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INTRINSIC MICROLOCAL ANALYSIS
AND INVERSION FORMULAE
FOR THE HEAT EQUATION
ON COMPACT REAL-ANALYTIC
RIEMANNIAN MANIFOLDS

By Francois GOLSE, Eric LEICHTNAM anp MartHEw STENZEL

ABSTRACT. — This paper is devoted to a new intrinsic description of microlocal analytic singularities on a
connected compact C* Riemannian manifold (X, ¢). In this approach, the microlocal singularities of a distribution

u on X are described in terms of the growth, as ¢ — 0T, of the analytic extension of ¢~ !®u to a suitable

complexification X’ of X, identified with a tubular neighborhood of the zero section in 7* X . First we show that
the analytic extension of the heat kernel of (X, g) to X' is an F.B.L transform in the sense of Sjostrand. Then
we establish various inversion formulae for the heat semigroup ¢~ ‘2 analogous to Lebeau’s inversion formula
for the Euclidean Fourier-Bros-lagolnitzer transform.

0. Introduction

The purpose of this article is to use the complexification of a compact, real analytic
Riemannian manifold to give a new, intrinsic description of the analytic wave front set
of a distribution (*), and to prove an inversion formula for the heat equation analogous
to Lebeau’s formula in the case of Euclidean space [L]. Our substitute for the Fourier
transform methods traditionally used to analyze microlocal singularities is the Fourier—
Bros-Iagolnitzer (F.B.1.) transform. The kernel of this transform is defined by the analytic
continuation of the heat kernel in the manifold variables. In order to extract useful
information from this transform, and prove the inversion formula, the main difficulty is to
understand precisely the singularity of its kernel as ¢ — 0.

Nortation 0.0. — If P is a differential operator on a manifold Z and f is a smooth function
defined on 7 X ... X Z, we denote by Py f the action of P on the k-th variable in f.

In the following (X,g) will be a compact, connected, orientable, real analytic,
n-dimensional manifold and p the leading symbol of the (non-negative) Laplace-Beltrami

(") We recall that the C° (resp. real analytic) wave front set of a distribution u is, roughly speaking, the
points at which w fails to be locally equal to a C° (resp. real analytic) function together with the codirections
contributing to the singularity.
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670 F. GOLSE, E. LEICHTNAM AND M. STENZEL

operator. There is canonically associated to (X,g) an integrable complex structure on
a sufficiently small tubular neighborhood U of the zero section in T*X (see [G-S1],
[L-S]). We complexify X by identifying it with the zero section in such a tube. To pass
from estimates on Riemannian objects in the real domain given in term of exponential
coordinates to estimates in the complex domain, it will be convenient to parameterize this
tube by the analytic continuation of the exponential map:

(z,v) €e T°X — Exp,vV—1v e U,

where T¢X is the set of tangent vectors of length less than e. For e sufficiently small this
is a diffeomorphism, and we will denote its image by M..

Let E(t,z,y) denote the heat kernel of (X,g). The F.B.I. transform is the map
w — e "y, It is well known that for every distribution v on X, e *®u is a real
analytic function. We will show that there is an € > 0, independent of u, such that e~ *?u
(resp. E(t,x,y)) can be analytically continued to M, (resp. (0, 00) X M, x M.). We denote
by d? the square of the Riemannian distance function and its analytic continuation to a
neighborhood of the diagonal Ax in M, x M.. Our first main result is Theorem 0.1 (see
below). Part (i) gives the asymptotic expansion of F(t,z,y) as t tends to 0T modulo
an exponentially decreasing term for z and y complex near the diagonal, and part ii)
characterizes the analytic wave front set of u in terms of the growth of its F.B.I. transform
in the complex domain as t — 07,

THEOREM 0.1. — For any x, € X there exists €5, p > 0 and an open neighborhood W1
of o, in M. such that:

(i) Forany 0 < t < 1 and any (z,y) € W1 x Wy we can write:
E(t,z,y) = N(t,z, y)e’d2(m’y)/4t + O(e_"/gt)

where the O(-) is uniform with respect to (x,y) as t — 0%, and N(t,z,y) is an analytic
symbol of order n /2 with respect to 1/t in the sense of [Sj] (see definition 4.3). Moreover
if & € TuyX \ {0} has length less than €5 then $\/—1d*(z,y) is an FBI phase near
(Exp,,( V—=1&),%0) and the value at Exp,, (V/—1¢&o) of the associated weight is 5|&|>.
(ii) Let u be any distribution on X and let &, € T, , X \ {0} have length less than es.
If there exists C, 6 > 0 and an open neighborhood Z of Expz()(\/—_l &o) in M, such that
forall 0 <t < 1andall x € Z,

(*) e—|£o|2/4t |e"mu(x)[ <C e 6/4t

then the covector (xg, (o) € T X defined by (o : &1 — g(&1,—&o) does not belong to the

0
analytic wave front set of u. Conversely if (xo, (o) does not belong to the analytic wave

front set of u then for suitable Z, C and § the estimate (*) is satisfied.
By the definition of N(¢,x,y) (see §4), Theorem 0.1 i) means that

(0.1) E(t,z,y) = (4rt)~"/? e @)/t Z ug(z, y)t* + O(e"”/St)
0<k< A
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INTRINSIC MICROLOCAL ANALYSIS 671

as t — 0T, where the ux(z,y) are the analytic continuation of the coefficients appearing
in the formal solution of the heat equation on (X, g) (see [B-G-M]) and C is a constant
(defined in Definition 4.2) depending on the growth (see prop 3.1) of the wy in the
complex domain. The formula (0.1) improves (for a real-analytic manifold) upon the result
of Kannai ([K]) which says that for two real points z, y of X close to each other and
any nonnegative integer [,

E(t,z,y) = (47rt)—n/2e—d2(m,y)/4t z un(z,y)t* _I_O(tl+1—n/26—d2(z,y)/4t).
0<k<1
Another intrinsic approach to microlocal analysis is through the following Toeplitz
correspondence (see [G], [G-S2]). Let w be a holomorphic form of type (n,0) which is
smooth up to the boundary of M.. We can integrate it along the fiber of the usual cotangent
fibration to get a smooth function » on X:

(0.2) ge X —ulq) = /r_l(q) w.

Epstein and Melrose (see [E-M]) have proven that for € small enough the correspondence
w € O(M.,A™°) — u € C*(X) is an isomorphism. When (X, g) is real analytic this map
extends to an isomorphism between distributions on X and the space of all holomorphic
(n,0) forms on M, with temperate growth near OM..

It can be shown that the microlocal regularity properties of «w near a boundary point « of
OM. are equivalent to the local regularity properties of w near « (see [G, §5]). The inverse
of the integral transform (0.2) is microlocally equivalent to the F.B.I. transform defined
by the square root of the Laplacian (see [G-S2], Theorem 5.3). Our approach seems to be
different because we work with F.B.I. transform associated to a differential operator. We
note that our method can also be applied to characterize C' wave front sets.

To explain our next set of results we introduce some notation. For any ¢ € X, let Y
denote the fiber 771(q) in M, (here 7 is the usual cotangent fibration). Let g%, resp. u™,
be the holomorphic tensor obtained by analytic continuation of g, resp. the Riemannian
volume 1, and let g, resp. ¥ be the complex valued tensor field obtained pulling back to
Y. For e sufficiently small, it is possible to define div® and grad® with respect to ¢g¥ and
1Y, and to form the corresponding “Laplacian,” AY = —div" grad”. (We emphasize that
generically g¥ is not real valued.) We again let uy(z,y) denote the analytic continuation
of the coefficients in the formal solution of the heat equation, and let

Hk(t’ , y) = (47Tt)—n/2ed2(ac,y)/4t (Uo(iﬂ, y) - tul(x’ y) + -+ (_t)kuk(x) y)) :
We may now state our first inversion formula for e~*2,

THEOREM 0.2. — Let k be a nonnegative integer. There exists € > 0 such that, for all
0 < € < € and all real analytic functions f on X such that | v fu =0
(0.3)

+oo
(VI f(g) = / dt /Y T, )t A un(g, )

—+oo
+/0 at /ay [Tf(t’ ')igradyﬂk(t,q,~)“y - Hk(t’q")igyradYTf(thY]

with Y = n7(q) c M..
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672 F. GOLSE, E. LEICHTNAM AND M. STENZEL

The condition | « fr = 0 means that f is orthogonal to the space of harmonic functions
(that is, the constants since X is connected and compact). The integral over Y in (0.3)
makes sense if f is “only” C'° (see Lemma 5.7), but we do not know if Theorem 0.2
is true in this case.

We will see that for t > 0, (¢,m) — H(t,q, m) is an approximate parametrix for the
operator ; — AY on Y (Proposition 3.0), whereas (t,m’) — Hy(—t,m,m’) is (up to
the constant factor (/—1)") an approximate parametrix for the heat equation J; + A on
X (see [B-G-M], page 208).

In Theorem 3.4 we will prove that, for e sufficiently small, there exists a “pseudo-heat
kernel” in Y for ; — AY: a function K (t,p,m) € CO(R% x Y x Y'), C*! with respect to
t > 0 and C? with respect to m € Y such that for all p € Y, (8; — AY)K(¢,p,m) =0,
and for all continuous complex-valued functions v € C°([0,1] x Y),

lim | u(t,m)K(t,q,m)u" (m) = u(0,q).

t—0t Jy

Moreover we will show that K satisfies certain growth estimates as ¢ — 0T. These will
allow us to prove our second inversion theorem:

TueoreM 0.3. — For e sufficiently small, we can find a pseudo-heat kernel K such that:
11 K(t,q,m) ~ (—4mrt)~"/2e? @m)/4 o5 ¢ — O, uniformly with respect to m €Y.
2] For all t; > 0 and all f € C~(X) such that [, fu =0,

to
fla) = /O dt /a y [TF Vigeaar it = K605 Vigraar ey ]
+/ Tf(ta, ) K (t2,q, )" .
Y
Note. — Unlike in Theorems 0.2 and 0.4 (below), we do not know whether K (t,q,m)

is bounded for ¢ > 1, hence we cannot let ¢ — +oo in the formula above. Furthermore,
Lemma 7.2 and Proposition 2.4 show that this formula still holds if f belongs to H%"+4(X).

The idea of the proof of theorem 0.3. is the following. Since we have:
(A;/ - 8t)K(ta q, m) =0

an integration by parts and a Green’s formula on Y show that for 0 < ¢; < 3 :
t2
0= ["at [ Kt.m)@Y + 0TSt m)u m)
t Y
= / T f(t2,m)K (t2, g, m)u¥ (m) — / Tf(tr,m)K (t1,q,m)u" (m)
Y Y

ta
[ [T i kan” — KO0 e ]
ty

then we let t; goes to zero.
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INTRINSIC MICROLOCAL ANALYSIS 673

The definition of the pseudo-heat kernel K (see (3.37) and the proof of Theorem 3.4)
combined with the estimate (3.37) shows that K has the following asymptotic expansion
as t — 0%

(04)  K(ta,y) ~ (~drt) "2l NT (—t)fu(a,y) + O ()

0<k<1/Ct

for some 5 > 0, uniformly for z, y in Y. A comparison between (0.1) and (0.4) suggests,
heuristically, that K can be thought of as the heat kernel of X at points (¢,z,y) in
] —00,0[ xY x Y. Thus we obtain a kernel for the “inverse” of the heat operator, at the
expense of working in the fiber Y in complexified manifold M, (essentially because for
g€ X, £ eTX, d*(q,Exp,(vV—1&) = —|¢|*> < 0). In general, it makes no sense to write
f = et®[e "t f] because it is not possible to define the heat kernel associated to X at a
point (—t,z,y) in R* x X x X. For instance, in the case of X = S' endowed with the
usual metric (by embedding S' C R?), one has:

Trace (e7'2) = / E(t,m,m)du(m) = Z e >0
X

n€eZ

but this function cannot be extended for ¢+ < 0 because the imaginary axis v/—1R
is a barrier for the analytic continuation (see [D-G] p. 45). The same is true for
X = St x S! x ... x S! (we think that it would be nice to have a proof that for
any compact X the singular support of Trace e~V~1t2 fills the real line).

Finally we study the case when X is locally symmetric. We show that this is true if
and only if —gY is a field of real, positive definite quadratic forms on all of the fibers Y
(Proposition 1.17). In this case we can simplify our inversion formula.

THEOREM 0.4. — Assume that —g* is a field of real, positive definite quadratic forms
on Y. Then:

11 —AY is the Laplacian of the Riemannian manifold (Y, —g").
2] There exists a solution K (t,m) € C®(R% xY') of the “heat” equation (0;,— AY)K =
0 which is bounded on [1, +00[XY and such that:
al Forallm € Y, K(t,m) ~ (—4xt)~"/2ed* (@m)/4 g5 ¢ — 0+,
bl For all f € C*°(X) such that [ fu =0,

—+o00
(0.5) fl@) = /0 dt /a y (TF(t, Vimaar ey B = K Vimeaav ey |-

In §8 we show that if X is a complete (not necessarily compact, but still connected and
orientable) locally symmetric space, then, for ¢ small enough, the Riemannian manifold
(Y, —gY) is isometric to a neighborhood of the identity coset in a symmetric space dual to
the universal cover of X, and the restriction of the analytic continuation of —d? (= —d%)
to Y X Y is equal to the square of the distance function of (Y, —gY). This allows us to
show in Theorem 8.8 that if X is a compact locally symmetric space and K, (t,z,y) is
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674 F. GOLSE, E. LEICHTNAM AND M. STENZEL

any good heat kernel for (Y, —g") (see Definition 8.7), then, after possibly shrinking Y,
K has the following asymptotic expansion as ¢ — 0%:

(VTI) " Ka(t,z,y) = (—dm ) e @0 ST (b (a,y) 4+ O ()

0<k<1/Ct

for some 6 > 0, uniformly with respect to z, y in Y. We note that if € is small enough,
then a good heat kernel for (Y, —gY¥) exists. A comparison with the equation (0.1) shows
that, heuristically, up to an exponentially decreasing term, (v/—1)~"K;(¢,x,y) may be
considered as the value at (—t,2,y) €] — 00,0[xY x Y of the heat kernel of X.

In §9 we assume that X is a compact Riemannian globally symmetric space of rank one.
We show that both the heat kernel and the formal solution of the heat equation depend
only on (¢,d*(z,y)), and we give a simple and constructive proof of Proposition 3.1 in
this situation. Our proof provides an algorithm which allows us to compute inductively
the coefficients of the formal solution from three invariants of the root system associated
with X.

The outline of this article is as follows. In §1 we review some facts about totally
real submanifolds, and show that the complex structure on 7°M induced by the analytic
continuation of the exponential map is the same as the adapted complex structure of [L-S]
and [G-S1]. We construct the tensors ¢g¥ and pY, the differential operators gra,dy and
divY, and discuss the relationship between AY and the Laplacian of X (Theorem 1.16).
We show that ¢g* is real valued if and only if the geodesic symmetry about Y is a local
isometry (Proposition 1.17).

In §2 we give some estimates on the growth of eigenfunctions of A in the complex
domain (Proposition 2.1), and prove some preliminary estimates on the growth of the F.B.1.
transform (Proposition 2.3). In §3 we construct the “pseudo-heat kernel” in Y (Theorem
3.4), and prove a crucial estimate on the growth of the coefficients uy, in the formal solution
of the heat equation in the complex domain (Proposition 3.1).

84 gives the proof of Theorem 0.1, §5 the proof of Theorem 0.2, §6 the proof of Theorem
0.4, and §7 the proof of Theorem 0.3. §8 considers in more detail the case where X is
locally symmetric, and §9 deals with the rank one case.

Table of Contents

. Geometric Constructions.

. Growth of the F.B.I. Transform.

. Construction of a “Pseudo-Heat Kernel” in Y.
Characterization of the Analytic Wave Front Set.
. Proof of Theorem 0.2.

. Proof of Theorem 0.4.

. Proof of Theorem 0.3.

The Case of the Symmetric Spaces.

. Appendix. The Rank One Case.
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INTRINSIC MICROLOCAL ANALYSIS 675
Finally, we have gathered in the following table some nonstandard notations adapted

to the problem considered in this article: for each symbol we refer to the place in the
article where it first appears.

Table of Notations

gt Proposition and Definition 1.13
wt o Proposition and Definition 1.13
AT Proof of Theorem 1.16
g Proposition and Definition 1.13
grad® Definition 1.15
wy o Proposition and Definition 1.13
divy Definition 1.15
AY Definition 1.15
No, AY Notation 0.0

1. Geometric Constructions

Let M be a connected complex manifold of (real) dimension 2n with complex structure
denoted by J and X be a C“ submanifold of M of dimension n. The complexified
tangent space of X at ¢ € X is denoted by 7,CX; T,;°M (resp. T,;' M) is the space of
holomorphic (resp. antiholomorphic) tangent vectors of M at m € M. Similarly, a0 pm
(resp. 7300 M ) is the space of holomorphic (resp. antiholomorphic) tangent covectors
of M at m € M.

We first recall some elementary facts concerning totally real submanifolds of M which
will be used constantly in the sequel.

DerINITION 1.1. — X is said to be totally real in M if and only if
TeXNT M =TS X NTP'M = {0} forall g € X.
The following lemma is classical and can be found for example in Guillemin’s paper
on Toeplitz operators [G].

LEMMA 1.2. — The two following conditions are equivalent:
[a] X is a totally real C* submanifold of M;

[b] for all q € X there exists an open neighborhood W of q in M and a holomorphic
coordinate system on W, (21, ...,2™) such that

(1.1) XNW={meWs.t. Sz'(m)=..=3z"(m) =0}

and (2, ...,x™) is a local coordinate system on W N X.

Lemma 1.2 means that in a complex manifold, totally real submanifolds play the same
rdle as R™ or v—1R"™ in C". In particular, Lemma 1.2 b) shows that the following
analogue of the analytic continuation principle holds.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



676 F. GOLSE, E. LEICHTNAM AND M. STENZEL

CoOROLLARY 1.3. — Let X C M be a totally real submanifold of the complex manifold M,
M’ be a complex manifold and f : X — M’ a C* mapping. Then, there exists a connected
open neighborhood W of X in M and a unique holomorphic mapping f* : W — M’
such that fl} = f.

Remark 1.4. — That X is totally real is necessary to ensure that the extension f7 is unique.

Any compact C* manifold can be viewed as a totally real submanifold in some complex
manifold, as shown by the

THEOREM (Bruhat-Whitney [B-W]).

1) Let X be a compact C* manifold of dimension n. There exists a complex manifold
M of dimension 2n and a C* embedding j : X — M such that j(X) is a totally real
submanifold of M.

2) Let j; : X — My and j; : X — Mj two such embeddings. There exists an open
neighborhood W1y of j1(X) in My, a neighborhood W of j2(X) in Ms and a biholomorphic
one-to-one mapping ¢ : Wi — Wo such that jo = ¢ o j1.

3) There exists an open neighborhood W of X in M and a unique antiholomorphic
involution o : W — W such that X = {m € W s.t. o(m) = m}.

Let now X be a compact connected C* manifold of dimension n endowed with a C¥
Riemannian metric g. Denoting by B(0, p) the ball centered at 0 with radius p in T, X
equipped with the metric g,, for all ¢ € X there exists po(g) > 0 such that

Exp, : B(0,p0(q)) CT,X — X

is a C* diffeomorphism onto its image. Moreover the function g — py(gq) can be chosen
lower semicontinuous on X. Let (M, j) be a Bruhat-Whitney complexification of X (we
shall identify X and j(X) from now on). It follows from Corollary 1.3 that, for all ¢ € X,
there exists a connected open neighborhood W, of 0 in TqCX and a unique holomorphic
extension of Exp, (still denoted by Exp,) as a map W, C TqCX — M. Hence one can
define the C¥ map

(1.2) D:Q— M, &g =Exp,(V-1§);

on @ = {(q,€)s.t. £ € T, X, £y < p1(q)} where the function p; can also be chosen
lower semicontinuous on X. (For { € T, X, we shall use the notation ||, = 1/g4(§,€)).

THEOREM 1.5. — There exists 0 < €y < infycx p1(q) such that, for all 0 < € < €,

1)
:T°X - M, ®(q,&) =Exp,(V-1¢)

with T*X = {(q,§) s.t. £ € T,X, |{|q < €} is a C¥ diffeomorphism onto its image.
2) the map

T M =®(T°X) — X, Exp,(V-1§) ¢
is a C¥ fibration with totally real fibers.

4° SERIE — TOME 29 — 1996 — N° 6



INTRINSIC MICROLOCAL ANALYSIS 677

Proof. — 1) We first compute the differential of ® on the zero section of TX. Let J°
be the complex structure of TqCX , Le. the multiplication by /—1; for all ¢ € X, the
following identification is understood: T(4 0y(TX) ~ T, X & To(1,X) ~ T, X & T,X and

(d®)(g,0) : T(q,0)(TX) = TyM,  (d®)g0)(E+m) =&+ Jyn.

The submanifold X being totally real in M, T,M = T,X & J,(T,X) and hence d®
has rank 2n on the zero section of 7T°X. Statement 1) for some small enough ¢, follows
since X is compact.

Remark 1.6. — The relation (dExp,)o(¢ 4+ JO8) = € + J,€, V€ € T, X (identified with
To(T, X)) shows that T,m'(¢q) = J,T,X.

2) That 7 is a C“ fibration follows from 1). Let ¢ € X and Y = 77 !(g). One
has TCY NT}°M = J,(T,X) N T}°M = {0} since X is totally real in M. But
TCY NTHM = (ker dm,)© N (ker(J, — V=11d))C for all p € Y and this intersection is
{0} at ¢ and hence in some neighborhood of ¢ by continuity. Likewise TfYﬂT’f)’lM = {0}
for p in some neighborhood of ¢. Using again the compactness of X and reducing €q if
necessary shows that for all ¢ € X, 7=1(q) is a totally real submanifold of M. []

At this point, we digress a little in order to discuss the relation between our constructions,
those of Guillemin-Stenzel [GS] and the adapted complex structures of Lempert-Szoke [LS].
Statement 1] of Theorem 1.5 associates to a C“ Riemannian metric on X a canonical
complex structure on 7¢X which does not depend on the choice of M. We will show
that this complex structure is nothing but the “adapted” complex structure of Lempert and
Szoke [L-S]. As y runs over all geodesics in X, the images of the maps

(t,8) = (v(t), s3(t))

for s # 0 define a smooth foliation of T X \0y, called the Riemannian foliation. The leaves
of the Riemannian foliation carry a natural complex structure: one simply identifies R?2
with C in the usual way. A complex structure on 7°X is said to be adapted if the leaves
of the Riemannian foliation, together with their natural complex structure, are (immersed)
complex submanifolds of T°X. One of the main results of [L-S] is that for any compact
Riemannian manifold and any ¢, 0 < ¢ < oo, there is at most one adapted complex
structure on T¢X (see [L-S], Theorem 4.2).

ProrosiTiON 1.7. — The adapted complex structure on T°X is the only complex structure
for which the complexified exponential map defined in Theorem 1.5

T°X 5 (¢,€) = Exp,vV—1{ € M.

is a biholomorphism for all 0 < € < €.

Proof. — Fix (q,§) € T°X and let L° denote the intersection of the leaf of the
Riemannian foliation through (g¢,§) with T¢X. Let (¢) denote the geodesic with initial
conditions (v(0),4(0)) = (g,&). We must show that the map

t+v—1s— Exp,,V-1s¥(t) e M

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



678 F. GOLSE, E. LEICHTNAM AND M. STENZEL

is holomorphic; then for |s| sufficiently small this will parametrize an (immersed) complex
submanifold of M. Let ((r) be the geodesic with initial conditions (£(0),3(0)) =
(7(t), s7(t)). We have defined Exp,,)v/~157(t) to be the analytic continuation of the
map r — B(r) € X C M at v = \/—1. Since (B(r) = 7(t + rs) for all real r,
by uniqueness of analytic continuation we conclude that 8(y/—1) = ~(t + v/—15),
i.e., Exp ;yv/=187(t) = 7(t + v/~15). Since the map t +/~1s — y(t + /1) is
holomorphic we are done. []

We can identify 7'X with T*X by the map L, : TX — T*X, where Ly(q,&) is the
linear form on T, X, Ly(q,&)(n) = g,(&, n). Via L, the adapted complex structure induces
an integrable complex structure on 7€ X, where 7 X is the set of covectors of length less
than €. Lempert and Szoke prove the following facts about the adapted complex structure
on T¢X ([L-S], Theorem 5.7 and Corollary 5.5):

1. The involution (g,§) — (g, —¢) is antiholomorphic.

2. %5(L;0) = Lja, where a is the canonical one-form on 7% X and o is the principal
symbol of the Laplacian.

It follows immediately from the uniqueness part of the theorem on p. 568 of [G-S1] that
the pushforward of the adapted complex structure by L, is the complex structure described
in [G-S1] (which we will refer to as the “adapted” complex structure on 7*¢X). It is easy
to see that the embedding of X in T*°X as the zero section is totally real.

THEOREM 1.8. — Consider in the definition of ® (1.2) the Bruhat-Whitney embedding
of X as the zero section in T**X = M (with the adapted complex structure). Then

P(q,€) = Exp, /1€ = Lg(q,£).

Proof. — Proposition 1.7 (with M = T X)) shows that L, and ® are holomorphic maps
from T¢X to T*<X (with their respective adapted complex structures). Then Lg‘1 odis
holomorphic from 7 X to itself, and is equal to the identity on Ox. Since Ox is totally real
in the connected complex manifold 77X, it follows from the uniqueness of the analytic
continuation as in Corollary 1.3 that L;l o ® must be the identity on all of T¢X. []

Remark. — This result shows that the fiber one integrates over in the inversion formula
for the heat equation (0.3) is the same as the one in the Toeplitz correspondence (0.2).

In the sequel, we shall construct on each fiber 771(q) various objects corresponding to
analogous objects defined on X. The first step in this direction is an analytic continuation
principle for C* covariant tensors on X analogous to Corollary 1.3.

PROPOSITION 1.9. — Let T be a C¥ section of (T* X )®™. There exists an open connected
neighborhood W C M of X and a unique holomorphic section T+ of (T**W)®™ such that

(1.3) Vge X and vy, ...,um, € qu’OM, T;'(vl, ey Upy) = Tq(Pqul, ...,vam),

X Lo C . .. C _ mC —
where P;* is the projection on T.” X in the decomposition Ty M = TX © T, M. (In

(1.3), 7, has been extended in the natural way to a C—multilinear form on (T X)*™).

Proof. — Let (Wy; 24, ..., 2}) a local holomorphic coordinate system on M at g as in b)
of Lemma 1.2, with z{ = Rz! and i = Sz} 1 <i<n). WynX;zl, ... 27) is a local
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coordinate system on X, in which 7 can be expressed as

(1.4) > i (@(@)dal @@ dair, pe XNW,

T1yeeeslm

Let W] be a connected open neighborhood of X N W; where all the C¥ functions
Tlii,....i, () have holomorphic continuations denoted by Tl-l;'ih“.’im () and consider the
holomorphic tensor 7; defined on W] by

(1.5) 714|-pf = Z Tl-i;—il,...,im(z(p/))dzil ®.@dzm, peW.

'le“yim

The tensor 75 defined in this way verifies property (1.3) on W; N X. Since X is compact
and since a system of coordinates as in Lemma 1.2 b) can be associated to each point of
X, there exists a finite family of connected open sets of M covering X with connected
pairwise intersections, W7, ..., W/ constructed as above with local holomorphic coordinates
system z; = (zjl-,...,z;-‘) defined on W} for all 1 < j <[ as in Lemma 1.2 b). For all
1 < j <[ a holomorphic tensor T;r is defined on W]' in the z; coordinates as in (1.3)-(1.5).
The local components of 7 in each intersection W/ N W} N X satisfy C* compatibility
relations. It is easy to check that, by analytic continuation of these compatibility relations,
one can paste all the local holomorphic tensors 7']-+ for 1 < j <[ into a holomorphic
covariant tensor 7F on the connected open neighborhood W = Wi U ... UW/ of X in M
and which satisfies (1.3). Uniqueness follows easily by the same arguments. []

Remark 1.10. — Let &1,...6n € T,X. The vectors & — V—1J461,....6m — V—1J36m
are holomorphic by construction and one has Pf (& — vV-1J&4) = 2&,.,
PqX(gm —V=1J,&m) = 2§, (see Remark 1.6). Therefore

TH(E = V=1J, s b = V=1 Jgbm) = 7261, -, 26m).

Remark 1.11. - It follows from the definition of 7+ that 7+ is alternate on W (that
is, a holomorphic m—form on W) whenever 7 is alternate on X. In the same way, 7
is symmetric whenever 7 is.

Assume from now on that (X, g) is orientable, and denote by u the Riemannian volume
form defining the orientation of X. For any (real or complex) vector bundle £ we shall
denote by BS(€) the bundle of symmetric bilinear forms on the fibers of £. Proposition
1.9 can be applied to the C¥ covariant tensors g and x on X: there exists 0 < ¢; < €, a
unique holomorphic section g* of BS(T'°M.,) and a unique holomorphic section p* of
A™(T*OM,,) defined in terms of g and y respectively by condition (1.3). For any complex
manifold M, we shall denote by BS?%(T°M) the vector bundle of bilinear symmetric
forms on complex tangent vectors to M such that

Vpe M, be BS*(T°M),, vyw e Ty M, veT M= bv,w)=0.

We identify the tensors g* and p with C¥ sections of BS*°(T°M,,) and of
A™O(TCM.,,) respectively, in the following natural way:

Vpe M., fvl,...,vnETfMel, gt (v1,v2) i=gT (v, v)), ut(v1, ey vn) = pt (v, 0)h)

n
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where
v; = v +v;, in the decomposition TCM,, = T.f M., & T, M., .

[

Remark 1.12. — Observe that, if jx denotes the embedding of X into M, , the definitions
of g* and p™ with the identifications above show that g and p* are the only C* sections
of BS9(TCM,,) and of A™%(TCM.,,) respectively to verify j% g+ = g and jiut = p.

The considerations above show the existence of some €; €]0,¢p] such that g™
and pt are defined as C“ covariant tensors on M., for all 0 < € < ¢. We will
denote by Y the fiber Y := 771(q) C M. for some arbitrary q in X. Equivalently,
Y = {Exp,(V-1&) s.t. [¢]; < ¢ & € T, X}. Although ¢; will be reduced again in the
sequel, we shall keep the same notation Y for the fiber 771(g), 0 < € < €;. Y and 9Y
are orientable, and equipped with compatible orientations so as to apply Stokes’ formula.
Denoting by jy the embedding of YV into M,,, one has the following

PROPOSITION AND DEFINITION 1.13. — There exists €, €]0, €] such that

al] gt € T(M,,,BS(T*°M.,)) is a holomorphic section such that for all p € M,,,
gy is non-degenerate;

b] pt € T'(M.,,A™(T*°M.,)) is a holomorphic section such that for all p € M,,,
py # 0.

Moreover, for all g € X and Y = n~1(q) C M., the following properties hold:

cl g¥ = ji(g") € D(Y,BS(TCY)) is a C* section such that for allp € Y, Rg) < 0
(is negative definite);

dl p¥ = j3(u*) € T(Y,A"(T*CY)) is a C¥ section such that for allp € Y, uY # 0.

e] Let (&1,...,&,) be a system of normal coordinates at q on X, ((i,...,(pn) its
holomorphic extension to some connected neighborhood of q in M., and n; = (. In
the coordinates (11, ...,Mn), ngpq(\/——ln) = 0(q, Exp,(v/=10))(v/=1)"dn1 A ... A dn,

where ( — 0(q,Exp,(C)) is the (unique) holomorphic extension of § v |det (dExp,)¢| to
some (connected) open neighborhood of 0 in ch X. In particular, 6(q,q) = 1.

For the convenience of the reader, let us describe the result of these constructions in the
case where X = R™ equipped with its usual Euclidean metric — all of this actually works
in this case although R" is not compact. As recalled in the introduction Exp { = ¢ + ¢
for g € R" and £ € T,R" ~ R™; M. = R" + /-1B(0,¢) C C" (with the complex
structure induced by that of C™, i.e., the multiplication by /—1 in the complexified
tangent space at any point of C™). Hence, the complexification of the exponential map
is defined by Exp (£ + v/—1n) = ¢+ £+ v/—17 for all n € TCX and, the point ¢
being fixed, Y = ¢ + V=1 B(0,¢) C ¢+ +/—1 R". Without loss of generality, we assume
q = 0. The current point of R™ is denoted by (z!,...,z™), that of C"™ by (2},...,2")
with Rz° = 2 and $z' = y'; hence the current point of Y is denoted (y?,...,y"),
with 3, ;< (¥")? < €2. The Euclidean metric on R" is ¢ = Y, .., dz* @ dz’, the
corresponding g7 = ", .., dz* ®dz* and therefore g = — 3", ., dy' ®dy’. Similarly,
p = dz' A...Adz™, the corresponding pt = dz'A...Adz™ and p¥ = (v/=1)"dy' A...Ady™.

As the proof of the statements in Proposition-Definition 1.13 is fairly direct, we shall not
give it. The most important point is statement c] of 1.13 which results from the elementary
computation stated in the next remark.
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Remark 1.14. — Using remarks 1.6, 1.10, 1.12 one sees that, for &, & € T, X,
95 (& = V10,61, 6 — V=1 J,6) = 94(261,26) = —g, (2J,61,2J,60).

Assuming 0 < € < €, from now on, one can now define gradients and divergences on
Y with respect to the tensors g¥ and pY.

DEFRNITION 1.15. — For complex-valued f € C*(Y) we denote by grady f the unique
complex vector field on 'Y such that gy(grady f,-) = d¥ f (where d¥ denotes the exterior
derivative on the manifold Y ).

For all complex vector fields V on'Y, we denote by div* V' the unique scalar (complex-
valued) function on'Y such that (div’ V)Y = d¥ (W uY’), where ¥ denotes the interior
product on the manifold Y.

For all complex-valued f € C>(Y) we define AY f := —div¥ (grad f).

For instance, in the case of X = R" with the usual Euclidean metric described before
the proof of Proposition 1.13, AY =3 . aji is the opposite of the usual Laplacian.

The following analogue of the classical Green’s formula will be used in the proofs of
the inversion formulas.

GREEN'S FORMULA FOR AY. — For all f and f' € C=(Y) one has
(1.6) /Y (FAYf = fAY Pt = /a ST e
In particular, if f and f' have compact support in 'Y, one has
[uary—rarpe ~o.
Y

The proof is identical to that of Green’s formula for the Laplacian of a compact Riemannian
manifold.

The following theorem explains the relation between the Laplace-Beltrami operator on
X, A, and the operator AY defined above.

THEOREM 1.16. — There exists €; €]0, o] such that, for all 0 < € < ey, for all connected
open neighborhoods W of q in M, and all f holomorphic on W, the functions A(fx) and
AY (fiy) have the same holomorphic extension to w.

It is again instructive to look at the case of X = R"™. Indeed, Theorem 1.16 means
exactly that, for all f holomorphic on R"++v/~1B(0,¢), >3, ;, 0% f = = 2,1, 02 f,
which is obvious since Y., .., 0,05 f = 0. o o

Proof. — X being compact, it is possible to cover X with a finite number of holomorphic
coordinates patches having the property b) of Lemma 1.2. Let (2%, ...,2") be one such
local holomorphic coordinate system with z° = Rz* (1 < i < n), and denote by ¢/ and
a = y/det(g;j)1<i j<n the coefficients of the inverse metric tensor and of the volume
element in the local coordinates (2, ...,2"), that is g;; = g(Oy:,0,s). Then, there exists
0 < €1 < € such that, for all the (finite collection of) coordinate patches covering X, all
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1 < 4,5 < n, the real analytic functions g;;, g/ and a = (det(g;;)1<i j<n)*/? and ™! on
X have holomorphic extensions to M., (denoted by the same letters).

Let f be holomorphic on some open set W C M.,. The holomorphic extension of
A(fix) to W is, in the z-coordinates:

Atf=— Z a_lazi(agijazjf)

1<d,j<n

Let ¢ € X belong to the domain of the coordinates system (z',...,2") and set
Y = 771({q}) C M,,. Y being totally real in M (see Remark 1.6), there exists a
local holomorphic coordinates system (w!,...,w™) (on an open neighborhood of ¢ in M)
such that, denoting Rw' = uf, Jw* = v* (1 < i < n), Y is defined locally near q by the
equations v' = ... = v™ = 0. In the w-coordinates

Atf=— 3 o 'PPo,(agiPduf) = - > a7 PrO(QLag M0 f),

1<4,5,k,l<n 1<4,mk,l<n

denoting by P the Jacobian matrix PF = (d.:w*) (1 < i,k < n), by Q = (0y:2F) its

inverse, and letting g™ = Y, i, P/ g P}. Observing that d,x Qi = (urdurz’) is
symmetric in the indices k, r for all 1 < ¢ < n,

S PowQi= Y Prow QL= (detQ) ' durdetQ

1<i,k<n 1<i,k<n

(this last equality is based on the fact that the logarithmic differential of the determinant
at @ is the linear form R — Trace(PR) with PQ = I). Hence

ATf=— 3" 570, (b3"0uf)

1<k,lI<n
with
(1.7) b=adetQ and b*=a®(detQ)* = (det(Gi;)i<ij<n)-

Since the coordinate system w has the property b) of Lemma 1.2 with respect to the totally
real submanifold Y, one sees that

(1.8) ATy == Y 670 (65"0u fiv) .

1<k,l<n

The expression for (AT f);y above is exactly equal to that of AY(fy) in the local
coordinates on Y defined by (u!,...,u"): to see this, it suffices to compute the expressions

of g¥ and pY in the u-coordinates, using in particular (1.7) above. []

In the case where —gY is a metric on the fiber Y, the following result is easily derived

from the proof above. This case is however not generic, as shown by the next proposition.
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First, we recall that the geodesic symmetry about g is the map defined on a normal
coordinate neighborhood of ¢ by

8¢+ Exp,(v) — Exp,(—v).

PROPOSITION 1.17. — The tensor g* is real if and only if the geodesic symmetry on (X, g)
about q is an isometry on a neighborhood of q. In that case we can shrink Y so that —g¥
is positive definite.

Proof. — Let exponential coordinates centered at g be given by
r:p=Expv—r(p)=v.
In these coordinates the geodesic symmetry is given by s,(r) = —r, and the metric by
g(r) = gij(r) dri dri .

The geodesic symmetry is an isometry if and only if the matrix entries g;; are even functions
of 7 g;;(—r) = g;j(r). Identify X with its image in the zero section of T'X in the usual
way and give T¢X the “adapted” complex structure. We will need the following lemma.

LeEmMMA 1.18. — There is a holomorphic coordinate system z(p,v) on a neighborhood of
q in the complex manifold T¢X such that

(1] 2(p,0) = r(p),
2] 2(g,v) = V-Tv.

Remark. — Condition 2] holds only on the fiber over ¢. In general r(p) + v/—1v does
not provide holomorphic coordinates for the adapted complex structure on 7°X (unless
g is flat).

Proof. — The map
v=r(p) = Expv=p€ X =0x

is a real analytic diffeomorphism near the origin. Analytically continuing into the complex
manifold 7¢X we get holomorphic coordinates near g by

v+ vV—1u = z(p,w) —>Equ(v+\/—_1u) = (p,w).

Property 1 is clear. To check property 2 we recall that the adapted complex structure
on T¢X is constructed by embedding X as a totally real submanifold of a complex
manifold, analytically continuing the Riemannian exponential map, and identifying (p, w)
with Exp, (v/—1w) (see Proposition 1.7). So Exp,(v—1v) = (g, v), which is property 2.

Analytically continuing g we obtain the holomorphic metric given in these coordinates by

gt = gij(2)d2" d27 .
Restricting to Y we get z(¢,v) = v/—1v and
g% = —gi;(V—1v)dy' dy’ .
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Since the coefficients in the (convergent) Taylor series of g;;(z) are real, to say that g¥’
is real means that the odd order terms in the Taylor series of g;; are zero. This is true if
and only if g;;(r) is an even function of . []

In the sequel we shall analyze the situation where —g¥ is a metric on Y.

PROPOSITION 1.19. — Assume that —gY is (real) positive definite on'Y. Then

i] ¥ is (v/—1)" times a Riemannian volume form associated to the metric —gY ; this
Riemannian volume form defines an orientation of Y;

ii] =AY is the Laplacian associated to the metric —g>* .

Proof. — We keep the notation of the proof of Theorem 1.16. In the local coordinates
system (u',...,u") on Y one has p¥ = bdu! A ... A du™ with b = adet@, (see 1.7)
whence b? = (—1)"det(—gx;) as already seen. The function b is continuous and does
not vanish on Y; since Y is connected, there exists a constant C = £(y/—1)" such that
b = C/det(—gri), which proves i). To prove ii), it suffices to insert the above formula
for b in the expression (1.8) for AY in the local coordinate system (u',...,u") on Y. [J

Actually, more is true under this assumption: the exponential map at ¢ on Y for the
metric —gY is given in terms of the complexified exponential map of X restricted to Y. To
show this, we need some preliminary material concerning affine connections on Y and M, .

PrOPOSITION AND DEFINITION 1.20. — Let p € M., V and W two holomorphic vector
fields on some open neighborhood of p in M.,. There exists a unique vector in Tpl*OM
denoted by (V‘JSW)Z, such that, for all holomorphic vector fields U defined on an open
neighborhood of p in M,

29, (Up, (VEW),) =V - g* (U, W)(p) + ¢ (V. [U,W])(p)

+W gt (U, V)(p) + g* W, [U,V])(p) = U - g+ (V,W)(p) — g* (U, [W,V])(p) .

(VJ‘SW) » depends only on V), and the germ of W at p; moreover V' is an affine holomorphic
connection.

The existence and uniqueness of the vector (V{:W), follows from the fact that gy is
nondegenerate on TPI’OM (see Proposition 1.13 above). That V7 is an affine holomorphic
connection can be proved as in the usual Riemannian case (see [Hel] p. 48).

The following result explains the relation between the connection V' and the Levi-
Civita connections of (X,g) and (Y, —g"). We denote PX, p € X (resp. P, p€Y)
the projection on T.CX (resp. TCY) in the decomposition T°M = TCX & T M
(resp. TCM = TCY @ T M). (These definitions make sense since X and Y are totally
real submanifolds of M).

ProposiTiON 1.21. — Let U and V' be two holomorphic vector fields defined on an open
neighborhood ) of q in M. . Then

() [PXU,PXV] = PX[U,V] and [PYU,PYV] = PY[U,V] on QN X and QNY
respectively;

(i) PX(VEV) = Vpxg(PXV) and PY(VEV) = Vi, ,(PYV)on QN X and QNY
respectively, where V is the Levi-Civita connection of (X, g) and V¥ that of (Y, —g").
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Proof. — The proofs of the statements relative to X and Y are similar.

i)Let p € QNY and (z!,...,2") be local holomorphic coordinates on an open
neighborhood of p in M., verifying property (1.1) relatively to the totally real submanifold
Y C M., 2t = Rz* and y* = S2%. In these coordinates, Y is defined by the system of
equations ' = 0 (1 < i < n), and

U= > Ud., PU= )Y Uyou,

1<in 1<i<n

with analogous expressions for V' and [U,V]. Statement i) then follows from a direct
computation.

ii) Let U, V and W be holomorphic vector fields in an open neighborhood of p in M., .
Then p +— P) U, defines a complex tangent vector field on Y and one has:

29;([]?7 (V-X';W)p) = QQJ(P;?/UP’ Pg}/(VVW)p) = 29;/(P13/Up7 P;/(V“'}W)p)

where the first equality holds because gz‘f vanishes whenever one of its argument is anti-
holomorphic and the second equality holds by definition of g¥. In the same way, using
assertion i) shows that

g (VU WD) = g5 (B Vo, By [U W) = g, (B Vi, [PYU, PY W),

Now, using that U and W are holomorphic vector fields shows that g™ (U, W) is a
holomorphic function near p and hence, denoting d™ the exterior derivative on the
manifold M:

Vgt (U W)(p) = (P, V. dy' g* (U, W)

= (PYV,,d) g"(PYU,PYW)) = P'V - ¢ (P U, P*W)(p).

Using the characterization of the Levi-Civita connection of —g¥ as in [Hel] p. 48 and
the three equalities above leads to

2} (PY Uy, (Vi PYW),)) = =207 (P U, PY (VEW),)

p

whence assertion ii) follows since g;/ is non-degenerate for p € M,,. [

PROPOSITION AND PROPOSITION 1.22. — Let 7 — ¢(7) be a simple holomorphic curve
in M., defined for 7 € C close to 0 and such that $(0) = p and 0,¢(1) # 0. Let U
and 'V be two holomorphic vector fields defined on an open neighborhood of p such that
U(p(r)) = V(¢(1)) = 0,¢(7). The vector (V{V)($(0)) € Tr°M does not depend on
the choice of U or V (the proof being the same as in the case of Riemannian geometry);
it is denoted by (V5¢')jr=0-

ProposiTION 1.23. — Let ¢ € X and § € T, X such that ||, = 1. For |t| < €;, the map
t— Equ(\/—ltf) is a geodesic curve on'Y associated to the metric —g* with velocity
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vector of norm 1. (In this statement, Y is the fiber at q for the fibration 7 : M., — X
defined in Theorem 1.5 and —g¥ is a Riemannian metric on'Y.)

Proof. — Let ¢(1) = Exp, (7€), with the notation 7 = ¢+ v/—1 5. Since ¢ is holomorphic
and lies on X for real Values of 7, one has for all ¢ real near 0, P t)a #(t) = Or(t). In the
same way, for all s real close to zero, one has ( ¢(\/—15)8 ) (V—=18) = 9,¢(v/—15). We
apply now Proposition 1.21 ii). For 7 complex close to zero, one has (V5 ,8,¢)(1) = 0.
Indeed, let f be a holomorphic function defined in some open neighborhood of ¢; one

has, for ¢ real near O:

((V3.40:0)(1), d3(e) f) = (Pite)(V5.40-0) (1), disiey ) = ((Vo,60:0) (1), iy ) = 0

whence ((V} $078)(7), dM 4(rf) = 0 for 7 complex near 0 by analytic continuation.
Therefore

Vo1 0s0(V=18) = P} = (V5 ,8:6)(V~15) =0

for s real sufficiently close to 0. By (real-)analytic continuation, V¥ B, ( \/_—13)33(;5(\/ —1s)=

0 for all real s €] — €1, €1[, which shows that the map s — ¢(v/—1s) = Exp,(sv/—1£)
of the real variable s is a geodesic curve on Y for the metric —g¥. Then, the map
7 = t++/—15 — ¢(7) being holomorphic near 0, one has do¢(9s10) = Jodod(dg0) = J4&.
Then, —gz’(Jqf, Jg€) = g4(&,€) = 1 according to remark 1.14. The conclusion follows
from the fact that the norm of the velocity along a geodesic curve for a Riemannian
metric remains constant. []

COROLLARY 1.24. — Let d; be the geodesic distance on'Y associated to the metric —g* .

For 0 < ¢ < € small enough, the squared geodesic distance d(-,-)* on X associated to the
metric g can be extended as a holomorphic function on some connected open neighborhood
Q of the diagonal in M., x M.,, still denoted by d(-,-)?. For p € Y C M,,, one has

di(q,p)* = —d(q,p)*

Proof. — The squared geodesic distance d(-,-)? is a C* map on some open neighborhood
of the diagonal in X x X. Since X is totally real in M, X x X is totally real in M x M
whence the existence and uniqueness of the holomorphic extension on €2 for small enough
e1. Let p € Y C M,,; there exists £ € T, X with |§|q < €1 such that p = Exp, (V—-1¢)
and it follows from Proposition 1.23 that d1(q,p)* = |€]2. Then, for all ¢ € T X, one
has, by definition, d*(q, Exp,(¢)) = [¢|?, and hence, by analytic continuation, if If lq < €1,

one has d?(q, Exp,(vV—1¢)) = ~[¢[2. O

2. Growth of the F.B.l. transform

The Hermitian scalar product of L?*(X) is defined as usual by (f,g) = [y fgu. The
Laplacian is an unbounded self-adjoint nonnegative operator on L?(X) with discrete
spectrum. We denote by 0 = Ao < A; < Ag--- < Ap < --- the nondecreasing sequence of
eigenvalues of A counted with their multiplicities. Let {¢y}r>0 be an orthonormal basis
of L?(X) such that Yk € N* A¢ = Ap¢y. For all k € N*, ¢, is real analytic on X
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and ¢ = £(vol(X))~'/2 (indeed Stokes’s formula shows that any harmonic function is
constant on the connected compact manifold X).

The following proposition controls the growth of these eigenfunctions in the complex
tuboids M..

ProposiTiION 2.1. — For €1 > 0 small enough, there exists a locally bounded positive
function 0,¢1] 5 € — C(€) such that for all € €]0, €1] and all integers k > 1:
1] The function ¢y has a unique holomorphic extension to M. (again denoted by ¢y)
satisfying:
sup |pi(m)| < C(e)AptiesV™.
meEM,

2] For all € €]0,¢), all continuous functions f on Y (YOM, (= 0Y):

‘ [ fivure MY‘ < sup || (AL,
Y Y

Remark. — We do not know whether C(e) is bounded as ¢ — 0%.

Proof. — 1] We first recall a result of L. Boutet de Monvel (see [BdM]). Let
mo : T*X — X be the canonical projection and 1); the Hamiltonian flow on 7" X of
the principal symbol of v/A. For € small consider the flow-out to imaginary time,

Qe = {mo(Yy=1:(2,¢)) € M where 0 <t < ¢, (€ T; X, ||l = 1}.

THEOREM (L. Boutet de Monvel [BdM]). — If €1 > 0 is small enough, then for all € €0, €]
and all s € R the operator e~ VA defines a continuous linear one-one mapping from
the Sobolev space H*(X) onto O™ (8S2.), where OsT*5 (8S),) is the subspace of
Hs+ 1 (092) consisting of the functions which are restrictions on 0S). (in the distribution
sense) of functions holomorphic in the open set (). For each fixed s, the norm of this
operator is a function of € locally bounded on )0, ;). Moreover, each eigenfunction ¢y, has
a holomorphic extension to §a.,.

Let such an ¢€; be fixed and consider an arbitrary € €0, ¢;]. Let ( € T X with |[¢], =1
and ¢ the tangent vector which defines ¢ via the scalar product of T, X. It is well known
that for real ¢ close enough to O,

Exp, (t&) = mo(¢e(z, ().

By analytic continuation with respect to ¢, the domain 2. in [BdM] coincides with M..
Hence the Sobolev injection theorem (dimd€2. = 2n—1) and Boutet de Monvel’s theorem
with s = 2n 4+ 2 > dim OM, show that, for all k > 1:

R N NPT S

g2ntetn-g (89)
n+1

< C()D NAPGK]| o x) < C (AT
=0
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where C(9€2,,n) is the norm of the embedding of H2"*+2+7~1(90,) into L>°(d€2,). In
the last inequality, we used that 0 < Ay < A for £ > 1. It is obvious from its definition
in the above inequality that C"(¢) is locally bounded. This establishes the estimate in 1].

To prove 2], observe that the compact manifold 9Y C JM,, admits a finite open
cover by real analytic local charts of My, say |J,c, Vi. In V; we choose coordinates
(y},...,y®") such that Y NV is defined by the equations y"™! = ... = y?® = 0 and
dY NV by the equations y™ = y"*1 = ... = y?® = 0. Hence, on each V; and for any
smooth function ¢ defined on some open neighborhood of dY in My, :

n

(2.1) grad o = > (4; - ¢)dy

i=1

where A; are complex vector fields defined on an open neighborhood of 9Y in My, .
Now let p € OM,, which is a real-analytic hypersurface of M>,,; near p, M. is defined
by a real-analytic equation f(m) = 0 with nowhere vanishing differential df. Since f is
real-valued, its antiholomorphic differential df also satisfies Of # 0 near p, and hence
:Z—VPCMQ61 = Ker(dfp)c + 1}?’1]\4261 = TfaMe + T}?71M2€1'
Hence there exists a finite covering of JY finer than (V;) (but still denoted by (V;))
such that, on each Vj, and with the notations of equation (2.1):

(2.2) Aj-o=Uj-o+Vi-p, 1<j<n

where, for all m € V;, U;(m) is a (complex) tangent vector to M, and V;(m) is an
antiholomorphic vector. In particular, for each eigenfunction ¢x: V; - ¢, = 0. Equations
(2.1), (2.2) and the Sobolev injection theorem (dim dM, = 2n — 1) show that

-y Y
‘/ay f erad” o H

Using Boutet de Monvel’s theorem with s = 2n + 2, we obtain:

—eVA
He ¢ ¢k” 2n—1 .,
H™z2 (8M.,)

< D(e)sup | f1 |l 2
Y

—1 .
7 t2(6M.)

< D/(€)||¢k||H2n+2(x) < D”(e)AZ“

where D(€) and D" (e) are locally bounded. Proposition 2.1 immediately follows. []

ProposITION 2.2.

1] Let u belong to the Sobolev space H?"(X) where p is a nonnegative integer. The
sequence ({u, px) A} )k>0 is bounded by the Sobolev norm of u. Moreover, if u € C*(X),
then for all m > 0, the sequence ({u, di)k™ )i>0 is bounded.

2] Let u belong to L*(X). w is real-analytic on X if and only if there exists n > 0 such
that the sequence ((u,$r)exp (N Ar))k>o0 is bounded.

3] w is a hyperfunction [resp. a distribution] on X if and only if u = )", -, ax¢r where
for all n > 0: N

ax = O(e™™) [resp. Im > 0, aj = O(k™)] as k — +oo
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Proof. — Weyl’s asymptotic estimate shows that A\ ~ C(X)k%™ as k — +o0. For each
nonnegative integer p, one can write:

ATu = (u, pr) M-

k>0

Computing the L2-norm of AP yields immediately the estimate in 1].

2]. Let us assume that u is real-analytic on X. Since X is totally real in M,,, there
exists 7 > 0 small enough such that v has a holomorphic extension to My, = §23,. Then
u restricted to dM,, is smooth; Boutet de Monvel’s result (applied with s — +o00) recalled
in the proof of Proposition 2.1 shows the existence of v € C°°(X) such that:

u=e Ay =3 (0, gi)e TV gy
k>0

then, statement 1] shows that (u,qﬁk)e”m = (v, ¢x) remains bounded as k — +oco. The
converse is an easy consequence of Proposition 2.1.1]

3] We will deal only with the case of hyperfunctions. First of all, since X = 0,
observe that a hyperfunction on X is nothing but an analytic functional on X. Let u be a
hyperfunction on X, then Proposition 2.1.1] shows that for any e > O:

VEeN, [(u, )| < Cie) S]EP|¢k| < Ca(e) AT exp (/M)

Therefore, for any 1 > 0, aj, = (u,¢;) is a O(e™V *) as k — +oc.

Conversely, if the sequence (ag) is O(env+) for any n > 0, it is clear (by 2]) that
u = Y450 ar¢y defines an analytic functional on X. [
The heat kernel E(t,z,y) of X can be written in the so-called Sturm form:

E(t,z,y) = Y exp(—ths) ¢r(z)dp(y) for t>0.

k>0

DErINITION 2.3. — For all functions f € C*(X) (or with Sobolev regularity), the
Fourier-Bros-lagolnitzer transform of f is the function T f(t,m) defined on R** x X by:

Tf(t,m) = /X £V E(t, m, m ()

Tf is smooth on R** x X. The following proposition allows us to control the growth
of Tf(t,m) in the complex domain, as t — 0%.

PROPOSITION 2.4. — Let f € C°(X). For each t > 0, m — T f(t,m) has a holomorphic
extension to the tuboid M., and for all p € N* there exists a positive locally bounded
function |0, €1] 3 € — C(p,€) such that, for all € €]0,€]:

1] For all't > 0 and all m € OM, i.e. m = Exp (v —1&) with ¢ € X and |¢]; = «,
| Tf(tm) |< Clp o)t e/,
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2] For any family {h:}:>o of continuous functions on Y (=Y (VOM.) and all t > 0,

. 62
| i gon” | < sup ] Clp. ey e
Y oY

3] Let t > 0 and u be a distribution on X. Then, (z,y) — E(t,z,y) [resp. x — Tu(t,x)]
admits a holomorphic extension to M., X M., [resp. M., ]. Moreover for all € €]0, €;], for
all z, y € M. and all t €]0,1], E(t,z,y) satisfies the bound

|E(t, z, y)| < Ce)e® /.

Remark. — We can assume that C(p, €) depends only on the Sobolev norm of f in

H?@Cntp+D) (X)), p, ¢ and X.

Proof — We shall only prove 1]; the proof of 2] is very similar and is left to the reader.
We begin with the following
LEMMA 2.5. — For all ¢ > 0 and p € N:

sup [Fk(’U) — e—(v—eN/?v)Z U_QP] — D(E,p) < 400
k>1,v>0

with ¢ — D(e,p) locally bounded on R**.
Proof of Lemma 2.5. — For any integer k£ > 1 we have A, > \;. Thus:
Vv €]0, (e\/)\l/4)1/2], Fr(v) < sup v /1607,
0<v<(ev/ Ay /4)1/2

If v > (ey/A1/4)'/? then Fj(v) is less than (ey/A;/4)P, which completes the proof of
Lemma 2.5. [

Assume that f € H2Gn (X ) and denote by C its Sobolev norm. Proposition 2.1
shows that:
(f,d)| < C1 Yk > 1, |(f, i) < CiAz BntetD),
Moreover

f(t,m) =" e (f, i) gi(m).

k>0

According to Weyl’s asymptotic estimate (i.e. A\, ~ C(X)k?/™) and Proposition 2.1, for
all t > 0, m — T f(t,m) has a holomorphic extension to M, and for all ¢ €]0,¢,], all
m € OM, and all ¢t > 0

|Tf(t,m)| < Cl(l + C(E) Ze—t/\k )\2+1—n—1—n—p ee\/XZ)
k>1
Next we apply Lemma 2.5 with v/t\; in place of v, which shows that
ITf(t,m)| < Ci(1+ e /%2 Cle) D(e,p) > A™)
k>1
Weyl’s formula shows that the series ) A" converges.

We complete the proof of Proposition 2.4 with a short proof of 3]. One can choose the
eigenfunctions ¢y, so that they are real-valued on X:

E(t,z,y) Zexp —tAx) dn ()P (y)

k>0
Point 3] follows directly from Weyl’s formula, and from Propositions 2.1.1] and 2.2. []
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3. Construction of a “Pseudo-Heat Kernel” in Y

In this section, we fix a point ¢ € X and denote by Y the fiber 7=1(q) C M.,, with the
definitions and notations of Section 1; €; will be decreased several times in the sequel. We
shall apply Minakshisundaram’s method to construct a function K : R} xY xY — C
such that for all p € Y,

(0: — AY)K(t,p,m) = 0 and K(t,q,-)u* — 8, weakly.

Such a function will be referred to as a “pseudo-heat kernel”, for in general —AY is not
the Laplacian associated to a Riemannian metric on Y, except in the case where —g¥ is
a Riemannian metric on Y (see Propositions 1.17 and 1.19). However, we insist on the
fact that 9, — A%/ is a kind of heat operator, and not a backwards heat operator (the main
difference between 0; — AY and a standard heat operator being the fact that —g¥" is not
in general a metric on Y). We use the notation

0(m, Exp,,,(§)) = |det ((dExp,,)e)|

(3.1) 1/2
= (det (gExpmg((dEXPm)Eagi , (AExp,,, )¢ Ogi ))19’,19)
for all m € X, £ € B(0,inj,,(X)) C T, X. Clearly, 0 is a C*, positive valued function
defined on some open neighborhood of the diagonal in X x X.

As in [B-G-M], pp. 204 and ff., consider the following sequence of C“ functions,
defined by induction on U = {(m,m’) € X x X s.t. d(m,m’) < inj(X)} which is an
open neighborhood of the diagonal in X x X :

(3.2) uo(m,m') = 67Y%(m, m")

and, for all £ > 1:
(3.3)

wn(m, ') = =72, ) | 0112(om, B, (56)) (i 1)(m, Exp, (56))5* 1 s,
0

with ¢ defined by Exp,,(§) = m/.

The behavior of pseudo-heat kernels K as ¢ — 0% is fundamental to prove
inversion formulae as stated in Theorems 0.2-0.3, and more generally to define
microlocal singularities intrinsically. In particular, the dominant exponential factor in
K as t — 0*compensates exactly the exponential factors in Proposition 2.4. These facts
are the subject matter of the present section, which is organized as follows:

— in Propositions 3.0 to 3.3, we construct the Minakshisundaram parametrix for the
pseudo-heat operator (9; — AY), which is given by the expansion (3.4) in powers of the
time variable ¢; we emphasize the growth estimate (3.8) bearing on the coefficients of
the expansion (3.4) which is essential in obtaining the behavior of the pseudo-heat kernel
constructed as t — 0.

— Theorem 3.4 states the main result of this section; its proof is given immediately after
Proposition 3.10. The remaining Propositions and Lemmas in the section are intermediate
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steps used in the proof of Theorem 3.4 but of independent interest. We start with an
expansion (3.14) analogous to (3.4) but with a floating truncation depending on the time
variable “a la Sjostrand” [Sj §1]. Lemma 3.6 shows that this expansion with the floating
truncation almost satisfies the pseudo-heat equation. Proposition 3.7 studies the structure
of the phase of the Gaussian factor in the parametrix (3.4) below. Lemma 3.8 studies
the effect of removing the “floating truncation” in (3.14), while Proposition 3.9 studies
the behavior of the approximate solution in (3.14) as ¢ — 0. Proposition 3.10 studies
a particular quantity @) entering into the Duhamel formula when one passes from the
approximate solution (3.14) to the pseudo-heat kernel K; it says essentially that, from the
point of view of singularities as ¢ — 0%, the kernel K behaves like the expansion (3.4).
(In the following we denote the interval [0,00) by R and (0,00) by R%.)

PropoSITION 3.0. — For all k > 0, uy, defines a holomorphic germ at (q,q) € X X X in
M., x M., (still denoted uy, in the sequel). Consider, for all k > 0

k
(3.4) Hk(t, m’m/) — (4ﬂ_t)—n/2€d2(m,m’)/4t Z(_t)lul(m, m/) :
=0

Hy is C¥ on R} x U and defines, for all t > 0, a germ of holomorphic function at
(t,q,9) € R, x X x X in C x M., x M, (still denoted by Hy). In particular, the
restriction Hy(t,-,-) R XY xY induces, for all t > 0, a real-analytic germ at (q,q) in
Y X Y which satisfies:
(3.5)

(AY — 0:)Hy,

(t,m,m') = (47rt)_"/26d2(m’m/)/‘“(—t)kAguk|ny(m,m’).

Rjr XY xY

N.B. — Proposition 3.1 will show that we can shrink the connected manifold Y so that
all the uy, are defined and C¥ on Y x Y. Therefore, (3.5) will be valid on R} xY x Y.

Proof. — In [B-G-M], pp. 204 and ff., it is proved that

k
(3.6) (AX +8,) (47rt)_"/2e_d2(m’ml)/4tZtluz(m,m’)]
=0
= (47rt)_"’/26_‘12(m’m/)/‘“t’“A‘fuk(m, m'),

for ¢ > 0 and (m,m') € U. By analytic continuation with respect to ¢ in C\ V/—1R_
for (m, m’) fixed, one can change ¢ into —¢ in (3.6) to get

k
(3.7) (AF = 8,) | (4mt) /2 (mm /e Z(—w'u,(m,m')]
=0
= (4mt) /2L mmO 8 () AF g (m,m)

fort > 0 and (m,m’) € U. Relation (3.5) follows from (3.7) and Theorem 1.16 by analytic
continuation with respect to the variable m/, (¢, m) being fixed. [
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The key to controlling the growth of the pseudo-heat kernel as ¢ — 07 is the following
estimate.

PROPOSITION 3.1. — Let {uy }32, be the sequence of functions defined recursively by (3.2)—
(3.3). There exists an open neighborhood V of q in M., and a positive constant L > 0 such
that for all k, uy is holomorphic on V x V and

(3.8) sup |ug| < LFTEL
VxV

The proof of (3.8) relies on some majorizing series techniques recalled below.

DEFINITION 3.2. — Let u(z) = Y, cnn Ua® and v(z) = 3, cnn Vo™ be two formal
series with u, complex and v, non-negative real numbers. We shall denote by u(z) << v(zx)
the following relation: for all k € N", |uy| < v4.

The proof uses the following formal series: for K € N and R > 0,

R7Fk!

R — ith + =
(f)k(w)_(l_j/R)kH,wnhx 1+ T

We shall use the following properties of these series:

ProposiTION 3.3. — For all k € N and R > 0,

D ¢i () << R$,(z) and 0,7 (x) = diiyy(x)-

2) Let © — b(x) be a holomorphic function on P(0, R) (the open polydisk centered at 0
with radius R > 0) such that suppg gy |b| = M. Then b(z) << MpE(z).

3) Let Ry > 2R and a a holomorphic function on P(0, Ro) such that suppq gy la] = M.
Let C > 0, k € N and u(z) be a formal series such that u(z) << C¢F(x). Then
a(z)u(z) << 2MCHE(z).

Proposition 3.3 is essentially the same as Proposition 5.3 in [Le], to which we refer
for a complete proof.

Proof of Proposition 3.1. — Since the metric g is C* on X, the function § defined in (3.1)
is positive and C* on U. In particular, there exists a relatively compact open neighborhood
W of g in M,, and a constant A > 0 such that for all m, m’ € W, A= < |§(m,m’)| < A
and @ is holomorphic on W x W. Pick R, €]0,1[ small enough, let 0 < 2R < R, and
Wy C W be a relatively compact open neighborhood of ¢ in M., so that, for all m € W,
Exp,,,(P(0,Ro)) C W and Wy C Exp,,(P(0,R/2n)).

Proposition 3.3 2) shows that for all m € W, the formal series uo(m,Exp,,(£)) (in
the unknown &) satisfies:

ug(m, Exp,,(€)) = 8'/%(m, Exp,, (€)) << AY2$E(€).

Observe that 6'/2(m, Exp,,(€))(A%u;_1)(m,Exp,,(€)) is given by an expression of the
form:
(3.9)

612 (m, Exp,,,(€)) (A5 wi—1) (m, Exp,,(€)) = ) aa(m, Exp,, (€))0¢ (wi-1(m, Exp,, (€)))

Ja|<2
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where we can assume that the coefficients a,, are holomorphic on W x W, do not depend
on u;_1, and satisfy |a,(m,m’)| < C’ for all m, m’ € W, all « such that |a] < 2 and
some constant C’ > 1.

We now proceed by induction: assume that the induction hypothesis holds at order
1 — 1, ie.

(3.10) ui-1(m, Exp,, (§)) << AV2CT 1L, (€),

where C = 4A'/2C" /R, C" being defined by C” = 2(n? + n + 1)C".
There are at most n2 + n + 1 terms in the sum (3.9). Then, the induction hypothesis,
Proposition 3.3 1) and 3) (using in particular that 0 < R < 1) show that

612 (m, Exp,,,(€))(A5 ui—1)(m, Exp,, (€)) << AY2CT1C"9f,(€) .

Hence
1 .
(3.11) / 0Y/2(m, Exp,, (5€))Agu;_ (m, Exp, (s€))s' " ds
0

1
<< AV2Cito” / PR 1 (s€)si 1 ds.
0

We compute
1
(3.12) / g{)ﬁ_l(sf)si_l ds
0
oo 4. “\ P
G +1+p)!( ¢ f
— R-G+D) (1 S 1P g
; p! R 0

= (P G+ 1+4p) (€ ! 2 g
=R +1p§=:o g Gip) \E << 79i°(6).

Therefore, (3.11) and (3.12) show that

1 ) /2vi—1
319) [ 02(m Bxp, (56 Sausa(m, B, (s6))s'~ ds << E g

We now apply Proposition 3.3 3) with a(¢) = —0~/2(m, Exp,,(£)) which is holomorphic
on P(0,Ry) and satisfies |#~1/2(m, Exp,,(£))| < A2 for all £ € P(0, Ry). Therefore,
according to (3.13),

ui(m, Exp,,,(£))
1
= —9'1/2(m,EXPm(§))/ 612 (m, Exp,,, (s€)) Aoui—1 (m, Exp,, (s€))s'~ ds
0

1/2vi—1pm )
<caa 2?20 ey = av2cigne),
and hence (3.10) holds at order 7. This shows that (3.10) holds for all = > 1.
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By assumption, for all m € W, we have: W, C Exp,,(P(0, R/2n)). Thus (3.10) shows
that, for all m, m’ € Wy and 7 > 1,
RG-D(; —1)!
(1-1/2)
20\°

o2 (28N T < 2 20N Ly
=24 7 (i—1)!<sup|24 'R (i —1)!

which proves (3.8) with L = sup (24'/2,22).
The main result of this section is the following theorem, which states the existence of
a pseudo-heat kernel K(t,p,m) for AY — 9, on Y satisfying certain estimates. These

estimates will be fundamental later, especially in the proof of the inversion formula in
Theorem 0.3.

|ui_1(m, ml)l S A1/2Ci—1

THEOREM 3.4. — If €1 is small enough then, for all 0 < € < €y, there exists a complex-
valued function K = K(t,p,m) € C°(R* xY x Y) which is C* with respect to t > 0
and C? with respect to m € Y such that:

1) Forany p € Y, (0, — AY)K(t,p,m) = 0;

2) For all continuous complex-valued function v = u(t,m) € C°([0,1] x Y)

lim [ u(t,m)K(t,q,m)u’ (m) = u(0,q);
t—0t Y

3) There exists R > 0 such that for any t €]0,1] and m € Y
K (t,g,m)| < R(dmt) /2 @m/it,

4) For all smooth vector fields U on'Y, all compact subsets Ko of Y and all 0 < € < ¢,
there exists a positive constant D(KCo, €', U) such that for all t €]0,1] and m € Ky such
that d*(q,m) = —¢€?,

U - K(t,q,m)| < D(Ko, €, Ut~ /2e=<" /4

The proof of this theorem is somewhat involved and requires some technical preliminary
results. Before going into this, we observe that in the case where —g¥ is a Riemannian
metric on Y, we can think of Y with the metric —g" as isometrically embedded in some
compact Riemannian manifold so that (/—1)" K can be constructed as the restriction to
Y of the heat kernel on that manifold, with one point equal to g (see comments following
definition 8.7). In this very particular case, the estimate 3) above has been obtained by
Molchanov [Mo] and Kannai [K] for C° Riemannian manifolds. However, both proofs
involve the geometrical objects attached to the Laplacian of a metric (and in particular
geodesic curves) and does not seem to extend to the general case considered here, where
—AY is a differential operator with complex coefficients. Our proof for this theorem is
based on Proposition 3.1 instead (and hence requires analyticity of the metric).

ConvenTION 3.5. — In what follows, we shall assume that ¢; is small enough that
there is a holomorphic chart (2;z = x + /—1y) for M, at ¢ such that Y is defined by
Rz =2 =0and (QNY;y) is a C*¥ chart for Y at gq.
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Pick C > 1 such that 0 < % < % where L is the constant in Proposition 3.1. Then we
choose a real-valued function x € C°°(R) such that x(t) = 0 on | — 00,0], x(¢) €]0,1]
on 0,1], and x(¢) = 1 on [}, cc[. Finally, for (z,y) € V x V (with the same V as in
Proposition 3.1), we set

(314) A(t, xz, y) — M(t, T, y)edQ(a:,y)/élt
1
where M(t,2.) = (—4mt) ™/ 3 (- w3 - 4 )
k>0

This type of “floating” truncation was introduced by Sjostrand [Sj §1]. The role of such a
truncation is to stop the summation at k < &, for in general the series Y., t*ui(z,y)
diverges—see estimate (3.8). That such a truncation is useful can be seen as follows.
Denoting by I'(z) = 0+°° e~t*~1dt the usual Eulerian function, we recall the Stirling
formula: T'(1 + ) ~ 27z (z/e)” as © — 4oo. For t — 07, the last term in the
summation (3.14) can be estimated by

n nfon\Y? (LY
cEeperay g~ (Z) () =oe wimo
e

for some 1 > 0.
The next lemma shows that A(t,,y) is nearly a solution of (9, — AY)f(t,z,y) = 0.

LEmmA 3.6.

1) Let ky = [%(% — 2)] for all t > O (where [] denotes the integer part). Then for all
(z,y) € Y xY and t > 0:

(315) (A} = 3 A(t,@,y) = (—dmt) /> (=) e V4 Aguy, (,9) + P(t, @, y)

where P(t,z,y) =0if 1 +k > &7, and if k = 1+ k, < &;,

1
P(t,z,y) = (—4x) /3 (AY - 8,) (—l)ktk_"/26d2(w’y)/‘ltuk(m,y)x(; - kC)]

2) For ¢ Small enough, there exists 1 > 0 and a positive constant D such that for all
€ €]0,¢€1], all multi-indices (o, 3) € N™ x N™ of length < 4, all integers a € {0,1} and
all (t,z,y) € RY x Y x Y satisfying |d*(z,y)| < n the following estimate holds:

(3.16) |070200(AY — 0, A(t, @, y)| < De™?"/*.

N.B. — Estimate (3.16) holds only for (z,y) € Y x Y such that |d*(z,y)| < 7 and
not in general.

Proof of 1). — Observe that
M(t,x,y) = (—4mt) "/22 ) wr(, y)+(=4mt) () ug g, (2, 9) X (3-C(14k)).
1=0
Indeed, according to the definition of x: x(7 — Ck) = 1 if and only if 1 — Ck > 1
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so that if k < k; then x(+ —Ck) =1 and if k > 2+ k,, then Ck > 1 -1 +C > 1
and x(% — Ck) = 0. Moreover, if 1+ k, > &, then x(3 — C(1 + k;)) = 0 so that
M(t,z,y) = (—4mt)~"/? Zf;o —t)'uy(z,y) and the first formula in 1) results directly
from 3.5). If k =14k < é the extra term in the formula above is not zero and the
second formula in 1) follows again from (3.5) with the extra term P(t,z,y).

Proof of 2). — In view of 1), 979205 (AY — ;) A(t,z,y) will be a linear combination
of terms of the form

ed2 (z,y)/4tt)\+k—n/23:1 8;;2 U, (:L', y)

with coefficients bounded on Y and —8 < A < 0, k = k; or k; + 1 and |a;| + |aa| < 6.
Moreover, all k’s appearing in the expression of 9p9307(AY — 8;)A(t, z,y) should also
satisfy k& < & because of the truncation X(% — kC) in (3.14). Choosing €; > 0 small
enough, one can apply Cauchy’s estimate and (3.8) to bound 95" 92 u, uniformly on Y xY:

(3.17) 10310, ux(z,y)| < Coy oo LFTE!, Y(a1,02) EN" X N V(z,y) €Y x Y
(where C,, ., denotes some positive constant).

Let Cy = sup{Ca, a, s-t. |a1| + |az| < 4}. Since C > 1, k; > & — 2; hence all k’s
appearing in the expression of 979205 (AY — 8,)A(t, z,y) satisfy k € [& — 2, &;]. Then
(3.17) shows that, for all 0 < t < 1,

V-8<A<0, Y(ay,as) € N* x N" s.t. |ay| + | <4, V(z,9) €Y XY
one has

n n 1 1
|ed2<””’y)/4tt*+’“‘58§18;‘2uk(x,y)l < |ed2(””*y)/4tIt*”5+E'ZCOLE+1F(1 ).

Applying Stirling’s asymptotic equivalent recalled above as t — 07 leads to

n 1 1 2r _ L
2R 0TI LTi T 2o eT T
0 Vi
1
L\ ot

where C; and Cs are positive constants. Now, C' > 1 has been chosen so that e—LC— < %;
hence there exists a positive constant C3 such that

(3.18)

ed2 (x,y)/4tt>\+k—%aac;1 832’U/k($, y)‘ S Ol led2(a},y)/4t

< Gy e

V—8<A<0, Y(ag,az) € N* x N" s.t. |aq| + |ae| < 4,

Y(z,y) €Y xY s.t. |d*(z,y)| < n,

n n

ed2 (w,y)/4tt>\+k—§a;:11 3;2 up(z,y)| < Cgt)\+k_ 3

log 2
edz(x,w/u‘e_%

m  _log2 _2n
< 0364‘6 ot < 036 7
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whenever 7 is sufficiently small, e.g. 100n < 1%_2 Statement 2) follows easily from this
last estimate. []

The following proposition discusses the structure of d?(z,y) on Y x Y; it will be used
in particular to compute the limit of the pseudo-heat kernel as ¢t — 0.

PrOPOSITION 3.7. — For €1 > 0 small enough, there exists a C* functionh : Y xY — R"™
such that

1) Vy € Y, h(-,y) is a diffeomorphism of Y onto its image. Moreover:

V¢ € Ty X, such that |{] < €1, h(Exp,(V—1£), q) = &;

2) Forany y € Y, h(y,y) = 0(= h(q,q));
3) Vz,y € Y, denoting h = (hy,...,hy,), one has

Rd2(z,y) = —||h(z,y)|* = Zh z,y)%;

4) There exists C* functions c;; = c;;(h,y) defined for all 1 < i,j < n on some open
neighborhood of h(Y x Y) X Y such that ¢;;(0,q) = 0 forall 1 < i,5 < n and

n

(\d2($,y) = Z cij(h(x7y)7y)hi(x7y)h]'(x7y) .

4,j=1

Proof. — First observe that Rd?> € C°(Y x Y). For all m € X and m’' € X close
enough to m, one has d?(m/,m) = g,,(Exp,,}(m’), Exp,;!(m')); therefore, by analytic
continuation one has, for m, m’ € Y both close enough to g,

(3.19) d?(m',m) = g, (Exp,.}(m'),Exp_ .} (m/)); hence d(d*(m,-))m =
Moreover, when m = ¢ and €; is small enough we can find for each m/ in Y a unique
§ € T,X near 0 such that m’ = Exp,(v/—1¢) and

(3.20) d*(Exp,(V=1€),q) = Rd*(Exp,(V~1£),q) = —g4(£,€) -

Hence, for ¢, ¢’ € TCX close enough to 0, 852,§Rd2(Equ(\/r1‘£’),Equ(\/——lE))|§,:}E is
negative definite. Applying the Morse lemma (with parameters) as stated in [C-P, p. 155]
and reducing further, if necessary, the size of Y by choosing €; > 0 small enough leads
to a map (z,y) — h(z,y) satisfying 1), 2) and 3).

As for point 4), for all y € Y, h(Y,y) is an open neighborhood of 0 in R™ and
there exists by 1) and 2) a function ¢(-,y) € C*(h(Y,y)) such that for all z € Y,
P(h(z,y),y) = Sd*(z,y). One has, by (3.19) and (3.20)

(3.21) (0,y) =0, see points 1) and 2), d(¢(-,4))o =0, see (3.19), %(-,q) =0,

this last equality following from (3.20). Hence, Taylor’s formula shows that, for all y € Y
fixed,

(z,y) = Z z z]/ (1 —1)0,:0,i¢(tz,y)dt

3,7=1
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Point 4) follows upon defining

1
Cij(zay) = %/O (1 - t)aziazﬂ/)(tzay)dtv 1< 7/7.7 < n;

and observing that 9,:0.,1(0,q) = 0 since ¥(-,q) = 0 (see the last equality in (3.21)).
This shows that ¢;;(0,q) = 0 for all 1 < 4,5 < n. [

We shall also need the following estimate, which analyzes the singularity of 0, A(t, z,y)
as t — 0%,

LemMMA 3.8. — For ¢; > 0 small enough, for all t €]0,1], (z,y) € Y x Y and all
multi-indices a, § € N":

(3.22) [agan(t,x, y) — (—4nt) “/2Za“aﬁuk(x y)(—t) } < Dg st

(with M defined in (3.14)) where D, g is a positive constant.

Proof. — Pick t* = 1/((1+n)C) — we recall that C > 1 has been chosen so that % <%
hence, for all 0 < ¢t < t* we have: n +1 <1+ [&] For 0 < t < t*, one has
(3.23)

1
n 1+[6?]

0209 M (t,x,y) — (—4mt) ™2 00 ur(w, y)(—t)*| <t Y "7 72|02 0] wk(, y))-
k=0 k=n+1

By taking €; > 0 small enough as in the proof of Lemma 3.6, one can assume that (3.17)

holds. Hence, for n +1 < k <1+ [Ct] one has kt < E”fl) and

tk_l_"/2|8;’85uk(x, y)| < Cy pth~ 12 kR

Using Stirling’s asymptotic equivalent k! ~ v/27k (k/e)* as k — 400 and the definition
of C recalled above leads to

asts L\*
12190 08 up(z, y)| < C;ﬁk%(kt)k—l—"“(;)

-2 k k
n+2 2 n+2 3
<C, Er ( — — ) <O, -
#(arn)  (en) =3
for some constants C’, s and c’ - Combining this estimate with (3.23) shows that the

series in the right side of (3.23) converges, which proves (3.22). [

PRroPOSITION 3.9. — For ¢; > 0 small enough and for any locally compact (topological)
space A

1) There exists a positive constant Dy such that for allt € R’ and all x € Y,

/t—n/2’6d2(x,y)/4tu,3’(y) SDI
Y
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2) For every multi-index (o, 3) € N™ x N" there exists a complex-valued function
Ca,p € C°(Y) (independent of the topological space A) such that for any (\,p') in A x Y :

(3.24) tﬁ}gﬁ/YQ(/\,y)edz(”’y)/‘“@;"@f,M(t,y,p’)uy(y) = ca,5s(P)Q\, P)

for all complex-valued Q € CY(A x Y) (with M defined in (3.14), here C) denotes
the space of continuous functions with bounded modulus), the convergence being locally
uniform in (\,p') € A x Y. Moreover, ¢ = ¢y € C°(Y)NC%(Y) and 1/c is bounded
on Y. Finally coo(q) = 1.

3) For all p € Y and all complex-valued functions f € CP([0,1] x )
(3.25) tEIg1+ /Y f(t,m)A(t,p,m)u¥ (m) = c(p)£(0,p).
Proof. — We begin with 1). Using Proposition 3.7, one has
/ /2 edQ(ac,y)/éktMY(y)' _ / t—n/26§Rd2(w,y)/4t|uY(y)l
Y Y

_ /Y § /2 NI/ Y ()

Again by Proposition 3.7, for all z € Y, y — h(y, z) induces a diffeomorphism of Y onto
its image denoted by h(Y,z); changing variables in the last integral above leads to

/ t—n/2’ed2(w,y)/4tﬂY(y)’ — / t_n/2€—||z||2/4t|h(',.’L")*[I,Y(Z)|
Y h(Y.z)

= / =26~/ (5 1) |d
h(Y,z)

where the function ¢(-,z) : h(Y,z) — C is defined by h(-,z)*uY = ¢(-,z)dz' A...Ad2"™;
Vz € Y. Moreover, using Propositions 1.13 e] and 3.7 1] one sees easily that
$(0,q) = (V-1)"

One can see that ¢ is a C> nowhere vanishing function on Y x Y, after reducing the

size of Y if necessary (see Proposition 3.7). In particular, ¢ is uniformly bounded on
Y x Y. Hence, the inequality claimed in 1) holds with D; = (47)"2||¢||co-

Proof of 2). — Lemma 3.8 and the dominated convergence theorem show that one
can replace M(t,z,y) by (—4mt)™™/2Y"7_ uk(z,y)(—t)* without affecting the result.
Therefore, (3.24) follows from studying the limit as ¢ — 0% of a finite sum of terms
of the form (—t)* times

(3.26) /Y QU y) (—dmt) /2P @D sty (5 )Y ()

with v € C°(Y x Y). Changing variables as in the proof of 1), keeping the same notations
and using Proposition 3.7 1] one transforms the integral (3.26) into

B, )Q(A,h_l(m)) (—amt) /2N V=T Yes ez ) ity (1 B4, 1)) (2, ) do.
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Let 6 > 0 be small enough so that B(0,6) C [,y h(Y,z). We split the above integral as
I,(t) + I»(t) with I; the integral over B(0,6) and I, the integral over the complementary
region in h(Y,z). One has obviously

(3.27)

[I5(t)] < (47rt)_"/26—62/4t/ |Q()\,h_l(z,m))u(m,h_l(z,x))¢(z,x)| dz— 0

R(Y,z)NB(0,8)°

as t — 0. Then, in I; we perform the change of variables z = Vit¢ leading to

(\/_—1)71 I = / (471.)—71/2@()\,h—l(\/gc’$>)e(—llCllz+\/:TZCij(\/?Cyw)CiCj)/‘l
B(0,6/V?)

u(w, N (VEC,2))p(VEC, x) dC .

Let X C A be any compact set; for all R > 0, the function

Mtz Q) o eV 712 VEGRGGIAQ(\ BN (VG 2))ule, h (Vi ¢, ) (Vi x)

is continuous on the compact set K x [0,1] x Y x B(0, R) and hence uniformly continuous.
Hence, as t — 0%, I;(t) —

B2 (D[ Am R 0.)

w e TIIFHV=T 3D e (0)66) /gy (o, B=1(0, 2)) (0, ) dC
= (V=D Q\, z)u(z,z)$(0, z)
X / (47T)—n/2e(—||<||2+\/:12cij(o,w)qicj)/éx dz,

uniformly on K x Y, since h=!(0,z) = z. Hence
(3.29) L(t) + L(t) — QA z)u(z, z)co o)

uniformly on K x Y as t — 0%, where ¢ o(z) is defined by:
(3.30) 00,0(37) - ( /_1)—n ¢(ny)/ (47[_)—n/2€(—||4||2+\/—_12cl‘j(07x)CiCj)/4 dc.
Rn

The convergence of (3.24) follows immediately and is locally uniform on A x Y
since A is locally compact. Let us recall that ug(z,z) = 1, where ug(-,-) is the first
coefficient of the formal solution of the heat equation. The formula (3.30) shows that
co0 € C°(Y) N C%(Y). According to Proposition 3.7 4), one has ¢;;(0,q) = 0; hence
co.0(q) = (vV=1)""¢(0,q) = 1 since we have seen in the beginning of the proof that
#(0,q) = (v/—1)". Therefore, reducing €; > 0 if necessary leads to coo(x) # 0 for all

z € Y and this completes the proof of 2).
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Proof of 3). — Applying (3.29) to the situation where A = [0, 1] shows that
/ FOL ) (amt) ™2 @0ty (g y)dpY (y) — f(N, )co 0(@)u(z, 7)
“Jy
as t — 07, uniformly with respect to (\,z) € [0,1] x Y. Therefore

(331)  lim / £t ) (dmt) 20t y)dpY (y) = £(0,2)eoo(@)u(z, z).
t—0t Jy

The conclusion follows again from (3.31), Lemma 3.8 and the dominated convergence
theorem which show that one can replace A(¢,z,y) by

n
(—4mt) /2P @D/ () (— 1),
0

which leads to a finite sum of terms as in the left side of (3.31). This completes the
proof of Proposition 3.9. [

Let f, g € C2([0,T] xY xY) for all T' > 0; we define the following (noncommutative)
convolution product

t
frattam) = [ [ 1002900200007 2),
for all (¢t,z,y) € R} x Y x Y, which is associative. Then we set
B(t,z,y) = (0, — AY)A(t,z,y) .
PrOPOSITION 3.10. — Let 1 be the positive constant defined in Lemma 3.6 2. There exists a
positive constant Cy such that, for small enough, for all multi-indices (o, ) € N™ x N"

of length < 4 and any integer a € {0,1}
1] Vk € N*, V(t,z,5) € R}, x ¥V x ¥

te" B -
70205 ()

21 V(t,z,y) € Ry x Y x Y, 070205Q|(t,,y) < C1e“1'=2%, where

Q=Y "(-1)" (1—2—>k

k>1

tk——l

e~ 2n/t.

< k
(t7$,y)_C1 (ki—].)' 9

In particular, 8?8;‘85 Q extends as a continuous function on Rt xY x Y.

Proof. — Point 2) obviously follows from point 1). To prove point 1), we observe that
the case kK = 1 is a consequence of Lemma 3.6 2) and Proposition 3.9 (which states that
1/c is of class C? on Y, reducing ¢; > 0 if necessary). In particular Lemma 3.6 shows
that 8?8;853 can be continuously extended by O for ¢ = 0. Hence, point 1) follows
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by induction on k from taking derivatives under the integral sign in the definition of
(B/1® c)**+1) as (B/1® c)** x (B/1 ® c) and using the estimate of Lemma 3.6 2) and
the regularity of 1/c stated in Proposition 3.9 2). [

With all these preliminary results (Lemmas and Propositions 3.6 to 3.10) at our disposal,
we can now give the

Proof of Theorem. 3.4 — We define a function K by
K(t,p,m) = (A~ QxA)(t,p,m), Vt>0,p,meY

with A and @) defined respectively in (3.14) and Proposition 3.10 above, and ¢; > 0 small
enough so that all Lemmas and Propositions 3.6 to 3.10 hold and |d?(m/,m)| < n for all
m,m’ € Y, where ) > 0 is the (real) constant defined in Lemma 3.6. Now we show that
K satisfies all the conditions stated in Theorem 3.4.

First we show that K € C°(R% x Y x Y). Let § > 0 and consider, for t > §

t—6
(3.32) ua(t,pm’):/o dﬁ/yQ(ﬁ,p,y)A(t—ﬁ,y,p’)uy(y)

which is continuous with respect to (¢, p,p’) €]8, +00[xY x Y. Using Proposition 3.10 2]
(for @) and Proposition 3.9 1], one can see that us — Q A as § — 0" uniformly on
every compact subset of R% x Y x Y. Hence K € C°(R xY x Y).

Then we show that K (t,p,m) is C! with respect to ¢ > 0. Indeed, changing the variable
6 in the integral (3.32) into ¢ — 7 and using the identity Q(0,p,y) = 0 (see Proposition
3.10 2]) gives

t
8t“6(t7papl):/5 dT/y&Q(t—T,p,y)A(T,y,p’)uY(y%

Propositions 3.9 1] and 3.10 2] show again that ¢ — O,us(t, p,p’) converges uniformly on
every compact subset of R* as § — 0*. Hence K is C' with respect to ¢ > 0.

Next we prove that K (¢, p,m) is C* with respect to m. Consider a fixed index 1 < j < n;

t—6
63 dyutns)= [ 48 [ Q.00 AC 05007 ()

(we recall Convention 3.5). By symmetry of d? in the p’ and y variables, one has

3p/,ed2(y’pl)/4(t_9) _ 6y_ed2(y,p’)/4(t—6) _

Integrating by parts and using the definition of M in (3.14) shows that

t—6

2 ’ _

Bp;u(s(t,p,p’) = / d9 /Y Q(e’p’ y)ed (y,p")/4(t 9)8p;M(t _ g’ y’pl)MY(y)

0

t—6

2 ’ _
- / de/ 8’!/]‘ [Q(a,pa y)M(t - 95 y7pl)]6d (wp')/a(t G)uy(y)

(3.34) 0 Y

t—6
+ / df oy Q(07pa y)M(t - 9>Z/ap')6d (y’pl)/4(t_9)l,ay] /,LY(y)
0

t—6
- [ [ Q@paMe~b,0.9)L0, 0"
0 Y
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where La denotes the Lie derivative. Let Ky be a compact subset of Y'; then, Proposition
3.7 shows the existence of a real number # > 0 such that for all (y,p') € 9Y x Ko,
Rd?(y,p') < —k < 0. Therefore, Propositions 3.7 and 3.8 demonstrate that, for all ¢ > 0,
8,,; us(t, -, ) converges uniformly on Ky x Ko as § — 07. In particular, p’ — Q= A(t,p, p’)
is C! and so is m — K(t,p,m). In the same way, one shows that p’ — Q * A(t,p,p’)
and m — K(t,p,m) are C? on Y.

Now we prove that (9; — AY)K(t,p,m) = 0. For § > 0, we compute d;us by (3.32):

t—6
(335) (3 — AD)us(t,p.p) = / o / Q(0,0,)(0 — AYVA(t — 0,5, 9)1 (1)
0 Y

T / QUt — 6,0,1) A6, 1,5 ().
Y

By Lemma 3.6 2), one has
(0 — AY)A(t — 6,y,p')| < De™21/=0);

this estimate shows that the first integral in the right side of (3.35) converges uniformly on
compact sets of R x Y x Y as § — 0F. Proposition 3.9 2) shows that the second integral
in the right side of (3.35) converges to ¢(p')Q(t,p,p’) as § — 07, uniformly on compact
sets of R% x Y x Y. This shows in particular that (—A} + 8;)us(¢,p,p’) converges as
6 — 07 uniformly on compact sets of R XY x Y. Also, us — @A as § — 0 uniformly
on compact sets of R% X Y x Y; then, using (3.35) again with Propositions 3.9 2) with
& — 0% in place of ¢ and A\ = (¢,p) and Proposition 3.10 with B = (9; — A} )A leads to

[(8: — AYNQ * A)](t,p,p) = Q * (0: — AY)A(t,p, ') + c(P)Q(t, p, )

=37 1)’““( )*k * B(t,p,p) +c(p) Y _(-1)F <1%;C> *k(t,p,p’)

k>1 k>1
- B(t7p7pl)‘

Then
(0 —AXNA-Q*A)= (0, — AY)K =0.

Next we prove point 4) in Theorem 3.4. In view of Lemma 3.8,

sup t1+”/26612/4t|U -A(t,p,m)| < +o00.
t€]0,1], meY
d2(q,m)=—¢"
Therefore, it suffices to prove that for all compact Ky C Y,

(3.36) sup e2n/t|8pa(Q x A)(t,p,p')| < +00
te]O,l],p’eICo ’
d*(q,p")=—¢"

for all ¢ > 0 such that €2 < 7.
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To do this, we use first (3.34) with 6 = 0 and estimate () and its derivatives by
Proposition 3.10 2], while M and its derivatives are estimated by Lemma 3.8. It suffices
then to apply the estimate in Proposition 3.9 1] to control the two first integrals in the right
side of (3.34) with 6 = 0. To deal with the third integral in (3.34), observe as we did just
after (3.34) that Proposition 3.7 shows the existence of a real number x > 0 such that for
all (y,p’) € dY x Ko, Rd?(y,p') < —k < 0. This third integral in (3.34) is then estimated
using Lemma 3.8 and Proposition 3.10; these estimates altogether prove (3.36).

The proof of point 3) follows the same lines: it suffices to show that

(3.37) sup e24(Q x A)(t,m,m")| < +o0
t€]0,1}, m,m’€Yy

observing that |d%(g,m)| < n for all m € Y (see the N.B. after Lemma 3.6 and remember
that €; > 0 has been chosen small enough that for all m, m’ € Y, one has |d?(g, m)| < 7).
Hence (3.37) follows from Propositions 3.10, Lemma 3.8 and Proposition 3.9 1].

Finally, point 2) follows from Proposition 3.9 3], the definition of K and the inequality
(3.37) above.

The proof of Theorem 3.4 is complete. []

4. Characterization of the Analytic Wave Front Set

In this section we will give the proof of Theorem 0.1. The strategy of the proof is to use
the estimates given in Proposition 3.1 to show that e~**« defines a F.B.1. transformation in
the sense of Sjostrand ([Sj]) near the point (Expzo(\/rf &0), To) modulo an exponentially
decreasing term (see Prop. 4.11 and 4.12). With the help of Gauss’s lemma we will show
that 11/—1d?(z,y) is a F.B.I phase and that the value at Exp, (v/—1 &) of the associated
weight is 3||* = —d®(Exp,, (vV=1&), z0).

Let us recall that (X,g) is a connected compact Riemannian real-analytic orientable
manifold of dimension n with volume form y, and that L?(X) is naturally endowed with
a scalar product: (f,g) = [y fgu. Let {¢;(y)};>0 be an orthonormal basis of L*(X)
consisting of eigenfunctions of the (nonnegative) Laplace Beltrami operator, A, with
corresponding eigenvalues 0 = Ag < A\; < Ay < ---. We can assume that all the ¢; are
real valued. We will choose ¢ > 0 small enough that for any distribution u and any ¢ > 0,
e tAu(x) admits a holomorphic extension to the complex tube

M, = {Exp,(V-1¢), £ € T, X, [¢| < ¢}

(see Proposition 2.4), and small enough that the square of the geodesic distance, d?(-,-),
admits a holomorphic extension, still denoted d?(-, -), to an open neighborhood in M, x M,
of the diagonal of X x X.

We recall that the formal solution of the heat equation is a formal series of the form

—-n —d?(x ]
(drt) /2 e/ (Z uj(:c,yw)

720
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where the coefficients u;, given by (3.2), (3.3), are analytic in an open neighborhood in
X x X of the diagonal and satisfy, for any nonnegative integer k, the following equation
(see [B-G-M], page 208):

(4.0); (8 + AQ){(47rt)—"/2e-d2<m,y)/4t (zk: u;(, y)tj> }
0

J
= t’“(47r75)“"/2e""l2 @/ A w2, )

In the sequel we will use C to denote various positive constants.
We make the following remarks concerning Theorem 0.1:
a) Part i) means that for y € X close to zo the maximum of —Rd?(Exp, (v —1&o),)
is attained for y = xo so that for y € X close to xo and any t €]0, 1] we have:
- 2
B(t.Bxp,, (VoL )] < C 12y (120,
b) Part (ii) is essentially a consequence of i). Let us recall (see Proposition 2.4), that

without any hypothesis on the wave front set of © we have “only” the following estimate:
for t > 0 small and z close to Exp, (vV—1¢&),

N 2
le"u(z)| < C exp <|€O|Tt+§)

Lemma 4.1. — It suffices to prove Theorem 0.1 ii) in the case that u is a bounded
measurable function on X.

Proof. — It follows easily from Proposition 2.2 that if v is a distribution on X there
is a nonnegative integer p such that A~? (fv — (v, 1)) = u defines a bounded function on
X. Note that u and v have the same analytic wave front set. If Tu(t,m) satisfies (x)
then, using Cauchy’s inequalities for m in a suitable polydisc of Z, one sees easily that
T(v — (v,1)) and Tv satisfy an estimate like (*). In order to prove the converse, we
introduce the following notation: for any function f(t) € S(R%) with rapid decay near
+oo we set for t € R}

+oo
D7f(t) = (s)ds and DPf(t) =D 'o-.-0o D7 f(t).
t
Conversely, if Tv satisfies (x) then so does T (v — (v,1)), and one easily shows that
Tu = D7P(T(v — (v,1))) satisfies an estimate like (x). [
Now we introduce a few geometrical constants. Let L be the constant introduced in
Proposition 3.1.

GEOMETRICAL. DEFINITION 4.2. — Let C' > 1 be a real number such that L/Ce < % Let
us denote v = % log (eC'/L), which is positive. Let 3 be a smooth function of compact
support whose (small) support is included in both V N X and in the domain of a real
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analytic normal geodesic chart, and such that 3 = 1 on an open neighborhood 2 of z,
in X. Then we can choose o € C§°(M,) whose (very small) support is included in V
such that (suppa) N X C €, a = 1 on an open connected neighborhood W of zg in
V C M., and such that:

(4.1) (z,y) € supp a x supp 8 = Rd*(z,y) > —v

(4.2) inf Rd*(z,y) := v > 0.

(z,y) € supp ax (supp 3\Q)

Moreover we can assume that for any bounded continuous function » with support in
VNX and any z € V N X we have (see [B-G-M], pages 208-210):

n+1

(4.3) tgrg{r/Xu(y)(47rt)_"/2e_d2(””’y)/4tZuk(a:,y)tku(y) = u(z).
k=0

Note. — The support of « is very small with respect to v and Q.

Now we define an analytic symbol N(¢,z,y) (the one of Theorem 0.1 1)!) with respect

1
to the great parameter 3.

DEFINITION 4.3. — Let x : R — R a real C* function of the real variable s such that
x(s) =0 on]—00,0], x(s) €]0,1[ on )0, 1[, and x(s) = 1 on ]3,+oc] (as in §3). For
real positive t and (x,y) € V x V we define

1
N(t,z,y) = (4rt)""/? tPug(z, - — k().
(t,z,y) = (4rt) k%:o k(@ y)x(5 )

N is of course very similar to the M in equation (3.18). For each ¢t > 0 the sum above
is finite since the terms in it vanish if k is not smaller than &, and (z,y) — N(¢,z,y)
is holomorphic on V x V. Moreover, using Proposition 3.1 and Stirling’s formula we see
easily that the nonvanishing terms (those for which ¢ < 51,;) can be estimated with the

help of the following inequality:
thLE g < (Ck)“FL* k! < CVEk (L) Ce)*.

The Crucial Fact behind this is that for k = é — 400 we have (with the v of the
Definition 4.2):

tFLF g~ Ct 2exp (-%”)

Using the fact that ELE < % one proves easily the following lemma (see also the end
of Prop. 4.9).
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LemMMA 4.4. — There is a positive constant C' such that for any t €)0,1]| and any
(z,y) e VN X xVNX we have:

n+1
HN(t,x, y) — (4mt) /2 Zuk(m,y)tk}e‘dg(z’y)/‘” < C't.
k=0

Philosophically the following lemma analyzes the second member of the equation (4.0)g

for k£ ~ é? (associated with the formal solution of the heat equation); later we will see

that this second member is exponentially decreasing when ¢ — 0. The proof is similar
to the proof of Lemma 3.6.

Lemma 4.5. — For each real t > 0, and each (z,y) € V x (VN X) we put
ke = [(+ — 3)C7Y] (the integer part) and we have:

(e + D) (N(t, 2, y)e~ @0/
:(47rt)_"/2tkf e—dQ(w’y)/‘“Azukt (z,y) + R(t,z,y)

where R(t,x,y) equals 0 if 1 + k; > é, and ifk =14k < é then:
n _g2 1
R(t,m,y) = (4m) "> (8 + As) {uk(w, R kC)}.

Now we write a decomposition of the “analytic symbol” N (¢,z,y) with respect to the
orthonormal basis of eigenfunctions {¢;};>o :

a(z)B(y)N(t, 2, y)e @03 =N f(t, 2)6,(y)

720

where we have:
(4.4) F(t.) = a(o) [ BN (Eaa)e I ).

The idea of the proof of Theorem 0.1 i) is to analyze e~**i$;(x) — f;(¢, ). To this aim,
we will use the following Lemma 4.6 and Proposition 4.8.

LEMMA 4.6. — There exists n smooth vector fields Uy, 1 < h < n, on X and n differential
operators of the first order Vi, 1 <1 < n, (operating on the variable y) such that for each
x € M., 5 € N, andt > 0 we have:

~20(z) /X (arad B(y), grad ¢; (NNt z,y)e=F @D/ ()

= ofz) /X S S Vi [Nz 5)e @D, - By u(y).

1<h,i<n

Proof. — Since the (compact) support of 3 is included in the domain of a real analytic
chart, one gets the result by a simple integration by parts. []
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DErINITION 4.7. — Let us denote
F(t,2,y) = a(@)(N(t,z,y)e” @/ A, 6(y)
+ Y Vi IN(t 2, y)e @V, - B(y))).

1<h,i<n

The map (t,z,y) — F(t,z,y) is of class C* on R% x V x X. For each (t,y) €
R% x X, x — F(t,z,y) is holomorphic on W.

PropoSITION 4.8. — Forall j € N, all x in X, and all real t > 0 we have:
a) fj(0,z) = a(z)¢;(z)
B) Bufy(t ) = X fi(t,3) — /X F(t, 2, 9)6;(4)u(y)

+ala) [ B8O+ A2) (Nt )e O ufy).

Proof. — Let us prove part a). The Geometrical Definition 4.2 states that § = 1 on
supp o N X. We recall the equation (4.4), and the definition 4.3. Part a) is therefore an
immediate consequence of equation (4.3) and of Lemma 4.4. Let us prove part b). Since
Aq is self-adjoint we can write:

(45)  8uf5(t,z) =a(z) /X B()0 (N (t, 2, y)e™% @9/4) 6 () u(y)
=Ot($)/Xﬁ(y)(3t + 80) (N (t, 2, y)e™C @04 6 (y)u(y)

—o(z) /X N(t, 2, y)e P @D/ (B(y)s (9) ().

Let us recall that (see [B-G-M], page 127):

Ax(¢;8) = ¢;028 + BA2¢; — 2(grad ¢;, grad B).

Inserting this identity in the last integral of equation (4.5), using on one hand Lemma 4.6
and the Definition 4.7 of F'(t,z,y) and on the other hand the fact that Ay¢; = X;¢; and
the equation (4.4), we prove easily the Proposition 4.8. []

In order to integrate with respect to ¢ the equation in Proposition 4.8 b) (for z complex)
we will need the following lemma.

LEmMA 4.9. — Let v and U be the two constants introduced in the Geometrical Definition
4.2. Then there exists two positive constants N and D such that for all (complex) x € W
and for all t €]0,1] we have:

@) 1B()(8: + A2)(N (2, ')e_dQ(m”)/M)]|H2+2n(x) < Dt Nexp (_%)
v
b) |F(t =, ’)||H2+2"(X) < Dt Nexp (—47)
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¢) For any t €]0,1] and any y € X, the two maps © — F(t,z,y) and
z — B(y) (B + A2)(N(t, z,y)e™ (=v)/4)

are holomorphic on W.

Proof. — a) Let us use the notations of Lemma 4.5. Proposition 3.1 (and the Sobolev’s
injection theorem) shows that for every p € {0,...,n + 1}, for all (z,y) € V x suppf,
and all ¢ €]0,1] we have:

Ay [5 (y)e™ " D i Aguy, (o, y)] | < Cthe L1tk kt!t‘zn_‘*}e—d?(r,y)/u

Since C' > 1 we have & — 2 < k; < Z;, so using Stirling’s formula and the definition
of v we get:
Lk \™ =~
ltktL1+ktkt!| S(t t) Lk,C
e

(4.6) N L
LC(LNT_C (%
=3 \ec) TEP\TT )

Now let us denote & = 1 + k;. The inequality (4.6) then shows that for 0 < ¢ < 1:

[t* LM REY| = [tR LR ke (ke + 1)L < %exp (—%)

On the other hand, since the support of 3(y) is compact and included in X NV, Lemma 4.5
(which defines R(t,-,-)) and Proposition 3.1 show that for every p € {0,...,n+ 1}, z €

W, and y € X we have:
d*(z,y)
exp (— yn

Moreover, since W C supp «, the inequality (4.1) shows that:

exp (~H20)| exp (-2 < e (-1).

Now we deduce easily the Lemma 4.9 a) with N = 3 + 2n + 5 from inequality (4.6)
and Lemma 4.5. Let us prove part b). Let us recall that 5 = 1 on the open set €2, so for
all y € Q and h € {1,...,n}, U, - B(y) = 0 (see Lemma 4.6) and Ay3(y) = 0. The

inequality (4.2) shows that for any ¢ €]0,1]:
d*(z,y) v
— < —_ ).
exp( - ) < exp< 4t>

Moreover using Proposition 3.1, Stirling’s formula, and the definition of N (¢, -, -) we easily
show that for any t €]0,1], z € W, and any test function (p(y) with compact support in

|AL(B(y)R(t,z,y))| < Ct=2n—4=3 R L1RE

V(z,y) € W x supp f3,

(4.7) ¥(z,y) € supp a x (supp 3\ ),
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X NV belonging to the following finite set of functions {A25(y), Uy - B(y), 1 < h <n}
we have:

~ tkL\*  ~ L\
(N (s, Npgasan ) < C 2 3 @(_) < Ct‘"”Z\/E(a) ,
kg% k>0

Since & < 3 we can now use the inequality (4.7) and the Definition 4.7 of F(t,z,-) to
obtain easily the Lemma 4.9 b) with N = % + 2n + 5. Since the coefficients ux(z,y) of
the formal solution are holomorphic on V' x V' we prove easily part ¢). [

Let us denote by E(t,7,y) = ;5 e ig;(x)¢;(y) the heat kernel of (X, g).
PROPOSITION 4.10. — For every real t in ]0, 1], for every (z,y) € W x X we have:

t
a(2)B(y) N (t, z,y)e~C ED/ = o(2)E(t, 2,y) / eI P (s, 3, y)ds
0

+a(z) / e5=082 [B()(D, + Do) (N (5,2, y)e~@/4%)] ds.

Proof. — We begin with a few preliminary remarks. Let us denote p = inf(v, 7). We
easily prove the following inequality (with the constant N of Lemma 4.9):

t
-N P ~ 4
. —2)ds < -,
(4.8) vt €]0, 1], /0 s exp( 4$> ds_Cexp( St)
Using Lemma 4.9, the fact that the e*"92 0 < s < t < 1 define a uniformly bounded
family of endomorphisms of H?*2"(X) and the inequality (4.8), one obtains easily for
each t €]0,1] and z € W the two following estimates:

(4.9) /Ot €082 [B(-)(D, + Do) (N(s,, )~ =)/4%)] ds

H2n+2(X)

¢
(4.10) / e (s 2, ) ds

< C exp (—ﬁ).
0
Now as a first step we assume that z is “real” and belongs to X. For each real ¢ €]0, 1]
and each nonnegative integer j, Lemma 4.9 and Sobolev’s injection theorem allow us
to integrate from s = 0 to t the second member of the equality of Proposition 4.8 b).
We therefore obtain:
(4.11)

; =e PNa(z)d,(z) — et tes’\" 5,2, 2)0:(2)pu(z) ds
fi(t.) @ei() = [ [ NP2, ntz)a

H2n+2(X)

ot tesAja 2)8(2 ) s 2. 2)e~C @AY () u(2) ds.
. /X/O (@)B(2)(D. + A2)(N(s,2, 2) ) bi(2)u(z)d

Now we multiply each member of the equality (4.11) by ¢;(y) and sum for 0 < j < +o0.
Using the estimates (4.9), (4.10) and equation (4.4) we then obtain easily the equality of
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Proposition 4.10 for z € X. But, Lemma 4.9 ¢) and the estimates (4.9) and (4.10) allow
us to use an analytic continuation argument to show that this equality is still true for all
x € W (which is connected). The Proposition 4.10 is proven. []

ProposiTION 4.11.

(i) Let us denote p = inf(v, D). Let u(y) be a bounded measurable function on X. Then
there exists a positive constant Dy such that for every © € W and every t €]0, 1] we have:

‘/X BWIN(t, 2, y)e™ " W 4ty y)u(y) — e~ A u(a)

< Dexp (—é)

(i) We can find an open neighborhood Wy(in W) of o such that for (z,y) € W2 and
0 < t < 1 the decomposition of E(t,z,y) in Theorem 0.1 (i) is valid. (For the assertion
relevant to the FBI phase, see the next proposition.)

Note. — Therefore, the values of u(y) for y ¢ supp 8 “do not contribute” to the growth
of e"**u(z) when t — 0% and z € W;.

Proof. — (i)Let us recall that & = 1 on W. Let us fix ¢ and =, we multiply each member
of the equality of Proposition 4.10 by u(y) and we integrate over X with respect to u(y).
Using the estimates (4.9), (4.10), and Sobolev’s injection theorem (n = dim X) we obtain
easily the estimate of Proposition 4.11 i). In the same way (since « [resp. 5] =1 on W
[resp. 2]) we prove that the decomposition of E(t,z,y) in Theorem 0.1 i) is valid for
(z,y) € W x Q, but y is only “real.” By Proposition 2.4 we have:

2 2
vt €]0, 1], sup |E(t,z,y)| < C(e)exp (i)
(x,y)eM? ¢

The existence of the complex neighborhood W; of zy in W such that the decomposition
of E(t,z,y) is valid on W; x W is therefore an easy consequence of 2" successive
applications of the following lemma:

LEMMA. — Let § and p be two reals in 10, 1[. Let {g:(2)}}o<t<1 be a family of functions
of one complex variable z holomorphic on a neighborhood of a lozenge K of C whose
corners are —p, p, /—1p?, —/—1p?. Let us assume that for any t in |0, 1[ we have:

Vz€ K, |g:(2)| < exp (g)

for any real number z € K, |g:(z)| £ exp (_§>

Then we can find an open neighborhood D (depending on 6 and K but not on the family
{9t}o<t<1) of 0 in C such that:

vt €]0, 1], sup |g:(2)] < exp (—i)
zeDNK 2t
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Proof. — We just have to apply the maximum modulus principle on the rectangle K
with the following subharmonic functions:

tlog|g:(2)] — Sz — BR22

where « and [ are two real constants such that: a« >> § >> 1.

Proof of Theorem 0.1. — We have assumed in the Geometrical Definition 4.2 that supp ( is
contained in the domain of a normal real analytic geodesic chart at zo : §& — Exp, 1. We
will use the holomorphic chart of M, at ¢ given by: & ++v/—1& — Exp, (& +v—1&2),
where £; and &; belong to the real vector space 1, X. The next proposition completes the
proof of Theorem 0.1 i) and shows that the holomorphic function defined by:

Pz, & +V-1&) = -\/—;_idz(vaXon (61 4+ V—-1&))

is a F.B.1. phase (in the sense of [Sj]) near the point (z,£1+v/—16&2) = (Exp,, (vV—1&),0).
PROPOSITION 4.12. — There exists a positive real €3 such that if { belongs to 1,,, X and
satisfies |§y| < €3 then Exp, (v/—1&o) belongs to the W1 of Proposition 4.11 and we have:

(a) S‘[ggfqb(EpoO(\/—l &), 0)] is a positive definite quadratic form.

1

) Det[gnggb(Exp%(\/—l £),0)] is not zero.

(©) (0, — V—=10¢,)¢(Exp, (vV—1&),0) = & (real vector!).

Remark 4.13. — Of course these three results are obvious in the case of R"
endowed with the usual (flat) Riemannian metric. Recall that d?(:,-) is holomorphic
on V x V, so using the Cauchy-Riemann equations we easily see from a) and c) that
& — —S¢(Exp,, (V—1&),&1) admits a non-degenerate critical point for {; = 0 which
is a local maximum. If 2 € X and §; € T, X are close to 2o and 0 respectively then
y (€ X) — —18[vV-1 d2(Exp%(\/—1§(’)),y)] admits a non-degenerate critical point at
y = x5, which is a local maximum. The value at Exp,, (v/—1&]) of the associated strictly
plurisubharmonic weight is —33[v/~1d*(Exp,, (vV=1£&),20)] = 5|&/* (see Delort [De]
page 17 formula (2.22)). Moreover the Morse lemma with parameters shows that we

can find an open neighborhood €2; of zy in X and can shrink W; (at the beginning of
Proposition 4.12) so that there exists 6; > 0 such that for all (z,y) € Wi x (suppf \ 1),

Rd*(z,y) > 6
Bly)=1 on
and for all (Exp,, (V—1&),y) € W1 x Oy,
1 ! 1 ! /
§|§0|2 + %[E v—1 d2(EXPw6(V —165),y)] > 61d% (5, y).

Therefore part i) of Theorem 0.1 (or Proposition 4.11) shows that the points
y € suppf \ 1 do not contribute to the growth of e~ **u(zx) when t — 0% for z € Wj.
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Proof. — Part (a) and (b) are obvious since they are true for £, = 0. Let us prove ¢). We
see from the definition of ¢(-,-) and the fact that DExp, (0) = Identity that it is enough
to show that: 9, #(Exp,, (V—1&),0) = &. Let ¢, be a positive real small enough so that
Exp,, (B (0, 62)) defines an open geodesically convex neighborhood U of z( in X and all
the Riemannian exponential maps to be used soon will induce diffeomorphisms onto U.
Let us fix £ € T,,, X \ 0 with [£] < €5. We put m = Exp,, £ and consider the function:

F(5) = Y=L 2 (m ).

There exists a unique vy € T,, X such that |vy| < €z and zy = Exp,,(vp). Of course
we have for any (small) v € T,,X, F(Exp,,(v)) = ‘/—;_—1—|1/|2 (the norm induced by the
Riemannian metric.) So a differentiation at v, gives:

(4.12) Vhe T, X, (DF(z¢)o DExp,,(10)).h=vV~1 (v, h).

According to the Gauss lemma (see [B-G-M], page 50) DExp,, (1) sends the orthogonal
subspace of the real line Ry in 7,,, X onto the orthogonal subspace of R(DExp,, (v).v),
and moreover the vector DExp,, (9).vp is tangent at zo = Exp,,, () to the geodesic curve
joining o and Exp, vo = m, so this vector is colinear to §. Therefore the equality (4.12)
shows that DF(xq) vanishes on (RE)*.

Moreover DF'(z().§ is the derivative for s = 0 of the numerical function
F(Exp,,(s£)) = YZL(1 — $)2|¢]%. So it is clear that DF(xo).6 = —v/—1[¢[?, and
that gradDF(zo) = O, ¢(Exp, £,0) = —/—1&.

Now we observe that the function { — 0¢, $(Exp,, &, 0) is holomorphic so, replacing &
by v/—1& yields the Proposition 4.12 (¢). [

Now we shrink W as in the Remark 4.13, we fix €2 > 0 as in the Proposition 4.12, and
we consider & € T, X \ 0 such that [£y| < e2. Since the coefficient uo(-,-) of the formal
solution of the heat equation never vanishes on V x V, we see easily, putting A\ = %,
that N(¢,z,y) is an analytic symbol in the sense of Sjostrand (see [Sj]) of order n/2,
which is elliptic at the point (Exp, (v/—1&o),z0). Now let u(y) be a bounded measurable
function on X (which we may assume by Lemma 4.1). Using Sjostrand’s result [Sj] page
46 (see also Delort [D] Cor. 4.4 page 27), the two inequalities of remark 4.13, and the
fact that = 1 on Q; we see that (2, —(p) does not belong to the analytic wave front
set of u if and only if we can find an open neighborhood Z’ of Expmo(\/—_l &) and a
positive real ¢’ such that:

(4.13)
&> - &

ez, el | [ BN s e e ) < Gop (B0,
X

Using Proposition 4.11, we see that [, B(y)N(t,z,y)e= @/ 4y () u(y) satisfies an
estimate such as (4.13) if and only if (e"**u)(x) satisfies an estimate such as (*) in

Theorem 4.1(ii). Theorem 0.1 is therefore proven.
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5. Proof of Theorem 0.2

In this section, we consider a fixed point ¢ € X and denote by Y the fiber 77 !(q) in
M, for € > 0 small enough (see Theorem 1.5 for the definition of the fibration 7; we
also keep the same notation Y for different values of ¢ whenever this is unambiguous).
We recall the notation
(5.0) G(t,m,m’) = (4rt) ="/ 2 (mm) /4t
and we take k > n/2 some fixed nonnegative integer. Throughout the present section, we
shall assume that e; > 0 is small enough so that the functions u;(m,m’) defined by (3.3)
are holomorphic on some open neighborhood of Y x Y in M,, x M., for all 0 < j < k.
We take a fixed € €]0, €] and assume that the function f in Theorem 0.2 is C* on X and
satisfies f « fro = 0. In other words f is orthogonal to the space of harmonic functions
on X, that is the constants since X is connected and compact. Applying Proposition 2.2
shows the existence of a sequence of complex numbers {a;};>1 and of two constants
C > 0 and 71 €]0,¢€] such that:

(5.1) Vi>1 Jaj| < Ce_"\/z, fim) = Z a;pi(m).
Jj21
By definition of T'f, (A4 0,)T f = 0on R x X. Since for every ¢t > 0, m — T f(t,-)
admits a holomorphic extension on the tuboid M., Theorem 1.16 shows that:

(AY +0)Tf(t,m)=0 onR} xY.
The idea for the proof of all inversion formulas in this article is to start from the following
equality (with 0 < t; < t2):

/zdt/y Hi(t, g,m)(Ds + 9T F(t, m)uY (m) = 0

t
(with the Hy as in Proposition 3.0) and integrate by parts. The following lemma is an
immediate consequence of the Green formula (see (1.6)) for AY:

LemMa 5.1. — For all t € [t1, 1]
/ H(t, ¢, m)AYT £ (t, )Y (m) = / TF(t,m)AY Hy(t, g, m)u" (m)
Y Y

+ /6Y [Tf(t, ')i;adYHk(t,q,.) NY — Hy(t, q, ')iéfradYTf(t,.) MY] .

Integrating by parts with respect to t shows that

(5.2) 0:/t2dt/y Hyi(t,q,m)(AY + 0,)Tf(t,m)u” (m)
:/ T f(ty,m) He(ts, g, m)u¥ (m) — / Tf(t1,m) He(tr, q,m)u¥ (m)
Y Y
" / dt /Y TF(t,m)(AY — B0 Hi(t, g, m)? (m)

12
+/ dt /ay [TF(t Vigraar mo(tiay = Hi(t @ Vigraav oy, 1 ]
ty
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In the following proposition are gathered several asymptotic estimates satisfied by the
function (¢,m) — Hy(t,q,m).

ProposITION 5.2.
a) There exists a positive constant D such thatVt > 1, Vm € Y, |H(t,q,m)| < Dt*.
b) For all smooth vector fields U with compact support in the manifold with boundary

Y . there exists a positive constant D(U) such that:

Vt>1, sup |U-Hk(t,q,m)| < D(U)t*.
medyY

¢) For all smooth vector fields U with compact support in the manifold with boundary

Y., there exists a positive constant D(U) such that

vt €]0,1], sup |U . Hk(t’q,m)| < D(U) p—1-n/2 g—€ /4t
meaY

(Recall that for all m in 8Y, €2 = —d?*(q,m)).
d) There exists a positive constant R such that for all m in' Y with €'* = —d?(q, m)

Vt €]0,1], |Hi(t,q,m)| < RG(t,q,m) = R (dnt)~"/2e="/4,

e) For any function (t,m) — u(t,m) continuous and bounded on [0,1] x Y,
Jim [ u(t, m)Hy(t, g, m)u” (m) = (V=1)"u(0,q).
-0t Jy

The formula of Theorem 0.2 will be a consequence of (5.2) and the four following
lemmas.

Remark 5.3. — The proofs of Theorem 0.2 and especially those of Lemmas 5.4, 5.5
and 5.7 below, are still valid if (v/—1)~™ Hy(t, g, m) is replaced by any function K (¢, m)
for which equation (5.2) and the properties listed in Proposition 5.2 are satisfied. This
observation will be used in the next two sections.

Lemma 5.4. — Under the above assumptions

lim T f(ta, m)Hy(tz,q,m)u* (m) = 0.
Y

to— 400
Proof. — For all integers j > 1 introduce b; = C’C’(e)e(‘"+€)\/A_f_)‘f AP where C(e),
n and C have been defined in Proposition 2.1 and relation (5.1) respectively. The series
> i1 b; converges. Proposition 2.1 and (5.1) show that, forall j > 1, me€ Y, ¢t > 1:
e a¢;(m)| < bje™ DY < piem(tTDN
Since A; > A; > O this inequality implies

(5.3) Vt>1, VmeY Tf(t,m)= Z a;drp(m)e” ™

i1

S (Z bJ) 6_(t_1))\1 .

Jjz1
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Then, Proposition 5.2 a) shows that, for any m € Y, ¢t > 1 we have:

Tf(t,m) Hi(t,q,m)| < Dtke= DN g
) J

Jj21
Letting ¢ tend to +o0o gives immediately the result claimed in Lemma 5.4.

LEmMMAS.5. — Under the above assumptions

lim YTf(tl,m)Hk(tlaQam) p¥ (m) = (V=1)" f(q).

t1—>0+

Proof. — We shall use the constant 7) defined in (5.1). Proposition 2.4 shows that for all
t1 €]0,1], for all m € Y\ My such that €? = —d?*(q,m),

|Tf(tr,m)] < 7C(n, ¢ )e /41,

Hence, according to Proposition 5.2 d), for all ¢; €]0,1]
(5.4)

[ Tt mE (g m) Y ()] < @) VRE s O [ [ (m)
Y\My Y

F<er<e

and therefore the left side of the previous inequality tends to 0 as t; — 0T. Proposition
2.1 with e replaced by 71/2 shows that for all j > 1,

sup  |¢;(m)] < C(B)ATH eV,
meYnM—%

Property (5.1) and Proposition 5.2 d) show that for all j > 1 and all ¢; € (0,1],

(5:5); [ e a50m) = 6,(a)] Hiltr,gm” ()

0<t<1

< 20(121)06\/)‘_1(“77""3‘)/\?“]% sup / G(t,q,m)|u”|.

According to Proposition 5.2 €) with u(t,m) replaced by e~**¢;(m) — ¢;(q), the left
side of (5.5); tends to 0 as ¢ — 0. Since f(q) = > j>1@;9;(¢) a normal convergence
argument based on the family of inequalities (5.5); shows that

(5.6) lim [Tf(tl,m) — f(q)] Hi(ty,q,m)pY =0.

t1—0t JynMa
2

Proposition 5.2 e) with u(t,m) = 1 shows that

lim Hi(ty,q,m)pr = (V=-1)"

t; —0+ YNM»
2

and Lemma 5.5 follows from (5.4) and (5.6). [
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LEmMA 5.6. — The following integral converges:

+oo
[
0

Proof. — Let us recall that ¥ > n/2 and

/YTf(t,m)(A2 — 0,)Hy(t,q,m)u¥ (m)| < +o0.

(5.7) (AY — 0 Hy(t,q,m) = t"(GAY up)(t,q,m)

(see Proposition 3.0 and equation (5.0)).

FirsT sTEP. — Estimates on the integrand as t — —+oo, t > 1.

Inequality (5.3) used in the proof of Lemma 5.4 shows the existence of a positive
constant Cy such that for all ¢ > 1 for all m € Y:

At ) (GAY we) ()| < Coem (D ghon/2] o aomi

Thus for every A > 0 the integral
+oo
|
A

SECOND STEP. — Estimates on the integrand as t — 0%, t €]0,1].

[ rstmas - o mmY(m)\

is convergent.

Working as in the proof of (5.4) (see the proof of Lemma 5.5) we demonstrate the
existence of a positive constant C3 such that for all ¢ in ]0, 1]:

(5.8) | / g, THE GO ue) 1 g (m)] < Gt sup Ol ).
Y\Mn

I<e'<e
Moreover, according to Proposition 2.1:
V> 1 sup  |(m)] < C(BATH AV,
meYNMn

Property (5.1) shows that, for all ¢ in ]0,1] and all m in ¥’ N My,
ITf(m)] <3 CHNT eV Jay]
21
<co(3) Y Artte iV,
J21

Since k > % and for all m € Y, d?(¢q,m) < 0, there exists a positive constant Cy
such that for all ¢ €]0,1]:

(5.9)

/ Tf(t, m)t*(GAY ug)(t, q,m)p (m)| < Cy.
YnMy
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Lemma 5.6 follows therefore from the equality (5.7), the first step above and both
inequalities (5.8) and (5.9). [

LEMMA 5.7. — With the same assumptions as above except that f € H?>(3"+2) (X) “only”,
one has

+oo
|
0

Proof. — As in the proof of Lemma 4.6, we proceed in two steps.

oy Y Y %
/aY[Tf(t")ngdka(t,qw)“' — Hy(t 4, Yigraar e,y ]| < +oo.

FIrsT STEP. — Estimate of the integral as t — +oo, t > 1.
We can write T'f = .5, ajpje ™, where the sequence {|CLJ’|A?7L+1+TL+1}]’>1 is

bounded. Working as in the proof of (5.3), using Propositions 2.1 and 5.2.b), one can check
directly the existence of a positive constant C] such that for all ¢ > 1

/3 L TH igaar uy‘ < CLFC(e)e =D 3 dt eV A g e

j21

Moreover Propositions 2.1 2) and 5.2 a) applied with f(m) = H(t,q,m) show that for
all j > 1, for all t > 1

< DEFC(ATH eV,

Hk(t7 q, ')i;adyq}j /‘LY
Y

From this, we infer that for all ¢ > 1

Hy(t, 9, Vigeaay 172, NYl < Cyt*Ce)e MY Z)\?H@e\//\_jmﬂ e

Yy i>1

Hence we conclude that for all A > 0 the integral

+oo
/ dt
A

SECOND STEP. — Estimate of the integral as t — 0%, t €]0, 1].

Using Proposition 2.4 1] with p = n + 1 and Proposition 5.2 c), one can check the
existence of a positive constant C4 such that for all ¢ €]0, 1]

/E)y [Tf(t, ')ié/fadka(tﬂf) ¥ — H(t,q, ')izradYTf(iv) MY]’ < oo

< CLC(n+1,e)tV2,

Y Y
/3)/ Tf(t7 ')zgradYHk(t,Qa‘) K

Applying Proposition 2.4 2] with p = n + 1, g; = Hy(t,q,-)|y and Proposition 5.2 d),
one sees that for all ¢ €]0,1]

oy Hi(t: 4, Yigraa 7500, MY’ < (4m)""2RC(n + 1, )t/

which completes the proof of Lemma 5.7. [

Taking into account the formula (5.2) and applying Lemma 5.4 to 5.7 proves the
inversion formula stated as Theorem 0.2.
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6. Proof of Theorem 0.4

In this section we assume that —g¥ is a field of real, positive definite quadratic forms on
Y. The following statement has been established in Proposition 1.19 and Corollary 1.24.

THEOREM 6.0.

a) —AY is the Laplace-Beltrami operator of the Riemannian manifold (Y, —g¥ ).

b) Let dy(-,-) be the geodesic distance for (Y,—g¥ ). Then for all m € Y, d?(q,m) =
—d?(q,m).

¢) (v/=1)™"uY is a Riemannian volume form for (Y, —g¥).

For ¢ small enough, Y = {Exp,(v—=1¢) s.t. [¢], < €'} can be isometrically embedded
into some compact orientable Riemannian manifold Y. Let us denote by K;(t,z,y) the
heat kernel of Y. Let ¢; be a~positive real, if €; /€’ is small enough then, for all m € Y,,
d1(q, m) is the distance (for Y) from ¢ to m. In the next proposition are gathered several
estimates satisfied by K;.

PROPOSITION 6.1. — Let K (t,m) = (v/—=1)~"K,(t, q,m) for all (t,m) €]0, +oo[xY. For
0 < €1/€ small enough, one has, for all ¢ €]0,¢]:

a) There exists a positive constant D such that for all t > 1, for all m € Y.,
|K(t,m)| < D.

b) For all smooth vector fields U on the manifold with boundary Y . there exists a
positive constant D(U) such that:

Vt>1, sup |U-K(t,m)| < D).

medY.

¢) For all smooth vector fields U on the manifold with boundary Y. there exists a
positive constant D(U) such that:

Vi €l0,1], sup |U-K(t,m)| < D(U) =12 =< /4
medYe

(we recall that for all m € 9Y,, €2 = —d*(q,m)).
d) There exists a positive constant R such that for any m € Y,

Vi E]O, 1], IK(t, m)] < RG(t’ q, m) = R(4ﬂ.t)—n/2ed2(q,m)/4t

e) For any function (t,m) +— u(t, m) continuous and bounded on [0,1] x Y,

lim [ w(t,m)K(t,m)u* (m) = u(0,q).

t—0t Jy
Proof. — Statement a) follows at once from the results of Section 2 applied to Y instead of
X. The other points follow from Theorem 6.0 and the fact that the heat kernel K, (¢, z,y)
of Y is “almost Euclidean” (see [K]). [
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Now we go back to the proof of Theorem 0.4 and assume, to begin with, that the
function f is C* on X and orthogonal to the space of harmonic functions (that is, the
constants): f « fro = 0. We recall that
(AY +0,)Tf(t,m) =0 onR} xY.
Then, for all 0 < t; < ta:

/ ’ [ Ktm) e+ )Tt ) =0,

in which we integrate by parts. The following lemma is based on the Green’s formula
(1.6) for AY.

LeMMA 6.2. — For all t € [t1,ts]

/Y K(t,m)AYTf(t, )" (m) = /Y Tf(t,m)AY K (1, m)u" (m)

+ /BY [Tf(t> ')igrad"K(t,~) “Y - K(t’ ')i;/radYTf(t,~) NY] :

According to Theorem 6.0 a) (AY — 8;)K (t,m) = 0. Hence, integrating by parts with
respect to ¢ in the equality above shows that

61) 0= /t it /Y K(t,m)(AY + 0,)T f(t,m)uY (m)
- /Y Tf (t3,m) K (ty, m)" (m) — /Y T (tr,m) K (1, )" (m)

t2
+/ dt/m [Tf(t,.)ingadyK(t,,) Y —K(t,.)z‘;ady”(tw) n].
t1 4

Since the kernel K (¢,m) satisfies equation (6.1) and all the estimates of Proposition 6.1,
we proceed as in Section 5 (see in particular Remark 5.3) to prove

LEMMmA 6.3.
lim [ Tf(tz,m)K (tz,m)u* (m) =0
Y

to— 400

Lemma 6.4.

t1—0t

lim s Tf(tr,m)K (tr,m) p¥ (m) = f(q)

LEMMA 6.5. — Assume that f “only” has Sobolev regularity: precisely f € H"+4(X).
Then the following integral converges

+o0
|
0
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Taking into account formula (6.1) and applying Lemma 6.3, 6.4 and 6.5 leads immediately
to the inversion formula of Theorem 0.4. Assume next that the function f is not C* but
“only” C* on X. We apply Theorem 0.4 to f, = exp (—+A)f € C¥(X) for all h € N*.
Observing that

f=Fn=>_a;(1—exp(=\;/h);

i1

and proceeding as in the proofs of Lemmas 5.7 and 6.5 shows that dominated convergence
arguments apply to prove that

+o0
|t [ 1 = K "]

tends to

+oo
/0 dt /8Y [Tf(t, ')i;adYK(t,~) “Y - K(t’ ')iz;/radYTf(t,J “Y]

as h — 4o00. This completes the proof of Theorem 0.4.

7. Proof of Theorem 0.3

In this section we make no particular assumption on —g* . In Theorem 3.4 of Section 3
we have constructed a pseudo-heat kernel K (¢,p,m) on 0, +o0o[xY x Y for 8; — AY such
that K(t,m) = K(t,q, m) satisfies the estimates gathered in the following proposition
(for any € €]0,€]).

ProposiTiON 7.0.

a) For all smooth vector fields U on the manifold with boundary Y there exists a positive
constant D(U) such that:

Vvt €)0,1], sup |U-K(t,m)| < D(U)t1-"/2e=< /4t
meay

(we recall that for all m € 3Y € = —d*(q,m)).
b) There exists a positive constant R such that for all m in' Y

vt €]0,1], |K(t,m)| < RG(t,q,m)= R (4t —% d®(qm) /4t

¢) For any function (t,m) — u(t,m) bounded and continuous on [0,1] X Y

lim y u(t,m)K (t,m)p¥ (m) = u(0, q).

t—0+

We do not know whether K (¢,m) is bounded as t — +oo.

Next we go back to the proof of Theorem 0.3 and assume, to begin with, that the function
f is real-analytic on X and orthogonal to the space of harmonic functions on X, that is,
the constants: [, fu = 0. It was proved in Theorem 3.4 that (A} — 8,)K(t,m) = 0.
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Therefore (proceeding as in the case of the equation (5.1)) integrating by parts with respect
to t shows that for 0 < t; < to,

0= [Car [ Kem)a) + )Tt mu (m)
= [ Tft2m) Ktnm m) = [ T (00,m) K (11, ()

to
+ / dt /8Y [Tf(t’ ')i;,radYK(t,Q /‘I'Y - K(t7 ')i;/radny(t,') /J’Y] :
t1

In the sequel we shall be working with some fixed ¢, > 0. Since the kernel K(t,m)
satisfies (7.1) and all the estimates of Proposition 7.0, one can proceed as in Section 5
(see Remark 5.3) to prove the two following lemmas.

Lemma 7.1.

lim | Tf(t;,m)K(tr,m)u" (m) = f(q).
t;—0+ v

LEMMA 7.2. — Assume that f “only” has Sobolev regularity: f € H*"*4(X). Then the
following integral converges:

t2
/ dt
0

Taking into account the formula (7.1) and applying Lemma 7.1 and 7.2 leads immediately
to the inversion formula of Theorem 0.3. Assuming that the function f is no longer real-
analytic but only in H%"*4(X), one can apply Theorem 0.3 to the real-analytic functions
on X fr = exp (—%A)f, h € N*. The proofs of Lemma 5.7, 6.5 and 7.2 show that
dominated convergence arguments apply to show that

/6 ) [TF(t )it sy 1Y = K (8 )iYgrp g Y]] < 00

t2
/0 dt /BY [Tfh(ta ')i;/radYK(t,‘) “Y - K(t’ ')i;adYTfh(t,-) “Y]

tends to

to
[ [ 00 = K]

as h — +oo. This completes the proof of Theorem 0.3. [

8. The Case of the Symmetric Spaces
In this section we examine in more detail the consequences of the assumption that X
is a locally symmetric space. Recall (Proposition 1.17) that this is the case precisely when

—gY¥ is a field of real, positive definite quadratic forms on Y, for each fiber Y. Our main
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technical result in this section is Theorem 8.6, which shows (in the locally symmetric case)
that the analytic continuation of the square of the distance function is negative one times
the square of the distance function in the Riemannian manifold (Y, —g¥"). We will use this
in Theorem 8.9 to give a nice connection between the heat kernel of X and any “good”
heat kernel of (Y, —g") (see Definition 8.8). This combined with the remarks following
Definition 8.8, shows that there is a natural choice for the kernel K (¢, m) in Theorem
0.4, up to a term which is exponentially decreasing as ¢ — 0.

The square of the Riemannian distance function, d?X, is C* near the diagonal in X x X.
Identifying X with the zero section in 7°X, we can analytically continue d% to a
holomorphic function on a neighborhood of the diagonal in 7°X x 7°X and restrict to the
fiber Y x Y (after perhaps shrinking ¢ further). Let h be minus one times the restriction
of d% to Y x Y. It is not hard to show, as in the proof of Proposition 1.17, that if X is
locally symmetric then A is real valued. To show that the distance function associated with
—g¥ is h we will need to understand more explicitly the holomorphic extension of X

Let X be a complete (not necessarily compact) locally Riemannian symmetric space
(we will omit the adjective “Riemannian” from now on). The universal cover X of X
is isometric to a product:

(8.1) X =M, xU/K; x G,/K,

where M, is a Euclidean space and U/K,, G,/ K> are globally symmetric spaces of the
compact and non-compact type, respectively. By the proof of Proposition 4.2 in [Hel],
chap. V, we may assume that U, GG, and K are connected. Furthermore we may assume
that the center of (G, is trivial (since the center is contained in K5), so that G, is a
linear group. Let G be the product group, U x G,, K the product K; x K, and g and
Kk their respective Lie algebras, K is compact (see [Hel], chap. VI Theorem 1.1, Chap
VII Prop 1.1). We observe that Gis a connected, real, semisimple, closed (*) subgroup
of GL(N,C) for some N.

For any Lie group L there exists a unique (up to biholomorphism) complex Lie group
Le¢, called the universal complexification of L, and a C* homomorphism ¢ from L into
L¢ with the following universal property: for every continuous homomorphism 7 from
L into a complex Lie group H there exists a unique homomorphism n¢ from L¢ to H
such that n¢ o ¢« = n. The map ¢ need not be injective: for example, the complexification
of the universal cover of SL(2,R) is SL(2,C), and the kernel of ¢ is the fundamental
group of SL(2,R). However for the linear group G above ¢ is injective and embeds G as
a closed subgroup of Gc (see [Ho], chap. XVILS5). The inclusion of K in G induces an
isomorphism of K¢ with the connected subgroup of Ge with Lie algebra ke := k++v/—1k,
which we will identify with K¢ (to see this note that the complex semisimple Lie group
Ge is necessarily linear, so the induced homomorphism of K¢ to G¢ can be thought of
as a linear representation of Ke¢, faithful on K. By [Ho], chap. XVILS5, Theorem 5.2,
it is faithful on Kg).

(*) A connected semisimple subgroup of GL(N, C) is necessarily closed (see [Hel], chap. I, exercise D.4(iv)).
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ProposiTION 8.1. — K¢ is a closed subgroup of Ge and the natural map, gK — gKe,
embeds G/K as a closed, totally real submanifold of Ge/Ke.

Proof. — Since G is linear, this is corollary 1 in section 3 of [Hz].

Let G = R™ x G where R" is the vector group appearing in the decomposition (8.1).
The universal complexification of R" is simply C", and the dual of R" is the complex axis
v/=1R™. The universal complexification of G is G¢ := C" x G, and the holomorphic G¢
extension of X (see [Hz], section 3) is the product homogeneous space G¢/ K¢ (identifying
K with the subgroup {0} x K of G and similarly for K¢). The natural inclusion is a closed
embedding. We will use G¢/K¢ to describe the adapted complex structure on TX.

The local symmetry on X induces an involution of g (the Lie algebra of G) whose +1
eigenspace is k. Letting e denote the —1 eigenspace, we obtain a direct sum decomposition
g = k + e. The derivative of the natural projection 7 from G to X identifies e with the
tangent space to the identity coset. Let 7(g) be the natural action of G on X. Every
v € TX can be written as V = dr(g)dz.(V) for some (not unique) g € G, V € e, and
dr(g)dme(V) = dr(g")dm. (V") if and only if for some k € K, ¢’ = gk and V = Ad(k)V".

PropOSITION 8.2. — There exists an € > 0 such that the map
®:T°X — G./K,

dr(g)d7. (V) — gexpV—1V - K¢ (V €e)

is a G-equivariant diffeomorphism onto its image, and induces the adapted complex structure
on T¢X.

Proof. — We recall that the geodesics on the symmetric space X are the images
of one-parameter subgroups of G under 7 (see [Hel], chap. IV, §3 (3)). Thus
dr(g)dm(V) — gexp/—1V - K¢ is the analytic continuation of the exponential map
of X into G /Ke as in (8.1). Since X covers a compact quotient, we can find a uniform
€ as in the proposition. The map is clearly equivariant.

Remark 8.3. — Let e, = v/—1e and let g, be the subalgebra of g, given by k + e,.
The Lie algebras g and g, are said to be dual to each other (see [Hel], chap. V, §2). Let
G, denote the connected subgroup of G with Lie algebra g,. Since G, is the product
of v/=1R" and a semisimple group it is closed in G¢. The natural map from G,/K to
Ge/Ke, gK — gKe, is an embedding in a small neighborhood of the identity coset. After
perhaps shrinking €, the map ® identifies the fiber over the identity coset in T<X with a
neighborhood of the origin in the image of the dual symmetric space, G./K, in G¢/Ke.
®(Y) is locally homogeneous, in the sense that every point has a neighborhood which is
mapped to a neighborhood of the origin by an element of G, C Ge.

Remark 8.4. — If the negatively curved factor G,/K, does not appear in the
decomposition (8.1), then ¢ extends to a global identification of T'X with Ge¢/Ke,
and identifies T.x X with the dual symmetric space G./K.

Fixing € > 0 so that Proposition 8.2 and the Remark 8.3 following it are true, we can
now prove the main result of this section.
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THEOREM 8.5. — Let X be a complete, connected, orientable locally symmetric space. Let
g€ X andY, g¥ as in the beginning of this section. Then:

1. The Riemannian manifold (Y, —g"") is isometric to a neighborhood of the identity coset
in a symmetric space dual to the universal cover of X.

2. The restriction of the analytic continuation of —d% toY x Y is equal to the square of
the distance function of the Riemannian manifold (Y, —gY¥ ).

Proof. — The conclusions of the theorem are local assertions about (X, g). In fact, if
an open set W in (X, g) is isometric to W’ in (X', ¢’), then the lift of the isometry to
the tangent bundles is a biholomorphic identification of the adapted complex structures of
T<W and T<W’, which will identify the analytic continuation of the respective distance
functions and metric tensors. So we may replace X by its Riemannian universal cover and
assume that X = G/K equipped with a G—invariant symmetric metric.

Since G acts transitively by isometries, by the preceding remarks it suffices to prove the
theorem for ¢ = eK. We embed X in G¢/Ke, identify T¢X with its image in G¢/Kc as
in Proposition 8.2, and Y with a neighborhood of the origin in the dual symmetric space.

Proof of 1. — We first show that g+ extends to a Ge—invariant holomorphic metric on
Ge¢/Kec. By the uniqueness of analytic continuation, it suffices to show that there exists an
invariant holomorphic metric whose pull-back to X is the given metric g. Let (Je denote
the Ad(K)-invariant inner product on e induced by the metric on X and Qe its complex
bilinear extension to ec := e + v/—1e. It suffices to show that Qe, is Ad(K¢)-invariant,
for then it induces a Ge—invariant complex bilinear form on T Ge/Ke, which is
necessarily holomorphic, and whose pullback to X is the given metric. But the adjoint
representation is holomorphic and Qe is invariant under the compact real form K, so
it must be invariant under Ke.

Let Qe. be the restriction of Qe to e.. Then —Qe, is a positive definite, Ad(K)-
invariant inner product and induces a G,—invariant Riemannian symmetric metric on
G, /K. This in turn induces a metric on Y, invariant by the local G, action, which agrees
with —g¥ at the origin. Thus (Y, —g") is isometric to a neighborhood of the origin in
G./K, proving 1.

Proof of 2. — Recall that the group operations and the exponential mapping of a
complex Lie group are holomorphic, and that the geodesics through the origin eK in G/K
(resp. G./K) are the curves

t—exptV - K

where V € e (resp. e,) (see [Hel], chap. V, §3 (3)). We will write down an explicit local
expression for the analytic continuation of d% near eK¢ and use the local homogeneity
to show that it has the desired properties.

Choose a connected neighborhood We,. of zero in ec such that the map

AEWec —exp A- K¢

is a biholomorphic diffeomorphism onto a neighborhood of eK¢ in G¢/Ke, and such that
the canonical projection m¢ is a biholomorphism from exp We, onto a neighborhood of
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eK¢ (for the existence of such a local cross section see [Hel], chap. II, Lemma 4.1
and the remarks following). Choose a connected subneighborhood Ve, C We, of zero
with the property that

exp — Vecexp Vee - K¢ C exp We, - Ke.
We can do this because if exp A - K, and exp B - K¢ are in exp Wec - K¢, the map
(exp A - K¢, exp B - K¢) — exp —Aexp B - K¢
is well defined and continuous. If A, B are in Vec, there is a unique V in Wec such that
exp—AexpB - K¢ =expV - Ke.
Define a function H on the Cartesian product of exp Ve, - K¢ with itself by
H(exp A - K¢, exp B - K¢) = Q(V,V)e,

where V' is as above and Qe. is the complex bilinear extension of Qe to ec. We will
show that H is the analytic continuation of d%.

We first claim that H is a holomorphic function. The map A — exp A - K¢ provides
holomorphic coordinates near e K¢, and the form Qec is complex bilinear; so the map

expV - K¢ = Q(V,V)e,
is holomorphic. To prove that H is holomorphic we must show that the map
(8.2) (exp A - Ke, expB - K¢) — exp —Aexp B - K¢

is holomorphic (as a map from exp Vec - K¢ X exp Vec - K¢ to Ge¢/Ke). Since the group
operations on G are holomorphic and exp Ve, is a complex submanifold of G'¢, the map

(exp A, exp B) — exp —Aexp B

is holomorphic, as a map from exp Ve, X exp Ve, to Ge. Since the projection 7¢ is a
biholomorphic identification of exp We, and exp Wec - K¢, we can write the map (8.2) as
the composition of holomorphic maps, verifying our claim that H is holomorphic. Since
exp Vec - K¢ is a neighborhood of eK¢ in G¢/Ke, it contains the image of a neighborhood
of eK in G/K and G./K. We will show that there is a neighborhood of eK in G/K
(resp. G../K) such that the restriction of H to this neighborhood (*) is d% (resp. —d?v*,
the square of the distance function on X, := G,./K). We can find a neighborhood Ue
of zero in Vec N e and a neighborhood L{k of zero in k, the Lie algebra of K, such
that (V, W) + exp Vexp W is a C* diffeomorphism from Ue x Uy onto a neighborhood
of e in G, and such that the canonical projection maps expUe diffeomorphically onto a

(*) (i.e., the image of this neighborhood in exp V., - K.)
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neighborhood of eK in G/K. We may further assume (shrinking Ufe) that for each V € Ue,
the distance minimizing geodesic path from eK to expV - K is

t—exptV-K, 0<t<I1.
Finally let Ve be a subneighborhood of zero in Ue such that
exp —Veexp Ve C exp Ueexp Uy
We have now arranged that for A, B in Ve, the unique V' in We,, satisfying
exp—AexpB- K¢ =expV - K¢

is in e. Since the restriction of (e, to e is the original inner product Qe, we conclude
that for A, B in Ve,

H(expA- K¢, expB - K¢) = Q(V,V)e.

We can also find neighborhoods Ue,, Ve, of zero in Ve, N e, with the corresponding
properties, since we have only used the local structure of homogeneous spaces. For A,
B in Ve*,

(83) H(exp A- KC? expB . KC) = Q(Vv V)e*,

where V' € e, and the right hand side is the restriction of Qec to e,.
The action of G on X preserves distances so for A, B in Ve,
d%(expA- K, expB - K) = d%(eK, exp —Aexp B - K)
=d%(eK, expV - K)
= square of the Euclidean length of V in e

= Q(V7 V)e7

proving that H is the analytic continuation of d%. Under the identification ® of Y with
G./K, expVe, - K¢ corresponds to a fiber neighborhood of zero in Y. Restricting H
to exp Ve, - K¢ we obtain the expression (8.3). On the other hand, the distance between
points in G /K can be computed as above, except that the square of the Euclidean length
of Vin e, is —Q(V,V)e,. O

Exemple 86. - X = 8" = {z € R""! : 22 + --- + 22 = 1} endowed with the usual
metric. The complexification of S™ is the complex quadric

Qe={zeC:224+... 4.2 =1}

The identification of T'S™ = {(z,v) € S" x R"™! : z - v = 0} with Qg is

(z,v) — (cosh |v])z 4 v/—1 (sinh |v])ﬁ
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Let eq,...,e, be the standard basis vectors of R"*1. The fiber T, ,S™ can be identified
with the hyperbolic space form

QUM ={—al+al+ - +ap = -1} n{z, > 1}
by the map
(o, T1,y oy Tn) = (T, V=121,...,V—12,).

The analytic continuation of the distance function on S™ is

o) = s 15w}

Since (sin”'t)? is an even analytic function of ¢, dZ /i is an analytic function of
S>(2; — w;)2. Tt is invariant under the diagonal action of the complexified group
SO(n + 1,C), and so it is invariant under the action of the subgroup isomorphic to
SO(1,n) preserving Q(*™). The geodesic parameterized by arclength through e, in Q™)
with tangent vector e; is

t + (cosht,sinht,0,...,0).

Since Q™ is a rank one symmetric space, all other unit speed geodesics are
obtained by the action of SO(1,n). Restricting d%. to the image geodesic w =
(cosht)e, + v —1(sinht)e; in Qg we obtain

1
d%.(e,, w) = 4(sin™! 5\/2 — 2cosht)?
Since V2 — 2cosht = —2y/—1 sinh £,

d%. (€0, w) = —12,

where t is the hyperbolic distance from e, to w.

Now, let (X, g) be a compact locally symmetric space, and let (Y, —g¥) be “the dual
space” considered in Theorem 8.5. We recall that

(8.4) Y =Y. = {Exp,vV/-1¢: £ € T, X, €] < e}

We are going to use Theorem 8.5 to establish a nice connexion between the heat kernel
of X and any good heat kernel (see Definition 8.7 below) of (Y, —g*).

DEFINITION 8.7. — We say that K;(t,z,y) € C°(R** x Y x Y) is a good heat kernel
of (Y,—g") if the four following properties hold:

1) K (t,z,y) is of class C*[resp. C?] with respect to ¢t > 0 [resp. y € Y.

2) For any z € Y, (t,y) — Ki(t,z,y) is a solution of the heat equation of (Y, —gY¥)

and K;(t,z, -)_—\ 8, as t — 01 (weak convergence on the vector space of continuous
functions on Y: i.e up to the boundary).
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3) K1(-,-,-) is bounded on [1,4o00[XY X Y.
4) For any smooth partial differential operator P on Y of the first order we have:

P[Ki(t,z,)](y) ~ P[(4nt) "2~ @I/4 (y)  ast — 07,

uniformly with respect to (z,y) € Y x Y.

It is well known that the heat kernel of a compact Riemannian manifold satisfies the
four properties of Definition 8.7. Thanks to Theorem 8.5, we can isometrically identify ¥
with a neighborhood of the “dual” symmetric space, whose universal cover is a product
of symmetric spaces of compact and non-compact type. The noncompact ones cover a
compact quotient (see [Bo]), so if Y is small enough, it can be isometrically embedded in a
compact Riemannian manifold. Therefore, if Y is small enough, it has a good heat kernel.

The next theorem combined with Theorem 0.1 and Definition 4.3 shows, roughly
speaking, that one goes from the heat kernel E(t,z,y) of X to a good heat kernel
Ki(t,z,y) of (Y, —g¥) modulo an exponentially decreasing term by replacing ¢ by minus
t. Moreover, K’ = (v/—1)""K; may be used in the inversion formula (0.5).

THeOREM 8.8. — Let K\ (t,x,y) be a good heat kernel of (Y,—g"). With the notations
of Theorem 0.1, there is § > 0 and an open neighborhood Y' of q in'Y such that for
all (z,y) € Y :

K (t,2,y) = (4mt) 25 ED ST g, y) (—0)F + O (exp (—8/1))
kgt}—t

as t — 0%, the O(-) being uniform with respect to (z,y).

Note. — With the notation of formula (8.4) we can assume that Y’ = Y. for some
€ €]0,€l.

Proof. — By Theorem 0.3 and equation (0.4), there exists a real p > 0 and of a function
K(t,z,y) € C°(]0,400[xY x Y) which is of class C! [resp. C?] with respect to ¢
[resp. y] such that (9; — AY)K(t,z,-) = 0 and:

(8.5) Ky(t,z,y):=(V-1)"K(t, z,y)
= (dmt) " 2edx @)/ 4t Z ur(z,y) (—t)F + O(exp (—p/t))

1
k<zz

uniformly with respect to (z,y) € Y x Y as t — 0. But, Theorem 8.6 shows that for
(z,y) € Y x Y, d%(z,y) = —d%(x,y); moreover ug(z,z) = 1. Therefore for each
t € Y we can use the exponential normal coordinate system centered at z of (Y, —g*)
to see (as in [B-G-M] page 208) that Ky(t,z,) — 6, as t — 01. So Ky(t,z,y) is
a “fundamental solution” of the heat equation of (Y, —g*). Therefore for each = € Y,
(t,y) — (K1 — Kz) (t,z,y) is a solution of the heat equation with initial data equal to 0.
We can shrink Y so that K; — K> is continuous on ]0, +o00[xY x Y. Using the equation
(8.5) and the properties (see Definition 8.7) of K;(t,z,y) one checks easily the existence
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of a real 6 €]0, p] and an open (relatively compact in Y') neighborhood Y’ of ¢ in Y and
of a positive constant C' such that:

vi G]O, 1]7 V(:z:,y) € Y’ x 81/7 sup IKI(S’Q:?y) - K2(37$’y)| < Ce_(s/t‘

0<s<t

Using the maximum principle for the heat equation one sees easily that:
V(z,y) €Y, [Ki(t,z,y) — Ks(t,z,y)| = O(exp (~p/t))

as t — 0T. The Theorem 8.9 then follows from the equation (8.5). [

9. Appendix. The Rank One Case

In this section we assume that the n-dimensional Riemannian manifold (X,g) is a
compact globally symmetric space G/K of rank one. As usual we write g = k + p where
p is the orthogonal complement to k with respect to the Killing form on g (the Killing
form B is negative definite on g). We identify the inner product space (T,G/K, g,) with
(p, —Blp) via the natural projection 7 : G — G/K. Since —B|p is invariant under
Ad (K) (in fact B is invariant under Ad (G)), this identification gives rise to a G-invariant
metric on G/K which, under suitable assumptions on the pair (G, K), turns G/K into a
compact globally symmetric space of rank one. We recall that the geodesics on G/K are
the projections by m of the one parameter subgroups of G.

The following theorem will be proved at the end of this section and shows explicitly that,
in this case, the “formal solution” of the heat equation satisfies the estimate of Proposition
3.1 and has nice geometric properties.

THEOREM 9.1. — There exists two positive constants R, P and for each nonnegative integer
j a function z — a;(z) holomorphic and bounded by Pi*1j! on the open disk D(0, R) in
C such that ag(0) # 0 and F(t,z,y) = (4nt)~"/2e~4 @v)/4t >0 @i (d*(z,y))t is the
formal solution of the heat equation on the domain R* x {(z,y) € X x X;d*(z,y) < R}:
i.e., the equations (4.3) and (4.0)y, are satisfied for each nonnegative integer k.

Remark. — The proof will provide an algorithm which allows us to compute recursively
the functions a;(z) and will show that these functions are determined by three invariants:
A, D, q, (see [He2] page 164) of the root system associated with X. In general this
expansion does not converge and the equation (9.3) of the algorithm shows that the
estimation of theorem 9.1 for the a; is probably the best possible.

Parts 1) and 2) of the next proposition give crucial geometric information for the proof
of Theorem 9.1, moreover its part 3) improves (in the case of a compact symmetric space
of rank one!) part i) of Theorem 0.1.

ProposiTioN 9.2:

1. Let L be the diameter of X. There exists an entire holomorphic function on C,
z — b(z), such that for any x € X the normal exponential system coordinate centered at
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x is defined on {y € X : d(x,y) < L} and the Riemannian volume (in this coordinate

system) is defined by:
\/detgii(y) = b(d*(z,y))

Moreover we have b(r?) = (S2r2)" (sin2e2)? \yphere the real A and the nonnegative

integers p and q are determined from the root system associated with X (see [He2] page 164).

2. There exists a positive real Ry and a numerical function (t,s) — K(t,s) defined on
R’ x Ry such that the heat kernel E(t,z,y) of X is given by K (t,d*(x,y)), and for any
t > 0 K(t,-) may be extended as a holomorphic function on the open disk D(0, R;).

Remark. — In the proof of 3) (and of 3) only) we use the result of Theorem 9.1. The
fact that /detg;;(y) is a holomorphic function of the square of the distance from z to
y will be crucial in the sequel.

Proof of 1). — Fix £ € X and let f be an element of K?, the identity component of
the isotropy group at x. For y in any geodesic ball about z where normal coordinates
are defined, let §(y) = det g;;(y) where the matrix g;; is expressed in normal coordinates
determined by an orthonormal frame e, ..., e, for T, X. We claim that go f = g. Since
f is in K2, it preserves the normal coordinate system and its orientation.

Let 2°(q) = g((Exp,)1(q), €;) be the normal coordinates and let w = /g dz'A- - -Adz™
be the Riemannian volume form. Since f is an orientation preserving isometry, f*w = w.
ie.,

\/Eofd(xlof)---/\d(xnof) = w.
Let ' = z' o f. Since f o Exp, = Exp, o df.,

y'(q) = g(dfa o (Bxp,) ™" (q), €1)o = g((Bxp,) ™ (9), (dfs) €i)a-

Since df, is an orientation preserving linear isometry of T, X, the y*(q) are related to the
7%(q) by a matrix in SO(n). Thus dy* A ---dy" = dz' A---dz",and o f = 7.

If X is a rank one symmetric space, the linear action of K¢ is transitive on the unit
sphere (See [W], Theorem 8.12.2). So K2 acts transitively on the geodesic spheres centered
" at z in the normal coordinate neighborhood. Since 7 is constant on each such sphere, it
is a function of the distance d(z,y) only.

It is well known that for any z € X, the exponential map is a diffeomorphism from the
ball of radius L = diameter of X in T, X to its image (see [He2], chapter I, §4.2). As we
will see, it is easy to understand how g depends on d(z, y). Since d(z, y) is invariant under
the diagonal action of G on X x X, we may assume that z = o (= K). We recall Helgason’s
formula for the derivative of the exponential map (see [Hel], chapter IV, §4): for V € p,

= 1
d(Exp,)ir(v) =d7(expV)odn (Z @t 1)

0

Tﬁ) =d7(expV)odn(Ay)

where Ty is the linear operator on p, ad (V)?|p,

(e o]

1 n
Av =3 (2n + 1)!TV’

0
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and 7(expV) is the map: © — expVz. Then setting z = o, y = Exp,(d=n(V)),
9/0z;|y = d(Exp,)d~(v)(e:), and E; the basis of p corresponding to e;,

9i;(y) = g(d7(expV) odn(Av E;),d7(exp V) o dm(Av Ej))r(expv)-o
= g(dﬂ'(Ain), dW(Aij))o
= —-B(AvE;, AvEj).

Since B is ad (g) invariant, A is symmetric. Thus
Vdetg;;(Exp,dn(V)) = |det Ay |.

We evaluate this determinant as in [He2], loc. cit., and find that there is a real number A
and integers p and ¢, with p + ¢ = n — 1, such that

= () ()

where 7 = d(z,y) < L. The parameters p,q, and A are determined from the root system
associated with the X. From this it is clear that \/detg;; is a function of d*(z,y) and
1) is proven.

Proof of 2). — It is well known that E(¢,z,y) is invariant under the diagonal action of the
isometry group on X x X . Fixing x and ¢, we get a function E ;(y) on X which is invariant
under the action of the isotropy group at z. By the argument above, E, .(y) depends
only on d(z,y), so there is a numerical function K (¢, s) defined on ]0,+o00[X [0, 4+o00[
such that E(t,z,y) = K(t,d*(z,y)). Therefore for £ € T, X small enough, we have:
E(t,z,Exp,£) = K(t,|£|?). Proposition 2.4 shows that for any (¢,z) € R} x X,
& — E(t,z,Exp,£) is holomorphic on a complex neighborhood (which does not depend
on (t,z)) of the origin of 7°C X ; using the expansion in power series in (real) £ € T, X, we
easily see that this function is even with respect to £. Let (eq,...,e,) be an orthonormal
basis of T,X. Then, considering vectors of the form £ = & e; +&1ex--- 4+ &1 e, We
see easily that there exists R; > 0 such that for any ¢ > 0 K(¢,-) may be extended as
a holomorphic function on D(0, R;). [

Now we use the construction of the formal solution of the heat equation given in [B-G-
M], page 208. Let us fix x € X and consider a normal exponential system of coordinates
centered at x. Their function 6 satisfies the relation 6(y) = b(d?(x,y)) where b(z) has
been introduced in Proposition 9.2 (see [B-G-M], page 55).

X being compact globally symmetric of rank one, we look for a formal solution of
the form:

F(t,z,y) = (4rt)"2e " @0/ 3" 0 (2 (,y))t .
izo

The equations of [B-G-M], page 208, then show that:

(9.0) ao(d*(z,y)) = b2 (d*(z,y))
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and that for each integer £ > 1:

r 0.0
00 o fa@an)]+ (5% +k)a+ Salaoi(@ )] =0

Proposition 9.2 allows us to give the following definition:

DEFINITION 9.3. — Let us fix Ry > 0 such that there exists a function U(z) = ::j Upz?
holomorphic and bounded by M on the disk D(0, Ry) so that for y € X close to z we have:

0.0
U(d(x,y)) = dz.v)50 5.

Let us recall that when applied to radial functions (which depend only on d(z,y)) the
Laplacian is equal to Ay = —8%25 - (330 + i:—l)%. So equation (9.1) is equivalent to
the following one (with k& > 1):

1
(9.2) 2220, ax(2%) + (iU(ZQ) + k) ar(2?)

=2(n+ U(2?))0.ar_1(2%) + 42%0%ap_1(2?).

Now for each nonnegative integer k let us write: ax(z) = ZP>0 ak pzP. Then, using the
definition 9.3 we see that for each integer k£ > 1 the equation (9.2) is equivalent to:

kako = 2nag—1,, andforeachp>1:
152
(2p + k)aky + 5 > Upjar;
j=0
p—1
=2n(p+ ag-1,p+1 + ZZ(j + D)Up_jar—1,j41 + 4P+ 1)par_1p41.
j=0

It is clear that these last equations (for £ > 1) are equivalent to the following ones:

2
(9.3) ak,0 :%”ak_l 1, andforeachp>1:

Ak p = 2 +]€ ZU —jQk 5

7=0
2n(p + 1)a
2p+ k k—1,p+1

Ap+Up
2p+ k

p—iQk—1,j+1
=0

Ak—1,p+1-

Since ag(z) is given by the equation (9.0), we see that the equations (9.3) define by
induction a unique sequence of formal power series {ax(z)}r>1.
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Now we are going to prove Theorem 9.1 by using the classical method of the majorizing
series. We use the notation << as in Definition 3.2. Let us fix R; > 0 such that
ap(z) = b= (z) (see (9.0)) is holomorphic and bounded on the open disk D(0, R;) of
C of center 0 and such that:

+o0 7
R 1
(9.4) MY :(é) <3
1=1

where R, and M have already been introduced in the definition 9.3.

DeFINITION 9.4. — For each nonnegative integer k, we define ®,(z) = by

_ KR{* EAY
By (z) = ——(1_%)“ = R; pg(p+k)...(p+l)(Rl> .

We have 9,®;(z) = ®y11(2). Since ag(z) is bounded on D(0, R;) we can fix a constant
C > 0 such that ag(z) << C®y(z) and 1C > 2n + 4 + 1. Theorem 9.1 is a consequence
of the following proposition the easy proof of which is left to the reader.

PROPOSITION 9.5. — The formal power series ao(z), defined by the equation (9.0) and
ar(z), k > 1 defined recursively by the equations (9.3) satisfy for each k > 0 the
inequality: ay(z) << C*H1®(z).

Note. — We get Theorem 9.1 by letting R = %L and P = 20R;".
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