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STRONG STOCHASTIC STABILITY
AND RATE OF MIXING FOR UNIMODAL MAPS

By Viviane BALADI anp MaArceLo VIANA

ABSTRACT. — We consider small random perturbations of a large class of nonuniformly hyperbolic unimodal
maps and prove stochastic stability in the strong sense (L*-convergence of invariant densities) and uniform bounds
for the exponential rate of decay of correlations. Our method is based on an analysis of the spectrum of a modified
Perron-Frobenius operator for a tower extension of the Markov chain.

1. Introduction

Let I C R be a compact interval and f : I — I be a smooth unimodal map with
f(I) C int (I). The prototype we have in mind are the quadratic maps f(z) = —z% + a
but our arguments and conclusions hold in the general context of maps with negative
Schwarzian derivative and nondegenerate critical point. Let ¢ € I be the critical point of
f and ¢, = f¥(c) for k > 0. Throughout this paper we assume that

(A1) |f*(c) — c| > e~k for all k > H,,

(A2) |(f*)(c1)| > AF for all k > H,

(A3) f is topologically mixing on the interval bounded by c¢; and cs,
where Hy > 1,1 < )\, < 2, and 0 < o with €2® < /), are fixed constants.

Conditions (A1), (A2) are inspired by Benedicks-Carleson [BC], where it is proved that
they are satisfied by quadratic maps for a positive measure set of values of the parameter
a. Moreover, they imply the conclusion of Jakobson’s theorem [Ja]: The map admits
a (unique) invariant Borel probability measure m( which is absolutely continuous with
respect to Lebesgue measure on I. This invariant measure is ergodic and describes the
typical asymptotics of orbits of f, in the sense that %Z;:Ol 0fi(x) — myg for Lebesgue
almost all z € I. Assumption (A3) is used only in Section 5 and we discuss it there
(quadratic maps satisfy all three conditions simultaneously, for a positive measure set of
values of a).
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484 V. BALADI AND M. VIANA

Our purpose is to show that (A1)-(A3) ensure stability of the dynamics under random
perturbations of the map: The asymptotics are only slightly affected when one replaces f™
by (f +tn)o---o(f+t1), with £1,...,t, chosen at random in a small interval [—¢, €]
following some probability distribution é.. This contrasts with the structural instability
of these maps: For g arbitrarily close to f the asymptotic behaviour of g™ may be very
different from that of f™ (e.g. it may be of periodic type).

Stability under random perturbations may be expressed more precisely as follows. For
each small € > 0 we consider the Markov chain x¢ on the o-algebra of Borel subsets of I
whose transition probabilities are given by P(x, E) = [ 6.(y — fz)dy. Our conditions
on the probability density 6. are stated in (2.2)-(2.4). Then (see Section 2) for each € > 0
there exists a unique probability measure m, which is stationary under x°¢, i.e.,

m(E) = /Pe(x, E)dm.(z) for every Borel set E.

Moreover, m,. is absolutely continuous with respect to Lebesgue measure and satisfies
%z;:ol bz, — m. for most random trajectories z; = (f +t;) o ---o (f +t1)(x).

We want to call f stochastically stable if these asymptotic distributions m. converge to
the invariant probability m( of f as the noise level € goes to zero. More precisely, we say
that f is weakly stochastically stable under x° if m. — my in the weak*-topology. This is
the same as having p. — po in the weak sense, where py and p. are the Radon-Nikodym
derivatives of mg and m. with respect to Lebesgue measure. We say that f is strongly
stochastically stable under x¢ if m. — my in the strong (norm) topology or, equivalently,
if p. converges to pg in L!(dz).

Obviously, every strongly stable system is also weakly stable. A simple example of
a sequence of functions in [0, 1] which is weakly convergent but not L!-convergent is
gn(z) = (—1)I**], where [z] is the integer part of z. This example illustrates a main
advantage of strong stochastic stability over its weak analog: preventing large oscillations
of the p. around the limit density pg. For uniformly bounded sequences of functions having
uniformly bounded variation, it is not difficult to check that weak convergence implies
strong convergence. This provides a (very partial) explanation for the role of the variation
in the theorem below.

Another important stochastic parameter we analyse here is the exponential rate of
decay of correlations, which measures the mixing character of the dynamics. Let F be
some Banach space of test functions on I (we shall always consider 7 = BV (I), the
space of functions with bounded variation). We say that (f,mg) has exponential decay
of correlations in F if there exists 0 < 7 < 1 and for any ¢, € F there exists some
C = C(r,llell, ll¥ll) > 0 satisfying

‘/(wof“)zﬂdmo—/wdmo/wmo

Then the rate of decay of correlations of (f,mg) in F is the infimum 74 of all such
numbers 7. Analogously, we define the rate of decay of correlations of (x°,m.) in F to

<Ct" foralln>1.
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STRONG STOCHASTIC STABILITY AND RATE OF MIXING FOR UNIMODAL MAPS 485

be the infimum 7. over all 7 > 0 such that

V (/ w(y)Pi(w,dy)>w(x) dm.(z) _/‘Pdme/d)dme

with C' = C(7, ||¢ll, |#]|), and where P (x, dy) denotes the n-step transition probability.

< Crt"foralln > 1,

We shall now state our main result. Here we call a differentiable map f : I — I
unimodal if it has a unique critical point c and ¢ € int (I). We take f to be C* and to have
Schwarzian derivative Sf < 0, recall that Sf = (f"'/f') — (3/2)(f"/f")?. We also let ¢
be nondegenerate, i.e., f”(c) # 0 (but our arguments may be adapted easily to the case
when c is only nonflat, meaning f(9(c) exists and is nonzero for some ¢ > 1). Finally,
we suppose f(I) C int (I) and that f admits an extension to some compact interval J D I,

preserving all the previous properties and satisfying f(9J) C 9.J.

Main Theorem

Let f : I — I be a unimodal map with negative Schwarzian derivative and nondegenerate
critical point as above, and let (x¢)e be random perturbations of f as introduced before.
If f satisfies (A1)-(A3) then

(1) (Strong stochastic stability.) The density p. of the unique invariant probability measure
me of X¢ converges in L' (dx) to the density py of the unique absolutely continuous invariant
probability measure mq of f.

(2) (Uniform rates of decay of correlations.) The systems (x¢,m.) and (f,mg) have
exponential decay of correlations in the space BV (I) of functions with bounded variation,
and their rates of decay are uniformly bounded: There exists T < 1 depending only on f
such that 7. < max(y/7,,7) < 1 for small enough € > 0.

Stochastic stability and decay of correlations have been investigated for many dynamical
systems, see e.g. Kifer [Ki2] and references therein. Let us focus on quadratic maps. Katok-
Kifer [KK] proved weak stochastic stability under a uniform hyperbolicity assumption
(nonrecurrence of the critical point). Then Benedicks-Young [BY1] showed that a large
set of nonuniformly hyperbolic maps are weakly stochastically stable (they use a different
form of assumptions (A1)-(A3) above). In fact, abundance of stochastic stability (in the
strong sense) among nonuniformly hyperbolic quadratic maps had also been obtained
in an unpublished work of Collet [Co]. Exponential decay of correlations was proved
independently by Keller-Nowicki [KN] and by Young [Yo], for classes of nonuniformly
hyperbolic maps related to ours.

Our basic approach in the proof of the main theorem is inspired by Baladi-Young [BaY]
who obtained similar results for some uniformly hyperbolic systems. Indeed, we introduce
certain transfer operators £y and L. associated with f and x°¢, respectively, and derive
the statements in the theorem from showing that these operators are quasicompact (the
peripheral spectrum is discrete or, in precise terms, the essential spectral radius is strictly
smaller than the spectral radius) and that £. is “close” to Ly for small ¢ > 0. As a
by-product, this method permits us to recover and unify in the present setting many of the
results mentioned previously, including the existence of absolutely continuous invariant
measures [Ja] and the exponential decay of correlations [KN, Yo]. We also expect it to
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486 V. BALADI AND M. VIANA

be useful in more general situations, e.g. for higher-dimensional systems such as those
in [BC], [BY2].

Let us sketch in more detail how this basic strategy will be carried out, describing
the main new ingredients necessary in the present situation to overcome the lack of
hyperbolicity. In Section 2, we construct a tower extension f :T — I for the map f.
Towers are now a standard tool in 1-dimensional dynamics and were also used, e.g., in
[KN, Yo]. However, neither of these constructions can be used directly in a random setting
such as ours: Our tower must also support extensions x¢ of the Markov chains x¢. In
Section 2 we also introduce transfer operators £, and L., acting on a Banach space BV(f )
of functions of bounded variation. For the definition of £, we must use a convenient
cocycle wo: I — [0,00):

_ 1 ¢(y)
Lop(z) = wo(@) f(z)= wo(y)m;)‘|

(this corresponds to a change of coordinates and is required to remove the poles of 1/| f |
and to enforce the expansion during the “recovery” phases of orbits). Perturbed cocycles w,
and perturbed operators L., corresponding to x¢, are also defined, involving averages over
past (random) orbits. This seems to be the first time that perturbed cocycles are introduced.

Building on several preliminary results obtained in Section 3, we derive our main
estimates in Section 4. We show that £, satisfies a Lasota-Yorke [LY] type inequality, i.e.,
that there are C > 0 and o > 1 such that for all n > 0,

varLge < Co™"(varg + sup |¢|) + C/ lo|wo dz .

Estimates of this type are also central to [KN] and [Yo]. We also prove a similar fact for
L.. Combined with our other bounds, this yields that L, is close to Lo in the following
sense: There are C' > 0 and 7 < 1, and for each n > 1 there are ¢(n) > G and a norm
Il - [(n)» such that |[L7 — £3||(n) < C7™ for € < e(n).

Ergodic properties of our systems may then be deduced from the accumulated knowledge
on these operators. This is done in Section 5, and follows well-known lines. First, if jg
is a (normalized) fixed function of Lq then My = wypo dx is an absolutely continuous
invariant probability measure for f , and it projects down to the invariant measure mg of
f. Moreover, after lifting the correlation functions to the tower, one sees that the gap
in the spectrum of £, separating 1 from the second largest eigenvalue is directly related
with the rate of decay of correlations of the system (f,m). Similar statements hold for
positive e. Finally, using the above closeness between Ly and L., and applying nonstandard
perturbation results from [BaY], we obtain the claims in our main theorem.
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4, The tower

Throughout, the notation C represents a generic (large) positive constant, and C(-),
respectively c¢(-), is some positive function tending to infinity, respectively tending to
zero, with its argument. We also use C,(-), respectively c,(-), to denote a sequence of
positive functions which, for each fixed value of n, converge to infinity, respectively to
zero, with the argument.

We make frequent use of the following easy inequalities. Let I, J be compact intervals,
1,92 : I — C be functions of bounded variation, and h : I — J be a homeomorphism.

(a) varr(y1 + t2) < varp¢r + vary 9o,

(b) vary(hy - 92) < vary s supy |2| + supy |41 ] vars 12,

(c) varg(¢1 o h) = vary ¢y,

(d) vary(¢1xr) < varpiy + 2supy |11 for each interval I’ C 1.

Moreover, given ¢ : I x J — C, 9 : J — [0, +00) such that ¢(z,-)9(-) € L*(J, dt) for
each fixed z, and ¢(-,t) has bounded variation for each fixed ¢, then

(e) vary [ ¢(z, t)(t)dt < [(varr ¢(z,t))p(t)dt.

The dynamics

We always take f : I — I to be as in Section 1. Without any restriction, we take the
critical point ¢ to coincide with zero; sometimes we denote a = c;. Condition (A3) will
not be used until Section 5. We fix A > 1 and p > e® so that

(2.1) e*Ap < V.

Other constants 0 < 6 € « and 1 < o < X will be introduced later on.

Now we fix some small € so that f;(I) C int (I) for all |¢| < €o. Here fi(x) = f(z)+¢,
and we also write f;' = f;' , = fy, 0---of; foreachn > 1 and t=(t1,...,tn). As
explained before, we are interested in Markov chains x ¢, with 0 < € < €y, whose transition
probabilities P¢(z,-) have densities 6.(y — fx). Each 6. is a probability distribution on
[—¢€, €], ie., a nonnegative function with

(2.2) supp 0. C [—¢, €] and /96(37) dr =1.
We also assume the 6. to satisfy

(2.3) M = sup(esup |0.]) < o0

and, denoting J. = {t | 6.(t) > 0},

(2.4) Je is an interval containing 0 and ¢. = log(f.|;.) is concave.

€
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488 V. BALADI AND M. VIANA

The technical condition (2.4) is introduced here in order to simplify some of our
arguments, a weaker regularity assumption should suffice. In any case, it holds in most
interesting cases, e.g. Gaussian and uniform distributions. Note that (2.2)-(2.4) are automatic
if 6. has the form 6.(t) = (1/€)6(t/e) for some 6 satisfying (2.2) and (2.4).

Clearly, ¢. is concave if (6.|;,) is concave. On the other hand, (6.|;.) is at most two-
to-one if ¢, is concave: Otherwise, there would be a point y with at least three preimages
by 6., and therefore there would be some z with at least three preimages by ¢., so that
¢. would have to be constant, a contradiction.

It follows from our assumptions that, for all small enough €, the Markov chain x* has a
unique invariant probability measure m. (we do not need (A3) for this) and this measure
is absolutely continuous with respect to Lebesgue. (See [BY1, Part II] for a proof of
uniqueness. We do not assume, as they do, that 6. is bounded from below, but if € is
small enough it is still true that an invariant measure for x must contain ¢ = 0 in the
interior of its support.) Uniqueness also implies that m. satisfies an ergodicity property:
The product measure m, x 6% is ergodic (and invariant) with respect to the map on I x RV
defined by (z,t1,t2,...) — (fi,(2),t2,t3,...), see [Kil, Theorem 2.1]. It follows, using
the ergodic theorem, that the Birkhoff averages of random trajectories z; = ft]ji_.tl(:v)
converge to m, for (Lebesgue) almost every (z,t,...,t;,...) € suppm. x suppfY, as
already mentioned in the Introduction.

The tower

We now construct a tower extension f : I — I of f, as well as its deterministic
perturbations ft, for |t| < € < €. Let & < 1 < B2 < 2a be two constants; note that (2.1)
above implies e%/2\p < /A, for i = 1,2. The tower I is the union I = Uk>oEy of levels
Ey, = By, x {k} satistying the following properties. The ground floor interval By = [ag, bo]
is just the interval I. For k > 1, the interval By = [ax, bx] is such that

[er — ek e + e7P2%] € By C [ex — e 7% ¢p + e P1F].
Observe that 0 = ¢ ¢ By, for all k > Hy, where Hj is given by (Al). For future use we
introduce By = [0,bo], By = [a0,0] and EX = BF x {0}.
Now we fix some small 6 > 0, in particular, we assume that

(2.5) |fi(z) — ¢j| < min{|cjle™, e7P27}  forall 1 < j < Hp and |z| < 6

(the other conditions on ¢ are stated later in this subsection, in Lemmas 1 and 2, in the
proof of the Sublemma, cf. (4.15), and in the proof of Corollary 2, cf. (5.1)). Then we also
set Bf = Bf n(-6,6) and Ef = BT x {0}.

Given z # ¢ we shall denote by z_ the unique point z_ # x with f(z_) = f(z). It
is no restriction to suppose that there is an uncountable set of arbitrarily small values of
6 > 0 for which (—8)_ < 6 (just change coordinates = — —z otherwise) and we do so.
Let us write {0,£6} U{a; | 7 >0} U{b; | j > 0} = {ep = 0,e; = b,e2 = —b,€3,...}.
We may, and do, require additionally that for all j > 1 and £,£ > 0

(2.6) filex) # e
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STRONG STOCHASTIC STABILITY AND RATE OF MIXING FOR UNIMODAL MAPS 489

Indeed, our assumptions on f imply that f7(0) # 0 for all j > 1. We choose § such that

+46 do not belong to the critical orbit, and that f7(+6) ¢ {0,+6} for all j > 1 (these are

co-countable conditions). For each £ > 3 we impose the co-countable conditions that e, is

not f-periodic, ep ¢ U;{f7(eq), ..., fi(ei—1)} and fi(es) ¢ {eo,...,ee—1} forall j > 1.
For (z,k) € Ey and [t| < € we set

(fe(z),k+1) if k>1and fi(z) € Biy1,
filw, k) =4 (fe(z),k+1) ifk=0and z € (-6,6),
(fe(x),0) otherwise,

and we define f[i ..t, as above. (We write f=7 Denoting 7 : I — I the projection to
the first factor we have f, om = wo f, on I.

Define H(6) = H(6,¢€p) to be the minimal k& > 1 such that there exist some = € (=6, )
and some = (ti,...,tk,te1) € JEF! such that ftf"'l(m,O) € E,;. We observe that
H(6) can be made arbitrarily large by choosing small enough § and ¢, (by continuity). In
particular, we assume that H(6) > max(2, Hy), cf. (2.5). We define the Markov chain x°
by considering the transition probabilities P¢((x, k), E) = Yz Jop 0y, 9), fz, k) dy
whete .((y,7), f(z,k)) = 0 i f,—ra(o, k) ¢ Ej. and 0.((y,5), f(z, k) = .y — fx)
otherwise (in which case f,_;.(z,k) = (y,7); when there is no ambiguity, in particular
when j = k + 1, we simply write 0.(y — fz)).

The cocycles

We wish to consider transfer operators £ and L. related to the (unique) absolutely
continuous invariant probability measure of f and each x°¢. For this, it is useful to
introduce cocycles in order to suppress the singularity of the weights 1/|f/|.

We first give the definition of the unperturbed cocycle w = wy : I-RIfk>e>1
then for each (z,k) € Ej N Im(f¢) there is a unique (y,k — £) € Eg_, such that
Ffy,k —£) = (z,k) and f(y) has the same sign as cx_g4; for 0 < j < £ (the second
condition is needed only if k—¢ < Hy). We write f1*(x, k) = y. If (z, k) € ExnIm (f*) we
also define fi*(z,k) = y where (y,0) is the unique point in Ef with f*(y,0) = (z,k).
We set

k

I G o
wo(z, k) = {(l)(fk)’(f;"(w,k))l if (z,k) € Im (f7),

otherwise.

(In particular, wg(z,0) = 1.) Note, for further use, that the support of the cocycle wq in
Ej is an interval for each k > 1, with endpoints in the set dE), U {f*(0,0), f*(+6,0)}.
For k > 1 and (z,k) € Im f we have wo(z, k) = Mwo(f5 (z, k), k — 1)/|f' (F5(x, k)|

The perturbed cocycle w, is defined by:

1 ifk=0,
’U)e(.’L',k) = /\fég' 95($_fy) dy lfk: 1
A fp, wely, k= Dbe(z — fy)dy if k> 2.
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490 V. BALADI AND M. VIANA
Defining (x¢,...+,,k — £) = ft;f~t1,+($’ k), with £ > ¢ > 1, as in the unperturbed case,
wdz,1) = [ 17l 0.0 .
we(z, k) = /\/we(xt,k — D)|f'(z)|7*0(t) dt, for k > 2,

(integration is over the ¢ such that z, is defined, with z; € [0,6) and z; € Bg_1,
respectively). Introducing the notation dGe(f ) = 0(t1) - Oc(tp—1) dty ... dtx_1, we also
have for k£ > 2

we(, k) = AF! / ety D L o Y (@)™ dBL(E),

where the integral is over the £ € J*~1 such that z,, _,..;, € B exists.

Our assumptions imply that §. converges to the Dirac function as ¢ tends to zero. It
follows that w.(z, k) converges pointwise to wo(z, k) = w(z, k) as e — 0. Moreover, for
small enough ¢, and for all k£ > 0, the support of w, in E} is an interval with endpoints
close to the endpoints of the support of w = wg in Ej. Writing dz for Lebesgue measure
on I, we introduce the positive measures 1o = wo dz and p. = w, dz. It will follow from
our analysis, e.g. the proof of Lemma 7, that these measures are finite.

We use the cocycles w, to define nonnegative weights g; on I for0<t<e, by

we(y, k) 1
we(fe(y, k) 1LF' ()]
(if the denominator is nonzero, otherwise we leave g;(y, k) undefined). Note that whenever
wo(y, k) # 0 we have go(y, k) = (\¥/|(f*)Y (F5*(w, o)D) - (L/If ()]) if f(y. k) € Eo,
go(y, k) = (|f' (y)|/Af (w))) if (y, k) € EO’, and go(y,k) = 1/A in all other cases. We
shall use the notation g = go, g™ H (g o f” and similarly for g( ")

gt(ya k) =

The transfer operators

Now we introduce a linear transfer operator £ = L, acting on functions ¢ : I-cC
as follows. For k > 1 let (ag, k), (Z)k,k) be the endpoints of the interval Im f" N Ey,
with @, < by. Given (z,k) such that either k = 0 or k > 1 with a; < = < by (in both
cases w(z, k) # 0), we set

1 e(y, 7)wly,j . ,
Lo(a,k) = ——x D o.5)uly, ) _ > ewh)ey.5).
w(z, k) 1 (y)] =
f(y,5)=(x,k) f(y,3)=(2,k)
Moreover, we set Lo(z, k) = limsup,;;, RLp(y, k) +ilimsup, 5, SLp(y, k), if k > 1
and z > I;k, and similarly if £ > 1 and z < ay.

Analogously, denoting (ag,, k), (l;;, k) the endpoints of (U;erk Im ftlc) N Ey, we define

1 ) ] We 9 ] . .
Lep(z, k) = o R >, w—@-l‘%j(ﬁ/—jl = > eNey.i)

fe(y,9)=(z,k) fe(y,9)=(z,k)
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STRONG STOCHASTIC STABILITY AND RATE OF MIXING FOR UNIMODAL MAPS 491

and

Lep(z, k) /Etw z, k) Oc(t) dt = Z/ @ k)w(y we(ys )0((x, k), f(y,5)) dy

3>0

if k=0ork>1with a, <z < b. For k > 1 and z ¢ (a5,b5) we define L.o(z, k)
using limits in the same way as before.

We consider the Banach space BV (I) of functions ¢ : I — C such that

liellov = llel = suplol + vary + [ lol@)lun(z) dz
I

is finite. It will follow from the results in Segtions 3 and 4 that £ and L. are bounded
operators on BV (I) (in particular that BV (I) is invariant) and, in fact, that they are
quasicompact.

Intervals of monotonicity

An interval n C Ey for some k > 0 is called an interval of monotonicity for a map
F:I — IifthemapF=mo F' is monotone on 7 and if there is a j such that
F (n) C E; and n is maximal with this property. Let Z7 be the set of intervals of
monotonicity of fg, ie.,

Zr={mn fo—l'l]z N---N fo_"Hnn | 71, ..., n, intervals of monotonicity of fo} .

Observe that property (2.6) from the definition of the tower implies that no element 7y of
Z[ is reduced to a point, and that 7 is either disjoint from the support of the measure p or
meets this support on an interval with nonempty interior (in the second case, po(79) > 0).

Note that each level Ej contains at most three intervals of monotonicity of fo for
k > Hy, and at most four such intervals for 0 < k < Hj. Since, by definition, the image
of an interval of monotonicity of fo is always contained in some level E;, we conclude
that #{n € ZJ | n C Ex} < 4™ for all k¥ > 0. For fixed values of n, we will need to
consider monotonicity intervals corresponding to orbit pieces lying in a bounded part of
the tower. Fixing N > n we denote

Z(’)l’N = {711 N f(;lle n---N fo_"“nn €Zy|mC (ngNEk) , 11 < n} .

The considerations above imply that # Z N < (N+ 1)4™ < oo and that there is a constant
C.(N) > 0 so that || > 1/C,(N) for each nonempty n C Z5".

For t = (t1,...,t,) € J, let Z7 be the set of intervals of monotonicity of ftﬁ

Zr={mn ftjlnz n---n( A"‘l‘,,tl)'lnn | ; monotonicity interval of f,, ;1 < i < n},

tn—l

and for N > n

Z2N ={mnfmen - (frl ) e 22 Imi <Uk5NEk> y1<i<n}.
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492 V. BALADI AND M. VIANA

Clearly, endpoints of nontrivial intervals in Z7 and Z;."N vary continuously with . It
follows that given any 7 in Z§, for each t close enough to 0 there is n(t_: M) € Zg
with endpoints depending continuously of ¢ and such that 7(0,70) = 7o. Moreover, there
is €(n, N) > 0 such that for ¢ < ¢(n,N) and any # € J", the map 7(t,-) sends Z3""
bijectively to Z?’N. For ny € Z3°Y and € < e(n, N) we define

nt(em) = U nEm)  and 7 (em0) = [ n(Eno).

teJr teJr

Then we have the uniform bounds |7t (e,m0) \ m0| < c(e) and |no \ 77 (€,m0)| < c(e).
Therefore for all 0 < € < ¢(n,N) and 79 € Z N (reducing €(n, N ) if necessary) we
have |n~(e,mo)| > 1/C,(N). It follows also from the above considerations that for any
0 <‘e < €(n, N), each point z € (Up<r<n E%) is contained in no more than two 7t (e, 79)
(we call this the bounded overlap property). Finally, for fixed N > n, the consequence
of (2.6) mentioned above, the pointwise convergence of w. to wy, and the properties of
the support of 1 imply that for all ny € Z N and all € < ¢(n, N) (reducing €(n, N ) if
necessary), either ye(n*(€,m0)) = 0, or pe(n”(€,m0)) > 1/Cn(N).

3. Preliminary lemmas

In this section, we derive some preliminary lemmas on the objects introduced in Section 2.
These lemmas will be used to prove our main bounds in the next section. Sometimes one
may omit the hats (e.g. write f for f) without ambiguity, and we do so.

The expansion constant o

LEMMA 1. — There exist o > 1, b > 0 and 69 > 0 such that for any 0 < § < by there are
c(6) > 0 and €y(8) > 0 such that for any n > 1, |t1],...,|tn] < €(6) and x € I:

W) if 2, fo, (&), F270 (@) & (=0, 6) then (f;;..,tl)’(x)] > ¢(6)o™;
Q) if, in addition, f*_, (z) € (~6,6) then |(f1 _,,tl)l(x)l > bo™

Proof of Lemma 1. — We begin by noting that given §; > 0 there are m > 1, o3 > 1
and €; > 0 such that, for all |t1],...,|tm| < €1,

(31 ()Wl 20" whenever y, fi,(y),..., fi 1 h, (y) & (=61, 61).

Indeed, by (A2) and [Si], all periodic points of f are repelling. Then e.g. [MS,
Section II1.3] implies (3.1) restricted to ¢; = 0. The full statement follows by choosing
€1 small enough. In the sequel we fix 6; > 0 small, depending only on Hy, «, and A,
see (3.4), (3.7), and (3.8). Now, there are 05 > 1, 2 > 0, K5 > 1 and €3 > 0 such that,
given any 1 < £ < m and |t1|,..., |t < €2,

, 1
(3:2) (Pl )| 2 0% whenever £, (1) € (~82,8).
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For t; = 0 this is a consequence of (A2), as proved by Nowicki [No]. The general
case follows, once more, by continuity. Now we take o = min{oj,02,\} and
8o = min{é;,62} and, for each 0 < § < b9, we define ¢(6) = (infp(—s4) |f'|/0)™
and €(6) = min{ey, €3, 6%}. The constant b > 0 is defined below. Clearly, for all £ < m
and |t1|,~~~a|tl' < 60(6)9

(3.3) I(fe) W 2 e(8)0® 3y, feu(y), -, fi D), () & (=6,06).

Given n, t1,...,t,, and z as in the statement, we denote z; = f{;,,.tl (£),0<j<nIf
xj ¢ (—b61,6,) for all 0 < j < n then both (1) and (2) in the lemma follow immediately:
Just write n = gm + £, with 0 < £ < m, and use (3.1), (3.2), (3.3). From now on we
suppose otherwise and define 0 < v; < ... < s < n as follows. Let 1, be the smallest
Jj > 0 with z; € (—61,6;1). For each v;, i > 1, define

pi = max{k > 1:|z,,+; — ¢;| < e™? for every 1 < j <k},

where 3 = 2a. Then let v; 41 be the smallest n > j > v; +p; for which z; € (=61, 6;). For
the time being we fix 1 < ¢ < s, and simply write p = p; and v = v;. The previous definition
and (A1) yield |z,4; — ¢j| < e~%|c;| (we reduce §; so that this holds also for j < Hy, cf.
(2.5) and so (1—e792) (1= Ce=220) ['(e)] < | (w4)] < (14+e72)(1+Ce= )| (e, )]
for some C > 0. Then

(3.4) %I(f”)’(cl)l St (@) S CUSPY ()]

In this proof C' > 0 is some large constant depending only on Hy, o and A.. Moreover,
e~ Prth) < [Ty tpt1 = Cpa1| < [Ty — (L +e7P)[f'(cp)| + €0,

and so, by recurrence,

(35) e+ < T[(1+e )7 (e)] [l:v el ted ﬁ%)l—)]

j=1 j=1 1li=1

< Ol (e)l[lzo[* + €] < CI(F7) (en)llzul?,

where we also use |z,|?> > §2 > ¢;. Combining this with (3.4) and (A2), we conclude
1 1 _
(3.6) (2 ) @) 2 5|(f”)'(01)|2|51?u|2 2 F(Ace Py,

Up to taking §; small enough with respect to o and A., we may suppose the p; (uniformly)
sufficiently large so that (3.6) implies

1 _ ‘ 1
BT T e ) @] 2 SO > S > Ko,
for each 1 < ¢ < s. At this point we write |(f ., ) (z)| = H;’;Ol |f'(z;)| and partition
the range [0,n) of this product into subintervals J C [0,7n) as follows. Let |J| denote the
number of elements of J. First, we suppose v + ps < n. For J = [0,1;) and for each
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J = (Vi +pi,vis1), 1 < i <, we have [];c;|f'(z;)] > K;'ol"l, as a consequence of
(3.1) and (3.2). The same holds for J = (vs+ps, n) if |z,| < 6. In general, J = (vs+ps,n)
has T, ; 1/ (25)] > ¢(é)a!’], by (3.1) and (3.3). Moreover, [, |f'(;)] > Kao!'! for
each J = [v;,v; + pi], 1 <4 < s, recall (3.7). Altogether, this proves both parts of the
lemma when v, + ps < n (we shall take b < (1/K>)). Now we treat the case v, + p, > n.
We only have to consider J = [v,,n), as the previous estimates remain valid for all other
subintervals involved. In general, (3.1) and (3.3) give [];c; |f'(x;)] > c(8)a!”I. Part (1)
follows, in the same way as before. In order to prove (2), we let ¢ = n — v, — 1. Then
0 < ¢ < ps and so, recall also (Al),

(3.8) |0, [ 2 6 > |an]| 2 |egr1] = [n — cq4a| 2 (1/C)em(ath)

(when ¢ < Hj just reduce 6; to ensure |z, — ¢g41| < |cg+1|/2, then take C large with
respect to |cy4+1|; similarly in the next equation). Moreover, (3.4) holds for v = v, and

p = q. Hence,
1 -
(£, ) @) 2 S (el | 2 S (Aee™) ™ 2

We take b = (CK3)~!, for C > 0 as in the last term. O

1 1

— e+l
C/\ .

Remark. — While the previous general argument gives o < ), better estimates are
possible in some special cases. For instance, it is well-known that for quadratic maps with
parameter a = 2 one may take o close to 2. Note that o~! will be our upper bound for the
essential spectral radius of £, (Corollary 2), and that the constant ¥ in our main theorem
can be taken to be any number larger than o~1/2,

LEMMA 2. — Let o, by, ¢(6) and €o(6) be the objects from Lemma 1. Up to reducing b
and ¢(8) if necessary, the following holds for f, as long as 0 < 6 < 8y: Given any n > 1,
there is €(n) > 0 such that, for all t = (t1,...,t,) with |t],..., |t.| < min(e(n), (6))
and any (z,0) € Ey with fg.‘(a:,O) € Eo, we have |(f2)(z)] > c(8)0™ At where £ is the
maximum integer such that ffjtl (2,0) € Ej forall 0 < j < £

Proof of Lemma 2. — Here C = C(Hy, o, f1, B2, Ac) > 0. We take |¢4], ..., |t,| bounded
by some ¢ > 0. The case where all concerned iterates of (z,0) are in Ej is treated in
Lemma 1 (1). Otherwise, the orbit (z,0),..., ftll(a:,O) consists of ¢ > 1 loops of the
form: m > 0 iterations in level Ey, climbing the tower up to some level k£ > H(§) then
falling down to level 0; finally, there may be an additional s > 0 iterations in level 0. By
Lemma 1, it suffices to consider the case ¢ = 1, x € (=6, 6) (that is m = 0), and s = 0
and to prove that |(f7)'(z)| > A" /b. As in the proof of Lemma 1, assumptions (A1) and
(2.5) and the definition of E; yield, for all (y,j) € E; and j > 1,

3.9) (=o)L ) ()
<|F(y)] € (A + @ PIY (1 4+ CeP9)|f/(¢c;)| for some C > 0.

Then, using f;’}tl (%,0) € Ej for1 <j<mn-—1and ff’.’(a:,O) € Eo (ie, f7(z) ¢ By),
we obtain, in just the same way as in the deduction of (3.4), (3.5),

(310) e < CIf T (ea)lller = fru (@) + Cel < CIHY (e[l + €] -
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We take € < e(n) = e %" /(2C|(f*~1) (c1)|), where C > 0 is as in the last term. Then
(3.10) implies |f'(2)|* > &lz|* > e 2" |(f*7!)(c1)|~". Hence, using (3.9),

(B11) Y@ 2 Ze =2 ()P ()] 2 gt A

By the definition of f, we must have n — 1 > H(6), and we assume that & is small
enough to ensure £p#® > A/bforall 0 < 6 < 6. O
Falling down from the tower

Our next bounds concern the weight g:(y,k) evaluated at points in the support of p.
which “fall down” from the tower, i.e., such that k > H(6) and f;(y,k) € Ey.

LemMa 3. — There is C > 0 so that w(y, k)|f'(y)|* < Cp™ forall e > 0, all k > 1,
and all (y,k) € Ex having fi(y, k) € Eq for some |t| < ¢

Proof of Lemma 3. — Suppose first that € = 0. By definition, if wy(y, k) # 0 then

k

|(F+1Y (@)

Since f**1(x,0) € Eq, (3.11) applies and yields wo(y, k)| f'(y)|™* < (CA*/X\*pF).
Assuming now that € > 0, we derive a preliminary estimate for w. on E;. We continue
to denote C = C(Hy, a, 1,02, Ac) > 0. If 2 > a+ € then we(z,1) = 0. Otherwise, we use

6(t) 1
we(z,1) /\/If/ zt)|dtS/\8up0€'/|—f7(_z?)—|dt

where z, = ft‘j (z,1), the first integral is taken over {¢ > z — a, |2:| < é} and the second
one over {t > z —a, |t| < €}. Hence, if a — € < z < a + € then

woly, k)| f ()| 7! = where = = f7*(y,k) € (0,6).

€ dt Ze z C\M
3.12) we(z,1 S/\supee-/ —— = JAsu 06/ dz = Aesupf.)= < ,
(312) welz: 1) o PG~ AP0, dr = Aeswnt) = =
because |z.| < C'\/e. On the other hand, for z < a — ¢ we have
€ dt (ze) - (z._é)2 C\M
3.13 we(z,1) < A supb. - —— = JAsu < ,
( ) ( ) p . If/(zt)| p Ze 2 + Z . o0

since (zt)2 is a smooth function of ¢ and z. + z_. > 2¢9. Now we consider a general
k > H(6). From the definition in Section 2,

(314) wé(yv k)'f,(y)l_l = )‘k_l /wﬁ(ytk—l“'tl ’ l)I(f(itk—l"'tl )I(ytk—l"’tlﬂ—ldé‘e(i‘) :
We split this into a sum W; + Wy, where the two terms correspond to restricting the

domain of integration, respectively, to {|a — ys,_,...t;| > €} and to {|a — y¢, _,..t,| < €}
In order to bound W; and W5, we note that

(3.15) e~ P2 (k+1) < C|I(f*)Y ()] [[a = Yt ots | + e] .
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This is deduced in just the same way as (3.10), using ﬂ’;__}wtl (Yto_r-t,,1) € Ej for
1<j<kand ft’ftk_l---tl(ytk_1~~-t1»1) € E, for some [t| < e.

Let first |a — y,_,..t,| > €. Then (3.15) gives |a — ys,_,....,| > (€728 /C|(f*)'(c1)])
and, since |zo| > \/M/C, (3.13) then yields

Wil 1) < ML < ooy pry e e

Replacing in W; and using again the distorsion inequality (3.9),

Wy < Ak-l/ceﬁzk/2wdé' (F) < C(AeP2AZY2)k < opF .
- |(f*) ()l - ‘ B
For W,, we use (3.15) to get that € > (e7P2% /C|(f*)'(e1)]) if | — yt,_,...t,| < €. Then we

use (3.12) to conclude that w,(ys, ,...t,, 1) < Ce?2*/2|(f¥)'(c;)|*/2. The same calculation
as before gives W, < Cp~*, ending the proof of Lemma 3. [

For k£ > 1, we introduce the subintervals of E},

B ={(.k) | f(y) > brsr—€}  and By ={(,k) | f(y) < ars1 +e}.

Note that (y, k) € 8 U Sy if and only if fi(y, k) € Eq for some |t| < e.

LEMMA 4. — There is a constant C > 0 such that for all ¢ > 0 and k > 1

var(we(y, K)If W) ™) < O(e?p™)*.

k

Proof of Lemma 4. — Recall that, for each fixed ¢ > 0 and k£ > 1, {w.(y,k) # 0}
is an interval. Denote by 'y,:f its intersection with ﬂ,‘i‘. We suppose k > H())
for otherwise 'yff is empty. First suppose that ¢ = 0. For (y,k) € ’y,f we have
wo(y, k)| F' ()| 7Y = (/) (F*+1)Y (f7*(y, k))|). Note that f¥+! has negative Schwarzian
derivative, because f has. Moreover, f*¥*! does not have critical points on f;k(fy,f),
because this last set does not contain ¢ = 0, neither does w(E; N supp wop) for j > 1,
see Section 2. This implies that |(f*+1)’( f;k(y,k))| has a unique maximum and so
wo(y, k)| f'(y)|~* has a unique minimum, restricted to . Hence

var(wo(y, W (9)I™") < 2sup(uwo(y, KIS @)™,

Vi

and the claim corresponding to € = 0 follows from Lemma 3.

Assume now that ¢ > 0. The main step is to prove that w, is at most two-to-one on
each Ej. For this we use the assumption that ¢. = log(f|;,) is concave. Observe that a
function 9 is concave if and only if

Y(z1) + Y(xs) < P(m2) + YP(x3) for every z1 < x5 < 13 < x4 With z1 + 14 = 29 + 23
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Given j > 0 (if j = 0 replace B; by BY)

We(T1,J + Dwe(Ta,§ + 1) — we(22, 7 + Dwe(z3, 5 + 1)

=3 [ [y e Ol = Fi)8ulws = 12) = ez = F)0ules = ) dyds
<0, J fOIJ‘ all 21 < 9 < 3 < x4 With 1 + 74 = 0 + 23 .

For the last inequality observe that the integrand is always nonpositive since we have
(21— fy)+(za— fz) = (z2 — fy)+ (x3 — f2z) and log(f|;,) is concave. This proves that
log w. is concave and so w is at most two-to-one on F; 1, see Section 2. As a consequence

var we(y, k) < 2supwe(y, k) < Cp™*,
B +

k Yk

by Lemma 3. Therefore, since |cx| > e~** and |f’| has a unique maximum on each Bj
for k > H(6) (use Sf < 0 once more) we get

var(we(y, k)| (y)| ™) < varwe(y, k) sup | ()] ™" + supwe(y, k) var | £ (y)| ™!
Bi; By B BE B

<Cpk.ce* +Cp7F.Ce*. O
Climbing the tower
We now proceed with some preliminary bounds on L. concerning points which are
“climbing the tower” : (y,k) € Ey and fi(y,k) € Ext1. Given z # ¢ we let z_ be the
unique point with z_ # z and f(z-) = f(z) and write K(z) = |f'(z-)|/|f (2)|. Then
we set K = sup,,. K(z), and K = var,. K (z). Note that under our assumptions K and

K are finite because K (z) is C' (apply Morse’s lemma; this is the only place where we
use f € C4, in particular, C? suffices for all our purposes if f is symmetric).

LEmMA 5. — Let ¢ € BV(I) and € > 0.
(1) For k > 1 and each 8 C Ej41 N supp pie, we have supg |Lep| < %sup,y lp|, where

¥ = Uses, (film) ™ (8) N supp pre.
(2) For each 3 C E1Nsupp p, we have supg | L] < %(sup.ﬁ l¢| +sup.,- |p]), where

7 = Urea(filg2) 7 (B).

Proof of Lemma 5. — The case ¢ = 0 being easy, we assume ¢ > 0. We first consider
(1). By definition, for £ > 1 and z € By4; such that we(z,k + 1) # 0,

ka we(z,k)o(z,k)8(x — fz)dz
A [5, we(y, k)bc(z — fy) dy
and the claim follows. To show (2), we note that if w.(z,1) # O then
Iy 9(2)0e(z — f2)dz J25 0(2)0e(w — f2)dz
g bele — fy)dy Ay be(z — fy)dy

and use the change of variable z = w_, with Jacobian bounded above by K, in the
numerator of the second term (recalling that we take (—6)_ < §). O

Lep(z,k+1) =

Lep(x,1) =

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



498 V. BALADI AND M. VIANA

LemMMA 6. — Let ¢ € BV(I) and € > 0.

(1) For all k > 1 and each interval 3 C Ey41, we have varg L.p < %varv , where
v = Ures (i)™ (B) N supp pe. )

(2) For each interval@ C Ey, we have varg L. < %f— Valy+uy- @ + % sup.,- ||, where
we write v* = UtGJ;(ftlEOi)_l(:B)'

Proof of Lemma 6. — Again, the easier case ¢ = 0 is left to the reader. We start with
k > 1. Consider first ¢|g, = H, = X|[u,b1)x {k} for some point u € Bj. We shall prove

that L. is monotone on Ejy;. Obviously, we may disregard the points (z, % + 1) where
Ly is defined by a limit (recall Section 2). At all other points,

J2 w2, k) - f2) dz
A f:: wﬁ(yv k)96($ - fy) dy .

Fix 21 > x5 in 7(B) with we(z;, k + 1) # 0, ¢ = 1,2. Then, up to a positive factor, the
difference L.p(z1,k + 1) — Lep(z2,k + 1) is equal to
(3.16)

/ w [ " e, Bz k) (81 = 190000 = 1) = O = f2)0as = ).

Leo(x, k+1)=

Assume that f|p, nsupp u. 18 increasing (the other case is similar). Then f(y) < f(2) in
(3.16). Thus z; — fy > max(z; — fz,72 — fy), and z2 — fz < min(z; — fz,22 — fy),
so that, using (z; — fy) + (z2 — fz) = (x1 — fz) + (x2 — fy) together with the
concavity of log(fc|s.), we get Oc(xz1 — f2)0c(z2 — fy) > Oc(z2 — f2)0c(x1 — fy).
Hence L.o(x1) > Lep(x2), i.e., Lp is nondecreasing on 3. This proves, using Lemma 5,
that varg L. = supg Lep — infg Lep < %(1 - 0).

Consider now the case where

(3.17) ¢l, =Y diH,,,
j=1

for some u; € By and d; > 0. Then varg Lo = varg Le(doxy + 22, ¢, 4 Hu,) for
some constant do > 0. Observe that L.(dgx~) is constant on (3. Therefore, by linearity,
varg Lep < Puerdi = 1 vary .

If ¢|g, is nonnegative and nondecreasing, we take a sequence of ¢,, of the form (3.17)
with ¢,|g, < ¢|g, and converging uniformly to ¢|g,. Since L.y, converges pointwise
to Lo on Fiiq, we get

1 1
var L.p < liminf var L.p, < ~limsupvar p, < —varyp.
8 n B A ¥ A~

Finally, if ¢|g, is any function with bounded variation, we may write ¢|g, =
(p1 — @2) + i(ps — @4) with the ¢; nonnegative, nondecreasing, and such that
vary @ = ijl var, ¢;. Then

1 1
var L.p < ar L.p; < —vary;, = —vary.
] (p“zj:vﬁ E(pj—;/\vv PIENEY

4° SERIE — TOME 29 — 1996 — N° 4



STRONG STOCHASTIC STABILITY AND RATE OF MIXING FOR UNIMODAL MAPS 499

Consider now § C FE;. For a function ¢ which vanishes on [—§, 0), the argument above
may be reproduced and yields varg Lo < var.,+ ¢/A. It therefore suffices to consider
functions with ¢(z,0) = const for > 0. Observe that L.¢(x,1) may be rewritten as

(=6)—
z 0 W(w—a 0)95(33 B fw)K(w—)dw _ z z
Loloxes)(@, 1+ N = LX) DL, 1),

where we used the change of variable w = z_, with Jacobian K(w_) = |f'(w)/f' (w-)|
and (z,0) = p(z—,0)K (z_)X[-s,0)(2-). This yields varg L.(y) = varg L() and, since
1 vanishes on [—6,0], we are reduced to the previous case. An application of properties
(b) and (c) from Section 2 ends the proof of the lemma. [J

The measures po and g,
Lemma 7. — limeo 3450 [p, [We(z, k) — wo(z, k)| dz = 0.

Proof of Lemma 7. — The term for k = 0 vanishes. For kK = 1 we have

0 z & f(=6,6) z ¢ Uses, fir(=6,6)

I—f’_(/\?ﬂ otherwise, we(w, 1) {/\ [ gMdt therwise,

’wo(-’L', 1) = {
enl

with z; = ft +(:c 1) for ¢ > 0. Therefore, for small fixed { > 0 we have, by a computation
similar to (3.12), fa—m|§( wo(z,1) dz = Mzo(a—¢,1) — zo(a, 1)) < ACV/C. Since w.(z)
converges uniformly to we(z) on |a — x| > (, the integral fla—wlz ¢ lwe — wo| dz can be
made arbitrarily small by taking ¢ small. We split fla—zl <c we(z,1) dz into a sum Wy + Wy
where Wy, W5 correspond to restricting the domain of integration to ¢ > |a — z| > 2e,
respectively |a — z| < min(2¢, ¢). The first term vanishes if { < 2¢, otherwise it satisfies

W= /a—a:l<( |f’($0)| <oVe,

since |a — z + t| > |a — z|/2. For the second summand, we have (recall (3.12))

C\M C
W, < / ——— dr < —=min(2¢,¢) < Cmin(ve, /().
2 |la—x|<min(2¢,() \/E \/E \/_

We have thus proved:

(3.18) lim [ |wo—we|dz =0,
e—0 E,

(3.19) / we(z,1)dx < C\/Z.
la—z|<(¢

For the levels k > 2, we get by the definition of w.(x, k) and a change of variable

(3.20) / we(z, k) dz = /\k_I/ / we(y, 1)dy db.(7)
By tegi™t Jy(d)
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where (&) C B; is defined by vx(¢) = W((ftf_l)‘l(Ek) N supp ). To control the top
levels, we shall use the fact that for all k > 1, '€ J*~! and y € v (f)

(3.21) ly —a|] < Ce™PRAZ(R-D) < C(ePrA,) 7",

(To prove (3.21), use |B| < 2e~P1% and (3.9) to obtain a constant C' > 0 such that for
all k> 1,all e J* 1, and all y € y(f) we have I(FE7Y ()] = (1/C)AE=1) It then
follows from (3.19)-(3.21) that for any Ny > 2

(322) Y /B (o, k)ds < 3 CXI(ePA) M2 < 57 (enthis2p) k.

k>Ng © 2k k>No k>N

Therefore, by taking Ny large enough we may assume that >,y [ B, We(z, k) dz is
arbitrarily small, uniformly in €. The same argument also gives

(3.23) Z / wo(z, k) dx = Z )\k"l/ _wo(y,1)dr < Z C(ea+Pr/2p)—k
By ¥ (0)

k>No k>No k>No

which is small if Ny is large. It remains to bound ), . < n, ka |lwe(x, k) — wo(z, k)| de.
Using (3.20), and the equality in (3.23), we find T

Z |we(z, k) — wo(z, k)| dz < NoAN° max [/ |we(y, 1) — wo(y, 1)| dy

2<k<N, ¥ Bk « (£)Nyi (0)

s i | oy, 1 >|dy]
Y (£)\ vk (0) i (0)\v& ()

(the maximum is taken over all £ and 2 < k < N,) and the three terms of the right-hand-
side tend to zero with €, by (3.18), (3.19) and the properties of the intervals of monotonicity
from Section 2 (note that ~,(¢) is contained in some element of Zt'f . O

LEMMA 8. — Forall € > 0 and ¢ € BV(f) we have fi Lepdue = ffcpdue.

Proof of Lemma 8. — The presence of the w, factor in the integrand means that we do
not need to consider the points (z, k) for which L.¢(z, k) is defined by a limit. If € = 0,
use the change of variable formula in the integral. For ¢ > 0, by Fubini’s theorem

> /B Lop(z, kyw.(z, k) dz
k>0 k
_Z/ yJweyJ)(Z/ xk)fy]))dx)dy

320 k>0

and (using f,(I) C I, all ) 37,5, ka 0c((z,k), f(y,§)) dz = 1 for any (y,5) € I (this
just corresponds to the fact the Markov transitions P¢ are probability measures). [
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4. Main estimates

Bounding the variation

We prove our main estimate:

Variation Lemma

For each oy < o there is a constant C' > 0 and for each n > 1 there is an e(n) >0
such that for all 0 < € < €(n) and all ¢ € BV(I)

var L7 < Cog"(varp + supli) + C [ lp(a)un(e) do.
I I i I

We shall need:

Sublemma

There is C > 0 and given n > 1 there are €(n) > 0 and C(n) > 0 such that for every
0 < e < €(n), every ¢ € BV(I), and every interval A C Ey,

v L2 < Co~"(var o+ suplol) + O(w) [ Ioldic
i i i

Proof of the Sublemma. — We only consider € > 0: the case ¢ = 0 is obtained by (simpler
forms of) the same arguments, using the versions for ¢ = 0 of the lemmas in Section 3.

Fix A C Ey and n > 1. Our starting point is the following decomposition of backwards
orbits. Let ¢ > 0 and ¢ = (t1,...,t,) € J* be fixed. For each 0 < j < n we
define G(j) = G(J,€,tn,...,tn—j) to be the set of all nonempty intervals of the form
¥y=nnN ( Afjltn J)_l(A) M supp pe, where 7 is an interval of monotonicity of f’+1

tntn— =y

with  C (Ux>1Ex) and ff:lﬁe tn_,; (M) C Eo for 0 < £ < j. Moreover, we let G = g(@)
be the set of all nonempty intervals of the form y = n N ( f{i _,,tl)—l(A), where 7 is an
interval of monotonicity of fthtl with ffz,,,tl(n) CEyfor0<{<n.

Using this decomposition, the definition of L‘:-‘, and (a), (c) from Section 2, we obtain
the basic inequality:

(4.1) va,r(XAL' %) Z Z var(x gutiLy Jtnlj 1(,0)+ZV&I‘ g(")

0<j<n v€G(j) €6
(we write g(©) = g(e) tn_eqq for simplicity). Note that var 4 (L7 ¢) < var;(xaL? ). Hence,
by the definition of L and using inequality (e) from Section 2 (observe also that neither

gY*Y nor G(j) depend on ti,...,tn_j_1),

nL) < (G4+1) pn—j—1 (n)
var(Lie) < 3, s 3 var(x,gUtVLI )+ sup > var(x,9").

0<j<n tn—jsnln ~EG(5) t1,0tn ,Yeg
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Writing the right-hand-side of the above inequality as S; + Sz, we first bound S5 (recall
(b) and (d) from Section 2):

Sy < sup Z((varg(") + 2sup ‘™) - sup || + var ¢ - supg(")).
Tl 2 hl 2 1 il

By Lemma 1 and the definition of ol and g("),

o Co~" if Ac(=6,0)
(n) — ny/|=1 ’
(4.2) sgpg = SI:IZP |(ft )17 < { C(1/6)0™™ in general.

Also, since ftll has negative Schwarzian derivative and no critical points in 7 the function
g™ has at most one local minimum on 7. Therefore

(4.3) var g™ < 2sup g™ .
x Y

For each 7y € G let n be the corresponding interval of monotonicity of ftZ‘ This is the
continuation (in the sense of the last subsection of Section 2; we assume € < €(n)) of
some interval 7o € Z3"". Then v C 1 C n* (e, mo). We write ¥+ = y¥(y) = n* (e, m) and
denote G*(S,) the set of all y* found in this way. By the properties of the monotonicity
intervals described in Section 2, we have 1/p.(y+) < C(n) for all 4+ € G (observe that
telB, = o]k, is Lebesgue measure on Ej). Altogether, this allows us to write

1
4.4 su <su < var +—/ dpe < var +Cn/ du. ,
(4.4) zplwl l+1.f>|<p| et o . lo| dpse var e (n) ilsol e

for all € < €(n), where y* = y*(v). Combining the bounds (4.2)-(4.4) with the remark
that #G1(S;) < Zp™ < C(n), we obtain

(4.5) < Y (c(%)U—n?w+C(%)C(n)/j|¢|due>

l+€g+ (52)

1\ _, 1
<o(3)r| X o) +o(3)ow [ieldu
ytegt(Sz) —

where C(1/6) may be replaced by C if A C (-¥6,0).
We now move on to bound S;, and again start with the observation that

(4.6) S; < Z sup Z

0<j<n tn—jyeosln 769(])
((var gU*D + 2sup g7+ 1) sup [ L7777 ] + sup g0+ var [ L2777 g))
Y Y Y

4° SERIE — TOME 29 — 1996 — N° 4



STRONG STOCHASTIC STABILITY AND RATE OF MIXING FOR UNIMODAL MAPS 503

Note that for v € G(j) with v C Ej, Lemmas 3 and 4 together with the analogues of
(4.2)-(4.3) obtained replacing v by ft ,(7) and n by j, yield for all t

Supg(j“"l) — sup(g(j) o ftn—j g) < C(l/(S)a‘"jp—k ’
iy

(4.7) varg(]+1)< sup gD varg+ var ¢gWsupg < C(1/8)0 ek p*

th— ]('Y) K ftn 1(7) Y

(we used (b), (c) from Section 2), where C(1/6) may be replaced by C if A C (=6, 6).
For v € G(j) we write j(y) = j, and also k(y) = k if ¥ C Ej. Observe that we always

have k() > H(6), because v C (Ux>1Ex) N supp pe and ftn_j('y) C Fy. Fixing a large

value of N > n, to be determined below as a function of n only, we split the sums in S into

Z sup (Z + Z + Z )=31+32+33.

0<j<n It N seg(G)y: v€G() k()N YEG(5):
k(v)>N k(y)>2n—j—1 k(y)<n—j—1

We now proceed to bound s;, s, and s3, using each time a decomposition such as in
(4.6) as a starting point.

First, using Lemmas 5 and 6 (n — j — 1 times) together with (4.7), we get

E: E: Lk —iy—(n-j- a
< iy—(n—j-1) ok
48) S1 C<6>p oI\ (Vgrﬂp+e %gPiLPlL

0<j<n ‘it e G()k(v) >N

where v = 3(7) = (Up(f1 22} 0))7 (7)) Nsupp pe C Eny)~(n—j-1) and C(1/6) may
be replaced by C' if A C (—6,6). Since f} , .. |g, is at most 27-to-1, and E) contains
at most two intervals of monotonicity mapped to Fy by ftn_], each sum on v € G(j)

in s; (or s) ranges over at most 27! elements for each given value of k = k().
Therefore, (4.8) yields

49) 1< Y 3 20( ) DO opA ar g sl
I

0<j<n k>N

< C(%) <§)N(?)nf"(v?w + sup lel) < gil(f\f))a‘"(v?rso + sgp|<p|)

(recall that p > e* and o < 2)). As usual, C(1/6) may be replaced by C if A C (=46, 6).
Analogously

1 . )
(4.10) s < E E C(—)p_keaka_fx\_(”_’_l)(vargo + sup |¢|)
0< t" i t" - 8 2 Y
<j<n Y€G(5):k(v)SN X
k(v)2n—j-1

where ¥ = y(v) C Ei(y)-(n—j—1) is as defined after (4.8). Note that 7 is an interval
if k(y) > n —j —1 and v is a union of two subintervals of Ey, respectively Ej, if
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k(y) = n —j — 1. In what follows we consider the first case, the second one being
entirely analogous (just treat the two subintervals separately). Proceeding as before in the
case of S5, we find 79 € Z{,“’N such that v C 7% (e,m0) and also & € ZS’N such that

v C nt(e,&). Observe that

(411)  fr7N&) Cmo and  frI (& Nsupp po) = mo Nsupp po.
Indeed, the first statement is a direct consequence of the properties of the partitions
into intervals of monotonicity studied in Section 2. For the second one, recall also that
E,Nsupp o = E,NIm fe is an interval for each £ > 1 and that f is monotone on each
of these intervals. Now we write v+ = y+(v) = 77 (¢, &) and denote G*(s2) the set of
7+ obtained by varying j and v € G(j) in (4.10). Clearly, #G7 (s2) < #2020 < C,(N).
We also claim that 1/p.(y*) < Co(N) for all v+ € G*(s3), as long as € < €(n, N).
To prove this, combine the properties of the monotonicity intervals with the remark that
uo(&) > 0, which is a consequence of p.(y) > 0 and (4.11).

Hence, we are in a position to apply the same kind of calculations as in (4.4)-(4.5)
and (4.9), to get

@ ws % o5)(5) e e s 6 [l

0<j<n veG(j):k(v)SN

k(v)2n—j-1
1
<o(3) ¥ wa+o(3)om) [,
~yt
ytegt(s:) =

(we use p > e* and o < \) where, again, C(1/6) may be replaced by C if A C (-6, 6).
Using similar arguments and similar sets 7¥(7) € G*(s3), we get

(113) 535( > o(%)(%)ka-fv;r(cz-fw)+c(§)0(n> [ telduc

vt €GT (s3)

where, for simplicity, we write £ = j + 1 + k. Note that we used Lemma 8 in the integral
term. As before, C(1/6) can be replaced by C if A C (=6, 6).

Putting together (4.5), (4.9), (4.12), and (4.13), we obtain for general A C Ej
n 1 _, C(1/8) _n
(4.14) var(LZe) < 0(5)0 > var ¢ + o (vz}LNP + sup lel)

Y+EGH(S3)UgH(s2) T Cn(N)

( )o (N) / loldue+ Y C(%)a‘fvlar(ﬁl“”so),

Yyt €GT (s3)

and for A C (-6,6)

4.15 var(Ll¢p) < Co™™ var @ + ——— var ¢ + su
(4.15)  var(LT) ) > var o C(N) (varg +sup o)
Yt EGH(S2)UGT (s2)
) [lgldu+ 3 10 (e t).
ytegt(ss)
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Note that the previous calculations, for A C (=6, 6), yield a factor C(e*/p)* in the last
term of (4.15), see (4.13). On the other hand, since p > e* and k > H(6), we have
C(e*/p)* < 1 has long as & has been fixed small enough. This allows us to replace that
factor by 1, as we did, which is necessary for the sequel of our argument.

If the sum overy* € G *(s3) in (4.14) is not void, we need to proceed by recurrence. We
change the name of the G*, the 7*, and their indices k(y+), j(7*) in (4.14)-(4.15), to G,
97, k1, and ji. The correspondﬂxg objects appearing at the " step (for each fixed 7D
will be denoted g+ *, ki, j; and we also let £; = j; + 1+ k;. Since every such ,7+ is, by
construction, a subset Sf (=6, 6), we may apply (4.15) to it. After one induction step, we get

1\ _ Cc(1/6) _
N, < - n n
v%rﬁego_0<6>a ; \&?rsoﬁ— Cn(N)U (vz}}r<P+Sl}P|<P|)

( )C (N)/ledue+ 3 C(%)wfl

+€g+(s )

1
Co "N “varop + o~ (var ¢ + su
[ Z AN (var g+ sup o]

—eg n—£1—£2
) [Ioldut S o (e )

oy
’Y+EQ+(53) -

the first sum being over 11* € G (52)UGT (s2), the third one over 1; € GF (S2)UG] (s2).
This gives,

varC"go<C( ) Zvar<p+C Z var<p
7+ X ,y+ ,7+ —2
+ Z C( )o b=t var(L" fi=t25)
hognry

(0 HEH NG | gye " Care + sl + o) [ ol du].

the sums running over ;" € GH(S2)ugGy (s2), over 7] € Gl (ss), QAS GH(S2)UgF (s2),
and over 7 € Gl (s3), 1} € GJ (s3), respectively. Now, #G7 (s3) < #2;" < C(n)
because k1 < ¢; < n. In fact, #Qj(33) < C(n) for all 1 < i < n, for a similar reason.
Hence, after at most n steps we get

(4.16) vgrﬁgwﬁc(%>a—"i< > va,rgo)

‘ v+
=1 Myboaf o

—i—1'—i

+ C(n)C (%) (C—i—ﬁjo‘"(v?rgo + s1;p lol) + Cr(N) /1 |l due) )
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the second sum being over v+ € G (s3),...,7], € GF ((s3), 7] € GF(S2) UGS (s2).
Now observe that the intervals 1;" occurring in (4.16) are all distinct elements of
{n*(e,m0) | mo € Z5N}. Therefore, they have the bounded overlap property (overlap
bounded by 2 in fact, recall Section 2) and so the first term on the right-hand-side
of (4.16) is bounded by 2C(1/6)o~" var; ¢. Also, fixing N > n depending only on
n, we may ensure that C(n)/C,(N) < 1, so that the second term is bounded by
C(1/6)o~"(varj ¢ + sup; |p|). Finally, since ¢ is fixed at this point, we may omit the
dependence of the constants in (4.16) on it (i.e., we just write C instead of C(1/6)), thus
ending the proof of the Sublemma. [

Proof of the Variation Lemma. — We start by fixing some n = ng and decomposing
var; L70¢ = Zk varg, L2%p, for € > 0. Note that for & > no, Lemma 6 yields
varg, L20¢@ < Ao Varg, . . For k < ng, we first use Lemma 6 (k times), then
invoke supp, |Clp| < varg, Lip + C [z, |L0| dpe (for £ = ng — k), finally apply the
Sublemma (for A = Ey and n = ng — k < ngy) and Lemma 8. In this way we get

war L2 < ONH[Co™ v vas o+ sup o) + Clma) [ foldu]
k I i I
for all € < €(ng). Therefore (recall that ¢ < ),
var L@ < A7™ var ¢ + noCo ™™ (var ¢ + sup [¢]) + noC(no) / ol dpse -
i I I i I

Hence, for each fixed o9 < 69 < o there is C > 0 and there are C(ng) > 0 and
€(ng) > 0 such that

(4.17) var £24 < 5™ (vax o+ sup o) + () [ Iilda.

T I i I
for all € < e(ng). We also need an analogue of this inequality for the supremum:
(118)  sup|Crpl < Cop(vary -+ suplel) + Clm) [ [ildn.

I I I

To prove (4.18) distinguish two cases. If sup; [LI°¢| = SUpy, . B, | L0 p|, simply apply
Lemma 5 repeatedly. Otherwise, use
1

sup [L°¢| < sup (Var£?°s0+ —/ IEZ“’sOIdue) < var L2°¢p+C(no) /ledue,
i k<no \ B 1e(Ex) JE, i Ji

where we have invoked Lemma 8 and the fact that sup,, (1/u(Ex)) < C(no) if
e < €(ng).

Now the lemma follows easily. Fix ¢ > 1 large enough so that 2C5,? < 0,? < 1 and
then, for arbitrary n > 1, write n = pq+1r with 0 < r < q. Using (4.17)-(4.18) recursively,
p times with ny = ¢ and then once with ng = r (together with Lemma 8),

var(L7p) < Cog™ (V@rcp+suplcpl> + C/ledue,
i I i i

for all n > 1 and 0 < € < €(q) (the constants C' depend only on ¢). The lemma is thus
proved for € = 0. If € > 0, we also use [;|¢|due < [} || duo + sup; |o| [} lwo — we| dz,
restricting if necessary to € < €(n), some e(n) > 0, to ensure [; |wy — we|dz < o5
(recall Lemma 7). O
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Bounding the supremum

The following is an easy consequence of (4.17)-(4.18) (use the same argument as in
the proof of the Variation Lemma):
Supremum Lemma

For each og < o there is a constant C > 0 and for each n > 1 there is an €(n) such
that for all 0 < € < €(n) and all ¢ € BV (1)

sup 2| < Coy(var o + suplie]) + C [ [o(@)lunla) o,
I I I

Remark. — It follows from Lemma 8, the Variation Pemma and the Supremum Lemma
that the operators L. preserve the Banach space BV (I) and are bounded for all € > 0.
Bounding the integrals

We now deduce our final estimate:

Integral Lemma

There is a constant C > 0 and for each n > 1 there is an e(n) > 0 such that for all
0 < e<e(n)andal o € BV(I)

/ (L2 — Lyp)wo|dx < CO'—n(V?,I‘(,O +sup |¢]) -
i i

Proof of the Integral Lemma. — This time, we use the decomposition f i Llpwodr =
J; i Zkzo L (@xE, )wo dx. We first bound the integral on the unbounded top part of the
tower. Fix some large N > n and write T' = Up>n_, Ex. Then, using the positivity of
L., Lemmas 7-8, and the Supremum Lemma (recall also from the proof of Lemma 7, e.g.
(3.22), that w, is integrable over I for ¢ > 0), we have

(419) [ 1€2exa)lunds < [ lplr weda + sup £2(lelxr) [ oo = wel do
I I i I
< sup |¢|pe(T) + [Cog " (sup o] + var ®) + C/ l¢plwo da] ~[|wo — we| dzx
I I I I

1 —-n
< sup |l Z + (sup || + var p)e(e) < Co™"(var ¢ + sup|ol)
I 77-( ) I I I i

for 0 < € < €(n), as long as N is fixed large enough, depending only on n.

It remains to control the bottom part of the tower B = Ugcn—nFEr. We shall do
this by “trimming” intervals as in [BaY, Section 5]. Our notations are as in the last
subsection of Section 2. First, we note that B C U,,On(t_: M) C Ur<nEy for all fe Jr,
the union being over all 7y € ZS’N. Given any such ng let (e, o) = Niegr ftl‘(n(f: 70))
and define (*(e,7) in a similar way, replacing intersection by union. Let £ = £(n)
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be defined by ny C E,. Clearly, given (z, k) € (~(e,m0) C Ey and t € Jr, there is
exactly one y; = yz(no) such that (yz,£) € n(f,no) and f» (yp £) = (z, k). Now we define
&(e,m0) C ¢~ (€,m0) by the condition that either yz € supp wy or else yz ¢ supp w, for all
t € J. Observe that, for each fixed 79 and n, all three sets (* (e, 7o) and &(e, 79) converge
to f*(no) as € — 0. Set Y., = Uy, (CT(e,70) \ €(€,7m0)). Then, using #Z5" < C(n)
(recall that N is fixed depending only on n), we get p10(Ye,n) < ¢, (€). Together with the
Supremum Lemma, this gives

(4.20) / |2 (pxB)|wo dz < (sup|p| + var ©)en(e) < Co'_n(VE;I' @ + sup |¢|)
Ye,n I I

for all 0 < € < €(n). On the other hand, clearly, (L?(¢xB) - wo)(z, k) = 0 if (z,k) does
not belong in X., = U,,(*(e,no). Hence, we are left to bound

(4.21) / (L7 — L2 (oxp)lwods < C sup  |(£0 — £2)(oxs)).-
( € n\Ys n) (XC,'"\YC,'")

For the rest of the proof we fix an arbitrary (z,k) € (Xen \ Ye,n) Nsupp po. By definition,

(422) (L7 - £3)(oxs)(a,k)
- [ 00wz ). ) dBE) = (6™ (), ).

where ¢g("), gt&")

are the iterated weight functions introduced in Section 2, y = yg, and the
sum is over all 7o € Z5" with 79 C B and (z,k) € £(e,m0). We fix 7o and consider
two possibilities. If y ¢ suppwy then y; ¢ suppw, for all t, recall the definition of

&(€e,m0). This implies g(")( 7) = g™ (y) = 0, hence 7o does not contribute to (4.22). In
the opposite case, the term in (4.22) corresponding to 7o is bounded by (we omit the

reference to 7o in ¢, y and y;)

(4.23) / 0w £) — o(u, )19 (g, )dAL(F) + / 10w, 01195 (5, £) — 9 (3, €) B ()
<varg- / 9% (yz, €)dfL(F) + sup |¢| / |95y, £) = 9™ (v, 0)|dO(F)
7’0 I

with n§ = 17 (e, o). Note that g™ (y,£) = M~ * <o ™ if b+n—k =0.For £+n—k >0
we claim that

wo(y, £) 1 _ XFh(z, k) < Cg-n
wo(z, k) [(F)Y W] [(fr+t=ry (Fl(y, 0)] ~ ’

(4.24) 9™ (y,0) =
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where h(z,k) = |f'(f2%(x,k))/f (f**(y))|. Indeed, we use that f75(x,k) is either
f"*(y) or (f"*(y))_ (recall the notations z_, K(z) introduced before Lemma 5) for
the second equality, then we obtain the last inequality by applying Lemma 2 to the
Frte=*_trajectory of (f7%(y,£),0) (recall that § is fixed) and noting that |h(z, k)| < K.
Now for i € J*, @ € J*, and 7 € J¢, we write zg = fi;,_’i(x,k) and y;; = 5.4.(%,5)
whenever these objects are defined. Then, restricting to the case £ +n — &k > 0 (the case
£+ n — k = 0 is simpler) and recalling the definition of the perturbed cocycles w.,

J 109wz " dBL()
15 ()| dBL(@)
J b, DI(4) (we) | dB(

R o b ),

(4.25) / ) (g, £) dB, () = A~ (2 ()| dB(F)

where we write 7 = (tp—k41,.-.,tn) and § = (vy,...,ve,t1,...,tn—k), and denote
h(z,7) = | (z#)/ f' (f2+*(yz5))|. Observe that f2"*(y; ;) is either z7 or (z7)_, the
choice between the two possibilities depending only on (z,k) and 7o for small enough
€(n). Hence, Lemma 2 yields

(4.26) / 9% (g, £) dB(T) < MK sup |(F247%) (yz5)| 7 < Co™m
ot
To control the last term in (4.23), we bound |g£~")(yt~, 0) — g™ (y,0)| by

9 (yz, 0) h(z, k) 1’

9™ (y,0) h(z,7)

gé‘n)(y{’ e)
h(z,T)

and observe first that

(427) |h(x7 F) - h(.’L‘, k)l + g(n)(y’ e)

9% (4, 0) h (. k)
g("> (y,£) h(z,7)

. () (5 (0, 0)
(£ (o)

Indeed, the first inequality follows from previous considerations, see (4.2i1)-(4.25).
Moreover, by construction, (f77“*)(yz;) has the same sign as (f"T¢*)'(f;%(y,))
and their difference is bounded by (note that f;z(y,l) = Y5.0

1’d95(f') <s

ndiy

t,0

- 1‘ < en(e).

sup |(£277F)"(2)] - lyzs — £ (3, 0)] < C(n)en(e) < cnle).

Combining this with Lemma 2 (to bound the denominator) we obtain the second inequality
in (4.28). Observe, moreover, that the first term in (4.27) is also bounded by ¢, (¢), because

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



510 V. BALADI AND M. VIANA

1/h(z,7) < K and |h(z,7)—h(z, k)| < cn(€) (use here that K (z) is Lipschitz). Therefore,
we obtain from (4.23)-(4.28) that (4.22) is bounded above by

Z (Co™™varp + Co"cp(€)sup |p|) < Co™™varyp + o~ "c,(€) sup ||
WOEZS'N 7’(4)‘ f I i

for all 0 < € < ¢(n) (use the bounded overlap property to sum the variations and
#Zy N < C(n) to sum the suprema). Replacing in (4.21),

wo) [ I(£7 = £2)(¢xs)lwo da < Co~(var o + sup o))
(Xe,n\Ye,n I i

Together, (4.19), (4.20), and (4.29) prove the lemma. [J

In Section 5, we shall also need the following version of the integral lemma:

Nonuniform Integral Lemma
Ji 1L — Lol duo < cale) for each fixed ¢ € BV ().

Proof of the Nonuniform Integral Lemma. — Fix ¢ € BV(f Yand n > 1 and let 7 > 0.
Reading the proof of the Integral Lemma, first choose N so as to make 1/C,(N) < 7
in (4.19) (restricting to € < €(n, N) if necessary). Next, since ¢ has bounded variation,
there are € = €, ,(r) > 0 and E = E,, ,(7) C I with Lebesgue measure |E| < 7 (hence
po(E) < (7)), such that |p(yz £) — @(y,£)| < 7 for all £ € J* whenever (y,£) ¢ E.
For (z,k) € Xn.\ (f*(E)UY,) this permits us to replace var,+ ¢ by 7 in (4.23) and
so also Co~" var; ¢ by C(n)7 in (4.29). On the other hand, in just the same way as in
(4.20), the integral of |L.(¢x5)| over f*(E) is bounded by c(7). Finally, take ¢ > 0 small
enough so that the factors c(¢), c,(€) in (4.19), (4.20), (4.29) be smaller than 7. Putting
all this together, we conclude that [ [(L? — Lg)(p)|wodz < c,(7) if € > 0 is small. Since
T > 0 is arbitrary, this proves the lemma. [

Balanced norms

We introduce a family of equivalent norms on B V(f ), defined for 0 < ¢ < 1 by

(430) il = ¢ (var -+ sup lol) + [ Il do.
I

(Analogous “balanced” norms are used e.g. in [BaY].) We now state an immediate
consequence of the Variation, Supremum and Integral Lemmas:
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Dynamical Lemma

For any 7 with 0=} < 72 < 1, there is C > 0, and for any n > 0 there is e(n) > 0 such
that for each 0 < € < €(n) we have |L} — LE||z» < C - 7"

5. Conclusion of the proof

We first reprove the result (essentially due to [BC], see [MS]) that f satisfies the
conclusion of Jakobson’s theorem [Ja]:

CoroLLARY 1 (Invariant measure). — Let f satisfy assumptions (A1)-(A2). Then f has
an absolutely continuous invariant probability measure mqo = pg dx.

Proof of Corollary 1. — (The arguments are fairly standard, see e.g. [Ry].) We start by
constructing an absolutely continuous f—invanant probablhty measure mg. Consider the
sequence of nonnegative functions ¢, = (% 327 £i(xx,)). It follows from the Variation
Lemma (for € = 0) that var; ¢, < C, and from the Supremum Lemma that Sup; ¢ < <C,
uniformly in n. By Helly’s theorem, a subsequence of ¢,, converges in Ll(I dz) to some
po € BV(I ) which, by construction, is a fixed function of Lo. By Lemma 8, [ o duo > 0
and Mg = pPolip is an f invariant measure. We replace po by po/ f po dpug in what follows.
Now, let P : L}(I,dz) — L'(I,dz) be the usual Perron-Frobenius operator for f (i.e.,

P(cp) > fy=zyz0 P/ ()], and P be the usual Perron-Frobenius operator for

f. Then, P(powo) = pPowo, and an easy computation shows that P(py) = po, where

po(z) = Y peo(Powo) o (|, )~ (z). Note that [, po dz = 1 because [; powo dz = 1. By
well-known arguments, the probability measure mg = po dz is f-invariant. [

Remark. — Lemma 5 applied to po provides the following additional information on the
measure my: Supg, fo < const A~k for all k£ > 0, in particular Yk Supg, Po is finite.

Condition (A1) combined with [Si] ensures that f has no periodic attractors. Hence, by
a result of Blokh-Lyubich (see e.g. [MS, Theorem V.1.2] for a statement and references),
f is ergodic with respect to Lebesgue measure. It is easy to deduce that f is ergodic
with respect to mo and, moreover, that this is the unique absolutely continuous invariant
probability measure of f (see e.g. [MS, Theorem V.1.5]).

By [BL], the entropy of f with respect to this absolutely continuous invariant probability
measure is strictly positive. Now, since we also assume (A3), f" is ergodic with respect
to myg for all n > 1. Indeed, almost every ergodic component of mg for f™ is absolutely
continuous [Le, Corollary 4]; there are finitely many such components and their supports
consist of finitely many intervals [ Yo, Proposition 3.3]; the topological mixing assumption
(A3) then implies that these supports must all coincide, hence myg is ergodic for f".
Therefore, [Le, Theorem 1] gives that the natural extension of (f, mg) is Bernoulli, and
thus (f,mo) is exact (that is N,>0f~"(B) contains only zero or full mo-measure sets,
where B is the Borel o-algebra of I). This conclusion plays a central role in the proof
of the next corollary.

Let us also note that in this context (A3) may be formulated
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(A3) for any interval J C I there is n > 1 such that f™(.J) contains the interval bounded
by c; and c; (which coincides with f*(I) for all k > 2),

and is equivalent to f being non-renormalisable, see [BL]. Finally, [Yo, Lemma 2.1], for
quadratic maps with parameter a close to 2, conditions (A1)-(A2) imply (A3). Combined
with [BC], this gives that the three conditions hold simultaneously for a positive measure
set of values of a.

CoROLLARY 2 (Quasicompacity). — Assume (A1)-(A3). The spectrum of the operator Ly
acting on BV (I) decomposes as (Lo) = £1 U {1}, where 7o = sup{|z| | z € £;} < 1
and 1 is a simple eigenvalue with a positive eigenfunction py and spectral projection
To(@) = po [; ¢ dpo. Moreover, the essential spectral radius of L is at most 1/o < 1.

Proof of Corollary 2. — We shall first show that the essential spectral radius of £, acting
on BV (I) is at most 1/o < 1. Since the Variation Lemma, the Supremum Lemma, and
Lemma 8 imply that ||£7|| is uniformly bounded, in particular the spectral radius of £, is
equal to 1, it will immediately follow that the spectrum of L, decomposes as the union
of a finite set of eigenvalues of finite multiplicity on the unit circle and a compact subset
of a disc of radius 79 < 1 (note that 7y is either the essential spectral radius of Ly or the
modulus of the second largest eigenvalue). We have already observed that (A3) ensures
exactness of (f,my). We shall then deduce that (f,7ho) is also exact and, from this, that
the only eigenvalue of Ly on the unit circle is 1, and is simple.

Lemmas 1 and 2 (see also (4.24)) imply that there is a constant C > 0 such that
sup; g(") < Co™™forall n > 1. Let N > n be such that uo(UrsnyEr) < 0™, and define
projections «,, and @, n : BV (I) — BV() by chosing an arbitrary point z, in each
monotonicity interval n € Z3 and setting

an(p) = Z @(xn) Xn and an,N(p) = aq (‘P : X(UkSNEk)) :
nezy

We first bound ||[£™ — L™, ||V, using (a)-(c) from Section

sup|(£" — L an)pl <sup > g™ (yy)le(yn) — ¢(xy)| < Co™"varg
I ne€Zgy !
yEf™(n)

var(L" — L™a,)(p) < Z (var g™ sup | — @(z,)| + sup g™ var | — p(,)]
I n€Zp n n n n
+ 2sup g™ sup | — p(z,)|) < Co™"varp
n n i
16 = 2raeldne < Csupl(e” - L)l < Comvarep,
I I I
with y, = (f~"|,)(y) (we used Sf < 0 and the fact that K (z) has bounded variation, see

again (4.24), to get var, g™ < Csup,, g™ for all n € Z§). Now, for any fixed o¢ < o,
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the above bounds together with the Supremum Lemma yield
L™ = £ w)ll < (L™ = £20) (@ Xurew 5l + I1£7(2 - X(0eon )
<Co™™ vary + Cao‘"(v?rso +sup ¢|) + C/ ¢ - X(Usn B | dito
i i

< Cao‘"(v?w + sup []) + C'sup [p|po(Uk>nEx) < Cog ™[l
I I

with constants independent of V. Since each oy, y has finite-dimensional range and is
therefore compact, the essential spectral radius of L is not bigger than 1/0, as claimed.

We now go to the second part of our argument. We start by claiming that, given any
Ae Nr>0 f- "(B) where B is the Borel o-algebra of I, there is a Borel set A C I such that
A= 7~1(A), up to a zero 7hp-measure set. In what follows we disregard zero measure sets,
in particular we always restrict to supp 7, respectively supp mo. Note that Be f(B)
if and only if B € B and satisfies [¢ € B, f"(ﬁ) f(n)] = n € B. Also, there is B C I
such that B = n=1(B) if and only if [(2,k) € B, (2,£) € I] = (2,£) € B. Therefore, in
order to prove our claim it suffices to show that, given (hg-almost) any (z, k), (2,€) € I,
there is j > O such that fi(z,k) = fi(z,£). For z € (—6,6) we define p(x) to be the
“falling time” of z, that is the smallest integer j > 1 such that fi*+!(z,0) € E,. Then,
e=P12@) > (1/C)|(F7@ =1 (c1)||er — f(z)| > (1/C)AE™ 22 this is proved in the same
way as (3.10) (using the first inequality of (3.9) instead). Moreover, p(z) > H(6) and so,
if 6 > 0 is small enough, the previous inequality implies

(5.1) NP@) g2 < 42 where we write v = (1 — e ) min{1, |c1|,.. ., |ca, |}-

Now let (z,k), (z,£) € I. Note that 7(f7(z,k)) = n(fi(z,£)) = fi(z) for every j > 0.
We suppose that the f-orbit of z is disjoint from the critical orbit (this excludes only
a countable set), so that p(f7(z)) is always finite. It is not difficult to see that, either
there is j > O such that both fi(z, k) and fi(z,£) belong in Ey, or else there are
0 <y <vy <---with f¥(z) € (=6,6) and v;41 < v; + p(f*(2)) (each point starts
climbing up the tower again before the other one falls down) for all ¢ > 1. In the first
case, it must be f7(z,k) = fi(z,£), which proves our claim. In the second one, we write
pi = p(f*(2)) and note that v;41 — v; < p; implies |f7+1(2) — c(yy, -y < e P EHI7V0)
which, together with (A1)-(2.5), yields |f“i+1(z)| > ye~eit1—vi) > ye=ePi I view of
(5.1) and our assumption e2® < /X, this gives p;11 < (p;/2) for every i > 1. Since the
p; are positive integers, we conclude that the sequence v; is necessarily finite. This means
that one eventually gets into the first case, thence the claim is proved.

As a consequence, (f,7ho) is exact. Indeed, given any A € N,»of "(B), take
A C I with A = 771(A). Clearly, A € Np>0f "(B) and so, since (f,my) is exact,
mo(A) - mo(A°) = 0. On the other hand, recall the proof of Corollary 1, my = m.7g
and so rhg(A) = mo(A). It follows that mo(A) - mg(A°) = 0, as we wanted to
prove. In particular, f is mixing with respect to 7. Combining this with the equality
J; L (who) dpo = [3(vo f™)ppo duo for ¥, ppo € BV(f) (use Lemma 8), it follows that
L3 (ppo) weakly converges in L' (po) to po [ ¢po duo as n — oo, whenever ppg € BV(f).
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Now let A; € S' be an eigenvalue of £y and p; € BV(f ) be a corresponding
eigenfunction. We claim that supp p; C supp po. In view of our definitions, it suffices to
prove supp p1NEy C supp poNEy. Let J(8) be the interval in Ey bounded by f2(—8)x {0}
and f(—8) x {0} (since (—6)_ < 8, we have |f*(8)| < |f(=9)|, for i = 1,2). On the one
hand, supp p; N Eo C J(6) because f2(I) N Ey C J(6) (points (z,k) with |z| < § have
fi(x, k) = (fi(z), k+1) for i = 1,2). On the other hand, inf jo| (s > 0. Indeed (following
[Yo)), let J C I be any interval with inf pols > 0. Since f is topologically mixing there
is ny > 1 such that 7(f™ (J)) contains a neighbourhood of the (expanding) fixed point ¢
of f. Then there is no > n; such that f"?(J ) contains a neighbourhood of (g,0) in Ey. It
is easy to deduce that f™3(J) D J(6) for some n3 > n,. This shows that j is positive
on J(4) and so proves the claim. Hence we may write p; = po for some function ¢.
Applying the weak convergence statement above we get that A\7py = L3 p1 — po [ p1 dpo.
This implies that A\; = 1 and p1 = po | p1 do. Finally, the eigenvalue 1 must also have
algebraic multiplicity one because ||L{|| is uniformly bounded. O

From Corollary 2, we recover a result of [KN, Yo]. For a function ¢ : I — C with
bounded variation, we define ||¢|| = ||¢||pv = var; ¢ + sup; || + [ |o| dz.

CoroLLARY 3 (Decay of correlations). — Let mqg be the unique absolutely continuous
invariant probability measure for f and let 7o < 1 be as in Corollary 2. For any T > 19 and
©, % : I — C of bounded variation, there is C = C(t, |||, [|[¥||) > 0 such that for alln > 1

‘/I(<P°f")¢dmo—/180dm0'/11/)dmo

Proof of Corollary 3. — The proof uses standard arguments, see e.g. [Yo]. Lifting a
function ¢ with bounded variation to ¥ (z,k) = (x), we have ¢p, € BV (I), with
||1,Z;30|| < const ||| (recall that ), supg, o < o). By definition of my, 779, and Lo, we
may thus write (using Lemma 8 for ¢ = 0)

Jomypimo— [ odmo [ pmg
_ /i(¢of")¢dmo—/f¢dmo/f¢dmo
= /@[ﬁg(ﬁﬁo) —ﬁ0</¢'l30 d#o)]duo

= / @ﬁg(ﬂl(ﬂzﬁo))dﬂo

<Ct™.

< sup|@|C(7,¢)7",
I

where 7; is the spectral projection associated to ;. O

Our main result will now follow from a version of the perturbation theorems on families
of linear operators in [BaY, Section 5.E and Erratum]: Let (X, || - ||) be a complex Banach
space and (T, e > 0) be a family of bounded linear operators. Assume that the spectrum of
Ty decomposes as X(Ty) = X U Xy with ¥g = {1} and k; = sup{|z| | z € ¥1} < 1. Let
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X =Xp®X;and 7, : X — X, 7= 0,1, be the corresponding vector space decomposition
and projections. Assume further that X is finite-dimensional. Now let | - | be a norm on
X with |z| < ||z|| for all z, and let || - ||¢, 0 < { < 1 be the family of norms defined by
I-lle =<l - [l + (1 =¢)| - |- Assume that 7¢ is a bounded projection for the norm | - |.

Perturbation Lemma ([BaY])

Suppose that supg_c x, |Tex — Toz|/|z| — 0 as ¢ — 0 and |T.| is uniformly bounded.
Suppose also that there exists k1 < Kk < 1 such that for each large enough n > 1 there exists
e(n) > 0 with || T — T |x» < ™ for each 0 < € < €(n). Then, for each small enough e,

(1) The spectrum of T. splits as ©(T.) = £§ & 55 with &5 = sup{|z| | z € 3¢} <
inf{|z| | z € £§}, and limsup,_,o k5 < max(k1/k, k).

(2) Let X = X§ @® X be the associated decomposition. Then dimX§ = dim X,
S(Te|x:) — 2(Tolx, ), and |w§ — mo| — 0 as e — 0.

For the bound on «{ in (1), just note that the constant ' in the proof of Lemma 1’ in
[BaY] need only satisfy max(ki/k,k) < &' < 1.

Proof of the Main Theorem. — We will first check that the hypotheses of the Perturbation
Lemma are satisfied, and then derive our theorem from the conclusion of this lemma.

A

We let X = BV (I), T. = L. for ¢ > 0, and consider the norms || - || = || - ||zv and
|| = ;|- |duo (then || - ||¢ is the balanced norm defined in (4.30)). The hypotheses on
Ly are satisfied for k; = 79 because of Corollary 2, in particular Xy = Cpy has dimension
1. Note that |£.| < 1+ c(e) for all ¢, by Lemmas 7 and 8, and that the assumption
on m, is obvious from Corollary 2. Fixing 1 > k > max(,/7,/1/0), the bounds on
the differences L7 — L£j follow from the Nonuniform Integral Lemma (for ¢ = po) and
the Dynamical Lemma of Section 4. It follows that for all small enough ¢, the essential
spectral radius of L. is smaller than max(k;/k, ), which can be made arbitrarily close
to max(y/7,,y/1/0) < 1. By the same arguments as in Corollary 1, £. has a positive
fixed function j. € BV (I), in particular we have £§ = {1} and X§ = Cp.. Moreover,
we normalize [ p.due =1 and then =§ is given by 7§(¢) = pe [ ¢ dpe. Note that, using
the definition of £, and Fubini’s theorem,

/ ( [ e, d(y,j)))we)(x,k) dp(a, )
(5.2) - / o )L (Wpe) (s ) diselw,5)

for all n > 1, and ¢,¢ € BV(f). Taking ¢ = 1, this proves that M, = p.p. is an
invariant probability measure for x.. Now, consider the measure m,. on I with density
pe(z) = Y peo(pe - we)(m|g,) " (z). Clearly, m. is absolutely continuous and, as it lifts
to 7., it is the unique x°®-invariant probability measure. Moreover, the same kind of
computations as in the proof of Corollary 3 (with (5.2) replacing Lemma 8) prove that
the correlations of (x¢, m.) decay exponentially fast, with rate at most 7. = . From the
Perturbation Lemma (1), we get limsup,_,o 7 < max(,/70,/1/0) < 1, which proves the
second statement in the theorem.
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Finally, by Perturbation Lemma (2),

N ﬂo(IA)_A = T — 1 cle
/fpoue(j) Pe d#o—/f (7§ — mo) Me(j) dpo < c(e).

Together with |po(1)/pe(I) — 1| < ¢(€), which is a consequence of Lemma 7, this gives
that [; |pe — po| dpo < c(€). We claim that sup; p, is bounded uniformly in e. Indeed,

/ﬁed#o S/ﬁoduo+/|ﬁe—ﬁolduo <140 <C.
I I I

Then, the Variation Lemma and the Supremum Lemma yield, for large n and € < €(n),
Supjy pe = supj; ‘C?ﬁe < %(V&I‘I‘ pe+ sSupj ﬁe) +C, and var; pe < %(Varj Pe+ Supjy ﬁe) +C,
hence sup; p. < 3C. Finally, using Lemma 7 once more,

/ 1po(x) — pe(w)] dr = / |pewe — ool d < cfe) + sup f. / fwo — we| dz < e(e),
I I I I

which completes our proof. [
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