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Newton polytopes of rank 3 cluster variables

Kyungyong Lee, Li Li & Ralf Schiffler

ABSTRACT We characterize the cluster variables of skew-symmetrizable cluster algebras of
rank 3 by their Newton polytopes. The Newton polytope of the cluster variable z is the
convex hull of the set of all p € Z3 such that the Laurent monomial xP appears with nonzero
coefficient in the Laurent expansion of z in the cluster x. We give an explicit construction
of the Newton polytope in terms of the exchange matrix and the denominator vector of the
cluster variable.

Along the way, we give a new proof of the fact that denominator vectors of non-initial cluster
variables are non-negative in a cluster algebra of arbitrary rank.

1. INTRODUCTION

Cluster algebras were discovered by Fomin and Zelevinsky in 2001. Since then, it
has been shown that they are related to diverse areas of mathematics such as al-
gebraic geometry, total positivity, quiver representations, string theory, statistical
physics models, non-commutative geometry, Teichmiiller theory, tropical geometry,
KP solitons, discrete integrable systems, quantum mechanics, Lie theory, algebraic
combinatorics, WKB analysis, knot theory, number theory, symplectic geometry, and
Poisson geometry.

A cluster algebra is equipped with a set of distinguished generators called cluster
variables. These generators are very far from being fully understood. Explicit combi-
natorial formulas that are manifestly positive are known for cluster variables in cluster
algebras from surfaces [16] and for cluster algebras of rank 2 [14]. For skew-symmetric
cluster algebras, there is the cluster character formula for the cluster variables [18]
as well as the F-polynomial formula [6] and for skew-symmetrizable cluster algebras
there is the scattering diagram approach [10], but none of these provide computable
formulas.
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For a general cluster algebra, we do know that cluster variables satisfy the Laurent
phenomenon [8] and positivity [15, 10], namely, every cluster variable z can be writ-

ten as
z= > e(p)aP,
pEZn
where e(p) > 0 for all p, and e(p) > 0 for finitely many p.
A natural questions is how to describe the set S(z) := {p : e(p) > 0}. However
this can be very hard in general (see Remark 5.3). More feasible questions would be
the following.

(a) Describe the Newton polytope of z (which is the convex hull of S(z) by defi-
nition).

(b) Find a subset U(z) C R™ such that the condition S(z) C U(z) uniquely
detects the cluster variable z (up to a scalar) among all elements in the cluster
algebra.

These problems have been solved in [13] for the rank 2 case. In fact, it turns
out that the Newton polytope is a solution to (b). The paper [13] also introduced
a so-called greedy basis, which includes all cluster variables, and found a certain
support condition that uniquely detects each greedy basis element (up to a scalar)
among all elements in the cluster algebra. An alternative characterization of greedy
elements using a support condition (SC) plays an essential role in the construction of
quantum greedy bases of rank 2 cluster algebras [12]. This support condition was a
key ingredient in [5], where it was shown that, in rank 2, the greedy basis coincides
with the theta basis defined in [10].

In this paper, we consider the rank 3 case. We solve problems (a) and (b), and
prove that the Newton polytope of z is a solution to (b). We also generalize the result
to quantum cluster variables. The step from rank 2 to rank 3 is known to be difficult,
since one has to add the dynamics of the exchange matrix to the problem. In rank 2,
the mutation is trivial on the level of the exchange matrix. In rank 3 however, except
for a few small cases, the mutation class of the matrix is infinite and the representation
theory of the quiver is wild.

Along the way, we give a new elementary proof of the fact that denominator vectors
of non-initial cluster variables are non-negative in a cluster algebra of arbitrary rank.
This was conjectured by Fomin and Zelevinsky in [9] and recently proved by Cao and
Li in [3] using the positivity theorem.

Recently, Fei has studied combinatorics of F-polynomials using a representation-
theoretic approach [7]. In that paper it was shown that the F-polynomial of every
cluster variable of an acyclic skew-symmetric cluster algebra has saturated support,
which means that all lattice points in the Newton polytope of the F-polynomial are in
the support of the F-polynomial. Briefly speaking, in the case of skew-symmetric rank
3 cluster algebras, Fei’s result is related to our work in the following sense. The Newton
polytope of a cluster variable (which lies in a plane inside R3) is a projection of the
Newton polytope of the corresponding F-polynomial (which is usually 3-dimensional)
under a linear map. The supports of F-polynomials are expected to be saturated
but cluster variables are not saturated in general. On the other hand, the Newton
polytopes of the F-polynomials are difficult to determine but the Newton polytopes of
the cluster variables can be explicitly determined. Please see Corollary 5.2, Remark 5.3
and Remark 7.2 for more details.

The paper is organized as follows. In Section 2, we briefly review the solutions
for (a) and (a) for rank 2 cluster algebras and in Section 3, we explain our notation
and recall several basic facts about cluster algebras. We prove the non-negativity of
denominator vectors in Section 4. Our main theorem is presented in Section 5 and
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proved in Section 6. We then give an example in Section 7. Finally, in Section 8 we
prove a quantum analogue of the main theorem.

2. RANK 2

In this section, we let B be a 2 x 2 skew-symmetrizable matrix and .A(B) the corre-
sponding cluster algebra with principal coefficients.

2.1. GREEDY BASIS. It is proved in [13] that for each rank 2 cluster algebra there
exists a so-called greedy basis defined as follows. Let B = [2}] denote the exchange
matrix. Then for (a1, az) € Z?, define c(p, q) for (p,q) € Zéo recursively by ¢(0,0) = 1,

(p, ) =max (Z(_l)k_lc(p— k.q) <a2 7qu+k7 1) D (=D e(p,g — k) (albl;jkl))

k=1 k=1

and define the greedy element at (aj,as) as

b,
> clp, @)y’ x5!
ay a2 *

zlay, as] = T
1 T2

Recall that an element of A(B) is called positive if its Laurent expansion is positive
in every seed. A positive element is indecomposable if it cannot be written as a sum
of two positive elements. Finally, a basis B is called strongly positive if any product of
elements from B can be expanded as a positive linear combination of elements of B.

THEOREM 2.1 ([13]). The set B = {z[a1,as] | (a1,a2) € Z*} is a strongly positive
basis for the cluster algebra A(B). Moreover B contains all cluster monomials and all
elements of B are indecomposable positive elements of A(B). B is called the greedy
basis.

Here the fact that B is strongly positive follows from [5], where it is shown that
the greedy basis coincides with the theta function basis defined in [10].

2.2. CHARACTERIZATION USING SUPPORT CONDITIONS. The following alternative
characterization of greedy elements using a support condition (SC) plays an essential
role in the construction of greedy bases of rank 2 quantum cluster algebras [12].

THEOREM 2.2. The coefficients c(p, q) of x[a1,as] are determined by:
(NC) (Normalization condition) ¢(0,0) = 1.
(DC) (Divisibility condition)
if az > cq, then (14 )27 Y, c(i, q)x".
if a1 > bp, then (14 2) =% |3 c(p,i)a".
(SC) (Support condition) c¢(p,q) = 0 outside the region given in [12, Figure 1].
Moreover, if x[a1,as] is a cluster variable then condition (SC) becomes c(p,q) =0
outside the closed triangle with vertices (0,0), (az,0),(0,a1), as shown in Figure 1.

The main theorem of this paper, Theorem 5.1, gives a similar characterization for
cluster variables for every rank 3 cluster algebra.

3. PREPARATION

3.1. DEFINITION, NOTATIONS, AND FACTS IN CLUSTER ALGEBRAS. We recall the
definition of skew-symmetrizable cluster algebras with principal coefficients.

A square matrix B is called skew-symmetrizable if there exists a positive integer
diagonal matrix D such that DB is skew-symmetric.
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ai

(0] p

az

FIGURE 1. Support of a cluster variable x[a1, as] of a rank 2 cluster algebra

Let n be a positive integer. Let T denote the n-regular tree whose edges are labeled
by integers in {1, ...,n} so that each vertex is incident on n edges with distinct labels.

The notation t——# means that the edge joining t and ¢’ is labeled by k.

Denote by F the field of rational functions Q(z1, .. .,xa,). To distinguish between
mutable variables x1,...,x, and coefficient variables z,1,...,z2,, we also use the
notation y; = Tp44, for i = 1,...,n. For p = (p1,...,pn) € Z", let 2P = o -+ - 2Pn,
yP =yt - yPr. For p = (p1,...,p2n) € Z*", let 2P = 2 -+ - 2h2".

Each vertex t € T is decorated with a seed ¥y = (x(t), B(t)) where:
e B(t) = [bz(ﬁ)] is a 2n X n integer matrix such that the submatrix B(t) formed
by the top n rows of B(t) is skew-symmetrizable.
o x(t) = {z1(t),...,zn(t)} is an n-tuple of elements of F.

The seeds are defined recursively by mutation as follows. Fix an initial vertex
to € T and define the initial seed as x(to) = {1,...,2,}, B = [7] where B isan xn
skew-symmetrizable matrix and I is the n x n identify matrix.

For any real number a, let [a], := max(a,0). Given a seed X; = (x(t), B(t)) and an

edge t——t', we define the mutation of 3, to be (%) = Sy = (x(t'), B(t')), where
_p® T -

§ () _ bi; ifi=korj=k,

N b( ) + Sgn(b )[b t)b(t ]+ otherwise.

n b )
it o) | [ 252! ’1++Hx 0 ) it =k
1 - J:1

x;(t) otherwise.

Each z;(t) is called a cluster variable. The cluster algebra A is the Q[z> T g Lz )
subalgebra of F generated by all cluster variables.

For each seed ¥y, let C(t) be the n x n submatrix of B(t) formed by the bottom n
rows of B(t). Its columns, ¢ (t),..., ¢, (t), are called c-vectors. We need the following
theorem proved by Gross—Hacking—Keel-Kontsevich in [10, Corollary 5.5].

THEOREM 3.1 (Sign-coherence of c-vectors [10]). In a skew-symmetrizable cluster al-
gebra, every c-vector C(t) [b(t)]gnwrl is in 55 U LY.

We will need the following lemma. (As suggested by the referee, it follows imme-
diately from a result of Nakanishi and Zelevinsky.)
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LEMMA 3.2. The determinant of C(t) is 1 or —1. As a consequence, the c-vectors are
linearly independent, and all c-vectors are nonzero.

Proof. By [17, Theorem 1.2], the integer matrix C(t) is the inverse of another integer
matrix. So the determinant of C(¢) is 1 or —1. O

We also need the following fact, which is shown for skew-symmetric cluster algebras
in [6], but we could not find a reference in the skew-symmetrizable setting. A close
reference is [11, Lemma 5.1] which describes a similar idea in the skew-symmetric
case.

LEMMA 3.3. The F'-polynomial of every cluster variable of a skew-symmetrizable clus-
ter algebra has constant term 1.

Proof. We prove that the conclusion holds for cluster variables in every seed, by
induction on the distance from the current seed to the initial seed in the n-regular
tree T.

The statement is true for the initial seed since the F-polynomials are 1.

Assume the conclusion is true for the seed t and unknown for ¢’ = u(t). The rule
of change of F-polynomials under mutation is given in [8, Proposition 5.1], where the
only F-polynomial that changes under mutation gy, is:

() ) (t) (t)
R ylew I [T, (F (t))[bik]++ [~ 1+ H?zl(Fi(t))[*bikH

L ()
Ey
By sign-coherence of c¢-vectors (Theorem 3.1), [c (t)]+ € L5, U ZY,. Assuming c( ) e
Zso (the other case can be proved similarly), we have an equahty in Zly,. .. ,yn]
/ (® ® ],
Fk(:t )Fk()t) :y[ck ]+ H( t) [b ]++H b
=1
Moreover y[cg)” # 1 since ck) # 0. Letting y; = -+ = y, = 0, we immediately

N

conclude that the constant term of F; ,5 is 1. So the conclusion is true for ¢'. O

For convenience, we introduce simpler notations for rank 3 cluster algebras. Let

0 a —¢
Y
0 a —¢ 3 Ca _Ob, 8
B = [bU] = —a’ 0 b y B = [b”} = 1 0 0
_ K
c b 0 0 1 o0
0 0 1

The assumption that B be skew-symmetrizable implies the existence of positive inte-
gers 01,02, 63 such that §;b;; = —9;b;; for all ¢, j. So we can define

0 a —c
a:=01a=2060a", b:=0b=203b, ¢:=03¢c=0,¢, thus DB=|—a 0 b
c —b O

We say B is cyclic if a, b, c are either all strictly positive or all strictly negative,
otherwise B is acyclic.
Note that aa’,bb’, cc’ > 0. Denote the i-th column of B by B;. Then

bBi + ¢By 4+ aBs = 0.

In particular, the vectors By, By, B3 € R3 are coplanar, which is a fact essential for
this paper.
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In this paper, we assume the non-degeneracy condition that at most one of a,b,c
18 zero.

REMARK 3.4. In the degenerate case when at least two of a, b, ¢ are zero, some of the
proofs in this paper may not longer work. On the other hand, the degenerate case is
essentially a rank 2 cluster algebra and our main theorems follows directly from [12].
Note that if the initial B-matrix satisfies the non-degeneracy condition, then all the
B-matrices obtained by mutations satisfy the non-degeneracy condition.

3.2. CIRCULAR ORDER.

DEFINITION 3.5. We say a sequence of coplanar vectors vy, ..., v, is in circular order
if there is an R-linear isomorphism ¢ from a plane containing these vectors to the
complez plane C such that

o(vg) =rpeY 10 >0 (I1<k<n), and 601 <0< ---<0, <0 +2m.
We introduce the following notation. Given (dy,ds, d3) € Z3, define

(1) v, =d;B; (fori=1,2,3) and wvy=-vy—vy—vs.

The following easy observation is very useful for proving the circular order condition.

LEMMA 3.6. Assume (d1,dy, ds) € Z3,~{(0,0,0)}. Then B, Bj, Bx, vy is in circular
order if and only if the following conditions hold:
(1) If By, By, B are not in the same half plane, then v4 = A1 B; + Ao By, for some
A1, A2 > 0.
(2) If By, Bs, Bs are strictly in the same half plane (so no two are in opposite
directions), then B; = m B; + 12 By, for some n1,m2 > 0. In particular, if two
of B1, By, Bs are in the same direction, then one of them is B;.
(3) If two of By, B2, Bs are in opposite directions, then either
e B, By are in opposite directions, or
e B;,B; are in opposite directions, di, = 0, and v4,B; are in the same
direction, or
e B;, By are in opposite directions, d; = 0, and v4, By, are in the same
direction.

Proof. This is an easy observation using Figure 2 as reference. 0
3.3. WEAKLY CONVEX QUADRILATERALS.

DEFINITION 3.7. Assume four points Py, Py, P3, Py € R3, not necessarily distinct, are
coplanar. We call the polygon P = Py Po P3Py a weakly convex quadrilateral if the
four vectors Py Py, PoP3, P3Py, PPy are in circular order.

We use convention that Py, = P; for 1 <i<4 and k € Z.

If P = PIP,P3Py is a weakly convex quadrilateral, we denote by |P| C R3 the
convex hull of { Py, Pa, P3, Py}.

REMARK 3.8. By definition, |P| is just a bounded convex subset of a real plane inside
R3, while P “remembers” four points in the polygon which are not necessarily distinct
and not necessarily the vertices of the polygon. Nevertheless, the set of vertices of |P|
is a subset of {Py, ..., P4}. See Figure 3 for some examples of P. When we talk about
the physical features of a weakly convex quadrilateral P, where we do not have to pay
attention to the four special points P, ..., P, of P, we would for simplicity identify P
with |P[, the underlying convex set. This applies to phrases like “a point is contained
in P”, “the Newton polytope of a cluster variable is P”, “P is a line segment”, “P
is a triangle”, or “dim P = 1”. If we need to use the actual coordinates of the points
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V4

o)

Vy Bz
By,

(3) B;, By, opposite (3) B;, Bj opposite, d, =0 (3) B;, By, opposite, d; =0
FIGURE 2. The three cases of Lemma 3.6

Py, ..., Py, then we distinguish P from |P|. This includes Lemma 3.9, Lemma 3.11,
and Section 6.3.

In the following, we shall give a more explicit description of weakly convex quadri-
laterals. Recall that P is a (usual) convex quadrilateral if the four vectors P Py, Py Ps,
P3P, P,P; are in circular order, all nonzero, and that no two are in the same direc-

tion. In terms of complex numbers, that is to say: if there is an R-linear isomorphism
¢ such that

¢(PkPk+1):Tk€\/jwk,7"k>0 (1<k<4), and 607 <0y <03 <0y <0+ 2.

LEMMA 3.9. Let P = Py P, P3P,. The following are equivalent:

(1) P is weakly convez.
(2) P is the limit of a sequence of convex quadrilaterals.
(3) P is one of the following:
o dimP =0 (that is, P, = P, = P3 = Py, so P degenerates to a point);
o dimP =1, P is a line segment P;P;+3 and P;, P11, Pito, Piys are ar-
ranged in order, for some 1 <1i < 4;
e dimP =1, P is a line segment P;P;1o which contains P;y1 and Pji3,
for some 1 < i < 4;
o dimP = 2, P is a triangle P;P;11P;+2 whose side P;12P; contains the
point Piys, for some 1 < i < 4;
o dimP =2, PLP,P3Py is a (usual) convexr quadrilateral.

Proof. (1) < (2): Assume the sequence of PU) = Pl(j)Péj)P?Ej)Pij) has limit P and
$(PIPI)) =D eV D S0 (1< k<),
and

07 <0 <0 <0 <0 + 27,

Algebraic Combinatorics, Vol. 3 #6 (2020) 1299
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By choosing appropriate angles 9,9 ) and replace the sequence by a subsequence if
necessary, we can assume
lim r,ij) =rg, lim 9,(;) = 0.
J*)OO j*}OO
Then by the property of limits we conclude that r, > 0 and 61 < 62 < 03 < 04 <

01+ 2m. So P Ps, ..., P,P; are in circular order.
(2) <= (3): Obvious from the Figure 3.

Pl PiJrg Pi+2 Pz P1
Piio Piis Pits Py
P P
° @ * Pitq Pipa
Py P; P; Pi1 Pito Py Py
Piis P P P
. Piys Pii3 Pris P,
P=--.=P Pi+1 P7;+1 ot
P; P P Piio Py Py

FIGURE 3. Bottom figures are the limit of the corresponding top
convex quadrilaterals for the five cases in Lemma 3.9 (3)

(1) = (3): we show the contrapositive. If P is not listed in (3), then it must be one
of those listed below, all of which are obviously not weakly convex (see Figure 4).

e dimP =1, P is a line segment P;P; 3 and P;, Piys, P11, P;4+3 are arranged
in order, for some 1 < i < 4;

e dimP = 2, P is a triangle P;P;11 P12 for some 1 < i < 4, and the line
segment P;,oP; does not contain the point P; 3. O

Pits P; P; P;
Pip 4
Pi+2 1+3
P;
P Piio Py Piio P Piio Piy1=PF3 Pijo
FIGURE 4. Quadrilaterals that are not weakly convex
DEFINITION 3.10. Given r vectors Py, Ps, ..., P. in R® with coordinates P; = {g%},

define their minimum vector by

min(Py,...,P) = |mg|, with m; =min(p1 4, p24,...,0ri)-
ms

For example, if P, = {é} and P, = [%], then Iﬁl(Pl,Pg) = {%}
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Newton polytopes of rank 3 cluster variables

3.4. WEAKLY CONVEX QUADRILATERALS IN RANK 3 CLUSTER ALGEBRAS. We are
going to construct a weakly convex quadrilateral Py for all positive integer vectors
d € Z3. Later the vector d will be the denon(l)inator vector of a cluster variable. For the

0
initial denominator vectors d € {[ 0 ] , [—01 , [_01] }, we let Pgq be the degenerate

quadrilateral consisting of the point d. For all other d we have the following lemma.
Recall that v; = d;B;.

LEMMA 3.11. For all d € Z>0 ~ (0,0,0) there exists a weakly convex quadrilateral
Pgq = Pd = P P,P3Py (We use Pq when there is no risk of confusion of which
matriz B we refer to.)
such that
(1) There is a permutation (i,j,k) of (1,2,3) such that
(1a) by > 0.byi > 0.
(1b) P1P2 =V, P2P3 —V], P3P4 = VL.
(1c) the four vectors B;, Bj, By, vy = —v; — Vj — Vi, are in circular order.
(2) min(Py, Py, Ps, Py) = —d.
Moreover, even though Pq may not be uniquely determined by the above condition
(because P, ..., Py may vary), the convex hull |Pq| s unique.

Proof. We define Pyq = P1P2P3P4 as follows. For an illustration see Example 7.1. First
define a quadrllateral P by the vertices P = (0,0,0), Po=P +v, Py=P+ Vi,
and Py = Py + vy. Clearly this quadrilateral satisfies condition (Ib), but it does
not necessarily satisfy condition (2). Let d = —nﬁl(ﬁl, Py, Py, 154). Then define the
quadrilateral Pq as the translation of the quadrilateral P by d’ —d. Then Py satisfies
conditions (1b) and (2).

Also note that condition (1c) implies the weaker condition that the vectors ITP; =
Vi, PoP3 = v, P3Py = vy, P4Pi = vy are in circular order. Thus (1c) implies that
the quadrilateral is weakly convex.

Thus it remains to show conditions (1a) and (1c¢). We prove these in five separate
cases. See Figures 5-9.

CASE 1. Suppose @ is acyclic and abe # 0. We may assume without loss of generality
that a,b > 0, and ¢ < 0. Let (4,5,k) = (1,2,3). Thus condition (la) holds. Fur-
thermore, in this case, By = (—b/¢)B; + (—a/c)Bs is a positive linear combination
of By and Bjs. Hence all three vectors By, B, B3 lie in the same half plane. Thus
Lemma 3.6 (2) implies that By, By, B3, v4 are in circular order. This proves (1c).

V4 33 P1
Bg P4
Bl P2 P3

FIGURE 5. (Case 1)

CASE 2. Suppose @ is acyclic, one of a, b, ¢ is zero and the other two have the same
sign. That is, @ has two arrows forming a length-2 directed path. Without loss of
generality, we may assume that Q is 1 — 2 — 3, that is, a,b > 0 and ¢ = 0. The
vectors By and Bj are in opposite directions.

Algebraic Combinatorics, Vol. 3 #6 (2020) 1301
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If dg > 0, we let (4,7,k) = (1,2,3). Then condition (1a) holds and condition (1c)
holds by Lemma 3.6 (3). Note that condition (la) would also hold for (4,j,k) =
(3,1,2), or (2,3, 1); however, condition (1c¢) would fail for both. Thus the permutation
of (4,7, k), and hence the quadrilateral Pg, are unique in this case.

If dy = 0, conditions (1a) and (1c¢) hold for (7,7, k) = (1,2,3) and (3,1, 2). In both
cases, the quadrilateral degenerates to a line segment in the direction of B;. of length
max(|vy|, [vs]). The case (1,2,3) is illustrated in the second picture of Figure 6. In
particular, even though P4 may not be uniquely determined by the conditions of the
lemma, the convex hull |Pg4] is unique.

B
3 P
By P
V4
By P P
do >0
Bs
vy
0] By
By

Py
I,

Py, = Py
dy = 0, vy4 in the opposite direction as By, length of |P| is |vq]

B3 P4
Py
0 Bs
Vy
B1 P,=Ps

dy = 0, v4 in the same direction as By, length of |P| is |vs|
FIGURE 6. (Case 2)

CASE 3. Suppose @ is acyclic, one of a, b, ¢ is zero and the other two have the opposite
sign. Then exactly one vertex is adjacent to both the other two, and this vertex is
either a sink or a source.

CASE 3A. If this vertex is a sink. Without loss of generality, assume @ is 1 — 3 «
2, that is, a = 0, b > 0 > c¢. The vectors B; and B, are in the same direction.
Condition (1a) is satisfied for the two permutations (i, j, k) = (1,2,3) or (2,1, 3), and
both satisfy condition (1c¢) by Lemma 3.6 (1). Both cases give the same |Pq|, which
is triangle with edges vi + va, v3, v4, in that order.

CASE 3B. If this vertex is a source. Without loss of generality, assume Q is 2 + 1 —
3, that is, b = 0, a > 0 > c¢. The vectors By and Bs are in the same direction.
Condition (1a) is satisfied for the two permutations (4,7, k) = (1,2,3) or (1, 3,2), and
both satisfy condition (1c) by Lemma 3.6 (1). Both cases give the same |Pgq|, which
is a triangle with edges vy, vy + v3, vy, in that order.

CASE 4. Suppose Q is cyclic. Without loss of generality we may assume a,b,c > 0.
Condition (1a) narrows down the choices of (i, 7, k) to (1,2,3), (2,3,1), or (3,1,2).
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FIGURE 7. (Case 3a)
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FIGURE 9. (Case 4)

If v4 = 0, then for all of the above three choices of (i, j, k), we get the same |P)|
which is a triangle with edges vi, v, v, in that order.

In the following we assume v4 # 0. If v4 is strictly between vq and va (respectively,
vy and vs, vy and vy), then the circular order condition implies the unique choice
(i,7,k) = (2,3,1) (resp. (3,1,2), (1,2,3)). If v4 is in the same direction as vy, then
(4,4,k) = (1,2,3) or (2,3,1). But they give the same quadrilateral which degenerates
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to a (possibly degenerated) triangle with edges vi 4+ vy4, va,vs, in that order. Similar
argument holds for v4 being in the same direction as vy or vs. O

3.5. A SUBSTITUTION LEMMA. In the following lemma, we describe the effect of re-
placing the variable z; by its mutation ;. We use the following notation.

-1 00 1[-a]4+ 0 10 [d]+

] = [a’]+ 10 Qg = 0 -1 0 a3 = 01 [71)]_._
[—C]+ 01 0 [b/]+ ]._ 00 -1

-1 00 1 [a]+ O] 10[-c]y

ﬂ1 = [—a’]+ 10 ﬂz =10 -1 0 63 =101 [b]+
[C]J’_ 01 0 [*b/]_;,_ 1_ 00 -1

Recall that a semifield P = (P, ®,-) is an abelian multiplicative group endowed
with an auxiliary addition @& : P x P — P which is associative, commutative, and

a(b ® ¢) = ab @ ac for every a,b,c € P. Let ZP be the group ring of P, and QP the
field of fractions of ZP.

LEMMA 3.12. Let p = (p1,p2,p3) and v > 0. For i = 1,2,3 let f; be a Laurent
polynomial of the form

n
fi= a0$p+boBi 4 alxp-‘rbquz e anl‘p—’_b”Bi — Zajl‘erbjBi,
§=0
where ag,...,an, € QP, 0 =by < by < --- < b, =7, so that the exponents in f; are
points on the line segment from p to p +rB; =: q.
Let g; be the rational function obtained from f; by substituting

z1 by (p_x[2a/]+m[3—c]+ +p+$[2_a/]+x:[;]+)/$1 ifi—1;
2 by (pmal el g pral Py ey it =2

3 by (plelc'}+z[2—b]+ +p+x[1_cl]+x[2b]+)/x3 ifi—3.

where p~,pT € P.
If g; is a Laurent polynomial, then

n
’ I, ARYE=Y AR~ AR~
Gi = a/oxp +bo Bi + allxp +b} B; + 4 a/nxp +b;, B; — § a;-.fL'p +bjBt’
=0
where 0 = by < by < --- < b, =71/, so that the exponents in g; are points on the line

segment from p’ top’' +1'B; =:q'.
Moreover v’ =1+ p;, ay = (p™)Piao, al, = (p~)Pan,, and

p' =ai(p), q =pi(q).

Proof. By symmetry, it suffices to show the case i = 1. We simply write f, g instead
of f1,g1. First assume a > 0 and ¢ < 0. Then

n n
f= g ajpo’jBl =P E aijjBl
Jj=0 Jj=0
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0
Note that the last sum does not depend on z; since By = [ﬂz’ } Therefore
C

—1,.a B p1 P2 Ps
g= [z ag a3 (p” +pTath)) " ah Za]

__ ..—DP1,p2t+api, p3—cpi/, — +,.B1\p b;B
Ty o Z3 (p~ +p'x I)IE:aij '
Jj=0

= oy P b TP B TP ((pT)Prag + -+ - terms of intermediate degree - - -

()P ana B

So ' =r+pi, ap = (p )P ao, ay, = (p)P an, and p’ = (—p1,p2 +a'p1,p3 — cp1) =
a1(p). Moreover, since q = p + 7By, we have Q' = (—p1,p2 + a'p1,ps —cp1) + (p1 +
r)(0,—a’,¢) = (=p1,p2 — a'r,p3 + cr) = (—q1,92,q3) = P1(q). This completes the
proof in the case a > 0 and c < 0.

The remaining cases “c > 0,a < 07, “a,c < 07, “a,c > 0” are proved similarly. O

3.6. A NEWTON POLYTOPE CHANGE LEMMA. The following lemma describes how
the Newton polytopes change under mutation. It will be used in the proof of the
support condition in our main result Theorem 5.1.

LEMMA 3.13. Assume that F is a Laurent polynomial in x1,xs,x3, and after substi-
tuting

(2) (er:E[ T+ [ cl+ —|—p7x[2 I+ [C )/xl

in F, we get a Laurent polynomial G in x},xa,x3. Assume the Newton polytope R
of a Laurent polynomial F lies in a plane S parallel to the plane span(Bi, By, Bs),
and R satisfies the following condition:

R is bounded by two (possibly length zero) line segments q14Q2, Q3da, as well as
an “inflow” boundary Ty, joining q1 and qz and an “outflow” boundary Tou joining
q2 and qq. Each line £ parallel to By intersects at most once with Ti, and at most
once with Tout, and £ intersects Ty, if and only if it intersects Tyus. So it induces a
bijection ¢ : Ty, — Tour. Moreover, ¢(q1) = qz2, ¢(a3) = qu, and for all t € Ty,
o(t) € t+RxoBy.

Now define

q; = fi(qz2), a3 = ai(qi), 01;'3 =fi(as), qj=a(as),
Téut = al(ﬂll)7 - ﬂl( out)

Then the convex hull of the support of G is the region R’ C S’, where S’ is a plane
parallel to span(B], B, BY), such that the following condition holds:

R’ is bounded by two line segments qidh, asq), as well as an “inﬂow” boundary
T, joining ) and g and an “outflow” boundary T, joining a5 and q}y. Fach line £
parallel to By intersect at most once wzth T!, and at most once with T. ., and it

intersects Ty, if and only if it intersects Ty .. So it mduces a bijection ¢' : T}, — T} -
Moreover, ¢'(q}) = db, ¢(a}) = d}y, and for allt € T}, ¢'(t) € t + RxoBj.

Proof. First note that by the linearity of oy and §1, R is convex if and only if R’ is
convex.
Denote F =Y e(p1, pa, p3)zh ah?xk?. For a fixed integer t, let

Fy =Y e(t,pa,ps)aiab?al® = apa® + -+ ana®, q=p+rB

and let
G_i=ayz® +---+apz?, q =p +1"B
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q;
FiGure 10. R and R’

be obtained from F} by substitution (2). It suffices to show that if the support of F}
(which is the segment pq) is in R if and only if the support of G_; (which is the
segment p’q’) is in R’. See Figure 10.

Assume the line through p parallel to B; intersects with T3, and Ty, at po and
qo, respectively. Assume the line through p’ parallel to By intersects with T, , and
T/, at p{, and qp), respectively. Then

a1(p) = p'; a1(po) = Py, f1(a) = q’, fi(qo) = qqp-
It suffices to show
(i) p € po+RxoBy if and only if p’ € pj, + R>0Bs.
(ii) q € qo + RgoBs if and only if 9’ € q)) + RgoBs.

Indeed, for (i): since «; is linear and fixes By, and p’ — p; € RBj, we see that
p' —py = a1(p —Ppo) = p — Po- This implies (i). And (ii) can be proved similarly. O

4. DENOMINATOR VECTORS OF NON-INITIAL CLUSTER VARIABLES ARE
NON-NEGATIVE

If f is an element of the ambient field we shall use the notation f|; for the expansion
of f in the variables in the seed ;. For ¢t = ¢, we simply denote f|;, by f.
Recall that the d-vector of a cluster variable z is d € Z" such that
_ N(z1,...,2p)
2d
where N(x1,...,x,) is a polynomial with coefficients in Z[yii] which is not divisible
by any cluster variable z; (1 < i < n). Equivalently, we can describe d as follows.
Write z as a sum of Laurent monomials as z = ZpEZ” e(p)zP, and define the support
of z as the set
supp(z) = {p | e(p) # 0}.
Let Pi,..., Py, be the vertices of the convex hull of supp(z). Then

(3) d= —rﬁl{p | p € supp(z)} = —H(Pl, ey Pr)

It was conjectured in [9, Conjecture 7.4 (1)] that the d-vector of any non-initial
cluster variable is nonnegative, and this conjecture was proved recently in [3] using
positivity. Below, we give an alternative short proof by an elementary argument.
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THEOREM 4.1. Let A be a skew-symmetrizable cluster algebra of arbitrary rank. The
d-vector of any non-initial cluster variable is nonnegative.

For the proof of the theorem we need the following lemma, where we assume
principal coefficients. Note that the proof of the lemma does not rely on the positivity
of cluster variables.

LEMMA 4.2. Let A be a skew-symmetrizable cluster algebra with n mutable variables
and m —n frozen variables, and assume that it has principal coefficients at the initial
seed (that is m = 2n and the lower half of the extended exchange matriz B at the
initial seed is the n x n identity matriz). If a cluster variable is a Laurent monomial,
that is, of the form cx®, where ¢ € Q \ {0} and & = (ay,...,am), then

(1) ai,...,ay, are all nonnegative.

(2) c=1anda=¢ =(0,...,0,1,0,...,0) (with 1 at the i-th coordinate) for
some 1 <1< n.

+

As a conclusion, the Laurent expansion (in Z[xli, ey T

variable has more than one term.

1) of a non-initial cluster

Proof. (1) If false, we assume without loss of generality that a; < 0. Then expanding
cz® in the seed p;(3y,), we get o7~ * ca(®:@25am) /(M + My) ™, for some monomials
M, # M, (note that the inequality follows from the fact that B does not have any
zero column since its lower half is an identity matrix), and this cannot be a Laurent
polynomial.

(2) Apparently ¢ is a nonzero integer, by the Laurent phenomenon [8]. Since all
cluster variables can be written as subtraction-free expressions, by specializing the
initial variables 1 = --- = x,,, = 1, we see that c is positive. Next, choose any seed
¥; that contains the cluster variable cz®; denote the cluster of this seed by {z}(=
cm‘:’),xé, c.,xh}. For i = 1,...,n, let f; be the Laurent expansion of z; in {zf(=
Cx®), xhy . T Tty T} (SO fi = x;, only written in the Laurent expansion
form to remind us). Then

(4) vy =cat = cfft o frraih o ag

This has the following two consequences.

(a) ¢ = 1. Indeed, substituting } = -+ =2}, = xpy1 = -+ = 2y, = 1 in (4),
we get 1 = c[[i, ff(z}) =+ =], = Tpg1 = -+ = T, = 1). Since all
factors in the right hand side are positive integers, we must have ¢ = 1, and
filey = =2, =xp41 = =a,m =1) =1 for every 1 < i < n with
a; > 0.

(b) For every 1 < 4 < m such that a; > 0, the Laurent expansion f; must be a
Laurent monomial in Z[(z})*,..., (z/)%, xTiH_l, ..., xt] with coefficient 1. To

see this, first observe that this Laurent expansion cannot have more than one

term, otherwise the right hand side of (4) must have more than one term, so

cannot equal to x], a contradiction. So we can write f; = uz’ b for some u €
Z and b € Z™. Next, since fi(z) = - =2/, =2p1 = =2, =1) =1
as in the proof of (a), we must have v = 1. This proves (b).

Now combine (b) and part (1), we see that for every 1 < ¢ < n such that a; > 0,

we must have f; = 2" where b ¢ Z%q x Z"~™. Thus

P (9)
/I _ par | pa An+1 | G _ /(a;b*") An+1 .G
(5) =7 Jrrany s = H x Tpg1 " Ty
1<i<n
a; >0
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Since @), ..., 20, Tpy1, ..., Ty are algebraically independent, the exponents on both
sides of (5) must match, that is,

(1,0,...,0)=| > ab® | +(0,...,0,an11,...,am).
1<i<n
a; >0

Only looking at the first n coordinates of the above equality, and letting b & VA
be the first n coordinates of b(), we have

(6) (1,0,...,0) = | > a;p®

1<i<n

a; >0
Next we observe that b() 2 (0,...,0), since otherwise, z; = f; € Z[z=, ,...,zk],
which contradicts the assumption that x4, ..., z,, are algebraically independent. This

observation together with (6) implies that there is exactly one 1 < i < n such that
a; > 0, and for this i we have a; = 1 and b(Y) = (1,0, ...,0). Therefore

/ a a
Ty = cx® = ww, - an

Now we use the assumption that the cluster algebra has principal coefficients at
the initial seed. Under this assumption, the F-polynomial of ) is z;"" ' -+~ z%m. On
the other hand, by [9, Proposition 5.2], the F-polynomial is not divisible by any of
Tptls- -, Tm. This forces ap11 = -+ = ay,, = 0, therefore z) = x; is indeed an initial

cluster variable, and a = e;. O

REMARK 4.3. (1) For skew-symmetric cluster algebras, this lemma was proved in [4,
Lemma 3.7]. (Although the lemma in that paper is stated only for coefficient-free case,
the statement extends to arbitrary coefficients by their Corollary 5.3, which states that
a skew-symmetric cluster algebra with arbitrary coefficients has the proper Laurent
monomial property.)

(2) In fact, Lemma 4.2 holds for any skew-symmetrizable cluster algebras with
arbitrary coefficients of geometric type (so m can be any integer at least n), provided
that the extended exchange matrix B does not have any zero column. (If the k-th
column is zero, then py(x) = 2/x) is not an initial cluster variable but is a Laurent
monomial, thus the lemma would fail.)

We can prove this generalization using positivity: the proof of Lemma 4.2 still holds
except the last paragraph. (Note that to prove Lemma 4.2(1) in the general setting we
need the assumption that B does not have any zero column.) Then by the separation
formula [9, Theorem 3.7], we can write

X“]:(xlv'"axn;yla'“ayn)
FP(yla"'7yn)

where y1,...,y, € P, P is the tropical semifield generated by x,41,...,Zm, Fp is the
F-polynomial evaluated in P, and X7 is the cluster variable corresponding to zf, but

An41 a o
(7) BTy Ly Tyt = =

computed using principal coefficients. Since @} =z, -+ - 2% is a Laurent mono-
mial with coefficient 1, X{ must also be a monomial with coefficient 1 (indeed, substi-
tuting zy = -+ =, =1in (7), we get Xj(x1 ==z, ===y, =1) = 1;

by the positivity of cluster variables proved by [15, 10], X; is a monomial with
coefficient 1). Thus the F-polynomial of X] is a monomial with coefficient 1. We can
then apply [9, Proposition 5.2] to conclude that this F-polynomial is 1. Now letting

Algebraic Combinatorics, Vol. 3 #6 (2020) 1308



Newton polytopes of rank 3 cluster variables

1 =-=z, =1in (7), we get apy1 =+ = a;, = 0. So &} = z; is an initial cluster
variable.

Proof of Theorem 4.1. By [9, (7.7)], d-vectors do not depend on the coefficients. So
we assume the cluster algebra 4 has principal coefficients, with rank n.

Assume that z[d] is a non-initial cluster variable of A, and d; < 0 for some 1 <
k < n. Write

(8) x[d] =z " f.

Throughout the proof we use the notation f|,, ) for the expansion of f in the
cluster obtained from the initial cluster by mutation in direction i. In other words,
flus(t0) is obtained from f by replacing z; by an expression of the form (M + Ma) /x4,
where My, M, are monomials. We claim that, f and f|,, 4, (for every i = 1,...,n)
are Laurent polynomials; that is, f is in the upper bound U of A associated with the
initial seed (see [1, Definition 1.1]). Indeed, f = % - z[d] is Laurent because it is a

product of two Laurent polynomials. For the same reason, f,, () = xz’“ (@[d]] 4, (0))
is also Laurent for i # k, and f|,, () is Laurent because f does not contain neg-
ative powers of xy, that is, f = Zd>0 xzhd where hy is a Laurent polynomial in
TlyeewyTh—1y Lhils-- -, Ln, thus substituting z; by (binomial)/(monomial) still gives
a Laurent polynomial.

Since our cluster algebra has principal coefficients, the matrix B is of full rank,
and therefore [1, Corollary 1.9] implies that the upper bound i is equal to the upper
cluster algebra A.

Let %y = (#},...,2!,B’) be a seed that contains z[d] = ) with 1 < ¢ < n.
Rewriting (8) using 3, as the initial seed, we get
9) Ty = ($k|t)7dk (f]¢)
Since f is in the upper cluster algebra A, fl; is Laurent in 2},..., 2/, Zyni1, ..., Ton.

We assert that x|+ is equal to some z. Otherwise, Lemma 4.2 implies that the
Laurent expansion of zk|; in the seed ¥; must have more than one term, then the
right hand side of (9) must have more than one term, so cannot be equal to the left
hand side, which leads to a contradiction.

If i # ¢, then (9) gives f|; = z}/(«})~%. But this cannot be in the upper cluster
algebra. In fact, even z)/z} is not in the upper cluster algebra, because if we rewrite
it using the seed p;(X:), then z} is replaced by (My + Ms)/x} whose numerator is
some binomial, and it is obvious that zjx} /(M7 + M>) is not a Laurent polynomial
in p;(t). So we get a contradiction.

Therefore i = ¢ and (9) gives f|; = (2})'*%, where dy < 0. If d < —2, then
a similar argument as above gives a contradiction. So d = —1, and f = 1, thus
z[d] = =z is an initial cluster variable, contradicting the assumption. O

5. MAIN THEOREM

In this section we state our main result. It gives a characterization of the cluster
variables of an arbitrary rank 3 cluster algebra in terms of support, normalization
and divisibility conditions.

THEOREM b5.1. Let A be a cluster algebra of rank 3 with principal coefficients and let
z[d] be a cluster variable of A with d-vector d. Let Pq be a weakly convex quadrilateral
constructed in Lemma 3.11. Then

z[d] = Z e(p)zP = Z e(p1, p2, p3)zy 257k’

pEZ3 P1,P2,P3

where e(p) € Zly1,y2,ys] is uniquely characterized by the following conditions.
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(SC) (Support condition) The coefficient e(p) = 0 unless p € Pq. Fquivalently, the
Newton polytope of x[d] is contained in Pgq.

(NC) (Normalization condition) There is precisely one e(p) that has a nonzero con-
stant term, which must be 1. Moreover, the greatest common divisor of all e(p)
s 1.

(DC) (Divisibility condition) For each k =1,2,3 and m <0,

3 3 -
(H LN I1 xgbim) divides ) e(p)aP,
i=1 i=1

PEZ3:pr=m
in the sense that the quotient is in Z[zi, x5,z yr).
Moreover, (NC) can be replaced by
(NC') There exists a p € Z> such that e(p) has a nonzero constant term. Moreover
for each vertex p of the convex hull |Pq|, e(p) is a monomial y{*ys?ys® for
some o € L.
And (SC) can be replaced by the following stronger condition.
(SC’') The Newton polytope of x[d] (which, by definition, is the convex hull of the
set {p | e(p) # 0}) is Pq.

The proof of the theorem is given in the next section. For an example see Section 7.
The theorem has the following consequence on the support of F-polynomials:

COROLLARY 5.2. Using the same notation as in Theorem 5.1, let g be the g-vector
of z[d]. The support of the F-polynomial is contained in the following (possibly un-
bounded) polyhedron.:

Fa:=RNes'({lp—glpePa})
where pp : R3 — R3 is the linear map q — Bq, and 4,0731 sends a set to its preimage.

Proof. The support is in R;O because the F-polynomial is in Z[y1, y2,ys]. Next, by
equation (10) (and using the notation therein), e(p) # 0 if and only if f;;x # 0 for
some q = (4, j, k) satisfying Bq + g = p, that is Bq = p — g. This implies that the
support of the F-polynomial is in ¢5'({p — g | p € Pa}). O

REMARK 5.3. (1) It has been conjectured that the support of the F-polynomial of a
cluster variable is always saturated, which is proved in [7] for acyclic skew-symmetric
cluster algebras. We say that a non-initial cluster variable z is saturated if there are
nonnegative integers dy,...,d, and a convex polytope T C R™ such that supp(z)
is obtained by translating T N {(3_;[b1,5]+€; + [=b1]+(dj —€5), ..., 32 [bn sl +
[—bn,jl+(d; —e€j)) : 0 < e; < djforall j}. When the initial exchange matrix B,
which is the top n x n submatrix of B, is of full rank, it is easy to see that a cluster
variable is saturated if and only if the support of the corresponding F-polynomial is
saturated. When B is not of full rank, a cluster variable is not necessarily saturated
even if the support of the corresponding F-polynomial is saturated. Such an example
appears in the cluster algebra associated to the following acyclic quiver
/ 2 \
1—/—=3,

where the cluster variable obtained by mutating at 1,2,3,1,2,3 is not saturated.

(2) As computed at the end of §7, the convex polyhedron Fg is often not equal
to the Newton polytope of the F-polynomial. In fact, cpgl({p —g|pePyg})isa
union of parallel lines in the direction of (b,a,¢) (the vector that spans the kernel
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of pp). If the intersection of such a line with R;O is nonempty, then the intersection
is unbounded if and only if @, b, ¢ are either all in R or all in R¢g. As a consequence,
Fg4 is unbounded for non-acyclic cluster algebras, so in general it only gives a rough
upper bound of the Newton polytope of the F-polynomial.

6. PROOF OF THEOREM 5.1

We first show uniquenes. Thus we prove that, given d € Z;O ~ {(0,0,0)} which is a
d-vector of a non-initial cluster variable, then there is only one Laurent polynomial
satisfying the condition (SC) + (NC) + (DC) (respectively (SC) 4+ (NC’) 4+ (DC)).

Indeed, let f be such a Laurent polynomial. Then the Newton polytope of f and
x[d] are both contained in Pq4. After changing the initial seed to some seed ¥; that
contains z[d] as a cluster variable (for simplicity, assume it to be z1(t)), we see that
the Newton polytope of f|; is equal to the Newton polytope of x[d]|;, which is a one
point set Pg = {(1,0,0)}. But then there is obviously only one Laurent polynomial
satisfying (SC) + (NC) + (DC) (resp. (SC) 4+ (NC’) + (DC)), namely z;(¢t). Thus
flt = x1(t) = z[d]|;, which implies f = z[d].

It remains to show that a cluster variable z[d] satisfies all the conditions given in
the theorem. This is obviously true for initial cluster variables. So by Lemma 4.1 we
can assume that it is non-initial, i.e. d € Z‘;O. We show each condition in a separate
subsection.

6.1. ProOF OF (DC). To prove (DC), we use the universal Laurent phenomenon. We
only show (DC) for k£ = 1 because the other cases are similar. Define h(z2, z3) = z12].
Then

h(z2,25) = ng_bim + Yk ngbik“ — gl gl gl gldey,

= m[zfa ]+xéfc]+(xg' + $§y1),

where the last identity holds because [m]4 = m + [—m].
Denote the Laurent expansion of z[d]|,, ) by

2] ) = Y, € (Phphph) (@)t ek, where € (p), ph, ph) € Z[y), v, vh]
P ,P%,Ph

b
and for each j = 1,2, 3, yg- = Hf:4 x,;” is a Laurent polynomial in x4 = y1, 5 = Yo,
x6 = y3, where we denote by B’ = [b/;] the B-matrix of the seed p1(3,). Then we
have

3 elprpops)alabralr = ST € (0, ph, ph) (@) bk
P1,P2,P3 P1,P5:Ps

h $2,$3) p/l ! !
= 5 k) (M) g
D1 ,P%,Ph !
= 3 Wb (b, ) atal? ).
P1:P3,P3
Regard the above as a Laurent polynomial in Z[z3, z5][z5], that is, as a one-variable
Laurent polynomial in z1; then, for a fixed p; < 0, take the coefficient of 2" on both
ends of the above equalities (so we should take pj = —p; on the right hand side). We
then get an equality

> e(prpa,ps)ab?ah? = h(wa,x3) ™" Y €/ (—p1, ph, ph)ah ah?.

P2,pP3 JI A
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Thus the left hand side is divisible by h(x2,x3) P, which is equivalent to the condi-
tion (DC) for k = 1.

From the proof we can also conclude that, if a Laurent polynomial satisfies (DC),
then it is in the upper bound /upper cluster algebra U = A. Indeed, (DC) implies that,
z[d] is in the upper bound U (%, ), where X, is the initial seed. Since we assume B
is skew-symmetrizable, 3, is totally mutable. Moreover, ¥;, is coprime because B is
full rank [1, Proposition 1.8]. Therefore [1, Corollary 1.7] implies that U(X;,) is equal
to the upper cluster algebra A(2;,).

6.2. PrROOF OF (NC). It is shown in [9] that z[d] can be expressed by its F*-polynomial
F(y1,92,Y3) = 2., k0 fiskyiyay5 as follows (where g = (g1, g2, 93) is its g-vector)

_ ! _ / _ ’
z[d] = 28 F(y125 “ x5, Yox iy ba Y37, © T5)
’ . / . !
=2 wPaf > fin(ny @ 25) (yarfaz” ) (ysay  ah)*.
1,5,k20

So
(10)  e(p) =Y _ fisvivdys, wherei,j k>0 satisfy B |j| +g=p.
k

Since the constant term of the F-polynomial of any cluster variable is 1 (Lemma 3.3),
there is only one e(p) which has a nonzero constant term, which must be 1.

Now assume the greatest common divisor of all e(p), which exists uniquely up to
sign, is h € Z[y1, y2,y3] and h # £1. Since one of e(p) has constant term 1, we can
choose h to have constant term 1. Thus h has at least two terms. Define

X = z[d]/h.

We observe that X still satisfies (DC), thus is in the upper cluster algebra A.
Indeed, for each m < 0, denote

3 3 -m
o3 ] /(T L)
=1 i=1

PEZ3:pr=m

Then YV € Zlzf, 25, 5, y;] since z[d] satisfies (DC). We need to show that Y/h is
also in Z[xli,xgt,x?f,yk]. Since Z[xli,in, :z:3i,yk] is a UFD and h divides the numer-
ator of Y, it suffices to show that h is relatively prime to the denominator of Y, or
equivalently, show that h is relatively prime to Hle ol bl Yk H?:l :rgb““}*. This

2
is false only if h = 1+ y, and b1x = bog, = b3 = 0, which will not happen because we
assume the B-matrix is non-degenerate (see Remark 3.4).
Similar to the proof of Lemma 4.1, let ¥ = (2},...,20,,9],...,y,, B’) be a seed

that contains z[d] = «. Then
(11) zp = (X]¢) (hle).

We claim that hl;, written as a Laurent polynomial in yi, ¥4, ¥4, has the same num-
ber of terms as h written as a Laurent polynomial in y1, y2, y3. Indeed, y; = y© where
c; are the c-vectors. By Lemma 3.2, the c-vectors ¢, co, c3 € Z2 are linearly indepen-
dent, so distinct monomials in ¢, ¥4, y4 convert to distinct monomials in y1, y2, ys.

By the above claim, hl; is a Laurent polynomial with at least two terms. So the
right hand side of (11) has at least two terms, but the left hand side has only one
term, a contradiction. Therefore the greatest common divisor of all e(p) is 1.
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6.3. PROOF OF (SC’). Proving (SC’) also proves (SC). Let z = z[d] be a cluster
variable, expressed as a Laurent polynomial in the initial seed ¥;,. Assume that
Y, 21, X9, - - -, L, 1S a sequence of mutations of seeds, and that x is a cluster variable
in ,,. We want to show that the condition (SC’) holds for x over the seed %;,. We
use induction on m.

If mm = 0 then z is an initial cluster variable and (SC’) holds by definition of Pgq.
(Recall that as exceptional cases, Pgq is defined for d = (—1,0,0), (0, —1,0), (0,0, 1) at
the beginning of § 3.4). For the induction step, we need to show that the quadrilateral
P4 is compatible with the mutation. This is the longest part of the proof, consisting
of a case-by-case computation of the boundary of the quadrilaterals. Without loss of
generality, we only need to discuss the cases described in Lemma 3.11.

6.3.1. Proof of (SC') Case 1. Assume a,b > 0 and ¢ < 0. Using Lemma 3.11 we
obtain the quadrilateral P4 having the following vertices:

Py = (—dy,—dy + d'dy, —d3 — cdy + b'ds),
(=dy, —dy, —ds + b'dy),
(—dy + adg, —ds, —d3),
(—dy + ady — 'ds, —ds + bds, —d3).

Py
P
Py

We show that the quadrilateral changes as expected under the mutation pi: More
precisely, by changing the initial seed from to to pi(tg), we substitute z; by
(pf 28 23° + py)/2) in z[d], and get a cluster variable 2/[d’] = Y. ¢/(p)a'p =
S €' (p1,p2, p3)(2h)Prab?2h? with d—yector d’. Then we need to show that the convex
hull of the set {ple/(p) # 0} is |[P5 |, where B’ is as follows (note that a,a’ > 0 and

¢, ¢ < 0 by assumption):

0 —a d 0 —acd
B = m(B) = | 0 b+ sen(@)(—a)(~)s | = | @ 0 b
—c = + sgn(c)[cal + 0 —c -V 0

First, we use Lemma 3.13 to determine the convex hull of {p|e’(p) # 0}. Let T}, be
the segment P; Py, Ty, be the polygonal chain(*) P, P3Py, and define points P}, ..., P}
to satisfy a1 (P1Py) = P{P; and By (P2PsPy) = PP} P}, that is,

Pl = ay(P1) = B1(P) = (d1, —d2, —d3 + V'dy),

Py = 1(Ps) = (di — ady, —dy, —ds3),

Py = B1(Ps) = (d1 — ady + ¢'d3, —dy + bds, —d3),

Py = a1 (Py) = (dy — ady + ¢'d3, —a'dy + (aa’ — 1)dy + (b — d'’)d3,

cdy — acdy + (e’ — 1)d3).

Then Lemma 3.13 guarantees that convex hull of the set {p|e’(p) # 0} is | P{ Py P4 P;|.
(See Figure 11.)

Next, we explicitly determine d’. By (3), d’ is equal to the —rﬁl of the vertices of
the convex hull |P{ PP} P;|, therefore

(12) d = —min(P,...,Pl).

WA polygonal chain Py P> - - - P, is a curve consisting of line segments connecting the consecutive
vertices P; and Pj4q fori=1,...,n— 1.
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Q=" T, qs = Py
Q3 =qa =P T

Bll
q; = P

- Py Tous a4 =gy =P T

FIGURE 11. (SC’), Case 1, pu;. (Left: projection to zy-plane. Right:
projection to zy-plane followed by reflection about y-axis.)

Thus
1= —mln( 1,d1 adg,dl —ad2—|—c’d3) Zadg —C/dg —dl,
dy = —min(—ds, —dy + bds, —d'dy + (aa’ — 1)ds + (b — a’’)d3)
= — mm( dg, —d2 + bdg, —d2 + (le/l + bdg) = dQ,
dy = —min(—ds + b'dy, —d3, cdy — acda + (cc’ — 1)d3)
= — mln( ds + b/dg, —d3, —d3 — Cd/l) = ds.

Lastly, we show that z'[d'] satisfies (SC’), that is, the convex hull of the set

{ple/(p) # 0} is equal to [PF/|, or equivalently,

PP PSPy = PG |
If d) < 0, then by Lemma 4.1, d’ = (—1,0,0), and (SC’) is trivially true. So in the
following we assume dj > 0.

We shall show that we can actually take P = P/P,P;Pj, that is, P{,..., P}
satisfy the two conditions in Lemma 3.11 (recall that Pg may not be unique but its
convex hull [P5/| is).

The condition (2) follows from (12).

The condition (1) holds for (i,7,k) = (2,3,1). Indeed:

For (1a), we have b23 =b>0and b} = — 2 0.

For (1b), we have v, = d}B] for i = 1,2,3, vj = —v}| — v, — v} = (ady — ds,a’dy —
aa'de+(a’'d —b)dz, —cdy + (Y +ac)ds —cc’dg). It is straightforward to check P{ P} = vi,
PP, = v}, PiP; =v/.

For (1c), we have BS, B}, B], v} are in circular order because B}, Bf, B} are strictly
in the same half plane, and

—b 0 —ac] [-b —b )
DB"|¢|=|a 0bl|c|=0=B|¢|=0=-bB+cBy+aB;=0
a —c—b0 a a
implies that By = (—¢/a)Bh + (b/a) B} where both coefficients are positive. So (1c)

follows from Lemma 3.6.

This completes the proof that the quadrilateral changes as expected under the
mutation p;.

The rest of the proof is similar to the above discussion of the quadrilateral change
after py. For this reason we simply point out the difference.

To show that the quadmlateml changes as expected under the mutation pus: Substitute
x5 by (pfal +pyx¢)/xy in z[d], and get z’[d’]. Define

0 —aab-—C
B’ := ps(B) = a 0 -—b
c—a'bt v 0
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Note that
7 _ 0 —aab/sy—¢ b
DB |:ab/52 - C} = a 0 —b ab/dy —¢| =0
c—ab/dy b 0 a

implies bB} + (ab/dy — ) By + aB} = 0.

The y-coordinate of P; is —dy + ad; and the y-coordinate of Py is —ds + bds; thus
their difference is —a’d; + bdz. We will distinguish three cases according to the sign
of this difference.

(i) Suppose —a’d; + bds < 0. Geometrically, it means that Py is strictly lower
than P, after projection to xy-plane; see Figure 12. Since T}, and Tgy are
taken relative to By in this case, we have T}, = Pi P, and Toy = PPy Ps.
Thus in the notation of Lemma 3.13, we have q; = P, q2 = P1, q3 = P,
as=P5, T! . = aa(Tin), TV, = P2(Tout). Therefore Lemma 3.13 implies

(Pl) = ((aa —1)d1 —adg,d2 —&dl,—d3—6d1+bd2)

PQ—Ozg(Pl):( dl,dz—ad1,—d3+(ab )d1),

P; = az(Py) = P2(P3) = (—d1, d2, —d3),

Py = B2(Py) = (—di + (ab — ¢')d3,dy — bds, —d3).
P P; P

P, Py
T; T’
B in out
42’ Tout ,I‘lln

P, Py P}

FIGURE 12. (SC'), Case 1, po, (i). (Left: projection to zy-plane.
Right: projection to zy-plane followed by reflection about z-axis.)

We claim that z’[d’] also satisfies (SC’). If d) < 0, then d’ = (0,—1,0),
and (SC') is trivially true. So we assume dj > 0. The condition (2) of
Lemma 3.11 determines the vector d’ = (df, db, d%):

d/2 = — min(d2 — a’dl, dg, d2 — bdg)

= a’d; — da, (because of the assumption —a’d; + bdz < 0)
dg = — min(—d3 —cdy + b/dg, —ds + (a'b’ — C)dl, —dg) = d3,
dy = —min((aa’ — 1)d; — ads, —dy, —dy + (ab — )d3)

= — min(—d1 + ad’2, —dy, —dy + (ab — C/)d3) =d;.

We show that the three conditions in Lemma 3.11 (1) hold for (4,j,k) =
(2,1,3):

(la) Vo =a’ 20 and i3 =ab— ¢ > 0.

(1b) Use v, = (aa’dy — ady — (ab — ')ds, —a’dy + bds, —cdy + b'da).

(1c) B4, By, Bj are not strictly in the same half plane, and v}, = A\;Bj +
/\33{3 with Ay = (—Cdl + b/dz)/b/ >0, \3 = (—a’dl + bd3)/(—b) > 0. So
B}, By, B, v/, are in circular order by Lemma 3.6.
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(ii) Suppose —a’d; + bds > 0. Geometrically, it means that P is strictly higher
than P; after projection to zy-plane; see Figure 13. So T3, = P4P, P, and
Touwt = P3Py. Therefore Lemma 3.13 implies

Pl —ag(Pl) ( dl,dg—adl,—dg-F( b C)dl),
PQ_QQ(PQ):/BQ( ) ( d17d27 d3)7
2(P4) = ( d ( b*C)dg,dQ 7bd3,7d3),
P4 = OéQ(P4) ( d1 + CLdQ —C dg, dg bdg, 7b/d2 + (bb, - l)dg)
Py P Py
P Py
32 Tout
- Tln Tt;ut Tlln

Py P; P2/

Ficure 13. (SC’), Case 1, po, (ii). (Left: projection to zy-plane.
Right: projection to zy-plane followed by reflection about z-axis.)

We claim that z'[d’] also satisfies (SC’). Like before, assume dj > 0. The
condition (2) of Lemma 3.11 determines the vector d’ = (d}, d5, d}):

d, = —min(dy — a’dy, ds, ds — bd3) = bds — ds, (because of the assumption
—a'dy + bdz > 0)

d/l = — min(—dl, —dy + (Clb — Cl)dg, —dy + ady — C/d3) =dy,

dg = —min(fdg + (a’b’ - C)dl, 7d37 7b,d2 + (bb/ - 1)d3) = — min(fdg +
(a’b/ — C)dl, —d3, —d3 + b/d/Q = d3.

We show that the three conditions in Lemma 3.11 (1) hold for (7,4, k) =
(1,3,2):

(1a) 3—ab—c 0and by =0 >0

(1b) Use V4 = ( adg + C/dg, bdg — a'dl, (a’b’ — C)dl + b,dg — bb/dg)

(1c) By, B, BS are not in the same half plane, and v} = A1 B} + A2 B with
A1 = (bds —d'dy)/a’ > 0, Ay = (—ada + ¢ds3)/(—a) = 0. So B}, B, By, v/, are
in circular order by Lemma 3.6.

(iii) Suppose —a’d; + bds = 0. Geometrically, it means that P, is at the same
height at P after projection to xy-plane; see Figure 14. So T, = P1 P> and
out P3P4

The Newton polytope of 2'[d'] is in a triangle PjPjP;, determined by
as(P1Py) = P{Pj and 35(P3Py) = P3P;. We can view this as a degenerate
case of either (i) or (ii), and the proof of (SC’) still works. Note that these
two Pq gives the same triangle convex hull |P4|.

To show that the quadrilateral changes as expected under the mutation us:
Substitute z3 by (pi + py #521 ¢ )/x3 in x[d], and get z'[d'].

0 ac
/
B = iy(B) = [¥,] = | —a 0 —b
-t 0
Applying Lemma 3.12 to T}, = P1 P2 P, T,y = P1 Py , we obtain the quadri-
lateral PjPjPiP;, determined by as(P1P2P3;) = PiPiP; and B3(PiPy) =
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Py Py
Py P, P Py P Py
By ! T’ / T’ /
— Ty Tout out Tin out Tin
P, Ps P} Py

As a degenerate of (i)  As a degenerate of (ii)

FIGURE 14. (SC'), Case 1, ug, (iil). (Left: projection to xy-plane.
Middle and Right: projection to zy-plane followed by reflection about
x-axis.)

P{Pj. See Figure 15. Thus

Pl =B3(P)) = (—dy — ¢ (—cdy + b'dy — d3), —da + a'dy + b(—d3 — cdy + b'dy),
ds + cdy — b'ds),

Py =a3(Py) = (—dy,—dy + d'dy,ds + cdy — b'dy),

P = a3(P,) = (—dy, —da,d3 — b'ds),

Py = a3(Ps) = B3(Py) = (—dy + ada, —da, d3).

) P P
P, Py
Bs Tout
— T|in T(;ut T;/n
Ps P, P

FIGURE 15. (SC’), Case 1, us3. (Left: projection to yz-plane. Right:
projection to yz-plane followed by reflection about y-axis.)

To show z'[d’] satisfies (SC’). We can assume df > 0 as before. Then
d/l =d, d12 = ds, dg = —Cd1+b/d2—d3, Vﬁl = (—c'(—cd1+b'd2—d3)—ad2, a'di+
b(—d3 — cdy + b'ds), cdy — b'dy). We claim the conditions in Lemma 3.11 (1)
hold for (7,7,k) = (3,1,2). Indeed:

For (la): b5y = —c >0, bj, = a > 0.

For (1a): straightforward check.

For (1a): B}, By, B} are strictly in the same half-plane, and B} = (a’/b) B+
(—¢/V')BY where both coefficients are nonnegative.

6.3.2. Proof of (SC’) Case 2. Assume @ is of the form 1 — 2 — 3, that is, a,b > 0
and ¢ = 0.

This is a degenerated case of Case 1. We shall only explain the difference in the
argument.

For p;: assume dj > 0. The vectors By and Bs are in opposite direction, so Py Py
is parallel to P3Py. The point Pj is on the line segment Pj Py, so |P4| is the triangle
P{P}P,. The proof is same as Case 1; the circular order condition (1c) trivially holds
(where (7,7, k) = (2,3,1)) because Bf and Bj are in the same direction. See Figure 16.

For pi9: same argument as in Case 1.
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P T P;
Py
Tolut
B
P
Tou
P I py Py Py

FIGURE 16. (SC’), Case 2, ;. (Left: projection to zy-plane. Right:
projection to zy-plane followed by reflection about y-axis.)

For ps: assume df > 0. The point Py is on the line segment PjPj, so |Pq| is the
triangle P{ P{P;. The proof is same as Case 1; the circular order condition trivially
holds (where (i,7,k) = (3,1,2)) because Bj and B} are in the same direction. See
Figure 17.

B
Py Py Py P
B3 1 ! 1
? ﬂn Tout Tout 71in
P P, P,

FIGURE 17. (SC’), Case 2, u3. (Left: projection to yz-plane. Right:
projection to yz-plane followed by reflection about y-axis.)

6.3.3. Proof of (SC') Case 3.

(a) Assume @ is of the form 1 — 3 « 2, that is, a =0, b > 0 > ¢. Thus B; and
By are in the same direction.
This is degenerated from Case 1. We shall explain the difference.
For p1: Note By = (0,0,—c), By = (0,0,-b"), B, = (¢/,,0), (i,5,k) =
(2,3,1). To show that Bj, B}, B{,v} are in circular order, we use the fact
that Bj and Bj are in opposite directions. See Figure 18.

P P,
By
P Py
T/
Ps Py Py Py

FIGURE 18. (SC’), Case 3, uy or us. (Left: projection to xz-plane.
Right: projection to zz-plane followed by reflection about z-axis.)

For ps: Note Bj = (0,0,¢), B, = (0,0,¥), B = (—c’,—b,0). The three
cases described in (Case 1, ug) degenerate to:
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(i): If bds < 0. Impossible since we assume ds > 0.

(ii) and (iii): If bds > 0. Take (i, 5, k) = (1,3,2). Vectors By, B, By, v/, are
in circular order because B}, B} are in opposite directions. Also see Figure 18.

For pg: This is the same argument as Case 1.

(b) Assume @ is of the form 2 + 1 — 3, that is, a > 0, b = 0, ¢ < 0. Then By
and Bs are in the same direction.

This case is also degenerated from Case 1. We shall explain the difference.

For p7: This is the same argument as in Case 1.

For ps: As before, assume d), = bds — da = —d2 > 0. Since we assume
ds > 0, we must have dj = dy = 0. Note Bf = (0,d,¢), By = (—a,0,0),
B4 = (—c,0,0). The three cases described in (Case 1, p2) degenerate to:

(i) and (iii): If —a’dy < 0. Then take (4,5,k) = (2,1,3). Vectors
B, B}, B}, v/, are in circular order because B}, B} are in opposite direc-
tions.

(ii): If —a’dy > 0. Then d; < 0, d = (—1,0,0) and z[d] = x1, which is a

trivial case.

P P, Py
Bs
_— T; Tout T(;ut T
P. P, P
2 P3 4 3 Pi

FIGURE 19. (SC’), Case 4, ug or us. (Left: projection to xz-plane.
Right: projection to zz-plane followed by reflection about z-axis.)

For pg: Take (4,7, k) = (3,1,2). Vectors B, Bf, B, v/ are in circular order
because B = (¢/,0,0) and B} = (a,0,0) are in opposite directions.
6.3.4. Proof of (SC'), Case 4. Suppose a,b,c > 0. Renumbering vertices (1,2,3) as
(2,3,1) or (3,1, 2) if necessary, we can assume that By, By, B3, v4 are in circular order
(and still satisfy bya, bes, b31 > 0); thus
(13)
(7ad2 + C/dg7 a/dl — bdg, 7Cd1 + b/dQ) = V4

=M B1 + A3B3 = (=c' A3, —a’\; + bA3, c\)
for some real numbers A1, A3 > 0. So by Lemma 3.11, we get the same expression for
Py, ..., Py asin Case 1:
(—dy, —ds +d'dy, —d3 — cdy + V' dy),
(—dy, —do, —dsz + V'ds),

= (—dy + ady, —da, —d3),
(

It is easy to check that d = —H(Pl, ..., Py) by observing ady — ¢’d3 = ¢’ A3 > 0 and
—Cd1 + b/d2 = C/\1 2 0.

To show that the quadrilateral changes as expected under the mutation py: If pq(Q)
is acyclic, then we can apply the previous argument for u1(Q) to conclude that the
quadrilateral is compatible with the mutation. So in below we assume that u;(Q) is
still cyclic, i.e. ac — b’ > 0, or equivalently, a’'c’ — b > 0.
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By changing the initial seed from X, to p1(Z¢,), we substitute x; by (pfxg/ +
pyx§)/x1 in z[d], and get 2’'[d’]. Using Lemma 3.12, we obtain that the support of
2’[d’] lies in the quadrilateral P|PjP;P;, determined by «y(P,PyPs) = PjP; P} and
61(P2P3) = P{PQ/ Thus Pl/ = Oél(P]_) = ﬁl(Pg),le = /Bl(P?,),P?/) == Oél(P3>,Pi ==
a1(Py), and more explicitly

Py = (dy, —da, —ds + b'dy — cdy),
Py = (d1 — ady, —da, —ds — cdy + acdy),
P?/) = (d1 — adg, (aa’ — 1)d2 — a’dl, —d3),
Péi = (d1 — ad2 + C/dg, 7a/d1 + (aa’ — 1)d2 + (b — a/C,)dg, 7d3).

See Figure 20.

P, Py

Py

Bl T/

out

T!
pl— Ip

Py

FIGURE 20. (SC'), Case 4, pu1. (Left: projection to zy-plane. Right:
projection to zy-plane followed by reflection about y-axis.)

We claim that this 2/[d’] also satisfies (SC). If d} < 0, it is trivially true. So we
assume d} > 0. Denote

0 -a c
B =wB)=|d 0 b-—dd

—cac—=b 0

By (3), we have d = H(P{,PQ’,P:;PQ), thus d} = ady — dy, dfy = da, dy = ds,
because di = ady = dy > 0. The vector v/ is equal to vj = —v] —v) — v =
(ady — 'dz,d’dy — ad'dy + ('’ — b)ds, b/dy — cdy).

We show that the conditions in Lemma 3.11 (1) are all satisfied for (7,7, k) =
(2,1,3):

For (1a): We have by =a’ > 0 and bj3 =¢ > 0.

For (1b): This is straightforward.

For (1c): We have Bj, By, B}, v} are in circular order because B}, B}, B} are not
in the same half plane, and v, = (0'ds — cdy)/(ac — b')B — (a’dy — ad’ds + (a’c’ —
b)ds)/(a’'¢’ —b)Bj where the first coefficient = ¢A1/(ac—b") > 0, the second coeflicient
= (a'’\ + (d'd —b)A3)/(d'd —b) = 0.

To show that the quadrilateral changes as expected under the mutation ps: Like above,
we can assume ps(Q) is cyclic, i.e. ab — ¢ > 0, a’b/ — ¢ > 0. Define

0 —aab—C¢
BI = [b;]] = al 0 _b
c—abt v 0

There are three cases to consider:
(i) Suppose —a'dy + bds < 0. See Figure 21.
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P By
Py
Tin T
i Tout ™ T,
P, Ps Py

1t

FIGURE 21. (SC'), Case 4, po, (i). (Left: projection to zy-plane.

Right: projection to zy-plane followed by reflection about z-axis.)

The quadrilateral P4 is determined by as(Py Py) = PP and S2( Py PyPs) =

P!P}P}. Thus

B2(P1) = ((aa’ — 1)dy — adg,dy — a'dy, —d3 — cdy + b'd3),

P2 = O[Q(Pl) = ( di,ds —a d1, —d3 + (a b — C)d1),

P; = ag(P2) = B2(Ps) = (—di,d2, —d3),

Py = B2(Py) = (—di + (ab — ¢')d3, ds — bds, —d3).
We claim that 2'[d’] also satisfies (SC’). Like before, assume d; > 0. First
compute:

dy =di,

dy = a'dy — dy (because of the assumption —a’d; + bds < 0),

ds = ds (recall —edy +b'dy = cA; = 0).

v, = (aad’dy — ads — (ab — ¢')d3, —a'dy + bdz, —cdy + b'ds).
Then show that the conditions in Lemma 3.11 (1) hold for (3, j, k) = (2,1, 3):

(1a) We have bh; = a > 0 and bj3 =ab—c > 0.
(1b) This is straightforward.

(1c) We have B}, B}, B are not strictly in the same half plane, and v} =
Ny B+ Ny Bl with Xy = (—edy +bda) /b = ehy /b > 0, Xy = ('dy —bds) /b > 0,

so B}, By, B, v/ are in circular order.
(ii) Suppose —a’d; 4 bds > 0. See Figure 22.

P, P Py
P Py
32 Tout
- ﬂn T(gut 711/11
P, jo P

FIGURE 22. (SC’), Case 4, po, (ii). (Left: projection to zy-plane.

Right: projection to zy-plane followed by reflection about z-axis.)
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The quadrilateral Pq is determined by «as(PyPiP,) = P,P/P, and
ﬁQ(P3P4) = PQI.P?/) Thus

P = ay(P) = (=dy,dy — d'dy,—d3 + (a'b' — ¢)dy),

Py = az(Py) = (2(P3) = (—di,dz, —d3),

Pé = B2(Py) = (—=dy + (ab — ')d3,ds — bds, —d3),

Py = as(Py) = (—dy + ady — 'd3,dg — bdz, —b'ds + (b — 1)d3).

We claim that this z’[d’] also satisfies (SC). Like before, assume df > 0. We
have
dy = —min(—dy,—dy + (ab— ¢')ds3, —dy + ads — c'd3)
=d; because ab — ¢’ > 0 and ady — c/ds = '3 >0
dy = —min(de — a’dy, da, ds — bd3) = bds — da because a’d; < bds,
dg = —min(—d3 + (a’b’ — C)dl, —d3, —b'dy + (bb/ — l)dg)
= 7min(fd3 + (a’b’ — C)dl, 7d3,b/d/2 — dg)
=ds because a’b’ — ¢ > 0 and d, > 0,
Vﬁl = (—ad2 + C/dg, bds — a’dl, (a’b' — C)dl +b'dy — bb/dg)
To show that the conditions in Lemma 3.11 (1) hold for (i, 5, k) = (1, 3,2), the
only nontrivial condition is (1c) Bf, Bf, B}, v} are in circular order. To see
this, note that B{, B, BS are not in the same half plane, and vy = M| B{+, B}
with \] = (bds — d'dy)/a’ > 0, Ny = (ady — dds)/a’ = As/a’ >0
(iii) Suppose —a’d; + bdz = 0. See Figure 23. The Newton polytope of 2'[d’] is a
triangle. We can view this as a degenerate case of either (i) or (ii), and the
proof of (SC’) therein still holds.

I By
Py Py Py T/ Py
B2 T / T /
— Tin Tout out T out 17,
p, Py P P}

As a degenerate of (i)  As a degenerate of (ii)

Ficure 23. (SC'), Case 4, uq, (iii). (Left: projection to zy-plane.
Middle and Right: projection to zy-plane followed by reflection about
x-axis.)

To show that the quadrilateral changes as expected under the mutation ps: Assume
p3(Q) is cyclic, i.e. be —a’ > 0, b/ —a > 0. See Figure 24. We have
0 a-0bd ¢
B :=pu3(B)= |bc—ad" 0 —b
—c v 0
The quadrilateral Py is determined by ag(P2Ps) = PyP4 and B3(PaP1Py) = PP, Pj.
See Figure 24. Thus

Pl = ﬁg(Pl) = (—=dy, (@’ —be)dy + (b — 1)ds — bds, cdy — b'dy + d3),
Ba(P2) = (—dy, (0" — 1)dz — bd3, —b'dy + d3),
3—a3(P2)=( di +Vdy — d3, —da, —b'do + d3),
Py = a3(Ps) = B3(Py) = (=di + adz — ¢'d3, —da, d3).
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P. P P,
’ Tout 2 2
B3 ,
- T'in P1 Tout
P
Ps P, Py

FIGURE 24. (SC’), Case 4, ps. (Left: projection to yz-plane. Right:
projection to yz-plane followed by reflection about y-axis.)

To show z'[d'] satisfies (SC’). We can assume dj > 0 as before. Compute

% = —min(ed; — b'dy + d3, —b'ds + ds, d3) = b'ds — ds,
— —min((a’ — be)ds + (B — 1)da — bds, (Y — 1)ds — bds, —d)
—7111111( do + (be — a’")A1 + bAg, bds — da, —ds) = da,
= —min(—dy, —dy + b'c'dy — ¢'d3, —dy + ads — 'd3)
(=dy, —dy + ¢dl, —dy + ¢ Ag) = i,

V4 = (—ad2 +c d3, (a — bC)d1 + bb/dg — bdg, Cd1 — b/dg).

= — min

We claim the conditions in Lemma 3.11 (1) holds for (7,4, k) = (1,3, 2). Indeed:

For (1a): We have bj; = ¢ 20, by, =0 > 0.

For (1b): This is a straightforward check.

For (1c): We have B}, Bj, B} are not in the same half-plane, and v, = \{ B} +\, B},
with coefficients \] = ((a'—bc)d;4+bb'da—bd3)/(be—a’) = ((bc—a')A1+bA3)/(be—a’) >
0, Ny = (—ady + dds)/(a=bc) = A3/(V/d —a) 2 0.

This completes the proof of (SC’) for all four cases.

6.4. PROOF OF (NC’). The existence of e(p) with nonzero constant term follows
from (NC). To show the second part of (NC'), it suffices to show that the property
that e(p) is a monomial for each vertex of Pq is invariant under mutation. Suppose
therefore that p € Z3 is a vertex of the weakly convex quadrilateral Pq of the cluster
variable z[d] with respect to the initial seed X;,, and suppose that e(p) = y1*y52y5°.
Let P’ be the weakly convex quadrilateral of the same cluster variable but with respect
to the seed ¥, (1,)- Thus P’ is obtained from P by substituting x; by (M 4 Ma)/z1
(substituting x5, z3 can be argued similarly). By Lemma 3.13, the vertices of |P’| are
obtained as either

(a) a1(p), where p is a vertex of |Pq|, the intersection of the line p + RB; with
the quadrilateral Pg is a line segment |pq| with q = p 4+ rB; (r > 0), or

(b) £1(q), where q is a vertex of |Pq/|, the intersection of the line q + RB; with
the quadrilateral Pq is a line segment |pq| with p=q —rB; (r > 0).

We only need to consider (a) because (b) can be argued similarly. We use
Lemma 3.12 with f =Y e(p)zP the Laurent expansion of z[d] in the seed ¥y, and ¢
its Laurent expansion in the seed X, (4,)- The vertex p corresponds to the term agz?
(with by = 0) in the lemma and it transforms to the new vertex p’ yielding the term
ajx®’ (with b = 0) in g. The lemma implies a) = (pT)'ao and thus

P1
el(pl) _ (p (H y[el ) e _ Hy:ﬂrm[eih

%
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which is a Laurent monomial in y1, y2, 3, so it is also a Laurent monomial in y{, y5, y5.
By induction on the number of mutations it follows that e(p) is a monomial for all
vertices p of all |[Pq|. This completes the proof of condition (NC’) and of Theorem 5.1.

7. EXAMPLE
EXAMPLE 7.1. Consider a = b= —c = 2:

0 22

2 B=|-20 2

VAN 220
/ N\

2—>3

Q=

1

Consider the cluster variable z[6, 2, 1], obtained by the mutation sequence {1, 2, 3}.
The quadrilateral Pg4 is computed as in Lemma 3.11 as follows. Start with vertices

pl = (07 0, 0) p2 = d1 By = (0, —12, —12)

Py = P, +dyBy = (4,—12,—16) Py = P3 +d3Bs = (6,—10, —16)
and then shift by the vector
—min(Py, By, Py, Py) —d = —(0, —12,-16) — (6,2, 1) = (6, 10, 15)
to obtain the vertices of Py as follows
P, =(-6,10,15), P, = (—6,-2,3), P3 = (—2,-2,—1), P, = (0,0, —1).
On the other hand, the cluster has the following Laurent expansion.
x[6,2,1] = xSz %2z’ (232235 + 62323ty + 20328230y s + 1528252y?
+8xiafalytys + 202823007 + afadagytyd + 122i2528ytys
+afadyfydys + 152328yt + 2xtadaiyiyl + 8ufwdaiylys + 6x3aly}
+aiytys + 20t23yiye + wdyf).

We project the support to 2nd and 3rd exponents of z (that is, draw a point of
coordinate (4, j) if 24z} appears in z[6,2,1]). We obtain the picture in Figure 25.

L (al,a2,a3)=(6,2,1)

2 a 6 8 10

FIGURE 25. Support of x[6,2, 1]. The blue dots are the support, the
red polytope is the Newton polytope.
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The monomials in corresponding positions are:

r —6_10,.157
6_8 13 f1 F27 %5
6 6,11, 2 61‘1 F2¥3 91
6_4 9 3 15I4 22532:’/1
20z, "xyT3Yy 211 ToT3Y Y1
—6_2_ 7 4 —4.4.7.3
6 s 15z14 z2f3y1 811 THT3YTY2
6z mgyi’ 12z z%zgy%yg
—6_—2_3 6 —4_ 3.5 — 2.3 4
1 Ty ®3yy 8wy ahylys @ TRy Y2
2p—dg=2p 6, op—2. .5 2
] “w, “w3ylye 2@ “x3yivs
17937937162 1*162
LT) To T3 Y1Ys Tz Y1YaV¥3 d

x

Let us consider what happens if we substitute x; by its mutation (pfxgxg ¢+
py)/71 = (2322 + y1)/x1 in 2[6,2,1] (because p = 1, p; = y1). The 7 terms with
279 (that is, the line segment |P; P2|) add up to be

2,.2 6
_ _ 6 _ _ r5x5 + Y1
6,..10,.15 6,8, 13 6,.—2.3 6 2 3 27%3
[ =a7 x5 13 + 627 "a5xs’yr + -+ ] Cay Cxjy] = @y 1y (331 .

So after the substitution, we get 2%z 2:3%, which also follows in general using
Lemma 3.12 (1), with p = (—6,10,15), q = (—6,—2,3) = p + 6(0,—2, —2): since
the first and last term of g in that lemma will have exponents p’ = a1(p) = q' =
B1(q) = (6,—2,3), which is PJ.

In general, let f be the sum of the terms containing z; “*****™*. Then after substi-
tution the two endpoints are mapped by «; and (1, both being linear maps. Consider
the line segments parallel to line P; P, and in the quadrilateral Py P, P3P,. The two
ends of each line segment are mapped by maps «; and ;. So the segment P; Py
(i.e. the set of right endpoints) is mapped by ay, PoPs;Py (i.e. the set of left end-
points) is mapped by ;. Their image encloses a new quadrilateral Pq" = PP, P;P;
(which actually degenerates to a triangle) with

Pll = (6a _273)a PQ/ = (2’ -2, _1)7 P:’,, = (anv _1)7 Pzi = (0,07 _1)-

REMARK 7.2. Note that the F-polynomial of z[6, 2, 1] is 14+6y1 +2y?y2+ 153 + 8y ya +
2097 + yiys + 12yty2 + ySy3ys + 15T + 20705 + 8ydya + 67 + uSus + 2ufya + oY Tts
Newton polytope has vertices (0,0,0), (6,2, 1),(6,2,0),(6,0,0), (4,2,0). In contrast,
the region Fq as defined in Corollary 5.2 is a convex polyhedron with vertices (0, 0, 0),
(6,0,0), (8,0,2), (6,2,0), (5,3,0), (8,0,3), which contains the Newton polytope of the
F-polynomial as a proper subset.

8. QUANTUM ANALOGUE

In this section, we prove that Theorem 5.1 generalizes to the quantum cluster algebras
introduced in [2]. We consider here only principal coefficients. The statement with
non-principal coefficients should follow easily from this.

First we fix some notation. For a nonzero integer d, define [n]s; = (v°" —v=")/(v? —
v™%) (note that [n]; = [n]_s) and define the quantum binomial coefficient (where
k,neZ, k>0)

[n} _ [n]sln—1]5---[n—k+1]s
ks [k]slk —1s---[l]s
Define
T n __ n .Tk nfk.
(x+y); Z;[Jé y
For example,

@+y)E ="+ +1+07")ay® + (0° + L+ 0v7°)2’y + 3.
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REMARK 8.1. To see the motivation of the above definition: consider two quasi-
commuting variables X, Y with YX = v?XY. Denote X () := ¢v¥9X?YJ. Then
the above quantum binomial coefficients satisfy

(X +Y)" = Z B{j YR(n—k)6 xkyn—k _ Z [ﬂ x (kin—k)
5 5

k>0 k>0

Let B be a skew-symmetrizable matrix, D a positive diagonal matrix such that
DB is skew-symmetric. Let
0 -D ~ B
A= {D—DB]’ b= M

Recall that the based quantum torus 7(A) is the Z[v*]-algebra with a distinguished
Z[vF)-basis {X® : e € Z?>"} and the multiplication is given by
Xex! =M xerf (e f ez

where A(e, f) = eTAf.
We introduce the following convention to represent a quantum Laurent polynomial
using a commutative Laurent polynomial: namely, we define a function

Y Z[vi}[xl, . .Tﬁ] = T(A)

§ . o0 § - x (i)
Qiy,... 6T s Qiy,.. 716 .

Recall that we denote y; = x4, Y2 = x5,ys = 6.
We have the following generalization of our main result.

THEOREM 8.2. A quantum cluster variable x[d] with d-vector d can be written as

dl=¢ ) eP)a®=¢ Y elpi,p,ps)al abaly’
pPEZ3 P1,P2,P3

where e(p) € Z[vt][y1,y2,y3] is uniquely characterized by the following conditions:

(SC) (Support condition) The coefficient e(p) = 0 unless p € Pq. Fquivalently, the
Newton polytope of x[d] is contained in Pq.

(NC) (Normalization condition) There is only one e(p) which has a nonzero con-
stant term, which must be 1. Moreover, the greatest common divisor of all

e(p) is 1.
(DC) (Divisibility condition) For each k =1,2,3, if pp <0, then

3 3 —DPk
[(—bir)+ [bir]+ - P1 b2 b
(H al + Yk H ; divides E e(p1,p2, p3) oy oy xh’
i=1 1=1 Ok PLyeesDheseeesD3

where the notation p, under the sum means that we have py fized and the
other two p; run over all integers.

Moreover, (NC) can be replaced by:

(NC') There is a coefficient e(p) with nonzero constant term, and for each vertex p
of the convex hull |Pg4|, e(p) is a monomial in y1,ya, ys.

And (SC) can be replaced by a stronger condition:
(SC’') The Newton polytope of x[d] is equal to Pq.
Proof. The proof is similar to Theorem 5.1. The main difference is the quantum

version of the divisibility condition (DC), which follows easily from Lemma 8.3 below.
O
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LEMMA 8.3. Fiz 1 < k < 3 and fix p € Z. Let f be a Laurent polynomial

f=>_  elpr,paps)af aab?

where e(p1, p2,p3) € Z[vF][y1,y2, y3]. Then o(f) € T(A) is a Laurent polynomial in
Z[Ui][Xitv7(Xlls):ta7X§taXitaX§taXét]
if and only if

(H ajg—bikh Ty H wgbz‘kh);pkh divides f.

Proof. Without loss of generality assume k = 1. So p; is fixed throughout the proof.
Let B’ = pu1(B). By definition of mutation of quantum cluster variables,

X, = X’feﬁ[BﬂJr _|_X/*€1+[*Bﬂ+ _ X/*61+[731]+ +X/751+[Bl]+

where the second equality holds because B} = —Bj. We introduce the following
notation: for p,q € Z3, let

o P ( )
— P1,P2,P3,91,92,93 / _ /{P1,P2,P3,91,92,93
xla] = x¢ )| X[q]_X 42,03)

We denote the Laurent expansion of ¢(f) in the original cluster (respectively in the
cluster {X7, Xo, X3, X4, X5, Xs}) as follows

p/
o(f) = Z equ[E] respectively p(f) = Z e’p,q/X’[Q’] ,
p2,pP3,9 p/27p,37q,
where p = (p1,p2,p3) and p’ = (p1,py,p3) and p; = —p1. So e(p1,p2,p3) =

Zq epgX [&]. For convenience of notation, we let p = (0,ps, p3), and similar for p’.

Then for fixed pq,
ZepqviA([g]’plel)X[g]Xfl = Z e;,q,X’[g’].
p,q p’.q’

Now we prove the lemma in two cases: p; < 0 and p; > 0.

CASE 1 p; < 0. We shall show that

-p
(14) epq == Ze;/q/ |: k1:| .
k o1
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Indeed,

Z epq'v—A([g}’plel)X[g]
joie]

=S g Xl

p’,d

= Y e X et Bl et Bl
p’.a’

* - “P1|  gpreitk(=Bily+(—p1—k)[Bily
LY el X Z[ : hx
p’.q k 1

_ Z e;)/q, l:_p1:| UA'([E],plel+k[7él]++(fp17k)[l;’l]Jr)X/[2:]+171€1+k[—31]++(—p1—k)[Bl]Jr
1

—Pl} A ([Blprerthl-Bil i+ (—pr—K) [Bals) x [ +R-Bil i +(-pi—R) By
61

(The equality “=” is because

X/—€1+[—Bl]+X/—€1+[Bl]+ _ UQA/(_61+[_B1]+7—61+[El]+)X/_61+[B1]+X/_el+[_Bl]+

where A'(—61 + [—Bl]+,—€1 + [Bﬂ_ﬁ.) = A'(—61 + [_Bl]-i-;Bl) = A(el,Bl) = —(51.

The equality “=” is because the exponent of X’ has zero in the first coordinate, so

we can replace X’ by X). Now comparing the coefficients of X 2] on both sides, we
get

(15) epqv—A([ELmel) _ Ze;’ﬂﬂ [_:1} v/\'([g}7P1€1+k[—31]++(—p1—k)[31]+)
k 21

where p’ and q’ are determined by

m +k[=Bils + (=p1 = B)[Bils = E]

which can be rewritten as

(16) 2]+ e Bilim -0 = [P,

We claim that the exponents of v on both sides of (15) are equal. Indeed,

N ([B] s + Bl + (- - 1B )

A ([ﬂ —pres +pr[Bils + K=Bils + (—p1 — B)Bls

|
s (s () s ()
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Moreover, A( p] , Bl) is the 1st coordinate of the following row vector, so is equal

to 0:

1T 1T 1T
Pl \p—|P 0 -D ||Bl_|p -D _ 5D
q q D -DB| |1 q 0
0,000
:7[0])2])3] 0(52 0 :7[0])252]?363].
0 093

Thus we can cancel out the exponents of v on both sides of (15), and obtain (14).
The lemma then follows easily from (14):

f Zepqx[g] = Z €yl [_:1} 2[d] (which satisfies (16))
P.q 01

p.q.k

|
D
"U\ ~
Q
[—

_pl} x[gﬁ]+p1e1+(fp1)[731]+(*plfk)l::ﬁ
31

p’,a’ .k k
, )
_ ! [&/]+prer+(=p1)[=Bil+ —h (=p1—k)B1
= Z Cprq/ T Z k x
pq’ k o1
p’/ ~ ~
o / /| +p1ei+(—p1)[Bi]+ B\ ~P1
= Z ep,q,x[q ] (1 +x )51
p’.q’

= Z e/p/q/x[g']+P1€1+(—P1)[Bl]+ H xi—[—bilh (H xg—bilh + ngb“h);pl
p’.q’ !

therefore f is divisible by (Hx[-_b“]+ + Hosgb““)glpl if and only if finitely many

K2

el

p'q’ are nonzero.

CASE 2 p; > 0. Similar to above, we have
P1
6;)/q/ = Z €pq |: k:|
k

So it is always true that only finitely many e;,, o are nonzero. Meanwhile, the divisi-
bility condition becomes “1 divides f” which is also always true. O

EXAMPLE 8.4. The coeflicients of the quantum cluster variable x[6, 2, 1] corresponding

to Example 7.1 are shown in the following matrix, where [n] := [n];:
- 1
(6]
[6]15]
[6][5][4] o
o g B
8 )
(6] [3][4]

1 [2[4] 1

2] 2]

L1 1 i
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