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Idempotent systems

Kazumasa Nomura & Paul Terwilliger

ABSTRACT In this paper we introduce the notion of an idempotent system. This linear algebraic
object is motivated by the structure of an association scheme. We focus on a family of idempo-
tent systems, said to be symmetric. A symmetric idempotent system is an abstraction of the
primary module for the subconstituent algebra of a symmetric association scheme. We describe
the symmetric idempotent systems in detail. We also consider a class of symmetric idempotent
systems, said to be P-polynomial and @-polynomial. In the topic of orthogonal polynomials
there is an object called a Leonard system. We show that a Leonard system is essentially the
same thing as a symmetric idempotent system that is P-polynomial and @-polynomial.

1. INTRODUCTION

In this paper we introduce the notion of an idempotent system. This linear algebraic
object is motivated by the structure of an association scheme. We focus on a family
of idempotent systems, said to be symmetric. As we will see, a symmetric idempotent
system is an abstraction of the primary module for the subconstituent algebra of a
symmetric association scheme. Before we go into more detail, we recall the notion
of a symmetric association scheme. A symmetric association scheme is a sequence
(X, {R;}L,), where X is a finite nonempty set, and {R; }2_, is a sequence of nonempty
subsets of X x X such that

(i) X x X =RpURyU---URy (disjoint union);

(i) Ro = {(w,2) |z € X}:

(iii) (z,y) € R; implies (y,x) € Ry;

(iv) there exist integers pf; (0 < h,4,j < d) such that for any (z,y) € Ry, the

number of z € X with (z,2) € R; and (z,y) € R; is equal to p?J

The integers p?j are called the intersection numbers. By (iii) they satisfy p?j = P?i
for 0 < h,i,j7 < d. The concept of a symmetric association scheme first arose in
design theory [2—4,13] and group theory [18]. A systematic study began with [7,9]. A
comprehensive treatment is given in [1,5].

Let (X, {R;}% ) denote a symmetric association scheme. As we study this object,
the following concepts and notation will be useful. Let R denote the real number field.
Let Matx (R) denote the R-algebra consisting of the matrices with rows and columns
indexed by X, and all entries in R. Let I (resp. J) denote the identity matrix (resp. all
1’s matrix) in Mat x (R). Let V denote the vector space over R consisting of the column
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vectors with coordinates indexed by X, and all entries in R. The algebra Matx (R)
acts on V by left multiplication. We define a bilinear form (, ) : VxV — R such that
(u,v) =37, e x uyvy for u,v € V. We have (Bu,v) = (u, B'v) for B € Matx (R) and
u,v € V. Here B* denotes the transpose of B. For y € X define § € V that has y-entry
1 and all other entries 0. Note that {y | y € X} form an orthonormal basis of V.

We now recall the Bose-Mesner algebra. For 0 < ¢ < d define A; € Matx (R) that
has (y,z)-entry 1 if (y,z) € R; and 0 if (y,2) € R; (y,2 € X). The matrix A; is
symmetric. We have

d
Ay =1, A A=) phA, (0<i,j<d).
h=0
The {A;}¢, form a basis for a commutative subalgebra M of Maty (R). We call
M the Bose—Mesner algebra of the scheme. Each matrix in M is symmetric. By [5,
Section 2.2] there exists a basis {E;}¢_, for M such that

d
Eo=|X|71J, =) E, EE; =6;E; (0<i,j<d).
=0

We have
V= Z EV (orthogonal direct sum).

For 0 < i < d, E;V is the i*" common eigenspace for M, and E; is the orthogonal pro-
jection from V onto E;V. There exist real numbers p;(7), ¢;(j) (0 < 4,j < d) such that

d d
A= pil§)E;, Ei= X" a4
7=0 j=0

for 0 <7 <d.

We now recall the Krein parameters. Note that A;04; = ¢, ;4; (0 < 4,5 < d), where
o denotes entry-wise multiplication. Therefore M is closed under o. Consequently there
exist real numbers qlhj (0 < h,i,j < d) such that

d
EioE; =|X|7'> ¢}E (0 <i,j <d).
h=0

By [1, Theorem 3.8], qlhj >0for0< h,i,j <d. The qlhj are called the Krein parameters
of the scheme.

We now recall the dual Bose-Mesner algebra. For the rest of this section fix z € X.
For B € M let B” denote the diagonal matrix in Mat y (R) that has (y,y)-entry By,
for y € X. Roughly speaking, B” is obtained by turning column x of B at a 45
degree angle. For 0 < @ < d define Ef = A?. For y € X the (y,y)-entry of Ef is 1 if
(z,y) € R; and 0 if (x,y) € R;. Note that Ej has (z,z)-entry 1 and all other entries
0. The matrices {E}}9_, satisfy

d
1=> E;, EfE; =6,;Ef  (0<4i,j<d).
=0

Therefore {E;}¢ , form a basis for a commutative subalgebra M* of Matx (R). We
call M* the dual Bose-Mesner algebra with respect to . We have

d
V= Z E'V (orthogonal direct sum).
i=0
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For 0 < i < d, EfV has basis {§ | y € X, (2,y) € R;}. Moreover E;V is the i*®
common eigenspace for M*, and E; is the orthogonal projection from V onto E}V.

The map p: M — M*, B — B” is R-linear and bijective. For 0 < i < d define
Af = | X|Ef. The {A;}L, form a basis of M*, and

d
Ag=1, ATAT = alAn (0<ij<d).
=0
For 0 <7 <d,
d d
A; =D a()E], B = X171 pi(h)A;.
7=0 =0

We now recall the subconstituent algebra 7' and the primary T-module. Let T
denote the subalgebra of Matx (R) generated by M and M*. We call T the subcon-
stituent algebra (or Terwilliger algebra) with respect to . The algebra T is closed
under the transpose map. By [15, Lemma 3.4] the algebra T is semisimple. Moreover
by [15, Lemma 3.4] the T-module V decomposes into an orthogonal direct sum of
irreducible T-modules. Among these modules there is a distinguished one, said to be
primary. We now describe the primary T-module. Let 1 denote the vector in V that
has all entries 1. So 1 = ZyGX 7. For 0 <i<d,

Az = Ef1, |X|71AM1 = Bz
Therefore MZ = M*1; denote this common vector space by V. By construction V is
a T-module with dimension d+ 1. By [15, Lemma 3.6] the T-module V is irreducible.
The T-module V is said to be primary. For 0 < ¢ < d define

1, =Ax=E;1.
The vector 1; is a basis of EV. Moreover {1,}¢ , is a basis of V. This basis is
orthogonal and ||1;||> = k; where k; = rank(E}) (0 < i < d). The basis {1,}
diagonalizes M*. For 0 < 4,j < d,

d
* h
Ei ]-j = (52'7]']_]', Al].j = melh
h=0
For 0 < i < d define
17 = |X|7'451 = Ez.

The vector 1} is a basis of E;V. Moreover {1} , is a basis of V. This basis is
orthogonal and ||1}||? = k} where k! = rank(E;) (0 < i < d). The basis {1}L,
diagonalizes M. For 0 < 4,5 < d,

d
Ei1% = 6;;17, A1 = g1
h=0
The bases {1;}%, and {1}, are related by
d d
Li=> pi(i)i], 1 =1X) a1y
j=0 j=0

for 0 < ¢ < d. The following bases for V' are of interest:
() {LYo, () {k ', (i) {1}, (v) Xk 15T,

The bases (i), (ii) are dual with respect to (, ). Moreover the bases (iii), (iv) are dual
with respect to (, ).
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The algebras M and M* are related as follows. For 0 < h,4,j < d,
EfAE, =0 if and only if  plt =0,

1,

E;AE, =0 if and only if qzhj =0.

<

For 0 < i < d,
AE Ey = E} Ey, ATEyE; = E,Ej.
For 0 <7 <d,
EyE! #0, EjE; #0, E’Ey #0, E,E; #0.
We summarize the above description with four statements about V:

(i) the {E;}%_, act on V as a system of mutually orthogonal rank 1 idempotents;
(ii) the {E7}9_, act on V as a system of mutually orthogonal rank 1 idempotents;
(iii) EoE}Ep is nonzero on V for 0 < i < d;
(iv) E{E;E§ is nonzero on V for 0 < i < d.
The above statements (i)—(iv) have the following significance. We will show that (i)—
(iv) together with the symmetry of the matrices {F;}%_,, {E}}L, are sufficient to
recover the T-module V' at an algebraic level.
We now turn our attention to idempotent systems. An idempotent system is defined
as follows. Let F denote a field. Let d denote a nonnegative integer, and let V' denote a
vector space over F with dimension d+ 1. Let End (V') denote the F-algebra consisting
of the F-linear maps from V to V. An idempotent system on V is a sequence ¢ =
(B} {7 }y) such that
(i) {E;}L, is a system of mutually orthogonal rank 1 idempotents in End(V);
(ii) {E7}9_, is a system of mutually orthogonal rank 1 idempotents in End(V);
(iil) EoE;Eo#0 (0<i< d);
(iv) E§E,E; #0 (0 <i<d).
The above idempotent system & is said to be symmetric whenever there exists an
antiautomorphism t of End(V') that fixes each of E;, E} for 0 < ¢ < d. The map
corresponds to the transpose map.
Let @ = ({Ei}Lo; {E;}L ) denote a symmetric idempotent system on V. Using
® we will define some elements {A4;}¢ , {A:}¢_, in End(V) and some scalars

(1) v, kia k:a p?ja qqZ‘a pl(])7 QZ(])

in F. The scalar v corresponds to |X|. We will endow V with a nondegenerate sym-
metric bilinear form (, ). We will define four orthogonal bases of V' that correspond to
the four earlier bases of interest. We will show that the resulting construction matches
the primary T-module at an algebraic level.

Our definitions are summarized as follows. Note that {F;}¢ , form a basis for a
commutative subalgebra M of End(V). We show that for 0 < i < d there exists a
unique A; € M such that

A E Ey = E] Ey.
We show that {4;}%_, is a basis for the vector space M. Similarly, the { £} }¢_, form
a basis for a commutative subalgebra M* of End(V). We show that for 0 < i < d
there exists a unique A} € M* such that

AYEyE; = E.E;.

We show that {Af}Z  is a basis for the vector space M*.
Concerning the scalars (1), we show that tr(EgEg) # 0. The scalar v is defined by

v=tr(EoE)~".
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The scalars k;, k; are defined by
ki = v tr(EyE}), kX =v tr(EJE;) (0 <i<d).

We show that Zg:() ki =v= ELO kx, and each of k;, kI is nonzero for 0 < i < d.
The scalars p}};, g} are defined by

d d
AiAj = bl An, ATAT =D alA;, (0 <i,j <d).
h=0 h=0
The scalars p;(j), ¢:(j) are defined by
d d
Ai=) pi(0)E;, A =>"a()E; (0<i<d).
7=0 =0

We define a bilinear form ( , ) on V as follows. By linear algebra, there exists
a nondegenerate bilinear form ( , ) on V such that (Bu,v) = (u, Bfv) for all B €
End(V) and u,v € V. The bilinear form ( , ) is unique up to multiplication by a
nonzero scalar in F. The bilinear form (, ) is symmetric.

Fix nonzero &,¢ in EpV and nonzero £*,(* in EjV. We show that each of the
following (i)—(iv) is an orthogonal basis for V:

) {EFey,, () (k7T BF Lo, (i) {B€™ Y, (iv) {(k) T EiC" i,

The bases (i), (ii) are dual if and only if (¢, () = v, and the bases (iii), (iv) are dual
if and only if (£*,(*) = v.

We just summarized our definitions. In the main body of the paper, we show that
the resulting defined objects are related in a manner that matches the primary 7T-
module. To describe this relationship, we use some equations involving the {E;}%_,
(B}, {A,, {Ar}d, called the reduction rules.

Near the end of the paper we introduce the P-polynomial and Q-polynomial prop-
erties for symmetric idempotent systems. We show that a symmetric idempotent sys-
tem that is P-polynomial and Q-polynomial is essentially the same thing as a Leonard
system in the sense of [16, Definition 4.1].

The paper is organized as follows. In Section 2 we recall some basic results from
linear algebra. In Section 3 we introduce the concept of an idempotent system. In
Section 4 we introduce the scalar v and discuss some related topics. In Section 5 we
introduce the symmetric idempotent systems. In Sections 6, 7 we introduce a certain
linear bijection p : M — M* and use it to define the elements A;, A;. In Sections 8, 9
we introduce the scalars k;, k] and obtain some reduction rules involving these scalars.
In Sections 10, 11 we introduce the scalars pzhj, qlhj and obtain some reduction rules
involving these scalars. In Sections 12, 13 we introduce the scalars p;(j), ¢;(j) and
obtain some reduction rules involving these scalars. In Section 14 we put some of our
earlier results in matrix form. In Sections 15-17 we introduce the four bases of interest
and discuss their properties. In Section 18 we obtain the transition matrices between
these four bases, and the inner products between these four bases. We also obtain the
matrices representing A;, AY, E;, E; with respect to these four bases. In Section 19
we introduce the P-polynomial and @Q-polynomial properties. In Section 20 we recall
the notion of a Leonard pair and a Leonard system. In Section 21 we show that a
Leonard system is essentially the same thing as a symmetric idempotent system that
is P-polynomial and @Q-polynomial.

The reader might wonder how the concept of a symmetric idempotent system is
related to the concept of a character algebra [10]. Roughly speaking, a symmetric
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idempotent system is obtained by gluing together a character algebra and its dual;
we will discuss this in a future paper.

2. PRELIMINARIES

In this section we fix some notation and recall some basic concepts. Throughout this
paper F denotes a field. By a scalar we mean an element of F. All algebras and vector
spaces discussed in this paper are over F. All algebras discussed in this paper are
associative and have a multiplicative identity. For an algebra A, by an automorphism
of A we mean an algebra isomorphism A — A, and by an antiautomorphism of A we
mean an F-linear bijection 7 : A — A such that (YZ)™ = Z7Y" for Y, Z € A. For the
rest of this paper, fix an integer d > 0 and let V' denote a vector space with dimension
d+1. Let End(V') denote the algebra consisting of the F-linear maps from V to V. Let
Mat 41 (F) denote the algebra consisting of the d + 1 by d 4+ 1 matrices that have all
entries in F. We index the rows and columns by 0,1, ..., d. The identity of End(V) or
Mat 41 (F) is denoted by I. For A € End(V), the dimension of AV is called the rank of
A. A matrix M € Matg1(F) is said to be tridiagonal whenever the (¢, j)-entry M; ; =
0if ¢ —j| > 1 (0 < 4,5 < d). Assume for the moment that M is tridiagonal. Then
M is said to be irreducible whenever M; ; # 0 if |i — j| =1 (0 < i,j < d). We recall
how each basis {v;}&_, of V gives an algebra isomorphism End(V) — Matz 1 (F). For
A € End(V) and M € Matg1(F), we say that M represents A with respect to {v;}_,
whenever Av; = Z?:o M; jv; for 0 < j < d. The isomorphism sends A to the unique
matrix in Matg, 1 (F) that represents A with respect to {v;}% . Next we recall the
transition matrix between two bases of V. Let {u;}¢_, and {v;}¢_, denote bases of V.
By the transition matriz from {u;}%_, to {v;}%_, we mean the matrix 7' € Mat 1 (F)
such that v; = Zj:o T; ju; for 0 < j < d. Let T denote the transition matrix from
{u;}4_, to {v;}¢_,. Then T is invertible and 7! is the transition matrix from{v;}<,
to {u;}%_,. Let T denote the transition matrix from {v;}¢_, to a basis {w;}¢_, of V.
Then the transition matrix from {u;}¢_, to {w;}&, is TT'. For A € End(V) let M
denote the matrix representing A with respect to {ui}fzo. Then T~'MT represents A
with respect to {v;}%_,. Let A € End(V). A subspace W C V is called an eigenspace
of A whenever W # 0 and there exists a scalar 6 such that W = {v € V| Av = fv}; in
this case 6 is the eigenvalue of A associated with W. We say that A is diagonalizable
whenever V' is spanned by the eigenspaces of A. We say that A is multiplicity-free
whenever A is diagonalizable and its eigenspaces all have dimension one.

DEFINITION 2.1. By a decomposition of V' we mean a sequence {Vi}fzo consisting of
one-dimensional subspaces of V' such that V = Z?:o Vi (direct sum).

DEFINITION 2.2 ([6, Section 6A]). By a system of mutually orthogonal rank 1 idem-
potents in End(V') we mean a sequence {E;}¢_, of elements in End(V') such that
EE; =6;;E; (0<i,j <d),
rank(F;) =1 (0<i<d).

LEMMA 2.3. The following hold.
(i) Let {V;}, denote a decomposition of V. For 0 < i < d define E; € End(V)
such that (E; — I)V; =0 and E;V; =0 if j #14 (0 < j < d). Then {E;}L, is
a system of mutually orthogonal rank 1 idempotents in End(V').

(ii) Let {E;}{_, denote a system of mutually orthogonal rank 1 idempotents in
End(V). Then {E;V}%_, is a decomposition of V.

Algebraic Combinatorics, Vol. 4 #2 (2021) 334



Idempotent systems

DEFINITION 2.4. Let A denote a multiplicity-free element in End(V), and let {V;}¢_,
denote an ordering of the eigenspaces of A. Then {V;}L_, is a decomposition of V. Let
{E;}¢_, denote the corresponding system of mutually orthogonal rank 1 idempotents
from Lemma 2.3(i). We call {E;}L, the primitive idempotents of A.

For the rest of this section, let {Ei}fzo denote a system of mutually orthogonal
rank 1 idempotents in End(V'). The next two lemmas are routinely verified.
LEMMA 2.5. The following hold:
(i) tr(E;) =1 (0 < i < d), where tr means trace.
(i) 1=, Bi;
(iii) {E;}%, form a basis for a commutative subalgebra of End(V).
LEMMA 2.6. For A = End(V),

(i) the sum A= Zj:o Z;'l:o E,AE; is direct;
(i) dim E;AE; =1 for 0 <1i,j <d.

3. IDEMPOTENT SYSTEMS

Recall the vector space V' with dimension d+ 1. In this section we introduce the notion
of an idempotent system on V.

DEFINITION 3.1. By an idempotent system on V we mean a sequence

(B} o {E }io)
such that
(1) {E:}d, is a system of mutually orthogonal rank 1 idempotents in End(V);
(ii) {E;}L, is a system of mutually orthogonal rank 1 idempotents in End(V);
(iii) EoEfEo #0 (0<i<d);
(iv) BiEE: #0 (0<i<d).
Let ® = ({E;}¢_o; {E;}L ) denote an idempotent system on V. Define
" = ({E/ o {E:}) -
Then ®* is an idempotent system on V, called the dual of ®. We have (®*)* = ®. For
an object f attached to ®, the corresponding object attached to ®* is denoted by f*.
Let &' = ({E/}L o; {E YY) denote an idempotent system on a vector space V. By
an isomorphism of idempotent systems from ® to ® we mean an algebra isomorphism
End(V) — End(V’) that sends E; — E!, Ef — E for 0 < i < d. We say that ®
and ®’ are isomorphic whenever there exists an isomorphism of idempotent systems
from ® to ®'. By the Skolem—Noether theorem (see [14, Corollary 7.125]), a map
o : End(V) — End(V’) is an algebra isomorphism if and only if there exists an
F-linear bijection S : V — V' such that A7 = SAS™! for all A € End(V).

DEFINITION 3.2. Let M denote the subalgebra of End(V) generated by {E;}¢_,. Note
that M is commutative, and {E;}%_, form a basis of the vector space M.
4. THE SCALARS m;, V

Let ® = ({E;}¢ o;{E;}{,) denote an idempotent system on V. In this section we

K2
use ® to introduce some scalars {m;}%_, v.

DEFINITION 4.1. For 0 < i < d define
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LEMMA 4.2. For 0 < i < d the following hold:

(i) EJEEf =m;E};
Proof. (i) Abbreviate A = End(V). By Lemma 2.6(ii), Ej is a basis for the vector
space B AE(. So there exists a scalar ; such that EgE; Ef = «; E§. In this equation,
take the trace of each side and simplify the result using Lemma 2.5(i) and tr(MN) =
tr(NM) to obtain a; = m;. The result follows.

(ii) Apply (i) to ®*. O

LEMMA 4.3. For 0 < i < d the following hold:

(1) EZESE’L = miEi;

(ii) EfEgEf =miE}.
Proof. Similar to the proof of Lemma 4.2. O

LEMMA 4.4. The following hold:
(i) mi #0 (0<i<d);
(i) Sfgmi = 1.
Proof. (i) Use Definition 3.1(iv) and Lemma 4.2(i).
(i) By Lemma 2.5(ii), Z?:o E; = I. In this equation, multiply each side on the
left by Ej to get Z?:o E3E; = E¥. In this equation, take the trace of each side, and

evaluate the result using Lemma 2.5(i) and Definition 4.1. O

DEFINITION 4.5. Setting i = 0 in (2) we find that mg = mg; let v denote the multi-
plicative inverse of this common value. We emphasize v = v* and

(3) tr(EoEy) = vt
LEMMA 4.6. We have
(4) I/E()ESEO = Eo, Z/ESE()ES = ES

Proof. To get the equation on the left in (4), set ¢+ = 0 in Lemma 4.2(ii) and use
Definition 4.5. Applying this to ®* we get the equation on the right in (4). O

LEMMA 4.7. Each of the following is a basis of the vector space End(V'):
(if) {E;EoE; [0 <i,j < d}.
Proof. (i) In view of Lemma 2.6, it suffices to show that E;E§E; # 0 for 0 < 4,j < d.
Let i, j be given, and suppose E; EjE; = 0. Using Lemmas 4.2(i) and 4.4(i),
for a contradiction. The result follows.
(ii) Apply (i) to @*. O
LEMMA 4.8. Each of the following is a generating set for the algebra End(V):
(i) E§ and M;
(ii) Eo and M*;
(iii) M and M*.
Proof. (i) By Definition 3.2 and Lemma 4.7(i).

(ii) Apply (i) to ®*.
(iii) By (i) above and Definition 3.2. O
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5. SYMMETRIC IDEMPOTENT SYSTEMS
We continue to discuss an idempotent system ® = ({E;}¢ ; {Ef}%_,) on V.

DEFINITION 5.1. We say that ® is symmetric whenever there exists an antiautomor-
phism t of End(V') that fizes each of E;, EF for 0 <i <d.

Recall the algebra M from Definition 3.2.

LEMMA 5.2. Assume that ® is symmetric, and let T denote an antiautomorphism of

End(V) from Definition 5.1. Then the following hold:
(i) t is unique;
(ii) (AN = A for A € End(V);
(i) T fizes every element in M and every element in M*.

Proof. (iii) By Definitions 3.2 and 5.1.
(ii) The composition ot is an automorphism of End (V') that fixes everything in M
and everything in M*. This automorphism is the identity in view of Lemma 4.8(iii).
(i) Let p denote an antiautomorphism of End(V) that fixes each of E;, E} for
0 < ¢ < d. We show p = f. The composition } oy is an automorphism of End(V) that
fixes everything in M and everything in M*. So this automorphism is the identity.
We have 1 = 171 by (ii) above, so u = {. O

6. THE MAP p

Let ® = ({E;}L o; {E7}Y) denote a symmetric idempotent system on V. Recall the
algebra M from Definition 3.2. In this section we introduce a certain map p: M —
M* that will play an essential role in our theory. As we will see, p is an isomorphism
of vector spaces but not algebras.

LEMMA 6.1. For A= End(V),

(i) the elements {E;E3}L o form a basis of AE];
(ii) the elements {E} FEo}¢_, form a basis of AEj.

Proof. (i) By Lemmas 2.5(ii) and 2.6(i) the sum AE} = Z;l:o Er AE§ is direct.
Each summand has dimension one by Lemma 2.6(ii), so AFj has dimension d + 1.
The elements {E;E;}L , are contained in AEj. We show that these elements are
linearly independent. For scalars {a;}¢ , suppose 0 = E?:o a; B, ES. For 0 < r < d,
multiply each side of this equation on the left by E, to obtain 0 = «a,E,.E;. We
have E,.Ej # 0 by Definition 3.1(iv), so a,. = 0. We have shown that {E;E;}e , are
linearly independent, and hence a basis of AE(.

(ii) Apply (i) to @*. O

LEMMA 6.2. For A = End(V),

(i) the map M — AE}, Y — Y E§ is an F-linear bijection;
(ii) the map M* — AEy, Y — Y Ey is an F-linear bijection.

Proof. (i) Clearly the map is F-linear. By Lemma 6.1(i), the map sends the basis
{E;}¢_, of M to the basis {F;E3}L, of AEZ. So the map is bijective.

(ii) Apply (ii) to ®*. O
LEMMA 6.3. There exists a unique F-linear map p : M — M* such that for Y € M,
(5) YEjE, =Y"’Ep.
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Proof. Abbreviate A = End(V). Concerning existence, consider the F-linear map
g: M — AEy, Y — Y ESEy. Let u denote the map in Lemma 6.2(ii). The composition

—1

p: M~ AE, £— M*
satisfies (5). We have shown that p exists. The map p is unique by Lemma 6.2(ii). O

LEMMA 6.4. The maps p and vp* are inverses. In particular, the maps p, p* are

bijective.

Proof. Pick Y € M. Using Lemma 4.6 and applying (5) to both ® and ®*,
(YP)P Ef =YPE\E; = YE;EE; = v 'YE;.

By this and Lemma 6.2(i) we get (Y?)?" = v~1Y. Applying this to ®*, (27 )? =v='Z

for Z € M*. Thus the maps p and vp* are inverses. O

LEMMA 6.5. The map p sends I — E§ and Eg— v'1.

Proof. Using Lemma 6.3, EfEy = IEjEy = IPE,. This forces Ef = I” by
Lemma 6.2(ii). Using Lemmas 4.6 and 6.3, E§Ey = EoEjEy = v~ 'Ey. This forces
Ef = v~ by Lemma 6.2(ii). O

7. THE ELEMENTS A;

We continue to discuss a symmetric idempotent system ® = ({E;}¢; {E;}L,) on V.

DEFINITION 7.1. For 0 < ¢ < d define

(6) A =v(E})F.

LEMMA 7.2. For 0 <i < d, p sends A; — Ef and E; — v~ 1A,

Proof. By Lemma 6.4 and Definition 7.1, A? = v((E})?")? = E}. Applying (6) to ®*,
Ef =v~ 1Az O
LEMMA 7.3. The antiautomorphism 1 from Definition 5.1 fizes each of A;, A} for
0<i<d.

Proof. By Lemma 5.2(iii) and since A; € M, Af € M* for 0 <i < d. O
LEMMA 7.4. For 0 < i < d the following hold:

(iv) E§EyAf = ESE;.
Proof. (i) Use Lemmas 6.3, 7.2.
(ii) Apply (i) to ®*.
(iii), (iv) For the equations in (i) and (ii), apply f to each side and use Lemma 7.3.
O

LEMMA 7.5. We have Ag = 1.

Proof. By Lemma 6.5, I” = Ej. In this equation, apply p* to each side and evaluate
the result using Lemma 6.4 and Definition 7.1. O

LEMMA 7.6. We have Z?:o A; =VvE.

Proof. In the equation Z?:o EF =1, apply p* to each side and evaluate the result
using Definition 7.1 along with Lemma 6.5 applied to ®*. U
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LEMMA 7.7. The elements {A;}¢_, form a basis of the vector space M.

Proof. By Lemmas 6.4, 7.2 and since { E;} }¢_, form a basis of the vector space M*. [

8. THE SCALARS k;

We continue to discuss a symmetric idempotent system ® = ({E;}¢; {E;f}L,) on V.
In this section we use ® to define some scalars k; that will play a role in our theory.

DEFINITION 8.1. For 0 < i < d let k; denote the eigenvalue of A; corresponding to Ey.

LEMMA 8.2. For 0 < i < d the following hold:
(i) AiEo = EgA; = k;Eo;
(ii) AYE; = E§AF = kI ES.
Proof. (i) By Definition 8.1.
(ii) Apply (i) to ®*. O
LEMMA 8.3. For 0 < i < d the following hold:
(i) k; =vm?;
(ii) kf =vm;.
Proof. (i) By Lemma 7.4(i), EcA;EjEy = EoE;Ey. In this equation, evaluate the
left-hand side using Lemmas 4.6, 8.2(i), and evaluate the right-hand side using
Lemma 4.2(ii). This gives k;v "1 Ey = m} Ey. The result follows.
(ii) Apply (i) to ®*. O
LEMMA 8.4. The following hold:
(i) k; #0 (0<i<d);
(i) v =30 ki;
(iii) ko = 1.
Proof. (i) Apply Lemma 4.4(i) to ®* and use Lemma 8.3(i).
(ii) Apply Lemma 4.4(ii) to ®* and use Lemma 8.3(i).
(iii) By Definition 4.5 and Lemma 8.3(i). O

9. SOME REDUCTION RULES

We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.
In this section we obtain some reduction rules for ®. Recall the antlautomorphlbm T
of End(V) from Definition 5.1.

LEMMA 9.1. For 0 < i < d the following hold:

( ) E; EOEO =V 1A*E0,

(ii) B} By = LA B}

(111) E()EO =V lEoA*

(iv) EOEOE* =v 1B} A,.

Proof. (i) Set Y = E; in (5) and use Lemma 7.2.

(ii) Apply (i) to @*.

(iii), (iv) For the equations in (i) and (ii), apply t to each side. O
LEMMA 9.2. For 0 < 1,5 < d the following hold:
(11) EJA:EO = (5i’jA;<E0,'

(lll) EE)kAzEJ* = (Si)jEE)kAi,‘
(IV) EoArE] = (Sid'EoAzc.
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Proof. (i) For the equation in Lemma 9.1(ii), multiply each side on the left by E7
to get 0; ;B Eo By = V_lEj’-‘AiES‘. In this equation, evaluate the left-hand side using
Lemma 9.1(ii).

(ii) Apply (i) to @*.

(iii), (iv) For the equations in (i) and (ii), apply t to each side. O
LEMMA 9.3. For 0 < 4,5 < d the following hold:

(i) E()EJ*AZES = 6i,jkiE0E6;'
(iti) B A} o = 0, ki Ef Fo;
(IV) E‘OAA:‘.E].EE)k = 52'7]' k:EQES
Proof. (i) Using Lemmas 9.2(i), 8.2(i) in order,
E()E;AZEQ = 5Z’JE0A1ES = 517J]€2E0E8

(ii) Apply (i) to @*.

(iii), (iv) For the equations in (i) and (ii), apply t to each side. O
LEMMA 9.4. For 0 < 4,5 < d the following hold:
Proof. (i) Using Lemmas 9.1(iv), 7.4(i) in order,

(ii) Apply (i) to ®*. O

LEMMA 9.5. For 0 < 4,5 < d the following hold:
(i) E:EgA; = ATEoE};
Proof. (i) Using Lemmas 9.1(iv), 9.1(i) in order,
(ii) Apply (i) to @*.
(iii), (iv) For the equations in (i) and (ii), apply t to each side. O

10. THE SCALARS pl};, ¢/

We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.

LEMMA 10.1. There exist scalars p?j (0 < h,i,j < d) such that

d

(7) A A5 = pli Ay (0<i,j <d).
h=0

Proof. By Lemma 7.7. O

DEFINITION 10.2. Referring to Lemma 10.1, the scalars p% are called the intersection
numbers of .

DEFINITION 10.3. For 0 < h,1,j < d define qu = (pfj)* We call these scalars the
Krein parameters of ®.
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LEMMA 10.4. For 0 <i,j < d,

d
*A* h A*
(8) Aj Aj = Z qijAh'
h=0
Proof. Apply Lemma 10.1 to ®* and use Definition 10.3. O

LEMMA 10.5. For 0 < h,t,j < d the following hold:
@) p% - p}%;
(i) ;5 = 4j;-
Proof. (i) By (7) and since the algebra M is commutative.
(ii) Apply (i) to @*. O
LEMMA 10.6. For 0 < h,i < d the following hold:
(1) p?[) = 6h,’i;
(ii) p(})Lz' = 6h,i;
(ii) ¢y = On,is
(iv) qu‘ = Oh,i-
Proof. (i) In (7) set j =0 and use Lemmas 7.5, 7.7.
(ii) By (i) and Lemma 10.5(i).
(iii), (iv) Apply (i), (ii) to ®*. O
LEMMA 10.7. For 0 < h, 4, j,t < d the following hold:
. d , d s
() Zgzo p’}prij = Z;:o phipéj;
(i) > r—o qzrqé} = =0 qiz‘qij-
Proof. (i) Expand Aj(A;A;) = (ApA;)A; in two ways using (7), and compare the

coefficients using Lemma 7.7.
(ii) Apply (i) to @*. O

LEMMA 10.8. For 0 < h,i < d the following hold:
. d
(1) ki = Zj:o p@hj;
o s d
(i) kF = ijo qzhj
Proof. (i) Using Lemmas 7.6 and 8.2(i),

d d
A,»ZAJ» = kiZAh.
j=0 h=0

By (7),
d d d
IDIVIED oh o
§=0 h=0 j=0
Compare the above two equations using Lemma 7.7.
(ii) Apply (i) to ®*. O

LEMMA 10.9. For 0 < 4,5 < d the following hold:

(i) p% = bijki;

(i) g5; = di,5k;
Proof. (i) For the equation (7), multiply each side on the left by EpE§ and on the
right by E§Ey. Evaluate the result using Lemma 7.4(i),(iii) along with Lemmas 4.2,

8.3.
(ii) Apply (i) to ®*. O

Algebraic Combinatorics, Vol. 4 #2 (2021) 341



KAzUMASA NOMURA & PAUL TERWILLIGER

LEMMA 10.10. For 0 < i,j < d the following hold:
. d
(1) kikj =3 o p?jkhf
ss * 1.k d *
(ii) & k; = > heo qlhjkh.

Proof. (i) In (7), multiply each side by Ep, and simplify the result using Lemma 8.2(i).
(ii) Apply (i) to ®*. O

LEMMA 10.11. For 0 < h,i,j < d the following hold:
() knpll = kiply, = kspps
(ii) k;‘;qZ = k:;‘q;h = k;‘qf”
Proof. (i) In view of Lemma 10.5(i), it suffices to show that khp?j = kjp{w.. To obtain

this equation, set ¢ = 0 in Lemma 10.7(i), and evaluate the result using Lemma 10.9(i).
(ii) Apply (i) to ®*. O

11. REDUCTION RULES INVOLVING pl;, q/;

We continue to discuss a symmetric idempotent system ® = ({E;}; {Ef}¢,) on
V. In this section we give some reduction rules for ® that involve the intersection
numbers and Krein parameters.

LEMMA 11.1. For 0 < 1,5 < d the following hold:
(i) AjE;Eo = Y5 _oply B} Eo;

(i) ASEES =S b EWEy;

(iii) BoE;A; = Yo plyEoE;

(iv) E3EiA} = Y0 ¢}y ESEn.

Proof. (i) Using Lemmas 7.4(i), 10.1, 7.4(i) in order,

d d
AjE;kE() = AJAlESEO = ZPZA}LESEO = ZPZE;;EO
h=0 h=0
(ii) Apply (i) to ®*.
(iii), (iv) For the equations in (i) and (ii), apply } to each side. O
LEMMA 11.2. For 0 < h,i,j < d the following hold:
(i) BA; B Eo = pls B Eo;
(i) EnASE.E; = EnEy;
(i) EoE; A, E; = ply By
(iV) EE;EZA;Eh = qlhan‘Eh.

Proof. (i) Using Lemma 11.1(i),

d
B A;Ef By =Y p}; B E; Eo = p;Ej; Fo.
s=0
(ii) Apply (i) to ®*.
(iii), (iv) For the equations in (i) and (ii), apply t to each side. O
LEMMA 11.3. For 0 < h,i,j < d the following hold:
(i) EiASEy =m; ¢ BBy Ey;
(i) B;A;E; = (m})”'pl, B Eo By,
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Proof. (i) In Lemma 11.2(iv), multiply each side on the left by F;. Simplify the result
using Lemma 4.3(i).
(ii) Apply (i) to ®*. O

LEMMA 11.4. For 0 < h,4,j < d the following hold:
(i) EfA;E; =0 if and only if pfj =0;
(ii) EzAJE, =0 if and only if qu =0.

Proof. By Lemmas 4.7 and 11.3. O

LEMMA 11.5. For 0 < h,i,j < d the following hold:
(i) py = (mj) " te(BoE; A Ep);
(i) gy =my ' te(B3EALE)).

Proof. (i) In Lemma 11.2(iii), take the trace of each side, and simplify the result using
Definition 4.1.
(ii) Apply (i) to @*. O
12. THE SCALARS p;(j), ¢i(j)

We continue to discuss a symmetric idempotent system ® = ({E;}¢; {E;f}¢,) on
V. In this section we use ® to define some scalars p;(j), ¢;(j) that will play a role in
our theory. Recall the algebra M from Definition 3.2.

LEMMA 12.1. There exist scalars p;(j) (0 < 4,7 < d) such that
d
9) Ay = Zpi(j)Ej (0<i<d).
3=0

Proof. By Definition 3.2 the elements {E;}L, form a basis of M. By Definition 7.1,
A; € M for 0 < 7 < d. The result follows. O
DEFINITION 12.2. For 0 < 4,j < d define ¢;(j) = (p:(3))*.

LEMMA 12.3. For 0 < 4,5 < d,

d
(10) A= "a()E; (0<i<d).
§=0
Proof. Apply Lemma 12.1 to ®* and use Definition 12.2. 0

LEMMA 12.4. For 0 < 4,5 < d the following hold:
(i) AiEj = EjA; = pi(j)Ej;
(i) A7E} = EFA7 = qi(5)EF -
In other words, p;(j) (resp. qi(j)) is the eigenvalue of A; (resp. Af) associated with
E;V (resp. EXV ).
Proof. (i) Use (9).
(ii) Apply (i) to ®*. O
LEMMA 12.5. For 0 < i < d the following hold:
: * - d . *
(i) Bf =v ' Yo pi(i) A
(i) B = v 250 a:(i)A;.
Proof. (i) In (9), apply p to each side and use Lemma 7.2.
(ii) Apply (i) to ®*. O
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LEMMA 12.6. For 0 < i,j < d the following hold:
(i) ZZLZO pi(h)an(j) = i
(il) Do ¢i(R)pn(j) =6

Proof. (i) By (9), A; = ZZ:O pi(h)ER. In this equation, eliminate FEj; using

Lemma 12.5(ii), and compare the coefficients of each side.
(ii) Apply (i) to ®*. O

LEMMA 12.7. For 0 < j < d the following hold:
() () = 1.
Proof. (i) Set ¢ =0 in (9) and recall that Ay = I.
(ii) Apply (i) to @*. O
LEMMA 12.8. For 0 < i < d the following hold:
(i) pi(0) = ki;
(i) 4:(0) = k7.
Proof. (i) Set j = 0 in Lemma 12.4(i) and compare the result with Lemma 8.2(i).
(ii) Apply (i) to @*. O

LEMMA 12.9. For 0 < j < d the following hold:
(i) Zg:o pr(j) = dov;
(i) > 2h=0 4n(j) = do -
Proof. (i) Set ¢ = 0 in Lemma 12.6(ii), and evaluate the result using Lemma 12.7(ii).
(ii) Apply (i) to ®*. O

LEMMA 12.10. For 0 < i < d the following hold:

(i) Zg:o mhpi(h) = 5@,0;
(il) > h—ompai(h) = dip-
Proof. (i) Set 7 =0 in Lemma 12.6(i), and evaluate the result using Lemmas 8.3(ii),
12.8(ii).
(ii) Apply (i) to ®*. O

LEMMA 12.11. For 0 < i, 4,7 < d the following hold:
. d
(i) pi(r)pi(r) = Y h—o Plipn(r);
. d
(ii) qi(r)a;(r) = Xh—o aiyan(r).
Proof. (i) In (7), multiply each side by E,., and simplify the result using Lemma 12.4(i).
(ii) Apply (i) to ®*. O
LEMMA 12.12. For 0 < h,1,j < d the following hold:
(i) Py = vt o pilr)ps (r)ar (h);
(ii) ¢y = v ' 0o qi(r)g; (r)pe(h).

Proof. (i) Expand the sum Zi:o pi(r)p;(r)g-(h) using Lemma 12.11(i), and simplify
the result using Lemma 12.6(i).
(ii) Apply (i) to ®*. O
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13. REDUCTION RULES INVOLVING p;(j), ¢i(J)
We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.

LEMMA 13.1. For 0 < i,j < d the following hold:
(i) EoA7A; —pa(l)
(ii) EOA A* = qJ(Z)EO il
(iv) AALES — gy (1)ALES,

Proof. (i) Using Lemmas 12.1 and 9.2(iv) in order,

d d
E()A,TA]‘ = ij (h)EoA:Eh = Z}b(h)(%ﬁEoA,f = pj (Z)f;OAA;'<
h=0 h=0

(ii) Apply (i) to ®*.
(iii), (iv) For the equations in (i) and (ii), apply t to each side. O

LEMMA 13.2. For 0 < 4,7 < d the following hold:

(i) EoEfE; = v~ pl(])

(ii) EYE; Er=v" ql(j)EO i
(i) E; E*Eo =v 1pz(])A Eo,
(iv) EXEE} = v q,(j

Proof. (i) Using Lemmas 12.5(i) and 9.2(iv) in order,
d
EyEE; = Ey <1/1 Zpi( Ah) E;=v" sz Von,; EoAs, = v pi(j ) EoAj.

(ii) Apply (i) to *.
(iii), (iv) For the equations in (i) and (ii), apply t to each side. O

LEMMA 13.3. For 0 < 4,5 < d the following hold:
(i) EoATA;Eg = p;(i)ki EoEg ;
(iil) EgA;AjEo = pi(4)k; Eg Eo;
Proof. (i) Using Lemmas 13.1(i), 12.4(ii), 12.8(ii) in order,
EgA7 A Eq = p;(i) Eo AT Eg = p;(i)qi(0)Eo By = p; (i)ki EoEg .

(ii) Apply (i) to ®*.
(iii), (iv) For the equations in (i) and (ii), apply t to each side. O

LEMMA 13.4. For 0 < 4,5 < d the following hold:
(i) EoE]E;ES = pi(j)m;EoEj;

Proof. (i) Using Lemmas 13.2(i), 12.4(ii), 12.8(ii) in order,
EyEjE;Ey = Vflpi(]')EoA;ES = v 'pi(j)q; (0)Eo B = v 'ps () kj Eo Ey.

Now use Lemma 8.3(ii).
(ii) Apply (i) to ®*. O
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LEMMA 13.5. For 0 <i,j < d,

pi(j) _ 4;(i)
11 = .
(11) ki K
Proof. By Lemma 13.3(ii),(iii), p:(j)k; EgEo = q;(i)kiEg Eo. The result follows since
E} Ey # 0 by Definition 3.1(iii). O
LEMMA 13.6. For 0 < 4,5 < d the following hold:
() pi(5) = vm; " (B E} B Ep);
) pi(j )—Vm Y tr(EE;Ef Ey);
(i) 4:()) = v(m$) ™ (S EF By
) 4:(5) = v(m }f)*l tr(Eo £} By E).
Proof. (i) Using Lemma 13.4(i) and Definition 4.5,
tr(EoE; E;Eg) = pi(j)m; tr(EoEg) = v™'pi(j)m;

(iii) Apply (i) to ®*.
(ii) In (iii), exchange i, j, and use Lemmas 8.3, 13.5.

(iv) Apply (ii) to ®*. O

14. SOME MATRICES

We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.
In the previous sections we used ® to define several kinds of scalars, and we described
how these scalars are related. In this section we express these relationships in matrix
form.

DEFINITION 14.1. Let K (resp. K*) denote the diagonal matriz in Matgyq(F) that
has (i,1)-entry k; (resp. k}) for 0 < i < d. Let P (resp. Q) denote the matriz in
Matg41(F) that has (i,j)-entry p;(i) (resp. q;(i)) for 0 < i,j < d.

LEMMA 14.2. The following hold:

(i) PQ=QP =vI;
(ii) PK* = KQ;
(il) K*P = Q'K

Proof. (i) By Lemma 12.6.
(ii) By Lemma 13.5.
(iii) In (ii), take the transpose of each side. O

DEFINITION 14.3. Note by Lemma 14.2 that K~1P* = Q(K*)™! and (K*)7'Q' =
PK~'; we define

(12) U=K'P'=Q(K*) ™, U*=(K*)"'Q"'=PK "
LEMMA 14.4. The followz’ng hold:
(i) P = U K
ii) P
(111) Q UK*

Proof. Immediate from Definition 14.3. g
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LEMMA 14.5. We have U;o = 1 and U7y =1 for 0 < i < d. Moreover Uy j = 1 and
Uij=1for0<j<d

Proof. Use Lemmas 8.4(iii), 12.7, 12.8. O

LEMMA 14.6. The following hold:
(i) Ut =U*;
(i) UK*U*K = vI;
(iii) U*KUK* = vI.
Proof. (i) By Definition 14.3.
(ii), (iii) By Lemma 14.4(i),(iii) and Lemma 14.2(i). O

DEFINITION 14.7. For 0 < i < d let B; and B} denote the matrices in Matg11(F) that
have entries

(Bi)n.j = Py (B )n; = a; (0 < h,j <ad).

We call B; (resp. B} ) the i*® intersection matrix (resp. i'! dual intersection matrix)
of .

DEFINITION 14.8. For 0 < ¢ < d let H; and H; denote the diagonal matrices in
Mat 41 (F) that have diagonal entries

(Hi)j,; = pi(d), (H;)j5 = ai(J) 0<j<d).
LEMMA 14.9. For 0 < r < d,
(13) H,P = PB,, H'Q = QB?,
(14) QH, = B,Q, PH! = B/P,
(15) KB, = (B,)'K, K"By = (B;)'K™,
(16) UH, = B, U, U*H? = B:U*.

Proof. To get the equation on the left in (13), compare the entries of each side using
Lemma 12.11(i). In the equation on the left in (13), multiply each side on the left
and on the right by @ and simplify the result using Lemma 14.2(i). This gives the
equation on the left in (14). To obtain the equation on the left in (15), compare the
entries of each side using Lemma 10.11(i). The equation on the left in (16) follows
from QH, = B,Q and Lemma 14.4(iii) together with the fact that H,, K* commute
since they are both diagonal. To get the equations on the right in (13)—(16), apply
the equations on the left in (13)—(16) to ®*. O

LEMMA 14.10. For 0 < i,j < d the following hold:
(i) BiBj = p_opliBn;
(i) B} B} = Y 4} B
(iii) HH; = S5 o pliH;
(iv) Hy Hy =375 alyHj.
Proof. (i), (ii) By Lemma 10.7.
(iii), (iv) By Lemma 12.11. O

15. THE ®-STANDARD BASIS

We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.
In this section we introduce the notion of a ®-standard basis.
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LEMMA 15.1. For 0 < i < d, E}V = EfEyV.

Proof. The vector space E;V has dimension 1 and contains E;EyV. By Defini-
tion 3.1(iii), EfEgV # 0. The result follows. O

LEMMA 15.2. Let £ denote a nonzero vector in EgV. Then for 0 < i < d the vector E} ¢
is nonzero and hence a basis of E;V . Moreover the vectors { E;¢}4_ form a basis of V.

Proof. Let the integer ¢ be given. We show E;¢ # 0. The vector space EyV has
dimension 1 and ¢ is a nonzero vector in EyV, so £ spans EgV. Therefore E;{ spans
E?EyV. The vector space 7 EgV has dimension 1 by Lemma 15.1 so E}§ is nonzero.
The remaining assertions are clear. O

DEFINITION 15.3. By a ®-standard basis of V we mean a sequence {E;¢}4_,, where &
is a monzero vector in EgV .

We give a characterization of a ®-standard basis.

LEMMA 154. Let {u; f:O denote a sequence of vectors in V', not all 0. Then this
sequence is a ®-standard basis if and only if both (i), (ii) hold below:

(i) u; € EfV for 0 <i<d;
(i) Y0 u; € EoV.

Proof. To prove the lemma in one direction, assume that {u;}¢_, is a ®-standard
basis of V. By Definition 15.3 there exists a nonzero £ € EyV such that u; = E;¢ for
0 < ¢ < d. By construction u; € EfV for 0 <14 < d, so (i) holds. Recall I = Z?:o E;.
In this equation we apply each side to &, to find that £ = Zg:o ug, and (ii) follows.
We have now proved the lemma in one direction. To prove the lemma in the other
direction, assume that {u;}% , satisfy (i) and (ii). Define ¢ = Z?:o u; and observe
& € EyV. Using (i) we find that Efu; = §; ju; for 0 < 4,5 < d. It follows u; = EF¢
for 0 < i < d. Observe & # 0 since at least one of {u;}, is nonzero. Now {u;}% is
a ®-standard basis of V' by Definition 15.3. O

16. BILINEAR FORMS

)

In this section we recall some basic facts concerning bilinear forms on V. See [14
Section 8.5] for more information. By a bilinear form on V we mean a map ( , )
V x V — F that satisfies the following four conditions for u,v,w € V and a € F:
(i) (u+v,w) = (u,w) + (v,w); (i) (au,v) = alu,v); (iii) (u,v +w) = (u, v) + (u, w);
(iv) (u,av) = alu,v). Let {, ) denote a bilinear form on V. We abbreviate ||v||?> =
(v,v) for v € V. The following are equivalent: (i) there exists a nonzero u € V such
that (u,v) = 0 for all v € V; (ii) there exists a nonzero v € V such that (u,v) =0
for all w € V. The form ( , ) is said to be degenerate whenever (i), (ii) hold and
nondegenerate otherwise.

We recall from [8, Theorem 1.1] or [11, Ch. 1, Theorem. 4.2] how bilinear forms on
V are related to antiautomorphisms of End(V'). Let v denote an antiautomorphism
of End(V'). Then there exists a nonzero bilinear form (, ) on V such that (Au,v) =
<u, A7v> for u,v € V and A € End(V). The form is unique up to multiplication by a
nonzero scalar. The form is nondegenerate. We refer to this form as a bilinear form
on V associated with .

For the rest of this section let ( , ) denote a nondegenerate bilinear form on V.

DEFINITION 16.1. For bases {u;}¢_, and {v;}¢_, of V, the inner product matrix from
{u;}y to {v;}L, is the matriz in Matyy1(F) that has (i,7)-entry (u;,v;) for 0 <
i,j < d.

Algebraic Combinatorics, Vol. 4 #2 (2021) 348



Idempotent systems

Referring to Definition 16.1, the inner product matrix from {u;}&, to {v;}%, is
invertible.

DEFINITION 16.2. The form (, ) is said to be symmetric whenever (u,v) = (v,u) for
u,v € V.

DEFINITION 16.3. Assume that { , ) is symmetric. Then two bases {u;}L, {vi}Lq of
V' are said to be dual with respect to (, ) whenever (u;,v;) =9, ; for 0 <i,j <d.

LEMMA 16.4. Assume that { , ) is symmetric. Then each basis of V has a unique dual
with respect to ( , ).

LEMMA 16.5. Assume that { , ) is symmetric. Let {u;}¢ o and {v;}&_, denote bases
of V.. Then the following are the same:

(i) the inner product matriz from {u; ¢, to {v:}%,;
(ii) the inner product matriz from {u;}%_, to {u;}l_, times the transition matriz
from {u;}Lq to {vi}d,.

Proof. Routine linear algebra. O

17. THE DUAL ®-STANDARD BASIS

We return our attention to a symmetric idempotent system ® = ({E;}& ; {EF 19 ,)
on V. In this section we introduce the notion of a dual ®-standard basis of V. Recall
the antiautomorphism 1 of End(V') from Definition 5.1. For the rest of the paper { , )
denotes a bilinear form on V associated with {. By the construction, for A € End(V)
we have

(17) (Au,v) = <u,ATv> (u,v € V).
Recall the algebra M from Definition 3.2.
LEMMA 17.1. For A € MU M*,
(18) (Au,v) = (u, Av) (u,v e V).
Proof. By Definition 5.1 and (17). O
LEMMA 17.2. For £ € EyV,
(19) (BI& Bi€) = i v kil €] (0<i,j<d).
Proof. Using (18) and Fo€ = &,
(E;€,E3€) = (B} Bo&, B Eof) = (€, BoE} B Eof) = 5i5(€, BoEf Bof).
By this and Lemmas 4.2(ii), 8.3(i) we get the result. O
LEMMA 17.3. The bilinear form (, ) is symmetric.
Proof. Consider a ®-standard basis {Ef¢}L, of V, where 0 # ¢ € EgV. By

Lemma 17.2, <EZ§,E}‘§> = <E;§,E;‘§> for 0 < 4,j < d. Therefore (u,v) = (v, u) for
u, veV. O
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LEMMA 17.4. The following hold for 0 # & € EyV and 0 # £* € EgV:

(i) each of ||€]1%, |l€*|[2, (&,€*) is nonzero;
(.i) E3§ = |<|£§7f||g 5*;
(i) Eog* = 4557 ¢;
(iv) (€112l ]2 = v (€, 67)°.

Proof. (i) Observe |[£||? # 0 by Lemma 17.2 and since (, ) is nonzero. Applying this
to ®* we get ||€*]|> # 0. To see that (£,£*) # 0, observe that £* is a basis of E5V
so there exists a scalar a such that Ejé = af*. Recall Ej¢ # 0 by Lemma 15.2 so
a # 0. Using (18) and EF¢* = £* we routinely find that <§,§*> = of|¢*]|? and it
follows <§,§*> #0.

(ii) In the proof of part (i) we found Ej¢ = a* where (£,£*) = o[€*||%. The result
follows.

(iii) Apply (ii) to ®*.

(iv) Using ¢ = Eoé and Lemma 4.6 one finds that v~ 1¢ = EyEj¢. To finish the
proof, evaluate EgEg¢¢ using (ii), (iii). O

—

DEFINITION 17.5. By a dual ®-standard basis of V' we mean the dual of a ®-standard
basis with respect to {, ).

Shortly we will describe the dual ®-standard bases. We will use the following
definition.

DEFINITION 17.6. Note that for nonzero &, ¢ € EyV the following are equivalent:
(i) (&.¢) =v; (ii) ¢ = v&/ll€l1* (iif) & = v¢/[I¢]*.
We say that £, ¢ are partners whenever they satisfy (1)—(iii).

LEMMA 17.7. For nonzero &, ¢ in EoV the following are equivalent:

(i) the bases {E; ¢}y and {k; ' E ¢}, are dual with respect to (, );
(ii) &, ¢ are partners.

Proof. The vector space EgV has dimension 1, so there exists a scalar a such that
¢ = af. By this and Lemma 17.2

(Bf& ki ESC) = 6; jav™ |2,

So (i) holds if and only if a||¢[|> = v. By this and Definition 17.6 we obtain the
result. O

LEMMA 17.8. A given basis of V is dual ®-standard if and only if it has the form
{k;'Er ¢} for some nonzero ¢ € EgV.

Proof. Use Lemma 17.7. 0

We mention a result for later use.

LEMMA 17.9. For 0 # € € EyV and 0 # £ € EV,

(B& Bie™) = v 'mi()k; (€,€7) (0<i,j <d).
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Proof. Using Eo§ =&, Ej&" = £ and Lemma 13.4(i),
(Bi€, E€") = (§ EoE; E;EGE") = pi(j)m;(€.€7)-
By this and Lemma 8.3(ii) we obtain the result. O

18. FOUR BASES OF V

We continue to discuss a symmetric idempotent system ® = ({E;}¢; {Ef}¢,) on
V. Recall the elements A; from Definition 7.1. Recall the matrices K, K*, U, U* from
Definitions 14.1, 14.3, and the matrices B;, B}, H;, H; from Definitions 14.7, 14.8.
Recall the bilinear form (, ) from above Lemma 17.1.

Throughout this section, we fix nonzero vectors &,( € EyV and £*,(* € EjV, and
consider the following four bases of V.

basis type basis
®-standard {Ereyi,
(20) dual ®-standard {ki_lEfC}f:O
d*-standard {Eig*
dual ®*-standard {(kf) T B¢},

In this section we display the matrices that represent {A,}4_,, {A*}¢_, {E.}9_,,
{Er}4_, with respect to these bases. We display the inner product matrices between
these bases. We display the transition matrices between these bases.

We introduce some notation. For 0 < i,j < d define A; ; € Matgy1(F) that has
(i,4)-entry 1 and all other entries 0.

PRrOPOSITION 18.1. In the table below we give some matrix representations. For 0 <
r < d, each entry in the table is the matriz that represents the map in the given
column with respect to the basis in the given row.

basis A, Al E, E:
{Ere}d, B, H v UK*A,,U*K A,
(k7 Er e, B: HY (U)7'A,,U* Ary
{Ei Yo H, B; Ay vIU*KA,  UK*
{(k) T EiC Y, H, (By)* A, U'A,U

Proof. We first consider the matrices representing A,. The matrix representing A,
with respect to {Ef¢}L, is obtained using Lemma 11.1(i) and Definition 14.7.
The matrix representing A, with respect to {k; 'E;(}¢_, is obtained using Lem-
mas 10.11(i) and 11.1(i). The matrices representing A, with respect to {F;£*}¢_, and
{(k;)"'E;i¢*}L, are obtained using Lemma 12.4(i) and Definition 14.8. Applying
these results to ®* we obtain the matrices representing A’. Next we consider the
matrices representing E,.. The matrix representing F, with respect to {Ef¢}d
is obtained using Lemmas 13.2(iii), 12.3, 14.4(i),(iii). Multiply this matrix on the
left (resp. right) by K (resp. K~!) and use Lemma 14.6(iii) to obtain the matrix
representing F, with respect to {k; 1E§‘C}f:0. The matrices representing E, with
respect to {E;¢*}¢ o and {(k})"'E;(*}L, are routinely obtained. Applying these
results to ®* we obtain the matrices representing E;'. O
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PROPOSITION 18.2. In the table below we give the inner product matrices between the
bases in (20). Each entry of the table is the inner product matriz from the basis in
the given row to the basis in the given column.

{Brehin, (kTEIGL, {BHL, () ECHL,
(BreyL, el g Lar  EORyre  EOERD
(k7 ErCHL, Loy MEg-r L8pre dly
{E€ ¥, EOppg EOgps I g Gy
(k) EC ), COp g COpe €87 LI gy

Proof. Note that ¢ (resp. *) is a nonzero scalar multiple of £ (resp. £*). Using this
and Lemmas 17.2, 17.9 we represent the inner products in terms of P, @, K, K*.
Now eliminate P, @ using Lemma 14.4 to get the result. O

In the diagram below we display the inner product matrices between the four bases
n (20):

2 2
sl m m lg)1? o1
€0

{Brere, v (ki BT,
(68 ¢y
(£,€%) KUK* v
(E5.8) g i (€0 =
(B}, {(k}) T B,

<£*,C*>I
*® 112 v * (2
e 112 g U \) UE™ 112 gy =1

Inner products
M PR
{u,i}f=0 R {vi}f=0 means M;; = (u;,v;) (0 <4,j <d)

The direction arrow is left off if M is symmetric

PROPOSITION 18.3. In the table below we give the transition matrices between the four
bases in (20). Each entry of the table is the transition matriz from the basis in the
given row to the basis in the given column.

{Breyo (ki EfQL, {E€ ), {() B¢},
{Ereri, I WK UK g
(kT E O i K I <H<H>KUK* e KU
B¢ UK feU d e
(k)T EC™ Yoo |<|% IEIg KUK \<IC e KU ﬁéf\y K I
Proof. Use Lemma 16.5 and Proposition 18.2 O
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In the diagram below we display the transition matrices between the four bases
in (20).
(£.0) pr—1 (€.6)

; len? e K 1o
{Ereyi, i (k7 EF L,
(£,¢*%)
[1€112 v
(¢.¢ 2) KU
(6.8%) 7™ Il
[1€l12
(E*,8) 7= (C*C) gorrr=
H&*H?U K HC*HEK v
{E:" Y, {7 EiC Y,
(£*,¢*) *)—1 (C*,€%) 7o
[1€*112 (K ) HC*HZK

Transition matrices
{uit{_o —— {vi}io means v; = S0 Miju; (0<j < d)
19. P-POLYNOMIAL AND (Q-POLYNOMIAL IDEMPOTENT SYSTEMS
We continue to discuss a symmetric idempotent system ® = ({E;}¢_; {Ef}¢_,) on V.

DEFINITION 19.1. We say that ® is P-polynomial whenever pfj is zero (resp. nonzero)
if one of h, 1, j is greater than (resp. equal to) the sum of the other two (0 < h,i,j < d).

For the moment, assume that d > 1 and ® is P-polynomial. Then the first inter-
section matrix B; has the form

Qo bo 0
C1 ay bl
62 . .
Bl = . . . ?
© baa
0 Cd Qq

where
Ci:pi,i—l (1<i<d), ai:pi,i (0<i<d), bi:pli,i+1 (O<i<d-1).
<

Moreover ¢; # 0 for 1 <i < dand b; #0 for 0 <i <d—1. So By is irreducible tridi-
agonal. Shortly we will show that this feature of B; characterizes the P-polynomial

property.
LEMMA 19.2. Assume that d > 1 and ® is P-polynomial. Then
A1Ag = apAo + c1 44,

AA; = by A1+ A+ i1 A (1<i<d-1),
A1Ag =ba_1Aq—1 + aqAqg.
Proof. By Lemma 10.1 and the comments below Definition 19.1. O

For elements A, B in any algebra, we say that B is an affine transformation of A
whenever there exist scalars «, 8 such that o # 0 and B = aA + S1.
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PROPOSITION 19.3. Assume that d > 1. Then for A € End(V) the following are
equivalent:

(i) ® is P-polynomial and A is an affine transformation of A;;
(ii) for 0 < i < d there exists f; € Flz] such that deg(f;) =i and A; = fi(4).

Proof. (i) = (ii) By Lemma 19.2 and since Ay = I.

(ii) = (i) The elements {A;}L, are linearly independent by Lemma 7.7, so the
elements {A'}¢_, are linearly independent. Pick integers 4, j (0 <, < d) such that
i+ j < d. We show that

d
(21) fifi = olifn
h=0

Define a polynomial g = f; f; 72‘5:0 p?jfh. The degree of g is at most d, and g(A) = 0.
Therefore g = 0. We have shown (21). In (21) we examine the degrees to find

i+j=max{h|0<h<d, pfj#0}.

By this and Lemma 10.11(i), we find that ® is P-polynomial. Since A; = f1(A4) and
deg(f1) =1, A is an affine transformation of A;. O

PROPOSITION 19.4. Assume that d > 1 and ® is P-polynomial. Then the following
hold:

)
)
(iii) {E;V}L, are the eigenspaces of A1;
(iv) Ay is multiplicity-free;

)

Proof. (i) By Lemma 7.7 and Proposition 19.3(ii).

(ii) By Lemma 12.4, p(j) is the eigenvalue of A; corresponding to E;V for 0 <
j < d. So the characteristic polynomial of A4; is H?ZO(@" —p1(4)). By (i) the minimal
polynomial of A; has degree d + 1. By these comments, the minimal polynomial of
Ap is H;l:O(:L' —p1(j)). The result follows.

(iii) By Lemma 12.4(i) and (ii) above.

(iv) By (iii) above and since F;V has dimension one for 0 < ¢ < d.

(v) By (iii), (iv) above. O

PRrROPOSITION 19.5. For d > 1 the following are equivalent:

(i) @ is P-polynomial;
(ii) the first intersection matriz By is irreducible tridiagonal.

Proof. (i) = (i) We saw this above Lemma 19.2.

(if) = (i) Since By is irreducible tridiagonal, we have the equations in Lemma 19.2.
So for 0 < i < d there exists f; € F[z] such that deg(f;) = ¢ and A; = fi(41). By
Proposition 19.3 (with A = A;) we see that ® is P-polynomial. O

DEFINITION 19.6. We say that ® is Q-polynomial whenever qlhj is zero (resp. nonzero)
if one of h,1,j is greater than (resp. equal to) the sum of the other two (0 < h,i,j < d).

LEMMA 19.7. @ is Q-polynomial if and only if ®* is P-polynomial.
Proof. Immediate from Definitions 10.3, 19.1, 19.6. O
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20. LEONARD PAIRS AND LEONARD SYSTEMS
In this section we recall the notion of a Leonard pair and a Leonard system.

DEFINITION 20.1 ([16, Definition 1.1]). By a Leonard pair on V we mean an ordered
pair A, A* of elements in End(V') that satisfy the following (i), (ii).
(i) There exists a basis of V' with respect to which the matriz representing A is
irreducible tridiagonal and the matriz representing A* is diagonal.
(ii) There exists a basis of V' with respect to which the matriz representing A* is
irreducible tridiagonal and the matrix representing A is diagonal.

Let A, A* denote a Leonard pair on V. By [16, Lemma 1.3] each of A, A* is
multiplicity-free. Let {E£;}%, denote an ordering of the primitive idempotents of A.
For 0 < ¢ < d pick a nonzero v; € E;V. Then {v; ?:0 form a basis of V. We say
that the ordering {E;}%, is standard whenever {v;}L, satisfies Definition 20.1(ii).
In this case, the ordering {E,_;}%_, is standard and no further ordering is standard.
A standard ordering of the primitive idempotents of A* is similarly defined.

DEFINITION 20.2 ([16, Definition 1.4]). By a Leonard system on V' we mean a sequence

(22) (A {E} o A {E Y 0)
of elements in End(V') that satisfy the following (i)—(iii):
(i) A, A* is a Leonard pair on V;
(ii) {E;}L, is a standard ordering of the primitive idempotents of A;
(iii) {E7}L, is a standard ordering of the primitive idempotents of A*.
For the rest of this section let (A; {E;}¢_,; A*; {E;}L ) denote a Leonard system
on V. Note that (A*; {E;}¢ o; 4;{E;}{,) is a Leonard system on V.
LEMMA 20.3 ([17, Lemma 9.2]). The following hold:
(i) EiEE; #0 (0<i<d).
LEMMA 20.4 ([17, Theorem 6.1 and Lemma 6.3]). There exists a unique antiautomor-
phism T of End(V) that fizes each of A, A*. Moreover 1 fizes each of E;, EF for
0<i<d.
LEMMA 20.5 ([17, Theorem 13.4]). There exist polynomials {f;}, in F[z] such that
deg(f;) =1 and fi(A)E{Ey = EfEy for 0 < i <d.
LEMMA 20.6 ([12, Theorem 4.2]). For elements B, B* in End(V) the following are
equivalent:
() (B;{Ei}l,; B*;{E}L ) is a Leonard system;
(ii) B (resp. B*) is an affine transformation of A (resp. A*).

21. IDEMPOTENT SYSTEMS AND LEONARD SYSTEMS

In this section we show that a Leonard system is essentially the same thing as a
symmetric idempotent system that is P-polynomial and Q-polynomial.

THEOREM 21.1. Let ® = ({E;}L_o; {Ef }9_,) denote a sequence of elements in End(V).
Then the following are equivalent:

(i) @ is a symmetric idempotent system that is P-polynomial and Q-polynomial;
(ii) there exist A, A* in End(V) such that (A; {E;}Lo; A% {E;}e ) is a Leonard
system.
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Proof. We assume d > 1; otherwise the assertion is obvious.

(i) = (ii) We show that (Ay; {E;}Lo; AT {EF 14 ) is a Leonard system on V, where
A;, A} are from Definition 7.1. By Proposition 18.1, with respect to a ®-standard
basis of V' the matrix representing A, is By and the matrix representing A} is Hy.
By Definition 14.7 the matrix H; is diagonal, and by Proposition 19.5 the matrix
Bj is irreducible tridiagonal. Thus with respect to a ®-standard basis the matrix
representing A; is irreducible tridiagonal and the matrix representing A; is diagonal.
Applying this to ®*, with respect to a ®*-standard basis the matrix representing A} is
irreducible tridiagonal and the matrix representing A, is diagonal. By these comments
A1, A} is a Leonard pair on V. By Proposition 19.4(v) and the construction, {E;}Z
(resp. {E;}L ) is a standard ordering of the primitive idempotents of A; (resp. A%).
We have shown that (A1; {E;}L o; AT {Ef}Y,) is a Leonard system on V.

(ii) = (i) By Lemmas 20.3 and 20.4, ® is a symmetric idempotent system on V.
By Lemma 20.5 there exist polynomials {f;}¢ , in F[z] such that deg(f;) = i and
fi(A)E§Ey = EfEy for 0 < i < d. By Lemmas 6.3, 6.4, 7.4(i), A4, is the unique
element in M such that A, E§Ey = E} Ey (0 < i < d). By these comments f;(A) = A;
for 0 < i < d. By this and Proposition 19.3, ® is P-polynomial. Apply this to the
Leonard system (A*; {E;}¢_; A; {E;}L,) to find that ® is Q-polynomial. O

LEMMA 21.2. Assume that d > 1 and the equivalent conditions (i), (ii) hold in Theo-
rem 21.1. Then for A, A* in End(V') the following are equivalent:

(1) (A {E}L ) A {Er L) is a Leonard system on V;

(ii) A (resp. A*) is an affine transformation of Ay (resp. A7), where Ay, A} are
from Definition 7.1.

Proof. (i) = (ii) By the proof of Theorem 21.1, (Ay;{E;}L ;A5 {Ef} ) is a
Leonard system on V. By this and Lemma 20.6, A (resp. A*) is an affine transfor-
mation of A; (resp. A¥).

(ii) = (i) By Lemma 20.6. O
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