proof. — Let n be the positive constant given by Proposition 4.2 for ¢, = ¢, To prove
(6.3), we argue by contradiction. Assume that there exist a speed ¢ € (coo — 7, o) and two
sequences of times {¢,, } and {¢/,} such that¢], > ¢, > Oforalln € Nand 5,.(¢},) — 7.(tn) —
—o00 asm — 00. Since ¢ < ¢, we know that 7,(t) — 400 ast — o0, and therefore we
must have ¢,, — +o00 asn — oo. Thus, if we fix any T > 0, we can apply Proposition 2.3 and
assume without loss of generality that the sequence of functions (v, v)(Z(¢,) + -, t, + ) con-
verges in the space C°([-T, 0], H} . (R) x LZ (R)) toward some limit (w, 1) which satisfies
(1.1).

Using (4.9) and Proposition 4.2, we obtain for all n € N:

tn
(rac) [7 [ e it + 9.0 dyat

2K. -
< Befeta)stn = T) = Bol@e(ta), ) + =2 max(Bol@o(ta), tn = T) , 7).
s

In view of (6.2), we have
max(Ec@c(tn),tn -1, e—cﬂcw)) = e~ Fe(t) max(E,(0,t, — T),1) —— 0,

because 7, (t,) — +oo and E.(0, ¢, — T) is bounded from above due to (4.12). On the other
hand, since 7,(t))) — y,.(tn) — —oo by assumption, it follows from (4.18) that

) |min V]

—E,(7,(tn), t,) < eWetn)=Teltn - 0.

C n—oo
Thus, we have shown:

0
(+ac?) [ [ eV ia@ttn) +vta+ 0 dydt —— .
R

—
_T n—00

Proceeding as in the proof of Lemma 5.4, we conclude that w(z,t) + sw’(z,t) = 0 for
allt € [-T,0] and (almost) all z € R, where s = ¢/v'1 + ac?. Now, the crucial observation
is that, for any ¢’ € (¢, cx0), We still have g, (¢,) — +oo0 and g, (t],) — G (tn) — —o0 as
n — 00. The second claim follows immediately from the identity

Vitad o, V14 acs ,
V2 (5,) - 7., 0) + (Y2 e — ) (¢ — 1),
v 1+ acy v 1+ acy

Thus, repeating the same arguments, we conclude that + + s’w’ = 0 for all s’ in a nonempty
open interval. This implies that v = w’ = 0, and we obtain a contradiction as in Lemma 5.4.
O

6.4) 7,(t) -7, =

Combining the bound (6.3) and the identity (6.4), we obtain the following useful estimate,
which is valid in any frame whose speed is close enough to the invasion speed.

COROLLARY 6.3. — For all p > 0, there exist n > 0 and M > 0 such that, for all
€ € [too — My Coo + 7], OnE has

(6.5) ¥ (") —y.(t) > —M —p(t' —t), forallt' >t>0.
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The next proposition shows that, if the energy is sufficiently large at a given time, and
if the invasion point stays bounded from above on a sufficiently long time interval, then a
significant decay of energy must occur.

LEMMA 6.4. — There exist positive constants 1, to, w, and Ky such that the following holds.
Foranyc € [coo — 1y Co0 + 1], any yo € R, any t1 > to, any T > 0, and any M > 0, if the
invasion point satisfies §.(t) < yo + M for allt € [t1,t1 + T, then

(6.6) Eelyo,ts +T) < K5(e™T Bolyo, 1) +¢M).

Proof. — Let 7 be the positive number given by Proposition 4.2 for ¢, = ¢ and let
€ € [eoo — M, Coo + 7). Given yy € R, we define

o . 1 .
Ec(yo,t) = /ecy(§|vc|2 + §|v£|2 + V(v) +a'yvcvc) (yo + y,t) dy,
R

where v > 0 will be fixed later. Equation (4.4) satisfied by v, implies that

(Yo, t) = / eV (—(1 + ac®)[Ve]* + f(ve, Te) Ve + av]ve|* — y(1 + 20c?)v b
R
— 20ryev)ie — Y|v? — YV (ve)ve + 7 f (ve, rc)vc) (yo + y,t) dy.

From (3.11) and (4.3) we know that
/ecylf(vc,rc)l(lﬁcl + Y|ve|) (o + ¥, ) dy < Kaeg e"”/ e (Jvel® + [0e|*) (o + ¥, t) dy,
R R

provided that y < 3/4. Thus, using the bound 2ab < C~'a?+ Cb? and the Poincaré inequal-
ity (4.15), we obtain that, if 7 is small enough and ¢, is large enough, the following estimate
holds for all ¢ > ty:

1.
Oi€e(yo,t) < —/6cy(§|vc|2+ %IULIQ+7V’(vc)vc)(yo+y,t) dy.
R

On the other hand, we know from (4.3) that |v.(y, t)| is uniformly bounded for all y € R and
allt > 0, and from (3.2) that 2V’ (v.(y, t))ve(y, t) > V(ve(y,t)) > (Bo/4)ve(y,t)? for all
y > Y.(t). Thus, there exist w > 0 and Cy > 0 such that

Y (t)—vo
0elyot) < —wEelyo, ) +C [ e[V e duel + V)] ) (o + 9:0)
6.7) < —wé&(yo,t) + Coy ec(?c(t)—yo)’

for all £ > . In a similar way, there exist C; > 1 and Cy > 0 such that
(6.8) CflEc(yo,t) — O, e ()=o) < E(yo,t) < C1E.(yo,t) + Cs ec(ﬂc(t)—y(,)7

for all ¢ > to. Remark that, in (6.7) and (6.8), all constants can be chosen to be independent
of yo € R, of ¢ € [coo — M, Coo + 1), and of t > tg.

Now, we fix t; > to and assume that y.(¢t) —yo < M whent € [t1,t1+ T, forsome M > 0
and some 7" > 0. Integrating the differential inequality (6.7), we find

C
Ec(yo,t1 +T) < e “TE(yo, t1) + UO eM.
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Combining this result with (6.8), we arrive at

CoC
E.(yo,t1+T) < Cie“TE.(yo,t1) + (20102 + [Zu 1) eM,

which is the desired estimate. O

Using the control on the invasion point given by Lemma 6.2 and the decay of energy de-
scribed in Lemma 6.4, we are now able to prove the main result.

Proof of Proposition 6.1. — Lettg, w, K5 be as in Lemma 6.4, and choose p > 0 such that
4coop < min(w, i), where g > 0 is as in Lemma 4.1. By Corollary 6.3, there exist n > 0
and M > 0 such that (6.5) holds, and without loss of generality we can assume that 7 < coo
and that M is large enough so that e~(¢=="M < 1/2 1In the rest of the proof, we fix some
€ € [too — My Coo + 1] C (0,2¢s) (but all constants will be independent of c).

From (4.9) and Proposition 4.2 we know that, for all¢ > 0 and all 7 > 0,

O-Ec(g (1)t +7) < Kie "/ max(E (7 (¢), 1), e T-)
< Kye rHn)/2 g=eie(t) max(Ec(O,t), 1).
Since, by (6.5), cy,(t) > ¢(¥,(0) — M — pt) > —C — ut/2 for all t > 0, and since E.(0,t)

is uniformly bounded from above by Proposition 4.2, there exists C3 > 0 such that, for all

t>0andallT >0,

(6.9) Ec(yc(t), t+ T) < Ec(ﬂc(t), t) + Cs.

Now, we choose T' > 1 and C4 > C3 such that the following inequalities hold:
4K5eMewT/2 < 1 and 4Kse*M P47 < .

We claim that, if E.(7,(t),t) > C4 for some t > to, then there exists ¢’ € [1,T] such that

Ec(g.(t+1),t+ 1) < 3Ec(7,(t),1).

To prove this claim, we distinguish two possible cases. If there exists 7 € [0, T] such that
Y.(t+7) > 7.(t) +3M +p, then t’ = max(7, 1) is a suitable choice. Indeed, by Corollary 6.3,
we have 7. (t + t') > 7,.(t) + 2M and so, using (6.9), we find

B (t+t),t+ ') = cTO-TC+NE (5 (£),t + 1)
< e_sz(Ec(yc(t)7 t) + 03) S %Ec(gc(t)v t)’

because e 2°M < 1/4and C3 < C; < E.(y.(t),t) by assumption. On the other hand, if

.(t+7) <7, (t)+3M +pforall T € [0,T], we can take t' = T because, due to Corollary 6.3,
Lemma 6.4 and our choices of T, Cy, and p, we have

Ee(@(t+T),t+T) = WO VD E (g, (1),t +T)
< D (T B (g, (0), 1) + PMH)) < LB (1), ).
We now show that the claim above implies Proposition 6.1. To this purpose, we construct
the following sequence of times. We take ¢y > 0 asin Lemma 6.4, and given t¢,, we define ¢,,1

in the following way. If E.(y.(tn),tn) < C4, we simply set t,41 = t, + 1 and, using (6.9)
and Corollary 6.3, we get

EC(yc(tn+1)atn+1) = eC@C(t")7§C(t"+1))EC(yc(tn)vtn+1) < eC(M+p)(C4+C3)~
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If E.(§.(tn),tn) > Cy weset t,p1 = t, + ¢, where ¢ > 1 is the time given by the claim
above when t = t,. In this case, we know that Ec(Y,(tnt1),tnt1) < £Ec(e(tn) tn). By
contruction, the sequence {¢,,} goes to +00 as n — oo, and

lim sup E(F,(tn), tn) < e“M*P)(Cy + Cs).

n—oo
To conclude the proof, we observe that Equation (6.9) and Corollary 6.3 provide a control
on the energy for the remaining times. Indeed, since t,+1 — ¢, < T for all n, we have for all
t € [tn,tnt1] U.(¢) > ¥.(tn) — M — pT and hence, for all ¢ € [t,, tnt1],

E (7.(t),t) < e MTPT) max(E,(F.(tn),1),0) < eMHPD) max(E.(7,(tn), tn) + Cs,0).

A similar argument shows that E.(.(¢), t) is bounded from above for ¢ € [0, ¢o]. O

7. Convergence to a travelling wave

The purpose of this section is to show that, for any L > 0, the solution v of (3.8) converges
to a travelling front uniformly in the interval (Z(¢) — L, +00). The key step is to prove that, in
the frame moving at the invasion speed s, the energy dissipation around the invasion point
converges to zero as t — +00.

PROPOSITION 7.1. — Let 5o, be the invasion speed introduced in Proposition 5.1 and let ¢
be the parabolic speed (6.1). For any T > 0, we have

t
/ /ec"‘°y|fi)coc(@Cm(t)—|—y,7')|2 dydr —— 0.
t—-T JR t—+00

We start the proof with an auxiliary result showing that the energy E.(y.(¢),t) is a con-
tinuous function of the parameter c.

LEmMMA 7.2. — Let n > 0 be as in Proposition 6.1. Given any T > 0, there exists Kg > 0
such that, for all c1,ca € [coo —1/2,¢00 +1/2], allt > T and all T € [t — T, t], the following
estimate holds:

|E61 (ycl (t)aT) - EC2 (gc2 (t)77—)| < K6|cl - CQI'

Proof. — If we return to the original variables using the definitions (4.2), (4.5), we obtain
the identity

(7.1)
Ec(.(t),7)

1
- /R et (S15el? + 1oLl + V(0e) ) @) +,7) dy

_ _ . /2
— Virract 70 [ /8 (St ST v) et o,
where s = ¢/v1 + ac?. Assume first that 7 = t and ¢ = ¢, where ¢ = ¢, + 1. We know from
Proposition 6.1 that Ez(gz(t),t) is bounded (from above) for all times. On the other hand,
we obtain a lower bound on the last member of (7.1) if we replace V (v(Z(t) + z, t)) by zero
if x > 0 and by min V if z < 0. Thus, using in addition the Poincaré inequality (4.15) to
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control |v|? "2

that
(7.2) / 65\/1+°@2$(|@|2 + o' ]2 + |v|2)(§(t) +a,t)dz < Cy, forallt>0.
R

in terms of |[v'|%, we deduce from (7.1) that there exists a constant Cy > 0 such

Using the uniform control (7.2), it is a straightforward exercise to verify that the last member
of (7.1) is indeed a Lipschitz function of ¢ € [co — 1/2, ¢oo + 1/2], uniformly in ¢t > T and
7 € [t — T,t]. The only potential difficulty comes from the exponential terms. If we denote

Ye(t,7) = c(@e(r) = 7)) = V1 +ac® (@(r) —=3(t) + *(t - 7),
we know from Corollary 6.3 that Y.(¢t,7) < ¢(M + pT) for all 7 € [t — T,¢] and all
¢ € [eoo — M, €0 + 7], hence

)eYCI(t,T) — Y| < gmax(Ye, (b7 Yeo (67 |V, (£, 7) — Yo, (t,7)| < Chler — cal.

On the other hand, if ¢1, ¢ € [coo — 1/2, Coo + /2], We can bound

= 1 =2 .
ectV1itacis _ eay/Itaciz| - Coler — cof eV I+ if o >
B eeVitec® if 4 < 0,
where ¢ = ¢y, + 7 and ¢ = ¢, — 1. Thus, using estimate (7.2) for x > 0 and the uniform
bound (3.12) for z < 0, we obtain the desired conclusion. O

Proof of Proposition 7.1. — We argue by contradiction. Assume that there exist § > 0,
T > 0, and a sequence of times {¢,,} going to +oco such that

tn R
(7.3) / /e%y [Den (Fe (tn) + 4, 1)[Pdydt > 0,
tn,—T JR

for all n € N. Following an idea introduced in [38], we shall arrive at a contradiction by con-
sidering the variation of the energy along the broken line connecting the points (¢,,9.__(tn))
in the (¢, y) plane, see Fig. 2.

referential moving
% ln tnt1 at speed soo

-

AlL: significant decay

Ve, (tn) of the energy .,

A2

1
A n+1

n+1

A o A negligible change of energy

ycw (t'ﬂ+1) N
when going from E, to E.

n+1

FIGURE 2. A schematic picture of the broken line in the (¢, y)-plane which is used
in the proof of Proposition 7.1. The main idea is to control the energy decay along
the straight sections, as well as the small energy variations occuring at the vertices.

To this end we define, for alln € N,

1 Y. (¢ -7, (t
ycm( n+1) ycoo( n) + Suos and ¢, = Sn

m tn+1 - tn \/fias%

4¢ SERIE — TOME 42 — 2009 — N° 1

Spn =



GLOBAL STABILITY OF TRAVELLING FRONTS 129

As is easily verified, the speed s, is the slope of the line segment connecting (¢,,, Z(¢,)) and
(tns1, T(tny1))sie, T(tny1) —T(tn) = sp(tny1—tn). Sincey,_(t)/t converges tozeroast —
+0o by Proposition 5.1, we can assume (up to extracting a subsequence) that s,, € (0,1/+/a)
for all n € N and that s,, — so, as n — oo. Then the parabolic speed ¢,, is well-defined for
all n, and by construction 7, (tn4+1) = ¥, (tn). Extracting another subsequence if needed,
we can further assume that ¢,,11 > ¢, + T and |¢, — ¢coo| < /2 foralln € N, where p > 0
is as in Proposition 6.1, and also assume that the sum >~,,~ ¢ |cn — ¢l is finite.

Now we define, for eachn € N,

A"l = Ecn (?cn (tn)7 tn) - Ecn+1 (ycn_H (tn+1)7 tn+1)
= Ecn (ycn (tn)v tn) - Ecn (ycn (tn+1)7 tn+1)
+ Ecn (?cn (tn+1)v tn+1) - Ecn+1 (yan (tn+1), tn—i—l) = A; + Ai-

Since Y, (tnt1) =7¥,, (tn), the quantity A} is the variation of the energy E., (o, t) at a fixed
point yo € R on the time interval [¢,, t,+1]. By (4.9) and Proposition 4.2, we have

tn+1 tn+1
s = rad) [ [ e, @, Go) s v 0P ayac— [ R, @, ()0
tn R t

and
|Re, (T, (tn),t)| < K4 eH/2 g=cne, (tn) max(E.,(0,t,), 1).
But E.,(0,t,) is bounded from above uniformly in n by Proposition 4.2, and since

e, (tn)/tn converges to zero as n — oo we can assume without loss of generality that
e, (tn) > —pty /4 for alln € N. Thus

tnt1
Al > / /ec"y|1')cn(§cn(tn+1)+y,t)|2dydt—03 e Hin/4,
t R

nt1—T

for some C's > 0. Moreover, since |c, — ¢oo| < 7/2, the proof of Lemma 7.2 shows that, for
allt e [tn+1 - T, tn+1],

[ i, @, () 4.0 dyt = [ Vo @ () 4,0 dy] < Colen = el
R R

for some Cy > 0. Combining both estimates and using the assumption (7.3), we thus obtain
Al > 5— CuT|cr, — coo| — Cs e M/t peN.

On the other hand, the quantity A2 represents the change in the energy E.(7,.(tn+1), tnt1)
when ¢ varies from ¢, to ¢, 1. By Lemma 7.2, we have |A2| < Kg|c, — ¢n11|, hence

A, = AL+ A2 > 3—K6|cn—cn+1|—C4T|cn—coo|—036_“t"/4, n € N.

To conclude the proof, we observe that

N-1
Eco(yco(to)’tﬂ) _ECN(ycN(tN>7tN) = Z A, m +00,
n=0

because t, > nT and the sum ), - |cn, — ool is finite. Thus E. (9, (tn),tn) — —oo as
N — o0, in contradiction with the lower bound (4.18). Thus (7.3) cannot hold for alln € N,
and Proposition 7.1 is proved. O
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Using now, for the first time, the fact that the differential equation (1.7) has a front-like
solution for a single value of ¢, and that this solution is unique up to translations, we can
establish the local convergence to a travelling front.

COROLLARY 7.3. — The invasion speed satisfies soo = S« = ¢« /+/1 + ac?, and we have
[ eV (16@0) + ,0) + 5.0 @ + 0/ @0 + 2,0 — vl @) P
R

+ (@) + 7, ) —v*(x)|2) de — 0,

t——+oo

where vy () = h(y/1 + ac? z) and h is the solution of (1.7) normalized so that h(0) = €. In
particular, v converges to a front uniformly in any interval of the type (T(t) — L, +00).

Proof. — Fix T > 0 and let {¢,} be a sequence of times going to 400 as n — oo. In
view of Proposition 2.3, we can assume that the sequence of functions (v, 0)(Z(t,) + -, tn+-)
converges in the space C°([—T, 0], HL (R) x L (R)) to some limit (w, ) which satisfies
(1.1). By (4.2) and Proposition 7.1, we have

0
/ / e VIta oy 4 g 0 |2(Z(tn) + T, by + t) dz dt — 0,

hence w(z,t) + seow’(z,t) = 0 for all ¢ € [T, 0] and (almost) all z € R. Setting w(z,t) =
h(y/1+ ac% z — coot), we see that h is a solution of the differential equation h” + cooh’ —
V’(h) = 0. We also know that |h(z)| < M, for all z < 0, that |h(x)| < g forallz > 0,
and that |h(0)] = |w(0,0)| = eg. Due to our assumptions (1.3)—(1.6) on the potential V,
these properties together imply that ¢, = c., hence s, = s,, and that h is the unique
solution of (1.7) such that h(0) = g, see e.g. [1]. Since the limit is unique, we deduce that
the convergence above holds in fact for any sequence ¢, — —+oo. In particular, if we de-
note v.(z) = h(y/1 + ac? z), we conclude that (v, v)(Z(t) + -, t) converges as t — +o0 to
(vs, —840.) in HY([— L, L]) x L?([- L, L]), for any L > 0. Using in addition the estimate (7.2)
for x > L, and the uniform bound (3.12) for z < —L, we obtain the desired conclusion. [J

One can extract from the proof of Corollary 7.3 the following useful information on the
invasion point:
LeEmMA 7.4. — For any T > 0 we have

sup |Z(t+ 1) — Z(t) — s.7| —— 0.
|T|ST t—4o00

Proof. — Fix T > 0, and choose L > 0 large enough so that

1
(7.4) hyVi+a2l) < and h(—/I+a@L+cT) > —10
2 2

where h is as in Corollary 7.3. We claim that, for any 5> 0, there exists tg > T such that, for
all ¢ Z to,

(7.5) sup sup |[v(Z(t) +z,t+7)— h(/1+ a2z —c.T) < 0.
r€[-T,0] 2>—L

Indeed, if we restrict the values of = to a bounded interval I = [—L, L], where L’ > 0,
the analog of (7.5) follows immediately from the proof of Corollary 7.3 and the fact that
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HY(I) — L°°(I). On the other hand, by Lemma 6.2, there exists C > 0 such that Z(¢) >
Z(t +7) — C for all 7 € [T, 0]. In view of (7.2) we thus have

sup sup |v(Z(t) + z,t+7) — h(y/1+ ac?z — c.7)]

r€[-T,0] x>L

< sup sup WwEE+T7)+z,t+7)+h(V/1+a2l) —— 0,
T€[-T,0] >L'—C L'—+o0

uniformly in ¢. This proves (7.5).

We now assume that 6 < min(gg,1 —¢g)/2. Forany t > tg and any 7 € [T, 0], it follows
from (7.4), (7.5) that

|v(Z(t) — L,t+7)] > €9, and sup |v(ZT(t) +z,t+7)| < eo.
z>L
By the definition (3.13) of the invasion point, this means that Z(t + 7) € [Z(¢t) — L, ZT(¢) + L].
Using (7.5) with x = Z(¢t + 7) — z(¢) and recalling that v(Z(t + 7),t + 7) = h(0) = &9, we
obtain

6 > leo — h(vV/1+ a2 (@(t+7) — T(t)) — cum)| > m/1+ ac [T(t+ 1) — B(t) — s.7],
where

m = min{|h'(y)|‘ —V1it+a2L<y< Vl—l—acEL—}—C*T} > 0.

Thus [Z(t+7) —Z(t) — s.7| < §/(m+\/1 + ac?) forallt > toand all r € [-T,0]. Since § > 0
was arbitrarily small, we obtain the desired conclusion. O

8. Repair behind the front

As in the previous sections, we denote by u(z, t) a solution of (1.1) whose initial data fulfill
the conditions (1.9), (1.10), where § < min(do, d1)/2 is small enough so that (5.1) holds. We
know from Corollary 7.3 that, for any given L > 0, u(z,t) converges to a travelling front
uniformly for x € (Z(t) — L, +00). To conclude the proof of Theorem 1.1, it remains to prove
that u(z, t) converges uniformly to 1 far behind the invasion point. Following again the ideas
introduced in [38], we shall do this using a suitable energy estimate in the laboratory frame.

ProPOSITION 8.1. — There exists a sequence t,, — +oo such that

(8.1) [u(@(tn) + - tn) = vl + [16@ () + - t0) + 80l L2, —— 0,

n—oo

where v, is as in Corollary 7.3.

REMARK. — Using an additional argument as in [38, Section 9.6], one can show that (8.1)
holds in fact for al/l sequences ¢, — +00. In our case, this follows from the local stability of
the travelling front which will be established in the last section.

Proof. — We recall that the solution of (1.1) has been decomposed as u(z,t) = v(x,t) +
r(z,t), where the remainder (r,7) converges exponentially to zero as ¢ — +oo in the uni-
formly local energy space X = HL(R) x L? (R). Using this remark and Corollary 7.3, we
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can construct a sequence of times {¢,, } satisfying t,,+1 > ¢, + n+ 1 for alln € N and such
that, forall¢t > ¢,

z+1
(8.2) sup / (|u(§(t) +,t) + 8,0l ()2 + [u/ (Z(t) + x,t) — vl (x)]?
z>-2nJ

_ 2 1
+ |u(Z(t) + z,t) — vi ()] )da: < T

Without loss of generality, we also assume that ¢g > 1. Let § : R — [0, 1] be a smooth, non-
decreasing function satisfying §(z) = O forz < —1,6(z) = 1 forz > 1,and f_ll O(z)dz = 1.
We define a smooth map = : [to, +00) — R in the following way. For all n € N, we set

2 — ty — tni1
ZL/n+1 - tn

2y (t) = /Oooa’(t—f)x(f)df—n—e( ) if4 € [tn, tnsi).

We recall that ¢ — Z(t) is upper semi-continuous, hence measurable. Since [, 6'(z) dz = 1
and [, 20'(z) dz = 0, we have for all ¢ > 1:

z(t) — /000 0'(t —7)z(r)dr = /0Oo o't —7) (E(t) —Z(1) — 8. (t — 7')) dr,

and the right-hand side converges to zero as t — +oo by Lemma 7.4. Thus, if n € N is
sufficiently large, we see that

(8.3) Zt)—n—2 < z4(t) < T(t)—n+1, fort€ [ty,tni].

Similarly, since [, 0”(z) dz = 0 and [; 20" (z) dz = —1, we have

5e — /0 0" (t — 7)z(r) dr = /O 6"(t—*r)(f(t) —F(r) — s*(t—T)) dr —— 0,

t——+o0
hence |2/, (t) — s.| < 1ift > 0 is sufficiently large.

On the other hand, using the assumption (1.9) on the initial data and proceeding exactly
as in the proof of Proposition 3.2, we see that there exists £; € R such that

z+1
(8.4) sup / (|11(m,t)|2 + [/ (z, )| + |u(z,t) — 1|2) dz < K6, e "t
z<&1—t/adz

For allt > 0, we set z_(t) = & — 2t/+/a. Without loss of generality, we can assume that
z_(t) < x4 (t) forallt > to.

We next define, for all ¢ > ¢,
1 _
2() = [ 6(e.0) (Sl OF + (@O + Vlu(e, 1) da,
R
where V(u) = V(u) — V(1) > 0 and

e =W if x < 2_(t)
o(z,t) = 1 ifz_(t) <z <zy(t).
em+O=T if o >z (t)
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A direct calculation shows that
z_(t) L
(1) = —/¢(m,t)|u(a:,t)|2dx—/ ofa ) (ZlaP + %|u’|2+V(u)) i} da
R — o0

= ’ a .o Lo, = .
t)| = - v dx.
+3£“w¢{m4>(gu|+2hu V(W) + i} de
As is clear from (8.4), the second integral in the right-hand side converges to zero as
t — +oo. Since z4(t) — T(t) — —oo by (8.3), this is also the case for the last integral.
Indeed, as v,(z) — 1 when x — —oo, it follows from (8.2), (8.3) that (u,%)(zy(t) + -, t)
converges to (1,0) in HL (R) x L2 (R) ast — +oo. Since ®(¢t) > 0 for all times, we

loc
conclude that, given any T > 0, there exists a sequence ¢}, — +oo such that

t 4T
(8.5) / /¢mt|uwt|2dzdt—>0
Now, let us denote by ¥(z, ¢, ) the quantity

z+1
W) = [ (i )P + G 6P + et 1) do

We claim that

(8.6) sup U(z,t,) — 0.

z€[z_(t},),x4(£,)] nmee
Indeed, we first observe that, due to (8.2), (8.3), and (8.4), one has
(8.7)

/

sup {\Il(z,t;l) z € [w_(t;l),x_(t;l) + %} U {x+(tﬁl) —-n+ 2,x+(t;)}} — 0.

n—oo

Assume that (8.6) does not hold, so that after extracting a subsequence the left-hand side of
(8.6) is bounded from below for all n € N by some ¢ > 0. Then, using (8.7) and a conti-
nuity argument, we can find for any ¢’ € (0,¢) a sequence {z,} such that z, € [z_(t,) +
t/vVa, x4 (t,) —n+ 2] foralln € Nand ¥(z,,t,) = ¢’. Without loss of generality, we can
assume that &’ > 0 is sufficiently small so that the following property holds: if w : R — R is
a bounded solution of the differential equation w” — V'(w) = 0 such that |w(0) — 1|> < 2¢’,
then w(z) = 1 for all z € R. The existence of such an &’ follows from our assumptions (1.3)—
(1.6) on the potential V.

Using once again Proposition 2.3, we can assume that, after extracting a subsequence,
the sequence of functions (u, @) (2, + -, ), + -) converges in the space C°([-T,T], HL .(R) x
Lfoc(]R)) to some limit (w,w) which satisfies (1.1). In view of (8.5), we have w = 0, so that

: R — R is a bounded solution of the differential equation w” — V'(w) = 0. Moreover,

1
00 = 1P <2 [ (W@P + o) - 1) ds = 22,
0
hence our assumption on &’ implies that w = 1, which is clearly absurd. Thus (8.6) is estab-

lished, and using in addition (8.2), (8.4) we see that (8.1) holds for the sequence {¢/,}. This
concludes the proof. O
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9. Local stability of the travelling front

The aim of this final section is to show that the family (1.8) of travelling fronts of (1.1) is
asymptotically stable with shift in the uniformly local energy space X = H] (R) x L?(R).
Together with Proposition 8.1, this will conclude the proof of Theorem 1.1. Whereas a lot
is known about local stability of travelling fronts in parabolic systems (see e.g. [42]), for the
hyperbolic equation (1.1) with a bistable potential we are only aware of the note [9] where
local stability in the usual energy space H*(R) x L?(R) is briefly discussed.

From now on, we fix ¢ = ¢, and we denote by h : R — (0, 1) the unique solution of (1.7)
such that h(0) = &¢. Linearizing (1.13) at the steady state u. = h, we obtain the evolution
equation

9.1 QU + Ut — 20CUyr = Uyy + cuy — g(Y)u,
where g(y) = V”(h(y)). Proceeding as in Section 2, it is straightforward to verify that (9.1)

defines a Cy-group {S(t) }+cr of bounded linear operators in X, the generator of which is the
linear operator A given by

0
9.2) D(A) =Y, A= 1 “ :
@ \92 +cdy —g(y) —1+ 2acd,

where Y = H2(R) x HL(R). By translation invariance, A = 0 is an eigenvalue of A with
eigenfunction (h’,0). This eigenvalue is in fact simple, and the corresponding spectral pro-
jection reads

h/
9.3) il (Z) =N ( 0) /R (b1 + 50) dy,

where 12 (y) = eYh'(y), 1 = a4y + 2cyp), and N > 0 is a normalization factor. One can
check that 11, 15 decay exponentially to zero as |y| — oo. The main result of this section is:

PROPOSITION 9.1. — There exist positive constants Cy and v such that

4 IS)1 —I)lzx) < Coe™",  forallt > 0.

Using Proposition 9.1 and classical arguments which can be found in [42] or [22], it is easy
to show that the family of all translates of the steady state (h,0) is normally hyperbolic and
asymptotically stable for the evolution defined by (1.13) on X . In other words, any solution of
(1.13) whose initial data lie in a small tubular neighborhood of this family of equilibria (in the
topology of X)) converges exponentially fast as ¢ — +oo to some element of the family. Now,
if u(z,t) is a solution of (1.1) satisfying the assumptions of Theorem 1.1, Proposition 8.1
shows that the corresponding solution of (1.13) eventually enters such a tubular neighbor-
hood. Thus there exists o € R such that

O5)  luelt) = bl = o)y, + el Dz, = O(™), ast — +ox,
which implies (1.11) and concludes the proof of Theorem 1.1.
It remains to prove Proposition 9.1. Let
1 — tanh(y)
2

1 + tanh(y)

Ioo(y) = V(1) +V"(0) 5 , yER.

4¢ SERIE — TOME 42 — 2009 — N° 1



GLOBAL STABILITY OF TRAVELLING FRONTS 135

Obviously goo(y) > m for ally € R, where m = min(V"(0), V" (1)) > 0. Let A, be the lin-
ear operator on X obtained by replacing g with g in the definition (9.2) of A, and let S, (t)
be the Cp-group generated by A. For any u € HY(R), the map y — (9(y) — goo (¥))u(y)
belongs to H'(R) and converges exponentially to zero as y — “+oo. In particular, the linear
operator A— Ay ¢ (u,v) — a0, (goo — g)u) is compact in X . Moreover, the group Su. (t)
is bounded in H%(R) x H'(R) and, due to the finite speed of propagation, it preserves the
exponential decay in space. Therefore, the Duhamel perturbation formula

St)w = Seo(t)w + /Ot Seolt — T)(A — As)S(r)wdr, we X,

shows that S(¢) — Soo (t) is compact in X for any ¢ € R. In particular, S(¢) and S (t) have the
same essential spectrum (in what follows, we use the notion of essential spectrum adopted in
[22]). The first step in the proof of Proposition 9.1 is:
LEMMA 9.2. — There exist positive constants C1 and v, such that
1Se (D)l z(x) < C1 e V=t forallt > 0.
Proof. — We proceed as in the proof of Proposition 2.1. Let p(y) = exp(—kly|), where
k > 0 is small enough so that 2 + cx < min(m/2, (8a)~!) and 16ak?c? < m. If u(x,t) is

a solution of the evolution equation auy + us — 2acuy; = Uyy + CUy — goo (Y)u associated
with S, (), we define for all £ € R and all ¢ > 0:

R 1
E(gt) = / ply—¢§) (aQuf + aui + agoou? + §u2 + auut> (y,t) dy.
R

Since |auuy| < 1(u? + a?u?), there exists a constant C; > 1 such that

(96) Cl_l||(u(7t)’u(’t))”§( < zggé(gat) < Cl”(u(vt)?u(at))”%(

On the other hand, differentiating é (&, t) with respect to ¢ and using our assumptions on ,
we obtain

BE(E 1) = / p(y — €)(a? + 42 + goor®)(y, ) dy

_ / oy —§) (Zauyut + 20’ cu? + 2acuuy + uuy, + qu) (y,t)dy
R

1 A
< - 9 / ply — f)(au? + uyz; + goouz)(y’t) dy < —2v.E(§,1),
R

for some v, > 0. Thus 5‘(5, t) < é({, 0) e~ 2>t for all t > 0, and using in addition (9.6) we
obtain the desired estimate. O

Since S(t) is a compact perturbation of S, (¢) for any ¢ > 0, it follows from Lemma 9.2
that the spectrum of S(t) outside the disk {z € C||z| < e <!} consists of isolated eigen-
values with finite multiplicities. By the spectral mapping theorem, any such eigenvalue has
the form e**, where A € C is an eigenvalue of the generator A. If w = (u,v) € Y satisfies
Aw = lw, it follows from (9.2) that v = Au and

9.7 v’ + (1 +2aM)u’ — g(y)u = A1+ ad)u.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



136 T. GALLAY AND R. JOLY

It remains to study the nonlinear eigenvalue problem (9.7). Let
1
o = —(—1 + Rev1 —4ozm) < 0,

2a
where m = min(V"”(0),V”(1)) > 0. One can check that u, = sup{Re(A\) |\ € 0ess(A)}.
The key observation is:

PROPOSITION 9.3. — The spectrum of A in the half-plane {z € C|Re(z) > pa} consists
of a finite sequence of simple real eigenvalues 0 = Ao > Ay > -+ > A > g, where k € N
depends on o and V.

The proof of Proposition 9.3 relies on the following elementary result:
LEMMA 9.4. — Assume that z € C satisfies Re(z) > pq, and let

v = §(1+2az), 0 =m+z(1+ az).

Then Rey/v2 + § > Re(y) > 0.

Proof. — Since Re(z) > po > —1/(2a), it is clear that Re(y) > 0. On the other hand,
if 2 > 0,we havey > 0and § > 0, hence \/y2+ 3 > +. Thus, to prove Lemma 9.4, it
is sufficient to verify that the equality Re1/72 + ¢ = Re(7y) cannot occur if Re(z) > pq.
Assume on the contrary that /72 + § = v + 33 for some 3 € R. Then § = 2iv8 — 32, and
if we set z = 21 + iz9 with 21, 25 € R we obtain the relation

(9.8) m+ 2z +a(2? — 22) +ize(1 + 2021) = —2afczy — B2 + ifBe(1 + 2az1).

Taking the imaginary part of both sides, we find 2z, = (¢, because 1 + 2az; > 0 by assump-
tion. Using this information and taking the real part of (9.8), we arrive at

2 2
9.9 a(zl—i-%) +<oz+cl—2> zgzi—m
This is clearly impossible if 4am > 1. In the converse case, Equation (9.9) defines an ellipse
in C which is entirely contained in the half-plane {Re(z) < u,}, thus contradicting our as-
sumption on z. O

Proof of Proposition 9.3. — Assume that A\ € o(A) satisfies Re(A\) > p,. Then X is an
eigenvalue of A, and there exists a nonzero u € H?Z(R) satisfying (9.7). Since g(y) con-
verges exponentially to V' (0) as y — 400, we know that u(y) = A¢1(y) + Be2(y) for some
A, B € C, where ¢1, ¢ are particular solutions of (9.7) satisfying

Hm ¢1(y) eV T4y = 1, lim ¢o(y)e¥e VI Ty = 1,

y—+oo y—+oo
where vy = §(1+2a)) and d; = V"(0) + A(1+a)), see [3, Section 3.8]. But Lemma 9.4 im-
plies that Rey /72 + 6+ > Re(ry) > 0, hence we must have B = 0 because ¢, (y) is unbounded
asy — +oo. Thus

u(y) = Agi(y) ~ Ae W e VIRV asy — too,
and a similar argument shows that

u(y) = Ce WeVY -V a5y - —oo,
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for some C' € C, where 6_ = V"'(1) + A(1 + a)). These obervations reveal in particular that
the bounded solutions of (9.7) form a one-dimensional family, hence A is a simple eigenvalue
of A.

Moreover, if we set U(y) = e"Yu(y), then U(y) decays exponentially to zero as y — +o0,
and a direct calculation shows that U solves the differential equation

(9.10) U’ — (g(y) + %)U = M1+aN(1+a®)U, yeR.

Thus & = A(1 + aX)(1 + ac?) is an eigenvalue of the selfadjoint operator £ = 97 — (g +
c?/4). In particular, we have u € R, hence A € R because Re(\) > —1/(2a). Further-
more, since ¢ = 0 is an eigenvalue of £ with eigenfunction U(y) = e"h'(y) < 0, we
know from Sturm-Liouville theory that all the other eigenvalues of £ are strictly negative.
Finally, it follows from Bargmann’s bound and the min-max principle that £ has only a fi-
nite number of eigenvalues, see e.g. [43]. We conclude that the spectrum of A in the half-plane
{z € C|Re(z) > pq} consists of the eigenvalue A = 0 and, possibly, of a finite number of
negative eigenvalues. O

It is now easy to conclude the proof of Proposition 9.1. We know from Proposition 9.3
that A = 0 is a simple, isolated eigenvalue of A, and that the rest of the spectrum lies in
the half-plane {Re(A) < —p} for some ¥ > 0. Going back to the semigroup S(¢) gener-
ated by A, we infer that for any ¢ > 0 the spectrum of S(¢) is entirely contained in the disk
{z € C||z| < e}, where v = min(ve, P) and v is as in Lemma 9.2, except for the sim-
ple eigenvalue z = 1 which is due to the translation invariance. If we remove that eigenvalue
by restricting S(¢) to the invariant subspace ker II, where II is the spectral projection (9.3),
we obtain estimate (9.4), possibly with a slightly smaller v. The proof of Theorem 1.1 is now
complete.
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