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PICARD’S THEOREM, MITTAG-LEFFLER METHODS,
AND CONTINUITY OF CHARACTERS
ON FRECHET ALGEBRAS

By J. ESTERLE

ABSTRACT. —The general question of continuity of characters on commutative Fréchet algebras can be reduced to
the question of continuity of characters on some “test algebras”. We discuss the algebraic structure of some quotients
U/I where U is one of these test algebras. The notion of Picard-Borel algebra, related to the classical Picard
theorem, plays an important role in these investigations. We also use the Mittag-Leffler theorem to exhibit large
semigroups in quotients of the form A/I where A is a commutative unital Fréchet algebra and I a dense, countable
union of closed prime ideals of A. We point out new algebraic obstructions to the construction of discontinuous
characters on U related to the Picard theorem, and relate to extension properties of joint spectra of finite families of
a quotient of I/ a question about iteration of Bieberbach mappings raised in 1986 by P. G. Dixon and the author.

1. Introduction

In this paper we consider Fréchet algebras, ie. algebras A over C equipped
with a nondecreasing family (|| - ||)n)n>1 of submultiplicative seminorms, such that
Np>1Ker|| - ||, = {0}, with respect to which A is complete (when A possesses a unit
e, elementary standard arguments show that it can be assumed without loss of generality
that |le||l, = 1(n > 1)).

Whether characters are necessarily continuous on Fréchet algebras is still an open
problem. This question, known as Michael’s problem, was raised by Michael in 1952 in
his memoir [36] where he established a structure theorem which shows that a Fréchet
algebra A is isomorphic to a projective limit lim (4, 6,) where A,, is a Banach algebra
and 6, : A,41 — A, a norm-decreasing alggra homomorphism with dense range for
every n > 1 (in fact A, is the completion of the quotient algebra A/Ker|| - ||, with
respect to the norm induced on A/Ker|| - ||,, by the seminorm || - ||,). It follows easily
from this structure theorem that if A is commutative and unital, then the spectrum o 4 ()
of any z € A is given by the formula 04 (z) = {x (z)},.; where we denote by A the
set of continuous characters of A.

Despite a lot of effort by various mathematicians to solve Michael’s problem, it seems
that only four significant ideas appeared in the literature since 1952.
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540 J. ESTERLE

1) Arens [2] proved in 1958 that if (a1, ..., ay) is a finite family of elements of a unital
Fréchet algebra, A, and if a;.A ...+ a,.A is dense in A, then a;.A ...+ a,.A = A. This
shows in particular that if A is commutative and unital then the joint spectrum o 4 (b) of
any finite family b = (b1, ..., bx) of elements of A is given by the formula

oA (b) = {X (bl)a ey X(bk)}xefi‘

It follows from this fact that if A is polynomially generated by a finite set
a=(ay, ..., a,) (which means that the continuous map P — P (a) from C [X1, ..., X,,]
into A has dense range) then all characters on A are continuous (this result extends to
Fréchet algebras which are rationnally generated by a finite set). For example denote by
O (M) the algebra of holomorphic functions on a Stein manifold M. It follows from the
classical embedding theorem for Stein manifolds and from Cartan’s theorems [31, p. 224
and p. 243] that O (M) is polynomially generated by a set of 27 + 1 elements, where n
is the dimension of M, so that characters on O (M) are continuous (hence given by point
evaluations f — f(z) for some z € M).

2) Real-valued characters on real Fréchet algebras are continuous. This follows from
results obtained in 1960 by Shah [47] concerning positive linear functionals on Fréchet
algebras equipped with a continuous involution. In particular if 2 is a locally compact

space such that ) = U,>1K,, where K,, CK,,1 is compact for every n > 1, then all
characters on the Fréchet algebra C (€2) are continuous.

3) Clayton produced in 1975 [9] some “test algebras” for Michael’s problem, i.e.
commutative, unital Fréchet algebras A such that the existence of a discontinuous character
on some commutative, unital Fréchet algebra would imply the existence of a discontinuous
character on A. Craw [11] had produced in 1970 a locally multiplicatively convex complete
algebra B such that the existence of a discontinous character on some commutative, unital
Fréchet algebra would imply the existence of an unbounded character on B. Other examples
of test algebras were obtained by Schottenloher [46] and Mujica [37], and a noncommutative
test algebra was given by P. G. Dixon and the author in [16].

4) P. G. Dixon and the author proved in 1986 [16] that the existence of a discontinuous
character on some Fréchet algebra would imply that lim (CP~, F,,) # & for every projective

system (CP~, F,) where (p,).>1 is a sequence of positive integers and F,, : CP»+1 — CPr
a holomorphic map for every n > 1. It follows immediately from Picard’s theorem [41]
that if (f,.),>1 is any sequence of entire functions on C there exists a sequence (z,)n>1 Of
complex numbers such that z,, = f,, (2n+1) for every n > 1, so that I(EI (CP~, F,,) is indeed

nonempty if p, = 1(n > 1) (in fact if f,, is nonconstant for every n > 1, the first term
2z of the sequence (z,),>1 can be chosen arbitrarily in f; (C), and Card (C\f; (C)) <1
by Picard’s theorem). But the “Poincaré-Fatou-Bieberbach phenomenon” ([5], [26], [42])
shows that there exist entire, one-to-one maps F' : C? — C2, of jacobian equal to 1, such
that F'(C?) is not dense in C%. This gives some hope to construct a sequence (F),),>1 of
entire mappings from C? into itself such that N,,>1(F; ... o F,) (C?) = &, which would
give a positive answer to Michael’s problem.

There was some recent progress in the study of one-to-one (or nondegenerate) maps
from C? into CP with nondense range ([10], [30], [39], [40], [43], [44]), and in the
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PICARD’S THEOREM, MITTAG-LEFFLER METHODS 541

study of complex dynamics in several variables related to these map [27], [34], but the
existence of a projective system (CP~, F,,), with F,, : CP~+1 — CP~ entire for every
n > 1, such that lim (C?», F,,) # & is still an open problem. It is even unknown whether

Nyp>1F™ (C?) # & (the power F™ being computed with respect to the composition of
maps) for every entire map F : C? — C2

The purpose of the paper is to propose a direct attack of Michael’s problem (we will be
only interested here in the commutative case, i.e. continuity of characters on commutative
Fréchet algebras). We discuss in Section 2 the test algebra Y. This algebra is the second
of the test algebras considered by Clayton in [9], and it is also the commutative version
of the algebra of weighted power series in infinitely many variables considered by P. G.
Dixon and the author in [16].

The algebra U is a subalgebra of Cy, [[X]], the algebra of formal power series in infinitely
many (commuting) variables X;, ..., X, ..., and it can also be interpreted, in a natural
way, as the algebra of entire functions on £°° (see the precise definitions in Section 2). Let
M be the ideal of U consisting of elements of &/ with zero constant term, so that M is the
kernel of a continuous character onU. Let 7,, = Xi.Uh .. +X,,.U (n > 1), Too = Un>1Tn.
Then, as observed already by Clayton in [9], the existence of a discontinuous character on
some commutative Fréchet algebra is equivalent to the existence of a (nonzero) character
on the quotient algebra V = M /J. It is also equivalent to the existence of a character
on the quotient algebra V (f) = U/Jw + (f — 1)U where f = >~ A\, X,, and where
(An)n>1 is any element of £*\cqo. These quotient algebras are described in Section 2. The
ideals Jo and Jo + (f — 1)U are prime, and they are also “of countable type”, in the
sense of [24], which means that they are the union of a nondecreasing sequence of closed
ideals of ¢/. This implies in particular that there exists a natural injection from the set of
free ultrafilters on N into the set of maximal ideals of V (f) of infinite codimension [24].

The main new idea in Section 2 is the notion of Picard-Borel algebra. We say that a
commutative, complex unital algebra A is a Picard-Borel algebra if any family (z)xen of
invertible elements of A such z ¢ C.z, for A # p is linearly independent over C. Borel’s
extension [7], [38] of Picard’s theorem shows H (C), the algebra of entire functions over
C, is a Picard-Borel algebra and we deduce from this fact that the algebras U, V, V (f)
are also Picard-Borel algebras. A Picard-Borel algebra A is always semisimple, and if
xz € A\C e then the cardinal of C\o 4 (z) (where we denote by o4 (z) the spectrum of
x in A) is at most 1.

We introduce also in Section 2 the notion of Picard-Borel ideals: an ideal I of a
commutative, unital complex algebra is a Picard-Borel ideal if the quotient algebra A/I is
a Picard-Borel algebra. A routine application of Zorn’s lemma shows that every Picard-
Borel ideal is contained in a maximal Picard-Borel ideal. A maximal Picard-Borel ideal
which is not the kernel of a character is of course infinite dimensional. Since the ideals
Js + (f — 1) C introduced above are Picard-Borel ideals of U, the algebra V possesses
a large quantity of maximal Picard-Borel ideals. The author believes that the study of
maximal Picard-Borel ideals of V should play an important role in future research about
Michael’s problem (the existence of a discontinuous character on some commutative
Fréchet algebra is equivalent to the existence of a maximal Picard-Borel ideal of V distinct
from M/J., of codimension 1).
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542 J. ESTERLE

Some properties of the algebra V might depend on axioms of set theory. If the continuum
hypothesis is assumed it follows from a general result of the author [20] that ) possesses
an algebra norm. It would be interesting to check whether there exist models of set theory,
including the axiom of choice, for which the algebra V is not normable (for a discussion
of the normability of the quotients ¢>°/F, where F is a free ultrafilter on N, see [14],
(28], [51D).

The third section is devoted to a systematic use of the Mittag-Leffler theorem to
investigate the structure of the quotient algebras A/I where A is a commutative Fréchet
algebra and where I is a dense ideal of A. Recall that the Mittag-Leffler theorem shows
that lim (E,, 0,,) # < for every projective system (E,, 6,,) where E,, is a complete metric
spacé_z;nd 6, : E,y1 — E, a continuous map with dense range (more precisely, the first
projection of lim (F,,, 6,,) is dense in E;). The Mittag-Leffler theorem was used explicitely
by Arens, an&_by Dixon and the author to establish the results mentioned above [2], [16]
(see the comments about the theorem of Arens at the end of the paper). The result of Shah
[47] is also a consequence of the Mittag-Leffler theorem, see remark 3-8. We give a version
of the Mittag-Leffler theorem suitable for “projective systems of quotients” (theorem 3-2)
and then give various applications. For example, defining ' : BP? — B? in the natural way
when F' : C? — CY is an entire map and when B is any quotient of a commutative, unital
Fréchet algebra A by an ideal of A, we show that lim (B~ F,) # & when B = A/I, when
I is a dense ideal of a commutative, unital Fréche?aigebra A and when F,, : CPr+1 — CPn
is entire for every n > 1 (corollary 3-5). This result applies in particular to the quotient
algebras V (f) discussed above, and the fact that lim (CP~, F,,) # & if there exists a
discontinuous character on some commutative Fréchealgebra appears as a consequence of
corollary 3-5 (see proposition 3-6 and corollary 3-7). But these “Mittag-Leffler methods”
lead to some other new results about the quotient algebras B = A/I where I is a dense ideal
of a commutative Fréchet algebra. For exemple, if we denote by 7 : B — N,>12".B the
canonical surjection, then 7 (z) belongs to the radical of B/ N, >, ™. B for every z € B
(see corollary 3-4 and remark 3-17).

Also if T is a prime, dense ideal of countable type, and if B = A/I is nonunital, then
B possesses nonzero rational semigroups (lemma 3-9). In particular the maximal ideal
M /T of V has nonzero rational semigroups. Using the algebraic methods introduced by
the author [18] for his construction of discontinuous homomorphisms of C (K'), we show
that the quotient algebra Cn [[X]]/JN, contains a “big” algebra of formal power series
in 8; variables in which every elements possesses roots of all orders (corollary 3-16). The
structure of this very natural (in the author’s opinion) quotient algebra certainly deserves
more investigations.

In section 4 we investigate the multiplicative structure of the set S (B) of noninvertible
elements of a quotient algebra B = A/I, where A is a commutative, unital Fréchet algebra
and where I is a dense, prime ideal of A of countable type. The author showed in a
previous paper [25] that S (B) is a universal multiplicative monoid, in the sense that,
if the continuum hypothesis is assumed, every cancellative, non unital monoid without
torsion can be embedded in S (B). Using some technical results from [25] we establish in
Section 4 a deeper result, via the “lifting lemma” (lemma 4-8): if b is any nonzero element
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of S (B), then N,>1b™.5 (B) is a universal multiplicative monoid. This result applies in
particular to the quotient algebras V (f) introduced above. This multiplicative property of
the algebras V (f) shows a sharp contrast between V (f) and U, since N,>19™.U = {0}
for every noninvertible element g of U (see remark 2-21).

The reader interested in Kaplansky’s conjecture ([12], [19]) noticed some analogy
between the above results and the fact that N,>;a™. R is universal for every nonnilpotent
element a of a commutative, radical Banach algebra R such that a™ € [a"T1.R]~ for
some n > 1 ([21], [23]). In fact, the methods of Section 4 lead to a major simplification
of the most technical part of the author’s construction of discontinuous homomorphisms
of C(K) ([19], [21], [23], [55]). This new approach is outlined in remark 4-11. The
fact that (£/R, +) embeds in N,>1a". R where & is the set of sequences of positive
integers dominated by an arbitrary given sequence converging to infinity, and where
(tn)n>1 R (Vn)n>1 When wu, agrees eventually with v,, could open the gate to the
construction of new models of set theory where discontinuous homomorphisms of C (K)
exist and where 2%¢ > R, (the first models of this type were recently constructed by
Woodin [51] and by Frankiewicz and Zbierski [28]. In these models, 2% = R,).

In Section 5 we “test the test for the test algebra U”. The fact that the existence of a
discontinuous character on some commutative unital Fréchet algebra implies the existence
of a discontinuous character on U/, and more precisely the existence of a character x
on V such that x (302, A\n Xy, + Joo) = p, Where (A,)n>1 in any element of £'\coo
and g any complex number, is based on the following simple property (see the proof
of theorem 2-7): let I be a dense ideal of a commutative, unital Fréchet algebra A, and
let I°° be the set of all bounded sequences of elements of I. Then if f € ¢}\cyo, the
map a — f(a) is a surjective map from I* onto A (for a precise definition of g (a) for
g € U, see Section 2; all test algebras are based on a functional calculus operating on
bounded sequences of elements of Fréchet algebras). We show in Section 5 that the map
a — f(a) is also necessarily onto when f = 3" A\, XE, with (An)n>1 € £'\coo and
where p is any positive integer. This nontrivial fact is based on an elementary formula
(formula 5-2) which shows that if A is any unital complex algebra and p any positive

integer then every z € A can be written in the form = = ;’:1 z¥, where z; € A (i < p).
It is then possible, given a dense ideal I in a commutative, unital Fréchet algebra A and an
arbitrary element z of A, to find a sequence (1, m, ..., Tp,m)m>1 of elements of I? such

that )7 | zf  ——— z with some control on [|z; m||», and the result follows. We then

produce “recalcit%;t?? elements of M (the terminology is borrowed from Thomas’s proof
of the Singer-Wermer conjecture [49]), i.e. elements g of M\Z, such that g (a) & Inv A
for every bounded sequence of noninvertible elements of a Picard-Borel Fréchet algebra
A. The basic idea of the construction is that the function z cannot be written as the sum
of the cubes of two elements of H (C), and that if u, v € H(C), and if u® + v* is
invertible, then the family (u, v) has rank one, so that v and v are either invertible or
identically equal to zero. These properties follow from Picard’s theorem and have been
known since the last century. The last property extends easily to Picard-Borel algebras.
By using some version of normal families for the algebra U, we construct a sequence
(fn) of elements of M, where f, depends only on the variables (X,,)m>n, such that
fan =€ X3+ f3,1 (n> 1), where (¢,),>1 is a suitable sequence of positive reals. Then
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544 J. ESTERLE

each f, is recalcitrant (theorem 5-9). We also observe that if f is a recalcitrant element
of M and if v = (u,),>1 is any bounded sequence of elements of I such that u,, + Z
is noninvertible in V for each n > 1, then f (u) + Z, is noninvertible in )V (a similar
property holds for the quotient algebras V' (f). It would certainly be interesting to get more
information about the class of recalcitrant elements of M. Also it would be interesting
to check whether there exist elements g € M\Z,, such that the ideal of A generated by
g (I*) is a proper ideal of A for some dense ideal I of some commutative, unital Fréchet
algebra A (if g is such an element, there would be some hope to prove that g+ J., belongs
to the intersection of the kernels of the characters of V).

In Section 6 we discuss joint spectra. We define the joint spectrum o4 (M) (often
denoted by o (M)) of a subset M of a commutative, unital complex algebra A in the
usual way. We first observe that, in general, o (M) is not given by the restrictions to M of
elements of o(N) for M C N (this situation occurs if and only if all maximal ideals of A
are given by the kernels of the characters of A). We then discuss the countable (resp. finite,
resp. p-extension) property for joint spectra. These properties are equivalent to the fact that
if I is an ideal of A which is countably generated (resp. finitely generated, resp. generated
by at most p elements of A) then the spectrum of z+1 in A/I is nonempty for every z € A.

If A has the countable extension property, and if the continuum hypothesis is assumed,
then A possesses a character (proposition 6-2). Unfortunately, if the quotient algebra A/I
has the countable extension property for some ideal I of a commutative, unital Fréchet
algebra A, then the spectrum of every element of A/I is a (nonempty) compact subset of
C (proposition 6-3). So the algebras V and V (f) certainly do not possess the countable
extension property. We then discuss a question which seems crucial in order to make
progress on Michael’s problem: does the algebra )V have the finite extension property? If
the answer was no, this would give a finite family of elements of V the joint spectrum of
which is not given by characters of V), a big step which could lead to a successful strategy
to give a positive answer to Michael’s problem. If the answer was yes, there would still
be a long way to go to build a nontrivial character on V (V indeed does not have the
countable extension property), but this would show that N,>1(F; ... o F},) (CP) # @
for every p > 2 and every sequence (F),),>; of entire, one-to-one maps from C? into
itself (theorem 6-6). Some sophisticated use of the theory of analytic functions of several
complex variables is probably needed to make progress on this question.

The author hopes that the present work will encourage some people to invest some
time and energy in order to make progress on the old standing question of continuity of
characters on Fréchet algebras.

2. A test algebra for Michael’s problem

First, we introduce some notations and recall standard facts about the algebra of formal
power series in infinitely many variables. Let A be the set of all sequences o = (a)n>1
of elements of Z such that Suppa = {n > 1|a,, # 0} is finite. Let & = (@,)n>1 and
B = (Bn)n>1 be two distinct elements of A, and let m > 1 be the largest integer such
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that «,, # B,,. We define an order relation on A by setting o < 8 if a,,, < B,n. Clearly,
(A, <) is a linearly ordered group.

Now set S = {a = (an)n>1 € Ala, > 0(n > 1)}, and, for £ > 1, Sx, = {a € 5
Suppa C {1, ..., k}}. Then S = U, Sk, and (S, <) is isomorphic to (ZF)* equipped
with reverse lexicographic order. If & € Sy, 8 < « then § € Sy, and so (S, <) is
well-ordered.

We denote by Cy [[X]] the algebra of formal power series in infinitely many variables:
Cn[[X]] is the linear space C°, equipped with the product topology and with the usual
convolution product (fa) (9a) = (X s41=a f597)-

For a = (an)n>1 € S set || = 307 oy, so that ja+ 3| = |a|+|B8| (o, B € S), and for
f=(fa)aes € Cn[[X]], n 2 1, set pn (f) = 3 [fal- The given topology on Cy [[X]]

a€Sn

al<n

is the topology defined by the family (py,)n>1, and so Cn [[X]] is a Fréchet algebra.

For «, B € S denote by 6, 5 the usual Kronecker symbol. Set X? = (84, 5)acs-
Clearly, X#+7 = XA. X7 (B, v € S), the family (fo X*)acs is absolutely summable
in Cn[[X]] and f = > o fo X for every f = (fa)aes € Cn[[X]]. If we denote by
0 € S the null sequence then 1 = X is the unit element of Cy [[X]]. The character
Xo = Doaes faX* — fo is the unique continuous character of Cy[[X]], and so
Sp(f) = {xo (f)} for every f € Cn|[[X]]. Hence, as is well known, Cy [[X]] is a local
ring and its unique maximal ideal is My = Ker x,. For f = Y7 ¢ fo X* € CN[[X]],
set Supp f = {a € S|fo # 0} and for f # 0 set v (f) = inf (Supp f). Let f, g be two
nonzero elements of Cy[[X]] and let @« = v (f), 8 = v(g). Then v+ 6 > a + S for
v € Supp f, § € Suppg, (v, &) # (o, B) and fg # 0, v(fg) = a+ B =v(f) +v(g).
In particular, Cn [[X]] is an integral domain.

Set pm = (b, n)n>1, Xm = X If o € Sy then X = X7 ... X*. Now identify
Sy with (Z*)*. Then the algebra {f € Cn[[X]]|Supp f C Sk} becomes Cj [[X]], the
usual algebra of formal power series in % variables. The map 7 : Y g fa X* —
Y aes, foX* is a continuous homomorphism from Cn [[X]] onto Cj [[X]], and this
is also true for m , : C,[[X]] — Ci[[X]] defined in a similar way for n > k. It
is easy to see that 6 : f — (7 (f))k>1 is a topological isomorphism from the algebra
Cn [[X]] onto the projective limit {iin(Ck ([XT] 7k, k1) = {fi)ex1 € Ty Cr (XN fi =
Tk, k+1 (fe+1) (B > D}

The structure of closed ideals of Cy, [[X]] is well-known (see for example [52, p. 260]):
every ideal of Ci[[X]] is closed and finitely generated. This is not the case for
Cn [[X]]: if we set Inn = X1.Cn[[X]] ..o+ Xn CN[[X]] (R > 1), IN,oo = Un>1Inn
then JN, o is dense in My, but N o & Mn. Also if g1, ..., 9r € JIn oo then
g CN[[X]] o+ grCNI[X]] € INn & INynyg1 for some n > 1, and so I, oo iS
not finitely generated. Now let f # 0 be an element of Cy, [[X]] and let g € [f.Cn [X]].
These exists a sequence (h;),>1 in Cn [[X]] such that g = pli_}r& f.hp, and so 7 (g) =

lim 7 (f) mk (hy). Since all ideals are closed in Cy, [[X]] there exists uy, € Ci [[X]] such
p—0o0

that 7y, (g) = 7k (f).uk. Let 7 > 1 such that 7. (f) # 0, so that 7 (f) # 0 for k > r. Then

Tk, k+1 (Uk+1)~7fk (f) = Tk, k+1 [7Tk+1 (f)'uk+1] = Tk, k+1 [7Fk+1 (g)] = Tk (9) = Ug.Tk (f)
and so Uk = Tk, k+1 (uk+1) (k 2 ’l').
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546 J. ESTERLE

Set vy, = uy for k > r, vy = e » (u,) (k < r). Then (vg)r>1 € im (Cn [[X]], Tk, k+1)s
and so there exists v € Cn[[X]] such that m (v) = vi(k > 1). Since my (fv) =

7k (f) vk = 7 (g) for each k, g = fv and we see that principal ideals of Cy [[X]] are
closed.

The author does not know whether finitely generated ideals of Cy [[X]] are closed
in general. Nevertheless the ideals Jn x are indeed closed, since Jnix = {f €
Mn|Supp f NV, = T}, where Vi = {a € S|Suppan{l, ..., k} = J}. Clearly,
if a+ 08 € Vg, then o € V; and B € Vi. It follows from this observation that
0, : EaeS fa X* — Zaer fa X* is a homomorphism. We have Kerf, = Jn, &,
Im (0x) = {f € Cn[[X]][Supp f C Vi}. For @ = (an)n>1 € S, set 7 (a) = (Bn)n>1
where 01 ... = [y = 0 and where (3, = a,_ for n > k + 1. The map ZQES fo X* —
> wcs fa X™ (@ is an isomorphism from Cn [[X]] onto Im (). Hence Cn [X]]/In, x is
isomorphic to Cn [[X]], and JN, x is a prime ideal for each k& > 1. So JN, co = Uk>1IN. &
is also prime.

The following notion was introduced in [24].

DerINITION 2.1. — An ideal I in a commutative Fréchet algebra A is of countable type if
there exists a nondecreasing sequence (I,),>1 of closed ideals of A such that I = Up>11,.

It follows then from the above considerations that we have the following result.

PROPOSITION 2.2. — The ideal Jn, o is a prime ideal of countable type in Cy [[X]], and
IN, 0o i dense in My.

The structure of the quotient algebra Cy [[X]]/JN, 0, Which is of course a local ring,
will be investigated later. We now turn to a test algebra for Michael’s problem. This
algebra is isomorphic to the second test algebra introduced by Clayton [9]. It is exactly
the commutative algebra discussed by P. G. Dixon and the author in [16].

DeFNITION 2.3. — Set U = {f = Y s fa X* € CN[[X]]| IIflln = lzaes falnlel <
+oo(n > 1)}, Jo = Up>1Tn, Where J, = X1l ... + X, U, and M = {f =
Yiacs fa X € Ulfo = 0}

It follows from the definition of U that (U, (|| - ||n)n>1) is a commutative, unital
Fréchet algebra and that the injection &/ — Cy [[X]] is continuous. Also if X;.f € U, with
f € CN[[X]], then f € U, and it follows easily from this observation that 7, = Jn,» NU.
So each J, is prime and closed, and J., = Jn, oo NU is a prime ideal of countable type
in U. This ideal is dense in M and distinct from M, since Y ., % € M\Jw.

Recall that a sequence (a,),>1 in a commutative Fréchet algebra (A, (|| - ||m)m>1) is
said to be bounded if sup ||ap||m < +oo for every m > 1.
n>1

If @ = (an)n>1 is a bounded sequence in a commutative unital Fréchet algebra and if
a = (an)n>1 € Sk set a® = af* ... a3* (with the convention z° = 1 for every z € A).
This definition does not depend on the choice of k and if we define the product of bounded
sequences in the obvious way we see that the map («, a) — a® obeys the usual rules for
exponents. If f =37 o fo X* € U then the family (f, a®)aes is absolutely summable,

hence summable, in A. The following result follows from the definitions.
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PROPOSITION 2.4. — Let A be a commutative, unital Fréchet algebra and for V. .C A let
V' be the set of all bounded sequences of elements of V. For f = 3 s fo X* € U,
a = (an)n>1 € A% set f(a) =Y _. faa®. Then the map 0, : f — f(a) is continuous,
and 0, (X,) = an(n > 1).

For z = (2,)n>1 € £>° define f (z) as above. The following easy proposition can be
found in [9].

PROPOSITION 2.5. — Set x. (f) = f(2) (z € £, f € U). The map z — X, is a bijection
Sfrom £ onto the set u of continuous characters of U, which is a homeomorphism between
the w*-topology on £ and the Gelfand topology when restricted to bounded sets. Also,
U is semisimple.

The nontrivial fact in proposition 2.5 is the semi-simplicity of ¢{. An easy way to prove
it is to remark that I/ is a subalgebra of the group algebra £! (A). The dual group of A
(we consider A as a discrete group) is the compact group I'N, where we denote by I the
unit circle. Hence if f (z) = 0 for every z € I'™, with f € U, then the Fourier transform
of f vanishes, and so f = 0.

If A is a commutative, unital complex algebra and if a = (ay)xen is a family of elements
of A we will denote by Z)\GA ay.A the set of all finite sums ay,.u; ...+ ay, .ur Where
ALy ooy Ak € A, up ...up € A. The joint spectrum of the family (ax)xea is then the
set 04 (a) = {(za)rea € CH X ca (ax — 2x.1) A & A}. We will write o (a) instead of
04 (A) when there is no risk of confusion.

For L C U we set Z(L) = {z € £=°|f(2) = 0(f € L)}. If g = (g1, ..., gx) € UF,
z € £, we set g(z) = (g1 (2), ---, gk (2)).

COROLLARY 2.6. — For 1 < m < oo let mp, : U — U/Tm be the canonical map,

and for m € N set £ = {z = (Zp)n>1 € £P|21 ... = zm = 0}. Then for every
g= (g1, ..., gr) €U* we have 0 (oo (g1), - -+, Too (gk)) = Nm>19 (£2) (k > 1).
Proof. — Set T, () = (T (91), -+ Tm (gk)) (1 < m < 00). Since Joo = Um>1Tm,
we have 0 (7o (9)) = Nm>10 (Tm (g)). A basic result of Arens [2] shows that if
a = (ay, ..., ax) is a finite family in a commutative, unital Fréchet algebra A, we have
oa(a) ={x(a1), ..., x (ar)) e 4 Where we denote by A the set of continuous characters

on A. We have Z (J,,) = Z({X1}) ...NZ ({Xn}) = £, and so continuous characters
on U/J,, have the form 7., (h) — h(z) for some z € £3. Hence o (7, (9)) = g (£2)
(m > 1) and the results follows.

The algebra U/ is a test algebra for Michael’s problem, in the sense that if there
exists a discontinuous character on some commutative Fréchet algebra, then there exists
a discontinuous character on Y. A very short proof on this fact can be found in [16].
Clayton [9] proved more precisely that if there exists a discontinuous character on some
commutative Fréchet algebra, there exists a nonzero character on the quotient M /7.

We summarize these facts, in a slightly more precise form, in the following statement
(we denote by cqp the set of all z = (z,)n>1 € CV such that Suppz = {n > 1|z, # 0}
is finite).
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THEOREM 2.7. — Let A = (A\y)n>1 € £ \coo, and let f = 30| A, X, The following
properties are equivalent

(1) There exists a discontinuous character on some commutative Fréchet algebra A.

(2) There exists a discontinuous character on U.

(3) There exists a (nonzero) character on the quotient algebra M/ J,.

(4) There exists a character on the quotient algebra U[Jo + (f — 1)U.

Proof. — The result is essentially contained in [9], but we give a proof for the sake of
completeness. Since J, is dense in M, and since discontinuous characters on A extend
to A @ Ce, the algebra obtained by adjoining a unit to A if A is nonunital, it suffices
to show that (1) implies (4).

Assume that (1) holds and let (n,),>1 be a strictly increasing sequence of integers such
that \,, # O(p > 1). Set p, = A,,, and let x be a discontinuous character on A. Set
I = Ker x. Since [ is dense in A, we can construct by induction a sequence (e,),>1 of
elements of I, which satisfies the condition:

» inf (|pp, |pp+1])
H]‘—Zn=1 en”p S Pé £ (PZ 1)
For p > 1 we have [|[1 — >*_ ey|lm < L’;Ll, and so the series ), e, converges in A,

and 357 | e, = 1. Also e, [p-1 < ||1_Zﬁ;11 enllp-1+111=3 021 enlly <yl (p 2 2).
So if we set a, = p,'.e, (p > 1), we see that |jap|lm < [lapll,—1 < 1 for p > m+1,
and the sequence (a,),>1 is bounded in A. Now set b, = 0 if n # n,, for every p > 1,
and b,, = a, (p > 1). Let b = (bn)n>1. Set ¢ = x o 6, where we denote as above by 6,
the map g — ¢ (b) (9 € U). Then ¢ is a character on U, ¢ (X,) = x(b,) =0 (n > 1)
and s0 Joo C Kerg. We have ¢ (f) = x (305, Anbn) = x (35,2, ) = x(1) = L.
Hence Jo, + (1 — f)U C Kerx, and the quotient algebra U /J. + (1 — f)U possesses
a character. This concludes the proof of the theorem.

We now wish to investigate the algebraic properties of the quotient algebras U/ /7., and
U/Tx + (f — 1)U, the notations being as in theorem 2.7. Clearly, the algebra U is in
some sense an algebra of entire functions on £*°. The following easy proposition gives a
connection between I/ and analytic functions of several complex variables.

ProposiTION 2.8. — Let Q@ C C™ be open, and let
g:Q—-Le
u = (gn (v))n>1

be a map which satisfies the following conditions
@) gn = Q@ — C is analytic (n > 1).
(ii) For every compact set K C Q, there exists My > 0 such that sup ||g (u)||c < Mk.
u€EK
Then fog : Q — C
u — f(g(w)) is analytic for every f € U.
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Proof. — Let f =3 0 s fa X* €U. For p > 1 set f, = Yaes, fo X% Then frog
is analytic for every p > 1, and (f, o g) (u) — (f o g) (u), uniformly on compact subsets
of Q. So f og is analytic.

It is easy to deduce from corollary 2.6 and proposition 2.8 that the cardinal of C\o (f)
(resp. C\o (moo(f)) is at most 1 if f & C.1 (resp. m (f) € C.1), by using Picard’s
theorem. In order to obtain some more precise information, we introduce the following
notion:

DermviTioN 2.9 — Let A be a commutative, unital complex algebra and denote by Inv A
the group of invertible elements of A. We shall say that A is a Picard-Borel algebra if
every family (zx)xca of elements of Inv A such that zy ¢ Cz, for A\, p € A, X # p
is linearly independent over C.

The following observation essentially goes back to Borel [7].

ProposITION 2.10. — Let A be a Picard-Borel algebra, and let x € A. If x & C.1, then
the cardinal of C\o 4 (z) is at most 1. In particular, A is semisimple.

Proof. — Let z € A be such that {a, b} N o4 (z) = &, with a # b. We have
(r—al)+(bl-2z)+(a—b).1=0.

Since a — b # 0, the family (z — a.1, £ — b.1,1) is linearly dependent. Hence one of the
pairs (z —a.1, £ —b.1), (z —a.1, 1), (x —b.1, 1) has rank 1. But this shows that z € C.1.
Now if z € Rad (A), the Jacobson radical of A, then certainly o4 (z) = 0, and so z = 0.

o0 n

The exponential map on a unital Fréchet algebra A is the usual map z — e = ) "7 ) 27,
We will denote by exp A the range of the exponential map.

ProPOSITION 2.11. — The algebra U is a Picard-Borel algebra, and exp U = InvU.

Proof. — Let f = 3 .o faX® € InvU. For t € [0, 1] set ~(t) =
+ (Xaes|tl® fa X*). Then v : [0, 1] — U is continuous. Also v (t) (z) = £ f (tz) #0
for every z € £>°, and so v (t) € InvU for every t € [0, 1]. Since 7 (0) = 1, it follows
from [15, corollary 2.5] that v (1) € exp U, and so f € exp (U).

Borel’s theorem [7] shows that H (C), the algebra of entire functions on C, satisfies
definition 2-9. It is well-known that H (C?) is also a Picard-Borel algebra for every
p > 2. To see this consider fi, ..., fr € H(C?) and assume that ef* 4 ... + ef* = 0.
Then for every z, u € CP there exist 4, j € {1, ..., k}, with ¢ < j, such that the
function A — f;(# + Au) — f; (2 + Au) is constant on C, by Borel’s theorem. Set
df = gLda...+ FLdz, for f € H(C?). Then df;(2)(u) — df; (2)(u) = 0, and
C? = Uie; Qi j where Q; ; = {(z, u) € C*|df; (2)(u) = df; ()(u)}. But it follows
from standard properties of analytic sets [31, p. 9] that we then have C* = Q, ; for some
pair (4, j) with ¢ # j; so f; — f; is constant, and H (C?) is a Picard-Borel algebra.

Now let g1, ..., gr € U, with k£ > 2, and assume that g; — g; € C -1 for 4 # j. Then
there exists u; ; and v; ; € £>° such that

gi (i 5) — g5 (wi 5) # gi (vi,5) — 95 (vi, ;)@ < k, j < k, i < j).
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Setp = k(kT_l) and for (A, p) € C? with A = (\; ;)icj<k, b = (13, 5)i<j<i, 8 < k set

he (A 1) = g (O (Niyj -t 5 + s - 04, 5))-
i<j
It follows from Proposition 2-8 that h, € H (C??), and it follows from the construction
of the function h, that h, — hy is not constant for s # s’. Hence Zle el £ 0 in
H (C??), and a fortiori Zle e?s # 0 in Y. This concludes the proof of the proposition.

We now wish to extend Proposition 2-11 to the quotient algebras U/J., and
U/JTw + (f — 1)U, the notations being as in Theorem 2-7.

Notice that if I is an ideal of a commutative, unital Fréchet algebra, if a € A and if
h € I, then e2** — ¢® = ¢® (e® — 1) € I. So if we denote by 7 : A — A/I the canonical
map, we can define the exponential map on A/I by the formula e™® = 7 (e?)(a € A),
even if I is not closed.

DEFINITION 2.12. — (1) A Picard-Borel ideal of a commutative, unital complex algebra A
is an ideal I of A such that the quotient algebra A/I is a Picard-Borel algebra.

(2) A logarithmic ideal of a commutative, unital Fréchet algebra A is an ideal I of A
such that exp (A/I) = Inv (A/I).

LemMA 2.13. — The union of a chain of logarithmic ideals of a commutative, unital
Fréchet algebra A is a logarithmic ideal of A.

Proof. — Let (Ix)xea be a chain of logarithmic ideals of A, and let I = (J,c, In.
Denote by 7 (resp. 7) the canonical map A — A/I (resp. A/I,). Let z € A be
such that 7 (z) € Inv (A/I). Then there exists y € A such that 7 (z) -7 (y) — 1 € I,
and so 7y (z) € Inv(A/I,) for some A € A. Hence there exists v € A such that
7z (z) = e™™ = 1, (e*), and so 7 (z) = 7 (e*) = ™ (¥,

LemMA 2.14. — The union of a chain of Picard-Borel ideals of a commutative, unital
complex algebra A is a Picard-Borel ideal of A.

Proof. — Let (Ix)ea be a chain of Picard-Borel ideals of A, and set I = [J,c, Ix. The
notations for quotient maps being as above let (z;);e7 be a family of elements of A such
that7r(:ct) gCm(xp)fort #t' . Ifyi-m(xs,) ...+ 7 (z1,) =0, where 1, ...,y € C,
t1, ...yt €T, t; # tj for i # j, then vy -y (z4,) ... + Y& - Ta (@4, ) = O for some A € A.
Since 7 (z1,) € C - (zy,;) for i # j, we have a fortiori 7y (z,,) & C - mx (xy,) for i # j,
and so 7y, ... =y, = 0, since the quotient algebra A/I is a Picard-Borel algebra. Hence
the family (7 (z)):er is linearly independent, and A/I is a Picard-Borel algebra.

We deduce immediately from Zorn’s lemma the following corollary.

COROLLARY 2.15. — Every Picard-Borel ideal is contained in a maximal Picard-Borel ideal.

By maximal Picard-Borel ideal, we mean of course a Picard-Borel ideal I in A which
is not properly contained in any Picard-Borel ideal of A. If follows immediately from
Proposition 2-10 that if J is a maximal ideal of A which is also a Picard-Borel ideal, then
J is the kernel of a character of A.
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We now turn to a version of Taylor’s formula for the algebra /. Unfortunately, the author
was not able to find such a statement available in the literature. For a = (an)n>1 € S,
set a! = [[°7, (a,!), with the usual convention 0! = 1.

We will write « > (8 when «, > (3, for every n, and in this case we set
a—f = (an — Bn)n>1- If A is a Fréchet algebra, and if a = (an)n>1, b = (bn)n>1
are bounded sequences of elements of A, we set a +b = (@, + bn)n>1.

LEmMMA 2.16. — For a, B € S set
9 (XP) =0 if BFa

B!
*(XP)= ——
K= G-a
Then the family (fs0%(X"?))pes is absolutely summable in U for every [ =
> ses fsXP € U and every a € S. Moreover if we set 0% f = Y ;.5 f30%(X?)

and if A is a commutative, unital Fréchet algebra, then the family (@(f,—)(a—) b“) p is
. ae

Xt if B>

absolutely summable in A for every f € U and every a, b € A, and we have

flavty=3y LI

a€eS
Proof. — For a, B € S, B > a, n > 1 we have
6% (X) Il
for some K (n, o) > 0, and so the family (fs 3% (X*))ges is absolutely summable for
every f = Y g5 f3XP € U.
Nowlet f =Y 4cq f3 X? €U, andleta = (ay)p>1, b = (bp)p>1 € A®. Let (|| - [[n)n>1

be the sequence of seminorms which defines the topology of A, fix n > 1 and let m > 1
be such that ||a, ||, < m, ||by |l < m for every p > 1.

< plB-el lﬂllal <af g < K (n, a)(n+1)

Now consider the family

B+
(ug,~)p,ves = <( 1 ’.Y) forya® b .
Bly B,v€S
We have
+ +
sl =] EEL foya? 0 | < EL o jmioe
For a € S, Supp o C {1, . k} we have
> e =
Btvy=a

and so if L C S x S is finite we have

Yo Muslle <Y 1 fal@m) = fllzm.

B, v)=L a€S

This shows that the family (us )g, s is absolutely summable in U/.
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We have

z ug,y = fa(@a+b)* for a€sS,
Bty=a

and so
Z Ug, 4 = Zfa(a+b = f(a+0).
(8,7)€S a€s
Also the family (3. .5 up,+)pes is absolutely summable, and we have
D usy)= )Y usy=S(atb).
veS pBes B,vES
But

S ua, b7 (Z for, LD (/3+'7)' )_ 37' [Z fé.a”(Xé)} (a) = §%(!—fl(a)'b”,

BeS Bes * Lses

which concludes the proof of the lemma.

Notice that it follows from the lemma that f =
(here we denote by O the zero element of £°°).

aEs a"a_f!(ol - X< for every f € U

LemMma 2.17. — Let (An)n>1 € £\coo and let f = Y, A\, X,,. Form > 1 set
n=1
Un={g9g€U|0*g(0)=0 for Suppan{l,..., m}#T}
Then U,, is isomorphic to U and we have the following properties

1) Set Y = (Yo)n>1 where Y, = 0(n < m), Y, = X,(n > m+ 1). Then the map
Oy : g — g(Y) is a homomorphism from U onto Uy,, and Ker 0y = T,,.

2) If Ay # 0 set Z = (Z)n>1 where Z, = 0(n < m — 1)

1 A
Zm = 51 — — ny dn — An > .
o anmH ™ Xn, Zn =X (n>m+1)

Then 07 : g — g(Z) is a homomorphism from U onto U,,, and Ker §; =
Im-1+ (f = 1U.

Proof. — Set T = {a = (an)n>1 € S|Suppan{l, ..., m} = T}, and set
U = (Xn4m)n>1 so that U € U™, For a = (an)n>1, set 0 () = (Bn)n>1, Where
Bn =0(n <m), Bn = ap—m(n > m+1). Clearly, o0 : S — T is a bijection. Also
al=oc(a)!, |o(a)] = |a| and U* = X7 (a € S).

For g € U, we have

()= Y P90y

a€S

S0 0u (9) € Un and |65 (9) lln = [l glln (> 1)- 1 h = Tep H - X € U, then
9= wes h_a_Ql X* €U, and 0y (g) = h. Hence 0y : U — U, is an isomorphism
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of Fréchet algebras. We have Y* =0if a ¢ T, Y* = X if o € T. Hence by (U) C Uy,
and fyyy,, is the identity map, so that fy (U) = Up. Since Oy (X,) = 0 for n < m,
Jm C Kerfly. Now set X = (X,,),>1 and let g € Kerfy . It follows from lemma 2-16 that

9% g(Y) a
g_g(X)_;;m -y
But (X -Y)*=0if a € S and (X —Y)* = X if a € S,,,. Hence g € J,,,, which
concludes the proof of (2).
We have Z,, € U, (n > 1), and so 6, (U) C U,,,. Again, 6, |, is the identity map and
so 0, (U) = Up,. We have 0, (X,) =0(1 <n <m-—1), and

9z(f)=i An Zn = A Zm + i An Xp =1
n=1

n=m-+1
So Tm-1+ (f — 1)U C Ker 6,. We see as above that if g € Ker 6,, then
g= Zaegan —B%Z—) (X — Z)*, by lemma 2-16. It also follows from lemma 2-16 that

3 % kel = 3 ‘9ji$_z)_xa
a€S n a€S ’
for every n. Set as before pr = (0k,n)n>1 and set Ay = {& = (an)n>1 € S|ax # 0,
a, = 0(1 < n < k—1}. If follows from the above inequalities that the family

(ﬁ# (X — Z)“"’k) A is absolutely summable in I/ for 1 < k < m So there
[ e
exist hy, ..., hy, € U such that

< +00

n

m m—1 m~—1
1
g= Z(Xk_Zk)hk = Z thk+ mhm |:f_ 1- Z ’\n Xn] € Jm—l'f‘(f—l)u'
k=1 k=1 k=1
This concludes the proof of the lemma.
Now for @ C £ set Q+ = {f e U|g(2) =0(z € V)}.

COROLLARY 2.18. — The notations being as in lemma 2-17, we have Jn, = [(2]1,
Tn-1+ (f=DU=UR_10Z(f - D" (m >1).

Proof. — Let p be the smallest integer such that A, # 0, p > m. Set Y,, = X,, for n # p,
n#m, Y, =Xn, Yo = Xp, and ¥ = (Y)n>1.

The map ¢ : g — g(Y) is clearly an isomorphism from U onto itself, and the quotient
algebra U/ J,,—1+ (f — 1) U is isomorphic to the quotient algebra U / Jm—1+ (¢ (f) — 1)U
hence isomorphic to &/ by lemma 2-16. Now let 7 be one of the ideals considered in the
corollary, and let 7 : i — U /J be the canonical map. Then U /T is isomorphic to U, and
so U/J is semisimple. So if g € Z (J)*, then o (7 (9)) = g[Z (J)] = {0},7(9) =0,
and g € J. This proves the corollary.

THEOREM 2.19. — Let (An)n>1 € £*\Coo, and let f =307 | A\ X,n. Then Inv (U Too) =
expU/Tw), Inv U/ Too + (f — D)U) = exp U/ T + (f — 1)U), the ideals T, and

Joo + (f — 1)U are Picard-Borel ideals and T, + (f — 1)U is a dense, prime ideal of
countable type of U.
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Proof. — This follows from lemma 2-13, lemma 2-14 and lemma 2-17.

COROLLARY 2.20. — Let f be as in theorem 2.19. If we assume the continuum hypothesis,
then the following assertions imply each other

(1) There exists a discontinuous character on some commutative Fréchet algebra.
(2) There exists an algebra norm on the quotient algebra U/ Jw + (f — 1) U.

Proof. — A commutative unital normed algebra always has a character, and so it follows
from theorem 2.7 that (2) implies (1). Now assume that (1) holds. By theorem 2.7,
U/Tw + (f — 1)U has a character. Since U/T, + (f — 1)U is an integral domain, by
theorem 2.19, it follows from [20, Corollary 5.3] that there exists an embedding from
U/JTs + (f — 1)U into some Banach algebra if the continuum hypothesis is assumed.

Notice that if the continuum hypothesis is assumed then the quotient algebre U/ J., has
an algebra norm. It would be interesting to investigate the dependence of this property
on the continuum hypothesis. There exist models of set theory for which if F is any free
ultrafilter on N, the quotient algebra £°°/F is not normable [14], [50]. Recently, models
of set theory for which 2% = R, and for which £>°/F is normable for some free ultrafilter
F were constructed [28], [S1]. The author believes that there exist models of set theory
in which U /7 is normable, but in which for any free ultrafilter 7 on N, the quotient
algebra ¢>°/F is not.

The multiplicative structure of the quotient algebras U /T, and U /T + (f — 1)U will
be investigated in the next sections. We conclude the present section by a few observations,
which show in particular that the multiplicative structure of A/ 7,, and U/ T, + (f — DU
(which are isomorphic to & for m > 1) is rather poor. Also the notion of logarithmic
and Picard-Borel ideals are unrelated.

Remark2.21.-1) () g1...9n Mn = (0) for every sequence (g )n>1 of elements of M.

n>1

2) N g"-U = {0} for every g € U\Inv U.

n>1
3) There exists a commutative, unital Picard-Borel Fréchet algebra such that Inv A is
connected and such that exp A S Inv A.

Proof. — For g € Mn, g # 0 set V(g9) = {a@ € S|0%¢g(0) # 0} and
k(g) = infaev (g || If gn # O for every n, then k(g) > n + 1 for every nonzero
g € g1...9, Mn, which proves (1).

Now let g € U\InvU, and let z, € Z (g). For h € (),5; 9" - U, z € £, the entire
function F' : s — h (2, + s (2 — z,)) has a zero of infinite order at z,. Hence F' = 0 and
h(z) = 0(z € £*) so that h = 0.

Now let A be the algebra consisting of entire functions f on C such that the
sequence (f (24pm))p>1 is convergent. For f € A, n > 1 set || f|, = max
[sup.|<n | f(2)],5up,s1 | f(2ip)|]. Routine vertifications show that (A, (|| - [|n)n>1) isa
commutative, unital Fréchet algebra. Since Inv A C Inv (H (C)), A is also a Picard-Borel
algebra.
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Let f € Inv A, and fix n > 1. Set £ = lim,_,», f(2ip~). Since f € Inv A, £ # 0 and
by using a suitable branch of the logarithm on a neighbourhood of ¢ we can construct a
convergent sequence (),),>1 such that e’ = f (2ipm)(p > 1).

It follows from the theory of Weierstrass products that there exists g € H (C) such that
Z(g9) = {2%p7}p>n+1, and by a standard interpolation result there exists A € H (C) such
that h (2ipm) = A, (p > 1). Clearly, g and h are elements of A.

Let u € H(C) such that e* = f, and for |z| < 27 (n + 1) set g(z) = ﬂ%—;—';i—zl.
By using the Taylor series of ¢ at the origin we see that there exists a sequence

(Pm)m>1 of polynomials such that p,, (2) — ¢(z) uniformly for {z| < 2 7n. Set
U = gPm + h(m > 1). We see that v,, € A, and that || e*™ — f|, — 0. Hence
Inv A C [exp A]™ is connected [15].

Now let ¢ : z — e® be the usual exponential function. Then ¢ € Inv A, and it follows
from the definition of A that p # e* for every u € A (in fact  # v* for every v € 4
and every k > 2).

Notice that if w € H(C) satisfies w (2ip7) = 2i(p!)7m(p > 1) and if we set
vy € e (t € Q) then (vi)ieq is a rational subgroup of Inv A, but v; ¢ exp A for
every t # 0.

The general link between invertible elements and exponentials in commutative Fréchet
algebras was described by Davie in [15]. Inv A N [exp A] ™ is the component of the unit
element in Inv A, and f € A belongs to exp A if and only if there exists a continuous
path 7 : [0, 1] — Inv A such that v (0) = 1 and v (1) = f Davie’s paper contains also
an example where Inv A is connected and strictly contains exp A, and gives extensions to
Fréchet algebras of the Arens-Royden Theorem [4], [45].

3. Mittag-Leffler methods, action of entire mappings and structure of Cy [[X]]/IN, oo

The Mittag-Leffler theorem shows that if (E,, 6,) is a projective system where E,, is

a complete metric space and 8, : F,.; — F, a continuous map such that 6, (E,;1) is
dense in E, for every n > 1, then my(lim (E,, 6,)) is dense in E;. Here
{i_lll(En7 en) =.{(xn)n21 S H En |xn = Hn (xn+1)(n > 1)}7

n>1

and 7y : (T5)n>1 — T is the k** coordinate projection on the cartesian product [], ., E,.
This result, explicitely stated and proved by Arens [2], is fact an abstract version of the
argument used by Mittag-Leffler to prove his classical theorem on the existence of
meromorphic functions with prescribed singular parts on a given discrete set [22]. The
Mittag-Leffler theorem was an essential ingredient in the proof of a basic result of Arens [2]:
if A is a unital Fréchet algebra, and if (z1, ..., z,,) is a finite family of elements of A
such that 27 A... + 2, A C A, then [z; A... + z, A]” C A. In particular characters on
commutative, unital Fréchet algebras which are polynomially (or rationally) generated by
a finite set are necessarily continuous. This theorem was also the starting point of Allan’s
embedding of C[[X]] into some Banach algebra [1], and played an important role in the
author’s construction of discontinuous homomorphisms of C (K) [17], [18], [19].
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We first give a version of the Mittag-Leffler theorem suitable for quotients. The proof
uses an argument similar to the argument used by P. G. Dixon and the author [16] to
establish a link between Michael’s problem and iteration of entire mappings from CP? into
C? (p > 2). We will see in fact that this version of the Mittag-Leffler theorem, implicit in
[16], gives a general powerful tool to investigate the quotient of a commutative Fréchet
algebra by a dense ideal.

DEFINITION 3.1. — A projective system of quotients is a family (E,, 6, Ry,)n>1 where
(En)n>1 is a family of sets, where 6, : E,y1 — E, is a map and where R, is an
equivalence relation on E,, which satisfies the condition

(1) b, (z) R, 0, (y) for every (z, y) € Ent1 X Engq suchthat x Rpp1y (n>1).

It (En, 0., Rn)n>1 is a projective system of quotients, we will denote by
b, : Epnt1/Roy1 — En/R, the map defined by the commutative diagram

Pn+1
En+1 I n+1/Rn+l

.| s
Pn

E, — E,/R,
where p, : F,, — E,/R, is the canonical surjection (n > 1).
THEOREM 3.2. — Let (E,, 0., R,)n>1 be a projective system of quotients, where E,, is
a complete metric space and 0,, : E, .1 — E, a continuous map (n > 1). Assume that

there exists for every n > 1 a family W,, of continuous functions from E,, into itself which
satisfies the following conditions.

ey f@)Rux (z€En, fEWn, n21)

) U (fobn)(Enyr)isdensein E, (n > 1).

fEWn
Then lim (E,, /Ry, 0,) # D, and p7* (71 (im (E, /R, 6,))) is dense in E;.

Proof.—Set Fy = Ej,and F,, = E, xW; ... xW,_1 (n > 2). We equip the sets W,, with
the discrete topology, so that they are complete with respect to the distance d (£, g) = 6y,
where 6y, , is the usual Kronecker symbol. We equip E,, with the given topology, and F;,
with the corresponding product topology, so that F;, is a complete metric space.

Define ¢, : F,4y1 — F, by the formula ¢, (z, fi,..., fn) = ((fa o 0,)(z),
fi, --+, fn—1). An immediate verification shows that ¢, is continuous, and it follows
from hypothesis (2) that ¢, (F,4+1)) is dense in F,.

It follows then from the Mittag-Leffler Theorem (see [8, Chap. II, sect. 3, Theorem 1]
or [22, Corollary 2.2]) that 7; (lim (F,, ®,)) is dense in F} = Ej.

Let (up)n>1 € lim (F,, @,). There exists (z,)n>1 € ]_[n21 E, and (fp)n>1 €
1,51 Wn such that u, = (%, f1, ..., fa—1) and we have z,, = (fn 00,)(zny1)(n > 1).
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It follows from hypothesis (1) that x, R, 6, (z,+1). So, the notations being as in
definition 3.1, we have

Pn (.’.En) = (pn ° 0n)(£n+1) = én (pn+1 (xn-%—l))y
and s0 (pp, (n))n>1 € Im(E, /R, én) Hence u; = z; € py ! (my (lim E, /R, 5n)) So
p7t (my (lim (E, /Ry, 6,))) is dense in E;, which concludes the proof of the theorem.

Notice that if we define R,, to be the equality on F,,, and if we set W,, = {1g, }, where
1p, is the identity map on E,, then F, /R, = E,, p, = 1g, and we obtain the usual
version of the Mittag-Leffler theorem: if (E,),>1 is a family of complete metric spaces
and if 0, : E,,1 — FE, is a continuous map such that 6,, (E,, ;1) is dense in E,, for every
n > 1, then' m; l}r_n(En, 6,)) is dense in Ej.

We now deduce from theorem 3.2 the following corollary, which is a basic tool to
investigate the structure of the quotient of a Fréchet algebra by a dense ideal.

COROLLARY 3.3. — Let (G,)n>1 be a family of complete, metrizable abelian groups. For
each n > 1 let H,, be a subgroup of G, and let 8, : G,+1 — G, be a continuous map.
Assume that 0,, (z) — 0, (y) € H,, whenever z,y € Gny1, * —y € H, 11 and denote by
6, Gn+1/Hny1 — Grn/H, the map associated to 0,. If H, is dense in G, for every
n > 1, then I(in (Gn/H,, HNn) + O,

Proof. — For z € G,, denote by 7, , the map © — x + z. Set W,, = {7, . },cm, and let
‘R, be the equivalence relation associated to H,,, i.e. ¢ R, y if and only if z—y € H,,. Then
(G, 00y Ry, Wy)n>1 satisfies the conditions of theorem 3-2, and the corollary follows.

COROLLARY 3.4. — Let A be a commutative Fréchet algebra, let I be a dense ideal of A,
and let (a,,) be a sequence of elements of A/I. Then there exists a € A/I such that

a— Z aj...am € (ay...an)A/I (n>1).
m=1

Proof. — Set G, = A, H, = I(n > 1). Let 7 : A — A/I be the canonical map,
and let (z,),>1 be a sequence of elements of A such that 7 (z,) = a, (n > 1). Set
0, (u) = zp-u+2,(u € A, n > 1). Then (G,, Hy, 0n)n>1 satisfies the conditions of
corollary 3-3, and 6, (b) = a, - b+ a, (b € A/I). So there exists a sequence (b, )n>1
of elements of A/I such that

bn = On (bn+1) = ap bn+1 + an, (n Z 1)

An immediate induction shows that by = > | @1...0m +a1...0y byy1 (0 > 1), which
proves the corollary.

We now turn to the action of entire maps F' : C? — C? on (A/I)?, where I is a dense
ideal of a commutative, unital Fréchet algebra A. Let

fi(zr, ..oy 2p) — Z Ao 270 2

aeN?P
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be an entire function from CP? into C (with the notation a = (a1...0p) for a € NP),
If a = (a1...ap) is a finite family in a commutative, unital Fréchet algebra A, we can
define f(a) by the formula
@)=Y Xaaf'...ag
aeNP

(see details in [16]); this is in fact a trivial case of the holomorphic functional calculus
in several variables for commutative, unital, locally multiplicatively convex complete
algebras, see Arens [3].

The notations being as above, set Sy = {a € S|Suppa C {1, ..., k}}, as in section 2,
and denote by o, (a) the sequence (3,)n,>1 Where 8, = a,, (n < p) B, = 0(n > p) for
o € NP. The map f — Y cne Aa X#() defines an isomorphism from H (C?) onto
UP) = {f € U|0*f (o) = 0(a & S,)}, and we can identity in this way H (C?) with a
closed subalgebra of U, identifying also NP with .S, by using o,. Hence if f € H (C?),
a, b € AP we have

flatbt)=Y 9°1(@) ya
a€eNP
by formula 2-16 (this is of course well-known). In particular f (a + b) — f (a) € I if
b € I?, where [ is any ideal in the commutative, unital Fréchet algebra A.

Similarly if ' = (f1, ..., f;) is a holomorphic map from C? into C? and if a € AP
we can set F'(a) = (fi(a), ..., fy(a)) € A? and F(a+b) — F(a) € I7if b € I?,
where b is any ideal in A.

Forp > 1, a = (a1, ..., ap) € AP set

mp (A) = (7 (a1), ..., 7 (ap)) € (A/I)P.
Then
F:(A/I) — (A/I)?

mp (a) — g (F'(a))
is well-defined. Since F' : AP — AY is continuous, and since I? can be identified in the
trivial way with a dense ideal of A? when [ is a dense ideal of A, we obtain the following
immediate consequence of Corollary 3.3.

COROLLARY 3.5. — Let (pn)n>1 be a sequence of integers, and for each n > 1 let
F,, : CP~+1 — CP~ be holomorphic. If I is a dense ideal of a commutative, unital Fréchet
algebra A, then lim ((A/I)"~, F,) # .

We now briefly discuss the spectral properties of the functional calculus on A/I
introduced above. If x is a character on A/I and if b = (by, ..., by) € (A/I)*, we set
Xy (b) = (x (b1), - - ., x (bx)), so that X maps (A/I)* into C*. Also if ¢ is any character
on A, and if f : C* — C is holomorphic, then ¢ [f (a)] = f [¢(a1), ..., ¢ (ax)] for
a=(ay, ..., ax) € A*. As observed in [16], this follows from Arens’theorem [2], since
the restriction of ¢ to the closed unital subalgebra B of A generated by (ay, ..., ax) is
continuous. A more direct argument is given by formula 2-16. If we set

A= (<P (a1)7 ceey (p(a’k))7
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we have
o f .
<p(f(a)~f(/\)-1)=w(z:: o W2 ):o,
since )
o f
> — M@= 1) € (ar—p(a) DA+ (a —p(ax-1) 4

a#0
(here we set A-1 = (p(a1).1,..., p(ax) 1) € AF).
PROPOSITION 3.6. — Let I be an ideal of a commutative, unital Fréchet algebra A, let
F : C? — CY be a holomorphic map, and let a € (A/I)P. Then the following properties hold
1) F(o(a)) C o(F(a))
2) If I is closed, or if p = q and if F is one-to-one, then F (o (a)) = o (F (a)).
3) If x is a character on A/I, then x4 (F (a)) = F (X, (a)).

Proof. — Let m : A — A/I be the canonical surjection. Set a = (a1, ..., ap),
F=(f1,..., fy) and for i < p choose z; € A such that 7 (z;) = a;. Setx = (z1, ..., Tp)
and assume that A = (A1, ..., Ap) € o(a).

For 1 < q, we have

_ aafi (/\) a
fi@) = fiN)1= > = (= A)
aeN’
a#0

by formula 2.16, and so
fz(.’L‘)—fz(/\)].E(I'l—/\ll)A+(.’L‘p—)\p1)A

Hence

Fi(@=fi V)1 = 7w [fi (@)~ f (W)L € (@a=AarL) A/ .. H(ap=Xp 1) A/T G AJI(G < ).

This shows that (f1 (), ..., fo(X) € o (fi(a), ..., fq(a)) = o (F (a)), which proves
(1). Now assume that x is a character on A/I. Then ¢ = x o7 is a character on A,
and we have, for 7 < g,

x (fi(a)) = ¢ (fi (z)) = fi(p (1), ..., ©(2p))
= filx(a1), ..., x(ap)) = fi (xp (a)),
and so x4 (F (a)) = F(xp (a)), which proves (3).
Now assume that [ is closed. It follows from the definitions that F' (a) is the element
of (A/I)? obtained by applying directly the functional calculus to the Fréchet algebra

A/I. Let H be the set of continuous characters on A/I. It follows from a standard result
of Arens [2] that

o (F(a)) = {xq (F(a))}xen = F [{xp () }xen] = F (0 (a)).
Now let I be any ideal of A and assume that p = ¢ and that F' is one-to-one on CP.
Let A = (Aq,..., A\y) € 0(F(a)), and let y € I.
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Since A € o (F'(a)), we have (f1 (£)—A1-1) A...+(fp(z)—Ap-1).A+y-AC A, and it
follows from the theorem of Arens that there exists a continuous character ¢ on A such that

e(fi(@)=Al)...=p(fp(z) = A1) =0(y) =0.

Hence

fi [‘P (1) s (p(zp)] =¢(fi(z)) =X (i <p)
and A = F (p), where p = (¢ (1), ..., ¢(x,)). We have

(21— (@) DAt (2 —play) 1) A+y-AG A,

and p is independent of y since F' is one-to-one. So p € o (a), which concludes the
proof of the proposition.

The link established in [16] between Michael’s problem and projective systems of entire
mappings now appears as an immediate consequence of Corollary 3.5 and Proposition 3.6.

COROLLARY 3.7. — Assume that there exists a discontinuous character on some commutative
Fréchet algebra. Then lim (CP~, F,,) # O for every projective system (CP~, F,,) where
F,, : CP~+t — CP~ is entire for n > 1.

Proof. — We can assume without loss of generality that there exists a discontinuous
character ¢ on some commutative, unital Fréchet algebra A. Set I = Keryp, let
m: A — A/I be the canonical map and let x : A/I — C be the isomorphism satisfying
xom = . Then x is a character on A/I, and it follows from proposition 3-6 that
X ¢ (Un)n>1 = (Xp. (Un))n>1 is bijective from l(i_I_n((A/I)”", F,) onto @(CP", F,).
Since [ is dense in A, it follows from Corollary 3.5 that lim ((A/I)P~, F,,) # <, and
the result follows. -

Remark 3.8. — 1) The proof we give here of Corollary 3-7 is in fact very similar to
the proof given in [16]. The advantage of the point of view presented here is that dense
ideals exist in abundance in commutative, unital Fréchet algebras A for which Inv A is
not open [24], so that Corollary 3-5 applies to a lot of situations whereas the existence
of discontinuous characters is still unknown. The reader will check that Corollary 3-5 is
in fact a rather obvious result when A = CN and I = c,,, the set of complex sequences
which vanish eventually.

2) Corollary 3-5 and Corollary 3-7 remain valid for real Fréchet algebras if we restrict
attention to entire mappings with real Taylor coefficients at the origin. In particular if we
set p(z) = 1+ z? we see that (1,5, p" (R) = & (where p" is computed with respect to
the composition of maps) and so real characters on commutative real Fréchet algebras are
continuous (see [47]). Corollary 3-7 is also valid for noncommutative Fréchet algebras,
see the details in [16].

3) It is not true in general that o (F' (a)) = F (o (a)), the notations being as in Corollary
3-5. To see this let A= CN, I = c,, and let 7 : CN — CN/c,, be the canonical map. Set
u = (2ipm)p>o. Then e* is the unit element of CV, so that 7 (e*) = 1, o (e™™)) = {1}.
On the other hand we check easily that o (7 (u)) = <.
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We now investigate the multiplicative structure of A/I where I is a dense, prime ideal
of countable type in a commutative Fréchet algebra A. Here we do not assume that A is
unital, and so the result applies to some Banach algebras.

LEMMA 3.9. — Let I be a dense, prime ideal of countable type in a commutative Fréchet
algebra, and denote by B the set of nonzero elements of A/I. Then for every sequence
(an)n>1 of elements of B there exists a sequence (Uy)n>1 of elements of B

such that u, = af ...a"_; -a?™ - ultl (n > 1).

Proof. — Set D = A\I, so that D is stable under products. There exists a sequence
(In)n>1 of closed ideals of A such that I = |J,,~; In, and so D = 5, (A\I,) is a Gs
set. So D is homeomorphic to a complete metric space. Let R be the restriction to D of
the equivalence relation defined by I. Let (z,),>1 be a sequence of elements of D such
that 7 (z,,) = a, (n > 1) where w : A — A/I is the canonical map. Forn > 1, y € D set
0, (y) = (z1...Tn1)" (zny)"™ . For 2 € I, y € D, we have y + 2z € D, since I is an
ideal, and so 7, : y — y + 2 is a continuous map from D into itself. Set W = (7,).¢s and
forn > 1set E, = D, R, = R, W,, = W. Then the family (E,, 0., Rn, W,)n>1 satisfies
the conditions of theorem 3-2, and there exists a sequence (u,,) of elements of B such that

1 _ n n n+1 n+l _ n n n+1 n+1
Up = Op (Ung1) =7 (2] .oy an ™ uply =al ...an_y-an’ - uUpiy.
This concludes the proof of the lemma.

We now introduce some notations. We will denote by K, the rational linear space
defined as follows

(3.10) le = {'T' = (T§)§<w1 S le I{f I Te # 0} is ﬁnite}

and we equip K, with the reverse lexicographic order on K, , i.e.
B.11)  (7¢)g<wr < (T§)e<w, if there exists n < wy such that r, < r; and r¢ = 7 (€ > ).

Then K, is a linearly ordered rational linear space. Set

(3.12) L, ={reK, |r>0}, L, ={reK, |r>0}

If (G, +) is a linearly ordered, abelian group, we will denote by (1) (G, C) the set
of all formal power series f = > . Ao Z% such that Supp f = {a € G|, # 0} is
well-ordered and at most countable. It follows from old results of Hahn [32] (see references
in [17], [18]) that F(1) (G, C) is a field. Also F(;y (G, C) is algebraically closed if G is
a divisible group, by a result of Mac Lane [35]. Set.

f(l) (Lwn C) = {f € ‘7:(1) (Kwn C)Isuppf C Lw1}7

3.13)
Fay (Ly,, €©) ={f € Fu) (Ko, C)[Supp f C L, }.
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Then F1y (L., , C) is the valuation ring associated to the standard valuation

f— v (f) =inf (Supp f)(f € Fu) (Ko, C), £ #0)

and the unique maximal ideal of (1) (L.,, C) is F() (L, , C), which is the kernel of

the (unique) character

wy?

> AaZ*—X on Fu(Ls, C).

OLGLwl

We now deduce from lemma 3-9 the following result (recall that an ideal I of an algebra
A is modular if A/I is unital).

THEOREM 3.14. — Let A be a commutative, non unital Fréchet algebra and let I be a
dense prime, nonmodular ideal of A of countable type. Then there exists for every nonzero
a € A/I a one-to-one map

L, — () a" (A/I) suchthat  (r+1') = (r) - (r')(r, ' € L],)).
n>1
Proof. — Notice that the above condition implies that 1) maps L;, into the set of nonzero
elements of A/I.
Denote by V' the set of all nonzero elements of (), -, a"(A/I), and denote by W the set of
sequences u = (uy)n>1 of elements of V' such that u,, = upti (n > 1). For u = (Un)n>1,
v = (Un)n>1 € W set u.v = (Up.Vp)n>1. Also for p € N, ¢ € N, u = (up)n>1 € W set

uP/? = (u f”—"%)nn Routine verifications show that u?/9 is a well-defined element of W,
and that u?'/9 = uP/9 if qgp’ — pqg’ = 0.

So we can define this way u® foru € W, s € Q™ = {s € Q|s > 0} and it follows
from the definitions that the usual rules wt = wsu®, (u¥)® = u** are satisfied for
ueW,s s eQt.

Apply Lemma 3-9 with a, = a(n > 1). We obtain a sequence (vn)n>1 Of
nonzero elements of A/I such that " lw, = (a".v,41)"t (n > 1). So if we set
Up = a" "L, (n > 1), we see that (u,),>1 € W, so that W # Q.

For n < w; set e, = (0p¢)e<w, Where we denote by 6, the Kronecker symbol,
and set L) = {(re)e<w, € Li,Ire = 0 < £ < w1}. We now define by transfinite
induction a family (¢y);<w,, Where @, maps L, into W, such that ¢, (r°) = ¢, ()%
@ (1 +1") = @y 1)y ('), and @y 1, = ¢ for € < (r, 7' € Ly, s € @1, n < wy).

Since W # &, we can set po(seg) = ud(s € QT*), where ug is the element of W
constructed above. Now assume that a family (¢ )¢ <, Which has the required properties has
been constructed for some 7 € (0, wy). Let p : (u,)n>1 — u1 be the first projection map
from W into V. Set ug = ¢ (e¢) (€ <), L' = U, Lg (sothat L' = Ly if n =0 + 1
is a sucessor ordinal), and define ¢ : L’ — W by the condition ¢| L= ¢ & < n).
If n is a limit ordinal, let ({,) be a strictly increasing, cofinal sequence in [0, 7). In
this case set r(") = ee,. If m = o + 1 is a sucessor ordinal, set (™) = ne, (n > 1).
In both cases the sequence (r(™),>; is cofinal in L. Set ¢ (r™) = (apmn)n>1. It
follows from Lemma 3-9 that there exists a sequence (v, )n>1 of elements of D such that
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01,17 Gne1,1Vn = (@11 Q1 V1) (0 > 1). Set up, = @11+ An_1,1-Vn (n > 1)
so that u = (up)n>1 € W.

Let ¢ € L’. Then there exists m > 1 such that 7™ > ¢, so that d = »™ —c € L',
Let s € Q** and set u® = (wn)n>1. It follows from the definition of u® that if we fix
n > 1 there exists k > 1 such that w, € u;.V for k > p. So for k = max(p, m + 1)
we obtain wy, € @m,1.V C am,».V. Hence there exists a sequence (y,),>1 of elements of
V such that Wm = @m n-Yn (R > 1). We 0btain am n-Yn = Gmn-Yni1, and so y, = yri]
for n > 1 since I is not modular. So (yn)n>1 € W, and u® € ¢ (r™).W. Hence
u® € ¢ (c).W (c € L'). Using again the fact that I is not modular, we see in fact that the
equation u® = ¢ (c¢).z has a unique solution in W, which we can denote by u*/¢ (¢). Now
let 1 = (T¢)e<w, € Ly If 7 € L' set (r) = ¢(r). If r € L)\L' then 7, > 0 and we
can write r = 7,.e, + b — ¢, where b, ¢ € L'. In this case set ,(r) = [u" /¢ (c)].¢ (b).
It follows from the above discussion that this definition does not depend on the choice of
b and c, and immediate verifications show that ¢, has the required properties. So we can
construct the family (¢,)y<w, by transfinite induction.

Now define ¢, : L, — W by the condition ¢, |1; = ¢, (n < w1) and set ¢ = pogp,, .
Clearly, 1 satisfies the conditions of the theorem.

COROLLARY 3-15. — Let A be a commutative, unital Banach algebra, let M be a maximal
ideal of A and let I be a prime ideal of countable type of A which is dense in M. Then for
every nonzero a € M/I there exists a one-to-one homomorphism 6 : Fy (L., , C) into
A such that 6 (Fqy (L, , C)) C N,>, a"(A/I).

w1

Proof. — Since I is dense in M, I is not modular. It follows from the theorem that
there exists v : L, — (),>, a"(A/I) such that ¢ (r +1') = 9 (r). (') (r, 7" € L))
which is one-to-one. -

Let ag € M/I, let a, ..., a, € AJ/I, and let 7 : A — A/I be the canonical map.
For k > 2, let by € M such that 7 (bx) = ar. Set f(z) = ¢+ Y, bk.z"(z € M).
Then f : M — M is continuously differentiable on M and D f (0) is the identity map.
If follows then from the standard inversion theorem that there exists p > 0 such that the
equation f (z) = u has a solution in M for every u € M such that ||u|| < p.

Since I is dense in M, there exists u € M such that 7 (u) = —ao and such that
[lul]| < p. Let = be a solution in M of the equation f(z) = u, and set y = 7 (). Then
ao+y+axy? -+ any™ = 0.

Since M/I is radical, and since for every sequence (un),>1 of elements of M/I there
exists p € M/I such that p — > 3 _ou1...ux € uy...urs1(A/I), by Corollary 3-4,
we can apply directly the method used by the author in [18] to obtain an embedding
0 : Fay(Le,, C) — A/I such that 6 (Z7) =4 () (r € L, ), which proves the corollary.

CoRrOLLARY 3-16. — For every nonzero a € Mn/In there exists a one-to-one
homomorphism 0 : F(1y (Ly,, C) = CN[[X]]/Inoo such that
0(Fay (Li,,> €)) C [ a"[Mn/Injec]-
n>1

Proof. — Let ag € Mnjx = My N Ci [[X]], and let az ... a, € Ci [[X]], Consider the
polynomial P (t) = t" +t"" ! +asaot™ ... + apn_1 a{)‘“? t+ an.ag‘l.
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In Ci[[X]]/Mng, P(t) = t" (¢t +1). It follows then from Hensel’s Lemma [52,
p. 279] that there exists a monic polynomial Q (¢) of degree n — 1, and an element
u of My such that P(¢) = (¢ + 1 + u) Q (). In particular, P (—1 — u) = 0. Since
Cy [[X]] is a local ring, —1 — u is invertible, and if we set z = (—1 — u)~! ap, we obtain
ap+z+asz?.. . +a,2” =0, withz € M,k Also z is the only solution of this equation
in My, for if y is any other solution we have (z—y)+az (z?2~y?)...+a, (z,—y") =0,
hence (z — y) (1 + w) = 0, where w € M. Since Cn [X]] ~lim (Ck [X]], mkk+1)
(see section 2), we deduce immediately from these facts that if by E—MN, ba, ..., b, €
Cn [[X]] then the equation by + z + bp 2% ... + b, ™ = 0 has a solution in M. A fortiori
the same property holds for similar equations with coefficients in Cy [[X]]/Zn,co-

Since M /Zn oo is radical, we can use the same argument as in Corollary 3-15 to
conclude the proof.

Remark 3-17. — 1) Corollary 3-15 obviously does not extend to Fréchet algebras,
because the algebra 1y (L, , C) is radical and, for example, the quotient algebra M /T
is semisimple, as observed in section 2. Also the equation ag + = + 2 = 0 has no solution
in M/, for some ag € M/Z,,. To see this it suffices to take ay € M/Z,, such that
1-4 ay has no square root in U /Z,, which is the case for example if ag = (3 or ; A\n Xn),
where (A,)n>1 € £\coo. The details are left to the reader.

2) Lemma 3-9 is no longer true if we omit the hypothesis that the prime ideal I is of
countable type: Dales and McClure construted in [13] a prime ideal I of a commutative,
unital Banach algebra A, which is dense in the kernel of a character ¢ of A, such that
the quotient algebra A/I is isomorphic to C[[X]], the algebra of formal power series
in one variable.

In the other direction it follows easily from Corollary 3-4 that if I is dense in a
commutative Fréchet algebra A then there exists for every a € A/I and every sequence
(An)n>1 of complex numbers some p € A/I such that p— > p_; Awa® € a™. A/I (n > 1).
Now let § = A/I — (A/I)/(),>;a" - A/I be the canonical map. If I is prime and
nonmodular, and if @ # 0, it is easy to see that the map 8 : 300 A\, X" — 6(p) is
a well-defined one-to-one homomorphism form C, [[X]] into (A/I)/(),>, a" - A/I such
that 8 (X) = 6 (a), where Co [[X]] = {307, A\ X™ € C[[X]]|Ao = 0}. Similarly if I is
a dense, prime, modular ideal of a commutative Fréchet algebra A, and if ¢ # 0 is a
singular element of A/I, there exists an embedding 6 : Co [[X]] — (A/I),>, a™ - A/I
such that § (X) = 6 (a), the notations being as above. If we omit the condition that I
is prime, then there still exists a unique homomorphism 6 from Co [[X]] (resp. C [[X]])
in the modular case) into the above quotient algebra such that 6 (X) = 6 (a), but 6 is
not necessarily one-to-one. Since C [[X]] is a radical algebra, we see in both cases that
6(a) € Rad ((A4/I)/ N, >, a" - A/I). Now let m : A — A/I be the canonical map. Since
(4/1)/ N>, ™ (b)" A/I is isomorphic to A/ (0,5, I +b" - A for b € A, we see that
7 (b) € Rad (A/ N, >, I +b™ - A) for every b € A'if I is a dense ideal of A (the quotient
algebra A/ (0,5, I +b" - A reduces to {0} in the trivial case where I is modular and where
7 (b) € Inv (A/I)). In particular, if I is a dense ideal of A and if y is a (discontinuous)
character of A such that (,,; ]+ b"- A C Kery, then x (b) = 0.
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4. Universal multiplicative properties of the quotient of a commutative,
unital Fréchet algebra by a dense, prime ideal of countable type

We showed in the previous section that if I is a prime, dense, nonmodular ideal of a
commutative nonunital Fréchet algebra then there exists for every nonzero a € A/I a one-
to-one map % : L/, — (1,5, a™ A/I such that ¢ (r + ') =9 (r) (') (r, 7" € L, ). In
this section we prove a stronger result for (.-, a” (A/I) where a # 0 is a singular element
of A/I and where I is a dense, modular prime ideal of countable type in a commutative
Fréchet algebra A. In fact, if the continuum hypothesis is assumed, there exists for any
cancellative, abelian, non unital monoid (V, +) without torsion such that Card V' < 2R0 g
one-to-one map 9 : V. — (5, a™ - A/I such that ¢ (r +7') = (r) (') (r, ' € V).

We first introduce some notations used in [17], [18].

(4.1) We denote by S, the set of all dyadic sequences (e¢)s < wy, with e € {0,1}
(€ < wy) such that the set {{ < wi|eg = 1} is nonempty and possesses a largest element.
We equip S,,, with lexicographic order.

(4.2) We denote by G‘(}l) the real linear space consisting of all functions p : S, — R
such that Supp p = {r € S.,|p(r) # 0} is a well-ordered, at most countable set.

For p, p' € G‘(}l), p#p setp>p if p(s) > p' (s) where s =inf {r € S,,|p(r) #
p (1)} so that (G, <) is a totally ordered real linear space.

43) We set T, = {p € G3)|p > 0}, T,, = T2, U {0}.

An abelian additive monoid is a nonempty set V equipped with an associative, abelian
law (z, y) — z+y. We will say that (V, +) is cancellative if the map z — z+y is one-to-
one for every y € V, and we will say that (V, +) is without torsion if n.d. # nd’ forn > 2,
d,d eV,d#d. Also we will say that the positive rationals operate on (V, +) if there
exists a map (r, d) — r.d. from Q** x V into V such that 1.d = 1, 7 (d+d') = r.d+r.d’,
(r+r)d=rd+r.d r(r'd) = (rr)d (r,r € Q™™, d, d € V). Clearly, (V, +) is
without torsion if the positive rationals operate on (V, +). We define in a similar way
multiplicative abelian monoids, cancellative multiplicative abelian monoids, etc.

DEFINITION 4.4. — 1) A partially ordered set (€, <) is universal if there exists a map
0 :S,, — & such that 6 (u) > 6 (v) for u, v € S,,, u > v.

2) An additive (resp. multiplicative) monoid (V, +) (resp. (V, .)) is universal if there
exists a one-to-one map 1 : T, — V such that (p + p') = P(p) + ¢¥(p') (resp.
Yo+ p') = P(p)p(p)) (p, o' € T0,).

It is well-known that for every partially ordered set (F, <) such that card F < ¥,
there exists a one-to-one, order preserving map F — S,,. Similarly for every cancellative,
non unital additive (resp. multiplicative) monoid (V, +) (resp. (V, .)) without torsion
such that card V' < N; there exists a one-to-one map ¢ : V — T‘Ll such that
ez +2') = @)+ (') (tesp. p(z +2') = p(z).p(z'))(z, 2’ € V). So if the
continuum hypothesis is assumed, and if £ is a universal set, then every partially ordered
set F such that card F < 2% is order-isomorphic to a subset of &£. Similarly if V
is a universal abelian monoid, and if W is a cancellative, non unital abelian monoid
without torsion such that card W < 2%, then W is isomorphic as an abelian monoid to
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a sub-monoid of V. All these results are well-known, and the details can be found in
[17], [25] (the corresponding result for algebras shows that if the continuum hypothesis is
assumed then any commutative, non unital complex algebra B which is an integral domain
is isomorphic to some subalgebra of the algebra C/, introduced in [18], see [20]). The
perhaps simplest example of a universal set is given by a natural quotient of the set NN
of sequences (p,).>1 of positive integers.

We equip NN with coordinatewise addition, and with the following binary relations,
defined for p = (Prn)n>1, ¢ = (@n)n>1 € NN as follows

@5) p > qifpe g+ NV,

(4.6) pRq if {n > 1|p, # gn} is finite or empty.

The equivalence relation R is compatible with addition and order on NN and so the
quotient NN/R is a partially ordered, abelian, cancellative, non unital abelian monoid.

It is a standard fact that (NV/R, <) is a universal set. It is also true that (NN/R, +) is
a universal additive monoid. More precisely we have the following result, proved in detail
in [25] (there should be much earlier references for analogous results).

LEMMA 4.7. — Let (pn)n>1 be a sequence of positive integers such that p, —— oo.

Set £ = ((mn)nzl e NN T — 0). Then (E£/R, +) is a universal additive abelian

monoid.

The author showed in [25] that if I is a dense, prime modular ideal of countable type
in a commutative Fréchet algebra A then the set of nonzero, singular elements of A/I is
a universal multiplicative abelian monoid. We now wish to extend this result to the set of
nonzero elements of (,,., a™ A/I where a is a nonzero, singular element of A/I. The
method of [25], based on natural infinite products in A, cannot be applied directly here,
because remark 2-21 shows that [, -, a” - A may reduce to {0} for every singular element
a of A. We will need the following technical result.

LeMMA 4.8. — Let (G, +) be a totally ordered, divisible group, set V = {d € G|d > 0},
and let (B, .) be a cancellative, unital abelian monoid. Let a be a noninvertible
element of B, and assume that there exists a sequence (a,)n>1 of elements of B
such that a; = a and a, = a::ﬁ (n>1). For oy, ay € B set a3y R, if and
only if {aP.a1}p>1 N {aP.az}p>1 # D. Let ¢ : V. — (.5, 0" B be a map such that
@ (d1 + d2) Ra ¢ (d1).0 (d2) (d1, da € V). Then there exists 1 : V. — (1,5, a™ B which
satisfies the two following conditions -

(D) Y (di + d2) = ¢ (d1)-P (d2) (d1, d2 € V).
(2) For every d € V, there exists n > 1 such that v (nd) Rq ¢ (nd).

Proof. — Since G is linearly ordered and divisible, the equation nz = d has a unique
solution in G for every n > 1, and routine, well-known verifications [29] show that
G possesses a structure of totally ordered, rational linear space which extends the map
(n, d) > n.d. (n€Z,deG).Forp>1,q>1seta?/? =a? ' As in the proof of
theorem 3-10 we see that the map r — a” is well-defined on Q** = {r € Q|r > 0} and
that a™+" = a".a” (r, ' € Q). Clearly, a' = a, and (5, a" B = (), o+ " B.
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Let u € [),>;a" B. Since B is cancellative, the equation a".x = u has a unique
solution in B for r € Q**, and = € (5, a" B. So we can define a" - u € (), 5, a" B
for r € Q, u € ,>; a" B, and we have a™.(a"™.u) = a™ 2.y, a™ (wv) = (a™ u).v
(u, v € M1 a" B, r1, 12 € Q).

Now let d € V, and let + € Q, n > 1. There exists p € Z such that
a® - go(%)n = ¢ (d). Hence [a?/"*"/™.p(d/n)]® = a"¢p(d), and we see that we can
construct by induction a sequence (7,),>1 of rational numbers, with r; = 0, such that
a™.p(d/n) = [a"™+.p(d/n + 1" (n > 1).

Let (dx)aea C V be a Hamel basis of G over Q. For every A € A there exists a sequence
(rn,2)n>1 of rational numbers, with vy x = 0, such that if we set d, x» = a™.¢ (dx/n),
we have d, ) = (dpy10)"* (0 > 1).

Forp > 1,q > 1set o (dy)P/1 = dp (@=1! We see as above that we obtain a well-defined
map 7 — ¢ (dy)" from Q** into ﬂn>1 a™ B such that ¢ (d))1"2 = @ (d\)"™ . (d\)™
for r1, 72 € Q**, and such that for every r € QT there exists s € Q satisfying
@ (dr)" = a®.p(d}).

Denote by W the set of elements of V with nonnegative coordinates with
respect to the basis dy)aea. For A1, ..., A € A, 711, ..., 1 € QT set
P (Zf=l ri.d,\l) = HLI @ (dx,)™. Then ¢ : W — ()5, a" B is a well-defined map
such that ¥ (dy + d2) = ¥ (d1).9¥ (d2) (d1, d2 € W). Also for every d € W there exists
s € Q such that ¢ (d) = a®.¢(d).

Now let d € V, and let dy, do € W such that d = d; — dp. Since ¢ (d;) =
0 (d+ d2) Re v (d).(d2), there exists s € Q such that ¢ (dy) = a®.¢(d).9¥ (d2). Set
¥ (d) = a°.¢(d). Since B is a cancellative monoid, an easy verification shows that this
definition of 1 (d) does not depend on the choice of d; and ds. Now let d, d' € V,
and let dy, dy, di, dy € W be such that d = dy — da, d = d} — d}. We have
¥ (dy +dy) = ¢ (d1)-9 (dy) = 9 ()¢ (&) ¥ (d2 + d), and s0 9 (d + d’) = ¢ (d).9 ().
Also, if d € V, there exists s € Q such that ¥ (d) = a®.¢p (d). Set s = p/q, where p € Z,
q > 1. We have 1 (q.d) = a?.¢ (d)? R, ¢ (¢.d), which concludes the proof of the lemma.

THEOREM 4.9. — Let A be a commutative, unital Fréchet algebra, and let I be a dense,
prime modular ideal of A of countable type. Let B be the set of nonzero, singular elements
of A/I. Then B # &, and (>, a™ B is a universal multiplicative abelian monoid for
every a € B. -

Proof. — If A is not unital, let A# be the Fréchet algebra obtained by adjoining a unit
element to A, and let f € Abesuchthat z —zf € I(x € A). Set J = A C(f - 1).
Easy verifications (see [25]) show that J is a prime, dense ideal of A* of countable type,
and that the quotient algebras A/I and A# /J are isomorphic. So we may assume without
loss of generality that A is unital. Since I is a dense ideal of A of countable type, there
exists a continuous, onto map ¢ : A — CN such that ¢ (I) = c,, [24, Theorem 3-1].
So I certainly not maximal, and B # & (of course, the fact that B # & also follows
from [25, Theorem 2-10]).

Let a € B. It follows from Lemma 3-9 that there exists a sequence (b, ),>1 of elements
of (>, a" B such that b, = = b2T1 (n > 1). Let (pn)n>1 be a sequence of positive integers
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such that p, —— oo, let 7 : A — A/I be the canonical surjection and let b € A\I
such that 7 (b) = b;.
Since I is of countable type, A\I is a G5 subset of A and we can define the given

topology on A\I by a distance d with respect to which A\ is a complete set. Since I is
dense in A, there exists a sequence (y,)n>1 of elements of I such that b + y, — 1.

n—oo

Hence (b + y,)? —— 1 for every p > 1.

So we can define by induction a sequence (z,)n>1 of elements of A\I, with z; = 0,
which satisfies the following condition

n—1 n

) d lH b+z)™, [J+ zk)m‘“] <27
k=1 k=1

0<mi <p1, ..., 0<my <pn, n2>2).

Set& = { = (Mn)n>1 € NNl —_— 0} . It follows from condition (1) that for every

Pn pooo

p > 1, the sequence (Hk_p b+ zk)mk) . converges in A\I for m = (m,),>1 € €.

Set @p(m) = lim Tl;_, (b + ze)™ (m € ). Then @p(m + m') = @p(m) g, (m)
(m, m’' € €&).

Since @, (m) = [0 (b + 2™ @piqsn (m) (p > 1, g > 0) we have (r 0 ,) (m) €
st 8- A/T C (V,or 0™ A/T and (x © @) (m) R, (7 0 91) (m) (m € & p > 1)
the notations being as in Lemma 4-8. Now if m, m’ € &£ and if m R m' in
the sense of definition 4-6, we have ¢, (m) = ¢, (m') for some n > 1 and so
(T 0 1) (M) Ry, (7 0 1) (M').

Let w : £ — £/R be the canonical surjection, and let 6 : £/R — & be a map such
that (w0 8)(u) = u(u € &/R).

Since £/R is universal, by Lemma 4-7, there exists 6 : T, — &£/R such that
0(d1 + dz) = G(dl) + H(dz) (dl, dy € T(Ll) Set p =mop;006080. For dy, dy € T‘Ll,
we have (wo éo08) (dy+dz) =0(d1) +6(dy) =w [(608)(d1) + (6 08)(dy)]. Hence
(8§ 08) (di + d2) R[(8 0 8) (d1) + (6 0 8) (ds)]. So

@ (di+d2) = (mop1)((§00)(di + d2)) Re, (¢ (d1) + v (d2)).

It follows then from Lemma 4-8 that there exists ¢ : T, — (,5,07.4/I C
Nps1a™ A/ = (\,5,a".B such that ¢ (di + d2) = ¢ (d1).9 (d2) (di, dp € T),).
Hence (),,»; a™.B is a universal monoid, which concludes the proof of the theorem.

Remark 4-11. — 1) The reader has certainly noticed that Corollary 3-4, Lemma 3-9
and Theorem 3-14 remain valid for general commutative, metrizable complete algebras.
Theorem 4-10 is also valid for quotients A/I where I is a dense, prime, modular ideal
of a commutative, metrizable complete algebra A if I is not maximal. The author did not
investigate whether the hypothesis that I is not maximal is redundant in this context.

2) The most technical part of the authors’s solution of Kaplansky’s problem consists
in embedding 77, in the multiplicative monoid Q = {a € R|[aR]™ = R} where R is
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a (nonzero) commutative radical Banach algebra which possesses dense principal ideals
(the case of a commutative, radical Banach algebra which possesses elements of finite
closed descent in the sense of Allan [1] reduces easily to this situation, see [23], [55]).
The strategy used in this section suggests a much simpler approach. Denote by R#* the
algebra obtained by adjoining a unit element to R, and set G = exp (R¥) = Inv (R#).
Since € is a Gs-subset of R, (2 is homeomorphic to a complete, metrizable set. Also a.G
is dense in Q) for every a € 2 since R is radical.

A direct application of the Mittag-Leffler theorem shows then that for every a € 2 there
exists a sequence (b,)n>1 of elements of (),5;a".Q such that b, = b2T{(n > 1).
Fix p > 1, and set b = b;. Since b.b,.G is dense in (2, there exists a sequence
(en)n>1 of elements of G such that b, = lim b.b,.e,. Hence for 1 < k < p,

we obtain bz% = lim b,? b.en. So b = [b,%]k = lim b.b*.ek,
u = lim wu.b*.ef (1 <k < p) for every u € b.R¥*.

n—oo

and more generally

The given topology on 2 can be defined by a distance d such that (€2, d) is a complete

set. Let (pn)n>1 be a sequence of positive integers such that p,, —— oo. It follows from
n—

the above discussion that we can construct by induction a sequence (un)n>1 of elements
of G such that the following condition holds

) [H b U H bk | < 27"
k=1
(OSmlspla"'aOSmnSpnaml"'+mn—1>0an22)'

Define £ as in the proof of Theorem 4-10. Clearly, for every p > 1 and every

m = (my)n>1 € € the sequence (Hk_p b™* u;c”k) . has a limit ¢, (m) in R, and
n>p

o1 (m) = (TIo, b™ u*).pr1 (m). Now for i, as € Q set a; Ry ay if there exists
p>1,¢g>1and u € G such that b*.c = b?.u.d. We obtain an equivalence relation on
the cancellative monoid (£2, .), and since £/R is universal we can construct as in the
proof of theorem 4-10 a map ¢ : T, — ()5, b".Q such that ¢ (d; + d») Ry ¢ (d1) .0 (da)
(dy, d2 € T.,,). But G is a divisible abelian group, and a slight modification of the proof
of lemma 4-9 gives a map ¢ : T, — [, b".Q such that ¢ (dy + d2) = ¥ (d1).9 (da)
(di, d2 € T;,) (and such that for every d € T, there exists n > 1 satisfying ¢ (nd)
Ry 9 (nd)).

The situation is even simpler if we restrict attention to the case where the radical Banach
algebra R possesses a sequential, bounded approximate identity. We can assume without
loss of generality that R possesses a sequential bounded approximate identity (e,) such
that ||e,|| = 1(n > 1), see [48].

Choose A € (0,1). We can construct by induction a sequence (f,),>1 of elements
of R such that for every m = (m,)n>1 € € and every p > 1 the sequence

(Hz_p(l - Ae— ek))mk) has a limit @, (m) in ©, so that ¢; (m) R @1(m’) if
mRm' (m, m’ € £). Here we define R to be the relation a; R oy if and only if
a1 € a3 G on €. Since G is a divisible group, a modification of the proof of lemma 4-9
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gives again a map ¢ : T, — €2 such that ¢ (dy +ds) = 1 (d1).% (d2) (d1, d2 € T,) (and
such that 1 (d) R @1 (d) for every d € T, ). By using standard factorization methods [48]
it is also possible to arrange, a € R being given, that a € 9 (d).R for every d € T, (in
fact, the construction of the map ¢; is sufficient to perform the embedding: C,,, — R* as
in [18], and so the construction of [19] and [54] can be replaced by a few lines to obtain
a quick solution of Kaplansky’s problem, assuming the continuum hypothesis).

The details of the above computations will be published elsewhere. The proofs we
outlined here are clearly much simpler than the original proofs by the author [19], [21],
and also significantly simpler than the improvements of these proofs given in [23], [54],
[55].

Elements of £/R such that the equation m.z = d has a (unique) solution in (£/R, +)
for every m > 1 can be constructed very easily. Construct a strictly increasing sequence
(ki)i>1 of integers such that p, > (i + 1)! for every n > k;, set ko = 0 and for
k; < n < kiy1 set u, = il. Then v = (un)n>1 € &, and the equivalence class d of u
satisfies the required condition. The proof of lemma 4-7 (see the details in [25]) is then
based on the standard arguments, which go back to the last century, used to prove the
universality of the set (NN, <). Also the arguments given here show that if the set of
positive elements V' of a totally ordered group G can be embedded in (£/R, +), then it
can be embedded in the multiplicative monoid (2, .) where Q = {z € R|[zR]” = R}
for every commutative radical Banach algebra R which possesses dense principal ideals.
Conversely, if there is an embedding of V into (U, .), where we denote by U the set
of nonzero elements of R, then V is order isomorphic to a subset of (NN/R, <) (see
[50]). Since (£/R, +) is an object familiar to logicians, the new approach presented here
of the constructions of [18], [21] should be helpful in the discussion of the dependence
of existence of discontinuous homomorphisms of C (K) on axioms of set theory (there
was recent progress in this area, see [28], [51]). We refer the reader interested in this
matter to [14], [50].

5. Testing the test for the test algebra U/

The notations being as in section 2, set V = U/Z,, and denote by 7, : U — V the
canonical surjection. Denote by V the set of all characters of V. Then V contains at
least one element, the trivial character xo : oo (D 4cg Aa X®) — Ao. Of course, if all
characters on commutative Fréchet algebras were continuous, then Y would reduce to Xo-
In the opposite direction it follows from Theorem 2-7 that if f is a linear element of M,
ie. f =300, AnX,, where (A\n)n>1 € £, and if we set v = moo (f), then assuming
that there exists a discontinuous character on some commutative Fréchet algebra we would
have o (v) = {x (v)}, .3 (the case where (An)n>1 € Coo is trivial; notice that o (v) = C
when (An)n>1 € £1\Coo)

Let M C A, where A is a commutative, unital Fréchet algebra. As in section 2 we
denote by M the set of all bounded sequences of elements of M. For f € U, a € A,
f(a) € A is defined as in Proposition 2-4.
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A special case of the following easy observation was used in the proof of
Theorem 2-7 (4).

PROPOSITION 5-1. — Let v € V, and let [ € w3} ({v}). Denote by A (v) the set of all
A € C such that, for every dense ideal I of an arbitrary commutative unital Fréchet algebra
A, there exists a € I such that f(a) — Ae € I. Then the definition of A (v) does not
depend on the choice of f, A (v) C o (v) and if there exists a discontinuous character on
some commutative Fréchet algebra A, A(v) C {x (v)} -

Proof. - If g € I, then g(a) € I for every a € I°°, and so the choice of A (v) does
not depend on the choice of f. Let I be a dense ideal in a commutative unital, Fréchet
algebra A and let 7 : A — A/I be the canonical map. The map 6 : 7, (¢9) — 7 (g (a)) is a
homomorphism from V into A/I for every a € I°. If f (a) — Ae € I then 6 (v) = A.e and
A €0 (0(v)) C o(v). Now assume that A € A (v), and that there exists a discontinuous
character x on some commutative Fréchet algebra A. We can assume without loss of
generality that A is unital. Set I =Ker x and let @ € I*° such that f (a) — A.e € I. The
map ¢ : Teo (9) — 7 (g (a)) is well-defined, and ¢ € V. We have ¢ (v) = x (f (a)) =\
which concludes the proof of the proposition.

The proof of theorem 2-7 (4) was based upon the observation that if (A,)n>1 € £*\coo,
and if we set f = > 0., A, X, then the map a — f(a) is a surjective map from
I onto A if I is a dense ideal of a commutative Fréchet Algebra A. So in this case
A (7% (f)) = C. In this section, we produce examples of less trivial elements f of M
for which A (7 (f)) = C. In the opposite direction, we will construct some g € M\Z,
for which A (7 (9)) = {0}. So for these elements g, the existence of a discontinuous
character on some commutative Fréchet algebra would not give any direct information
about the set {x (7o (g))}xeg.

We will use the following elementary identity, which is valid for p > 2 for any element
z of a complex algebra with unit e.

(52) p*x=3"_ pj(z+ pj.e)? where p;...p, are the p® roots of the unit in C.
Identity 5-2 follows immediately from the fact if K € Z, k € pZ then D % =1 p] =0.

Lemma 5.3. — Let (A, (||.||n)n>1 be a commutative, unital Fréchet algebra, let x € A,
let I be a dense ideal of A, and let n > 1, p > 2. Then there exists a sequence

(@1,ms -+ Gpm)m>1 Of elements of IP such that lim ||a; m|. < 2”"’2|/|; (G<p,m>1),
- m—00

and such that x = lim Y%, af
m—00

Proof. — Let (em)m>1 be a sequence of elements of I such that e,, —— 1, so

m—0o0

that ||es|l. —— 1. Then e£, —— 1. The notations being as in formula 5-2, choose

—00
8; € C such that 0 =p; (4 < p) and set ey, = [|zlln + L, ajm = 6;.p7 7. (el
i-€).(en” em) (m > 1). Then Tm ||ajm|ln < 2.p72/7.|jz|%/?, and it follows from
m—00
formula 5-2 that z = T}gnm z.e? = n}l_{noo etz (enlPem)? = n}lm > j=1 @}, Which

proves the lemma.
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THEOREM 5.4. — Let (An)n>1 € £ \coo, p > 1, let f = Y o0 A X2, v = 7o (f),
and let I be a dense ideal of a commutative, unital Fréchet algebra A. Then f (I>~°) = A.
In particular, A (v) = C.

Proof. — The result has been proved in section 2 when p = 1, and so we can assume
that p > 2. Also we can assume without loss of generality that A\, # 0(n > 1),
since (Y ey Ane XP)(I®) C f(I%°) for every strictly increasing sequence (n)i>1
of positive integers. Let £ € A. We construct by induction a sequence V, =
(Un,1, +-- Unp)nz1 Of elements of I” such that if we set w, = 335_, An_1)p4; Vh o
en = p~ 227771 inf {|Aj]|}(n-1)p+1<j<np the following properties hold

1) T= Y Wwn|| <enp (R21)
m=1 n+1
@ lonilla <1 (15 <p, n>2)

Choose a sequence (p;);>1 of complex numbers such that u = X; (p > 1). It follows

from lemma 5-3 that there exists a sequence (ajk, ... Gpk)r>1 Of elements of I? such
that ¢ = lim Yoh_y aj k. If we set Vi = (uitavk, ..., pytapg) with k sufficiently

large, we see that condition (1) is satisfied by V;.

Now assume that have constructed Vi, ...V, so that (1) holds for 1 < m < mn
and (2) holds for 2 < m < n. Then |z -3 _, Wnllpr £ Ent1. Tt follows
then from lemma 5-3 that there exists a sequence (byk, ..., bpx) of elements of
I? such that z — Y | Wm = leIEo ¥, U4 and such that E»E};”bj’kll"“ <
2.p‘2/P.si{£’1 (7 < p). Hence E”l‘;plﬂ bjklln+1 < 1, and we see that if we set
Vigr = (p;]:+1 bik, -, u;}}_,_p by k) with k sufficiently large then (1) and (2) are
satisfied. So we can construct the required sequence (V,)n>1 = (Un,1; --+ s Unp)n>1 bY
induction. Set %(n—1)p+j = Vn,; (0 > 1, 1 < j < p), u = (Un)n>1. It follows from (2) that
u € I°. We have f (u) = lim S Anub, = li_1r)nC>o > he,wn = x, and the theorem
is proved. "

We now deduce immediately from proposition 5-1 the following result (proved in
section 2 for p = 1).

COROLLARY 5-5. — Let (An)n>1 € €*\coor, and let p > 1. Let v = Teo (Do An XP).
If there exists a discontinuous character on some commutative Fréchet algebra, then
x()},5 = C.

Theorem 5-4 and corollary 5-5 extend, with a similar proof, to elements of M\Z,, of

the form f =3 o (Z?ZE_I Aj Xf") where (p,)n>1 is a strictly increasing sequence
of positive integers and where (g,)»>1 is a sequence of positive integers such that
¢n < Pny1 — Pn When n is sufficiently large, with suitable growth conditions on (};);>1
to guarantee that f € U. More generally it is possible to extend along the same lines

theorem 5-4 and corollary 5-5 to elements of U\Z of the form f = > 7, f. (X.),
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where (fn)n>1 is a sequence of elements of H (C), satisfying Zn_l[ sup |fr (2)]] < 400

for every m > 1 and vanishing at the origin, with some suitable condmons on the sequence
(Yn)n>1 Where 7, is the order of the zero of f, at the origin. We leave the details to
the reader, and some new ideas would be anyway necessary to remove the restrictions on
the sequence (y,)n>1 (the method used to prove theorem 5-4 does not apply for example

to f =32, (%)
Formula 5-2 shows that if A is a commutative, unital complex algebra then for every

z € A there exists 21, ..., z, € A such that z = 2§ --- + zb. In particular, any z € A
can be written in the form z = z3 + z3 + 3.

It is not possible in general to obtain a decomposition of the form z = y3 + y3. To see
this, consider the Fréchet algebra M (C). For u, v € H (C), we have, with j = —1 + i‘f,
u®+0° = (u+v) (utjv) (utj-v) = (ut+v) (L-Hu+tj(u+v)) (1-5)uti(utv)).
If us(z) +v3 () = z for every z € C, we can assume that v + v never vanishes on C. Set
0=z +v Then ¢ ({] 1 757,}) C {0}. It would follow then from Picard’s theorem
that ¢ is a nonsurjective polynomial function, hence a constant. But then (u, v) has rank
one, and so, say, u = Av where A € C. We would obtain (1 + A*)v®(2) = 2(2 € C), a
contradiction. A similar argument shows that if u, v € H (C), and if u?(2) + v3(2) = 1
for every z € C, then u and v are constant. More generally, we have the following
property, which is the starting point of the construction of some nonzero v € V such that
A (v) = {0} which will follow.

LEMMA 5.6. — Let A be a Picard-Borel algebra, and let u, v € A. If u™ + v™ € Inv A
for some m > 3, then (u, v) has rank one. In particular, {u, v} C Inv AU {0}.

Proof. — Let 71, ..., vm be the solutions in C of the equation 2™ + 1 = 0. Since
u™ +v™ = (u+mv) ... (u+Ymv), we have u + v, v € Inv A for every k < m. Since
m > 3, the family (u + y1v, ..., u + Y v) is linearly dependent, and so there exists

ki1 # ko such that (u + vk, v, w + 7Yk, v) has rank 1. So (u, v) has rank 1. If u # 0,
there exists A € C such that v = Awu, and so (1 + A™)u™ € Inv A. Hence 1 + \™ # 0,
u™ € Inv A and u € Inv A. Similarly v € Inv A if v # 0.

We will also need the following technical result.

LEMMA 5.7. — Let (€r)n>1 be a  a sequence of positive real numbers and let (p,)n>1 be a
sequence of positive integers. If im,, _, . E—ZL < = then there exists a sequence (By)n>1 of
positive real numbers such that 3, > (n. sn)p pri(n > 1)

Proof. — There exists ng > 1 such that 2e,41.(n+1) < n.e, < 1forn > ng. Forn > ng
set B, = 2.e8».nP~. We have B, + (n.ep)Pr = 2P [(n + 1).enq1[PrPrtt + (n.gp)Pr <
[(2n+2). 6n+1]P" + (n.ep )P < 2.(n.€,)P" = B (n > np). We then define Bp,—1, ..., f1
by the formula B;_; = [e;—1 (i — 1)]Pi-* + BF*~* (2 < i < ng) to obtain the required
sequence.

If A is a commutative, unital complex algebra, we will denote by Sg(A) = A\Inv A
the set of singular elements of A.
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DEFINITION 5.8. — A recalcitrant element of M is an element f € M\J,, such that

f(u) € SgA for every commutative Picard-Borel Fréchet algebra A and for every
u € [SgA|™.

We now produce recalcitrant elements of M. We set My = M, M,, =U,NM (n > 1),
the notations being as in Lemma 2.17.

THEOREM 5.9. — Let (e,)n>1 be a sequence of positive real numbers such that
limy, oo 2t < 3. Then for every sequence (pn)n>1 of positive integers there exlsts a
sequence (fn)n>1 of elements of M\ Jeo such that f,, € My_1 and fr, = (en Xp)P"+ fi3,
(n > 1). If, further, p, > 3 for every n > 1, and if (f.)n>1 satisfies the above conditions,
then f, is recalcitrant for every n > 1.

Proof. - For p > 1set Wy = {f = Yo fa-X* € Cn (X 1fllp = e foclp™! <
+00}. Then W, as a Banach space, is isomorphic to ¢! (N). Since ¢! (N) is the dual
space of co, this isomorphism induces on W, a w*-topology which we denote by wj.
Clearly, the wy-topology agrees on bounded subsets of W), with the topology of pointwise
convergence, L.e. the restriction to W, of the natural topology of Cy [[X]]. Let (8,).>1 be
a sequence of positive integers which satisfies the conditions of Lemma 5.7 with respect
t0 (€n)n>1 and (pn)n>1. Set

K ={f= Zaes fa- X e Wi|fo =0, |Ifll. <A1}, and for n > 2 set

K,={f= Zaes fo X% € W, ”f”n < Bn, fo =0,
foa=0forSuppan{l, ..., n—1} # J}.
Clearly, K,, is w;,-compact for every n > 1. We now define
On :Knp1 — Wi

- (e’n Xn)Pn + fpn
We have 0, (Kny1) C Wop1 C Wy, and if we set 0, (f) = g = > cg ga- X for
f € Kuy1, we have g, = 0 if Suppa N{L, ....,n—=1} # &. Also ||, ()|l
(en-n)P" + ||flI741 < (En-n)P" + Briy < Ba, and 80 O (Knt1) C Kn (n 2 1).

For a € S, the set {(B1, ..., Bm) € S™|B1 ...+ Bm = «a} is finite for every m > 2.
It follows immediately from this observation that 6, : (Kn41, wy, ;) — (Kn, w}) is
continuous.

Since (K,, w}) is compact for every n > 1, a standard consequence of Tychonoff’s
theorem shows that @(Kn, 0.) # . So there exists (fn)n>1 € [[,>; Kn such that
fn = 0n (fn+1) = (en Xn)pn + 71:3_1 n > 1)

An immediate induction shows that f, € (1,5, W, = U, and it follows from the
definition of K, that f, € M, _, for every n > 1.

We have ffn, € My, M,NZ, = {0} and f, = (e, Xy,)P~ + f&7,, and so f, # 0,

n+1 gInA and f'n gI (TL > 1)

We see by induction that f; — f£17*P" € T, (n > 1). Since Z, is prime, f?1; 1" ¢ T,
and fl ¢ Ioo = Unzll—n- But Moo (fl) = Moo (fn+1)p1 ~+Pn and SO oo (fn+1) ?ﬁ 0,
fa+1 € Lo for every n > 1. Hence f,, & T, (n > 1). This proves the first assertion of the
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theorem. Now assume that p, > 3(n > 1), and let v = (up)n>1 be a bounded sequence
of singular elements of a Picard-Borel Fréchet algebra A. Let m > 1, and assume that
fm (u) € Inv A. We have (e, um )P™ + fori, (u) € Inv A, and it follows from Lemma 5.6
that u,, = 0. Hence f,,+1(u) € Inv A.

Assume that u, = 0, and that f,43(u) € InvA for m < p < n. Then
(Ent1-Ung1)Pm+1 + fEr4 (u) € Inv A, and it follows again from Lemma 5.6 that u,41 = 0,
so that f,o(u) € Inv A. We thus see that u, = 0(n > m). Since f,, € M,_1, we
obtain f,, (u) = 0, a contradiction. Hence f, is recalcitrant for every m > 1.

Of course, if f € M is recalcitrant, then A (7o, (f)) = {0}, the notations being as in
Proposition 5.1. Notice that if we set v, = 7o (fn) (n > 1) where (f,,) is the sequence
of recalcitrant elements constructed in Theorem 5.9, then v,, = 'u,’;j_l, with p,, > 3, and so
0 (Un) = {N"}rco (vns1)- Since C\o (vp41) contains at most one element, o (v,) = C for
every n > 1. Notice also that Theorem 5.9 gives a new construction of rational semigroups
in the set of nonzero elements of M /Z,,. We do not know whether the fact that 7, (f)
has roots of all orders in M /T, with f € M\Z., implies that f is recalcitrant.

Concerning action of recalcitrant elements of M on the quotients of Fréchet algebras
by Picard-Borel ideals, we have the following observation.

PRrOPOSITION 5.10. — Let A be a commutative, unital Fréchet algebra, let (I,)n>1 be
a nondecreasing sequence of Picard-Borel closed ideals of A, let I = J,~, I, and let
7 : A — A/I be the canonical map. Then = (f (u)) is a singular element of A/I for every
recalcitrant element f of M and for every bounded sequence u = (uy)n>1 of elements of
A such that 7 (uy) is singular for every n > 1.

Proof. — Assume that u € A and that « (f (u)) is invertible in A/I. Then there
exists m > 1 such that 7, (f (u)) is invertible in A/I,, where 7, : A — A/I,, is the
canonical map. We have 7, (f (u)) = f (7 (u)), where 7, (v) = (Tm (un))n>1. Since
f is recalcitrant, and since A/I, is a Picard-Borel Fréchet algebra, 7y, (u,) € Inv A/I,,
for some n > 1, and so 7 (u,) € InvA/I.

Notice that Proposition 5-10 applies in particular to the ideals I = T, + (f — 1)U
discussed in Theorem 2.7.

The fact that the function z cannot be written as the sum of the cubes of two entire
functions was observed in the last century. See Halphen [33, Chap. II] for a discussion
of more general equations involving entire functions, and Bloch [6] for a discussion of
the existence of meromorphic curves on “irregular” surfaces. Of course, is I is a dense
ideal of a commutative, unital Fréchet algebra, the trivial formula z = lim;_,¢ ewt_l shows
that for every p > 2 and every = € A there exist two sequences (@n)n>1 and (b, ),>1 of
elements of I such that z = lim,_,o, a® + b2, but the sequences (an)n>1 and (bn)n>1
are in general unbounded.

It follow from the definition of the set R of recalcitrant elements of M that fg € RUZ,,
for every f € RUZ,, and every g € V. The author did not investigate whether R U Z,
contains some ideal J of M such that Z,, ¢ J.
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6. Joint spectra in }V and Michael’s problem

Let A be a commutative, unital complex algebra. If M C A, M # (), the joint
spectrum o4 (M) (denoted by o (M) if there is no risk of confusion) is the set of all
maps A : M — C such that the set {x — A(z).e}zcn is contained in some proper
ideal of A. One can also define the joint spectrum o4 ((@4)tcr), Where (zt)ier is an
arbitrary family of elements of A, to be the set of elements (\;):er of CT such that the
family (z; — A\s.€)ser is contained in some proper ideal of A. We will occasionnally use
this point of view (see below). There is of course no danger of confusion, because if
(At)ter € 04 ((x¢)ter) and if z; = zy, then certainly A\; = Ay, so that the map z; — X,
is well-defined on the set {z:}ier.

Denote by A the set of all characters on A. Then {x|m}yea C o (M) forevery M C A.
Now if a, b € A, p € C and if (21, 22, 23) € 0(a, b, a +b), (21, z4) € 0(a, pa)
then z3 = 21 + 22, 24 = pz1. Also if (21, 22, 23) € 0 (a, b, ab) then z3 = 27 25, since
ab— zze = a.(b—22€) + 22(a — z1€) + (21.22 — 23).e.

So, with the above notations, we have o (A) = A. 1t follows then form the results of
section 2 that the existence of a discontinuous character on some commutative Fréchet
algebra is equivalent to the fact that o (V) does not reduce to {x,}, the notations being
as in section 5.

Now if A is a complex, commutative unital algebra, and if N # &, N C M C A we
will denote by Py, as : A — Ay the restriction map from o (M) into o (V).

When every maximal ideal of A is the kernel of a character of A, then o (M) =
{xim}res and so Py a2 0 (M) — o (N) is always onto. Conversely assume that
Pn, Nu{z} is onto for every nonempty subset N of A and every z € A. If J is a maximal
ideal of A, let z € A\J. Since the map u — 0 belongs to o (J), there exists A € C such
that JU {z — Ae} C J. Hence z — Ae € J and J has codimension 1 in A, which means
that J is the kernel of a character of A. So the following conditions are equivalent

(1) Every maximal ideal of A is the kernel of a character of A

(i) o (M) = {xar}yes (M C A, M # )

(iii) Py, Nufz} : 0 (N U{z}) = o(N)isonto (x € A, N C A, N # Q)

V) Py : 0 (M) - o(N)isonto (NC M C A, N # 9).

This situation occurs if A is a commutative, unital Banach algebra, or if A = B/I
where B is a commutative, unital Banach algebra and I an ideal of B, closed or not. The
above property never holds if A is a commutative, unital Fréchet algebra such that Inv A
is not open, for in this case A has infinite — codimensional maximal ideals [24], [53]. This
suggests the following weaker notions.

DEeriNITION 6.1. — Let A be a commutative, unital complex algebra. Then A has the
countable (resp. finite) extension property if Py, nu{e} : o (NU{z}) — o (N) is onto for
every at most countable (resp. finite) nonempty subset N of A and every x € A. Similarly
A has the p-extension property if Py yuge} : 0 (N U {z}) — o (N) is onto for every
subset IV of A such that Card N < p and every z € A.

Clearly, A has the finite extension property if and only if A has the p-extension property
for every p > 1. Notice also that if M = (J,., My, where (M,)scr is linearly ordered
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by inclusion, and if (Ai)ier € Hier o (M), with Ay, = Ay for My C M, then
A : M — C defined by the relations Ay, = A; (t € T') is an element of o (M). It follows
immediately from this observation that if A has the countable extension property then
Py i o(M)—o(N)isontoif N # &, N C M C A, and if M is at most countable.
Similarly if A has the finite extension property then Py pr @ 0 (M) — o (N) is onto if
N #J, NCMC A, and if M is a finite set.

It follows from the theorem of Arens [2] that if A is a commutative, unital Fréchet
algebra and if M C A is finite, then 0 (M) = {x|m},c4s Where we denote by A the
set of continuous characters of A. Hence a commutative, unital Fréchet algebra has the
finite extension property. Of course, this property does not extend to quotients of Fréchet
algebras (consider a quotient by a maximal ideal of infinite codimension). More precisely
it follows from [24, Theorem 3.1] that if A is a commutative, unital Fréchet algebra and if
Inv A is not open, then A has a dense ideal I of countable type such that o () = & for
some z € A/I, so that A/I does not even have the 1-extension property.

The following observation is probably known by everyone who seriously tried to
construct discontinuous characters one some Fréchet algebra. Since the author did not find
it in the literature, a proof is included for the sake of completeness.

PrROPOSITION 6.2. — Let A be a commutative, unital complex algebra such that
Card A = 2%, If A possesses the countable extension property, and if the continuum
hypothesis is assumed, then A # @ and o (M) = {x\m},ea for every nonempty M C A
such that Card M < XNg.

Proof. — We can assume without loss of generality that 1 € M and that Card M = R,.
Since the continuum hypothesis is assumed we can write A = {a¢ }¢<.,, Where we denote
by w; the first uncountable ordinal, and assume that M = {a¢}e<.,, With ag = 1. For
0 < £ < wy set Ne = {ay},<¢. Since A indeed has the finite extension property we
can construct by induction a sequence (A,)n>1, With A, € o (N,) (n > 1) and with
An|N,, = Am for 1 < m < n. Define A\,, : N,, — C by the formulae A\, n, = A,
(n > 1). Then A, € 0(N,,) =0 (M), and so o (M) # Q.

Now let u € o(M). Set \¢ = pn, for 0 < £ < wp. We construct by transfinite
induction an extension (\¢)¢<., of the family (A¢)e<., defined above, with A € o (NV¢)
and Agjy, = A, for 0 < np < &, § < wy.

Assume that a family (\¢) with the required properties has been constructed for £ < n,
where n > wo. If 1 = o + 1 is a successor ordinal, then N, = N, U {a,}. Since A has
the countable extension property there exists A, € o (N,) such that Ay, = A,, and the
family (A¢)¢<y satisfies the required conditions. If 7 is a limit ordinal, then N, = {J, ., Ne
and we define A, € o (NV,) by the condition A\, n, = A¢ (§ < 7m). Again, the family
(Ae)e<n satisfies the required condition. So we can construct the desired family (A¢)e<o,
by transfinite induction.

Now define A : A — C by the conditions A\|y, = A¢ ({ <w). Then A € 0 (4) = A,
and g = Ajpr. This concludes the proof of the proposition.

Unfortunately, the algebra V does not have the countable extension property. More
generally we have the following result (we adopt the convention that a compact set is
nonempty).
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ProposITION 6.3. — Let A be a commutative, unital Fréchet algebra, and let I be an
ideal of A. If the quotient algebra A[I has the countable extension property, then o (u)
is compact for every u € A/I.

Proof. — Set B = A/I. If o (u) = & for some u € B, then B does not have the
1-extension property. If o (u) # &, and if o (u) is not compact for some v € A/I, then
o (u) is unbounded or o (u) is not closed. In the second case let 6 € o (u)\o (u) and set
v = (u — e)L. Let (8,)n>1 be a sequence of elements of o (u) such that §, —— 8.

n—oo

Then 3;1__6 € o (v) (n > 1) and so we can assume without loss of generality that o (u) is
unbounded for some u € B. Let (2,),>1 be a sequence of distinct elements of o (u) such
that |z,,| —— oo. It follows from the theory of Weierstrass products that there exists for

n—00

each p > 1 an entire function f, on C such that ;' ({0}) = {zn}n>p.

For f € H(C), a € A we set as in section 3 f (7 (a)) = n(f (a)) wherew : A — A/I
is the canonical surjection. Then f (b) — f (2).e € (b—ze).B (b€ B, z € C).

For p > 1, set v, = f, (u). Since f, (2,) = 0 for n < p, we have v;.B ... + v, B C
(u— 2zp.€).B G B. So if we set M = {v,},>1 we see that the zero map 0y : v, — 0
(p > 1) belongs to o (M). Let z € C. Since Np>1{zn}n>p = & there exists p > 1 such
that f, (z) # 0. Since v, — f, (2).e € (u — ze).B, we have e € v,.B + (u — z.e) B. In
particular \jp; # Oy for every A € o (M U {u}), and B does not have the countable
extension property.

It is well-known that if the group of invertible elements of a commutative, unital Fréchet
algebra A is not open, then A has elements u such that o (u) is unbounded (this follows
for example from the fact that there exists a surjective homomorphism from A onto CV,
see [24]). So in this case it follows from Proposition 6.3 that A does not have the countable
extension property, despite the fact that A has the finite extension property by the theorem
of Arens [2] mentioned above.

More generally if I is a dense ideal of countable type in a commutative unital Fréchet
algebra A, there exists a surjective homomorphism from A/I onto CN/cy [24] and so
o (u) is unbounded for some u € A/I, since a similar property holds for CN/cyo. This
shows that A/I does not have the countable extension property. Of course, it follows also
from Proposition 6.3 that if I is a Picard-Borel ideal of a commutative, unital Fréchet
algebra A, and if I is not the kernel of a character of A, then A/I does not have the
countable extension property. In particular we cannot apply Proposition 6.2 to V = U /T,
or to the quotient algebras U /7., + (f — 1)U introduced in section 2. It seems that a
crucial step to make progress towards a solution to Michael’s problem would consist in
answering the following question.

PROBLEM 6.5. — Does the algebra V = U /L., possess the finite extension property?

A negative answer to Problem 6.5 would give a finite family (uq, ..., u,) of elements
of V such that o (u1, ..., up) # {x(u1), ..., x (up)},ep> @ very important piece of
ipformation to build any strategy to construct some x € V\{x,} (or to prove that
V = {x.}). In the other direction, a positive answer to Problem 6.5 would give an

important information about the “Poincaré-Fatou-Bieberbach phenomenon”, given by the
following result.
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THEOREM 6.6. — Let p > 2, and assume that V possesses the p-extension property. Then
Mn>1(F1 ...0 Fy,) (CP) # O for every sequence (F,,)n>1 of entire, one-to-one maps from
C? into CP.

Proof. — Let f = 307, An X, where (A\n)n>1 € M\coo, let I = Too + (f — 1)U
and let 7 : U — U/I be the canonical map. Then I is dense in U, and it follows
then from the results of section 3 that () ~,(Fi...o0 F,) [(U/I)?] # &. So there
exists a sequence (U,)n>1 = (U1,n, ---, Up,n)n>1 Of elements of (U/I)? such that
Up=F, (Upy1)(n > 1). For 1 < j < p, let f; € U such that 7 (f;) = u; 1. Since
1 € 0 (7o (f)), and since we assumed that V' possesses the p-extension property, there
exists (Ao, A1, .oy Ap) € 0 (Moo (f)s Moo (f1), -+, Too (fp)) such that Ao = 1. But this
shows that Zo, + (f — 1)U + (f1 = M)U ...+ (f, — Ap) U is contained in some proper
ideal of U, and so p; = (A1, ..., Ap) € o (Un).

Since F,, : C? — CP is one-to-one, it follows from the results of section 3 that
o(U,) = F, (0 (Upt1)) (n > 1). Hence, p; being defined as above, there exists a
sequence (i )n>1 Of elements of C? such that u, = F, (tn41) (n > 1), which concludes
the proof of the theorem.

We see at this point which role Corollary 3.7 plays with respect to Michael’s problem:
if h(_I_Il (CP», F,,) = O for some family (F,),>1 of entire maps and some family (p,)n>1
of positive integers, then U /Z., + (f — 1)U could not have any character, because some
necessary condition on the values of characters on the terms of a sequence (U, ),>1, Where
U, = F,(Ups1) € [(U/Zo + (f — 1) U)]P~, could not be satisfied.

If we knew that l‘igl(C”"7 F,) is indeed nonempty, this would just mean that some
obstruction related to joint spectra of special finite families of elements of U /Zo.+(f - 1)U
disappears, but constructing a character on U/Z, + (f — 1)U means dealing with joint
spectra of all subsets of ¢/ /Z__ 4+ (f — 1) U. So there would still be a long way to go before
getting a character on U /Z__ + (f — 1)U, hence a discontinuous character on .

7. Appendix : a remark on the theorem of Arens

The basic theorem of Arens [2], mentioned repeatedly in the present paper, shows that
if A is a (nonnecessarily commutative) unital Fréchet algebra and if (a4, ..., a,) € AP is
such that a; A ...+ a, A is dense in A, then a;.A ... +a,. A = A.

Since A is isomorphic to a projective limit ljgl(An, 6.) [36], where A, is a unital
Banach algebra and 6,, : A,+; — A, a continuous homomorphism such that 6, (A,+1)
is dense in A, for every n > 1, we can write a; = (aj ,)n>1 Where a; , € A,,
@jn=0n(ajn11)(1<5<p,n>1). I weset b, (by, ..., 0,) = (B (b1), ..., On (bp))
for (b1, ..., by) € AP .\, Vo = {(b1, ..., bp) € ABlay b1 ...+ ap n b, = 1}, we have
6, (Vag1) C V,, and V,, # O since ag n.Ap ...+ apn.Ap, being dense in the Banach
algebra A,, must equal A,.

The proof of Arens consists in showing that én (Vas1) is dense in V,, and then in
applying the Mittag-Leffler theorem (see section 3) to show that l(iin(Vn, 0,) # . If
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(V1,5 -+ Vp,n)n>1 € im (Vy,, 6,) and if we set v; = (vj,n)n>1, then v; € lim (Ay, 6,),
(j <p)and a1 vy ...+ apv, = 1, the desired result.

The simplification of the original proof of Arens we propose here concerns the proof
that 4, (Viy1) is dense in V,,. If F' is a Banach algebra and if v = (uq, ..., u,) € F?,
v=(v1, ..., ) € FP, a € F we set a.u = (auq, ..., aup), v.a = (u1.a, ..., up.a),
(u, v) =ug vy ...+ upvp so that a.(u, v) = (au, v), (u, v).a = (u, v.a).

Now let F', G be two unital Banach algebras, and let § : F — G be a continuous
homomorphism with dense range. Let w € F? and set L = {v € FP|[(u, v) = 1},
M = {w € GP|(f (u), w) = 1}, so that § (L) C M. For v = (v1, ..., v,) € FP, set
f(v) = (6(v1), ..., 0(v,)) € GP. Assume that L # &. Let w € M. There exists a
sequence (wy)n>1 of elements of F” such that 6 (w,) — w.

n—oo

Let v € L. We have (u, v+wp —v (u, wn)) = (u, v) + (u, wp) — (u, v) {(u, w,) = 1, and
80 v+wy, —v (U, Wn) € L. AlsoO(v+wn—v(u wn)) = 9(v)+0(wn) 0 (v).0 ((u, wy)) =
0 (v) + 0 (wn) — 0 (v).(8 (w), 6 (w,)) —>9(v) +w — 6 (v). (fu), w) = w. This shows

that § (L) is dense in M and so, W1th the above notations, 0 (V,,4) is dense in V,, (this
approach seems technically much simpler than the original computations of [2]).
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