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LOGARITHMIC DECAY AND OVERCONVERGENCE
OF THE UNIT ROOT AND ASSOCIATED ZETA
FUNCTIONS

By B. DWORK anp S. SPERBER

Introduction

Let V, be a family of algebraic sets parametrized rationally by the points A of an
affine variety U defined over F,. Thus for each A,eU algebraic over F, we have an
algebraic set V, ~defined over F, (Ay). Let {(V,,7) be the corresponding zeta
function. We fix an embedding of the algebraic closure of Q into the algebraic closure
of Q, and define the unit (resp.: p*) root factor, {,(V,,?), to be the product of factors
(1—ra)*' of {(V,,,1) such that |a|=1 (resp. |a|=|p"|) for the indicated p-adic
valuation. The unit root zeta function of the family is

Cu (=TT (V,, 18Ry 1/desh

the product being over all Ae U algebraic over F,. The definition may be modified in a
number of inessential ways. The product may be restricted to a subset U’ of U
corresponding to non-supersingularity of V,. Furthermore the rational function
. (V,, 12" may be replaced by the characteristic polynomial of the Frobenius acting
on the cohomology of fixed dimension. A similar unit root object may also be assigned
in the case of L-functions associated with character sums. The methods of this paper
apply with minor modifications to such unit-root L-functions as well.

The first mention of such a zeta function seems to have been in [Dw 0] where , was
shown to be meromorphic in a non-trivial example. Further examples were given in
[Dw2]. These functions have been examined by Katz [Ka 2], Crew [C] and more recently
(under the hypotheses that U be smooth and proper) by Etesse, [E].

In the present article we provide a method which shows that starting with any over
convergent cohomology theory one can show that the unit root zeta function is mer-
omorphic on a disk ord, #>(p—1)/(p+1). In fact our treatment seems to suggest the
utility of the ring of functions having logarithmic decay (intermediate between rings of
convergent and overconvergent functions). Like the convergent theory, in the logarith-
mic decay case, valuation-based “sub and quotient objects” again belong to the given
category, and the associated L-functions over converge. To make our result more

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE. — 0012-9593/91/05 575 30/$ 5.00/ © Gauthier-Villars



576 B. DWORK AND S. SPERBER

understandable we give (§12) a completely non-cohomological treatment of the generic
family of hypersurfaces.

More generally we show that if A is a Frobenius matrix analytic on the set
2,={|x|£1,|f|=1} in n-space with logarithmic decay at the boundary in the sense of
Section 6 below then the associated unit root zeta function is meromorphic on the disk
indicated above. By induction one can then treat the p" root zeta function.

The main point of the present work is that the notion of logarithmic decay is made
precise, that the logarithmic decay of the fixed point of the mapping 6 [(7.2) below] is
clearly established and that the relation between logarithmic decay and convergence of
unit root zeta function is clarified (§11). This program has existed since the mapping 6
was introduced by the first named author [Dw 1]. Sperber and Sibuya [S-S] demonstrated
logarithmic decay for the logarithmic derivative of (Fy(1,...,1; n8*!x) by a direct
calculation and explicitly pointed out the application to the unit root zeta function. The
present work is applicable to their example and more generally to solutions of matrix
Riccati equations appearing in the theory of normalized period matrices ([Dw 1],
Lemma 5.1 (ii)).

In particular the present results apply to the old favorite, the logarithmic derivative
of ,F,(1/2,1/2;1;x) [as indeed was also conjectured by N. Koblitz (letter of
12/13/75)]. This case can also be treated by means of the excellent lifting of Frobenius,
®,, so that 6 [equation (7.2)] may in this case be replaced by the simpler mapping
n—h+ oy (Nn°@,), where h is overconvergent relative to the Hasse domain.

We observe that the example of [S—S] suggests that the condition
o' <Inf(a,(p—1)/(p+ 1)) of Section 7 might be replaceable by the condition o’ <Inf (o, 1).

The following conjecture may clarify the relation between the present work and the
general arithmetic theory of linear differential equations.

Let L be an n-th order linear differential operator defined over C,(X). Let L; be
monic operator of minimal order [defined over E, the completion of C,(X) under the
gauss norm] which annihilates those elements # analytic and bounded on the generic unit
disk D(z,17) which lie in the kernel of L. We conjecture that the coefficients of L,
have logarithmic decay in the sense of the present article.

1. Logarithmic type functions

Let m=2, g=2. Let p=p,, , be the piecewise linear function on the positive real line
which takes the values

p(s)=0  for 0Zs=m
p(m,gh)=t  for t=0,1,...
Explicitly for t=0,1, ...
s—mq'

=+ "1
A Y

for mg'<s<mg'*!
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OVERCONVERGENCE OF THE UNIT ROOT AND ASSOCIATED ZETA FUNCTIONS 577

We shall use p’(s) to denote the derivative (resp.: left hand and right hand derivatives)
if 5 is not mq' (resp.: is mq'). For s>m, p'(s), is monotonically decreasing and the right
hand derivative never exceeds the left hand derivative. The purpose of this section is to
describe the basic properties of p which we will need in subsequent sections.
LEMMA 1. (1) For x=20, p(mqg'+x)<t+x/m(g—1)q¢

(i) (Ig=1)+p(s)+p(s)2p(syts2)

(i) (1/(g—=Dg)+p(s)+p(s))Zp(sy+sy), if s, +5,Zm+mg'

(iv) Pm,y (51)F Py (52) 2 Py 4y (511 52)

(v) Let 1=c<q. Forszcm

-1
p(s)—p(s)z .
q—1

(vi) For s=0.
P =1+p(s).

i) For s=zm, p(sq)=1+p(s).

(Vi) Py, 4(5)= Pm (5/9)-
(viii) For aeN, p,, ()2 appga, 4 (5)
For ease of exposition, we present the proof of this lemma in the appendix (§13).

2. Amice ring in N-space

Let K be a field of characteristic zero complete under a rank one ultrametric
norm. Let Oy be the ring of integers and let f be an element of Ok [X;, . . ., X,] regular
in X, of degree d, i.e. degf=d and X? has unit coefficient in f. We define the gauss
norm on Oy [[X]],

l Z au Xu lgauss = Sllp l au l
Let

d—1
f.f:{ Y & Xif|E €Ok Xy, - - Xpo1]1 [ Ej s lgauss = 0 @SS — —oo},

j=0 seZ

To define multiplication in L 1 We write

d-1 d-1
YoXESXa Y YELSXI =S Y XU
j=0 seZ j=0 seZ t s+s' =t

0sj,j'<d
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578 B. DWORK AND S. SPERBER

which is formally well defined since

Z aJ’,S&}',s’z z &j,sg}’,t—s

s+s'=t seZ

which clearly converges in the gauss norm on Oy [[X,, ...,X,_,;]]. Denote this sum by
T, ;... To complete the calculation we must write for a<2(d—1)

Jh
-1 a-1

X5 = Z X:npu,i+fz X Oy i
i=0 i=0

where p, ; and o, ;€ Oy [X,,...,X,_;]. (Of course for a<d—1 we have p, ;=8
G, ;=0, while for a>d, o, ;=9,_, ;) The product may be written

o, i*

a-1 d-1
Z thX:l Z (Tj 5 e Pjwj i T i e—1 Cjajr, )
0

teZ i=0 jJj=
Thus L s 1s a ring with a norm

iz &U'»Sxf;fs l = Sup | &j,s !gauss'
J.s

Under this norm, L +® K is a banach space. We are unable to show that L ; may be
identified with I:f, if ' is also regular in X, and with the same image in K[X] as
f- (Here K denotes the residue class field of K.)

Each element of L ; may be written uniquely in the form
2.1 E=Ya, X[

the sum being over all seZ, all ueN", wu,<d For ueN' we put
lu||=u,+ ... +u, Here all a, ;€0 and |a, ;| >0 uniformly (with respect to u) as
§— — 0.

We define the restricted Amice ring, L, to consist of all £ which satisfy the further
condition that a, ,— 0 as ||u||+|s| > oco. The norm of L, induces a norm on L, |£],
and

1€l Inl,zlEnl,

3. Restricted Amice Ring (¢f. [R], [B])

Let fe O [X] be regular with respect to X, as in Section 2. Let Q be an extension
field of K which is algebraically closed and complete under a valuation extending that
of K. Let O, be the ring of integers of Q.

Let 2,={xe0q| |f(x)|=1}. Certainly &, depends only on f, the image of f in
RIX].
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OVERCONVERGENCE OF THE UNIT ROOT AND ASSOCIATED ZETA FUNCTIONS 579

Let
H,={g/heK (X)|h has no zero in 2, }
By Reich [R], lemma A, the elements of H, are bounded on &, and we denote by | |, ;

the sup norm on %,. The space H(Z,) of analytic elements on &, is defined to be the
completion of H, under the sup norm.

Clearly each element of L, may be viewed as a function on %, and in fact may be
identified with an element of H, (Z,), the set of all e H(Z,) bounded by unity on % .

LEMMA. — The natural mapping of L, into Hy (2 ) is an isomorphism and an isometry.

Proof. — We first show the isometry. It is clear that for £eL,, |&]|, JSlEl. To
reverse the inequality let [E],=1 but ||, =e<1. By hypothesis in the representation
(2.1), |a, ;| <& for all (u,s) outside of a finite set, B. The reduction modulo the prime
ideal of Oy is thus

€= Y a4, X' feRIX. [
(u,s)eB
By hypothesis &(X)=0 for all XeK" such that f(X)#0. Hence E=0 as element of
K (X). It follows from the regularity of f that a, ;=0 for all (u,s)eB. This shows that
|a, |<1 for all (u,5)eB and since B is finite there exists &' <1 such that |a, ,|<¢’ for
all (u,s)eB. This shows that |a, ,|<&”=sup(e,e’)<1 for all (u,s), contradicting the
hypothesis that |§|,=1.

Since the mapping is an isometry, it must be an injection. To show surjectivity it is
enough to show that each element of H, may be represented by an element of L. Since
each element of H, is a ratio g/h of polynomials and the representation of g is trivial,
we may restrict our attention to 1/4 where he Oy [X], h#0, and & has no zero in 9,. We
may conclude that each zero of 4 in Q" is also a zero of f [as otherwise the zero in Q
could be lifted to a zero of & in ¢y, at which |f(x)|=1]. ([R], lemma A). By the Hilbert
nullstellensatz, a power of f lies in the ideal generated by A, i.e. there exists se N such
that Ff=hk for some keOy[X]. Thus putting p=f"—hk, we conclude that
PE O [X], | Pleauss=€<1, and so

h=kf~* . (p/f*Y.
j=0

Certainly p/f* is the image of an element n of L, |n|f=|n|@f=s<l and so ) meL,
j=0
and has image (1+p/f*)” ! in H(Z 7). The assertion is now clear.

4. Tempered Amice spaces

Let g be an unbounded, monotonically increasing mapping of R, into itself. Let
f€0x[X] be regular relative to X,. We define a subset L, , of L,
L,,={Y a,,X“f|orda, ;2g(|u|+d|s]}.
up <d
seZ
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580 B. DWORK AND S. SPERBER

We may view L, ,® K as a banach space under the norm associated with g. The
elements of L, , ® K may be identified with a subspace of H(Z ).

LeMMA (Simplified Criterion):

L, ,={ Y a,,X"f|orda, ,2g(||v]+d|s|)}

veN"
seZ

(The point here is that v, may exceed d in this sum.)

Proof. — The indicated sum n=Y a, ;X" f* obviously lies in H(Z 1) and hence has a
representation

n= Z Cu,tXuft
up<d
teZ

in terms of reduced monomials. To determine this representation we write

v_ u £i
Xv= Z bv,u,iX f’ bv,u,ie@K
iz0
up<d
[full+dig||v]]
and so
cu,t= z bv,u,iav,t—i
iz0
Hollzlull+di

a sum which converges since a, ,_; — 0 as either ||v|| or i goes to infinity. Now in the
region of this sum

loll+a|e=ilz[lu||+dit+d|t=ilz|u]+d|
and so
orda, . 2g(|v|+d—ihzg(ul[+d|])
which shows that ¢, , satisfies the required condition.
ProPOSITION. — L, . is a ring if and only if
4.1) g(t)+g(1)2g(t, +1,)
Sforall t,, t,eN.

Proof. — The example X7t.X2=X{1*'2 shows the condition to be necessary. To
show sufficiency it is enough to check that if a X" f*, b X" f* lie in L,  with sup (u,,v,) <d,
then ord (ab) 2 g (||u+v||+d|s+1]), i.e.

g(lull+d|sh+edloll+d|thzg([utol+d]s+)
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OVERCONVERGENCE OF THE UNIT ROOT AND ASSOCIATED ZETA FUNCTIONS 581

which is an immediate consequence of the hypothesis.

NortaTioN. — For £€>0, let

L, ;©={&= Y a,,Xf|orda, 2g(|u|+d]|s|)+e.

up,<d
5. Units
LeMMA. — The units of the restricted Amice ring are characterized by the condition
¢.1 lEx)|=1, Vxeg,.

Proof. — If £ is a unit of H,(2,) then both & and &' are bounded by unity on 2,
which implies (5.1). Conversely if EeH(Z,) is bounded away from zero on 2, then
£7! lies in H(2 7). Thus if EeH(Z,) satisfies (5.1) then it and its reciprocal lie in
H, (2/) as asserted.

Let g satisfy (4.1) so that L,  is a ring. Certainly the units of L, , lie in L the
group of units of L,. We cannot conclude that L, ;L lies in the group of units of
Lg, f.

In fact in our application we must consider the case in which g does not satisfy
(4.1). We will need a weak statement about L, (L lies in the group of units of
L, ,

In fact in our application we must consider the case in which g does not satisfy
(4.1). We will need a weak statement about L, (L. This will appear in the next
section.

6. Logarithmic modules

We assume that fe Oy [X] and is regular with respect to X,. For a=0 we set (cf. §1)

gu, m, q= u’p"h q

To simplify the notation we write
L, » (or occasionally L, ,, ,)  for L

9a, m, q, f

L, . (or occasionally L, ,, ) for Lg . o

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



582 B. DWORK AND S. SPERBER

Note L, ,=L, . By condition (4.1), L, ,, is a ring but 1¢L_,. Furthermore, by

o, m=—

Lemma 1 (ii), L, ,, is an L, ,-module. We would like to describe L, ,,NL;. We
achieve something less which is adequate for our purposes.

LEmMMa. — Let o'e{0,0). For each EeLf N L, ,, there exists m' in N such that
E'ely -

Proof. — Let e>a0'/(a—a'). We choose B, a finite subset of all («,s) appearing in
the representation (2. 1) of & such that

orda, ,>¢ forall (u,s)¢B,.

Let &, =) a, (X"f*, the sum being over all (u,5)eB,. The image of & in K (X) may be
written

E= Y 4. X'f
(u, s) e Bg

and so & fN=heK [X] for some NeN. Since /=0 on the variety 7 (X)=0, we conclude
that f5=hk for some keK[X]. Thus ELfNs=1. Let y,e0x[X,f '] be a lifting of
kfN~s. We write y, &, =1—z,, where z; e Og [X,/ ™). Certainly ord z, >0 in the topo-
logy of L. We choose eeN such that e ord z; >&. Lety=y,(1+z,+... +2z$" 1) and
so y&,=1-2, ord z’>¢. By definition

ordy Y o,/ X‘'f>¢
(u,s) ¢ B,

and so yE=1-z, ord z>¢.

Certainly y as element of O [X, f~'] lies in L, ,,, for some m, e N and hence by lemma
1(@iv), yEeL, ,, where my=m+m;.

The graph in the (¢,,1,) plane, ¢, 20
t,=sup(g,oty)

lies above the graph of

7

a s
—o'>0.

t,=o'(1+1,)+39, 8=sd_
oL

Indeed the critical point is at 1, =g/o. where the two graphs intersect.
We conclude that for 1=0

Sup (&, &, Py, (D) 28+ 0" (1+ pp, (1)

o0

~ . - j . . — -
and so zeL, ,,(9), i.e. OTdL,l,le§5>0- Thus ) z/ converges in the ring L, m, While
j=1
yeL, ., a subset of L, , and since L, ,, <L, ,, and L, ,, is an L, , -module, we

find §~'=y(1—-2)"'eL, , with m'=m,. This concludes the proof.
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OVERCONVERGENCE OF THE UNIT ROOT AND ASSOCIATED ZETA FUNCTIONS 583

Note. — We have no method for bounding m,; and hence there is no point in trying
to determine m' more precisely by these methods.

7. The fixed point (c¢f. [Dw 1], [Dw2])

Let K, be a complete subfield of K which is unramified over Q, and let ¢ be an
automorphism of K extending the frobenius automorphism of Ko/Q,. Let fe Oy, [X],
regular with respect to X,. Let

Hy(2))={¢eH(2))]| |5 =1}

Let v,, v, be positive integers and for i.je{1,2} let B;; be a v;xv; matrix with
coefficients in Hy(2,). We further assume

7.1 |detBy; (x)|=1 forall xe2,.

For he K (X) we define 4° to be the element of K (X) obtained by applying ¢ to the
coefficients. Trivially c maps H, into H,;+ and the mapping is an isometry relative to
the sup norms on &, and on &,.. Taking limits we obtain an isometry of H(Z,) with
H(Z;s). On the other hand &+ &°=¢& (X?) maps H(Z,+) into H (%) again an isometry
since & ;=% ;0xr. We consider a free module of rank v, +v, defined over H(Z,) with
an action of Frobenius

B — YA, for HeH(Z,)1""

A=<pB11 By, )
B,y pBy;

(7.2) 0: T]'_’(Bu""anme)_l(B12+Pn°q’Bzz)

where A has the block form

We define a map 6

from 4,, ,,(Hy(2))) into itself. The purpose of the map 6 is to identify the unit-root
part of the given F-crystal. A fixed point ne.#,  ,,(Hy(Z,)) of the map 6 corresponds
to a matrix (ILn)ed,, , +,(Ho(Z,) which is fixed under the Frobenius map

above. Using 1 the unit-root sub-crystal is computed in Section § below.

LeMMA. — The mapping 8 above is a contractive map of M (Ho (2))) into itself and

hence has a unique fixed point, 1.

Vi, V2

(Note: We use f#0, but f need not be regular.)

Proof. — That 0 is stable is quite clear. We may write

(7.3) 0, (M)=I+pn°*B,, B;{)!
(7.4 0, (N)=B1,'8,(n)B,,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



584 B. DWORK AND S. SPERBER

(7.5) 8,(M)=p 0B (M)N°°
(7.6) 85 (M)=B,' 0,(n) By,
6=0,+0;

It is enough to show 0, and 0, contractive and hence it is enough to show 6, and 0,
contractive. Let ny,n,e,, ,,(Hyo(Z2,). We write

7.7 0,(M1)—0p(M2)=p 0B, (M;) (N, —M1)° By, ]31_11 0o (M,)
(7.8) 0, (1) =0, (M2)=p (B, (1) =05 (N2)) NT*+ 8, (M) p (N — M)
from which the assertion follows without difficuity.

ProOPOSITION. — Let g be a monotonic real valued function as in Section 4 satisfying the
further condition that

(7.9) Jtg)zg(t+2jd)
for all jeN, teR,. Let g denote t - g(t/p). Then n—n°® maps L, ;into L; ;.
Proof. — Letn= Y a, ;X“f* ord a, ;2g(|u||+d|s]). The main point is that

ueN"
seZ

S XP)=fP+pk=f7(1+pk|f?)
where ke O [X], deg k<pd. Thus
nee= Z <s>a: DIXPUI P D,
ueN" ] ’

seZ
jz20

By hypothesis

ord (@ ;p)=j+g(|ul|+d|s)=g(|u]|+d|s|+2jd)
2g(|ul|+jd+d(s|+)zg(|ull+jd+d]s=j])
=g(p|lul|+ipd+dp|s—jl)
2 ¢ (deg (X™ k) +dp|s—j)
which by the simplified criterion of Section 4 completes the proof.

ProposiTioN. — The hypothesis (7.9) of the preceding proposition is satisfied by
g=0p,, , provided a<p—1,m=2d.

Proof. — By Lemma 1 (ii)

ap(t+2d)sej(p—1) " '+ap®+ajp(2d)
Sjtop (D).

4° SERIE — TOME 24 — 1991 — N° 5



OVERCONVERGENCE OF THE UNIT ROOT AND ASSOCIATED ZETA FUNCTIONS 585

THEOREM. —  Let Be, .y, v, +v, (Lo m ,)- We retain hypothesis (7.1). Let
a'€(0,0), a'<1/(1+(2/(p—1))). We assert that n,, the fixed point of (7.2), lies in
M, v, Ly, ) for suitable m'.

Proof. — 1t follows from Lemma 1(iv) that det B,; lies in L, ,,, , and hence by
Section 6 (det B,,) ! lies in L for suitable m,.

Rechoosing m we may assume that the coefficients of B! and of B all lie in
Ly .. Also with no loss in generality we may assume m>2d. We put
e=1—-ao'(1+2/(p—1))).

We will show that 0 is a contractive mapping of .#,  ,, (L, 4,) into itself. Let n lie
in this set. We first show 0 is stable on this space. We assert that the coefficients of
pn°B,, B! liein L, , . (¢), more precisely we assert

o', my

(7.10) pLee, . L el 4m(®.

@', 4m o', 4m

This is a consequence of

(7.10.1) 1+°"(P4m(t1/P)+p4m(t2))§8+°"<( : D +P4m(11+t2)>~

This is verified by using Lemma 1 (ii), (vi) (with g=p) to compute
7.10.2 ! 2
(7.10.2) —— Py () S —— Py (1) T+ Pam(3)
p—1 p—1
2
=1 +p—:—1_ +Pam(t1/P)F Pam(t)

and so (7.10.1) follows from the choice of &.

e8]

Since L, 4, is a ring we conclude that for y= —pn°B,, B{}', the series ) )/
j=1
converges to a matrix with coefficients in L, ,,,(€). We conclude that

(7.11) O (L, + My, v, (Lo, 4 (@)
We assert
B (e, \, Ly, am)-
Since B! B,, lies in this set, it is enough by (7.11) to show that

Lozz’, m ]:a’, 4m (8) < La’, 4 m*

. (Here L2 ,, denotes the additive group generated by products of pairs of elements of
L, m) ByLemmal (iv)L2 , <L, ,,<L, ,,and so itisenough to show

(7.12.1) L L

o', 4m o', 4m < La',4m

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



586 B. DWORK AND S. SPERBER

which is a consequence of Lemma 1 (ii).

We assert
(713) 93(")5ﬂv1 v2( o, 4m)'

Using (7. 11) it is enough to show

(7 13. I) PB1_11 anzze/ﬂvl,vz (La’,4m)
(7.13.2) PLE L am L um S Ly um

Assertion (7.13.1) follows from p L2 , LY, ,, < pL, 4, L3, which by (7.10) lies in
L, 4m- Assertion (7.13.2) follows by using Lemma 1 (ii), (iv) to obtain

s &
Lz L. <Ly 4m

o', m ~a’,4m

and then using (7.10). This completes the proof of stability.

To check the contractive property let n,, n, be elements of #Z, ., (L, ;. We
assert

(7.14) Ordgar";m O MY—06;(M))ze+ Ordgu»,‘m M= M)

By (7.4), (7.7) and applying (7.11) to 6,(n,) and to 6,(n,) it is more than enough to
show

(7.14.1) pL: WLy Ly an(®

(7142) pLa ng 4mEa 4mCLa’,4m

Since LY ,, < Ly 4. (7.14.1) is implied by (7.10). Since L,
now clear.

is a ring (7.14.2) is

o', 4 m
To prove 0, contractive we show

(7.15.1) Ordgu',‘,mp Bi_ll Bo(M)—08,(M)INT*B,, 2+ Ordga,,‘,m Mi—M2)
(7.15.2) Ordga',‘;mellpao (M2)(M; = M) By 2e+ Ordgwm(m —MNa)-

For the first assertion we use (7.7) and (7.11) to remark that it is enough to show

(7153) m( o, 4m)2ciu’,4m(8)
(7154) PZL:’,m(L:¢4m)2 a',4mCLu’,4m

Now (7.15.3) is a consequence of (7.14.1) and so (7.15.4) follows from the fact that
Lu am is a ring. Finally (7.15.2) follows from (7.11), pL2 ,, L34, = L, 4.(c) and

@', m o', 4m

mLg? 4mia 4m < Ly 4, which in turn follows from (7.14.1).
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8. The Matrix A

Bll B12

pByy pBy,
fixed point of the last section. We compute the transform

(i T )
0 I, 0 I,
{EES

B, Pﬁzz

A11=]3’11"'l71"ltm’]321

Let B be the matrix of Section 7. We consider A=( > Let n be the

where

]~322= B,,— By m.
Suppose that K=F,, g=p*. We define
A,X)=A""" X" HATT (X" AX).
For each xe Q" algebraic over F, such that f(x)#0 we have an associated polynomial
Ay, () =det@— 1A, (") A, (1)

where x is the Teichmiiller lifting of x and deg x=deg F,(x)/F,. For such x, the
reduction (modulo the maximal ideal) of A, (x"***™"). .. A, (x) has the form

(ﬁll ﬁil)

0 0

and det B,,; #0. Thus An,.z(?) has exactly v, roots which are the reciprocals of units
and these are precisely the reciprocal roots of A,;q’ £(?) where

A,X)=A37" X" .. A, (X).

We define the corresponding unit root zeta function to be

1
co=_ 11 .
x_alg over Fy qu’x—(tdeg x)l/degx
F#o0

It follows from Section 7 that if the coefficients of B lie in L,, , and if

o’ <Sup (o, (p—1)/(p+ 1)) then there exists m’ such that the coefficients of n liein L, ,, ,

and hence by (7. 10) the coefficients of A, lie in the same set. Since by Lemma 1 (viii)
s—1 s—1

Z pm,p(ti/pi)= Z pmp",p(ti).,?:pm(1+p+...+ps"1),p(t0+ LR +ts—1)7
i=0 i=0
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we conclude that the coefficients of Aq lie in L,/ ,,, , which by Lemma 1 lies in L
where m"' =m’ g*.

sa’, m'’, q°

9. Basic trace formula for H (%) (¢f. [B])

Let f, K, K,, be as in Section 7 but let K,=F
endomorphism of H(Z,)

, We define y, a continuous

W8 @ =g"" Y E).

y=x

The point here is that if y?=xe P, then ye P, as certainly ye O and if y¢ 2, then
f(»)=0 which implies that 0=/(y)?=f(x). Thus \, is stable on H, and as operator
bounded by ¢". By taking limits {, is extended to H(Z,)

Let FeH(Z,). Then a=V,°F, ie. £, (£.F), is again an endomorphism of
H(2,). Using our basis {X“f*}, 7 ,, <4 We associate a matrix [o] with o. We assert
that [a] has a trace.

PROPOSITION. — As operator on H(Z ), ||v]||=1.

Proof. — The assertion is trivial for |, as operator on polynomials. Furthermore we
have the trivial estimate ||\llq||§q". By continuity it is enough to check the norm as
map of K[X,f '] into H(2,). Let £eK[X,f™], |E_,[gf=1. Choose reN such that
/" £eK([X] and such that |p"*!/g"|,<1. We know that /(X% =/(X)*" modp"*! in
the metric of H(Z,). Thus

ST €)=V, (f (XY &)=, (/) mod p"* ! /g".

Since |V, (/%) |4 ,=1, the assertion is now clear.

The following trace formula is closely related to the trace formulas of Reich and of
Monsky. The adaptation here is useful in the present context.

THEOREM. — Let FeH (). For u,<d, seZ we write

\I’ (qufs) = Z Cu, su’, s Xu’fs"
uy <d
s'eZ
We assert that y,C, .,  converges and that
(g—D"trace C= Y F (X).

[l rX=1
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Proof. — By continuity we may assume FeKI[X, 1], |F |@f= 1. Let a=Vy-F,
B,=V-F-(f(X9)/f(x))”. Trivially

Br (Xufs) :f(X)pr o (X“fs_ p') = Z Cu, s —p’:u’, s’ Xu,fs, 7
= Z Cu, s=pu',s—p" Xu’fs'.

Let o, =y Ff@ V¥ We write
ar (X“fs) = Z Al(lr,)s:u', s’ Xu,fS,‘
Since

T _ fxyr=t modp,

FX)

S(X9) pr= (q-1)p" r+1
(f(X)) =/C0T T modp

as elements of H(%,). Thus as operators

|ar_Br\@f§|pr+1|

and so

A® r+1

u, su', s = Cu, s—piu, s —p" mOdp
ie.

— A r+1
Cu,s;u’,s’—Au,s+p’;u’,s'+p’m0dp .

Let F=kf!, keK[X], [eZ, degk=D. We restrict r to be so large that /+(g—1)p"=0.

Case I. — Either [eN or g=p2.
If (g—Dp'+s+I1=0 then o, (X*f*) is a polynomial of degree bounded by
(1/g)(|u||+ D+d(+s+(g—1)p)) and so AY =0if s’ <0 or if

u, s, u’, s’

ul

+ds'> L (||ul| +D+d(+ s+ g— 1)),
q

Thus
Cusiv,y=0modp ™!
if '
g’ ts+1=0
and either

s'+p'<0
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or
[ || +d(s +p)> é(“u”+D+d(1+s+p’+(q~ DpM)

i.e. if either s'< —p" or

(1) [ ||+ds > || ]| +ds+(D+d)

Letting r - oo we conclude that

Cusuwy=0 if (y)holds.

We have also shown

Hz—qp
Cusw y=0modp™*! if {s 1z=ar
s<—p"
In particular
Cu s, s=0 if “u|]+ds>(D+dl)/(q—])
=0modp"*! if se[—I—qp", —p).
Hence, if either /20 or ¢=p? then —gp""'—I<~p'*'*1 Thus
(—oo, =pN=U[~I—gp™*", —=p"*). Therefore, C,,,=0modp "', if s<-—p.

t=20
Thus we may compute traceC modp'*! by summing over s=-—p,
||u||+ds<(D+1d)/(g—1), a finite set. This demonstrates the existence of the trace of C
in Case I but it also shows the existence of trace A®. Furthermore mod p™**
TraCCCE z A(r)s+pr;u,s+pr

u,
sz —p'uy<d

— )
- Z Au, S, s
520, u,<d

= trace (o, | K [X])

1
= F (q@—1)p"
@17 . —21:= 1 x)f(x)
1
= F (x) mod p"+1.
(g—1r If(xz):I=1 ( P

M l=1
This completes the proof in Case I.
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Case I1. 1<0, g=p.

Ff@= Y7 satisfies the condition of Case I [with / replaced by /+(g—1)p'] and hence
we may conclude that

AP, =0 if ||ul|+ds>D+d(+(q-1)p))/(g—1)

r+1

=0mod p if s<—p.

Let N,={(u,5)|||u||+dsS(D+d (+(g—1)p))/(g—1), s2~p"}. Thus

—_ +1
TraceA”= Y AP, modp
(u,s)eV
where V is any finite set containing N,. But then
TraceA¥= ) C, -y modp ™!
(#,8) eV
— +1
= z C“, ssu, s mOdpr
(u,s) eV’

where V' is any finite set containing the set

N, ={(us)||u||+ds<(D+dD/(g—1),s2 —2p"}.

This shows that Trace A®=Trace A"~V mod p"*! and so the limit as r — oo exists. It
is clear that the Trace of C is well defined, and is congruent mod p"*! to the Trace of
A®. The formula for Trace C now follows by the same proof as in Case I. We extend
this result to matrices.

THeOREM. — Let Fe #, ,(H(D,)), then y°F is an endomorphism of H(Z )', whose
matrix relative to the basis {X"f*¢;}, <4 scz. 1<icv (Where & is the standard i-th unit
vector in v space) has a characteristic series, det(I1—ty°F) and

1
H AF x_(tdeg x_)lldegx_

x—algover Fq
F@Mx#0

det (I— 1, F)~@~ "=

where

degx—1
Ag, 7(f)=det (I —t [] F(Teich F))

i=0
and ©® maps 1+t K [[{]] into itself by t+— qt.
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10. s, as operator on H (%) (Cf. [Dw 3], Chapter 5, for the case of n=1)

Let f, Ko, K satisfy the conditions of Section 9. We have shown ||, ,S1(§9). Thus
if we write

VX' = Y By g0, XS

vy <d
teZ
we have |B, ., |<1.
For s=0 we know B, ., ,=0 unless
(10.1) el *s oz arzo

To treat the case s<0 we change notation and for s=1 write

(10.2) wq%=v§dBL,s;v,,%~
teZ
Let g=p°
Lemma: B, ., ;=0 unless
(10.19

di—||v||= l(ds— |ul]) (hence the number of non-zero entries with t<0 is finite).
q

Furthermore

t— t— 1!
ord B, s.“gsup<0,—a+———q S(p—1)+ord( ) >
s 850, rq Tl',t_l

where for t<0 the symbol (t—1)! must be replaced by 1.
Proof. — We define a subspace, L, of zZK[[z, X, ..., X,]].

L={ ) a,,X*z|orda, >as+O0(1)forsomeo>0,
s=1

ueN"

orda, ;— +ooas|u||+ds— +}.

Let n?~'=—p. We define the (Laplace) map T, of L into H(Z,) by linearity,
continuity and the condition

X4 (s—=1)!
T, X z'= — (s—1) (note:s=1).

e
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Let F=exp m(zf(X)—z%f(X%). We assume (as in Section 7) that the coefficients of f
lie in an unramified extension of Q, of degree a, and that /#0. It is known [Dw 3],
p. 242, that

F= Y ¢, X2

[lv|l<ds
520
orde, (2 s_sp
pq

The operator y,°F:§ -V, (EF) is a well-defined map of L into itself. Katz [Kal]
showed that the diagram

Ty
L - H(Z,)
Yok lll'qu
Ty
L - H(©@ f)

commutes. A simpler proof may be found in [Dw 4], Chapter 10. Thus

(s—D! X
=T *Z*F
¥ T )
_Tf( Z qu—u,qt—sxvzt)
v, t=s/q
= 2 Copmu g XO@= D" (—=m) L.
v,t=1

We may assume that u,<d but in the sum we may have v,=d, and so we must
eventually transform into the reduced form. We first observe that

-1
0rd (Cpo—y grs (t— D Y1) 2 (g1 — 5)2
y4

I rd =)
p—1

— - 1
g(p o1 )t—sp 1+ord(t—1)!—l——-——,
p p—1 rq p—1

a monotonically increasing function of ¢ (for p=3). Under reduction this estimate [with
(t—1)! replaced by 1 if t< 0] will be maintained (cf. simplified criterion of Section 4). We
conclude that

s—1

-
ordB, ., 2 — a+ord< n (t 1).

<s—1)!>+(q’ )F+ ord

We recall that C =( unless

qu—u, qt—s

(10.17) || qo—ul|<d(gr—s)
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i.e.
dt—||v|| = (ds— || u[)/g.

To prove (10.1) it remains to verify that if dr—||v||=o then under reduction the same
inequality holds, i.e. if v,>d then writing f= X%+ Y v,, X* we have

wp<d, || wll=d

X' X' 1

Xw+v/xﬁ
d -1 z Tw t !
ﬁ Xn f wp<d f

Trivially (letting €, be the n-th unit vector),
dit—1)~—||v—de,||za,
di—||w+v—de,||Za—||w|+d=a,

w,tv,—d<v,.

This completes the proof.

11. Frobenius on Logarithmic space

Let HeL We write for u,<d

VX TH)= Y Ve, XS
vy <d
teZ

a,n,q°

THEOREM. — Given £<1 there exists T,>0 independent of (u,s) such that (for p=p,, ,)
we have ’

(11.1) op (||ul|+d|s))+ordy, ., 2ea+ap(||v||+d]|])
for all
(11.1.1 l|o||+d]|t|>T.
Proof. — Let us write H= Y a, ,X"/*. Then in the notation of Section 10,
ver
(11.2) Vused= T Burw i
wy<d

Thus it is enough to show existence of I', such that

(11.3) ap(f[ul|+d|s)+ap(w||+d|z)+ordB, ., .40 Zoe+ap(|o]+d|])
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for all (v, t) satisfying (11.1.1).

Case 1. z+5=20. — Here B 0 unless

ut+w,z+s;v,t°

(11.4) { 120
lutw|+dz+s)Zq(| o] +dr).

Thus putting t, =||u||+d|s|, 1,=||w|+d|z], =] v||+dt we have
(11.4.1) T, + 1,24t
By Lemma 1 (iii), for gt=m+mg°*?, (e>0),
pr)tp(t)—plg2—¢q°
and since T>m,
(11.4.2) pt)tp(t)—p(@M21-¢7"
Choose eeN such that e<1—¢~° Then (11.3) is satisfied for T,=m+mqg°*?/q.

Case 2: z+s5<0, t=0.
By (10.1") we may assume

—dt~l|v||zé(—d(zﬂ)“llu*'wn)

ie.
d(z+35)+||ut+w||Zq(dt+] o).

Thus for 1, 1,, 7, as in Case 1, (11.4.1) is again valid and so if gt=m+mg®** we
have (11.4.2). We choose e as in Case 1 and obtain the inequality (11.3) with

T,=(m+mg**V)q.

Case 3. t<0. — In this case we may assume z+s<0 in (11.2), (11.3). We change
notation and rewrite (11.3) in the form: there exists T, such that

(11.95) ap (t;)+ap(ty)+ordBy, ., i, Zae+ap(t)
for all
t=1, z+s=21, v,u,weN" (Vs Uy, W, <d)
such that
t>T,
(11.5.1) |utw|—dz+s)=q(||v||—dn).
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Here once again
Ty =||ul|+d|s|, T,=|w|+d|z|, =] 0| +dt
Condition (11.5.1) implies
(11.5.2) 122dt+q 7 (|Jutwl||—d(z+5))
and so (11.5) is implied by
(11.5)  ap(t)tap(t)+ordB, ., ,is, 20e+apRdi+qg  (|utw|—d(z+s))

subject to (11.5.1).

We shall prove either (11.5) or (11.5") by considering three situations covering all
possibilities. We choose ce(1,g) such that (c—1)/(g—1)>¢e. We fix x€(0, ¢/3).

The three subcases of case 3 are
L ||w+u||+d(z|+]|s) <k T.

IL ||utw|+d(z|+]|s)ScQdt+((||utw|—d(z+5)/q).
III. Both inequalities I and II hold in the reverse directions.
Case 1. — Certainly |z|+|s|= —(z+s) and so

(11.5.3) ||w+u||—d(z+s)<kT,.

Thus (11.5') holds if for t>T,,

T
(11.6) ordB'wmz”w,,gaamp(zdﬁ" >
q

By (11.5.2) and (11.5.3),
(11.5.3" 1<2dt+xT.q" %
by I, (z+s) <« T./d; while by Section 10,

1!

(1—
nt—l

-1
Ord B, s, 4502 P (gt—(z+3))—ord
pPq

p—1
=2—1—a+—— (qt—xT,/d)—logt/logp.
pq

So by (11.5.3"), for 1>T, we have
(11.5.3") 2dtz(1-x/g)T..

Thus it is enough to choose T, such that subject to (11.5.3") we have

-1
1.7 p—(qt—KTe/d)— 1—a—logt/logp>ea+ap(2dt+«T,/q).
P9
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The function

p—1 log ¢

h(=C—1— 227 —4pQdt+xT,q)
P logp
has derivative
s p—1 7! ,
W= — —2dop’ 2dt+xT,/q)
P logp

which is positive for T, large enough. Thus subject to (11.5.3"), 4 takes the minimal
value at the extreme point t,=(1—x/q)T./2d. Thus it is enough to subject T, to the
further condition that

11.7.1) h(to)—p;l%rs>1+aoc+a.

rq
The left side is yT,—log T,/logp—ap(T)—98 where y=(p—1)(¢g—3«)/(2dpg),
dlogp=log((¢g—x«)/2dg). Since ¢>3x, and since p grows logarithmically, it is clear

that the left side of (11.7.1) goes to + o0 as T, » + co which demonstrates the existence
of T, satisfying (11.7.1).

Case 11. We first observe that by Lemma 1 (ii)

2+pQd)+p(r)tp(r)ZpQditr+1,)
2pQdi+q ! (|utw|-d(z+9)).

Thus (11.5") holds if there exists T, such that
(11.8) ordB, ., 4., 2a(2+e)+tap(24dD)

subject to (11.5.1) and II.
By condition II

<1— E>(||u+w|l—d(z-l—s))§2ca't
q

and so

(11.9) ||utw|—d(z+s5)<2cqdt/(qg—c).
Thus by (11.5.2)

(11.10) T<2dtq/(g—c).

and so it is enough to choose T, such that (11.8) holds subject to

(11.10") 2dt=(1-c/q) T,
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Again by II,

2detz||wrul|(1—c/g)+d(|z|+]|s|)+dc(z+5)/q
=2d(1+c/q)(z+s)

and so
(11.11) z+s=2tcq/(c+ q).
Again by Section 10 and using (11.11)

t—(z+ '
0rdB;+w,z+s;v,tgui)(p_])_—ord d —a

rq (t=D!
=>0t—1—a—logt/logp

where d=p~1(p—1) (g—0o)/(g+¢).
Thus it is enough to choose T, such that subject to (11.10") we have

dt—logt/logp—1—aza(2+e)+ap(2dr)
but it is clear as 6t—ap (2dt)—logt/logp — + o0 as t — 0.

Case 111. Since ord B, ,, ¢4..,,=0 it is enough by (11.5") to find T, such that

Hu+w||—d(s+z))
q

(11.12) ocp(rl)+ocp(tz)gots+ocp<2a’t+

for t>T,. By Lemma 1(v), if 1, +1,>cm then
p(ty +1)2p((ty +1)/0) +(c— Di(g—1)
.and so by the falsity of 11
(11.13) p(ti+1)ZpQRdt+q ' (Jutw|—d(z+s)+(c—1)/(g—1)

subject to T, +1,>cm which is precisely the consequence of the falsity of I if T,>cm/x.
By Lemma 1 (iii)

(11.14) pt)tp(t)zp(ty+1)—¢ ¢

if 1, +1,2m+mqg® which by not I holds if T,>m(l1+¢°)/x. For T, so large then,
(11.12) holds provided

(c=DNg=D—q *>=.
By the choice of ¢, we may choose ee N satisfying this condition.

THEOREM. — Let Fe d, , (L, . ) then the characteristic series det(I—t\,°F) (as
defined in Section 9) converges for ord,t> —a.
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Proof. — Equation (11.1) implies that (given €< 1) the matrix of \,° F relative to the
bases {g;prlull*dlsbxupst oz 1cicy Of (Ly g s ®K) has all columns divisible
by p™ for ||v||+d|s|>T, Thus the coefficient of #* in the characteristic series is divisible
by (p*)* ™~ where N/v is the cardinality of the set of (u,s) such that ||u||+d|s|<T..

CoRrOLLARY. — If the matrix B of Section 8 has coefficients in L, ,, , with o arbitrarily
large then the coefficients of Aq (g=p°) lie in Ly, . , for suitable m" and o arbitrary in
0,(p—D/(p+1)). The unit root zeta function is meromorphic for ord, t>(p—1)/(p+1).

Proof. — The first sentence follows from Section 8. The unit root zeta function is by
Section 9 essentially of the form det (I— 7, ° A )\"®~"" and the point is that the condition
ord,?> —sa’ is equivalent to ord,#> —a’. However this determinant does not give the
contribution coming from X with some zero coordinates. These may be restored by a
combinatorial argument using the restriction of Aq to sets of the form { X;=01},, where
Cis asubset of {1,2,...,n}.

Remark. — We have tacitly assumed that condition (7.1) is satisfied with f regular
relative to X,. Indeed the combinatorial argument of the preceding proof requires that
/ be regular with respect to each X;. This need not hold over F, but will hold over F
for all s>s,. By well known methods this shows meromorphy of [] {(vr) for

vw=1

ord, 1> —(p—1)/(p+1) and all s>s,.

12. Family of hypersurfaces

To illustrate our theory we will consider the generic hypersurface of degree d in n+ 1
variables which we write in the form

n+1 1

AX, M)=Y Xé+ ¥ A, x

i=1 j=1

+ .
where / =<n dd)~(n+ 1) and {w"} is the set of all solutions in N"*! of the equation

u+...+u,, =d, the solutions u;=dd, ; with fixed s being excluded.

We observe that the theorem of Section 7 and the discussion of Section 8 remains
valid with v, infinite provided that matrix B satisfies the further condition that in the

L, ., , metric the s-th row of B approaches zero as s — 0.

Following the combinatorial methods of [Dw 5], Section 4, we construct an infinite
matrix A which may be used to compute the zeta function of the hypersurface defined
by the specialization of the reduction of h. Specifically we choose y algebraic over Q,
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such that
©
Z Y_=Q
s=0 g
1
ordy= ——
p—1

We put 0 (¢)=E (y ¢) where E is the Artin-Hasse exponential function,

E()=exp ( > t”s/ps>-

s=0
We define
n+1 1l )
FX, M) =[] 0(XoX9. [T 0, Xo X"
i=1 ji=1

Let the A; be bounded by unity.

We define A(L) to be the matrix of (1/p)y°F(X,L) (relative to the basis
(Y0 X* o =us +... +uns 1,21, v) S operator on the space of power series & with the
properties

(1) & is divisible by X; X,. .. X, ;

(i) §(X)= ) a, X",

dug=ug+...tup41q

(iii) & converges on the closed unit ball.

Thus writing F=) C, (A) X* we have

Au,u='YUO—“0p—1 Cpu"l)
and so ord A, ,=Zu,—1. (If we view the A; as variables then A, , is a polynomial in
the A; of degree bounded by pu,—v,.)

Let A be specialized in C, so that A=}, g=p. For each subset Bof {1,2,...,n+1},
B#®, let Vg denote the projective hypersurface (in the projective space whose variables
are the { X, }, ) defined by the vanishing of the reduction of A (x,), it being understood
that Ay is obtained from 4 by setting X;=0 for all i¢ B. We view Vy as defined over F,

a—1

and let {(Vy, 1) denote the corresponding zeta function. Let A@= ] A(\*). Then by
ji=0

a minor modification of equation (4.33) [Dw 5] we obtain
det(I—tA(a))_(O—l)”+1=(l_t)(l_(p)n l—[ C(VB, t)(_(p)n+1—CardB

D#B < S

where @: C,[[7]] = C,[[7]] by ¢ — gt. It follows that the unit root factor of (1—1){(V, 1),
(V=Vy) coincides with the (—1)" power of the unit root factor of det(I—¢tA@). It
follows that the unit root zeta function of this family of hypersurfaces is given by the
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methods of Section 8. Here we must take f(A) to be det B,; where

B11=(Au,v)uo=1,vo=1 (dug=u;+ ... +u,, )

d—1 . .
\ =( ), v, =00, and for example p B,, is the matrix (A, ). 22, 022
n 22,002

The advantage of this approach (based on cochains) is that while v, = oo, we avoid all
necessity of reducing to finite dimensional cohomology spaces. Of course the matrix
A,, is a v, Xv, matrix and the unit root zeta function of the family is given by
det(I—ry°A,,)"@ Y as in the second theorem of Section 9.

13. Appendix

In this section, we provide the proof of Lemma 1.

Proof. — (i) This follows directly from the fact that for s> mg'
p')=1/m(g—1qg.

(it) Let 8 (s;,8,)=p(s1+52)=p(s1)—p(s2)-

Case 1. s;>m. — Here p’(s; t5,)—p’(s;) =0 and hence for fixed s,, p(s; +5,)—p(s;)
is maximum at s; =m. Thus

8(s1,52) =p(m+s)—p(s2).

The same argument shows that the right side assumes its maximum at s, € [0, m] and so

1
8(S15s2)§ Sllp p(m+s2)=p(2m)=;]_:_1

sz €[0, m]
Case 2. — Sup(s;,s,)<m but then 8 (s;,s,)=p (s; +5,) < p(2m) as before.
(iii) Let z=s, +s5,, s, =5,, and so 5,<z/2. For fixed z,
8(s1,52)=p(2)—p(s) —p(z—55)

and so

~—d~5(s1,s2)=—p'(s2)+p'(sl)§0 if s;zm.
ds,

Thus d(s;,s,) assumes its maximal value when s,€[0,m]. In that range
8(sy,5,)=p(2)—p(z—s,) which clearly is maximal at s,=m. Trivially the difference is
bounded from above by m . (right hand derivative of p at z—m). The assertion is now
clear for z=2m+mgq'. '
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(iv) Case 1.

tlgtzgo’
s;=m;g't+x,<m g1*t

— t tr+1
S, =My 2t X, <m,q2t .

Then trivially
sirs, S(myFmy) g 24 x, Fx,

and so by (i)

x;tXx,
(my+my)q'17'2(g—1)

pm1+m2 (S1+s2)§t1+t2+

while

X1 X3

-+ .
myq't(g—1) myq2(g—1)

pm1 (S1)+ pmz (S2)= tl + t2 +

The assertion is now clear in this case.

Case 2.

_ : 141
myss;=myqttx,<myqg "
S, Sm,

SO

sy ts,=(m;+m,)q'1+38

where 6=x,+s,—m,q'1<x;. If 6=0 then p,, 1, (5, +5) =1 =p,,, (59).

may assume >0 and so

o
(my+my) g (g—1)

pm1 +my (Sl +S2)§ tl +
while

pml (S1)=t1+ gpm1+m2 (S1+S2)

1
myqt(g—1)
since x; = 9.

Case 3. sy =my, s,=m,. — Here 0=p,, (51)= Py, (52)= Ppu; +my (51 53).
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(v) Let a(s)=p(s)—p(s/c). For 120, cmg'<s<mg'*! we have
h'(s)=<1— l)(mq‘(q-l))-l>o
c

and hence 4 is minimal at s=cmyg'.
For mg' <s<cmg', t=1, we have

YRS N B B
m(@—1)q" ¢ m(g—1)qg"

and so again the minimum occurs at s=cmgq’. We compute

c—1
h(emq)=p(cmq)—p(mq")= ;I

which gives the lower bound for % on [e¢m, o0).

(vi) The assertion is trivial for s<m. For s=mqg'+x<mq'*!, we have
gs=mq "1+ xqg<mqg'*? and so p(gs)=1+t+xq/(q—1)mg'*1=1+p(s). This proves
both (vi) and (vi').

(vii) If s=mgq.q'+x<mgq.q'*?, 120, then s/g=mq'+x/g<mq'*! and so

Pmg =1+ X/mg" "1 (q—1)=p,, (s/q).
If s<mgq then s/g<m and hence p,,(s/q)=0=p,, (5).
(viii) If mg®q* <s<mq®.q*"* ! then
P, q () Z P, o (Mg T ) =a(1+1)
APyt g2 () <aAPpga g (Mg .q" " )=a.(1+1).
This proves
pm, q (S) ga pmq“, q° (S)

if s=mq", while the assertion is trivial if s <mg®.

REFERENCES

[B] M. BOYARSKY, The Reich Trace formula (Astérisque, No. 119-120, 1984, pp. 129-150).

[C] R. CREW, L-functions of p-Adic Characters and Geometric Iwasawa Theory (Inv. Math., Vol. 88, 1987,
pp. 395-403).

[Dw 0] B. DWORK, On Hecke Polynomials (Inv. Math., Vol. 12, 1971, pp. 249-256).

[Dw 1] B. DWORK, Normalized Period Matrices I (Ann. Math., Vol. 94, 1971, pp. 337-388).

[Dw 2] B. DWORK, Normalized Period Matrices II (Ann. Math., Vol. 98, 1973, pp. 1-57).

[Dw 3] B. DWORK, Lectures on p-adic differential equations, Springer, 1980

[Dw 4] B. DWORK, Generalized hypergeometric functions, Oxford Press, 1990.

[Dw 5] B. DWORK, On the Zeta Function of a Hypersurface (Publ. Math. I.H.E.S., Vol. 12, 1962, pp. 5-68).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



604 B. DWORK AND S. SPERBER

[E] J. Y. ETESSE, Rationalité et valeurs de fonctions L en cohomology cristalline (Ann. Inst. Fourier, Vol.
38, 1988, pp. 33-92).

[Ka 1] N. KATz, On the Differential Equation Satisfied by a Period Matrix (Publ. Math. . H.E.S., Vol. 35,
1968, pp. 71-196).

[Ka 2] N. KATz, Travaux de Dwork (Springer Lect. Notes Math., No. 317, 1973, pp. 167-200).

[Ka3] N. KAtz Slope Filtration of F-Crystals (Astérisque, Vol. 69, 1979, pp. 113-164).

[R] D. REICH, A4 p-Adic Fixed Point Formula (Am. J. Math., Vol. 91, 1969, pp. 835-850).

[S-S]  S. SperBER and Y. SIBUYA, On the p-Adic Continuation of the Logarithmic Derivative of Certain
Hypergeometric Functions (G.E.A.U., Exp. 4, 1984/1985).

(Manuscrit regu le March 9, 1990,
revised September 11, 1990).

B. DWORK,
Princeton University,
Department of Math.,
Fine Hall Princeton,

New Jersey 08540, U.S.A.

S. SPERBER,
University of Minnesota,
School of Math.,
127 Vincent Hall,
206 Church street S.E.,
Minneapolis, Minnesota 55455, U.S.A.

4° SERIE — TOME 24 — 1991 — N° 5



