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Generalized Littlewood-Richardson
coefficients for branching rules of GL(n) and

extremal weight crystals

Brett Collins

ABSTRACT Following the methods used by Derksen—Weyman in [16] and Chindris in [9], we use
quiver theory to represent the generalized Littlewood—Richardson coefficients for the branching
rule for the diagonal embedding of GL(n) as the dimension of a weight space of semi-invariants.
Using this, we prove their saturation and investigate when they are nonzero. We also show that
for certain partitions the associated stretched polynomials satisfy the same conjectures as single
Littlewood—Richardson coefficients. We then provide a polytopal description of this multiplicity
and show that its positivity may be computed in strongly polynomial time. Finally, we remark
that similar results hold for certain other generalized Littlewood—Richardson coefficients.

1. INTRODUCTION

1.1. CONTEXT AND MOTIVATION. Littlewood—Richardson coefficients appear in
many contexts in representation theory, such as the coefficients in the decomposition
of a product of symmetric polynomials or the tensor product of irreducible represen-
tations of GL(n). One way to define Littlewood-Richardson coefficients is as follows:
let V be a complex vector space of dimension n and A = (A,...,\,) a weakly
decreasing sequence of n integers. Denote the irreducible rational representation of
GL(n) with highest weight A by S*(V'). Given three weakly decreasing sequences of n
integers A(1), A(2), A(3), the Littlewood-Richardson coefficient 01837%(3) is defined to

be the multiplicity of S*?) (V) in S*M(V) ® SA3)(V), that is,
AN A3 = dime Homgr ) (S*@(V), X0 (V) @ $X(v)).

Similarly, sums of products of these coefficients, which we call generalized
Littlewood—Richardson coefficients throughout this paper, appear naturally in the
decompositions of various algebraic objects. In particular, generalized Littlewood—
Richardson coefficients describe the multiplicities in the branching rules of restricted
representations of GL(n), as described in [22] and [23]. While there is no known
way to describe the multiplicities in each of these branching rules using quiver
theory, we show that we can do exactly such for one of them, that is, we describe
the coefficients as the dimension of a weight space of semi-invariants for a certain
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quiver, dimension vector, and weight. More generally, we do this for the generalized
Littlewood—Richardson coefficient

(1) PO, A0) = D0 ) at).a) a1yt Catma()

for m > 4 and even, where the summation ranges over all partitions (). This mul-
tiplicity describes the coefficients arising from the branching rule for the diagonal
embedding GL(n) C GL(n) x GL(n) in the case m = 6. We remark in the last
section that similar techniques likewise represent two other generalized Littlewood—
Richardson coefficients in this manner.

Recently, Littlewood—Richardson coefficients have been of vital interest in geo-
metric complexity theory which seeks to determine the complexity of computational
problems by using tools from algebraic geometry and representation theory to provide
lower bounds, and the complexity is quite commonly compared to that of comput-
ing certain multiplicities like Littlewood—Richardson coefficients. Understanding the
complexity of certain cases of these generalized coefficients or even whether they’re
nonzero can then be used in comparison to other computational problems. A common
technique in combinatorics is to associate a polytope to a multiplicity in such a way
that the number of lattice points of the polytope is precisely this number. Because
the polytope is defined by a system of linear inequalities, combinatorial optimization
may then be used to determine the complexity of the multiplicities as well as the
properties of the polytope.

Knutson and Tao [35] provided a polytopal description of Littlewood—Richardson
coefficients, allowing them to give a combinatorial proof of the saturation of the
coefficients (Theorem 1.5) and complete the proof of Horn’s conjecture (Theorem 7.1).
Derksen and Weyman [14] then reproved the saturation property in the context of
quiver representations by using the saturation of weight spaces of semi-invariants.
The motivation for this paper may then be summarized as providing an explicit
quiver theoretic interpretation of these generalized Littlewood—Richardson coefficients
in order to prove their saturation and use results of quiver theory to study their
combinatorial and geometric properties.

1.2. MAIN RESULTS. One of the main and most useful results is that of the saturation
of this multiplicity.

THEOREM 1.1. Let A(1),...,\(2k) be weakly decreasing sequences of n integers for
k > 2. For every integer r > 1,

FOAD), ..., PA(2K)) £ 0 <= F(A(1), ..., A(2k)) 0.

We extend the results of [35] by using their hive models to provide a polytopal
description of the generalized Littlewood—Richardson coefficients in Section 10. By
using results in combinatorial optimization theory and the above saturation property,
we prove the following theorem.

THEOREM 1.2. Determining whether the multiplicity (1) is positive or not can be de-
cided in polynomial time. Even more, it can be decided in strongly polynomial time in
the sense of [58].

Horn’s conjecture (Theorem 7.1) relates the set of possible eigenvalues arising from
a sum of Hermitian matrices to the nonvanishing of Littlewood—Richardson coeffi-
cients. To describe a corresponding statement of the conjecture to multiplicity (1),
we need to define some notation. For an m-tuple (I1,...,I,,) of subsets of {1,...,n},
define the following weakly decreasing sequences of integers (the notation is explained
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in the subsection at the end of this section):

N (I; j
N (L) = (L] = Hia] = i)™ 711 i odd,
where we identify Iy and I,,,. Define the rational convex polyhedral cone K (n,m) C

R™ m > 4 and even, to be all m-tuples (A(1),...,A(m)) of weakly decreasing
sequences of n reals that satisfy > . . . [A(@)] =D, oqq |A(?)| and

DDA < D] DA
i even jeI; i oddjel;

for every tuple (I1,...,I,,) such that A\([;), 1 <14 < m, are partitions and

FOMI), .., ML) #0.

A corresponding statement of Horn’s conjecture for this multiplicity is then as follows,
where we describe the generalized eigenvalue problem for f in Section 7.

THEOREM 1.3. The following statements are true.

(1) The cone K(n,m) C R™, m > 4 and even, consists of all m-tuples
(M1),...,A(m)) of weakly decreasing sequences of n reals satisfying

Zi even |)\(Z) = Zz odd |)\('L)‘ and
PODIRCIED P BRICE
i evenjel; i oddjEI;

for every tuple (I, ..., Iy) such that the A(I;), 1 < i < m, are partitions and

fQAM), - Am)) = 1.
(2) If (A(1),...,A(m)) € K(n,m), then the tuple satisfies the generalized eigen-
value problem for f.
(3) If M(1),...,A(m) are weakly decreasing sequences of n-integers, then
(A1),...,A(m)) € K(n,m) < f(A(1),...,A(m)) #0.
(4) dim K(n,m) =mn — 1.

In particular, this provides a recursive procedure for finding all nonzero generalized
Littlewood—Richardson coefficients of this type. We use this description to describe all
facets of the cone of effective weights in the case n = 2, m = 6 and find the minimal
set of inequalities on the A(¢) (see Example 6.6 and the Appendix).

One consequence of this description of the sequences in the cone K(n,m) is the
following factorization formula.

THEOREM 1.4. Let (A(1),...,A\(m)) € K(n,m) N Z™ 1. For any tuple of subsets
I =(,....5,) of S = {1,...,n} satisfying the conditions defining K(n,m), we
have the factorization

FOA@), - Am)) = FML)Y, o Am) ") - FDF, - AMm) ™),
where
AP)" = (AD)igy s AP)iy, ), I =Aij, -5}
A@)* = A, - A, ) S\ = (ijyserij, )
In addition, we investigate the stretched Littlewood-Richardson polynomials
F(NA(L),...,NX(m)) for certain A(1),...,A(m) in Section 9. The tuples we inves-

tigate turn out to have the same behavior as the stretched Littlewood—Richardson
polynomials for a single coefficient, namely, they satisfy conjectures of King, Tollu,
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and Toumazet [30] and of Fulton, providing evidence that the conjectures for the
stretched polynomials for a single Littlewood—Richardson coefficient extend to those
of generalized Littlewood—Richardson coefficients. Our examples are based on corre-
sponding examples in [17] for the quiver associated to a single Littlewood—Richardson
coefficient. As opposed to Fei’s examples, ours do not always lie on an extremal ray
of the cone of effective weights.

The organization of this paper is as follows. In Section 2 we provide background on
quiver invariant theory and state a certain saturation property for effective weights
of quivers proved by Derksen and Weyman [14]. The quiver associated to multiplic-
ity (1) is defined in Section 3 and its saturation property is proven. After recalling
more detailed descriptions of the facets of the cone of effective weights for acyclic
quivers in Section 4, we describe the facets of our quiver in Section 5, which allows a
description of the Horn-type inequalities of the multiplicity in Section 6. A moment
map description of the cone associated to our quiver is provided by the generalized
eigenvalue problem in Section 7 while we use the Horn-type inequalities to prove a
factorization formula in Section 8. In Section 9, we explicitly calculate the stretched
Littlewood—Richardson polynomials in certain cases and verify that they share some
of the same properties as the stretched polynomials for single Littlewood—Richardson
coefficients. We provide a polytopal description of the multiplicity in Section 10 and
prove the complexity of computing its positivity. Finally, we discuss in Section 11 that
our methodology can be used to prove similar results for other generalized Littlewood—
Richardson coefficients, in particular, for a multiplicity arising from another branching
rule of GL(n) and a multiplicity related to extremal weight crystals. We state without
proof the corresponding main results for these multiplicities.

1.3. RELATION TO EXISTING LITERATURE. Horn made his famous conjecture in
1962 [21], yet the motivation for it goes back to Weyl in 1912 [59]. Weyl was
interested in necessary and sufficient inequalities on the eigenvalues of Hermitian
matrices such that one matrix was the sum of the other two due to questions in
solid mechanics. Many advances were made over the next 50 years (see [19] for a
survey of the history and results pertaining to this problem), and the connection
was made between the eigenvalue problem and Schubert calculus, resulting in Horn’s

conjecture.
The second part of the conjecture provides a recursive process for determining
all triples (I1,I2,I5) of subsets of {1,...,n} which are necessary to determine if

(A(1), A(2), A(3)) is such a solution. The first major step in proving the conjecture was
made when Klyachko [34] found necessary and sufficient homogeneous linear inequal-
ities for the eigenvalues. It remained, however, to find a minimal set of inequalities.
Klyachko had claimed that these inequalities were independent, but Woodward [1]

showed that many inequalities Were redundant, and later Belkale [3] showed that

all the inequalities for which c)\( ; M) 1 are redundant, which includes the set

found by Woodward. The remaining inequalities would be irredundant by a theorem
of Klyachko provided the saturation of Littlewood—Richardson coefficients.

THEOREM 1.5 (Saturation conjecture). For weakly decreasing sequences of n integers
A, W, v, C%KWH # 0 for some positive N if and only if Ko #0.

The statement that c§ , # 0 implies cN¥ NNu # 0 for all positive integers N follows
immediately from the Littlewood— Richardson rule or by these multiplicities forming
a semigroup (see [60]). Knutson, Tao, and Woodward [37] used combinatorial gadgets
called honeycombs and hive models to prove the saturation conjecture, completing the
proof of Horn’s conjecture; a similar proof of the conjecture using only hive models is

Algebraic Combinatorics, Vol. 3 #6 (2020) 1368



Generalized Littlewood—Richardson coefficients

found in [6]. A geometric proof of the saturation conjecture using Schubert calculus
was also given by Belkale [4]. Derksen, Schofield, and Weyman [13] showed that the
number of subrepresentations of a specific dimension of a given dimension vector for
an acylic quiver may be determined using Schubert calculus, which is why Derksen
and Weyman defined a specific quiver and dimension vector for which this number
was a given Littlewood—Richardson coefficient. In this way, they were able to extend
results about Littlewood—Richardson coefficients to the quiver setting and prove the
saturation conjecture for Littlewood—Richardson coefficients in [14] by using results
from quiver theory.

The multiplicity (1) for the branching rule of the diagonal embedding of GL(n)
was first proven in [29]. The proof may also be found in [23] (see [38] and [22] for
further discussion).

1.4. NOTATION. A partition A of length n is a weakly decreasing sequence of n positive
integers, denoted A = (\1,...,\,). We identify two partitions A and p if one can be
written as the other by adjoining (finitely) many zeros at the end of the sequence. As
such, we say A is a partition of at most n (nonzero) parts if A = (Ay,..., \,) € Z™ with
AMZ...20 20 IA=(A,...,\,) and p are weakly decreasing sequences (not
necessarily of integers), we define rA = (rA1,...,7)\,) for r € RT and X+ p is defined
by adding componentwise after extending the sequences by zeros as necessary. Every
partition A may be identified with a Young diagram, and we denote the conjugate
partition as \’, which is the partition associated to the reflection of the Young diagram
of A across the main diagonal, i.e. switching the rows and columns. If I = {z; < --- <
z-} is an r-tuple of integers, \(I) is defined by A\(I) = (2 — r,...,2z1 — 1). For an
integer ¢ and a non-negative integer r, we denote the r-tuple (c, ..., c) more simply
as (¢"). For a sequence of real numbers A = (\1,...,\,), we define [A| = > | \;.
For a complex vector space V' of dimension n and a weakly decreasing sequence of n
integers A = (A1,...,A\,), we denote the irreducible rational representation of GL(V)
with highest weight A as S*(V'). Given any three weakly decreasing sequences of n in-

tegers A\(1), A(2), A(3), the Littlewood-Richardson coefficient cg\\gi A(3) 18 defined to be
Cig;,)\(g) = dim(c HOHIGL(V) (S)\(2)(V), Sk(l)(V) (9 S)\(3)(V)),
that is, the multiplicity of S (V) in S*M (V) @ SAB) (V).

2. PRELIMINARIES

2.1. PRELIMINARIES. A quiver @ = (Qo,Q1,t,h) consists of a finite set of vertices
Qo, a finite set of arrows @)1, and functions ¢, h : Q1 — Qo that assign the tail ta and
head ha of each arrow a, commonly denoted ta = ha. Note that we allow multiple
arrows between two vertices and loops in the directed graph Q.

Throughout this paper we always work over the complex numbers C. A represen-
tation V of @ is a family of finite-dimensional vector spaces (over C) {V(x) | x € Qo}
together with a family of linear transformations {V(a) : V(ta) — V(ha) | a € Q1}. For
a representation V, its dimension vector dim V' is defined by dim V' (z) = dim¢ V()
for all € Q. The dimension vectors of representations of @ then lie in I' = Z®0,
the set of integer-valued functions on Q. For each vertex = € Qq, there is a simple
representation S, defined by the dimension vector e;(y) = 0, , for all y € Qq, where
0z,y is the Kronecker delta.

Given two representations V and W of @, define a morphism ¢ : V. — W of
representations to be a collection of linear maps {¢(z) : V(z) — W(z) | € Qo} such
that for every arrow a € @1 we have ¢(ha)V (a) = W(a)¢(ta). Define Homg(V, W),
or simply Hom(V, W), to be the C-vector space of all morphisms from V to W. We

Algebraic Combinatorics, Vol. 3 #6 (2020) 1369



BRETT COLLINS

thus obtain the abelian category Rep(Q) of all quiver representations of ). We call
V' a subrepresentation of V' if V' () is a subspace of V' (x) for all vertices 2 € Qo and
V'(a) = V(a)|y(ta) for all arrows a € Q.

For any a, 8 € ', define the Euler form by

(@)=Y a@p@) - Y alta)f(ha).

€Qo a€Q1

2.2. SEMI-INVARIANTS FOR QUIVERS. For a dimension vector 8 of a quiver @, the
representation space of S-dimensional representations of @ is defined as

Rep(Q,8) = €@ Hom ((Cﬁ(ta)7 (Cmna)) .
a€Q1
If GL(B) = [l,eq, GL(8(x)), then there is a natural action of GL(5) on Rep(Q, )
given by simultaneous conjugation: for ¢ = (g(2))seqg, € GL(B) and V =
(V(a))acq, € Rep(Q,B), gV is defined by

(9-V)(a) = g(ha)V (a)g(ta)™! Va € Q1.

Hence, Rep(Q, ) is a rational representation of the linearly reductive group GL(f)
and the GL(S)-orbits parameterize the isomorphism classes of S-dimension represen-
tations of Q. If @ is without oriented cycles, there is only one closed GL(/3)-orbit in
Rep(Q, B) (specifically, the orbit of the unique S-dimensional semisimple represen-
tation EBmer Sf(i)), so the invariant ring C[Rep(Q, 8)]%(®) is simply C. However,
while there are only constant GL(S)-invariant polynomial functions on Rep(Q, 8),
the action descends to that of the subgroup SL(8), and the invariant ring under the
action of this group is highly nontrivial.

Let SI(Q,3) = C[Rep(Q, 8)]5“?) be the ring of semi-invariants. Since GL(j3) is
linearly reductive and SL(f) is the commutator subgroup of GL(/), we have the
weight space decomposition

SH@,p) = D SIQ,f)s,

oeX*(GL(8))
where X*(GL(f)) is the group of rational characters of GL(5) and

SIQ,B)s ={f € C[Rep(Q,B)] | g- f =(g)f Yg € GL(B)}

is the space of semi-invariants of weight . A character (or weight) of GL(f) is of the
form
{9(z) | v € Qo} € GL(B) = ] (det g(2))"™
z€Qo
for o(z) € Z for all € Qp, so we may identify X*(GL(f)) with Z%°. For an integer-
valued function a on Qq, define o0 = (a, ) by

o) = (aye) = a@) = 3 aly), Vo€ Qo.
y—T
One can similarly define o = (-, o).
Given a quiver @ and dimension vector 3, define X(Q, 3) to be the set of (integral)
effective weights:

2(Q, 8) = {o € 29 | SI(Q, B), # 0}.

Schofield [53] constructed determinantal semi-invariants for quivers that proved to be
quite useful in studying the ring of semi-invariants. Derksen and Weyman [14] (see
also [54]) showed that these semi-invariants in fact span all spaces of semi-invariants.
An important consequence of this result is the following saturation property. We
use the notation 8 < B to mean that every [-dimensional representation has a
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subrepresentation of dimension f’. If & € R?0 is a real-valued function on the set of
vertices Qo and 3 is an integer-valued function on Qy, define o(5) by

o(8) = 3 o(@)().

z€Qo

THEOREM 2.1 ([14], Theorem 3). Let Q be a quiver without oriented cycles and 3 is
a dimension vector of Q. Then

2(Q,8) ={o €2 | o(B) =0 and o(8') <OVS — B}.

In particular, X(Q, ) is saturated, that is, if o is a weight and v > 1 an integer,

SHQ, B)o # 0 <= SI(Q, B)ro # 0.

Crawley-Boevey and Geiss [11] also show how the saturation of semi-invariants is
related to the saturation of Littlewood—Richardson coefficients and Weyl’s eigenvalue
problem, explaining why quiver representations provide a natural setting for these
classical problems.

We will later use this theorem to prove the saturation of the multiplicity (1) and give
an explicit description of the nonzero generalized Littlewood—Richardson coefficients
of this form.

3. BRANCHING RULES AND WEIGHT SPACES OF SEMI-INVARIANTS

3.1. SATURATION THEOREM. In this section we will show that the multiplicity (1)
described in the branching rule for the diagonal embedding for GL(n) stated in the
introduction arises as the dimension of the weight space of semi-invariants for a certain
quiver and dimension vector which we construct. A proof of the saturation of the
multiplicity will then follow from Theorem 2.1.

3.2. SUN QUIVER. Construct a quiver @ in the following way: for k > 2, start with
a regular 2k-gon with the vertices labeled (n,i), 1 < ¢ < 2k, which we call the
central vertices, and an arrow connecting (n,4) with (n,7+1) (we will always consider
(n,2k 4+ 1) = (n,1)), where the arrows alternate in direction. At each central vertex
(n,4) attach an equioriented A, quiver, called a flag and denoted .# (i), where % (4)
goes out of the central vertex if 7 is odd and into the central vertex if 7 is even. We will
later associate each flag with a weakly decreasing sequence with at most n parts and
each central arrow with some arbitrary partition. For instance, for k = 3 the quiver
looks like

with n vertices along each flag, denoted here by wavy arrows. Label the j** vertex
along the i*" flag by (j,1), numbered so that (n,7) denotes each center vertex or simply
¢ when it is understood.
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Define the dimension vector 8 as §(j,7) = j for each 1 < i < 2kand 1 < 5 < n.
We will show that the generalized Littlewood-Richardson coeﬁiment in (1 ) is the
dimension of the weight space of semi-invariants for a certain weight for this quiver
and the associated dimension vector 3. Throughout the rest of this paper all results
except in Section 11 will be for k£ > 2 and the quiver @) with 2k flags, which we call
the sun quiver or the 2k-sun quiver when we want to emphasize the number of flags,
and f is the dimension vector defined by £(j,4) = j.

LEMMA 3.1. Let 0 € Z%° be a weight for the 2k-sun quiver, k > 2. If dim SI(Q, B8)s #
0, then the weight must satisfy (—1)%c(j,i) = 0 for all 1 < j < n,1 < i < 2k.
Furthermore,

#(1) ¢(2 ¢(2k)
dim SK(Q, 5 an(l) 2)Ca(2),a3) " Ca(2k),a(1)
where the sum ranges over all partitions (1), ..., a(2k), and

6(i) = (n(~Demd) 1 (=Dieiy
for 1 <4 < 2k.

Proof. Define V;(i) = CPUA as the vector space assigned to vertex (j,7). A standard
calculation using Cauchy’s rule (see [18], page 121) shows that the affine coordinate
ring C[Rep(Q, 8)] decomposes as a sum of tensor products of irreducible representa-
tions of the general linear groups GL(V;(4)) with contributions from each of the flags
and central arrows. Specifically, if (i) is a flag going out of a central vertex, meaning
when ¢ is odd, then the n — 1 arrows of the flag contribute

S OV (i) ® 7®1(5¢J‘1<f>vj(i) ® SOV (1)) ® §" OV, (i)
@1 (8),-., 0™ 1 (4) J=2
for some partitions ¢'(i),...,¢" 1(i). We want to determine when these terms give
nonzero semi-invariants of welght 0. Because the j term of SL(j) acts trivially on
each S?" (DV, (i) whenever j # k, the terms of SL(f) distribute to the corresponding
terms of the sum across the tensor products.

The term (S V4 (i)*)SEVi(@) £ 0 if and only if ¢*(i) is of size w x dim V4 (i) =
w x 1 for some w € Zxo. Hence, in this case, the space is one-dimensional and is
spanned by a semi-invariant of weight —w. Therefore, (5% (DV;(i)*)SL(V1()) contains
a nonzero semi-invariant of weight o(1,1) if and only if o(1,i) < 0 and ¢ (i) is of size
—o(1,4) x 1 = (179D, We know from this that (¢ DV, (i)*)SL(1(@) is nonzero if
and only if it is one-dimensional.

Next, (59 V(i) @ 5% D V,(i)*)SLUV2()) is nonzero if and only if ¢2(i), — ¢ (i), =
k € Zxo for all p. That is, $?(i) is ¢*(i) plus some extra columns, which must be
of length dim V5(i) = B(¢,2) = 2. In this case, the space being nonzero is equiv-
alent to it being spanned by a semi-invariant of weight equal to the negative of
the number of extra columns. Hence, (¢ (DV5(i) @ S¢ DV (i)*)SL(V2()) contains
a semi-invariant of weight ¢(2,4) if and only if the space is one-dimensional and
¢2(Z) _ (270(2,1')’ 17(7(1,1‘))/.

Reasoning this way and continuing by sorting the spaces of semi-invariants in
SI(Q, B) of weight o, we have that ¢'(i) is of size —o(1,7) x 1 and ¢’ (i) is attained
from ¢/~1(i) by adjoining a rectangle of size —o(j,i) x j to the left of it. Thus,
") = ((n—1)=e=Lad . 177D) and the contribution of the flag . (i) for
odd i to SI(Q, B), is precisely S¢" DV, (7).

Similarly, if .#(i) is a flag going into a central vertex, meaning ¢ is even, then

o(j,4) = 0 for all 1 < j < n—1 and the contribution of the flag % (i) to dim SI(Q, 8)
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is dim S¢" DV, (i)* with
(bn_l(i) _ ((n _ ]_)a(n—lﬂ')7 o 10(1,1’))/.

In addition, the 2k central arrows give unspecified partitions «; with at most n
parts each. By taking into account the weights at the central vertices and denoting
V(i) as simply V (i), we may tensor the contributions from the central vertices to
the space of semi-invariants with appropriate powers of the determinant to obtain

GL-representations, the dimensions of which will be the Littlewood—Richardson coef-
ficients we want. To be precise, we get

dim ((SW”(%—UV(% 1) @ 82V (2 — 1) @ §%-1V (27 — 1)*

V(2i—1) Cani_n,ani1

®det—a(n 2i— 1))GL(V(2'L 1))) ch(2i-1)

dim((SWL’l(%)V(zi)*@S%V(zi)@S%HV(%)@det‘f’(ﬁv?”))GL(V(%))) c$(20)

V(24) Cani_1,00
for each ¢ = 1,...,k (recall that we consider the central vertex (n,2k) to be the
same as (n,0) and so on). Putting these together, the dimension of SI(Q, ), is as
stated. O

For weakly decreasing sequences A(1),...,A(2k) of n integers, define the weight
o1 as

@ i) = {(—1>i<x<i>j—x<z’>j+1> 1<i<2k1<j<n-1

(_1)2)‘(7')” 1 < ) S 2k‘ ] n.

The following is immediate from calculating what the ¢(i) are with respect to this
weight.

LEMMA 3.2. Let M\(1),...,A(2k), k > 2, be weakly decreasing sequences of n integers.
Then for every integer r > 1, we have

XD, TAZR) = D i o) Catara * Catsiy ) = dmSIQ. B)ro,.

In particular, when k = 3 and r = 1 the dimension of this weight space of semi-
invariants is the multiplicity of the branching rule in (1).

Proof. Because the general case is proven in precisely the same way, assume r = 1.
The proof is then the same as that of Lemma 3.1 because ¢(i) = A(i) with this
weight. O

REMARK 3.3. While it is clear that A(1),...,A(2k) must be partitions if the multi-
plicity f(A(1),...,A(2k)) is to be nonzero, this is verified from the conditions for ¢ in
Lemma 3.1 and the description of .

Proof of Theorem 1.1. By representing the multiplicity as the dimension of a weight
space of semi-invariants as in Lemma 3.2, the saturation of this multiplicity immedi-
ately follows from Theorem 2.1. O

REMARK 3.4.1In this way, we have written the generalized Littlewood—Richardson
coefficient f(A(1),...,A(m)) as the dimension of a certain weight space of semi-
invariants of some quiver. However, we can only express the generalized Littlewood—
Richardson coefficient in terms of quiver invariant theory when m is even and at least
four. When m > 3 is odd, this process fails because the first and last flags will be
oriented the same direction which would require the central arrow connecting the first
and last central vertices to be pointed both directions, an impossibility, while if m = 2
we would have an oriented cycle.
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4. THE FACETS OF THE CONE OF EFFECTIVE WEIGHTS

In this section we provide the necessary background for the description of the facets
of the cone of effective weights for the sun quiver given in the next section. For a
quiver @, recall the notations o(3) and 3 < 3 for a real-valued function o € R0
and dimension vector 8 as defined immediately preceding Theorem 2.1.
The cone of effective (real) weights C(Q, ) is defined as
C(Q.B) ={o € R | o(B) =0 and o(8') < OVB — B}.
Note that the set of lattice points is precisely 2(Q, §).

The condition o(3) = 0 is clearly necessary for o to be effective. This is because
the action of the one-dimensional torus {(tIdg))icq, | t € kK\{0}} on Rep(Q, B) is
trivial, so if f is a nonzero semi-invariant of weight o and g; = (tIdg;))icq, € GL(8),
then

g f = o8 . 1,
which implies o(8) = 0. Surprisingly, satisfying a certain set of linear homogenous
inequalities is sufficient for a weight to be effective (see Theorems 4.2 and 4.4 below).

King provided a numerical criterion for o-(semi-)stability for finite-dimensional
algebras based on the Hilbert—Mumford criterion from GIT, which we now recall.

THEOREM 4.1 ([27]). Let @Q be a quiver, 8 a dimension vector, and V € Rep(Q, §).
Suppose o € Z2° is a weight such that o(V) = 0. Then
(1) V is o-semi-stable if and only if o(dim V') < 0 for every subrepresentation
V' of V;
(2) V is o-stable if and only if o(dim V') < 0 for every proper nontrivial subrep-
resentation V' of V.

We call 8 o-(semi)-stable if there exists a o-(semi-)stable representation in Rep(Q, /).

King’s numerical criterion is amazingly useful because it reduces the determination
of (semi-)stability of a representation from subrepresentations to dimension vectors
of these subrepresentations, of which there are only finitely many.

Schofield defined determinantal semi-invariants which span the weight spaces of
semi-invariants, and together with his study of general representations the set 2(Q, )
may be described in the following way.

THEOREM 4.2 ([14, Theorem 3]). Let Q be a quiver and § a sincere dimension vector,
i.e. B(x) # 0 for all z € Qo. If 0 = (a,-) € Z?° is a weight with o € Z9°, then the
following statements are equivalent:

(1) dimSI(Q, B)s # 0;

(2) o(B) =0 and o(8') <0 for every 5’ — B;

(3) « is a dimension vector, o(8) =0, and a — a+ .

The following result is proved by the previous theorem and is quite useful in

practice.

LEMMA 4.3 (Reciprocity Property [14, Corollary 1]). For any dimension vectors «, 3
and quiver QQ without oriented cycles, we have

dim SI(Q, 6)(0(,.7) = dim SI(Q, a)_<.75> .
Denote this common value of the dimensions of the weight spaces by a o 8. By the
saturation of effective weights (Theorem 2.1) and the reciprocity property, we have
aof#0<=raosf#0, Vr,s > 1.

A dimension vector 8 € Zgg is called a Schur root if there exists a S-dimensional

representation V', called a Schur representation, such that Endg(V,V) = C.
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THEOREM 4.4 ([16, Corollary 5.2]). Let Q be a quiver without oriented cycles and N
vertices, and B a Schur root. Then
(1) dimC(Q,8) =N —1, and

(2) 0 € C(Q,PB) if and only if o(8) = 0 and o(B1) < 0 for every decomposition

B = 181 + c2B2 with By, Ba Schur roots, 51 0 B2 = 1, and ¢; = 1 whenever

(Bi, Bi) < 0. Moreover, this list of linear homogeneous inequalities is minimal.

The following theorem is useful for calculating whether or not a dimension vector
is Schur.

THEOREM 4.5 ([53, Theorem 6.1]). Let 8 € Zgg be a dimension vector. The following
are equivalent:

(1) B is a Schur root;

(2) 0p(B') <0 for all B — B, B’ #0, B, where o5 = (B,-) — (-, B).

These results allow a precise description of the facets of C(Q, ) for a quiver Q
without oriented cycles and 3 a Schur root; see Theorem 5.1 in [16] for the general
statement.

5. THE FACETS OF THE CONE OF EFFECTIVE WEIGHTS FOR THE SUN
QUIVER

In order to use the results in the previous section to describe the facets of C(Q, ) for
the sun quiver, we’ll first show that the dimension vector 3 is Schur and determine
conditions on the 31s that can appear in the decompositions.

LEMMA 5.1. The dimension vector B for the sun quiver is Schur.

Proof. The dimension vector 3 is indivisible, meaning the greatest common divisor
of its coordinates is one. By a result of Kac ([25, Theorem B(d)]), to show [ is
Schur, it suffices to show that 3 is in the fundamental region of the graph, meaning
that the support of 8 is a connected graph and 7;(8) < 0 for all vertices i € Qo,
where e; denotes the dimension vector of the simple representation at vertex i and
7i(+) == (&4, ) + (-, ;). This is immediately checked to hold for all n > 1. O

COROLLARY 5.2. For the sun quiver @, dim C(Q,8) = mn — 1.
Proof. This immediately follows from Lemma 5.1 and Theorem 4.4. O

Now consider the following dimension vectors 31 for the sun quiver, where e(; ;)
denotes the dimension vector of the simple representation at vertex (j,1):

(1) B1 = e(j,) for a flag i going out of the central vertex, or 31 = 3 — e(; ;) for a
flag 7 going into a central vertex;

(2) B1# B, P1o(B8—P1) =1, and By is weakly increasing with jumps of at most
one along each of the m flags.

Denote the set of such 87 by D. We show in the next lemma that each 5, € D
defines a facet of C(Q, 8), which is called a regular facet if 51 is in the form described
in (2), while a facet defined by some (; as described in (1) is called trivial. The
interpretation of the inequalities arising from the £, € D is given in Remark 5.5.

LEMMA 5.3. For the sun quiver @, the regular facets of C(Q,8) are of the form
H(B1) NC(Q, B),

where By is weakly increasing with jumps of at most one along the flags, B1 # B, and

510(5—ﬁ1):1~
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Proof. The proof is the same as the one given in [9, Lemma 5.2], which we include
here for completeness. By Theorem 5.1 in [16], a facet F is of the form

H(51) N C(Q, B),

where (31, B2 are Schur roots, 81 0 3 = 1, and 8 = ¢1 81 + 232 for some ¢1,co > 1.

Suppose that 51 is not of the form as in (1). We’ll show that 3; is weakly increasing
with jumps of at most one along the flags. Denote ¢ 81 = 8] and c232 = 5. Because
it is clear that s181 0 8982 = 31 o B2 for all 1,82 > 1, 8] o B} # 0. By Theorem 4.2,
it follows that any representation of dimension vector 5 has a subrepresentation of
dimension vector 31. Choose a f-dimensional representation which is injective along
the flags going into a central vertex and surjective along the flags going out of the
central vertex. Then 3] is weakly increasing along the flags going in and has jumps of
at most one (from the end of the flag towards the center vertex) along the flags going
out, or else the maps couldn’t be surjective.

We'll show that 1 is weakly increasing along each flag F (i) going out of a central
vertex. Suppose to the contrary that 81 (I+1) — 81(l) < 0 for some ! € {1,...,n—1}.
Then 8] — ¢; — B]. Moreover, ] o 85 # 0 is equivalent to 3] being —(-, 55)—semi-
stable by reciprocity (Theorem 4.3). Thus, (8] — e, 85) = 0, so 85(1) < B4(1 — 1),
implying 81 (1) > 1+ B81(I—1). As we previously showed that 3] has jumps of at most
one along such a flag, we must have () = 1+ 1(l — 1). Thus, ¢; =1 and ¢; — f.
We then have that 8] = 8 is a Schur root by assumption, hence is o, -semistable by
Theorem 4.5, and e;, 81 — e; — 1, with 8] # e;. Therefore, by the same theorem,
og;(er) < 0and og (B8] — e1) < 0, which is a contradiction. Thus, #] must be weakly
increasing along the flags going out of a central vertex. By a similar argument, 3] will
have jumps of at most one along each flag going in.

Finally, we’ll show that ¢; = ¢a = 1. Because 8] = ¢141 has jumps of at most one
along each flag, we have 0 < ¢1(f1(I+1,4) — f1(1,4)) < 1 foralll € {1,...,n—1} and
i € {1,...,m}. If there are no [, i such that 8;(I4+1,4)—B1(l,4) # 0, then ¢; = 1, while
otherwise there must exist an ¢ such that 31(1,7) = 1, so ¢; = 1. Similarly, co = 1.

Thus, 8 = (1 + [2 with 81 weakly increasing of jumps of at most one along the
flags. O

LEMMA 5.4. Let o € H(B) for the sun quiver. Then o € C(Q, ) if and only if the
following are true:
(1) (—D)o(eys) =0 foralll<j<n—1,1<i<m;
(2) o(B1) <0 for every 51 # B weakly increasing with jumps of at most one along
the flags and 810 (8 — 51) = 1.

Proof. The description of the regular facets in Lemma 5.3 proves one direction, while
if o € C(Q, B), then o(B1) < 0 for every 1 € D by Theorem 4.2, which is equivalent
to (1) and (2). O

REMARK 5.5. Let 01 be the weight we defined for the sun quiver in equation (2). In
particular,

ai(ega) = (=1)'(A@); = A(@)j41), 1<i<m,1<j<n—1L

The inequalities arising from a trivial facet of C(Q, ), as described in (1) in the
preceding lemma, called the chamber inequalities, simply state that the sequences
A(7) are weakly decreasing sequences of real numbers. Because we will always assume
this, we exclude these 8 from our considerations. The inequalities arising from (2) in
the lemma are called the regular inequalities, and the corresponding facet is regular.
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6. HORN-TYPE INEQUALITIES

In this section let 5; be a dimension vector which is weakly increasing with jumps of
at most one along each of the flags towards the central vertices. Define the following
jump sets:
L={l|B(l,i) > B1(1—1,i), 1 <1< n}

with the convention (31(0,7) = 0 for all i. Because (; deﬁnes atuple I = (I1,...,In),
we’ll commonly denote 31 by ;. Note that |I;| = 8r(n, i) for each 1.

Conversely, each tuple I = (I1,...,I,,) of subsets of {1,...,n} defines a dimension
vector B; because if

L= {20) < < 2 ()}

then Br(j,4) = j — 1 for all zp_1(3) < j < 2(i) for all 1 < k < r + 1, with the
convention that z(¢) = 0 and 2,41 (%) = n+1 for all 4. This means that going towards
the center vertex on the i*" flag, the dimension at a vertex is 0 until the vertex z1(4),
at which it becomes 1 and continues to be 1 until the vertex z5(¢), at which point it
becomes 2, and so on.

DEFINITION 6.1. For the dimension vector [ associated to the sun quiver, define
T(n,m) to be the set of all tuples I = (I1,...,IL,) such that B; # B (equivalently,
|I;| < n for some i), and Bro (8 — fr) =1.

We give a description of the set T'(n,m) without reference to the sun quiver and
only in terms of partitions in Lemma 6.3.

PROPOSITION 6.2. Suppose A(1),...,A(m) are weakly decreasing sequences of n real
numbers. For the sun quiver Q and dimension vector B, o1 € C(Q, 8) if and only if

2i even A = 225 044 |A()] and
D 2 M < Y D NG
i evenjel; i oddjEl;
for every tuple (I1,...,IL,) € T(n,m).
Proof. We prove the statement by using the definition of the set T'(n,m), Theo-

rem 5.3, and Lemma 5.4. Calculating directly from the definition of the weight o7 in
equation (2) of Section 3,

Z Z i)j+1 — Z Z (4)4+1)B(J,1)]

i odd j=1 i even j=1

+ Z(_l)i)‘(i)nﬁ(nﬂ i).
i=1

Substituting 5(j,7) = j, 01(8) = 0 precisely when the equality holds. Replacing
B with 7, we get a similar expression, and after noting that A(¢); contributes to
the inequality exactly when £r(j,4) # Br(j — 1,i), meaning j € I;, we obtain the
inequality. Because the 37 are precisely those described in Lemma 5.4, this proves the
equivalence. O

We now want to better understand the set T'(n, m). Specifically, we would like to
describe the set without any intrinsic reference to 8y but rather in terms of partitions.
For any tuple (I,...,I;,) of subsets of {1,...,n}, define the following decreasing
sequences of integers, where we identify Iy and I,,:

N N(I;) 1 even
A= {)\/(Ii) — (L] = [Lia] = [ Lia )" 11) i 0dd.
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LEMMA 6.3. The set T'(n,m) for the sun quiver consists of all tuples I = (I1,...,I;,)
such that:

(a) at least one of the subsets I, ..., I, has cardinality < n;
(b) A(I;) is a partition for all 1 <i < m;
(C) f(A(Il)a cee aA(Im)) =1
Proof. Denote the weight (81, ) by o;. Describing 81 by S as previously and letting

e(j,1) be the dimension vector of the simple representation with support at vertex j
on the it" flag, the contribution to or(a) at a vertex I € {1,...,n — 1} on a flag i is

(Br,e(l,4)) = Bi(l) = Br(l — 1)
if ¢ is even with £;(0) = 0, and
(Br,e(l,4)) = Bi(l) = Br(l +1)

if 7 is odd. Since f; is weakly increasing with jumps of at most one along the flags,
this translates to

) aj(l,i)—{l ifl e,

0 otherwise

forl e {1,...,n— 1} and i even, and

4 l,i) =
) o1(l,7) {0 otherwise

for I € {1,...,n — 1} and ¢ odd. We then only need to describe the weight at the
central vertices. We have

Br(n,i) — Br(n —1,1) i even
Br(n,i) — Br(n,i—1) — Br(n,i+1) i odd,

where 8(n,0) = Br(n,m). We use the fact that Sr(n,i) = |I;| to finish defining the
weight o7 in terms of the subsets I;, where we identify I as I,,, below:

o1(n,i) =

0 ieven, n & I;,
(5) or(n,i) =141 i even, n € I,
|I;| — [Li—1| = |Li+1] @ odd.
Using this explicit description of this weight o7, we can calculate the corresponding
partitions in determining dim SI(Q, ),,. The calculation is done precisely the same

as before (see Lemma 3.1 for the details). The partitions we want to consider for
describing the contribution of the first n — 1 vertices along each flag are

Y1 (i) = (Ba(n — 1,0) D orn=1i) g (1 Dy <o,

Recalling the contributions of the central vertices to the space of semi-invariants, we
have that

V(i) = An1(i) + (((=1)or(n, )2 (),
are the partitions we want for 1 < i < m, and

dim SI(Q, B2)o, = f(7(1),...,v(m)).
Since Bo = B8 — B, if I; = {z1(d) < -+ < 2.(?)}, then
Ba(z(i),1) = 2 (i) —j = 2;(i) = 1 = (j — 1) = Ba(z;(i) — 1,4),
and in particular, B2(n,i) = n — B1(n,i) = n — |I;|. With this, A\(I;) = (i) for each .
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Thus, if I = (I1,...,In) € T(n,m), then condition (a) is satisfied by definition,
(b) is satisfied since 7(¢) is a partition for each ¢ and (i) = A(I;), and (c) is true
because

L=Bro(B—p1)=f(y(1),....,v(m)) = f(AL1), - -, ALm))-

Conversely, if conditions (a)—(c) are satisfied by a tuple I = (I1,...,I,,) of subsets
of {1,...,n}, then we can construct a dimension vector 3y in the usual way and the
associated decreasing sequences of integers A(I;), 1 < ¢ < m. Necessarily, 8; # 8 and

Pro(B—pr) = fAL),..., A(Im)) = 1.
Thus, I € T'(n,m). 0

PROPOSITION 6.4. Let A(1),...,A(m) be weakly decreasing sequences of n reals, m > 4
and even. The following are equivalent for the sun quiver Q:

(1) o€ C(Q,P);
(2) the numbers A(i); satisfy

Y@= Y A6

i even i odd
and
D DA< D0 Y A,
i evenjE€I; i oddj€El;

for every tuple (I1,...,1I,) for which |I;| <n for some i, the A(I;) are parti-
tions, 1 <1< m, and

f(A(Il)a cee aA(Im)) 7é 0;

(3) the numbers A(i); satisfy the same conditions as in part (2), and it suffices
to check only the tuples (I, ..., I,) which satisfy those conditions and
S A

fAM), - AIm)) = 1.
Proof. This follows from Proposition 6.2, Lemma 6.3, and the last statement in The-
orem 4.4 about the minimality of the inequalities. U

We can deduce minor conditions on the sizes of the I;.

LEMMA 6.5. Let I = (I4,...,1L,) be a tuple of subsets of {1,...,n} and define s; to
be the smallest k € {0,...,|I;|} such that n — k ¢ I;. Then

max{|Li—1|, [liva]} < [L] < x| + [Liga] + s
if I € T(n,m) and i is odd.
Proof. If p1 o B # 0, then any representation V' of dimension 5 + 32 has a subrep-

resentation of dimension 8;. Choosing V' such that V(a) is invertible for every arrow
a between central vertices, we immediately have

max{| i1, [Liv1]} <[]

for the stated i. Let (81, ) = o1. In order for dim SI(Q, 82), to be nonzero, each A(I;)
must be a partition, meaning, in particular, that it has non-negative parts. Note that s;
is precisely the smallest part of X' (I;) for each i. We have A\(I;) = X (I;) — (o (i)™~ 1))
for each of the specified i, as well as o01(i) = |I;| — [Ii—1| — |Li+1]- Thus, A(L;) is a
partition if and only if

0 < [Lima] + [Liga| = |Li] + si- O
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We note that the proof above does not extend to determining how the sizes of the
other subsets compare or whether some subset contains n or is nonempty. This is
because no central vertex in the sun quiver shares two flags, so we can’t cancel the
sizes of any two consecutive subsets that appear in .

EXAMPLE 6.6. For the case n = 2 and m = 6 for the sun quiver, we can compute all
decompositions S = 1 + B2 such that both 1, 32 are Schur roots and 51 0 83 = 1, or
equivalently by Lemma 5.3, a description of all facets of C(Q, 8) in this case. This is
done by first computing all tuples (A(I1),...,A(Is)) such that f(A(I1),...,A(s)) =1
and such that the other conditions of Proposition 6.4 are satisfied. Next, we compute
all tuples (I3, ..., Is) arising from these and omit any such that the corresponding /1
and (o are not Schur as these will produce redundant inequalities. The inequalities
are immediately determined from these tuples (I3, ..., Is). We list the corresponding
dimension vectors 5y in the Appendix.

The corresponding inequalities of the partitions arising from these decompositions
then provide a complete and minimal list of linear homogeneous inequalities defining
when a weight o is in C(Q, ) for the sun quiver @ in this case. Specifically, o €
C(Q, p) if and only if the defining partitions satisfy

AW+ AG+AG) = IAR)] + [AA)] + [A(6)],

and
A(2)1 < AD)1+ A3 A(2)2 < A(1)1+ A(3)2
A2)1 + A4)2 < A1)+ A3)1 + A5)1 A2)2 + A4)2 < A1)+ A(3)2 + A(5)1
A(2)2 +A(6)2 < AM(1)1 + A(3)2 + A5 [A@)] < [AD)][+[AB)]
A2+ A4)1 <AL+ [AG)+HAG) A2+ A4)2 < A1+ [AB)| + A(5)2
A2)2 + A(4)2 < A(1)2 + \)\( )+ A(5)2
A(2)1 + A(4)2 + A(6)2 < A(1)1 +[AB)[ + A(B)1
A2)1 +AA)z2 +A(6)2 < A(1)1 4+ A(3)1 + | A(B)|
A2)2 + A(4)2 + A(6)2 < A(L)1 4+ [AB)] + A(5)2
IA2)[ + A(4)1 4+ A(6)2 < [AD)][+[AB)[+ A(5):
<

[AR)[+ A(4)2 + A6)2 < [AD)[+[AB)] + A(5)2,

along with the inequalities obtained by permutations of the indices that respect the
symmetries of the sun quiver. This likewise provides a description of all the (I3, ..., Is)
in T(2,6), as described in Proposition 6.2.

7. GENERALIZED EIGENVALUE PROBLEM

The original motivation in [14] for describing Littlewood—Richardson coefficients in
terms of quivers was to provide a solution to a famous conjecture of Horn [21].

THEOREM 7.1 (Horn’s conjecture). Let A(i) = (A1(4),..., A (0)), ¢ € {1,2,3}, be
weakly decreasing sequences of n real numbers. Then the following are equivalent:

ere exist n X n complex Hermitian matrices H (i) with eigenvalues \(1) suc
1) th st lex H 14 trices H(i) with ei lues \(i h
that

H(2)=H(1)+ H(3);
(2) the numbers \;(i) satisfy
A(2)

= [AMD[+AG)]
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together with

PIRVICIESBRVNOEDPRYIC)
JEI2 JjeL j€EI3
for every triple (I, Is,1I3) of subsets of {1,...,n} of the same cardinality
A(I2) )
r <n and c)\(lf)’)\ug) #0;
(3) if A\j(i) is an integer for each 1 < j < n,i € {1,2,3}, (1) and (2) are
; A(2)
equivalent to N)AB) #0.

Klein [33] noted the equivalence of (3) with short exact sequences of finite abelian
p-groups, while Klyachko [34] proved the equivalence of (1) and (2) in Horn’s con-
jecture. In the same paper, Klyachko noted the connection between this problem
and Littlewood—Richardson coefficients. A key step in the proof is the saturation of
Littlewood—Richardson coefficients (Theorem 1.5), which was first proved combinato-
rially by Knutson and Tao [35] and later by Derksen and Weyman [14] in the context
of quivers by using the saturation of weight spaces of semi-invariants.

Klyachko found that the set of solutions in part (1) in the statement of Horn’s
conjecture forms a rational convex polyhedral cone K(n,3) in R®", now known as
Klyachko’s cone. In [37], Knutson, Tao, and Woodward used honeycombs to de-
scribe the facets of Klyachko’s cone. They found that K(n,3) consists of triples
(A(1),A(2),A(3)) satisfying the conditions in part (2), and restricting to the triples
such that ci(ﬁ)) AIs) = 1 provides a minimal list.

As we’ve previously proven corresponding statements for parts (2) and (3) for the
generalized Littlewood—Richardson coefficient f, we now want to find the Weyl-type
eigenvalue problem for the non-vanishing of this multiplicity.

Recall the construction of the 2k-sun quiver in Section 3. The weight for this
quiver is

o EDEGE) = A1) 1
01(]72) = {(—l)i)\(i)n 1

The question of which tuples of weakly decreasing sequences of real numbers arise
as the eigenvalues satisfying the conditions for the Hermitian matrices stated in the
next proposition is the generalization of Weyl’s eigenvalue problem to our setting.

PROPOSITION 7.2. Suppose A(1),...,\(2k), k > 2, are weakly decreasing sequences of
n real numbers, and let Q) be the sun quiver, B the standard dimension vector, and oy
the weight defined above. If o1 € C(Q, ), then there exist n X n complex Hermitian
matrices H(1), ..., H(2k) with eigenvalues X\(1),...,A(2k) such that

Y H(@) =) H(),

i even i odd

and such that each
HG@-H@+1)+---—H@G+j5j—-1)+H(i+j), je€{0,2,...,2k—2},
has non-negative eigenvalues, where H(2k + 1) = H(1) and so on in cyclic fashion.

Before we prove Proposition 7.2, we state two results from linear algebra that will
be fundamental for us.

PROPOSITION 7.3 ([9], Proposition 7.1). Let @ be a quiver without oriented cycles,
a dimension vector, and o € RQ0. The following are equivalent:

(1) o€ C(Q,5);

Algebraic Combinatorics, Vol. 3 #6 (2020) 1381



BRETT COLLINS

(2) there exists W = {W(a)}ascq, € Rep(Q, B) satisfying
Z W(a)*W(a) — Z W(a)W(a)* = o(z) Idg(y)

a€Q1 a€Q1
ta=x ha=z

forallxz € Qo, where W(a)* is the adjoint of W (a) with respect to the standard
Hermitian inner product on C".

LEMMA 7.4. Let o(1),...,0(n — 1) be non-positive real numbers. The following are
equivalent:

(1) there ewist Wi € Mat;(;41)(C), 1 <i < n — 1, such that

WWrx —Wr W,y =—0(i)Id; for2<i<n—1,
WiWy = —o(1);

(2) the matric H = W}_{W,_1 is Hermitian and has eigenvalues
n—1

v(k) = —Za(j), Vi<k<n-1 and v(n)=0.
j=k

Proof. See Section 3.4 of [11]. O

This result will allow us to build up an n x n Hermitian matrix along each flag,
though the result as stated only applies to flags that are going out from a central
vertex. For the flags going into a central vertex, we need to use the dual form of the
above lemma. Namely, o (%) is a non-negative number for each 1 < i < n—1, so replace
each —o (i) above with o (i), and switch the order of multiplication of W; and W in
each case for W; € Mat(;11)x;(C).

Proof of Proposition 7.2. From Proposition 7.3, o1 € C(Q, ) if and only if there
is a representation W € Rep(Q, 8) satisfying the specified matrix equations. These
equations are essentially the same as those in Lemma 7.4 for a flag % (i) going out of
a central vertex, meaning when i is odd, or in the dual statement when % (i) is going
into a central vertex, meaning when ¢ is even. In either case, the first n — 1 vertices
provide n x n Hermitian matrices H (i) with eigenvalues

(A@)1 =A@ ny - s A(D)n—1 — A(@)n, 0)
for each 1 <7 < m.

We now consider the equations arising from the central vertices. Denote the (n—1)*"
arrow along the i flag as simply b’ and denote the arrows between the central vertices
by the usual partition labeling. The equations arising from the central vertices are,
for 1 <i<k,

W) W (B 1) — W (20 — 1)) W (20 — 1))*
W ((2i — 2))W(a(2i — 2))* = —A(2i — 1),, Id,,,
W(a(2i—1))"W(a(2i — 1)) + W(a(2:))* W (a(2i))

—W(B*HYW (B*)* = \(20),, Id,,,
where a(0) = a(m). We may rewrite these equations by making a few simple ob-
servations. Lemma 7.4 gives the Hermitian matrices as H(i) = W (b)*W (b%), or
W ()W (b')* depending on the direction of the flag. Clearly, since each H (i) is
Hermitian with spectrum (A(é)1 — A(@)n, .., A(@)n—1 — A(9)n, 0), H(i) + (i) Id,, is
Hermitian with spectrum A(i); denote this new Hermitian matrix again by H (7). We

may conjugate the equations by unitary matrices, if necessary. Moreover, for any nxn
matrix A, both AA* and A*A are positive semi-definite and have the same spectra,
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and any positive semi-definite Hermitian matrix B can be written as WIW* or W*W
so we may simplify the forms of the equations. We conclude that o1 € C(Q, ) if and
only if there are Hermitian matrices H (i) with spectra A(i), 1 < i < m, and positive
semi-definite n x n matrices B(«(4)) such that

(6) H(i) = B(a(i)) + Bla(i— 1)), 1<i<m,

where B(a(0)) = B(a(m)). Solving for any of the B(a(i)) gives >, oon H(i) =
Y i oaq H(2). Furthermore, because each H(7) is a sum of positive semi-definite matri-
ces, each H (#) must have non-negative eigenvalues. In addition, we get several other
conditions on the Hermitian matrices, namely, we can express alternating sums of
an odd number of consecutive indexed matrices as a sum of positive semi-definite
matrices. Specifically,

H()—H(i+1)4- - -—H(i+j—1)+H(i+j) = B(i—1)+B(i+j), j€{0,2,4,...,2k—2},

where we are taking H(m + 1) = H(1), and so on in cyclic fashion. Thus, each
such alternating sum is positive semi-definite. (There is, of course, some redundancy
in this statement and the previously stated conditions on the H(7).) These are all
the conditions on the H (i) which we can conclude from (6). Thus, we've found the
necessary conditions, stated in the proposition. O

While an effective weight defines Hermitian matrices satisfying these conditions, the
conditions on the matrices are not sufficient; counterexamples are easily found. Alone,
they do not determine a weight because we cannot recapture the decompositions of
each H (i) into a sum of the particular positive semi-definite matrices, no canonical
choice being available. Any additional conditions would need to record the “linkage”
between the consecutive H (i), that is, the fact that they share a common positive
semi-definite matrix in their decompositions.

Recall from Section 1.2 that the rational convex polyhedral cone K(n,m) C R™"
m > 4 and even, is defined to be all m-tuples (A(1),...,A(m)) of weakly decreasing
sequences of n reals that satisfy >, . . [A(#)] =D, sqq |A(¢)| and

DD M < Y D),

i even jei,; i odd j€I;

for every tuple (I1,...,I,) such that the A\(I;), 1 <1 < m, are partitions and

FQAI), -+, AIm)) # 0.

We call this the generalized Klyachko’s cone for this eigenvalue problem.

Proof of Theorem 1.3. The first and third statements follow from Proposition 6.4,
while the second follows from additionally Proposition 7.2. Letting ) denote the sun
quiver, there is a map of cones

K(n,m) — C(Q,p) (AM1),...,A(m)) — o1.
This map is an isomorphism of cones by the chamber inequalities in Lemma 5.4(1)

and Proposition 7.2. We found the dimension of C(Q, /) to be mn—1 in Corollary 5.2,
which proves the last statement. O
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8. FACTORIZATION FORMULA

We described all the regular facets in Lemma 5.3. In this section we use that de-
scription to provide a factorization formula® for generalized LittlewoodRichardson
coefficients, which relies on the following type of decomposition.

DEFINITION 8.1. Let @ be a quiver without oriented cycles, a a dimension vector, and
o a weight such that o(a) = 0. We call a o-(semi-)stable if a general representa-
tion of dimension « is o-(semi-)stable. We write a decomposition of « into smaller
dimension vectors as o = a1 + - -+ + a, and call this the o-stable decomposition of
a if a general representation V of dimension o has a Jordan-Holder filtration with
composition factors of dimension aq,...,«as, in some order, including multiplicity.

We may rewrite the o-stable decomposition of a dimension vector o by grouping
together the common sub-dimension vectors. If a; occurs ¢; times as the dimension
vector of a composition factor in the Jordan-Hoélder filtration of a, we write the o-
stable decomposition of « as

a=cr-a;ter-and o Foesag,
where ¢; € Z* for all i and o; # o if i # j.
THEOREM 8.2 ([16], Theorem 3.20). Suppose o € 3(Q, 3). If
a=catearan- o Fo

is the o-stable decomposition of a, then for any s € Z, there is an equality

dim SI(Q, )50 = [ [ dim (S (SHQ, )5 ),

i=1
where S is the cﬁh-symmetric power.

Theorem 1.4 rephrases Theorem 7.14 in [16] for generalized Littlewood—Richardson
coefficients, and the proof is essentially the same.

Proof of Theorem 1.4. The conditions on the subsets I; are precisely those defining
the set T'(n,m) as shown in Lemma 6.3. This set describes when the multiplicity
f is nonzero, as shown in Proposition 6.2. Furthermore, because the multiplicity f
agrees with the dimension of the respective weight space of semi-invariants, we can
use Theorem 5.3.

If oy is in the interior of the wall, then the o;-stable decomposition of 3 is 81 + 2.
Applying Theorem 8.2 to this decomposition, we get

fA),...,A(m)) = dim SI(Q, B),
=qof
= (a0 By)(ao Ba)
= FNQD)*, . A m)*) - FNDT, L A (m)F).

If, on the other hand, o is not in the interior of a wall, then the o;-stable decompo-
sitions of 81 and By are of the form

Br=ciomtode e Ba=diobi b ddyd

M1t is a general result of Meinrenken and Sjamaar that multiplicities on a face are the same
as multiplicities coming from a smaller system. The factorization formula may then be viewed as
a consequence of a far-reaching result in [41], which is proved in the framework of Hamiltonian
geometry. The author thanks Michele Vergne for bringing this paper and result to the author’s
attention.
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Thus, the op-stable decomposition of § is the sum of these. Because the sets
{7,...,7s} and {1, ..., 0, } are disjoint and ~; 0d; = 1 for all 4, j, Theorem 8.2 again
gives

FO@),...;A(m)) =aop
=[[(ao(ci-w) [[(eo (di-6)
= (o B1)(a o f)
= FOND), . m)*) - FNDF, . A (m)T). O

9. LEVEL-1 WEIGHTS AND STRETCHED POLYNOMIALS

The stretched function f(N) = C%K,N‘u for N € Z* for fixed partitions \, i, v has
interesting combinatorial properties and has been studied by many people (see, for
instance, [30], [31], and [32]). Inspired by Kirillov’s proof that stretched Kostka num-
bers are polynomial in the stretching factor NV for fixed partitions, King, Tollu, and
Toumazet made a similar conjecture for stretched Littlewood—Richardson numbers.

CoONJECTURE 9.1 ([30]). For all partitions \,u, and v, there exists a polynomial
Py (N) in N with nonnegative rational coefficients such that PY (1) = c§ , and
PK,N(N) = C%K)NN for all positive integers N.

Along with this, Fulton conjectured that if P(1) = 1, then P(N) =1 forall N > 1,
while King, Tollu, and Toumazet conjectured that if P(1) = 2, then P(N) = N + 1.
Derksen and Weyman proved the polynomiality conjecture [15] and Rassart [52]
proved it again shortly afterwards, while Fulton’s conjecture was first proven combina-
torially by Knutson, Tao, and Woodward [37], then later geometrically by Belkale [5],
and again using quivers [16]. The conjecture that P(N) = N + 1 when P(1) = 2 was
first proven combinatorially by Tkenmeyer [24] and then geometrically and by using
quivers by Sherman in [56] and [57], respectively.

In this section we explicitly compute the stretched function for certain weights
for the sun quiver and verify that similar statements hold for the respective general-
ized Littlewood—Richardson coefficients. In particular, we verify the positivity of the
coefficients in the stretched generalized Littlewood—Richardson polynomials in these
examples. We also note that while similarly defined weights for the star quiver all lie
on extremal rays of the cone of effective weights, this is not true for our case.

9.1. LEVEL-1 WEIGHTS. In [17], Fei defines a weight for the star quiver to be level-m
if the weight has value m at the central vertex. In Lemma 2.3 of the paper, he classifies
all level-1 effective weights and shows that they lie on an extremal ray. For the star
quiver, the Littlewood-Richardson coefficient arising from any effective level-1 weight
is of the form c%zzjj. We use this idea to describe similar weights for the sun quiver.

We define a level-1 weight for the sun quiver to be a (for now, not necessarily
effective) nonzero weight with at most one nonzero entry along any flag, with the
nonzero entry being 1 for the flags going out and —1 for the flags going in. This will
correspond to at most one jump along each flag for the defining dimension vector.
Because o(3) = 0 is a necessary condition, if ji, ..., j, are the vertices along the flags
for which o(j;) # 0, counting the vertices towards the central ones (so j; is vertex
(i), with j; = 0 to mean that the weight is trivial along flag 4, then >, .44 =
Y i oven Ji 18 necessary, though not sufficient.

We'll find it useful in this section to describe the effective weights directly in terms
of the jumping numbers j; rather than by the conditions found in Proposition 7.2.
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LEMMA 9.2. Let o be a level-1 weight for the sun quiver Q@ and let ji,...,jm be the
vertices along flags 1,...,m for which o(j;) # 0 with j; = 0 if o is trivial on flag .
Then the following are equivalent:

(1) 0 €C(Q,B);
> di= > ji and ji — jiy1 + jirz2 2 0 for 1 <i < m, where jpmi1 = i

i odd i even

and jmy2 = Jo-

Proof. Because the partition arising from a flag with the only nonzero weight being
1 or —1 at vertex j; is (19%) if j; # 0 and (0) if j; = 0, the generalized Littlewood—
Richardson coefficient arising from this weight is

; m 171 172) 19m—1 1im
f((ljl) . 1j Z Cay, ag ((12,043 e cgzm_l,oz)m : ngm,oz)l :
As observed above, Y. 4qJi = Zl oven Ji 18 equivalent to o(5) = 0 and because
Q; = Ji — Qg1 = Ji — Jit1 T Qit2 = Ji — Jit1 + Jit2 — Qigs,
the condition j; — ji+1 + ji+2 = 0 is necessary. It’s easy to check that the inequalities
on the j;’s imply that j; < j;+1 and j;—1 < j;—o for some 4, which will be sufficient to
prove that such a weight is effective. After reindexing, suppose j1 < j2 and j, < Jim—1-

Then the choice a(1) = 0 uniquely determines the other (i) and it follows from the
above conditions that each «(i) > 0, making the weight effective. O

REMARK 9.3. There are fewer conditions on the j; for the level-1 weights to be effective
than those stated for general weights in the context of generalized eigenvalue problem
for Hermitian matrices in Proposition 7.2. This is because in the general case we can’t
say that either H(i) — H(i+ 1) or H(i+ 1) — H (i) is positive semi-definite, while we
can make such a direct comparison of j; and j;41. This allowed us to have an i such
that j; < j;+1 and j;—1 < j;—2, proving that such a weight was effective. However, this
at least tells us that if there is an ¢ such that H(i+1) — H(i) and H(i —2)— H(i— 1)
are positive semi-definite (along with the other conditions on the H(¢)), then the H (i)
solve the generalized eigenvalue problem. These conditions, though, are not necessary.

REMARK 9.4. As opposed to the case for the star quiver, not every effective level-1
weight lies on an extremal ray for the sun quiver. We found several such weights lying
on the facets in the case n = 2;m = 6. It can be checked that the first weight in
the Appendix provides an instance of a level-1 weight on an extremal ray while the
second weight in the first row provides one which is not.

We now want to determine the value dim SI(Q, 8), for a level-1 weight o.

LEMMA 9.5. Let o € C(Q, ) be a level-1 weight for the sun quiver Q. Let ji,...,jm
be the jumping numbers defining the weight and define J; = j; — jix1 + Jitr2, where
Jma1 = J1 and jmao = jo. If s = min{j;, J; | 1 <i < m}, then dim SI(Q, B)s = s+ 1.

Proof. We first show that dimSI(Q, ), < s + 1. Throughout we will denote (177)
as simply j;. Clearly, any choice of some «; completely determines each of the other
o;s. Moreover, because each partition is of the form (17¥), /& =1 whenever it’s
nonzero. If ¢ is such that J; or j; is minimal among the set, then consider the factors

C]z+1 L AJit2
a17 i+l i1, Qi2 Q42,043

in the summation. Then a; < j; and similarly because a;+3 = jiyo — Jit1 +7Ji — o =
J; — a;, we must have «; < J; in order for this factor to be nonzero. Hence, there are
at most s + 1 choices for o; resulting in this factor being nonzero.
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Suppose s = j; for some i. To show equality, we only need to show that ay > 0 for
each k for each choice of o; € {0, ..., s}. This is quickly done since ¢ was chosen to be
such that j; < jx and j; < Ji for each k along with «; < j;. Similarly, if s = J;, each
oy, will be nonnegative after noticing that j; < j;41 in this case since J; < j;42. Thus,
the only choices for «; resulting in a nonzero term in the summation are 0,1,...,s,
and each such choice results in adding one to the summation. O

9.2. STRETCHED WEIGHTS. For a level-1 weight o, we’re interested in the stretched
weights No, N € Z*. If j1,..., jm are the jumping numbers of o, the corresponding
partitions will be (NJ). Because |(N7)| = Nj; for all i, Lemma 9.2 generalizes
immediately to stretched level-1 weights. Similarly, Lemma 9.5 generalizes in this
case because of the following lemma which is quickly checked by using the Littlewood—
Richardson rule.

LEMMA 9.6. Let A\, pu be partitions and v = (N™) a rectangular partition. Then xS
either 0 or 1. It is equal to 1 if and only if \; + pins1—i = N fori=1,...,n.

In the proof of the next lemma, we use a partial ordering on the set of rectangular
partitions (N™) for a fixed N defined by A1 < Ay to mean that the Young diagram
of \; fits inside that of Ay, meaning Ay — A; is a partition. With this, A; + A2 means
stacking the corresponding Young diagrams on top of each other (or in terms of
partitions, (N™) + (N"2) = (N™%"2)) so A3 < A\; + A2 means the Young diagram
of A3 fits inside the stacked diagrams of A\; and Ay, or equivalently, (N™1F727"3) is a
partition. We will use the notation A; + (—X2) to mean we are instead subtracting Ay
from the bottom of the diagram of A;.

LEMMA 9.7. For a level-1 weight o for the sun quiver, let N € Z%, ji,...,jm the
corresponding jumping numbers, and J; = j; — jit1 + Jive for i = 1,...,m, with
Jma1 = J1 and jmao = ja. The following are equivalent:
(1) No € C(Q,B);
(2) Z Ji = Z ji and J; > 0 for all i.
i odd 1 even

If No is effective, then dim SI(Q, B)no = (N;s), where s = min{j;, J; | 1 < i< m}.

Proof. As mentioned above, the necessary and sufficient conditions for No to be
effective are proven the same way as in Lemma 9.2. We adapt the proof of Lemma 9.5
to compute the value of the dimension of the weight space for the stretched case.
First suppose s = j;, and without loss of generality, suppose ¢ = 1. The number
of partitions oy such that oy < (N71) is (NJ'CJI). This is because if we consider the
Young diagram corresponding to (N71), then we choose how many entries of a; have
value N, then how many have value N — 1, and so on, which is the same as choosing
where to place N dividers among j; entries. Because each a; uniquely determines the

other «; and because each cﬁjfjal) 41 is equal to one when nonzero by Lemma 9.6, dim
SI(Q, B)ne < (N;\L,Jl). The other direction is proved in a similar way as Lemma 9.5. [

REMARK 9.8. The value of f(A(1),...,A(m)) is independent of the value of n, the
length of each flag. This number can only enlarge the value of the coefficient, which is
instead determined by the smallest j; or J;. This formula also agrees with the value
that we found in Lemma 9.5 since in that case N = 1.

For a fixed weight o for the sun quiver, we showed in Lemma 3.2 that for each
N >1,

FINX(1),...,NA(m)) = dim SI(Q, B) No,
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where A(1),...,A(m) are the partitions arising from o as stated in equation (2).
Clearly, this is a polynomial as each stretched function of a single Littlewood—
Richardson coefficient is a polynomial. The above formula allows us to calculate
dim SI(Q, B) yo for any level-1 weight immediately.

PROPOSITION 9.9. Let A(1),...,A(2k), k > 2, be partitions of at most n parts and
of the form (17%) if j; # 0 and zero if j; = 0 for some integers 0 < j1,...,Jm < n.
Suppose the j; satisfy the following conditions:
(1) Z Ji = Z Jis
i odd 1 even
(2) Ji = ji — Jit1 + Jite = 0, where joxt1 = j1, Jak+2 = o
Then for any N € Z*, the stretched Littlewood—Richardson polynomial

FINAL), ..., NA(2Kk))

is equal to (NJS), where s = min{yj;,J; | 1 < i < 2k}. If either (1) or (2) is not
satisfied, then f(NA(1),...,NA(2k)) =0.

Proof. This follows immediately from Lemma 9.7 and Theorem 1.1. O

REMARK 9.10. Proposition 9.9 shows that the conjectures of King, Tollu, and
Toumazet, and of Fulton are true for these generalized coefficients in the cases
that the partitions are of the stated forms. Namely, as a function of N € Z%, the
stretched Littlewood-Richardson function is a polynomial P and whenever P(1) = 1,
P(N) =1, and when P(1) =2, P(N) = N +1. In addition, we showed the saturation
property (Theorem 1.1) saying P(1) = 0 implies P(N) = 0. Furthermore, it has been
conjectured ([30, Conjecture 3.3]) that P(1) = 3 implies P(NNV) is either 2N + 1 or
(N2, which also agrees with our results. It would be interesting to see if similar
conjectures for these generalized coefficients hold for all weights.

10. POLYTOPAL DESCRIPTION AND COMPLEXITY

In this section we examine the complexity of the branching multiplicity by defining a
polytope whose number of lattice points is equal to the multiplicity. The main result
is Theorem 1.2, which states that the positivity of the multiplicity, that is, whether
or not it is zero, can be calculated in strongly polynomial time.

10.1. GEOMETRIC COMPLEXITY THEORY. Geometric complexity theory (GCT) was
introduced by Mulmuley and Sohoni in a series of papers (see [49, 47, 46, 50, 45, 44,
42, 43]) in the early 2000’s with the purpose of approaching fundamental problems
in complexity theory, such as P vs. NP, through algebraic geometry and representa-
tion theory. Previously, [36] and [12] had independently shown that the positivity of
Littlewood—Richardson coefficients could be computed in polynomial time while [51]
had shown that the actual computation of these numbers was a #P-complete prob-
lem, the complexity class for problems for which (unless P=NP) there does not exist
a polynomial time algorithm for computing them (rather, it takes an exponential time
in the worst case), and such that the computation is at least as difficult as every P
problem.

The following is the main theorem of [48], where the bit length of a partition

A= (A1,...,Ak), A > 0, is the bit length of the specifications: Zle log, A;-

THEOREM 10.1. Deciding whether X, s positive can be computed in strongly poly-
nomial time in the sense of [20]. This means that the number of arithmetic steps is
polynomial in the number of positive parts of v (say n), does not depend on the bit

Algebraic Combinatorics, Vol. 3 #6 (2020) 1388



Generalized Littlewood—Richardson coefficients

lengths of i, ptj, vk, and the bit length of every intermediate operand that arises in
the algorithm is polynomial in the total bit length of A\, u, v.

In fact, by attaching zeros to the partitions, one can subsume the dependence on
n into the bit lengths of A, u, and v. This is especially amazing as the the dimension
of the Weyl module S¥(V) is exponential in n and the bit lengths of the v’s, yet
deciding if an exponential dimensional object S” (V') arises in the decomposition of
another exponential dimensional object S*(V) ® S*(V') can be decided in time that
is polynomial in only n and the bit lengths of the labels A, u, and v.

Because of results such as these along with the ubiquity of the plethysm prob-
lem and related problems in representation theory, GCT allows one to compare the
complexity of several problems. The proof of deciding the positivity of a Littlewood—
Richardson coefficient relies on two main points: a polyhedral interpretation of these
numbers and the saturation theorem. While we define a polytope for the generalized
Littlewood—Richardson coefficients to prove a similar result, it would be nice to have
a purely combinatorial algorithm, such as those of max-flow or weighted matching
problems in combinatorial optimization. Much work has been made towards this for
single Littlewood-Richardson coefficients (see [7], [8], and [24]).

10.2. POLYTOPAL DESCRIPTION. In order to determine the complexity of the posi-
tivity of multiplicity (1), we will define a polytope by determining a system of homo-
geneous linear inequalities whose number of integer-valued solutions is precisely the
multiplicity. The idea is to use the Littlewood—Richardson hives defined by Knutson
and Tao in [35].

To define the polytope associated with multiplicity (1), subdivide a regular m-
gon into m triangles with n + 1 vertices along each exterior edge and a common
vertex at the center. Subdivide each of these triangles into n? triangles of the same
size, so the hexagon is divided into mn? total triangles. We label the edges in the
r*" triangular array in the following way: the first subscript i refers to the row from
bottom to top while the second subscript j refers to the diagonal from left to right, and
0 <%,j <n—1. The edges along increasing diagonals are labeled e;;, the edges along
decreasing diagonals are labeled f;;, and the horizontal edges are g;;. The superscript
r refers to which triangular array is used, though this is often neglected. For instance,
when n = 3 the 7" triangular array is labeled

goo go1 902

Let E be the set of hive edges and R¥ the labelings of these edges by real numbers.
There are three ways that two adjacent triangles inside a single triangular array can
form a rhombus:
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Gi+1j Gi+1j
fij+1
€it+1j fij

Gij Gij+1

We say these rhombi satisfy the rhombus inequalities if for each triangle and rhom-
bus appearing, we have

(7)
€ij 2 €ijr1, Gij = 9it155  fiv1i = fijs €igy1=eiv1ys fig 2 figv1s Giv1j 2 Gijr1s
eij + fij = 9ij> €ij+1+ fij = git1j-
Define an (m,n)-LR sun hive to be a regular m-gon subdivided into m triangular

arrays with n + 1 vertices along each edge that satisfies the rhombus inequalities and
the border conditions

n—1 n—1 n—1
(8) Z €io + Z in—i = Z goj
=0 =0 7=0

for each 1 < r < m. It is integral if the labeling lies in Z¥. These inequalities define a
convex polyhedral cone, denoted C' C R¥. An LR hive is a single triangular array that
satisfies the rhombus inequalities and border conditions for that array, so an (m,n)-
LR sun hive consists of m LR hives with n edges along each side of the boundary of a
regular m-gon and with the respective conditions and appropriately shared sides. Let
B be the set of border edges ggj forl<r<m, 0<j<n—1and p: RF = RE the
restriction map of an LR sun hive to its border. For each b € RE, the fiber p=(b)NC
is a compact polytope, called the m-sun hive polytope over b.
We recall the main result of [35]. For three n-tuples

)\:()\17'”7)\71)7 M:(/j’lv"‘vun)v V:(Vh"’vl/n)

that satisfy the boundary condition |v| = |A| + |p|, the triangular array with border
determined by A, u, v is the one with specified border edges
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THEOREM 10.2 ([35], Theorem 4). The Littlewood-Richardson coefficient cX , is the
number of integer LR hives with boundary labels determined by \, i, and v.

Because we are only interested in integer LR hives it suffices to restrict to when
A, i, v are partitions. Further, if each partition has at most n parts, then the LR
hives are LR n-hives. Though the border conditions are obvious from the necessary
condition that [v| = [A|+[u] for c§ , to be nonzero, the rhombus inequalities seem mys-
terious at first. Their inspiration comes from Gelfand—Tsetlin patterns and Cauchy’s
Interlacing Theorem for the eigenvalues of Hermitian matrices. The first two pairs of
inequalities ensure that the tuples are weakly decreasing while the third pair gives
a way of associating a contratableau satisfying the Littlewood—Richardson rule; for
more on this, see [6].

Because one LR hive is used to calculate one Littlewood—Richardson coefficient,
it stands to reason that “gluing” multiple LR hives together appropriately should be
used to calculate our generalized Littlewood—Richardson coefficients. Before stating
and proving this we first make precise how we intend to “glue” the LR hives. Given
one LR hive we combine it with another LR hive by requiring the two to share a
side other than the base. This results in the second LR hive being flipped. Of course,
we need to verify the values assigned to the shared edges coincide and make precise
the edge labelings along with the rhombus inequalities for the flipped hive. For the
flipped hive the edges on a descending diagonal are now labeled by the e’s while the
ascending diagonal edges are labeled by the f’s.

Under this notation,

k+1 _ rk
€jo = Jn-1-jj-

Flipping the triangular arrays causes each type of rhombus to be flipped, but by
also switching the labels for the e’s and f’s the same rhombus inequalities in (7)
hold. For these flipped arrays we will want to specify when n-tuples A, y, v such that
|v] = |A] + |u| determine the border and align along shared edges, but we will wait to
do this depending on which side of the flipped hive we want to have labeled v.

REMARK 10.3. When defining the (m, n)-LR sun hive the rhombus inequalities did not
include those two types arising from rhombi of adjacent triangles from different hives.
Because one hive is flipped, there is no natural way of determining which direction the
inequality should be and the direction may differ in different examples. Interestingly,
though, the direction of the inequalities arising from adjacent hives is the same within
each individual example examined.

With this notation we may now prove the polytopal description of the generalized
Littlewood—Richardson coefficient (1).

THEOREM 10.4. For partitions A(1),...,A(2k), k > 2, of no more than n parts, the
generalized Littlewood—Richardson coefficient

A(1) A(2) A(2k—1) A(2k)

Ca(1),0(2)Ca(2),a(3) " Ca(2k—1),0(2k) Car (2K), (1)

is equal to the number of integer (2k,n)-LR sun hives with external boundary labels
determined by the A(i) in cyclic orientation (so that the edge labeled \(r) is between
the edges labeled A(r+1) and A\(r—1)). For instance, the boundary labels of a (6,n)-LR
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sun hive are

Proof. By Theorem 10.2 the Littlewood-Richardson coefficient ci((:)) a(r41)

to the number of integer LR n-hives with A(r) as the base which satisfy the bound-
ary conditions and rhombus inequalities, where a(r),a(r + 1) are some tuples of
no more than n parts forming the other two sides of the r** triangular array. Nec-
essarily the tuple a(r) is also a boundary of the (r — 1) triangular array while
a(r 4 1) is a boundary of the (r 4+ 1)**. We use the previously defined notation for
each hive and adjacent (flipped) hive, so we only need to specify the border labels.
If the base labeled A(r) has edges labeled A(r)1,...,A(r), from left to right, then
the adjacent base labeled A(r + 1) has edges labeled A(r + 1)1,...,A(r + 1),, from
right to left. In this way, edges labeled by a(r) and a(r + 1) in the r*" LR hive are
a(r)1, .-, a(m)p,alr+1)1,...,a(r + 1), clockwise while the edges in the adjacent
hive are labeled a(r + 2)1,...,a(r + 2),, a(r + 1)1,...,a(r + 1),, counterclockwise.
The multiplicity

A1) A(2) A2k—1) A(2k)
Z Ca(1),0(2)Ca(2),a(3) " Ca(2k—1),a(2k) Ca(2k),a(1)

is equal

is then equal to the number of integer (2k,n)-LR sun hives with these choices of
a(l),...,a(2k). The total number of integer (2k, n)-LR sun hives with the boundaries
A(1),...,A(2k) is then the sum over all possible integer tuples «(1),...,a(2k) with
at most n parts. O

REMARK 10.5. There is a characterization of LR hives with vertex labels rather than
edge labels. Though the two labelings may be used interchangeably for all results
concerning a single Littlewood—Richardson coefficient, the vertex labeling fails in the
case of the generalized coeflicients because the vertices along a shared boundary would
not necessarily agree. For instance, the vertex at the center of the regular n-gon could
only be zero while this would force the external boundary labels to not be the A(%).

REMARK 10.6. In the previous theorem, it is necessary that the number of partitions
be at least four and even. We saw that adjacent LR hives must “flip” in order to line
up the boundary edges and in our description the edges on the side determined by
A7) are labeled by A(4)1,..., (i), from left to right for odd ¢ and in reverse order
for even . If the number of partitions, m, were odd, then the first and m + 1 hives
are the same, yet these have different parities, so we get two different labelings. The
number of hives must then be even and it is easily checked that m = 2 fails.

As we’ve seen, the rhombus inequalities (7) and boundary conditions (8) determine
a polytope whose number of lattice points corresponds to the multiplicity (1) when
the external boundaries are determined by the A(r). For each 1 < r < 2k, these
inequalities may be solved into a linear program A,x, < b,, where A, is a matrix
with entries 0,1, —1, x, is the vector of interior edges e;;, f, g;; 0 <i<n—1,0<
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j <n—1, and the entries of b, are homogeneous, linear forms in the entries of A(r)
(which are integral when A(r) is a partition). Because this can be done for each r,
we can express all of these as a single linear program Ax < b, where A is the block
sum of the matrices A, and similarly for x and b. Again, b will be homogeneous,
which is necessary for the proof of the complexity of the positivity of the generalized
Littlewood—Richardson coefficient. In this way, the multiplicity is equal to the number
of integer-valued vector solutions x to this inequality. This proves the following.

LEMMA 10.7. For partitions A(1),...,\(2k), k > 2, there exists a linear program
Ax < b, where the matriz A has entries 0,1,—1, b is a vector of homogeneous,
integral, linear forms in terms of the parts of A(1), ..., A(2k), and the multiplicity

Z CA(l Ye) L Ak A2K)
a(l),a(2) a(2) a(3)” a(2k—1),a(2k) ~a(2k),a(1)

1s equal to the number of solution vectors x with integer entries.

With this, we can prove the complexity of the positivity of this multiplicity.

Proof of Theorem 1.2. First, we claim that the m-sun hive polytope, whose number
of lattice points equals
O+ M) = D00 0 Caa) " Catoh-1)a(20) oo a()

contains an (integer) (2k,n)—LR sun hive if and only if it is nonempty, which is
equivalent to the multiplicity being nonzero. Note that because the polytope is defined
by a linear system Ax < b where b is homogeneous (Lemma 10.7), for any integer N,
FINA(),..., NA(2k)) is the number of integer (2k,n)-LR sun hives in the polytope
with scaled external boundaries.

One direction of the claim is trivial, so suppose the polytope is nonempty. In
particular, the polytope has a vertex. One characterization of a vertex of a polytope
(see, for instance, [55]) defined by such a system of inequalities Ax < b is a point v of
the polytope such that Av = b. Because A is of full rank (because the defined polytope
is nonempty) and the entries of A and b are all integers, Cramer’s rule implies that all
the vertices of the polytope have rational coefficients. There is then an integer N for
which the scaled polytope contains a (2k, n)-LR sun hive. The saturation theorem 1.1
ensures that f(A(1),...,A(m)) is positive, so the original polytope contains a (2k, n)-
LR sun hive.

Determining whether the polytope is nonempty or not can be determined in polyno-
mial time using linear programming, such as the ellipsoid or interior point algorithm.
Furthermore, because the linear program Ax < b is combinatorial, positivity can be
determined in strongly polynomial time by using the algorithm in [58]. O

11. OTHER GENERALIZED LITTLEWOOD—RICHARDSON COEFFICIENTS

The same techniques used in this paper can be used to prove similar results for two
other generalized Littlewood—Richardson coefficients, and as such we state the results
for these multiplicities without proof. The details for the calculations and proofs may
be found in the author’s PhD thesis.

11.1. CONTEXT AND MOTIVATION. The two other multiplicities are

)\(3) A(m—2) a(m—3)
9 AQQD),... Zc,\(n A2 Cal1),a(2) " Calm—4),a(m—3)CA(m—1),\(m)
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for m > 4, and
_ A2) A(3) A(m—2) A(m—1)
(10)  fa(M(1),..., A(m)) = ZCA(I),a(l)Ca(l),a(Z) “ Co(m—4),a(m—3)Ca(m—3),\(m)"

for m > 3, where the case m = 3 is the Littlewood—Richardson coefficient cj\\gg A3)
and each summation ranges over all partitions «(i). The first multiplicity describes
the branching rule for the direct sum embedding GL(n) x GL(n') C GL(n+n’) when
m = 6. This was first proven in [28], and is also proven in [23] (see also [22] and [38]).
The second multiplicity describes the tensor product multiplicities for extremal weight
crystals of type A, using a combinatorial rule found by Kashiwara [26] similar to the
Littlewood—Richardson rule that described the irreducible components of the tensor
product of irreducible representations of the quantized universal enveloping algebra
of a symmetrizable Kac-Moody algebra g as described in [39] (see also [40]) again
when m = 6. This generalized multiplicity is described in [9] and [10], and is found to
have connections with long exact sequences of finite, abelian p-groups, parabolic affine
Kazhdan-Lusztig polynomials, and decomposition numbers for g-Schur algebras.

11.2. STATEMENT OF RESULTS. The quiver representing multiplicity (9) is the gen-
eralized star quiver used to describe multiplicity (10) in [9], except that the first two
flags are oriented in the same direction and likewise the last two are going the same
direction. The dimension vector § is defined like before as 3(j,4) = j and the weight
is defined similar to o; in equation (2). Similar calculations to the ones in Section 3
prove the following.

THEOREM 11.1 (Saturation property). Let A(1),...,A(m), m > 4, be weakly decreas-
ing sequences of n integers. For every integer r > 1,

AN, ..., 7A(m)) £ 0 <= fi(A(1), ..., A(m)) # 0.

The saturation for multiplicity (10) is Theorem 1.4 of [9]. In the same paper,
Chindris provides the Horn-type inequalities and a generalization of Horn’s conjecture
for the second multiplicity in Theorem 1.6.

The corresponding inequalities and a generalization of Horn’s conjecture for the
first multiplicity above are slightly complicated by the fact that they depend on the
parity of m. We state below only the results for m even and remark that similar
results hold true for m odd.

GENERALIZED EIGENVALUE PROBLEM FOR f;. For which weakly decreasing sequences
A1),...,A(2k), k = 2, of n real numbers do there exist n x n complex Hermitian
matrices H(1),..., H(2k) with eigenvalues A(1), ..., A\(2k) such that

k—1 k—1
H(1)+ Y H(2i) = H(2k) + > H(2i+1)
and such that
H(1)+H(2), (—1)J(H(1)+H(2))+ ZJ:(—l)j+iH(i,) 3<j<2k—2
=3

have non-negative eigenvalues?

We define the generalized Klyachko’s cone for this multiplicity as the rational
convex polyhedral cone of m-tuples (A(1),...,A(m)) of solutions to this generalized
eigenvalue problem. We denote this cone as Ki(n,m) C R"™.
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For subsets I; C {1,...,n}, 1 < ¢ < 2k, define the following tuple of weakly
decreasing sequences of integers:

N(I) 1<i<2k—3,
7 odd
N (I3) — (2] — |13])" =21 i=2
= QN) = (15| = | Tica| = Higam =il 4<i<2k -2,
1 even
N (Ink-1) = ((H2k—1| = H2k—1\{n} — [Lp\{n})m~H2s=1l) i =2k — 1
N (L2 \{n}) i = 2k.

The generalization of Horn’s conjecture for multiplicity (9) may then be stated as
follows (for m even).

THEOREM 11.2. Let A(1),...,A(m), m = 2k > 4, be weakly decreasing sequences of n
real numbers. Then the following conditions are equivalent:

(1) (AQ),-..,A(m)) € Ki(n,m);

(2) the numbers A(i); satisfy

k—1 k—1
A+ 1)+ @R = AW+ S A@)]
i=1 i=1
and
k—1 k—1
DD A1)+ Y AR <YM+ YD A(20);
i=1j€el; Jj€lak jeh i=1 jel;
for every tuple (I,...,Ly,) for which |I;|] < n for some i, |I1| = |I2| and

[ Im—1] = |Im|, A (I;) are partitions, 1 < i < m, and

fl(A1(Il), cee ,Al(Im)) # 0.

If the A(i) are sequences of integers, conditions (1) — (2) are equivalent to

3) fAi(A(M), ..., A(m)) # 0.

Note that in this case we get an equivalence of the tuples that satisfy the generalized
eigenvalue problem and those that satisfy the Horn-type inequalities, as opposed to
the case for the sun quiver. This again provides a recursive method for finding all
nonzero generalized Littlewood—Richardson coefficients of this type. Like before, the
list may be shortened.

PRrROPOSITION 11.3. The following statements are true for m = 2k > 4:
(1) We have dim K;(n,m) = mn — 1.
(2) The cone Ky(n,m) consists of all tuples (A\(1),...,A(m)) of weakly decreasing

sequences of n reals such that

k—1 k—1
ST+ D]+ AR = AD]+ 3 M)
i=1 i=1
and
k—1 k—1
DSOS TN+ DT AR < DDA+ YD A@2i);
i=1j€l; s en jel =1 j€l;
for every tuple (I1,...,Iy) for which |I;| < n for some i, |I;| = |I2] and

[ Im—1] = |Im|, A (I;) are partitions, 1 <i < m, and

AT, A (In)) = 1.
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Factorization formulas can be found for these multiplicities by using these Horn-
type inequalities. Likewise, we can define level-1 weights for the corresponding quivers
for (9) and (10), yet these prove to be less interesting than for (1): if a level-1 weight is
effective in either case, then the Littlewood—Richardson polynomial has value one and
stretching it by a factor of N does not change this. This at least shows that Fulton’s
conjecture remains true for these multiplicities.

A similar method of gluing LR hives together produces a polytopal description of
these multiplicities. In fact, the two have the same generalized LR hives (differing
in shape depending on the parity of m), except the boundary labels for (9) use the
related partitions A(z) for ¢ = 1,2, m — 1, m. Because of this polytopal description and
the saturation properties, we again can determine the complexity of their positivity.

THEOREM 11.4. Determining whether multiplicities (9) and (10) are positive or not
can be decided in polynomial time. Even more, each can be decided in strongly poly-
nomial time in the sense of [58].

APPENDIX A.

The following are the dimension vectors 31 that correspond to a complete and minimal
list of Schur roots 81 and Py such that g = 1 + B2 and 1 o B2 = 1 in the case
(n,m) = (2,6), up to permutations of the flags respecting the symmetries of the sun
quiver.
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