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Multiplicative chaos and random translation
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Hakozaki, Fukuoka, 812 Japan

ABsTRACT. — Let G={G, },», be a standard Gaussian sequence and
Y={Y, };»: an independent non-negative random sequence which is also
independent of G. We shall analyse the conditions on Y for the equivalence
(=mutual absolute continuity) of the measures pg and pg,y on R®
induced by G and G+Y, respectively. This problem implies a typical
example of the multiplicative chaos. In particular we shall analyse in detail
the case where Y,’s are two valued in view of the regularity of the
multiplicative chaos and, as an application, give a negative answer to a
conjecture of J.-P. Kahane on the regularity of the multiplicative chaos.

Key words : Multiplicative chaos, absolute continuity.

REsuME. — Soit G={G, },», une suite de variables aléatoires gaussien-
nes et Y={Y, },», une suite de variables aléatoires non-négatives indépen-
dantes qui soit aussi indépendante de G. On donne les conditions sur Y
pour I’équivalence des mesures pg et pg,y sur R® induites par G et
G+Y, respectivement. Ce probléme fournit un exemple typique du chaos
multiplicatif. En particulier, on analyse en détail le cas ou Y, sont deux-
valuées au point de vue de la régularité du chaos multiplicatif et, comme
application, on donne une réponse négative a une des conjectures de
J.-P. Kahane sur la régularité du chaos multiplicatif.
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246 H. SATO AND M. TAMASHIRO

1. INTRODUCTION

Let T be a compact metric space and { X, (7, ®) },.r(k=1) an indepen-
dent family of centered Gaussian processes on a probability space
(Q, Z,P). For every keN we assume that

Pk (S, l)=E[Xk (Sa (D)Xk (t9 CO)]%O(S, tGT)
and X, (¢, 0) is (£ ® &)-measurable, where X is the Borel field of T, and
define

n

M, (1, ®)=exp [z{xk(z, ®)— %pk(t, z)}]. (1.1)

1

Then, for every fixed €T, {M, (¢, ®) }@1 is naturally a positive martin-
gale.

For every oce.# (T), the collection of all finite measures on (T, X),
define a random measure M ¢ by

J 4 (O Mo) (o, dz)=1imj M, (1, )¢ (Do (d) as.,

for every continuous function ¢ on T. After Kahane [2] the above map
M; ce (T) > Mo is called a multiplicative chaos, and ce .4 (T) is said
to be M-regular or M-singular according as E[(M o) (T)]=o(T) or 0.

When T is the d-dimensional torus, o is the Lebesgue measure and the
covariance functions satisfy

Y pils, )=Elog+ +0(1)
k

1
[[s =]

for some £>0, Kahane [2] proved that o is M-regular if £<2d and M-
singular if £=24d. In other words o is M-regular if and only if

Jjexp[%Zpk(s, t)]c(ds)o(dt)<oo.

We should remark that this result implies the complete solution to the
problem of absolute continuity of measures in the 2-space time dimensional
Hgegh-Krohn’s model of quantum fields, which has been investigated by
many authors (Hgegh-Krohn [1], Kusuoka [7] and its references).

For ce # (T) and u=0 define

(u; 0')=J j exp[fzpk(s, t)]c(ds)c(dt)g .
TJT 2 k
Then Kahane posed the following conjecture.
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RANDOM TRANSLATION 247

Conjecture (Kahane [4]). — Let M be a multiplicative chaos. Then
o€/ (T) is M-regular if and only if o is expressed as a sum Y o, (conver-

gence in total variation) of o,€ .# (T) such that I(1; o,)< 0.

On the other hand let X={X, (®)},5, be an iid. random sequence
defined on (Q, #, P), ce# (T) a probability measure on (T, X) and
Y={Y,()}»; an independent random sequence defined on (T, Z, o).
Then X+Y={X,(®)+Y,(?)};z; is defined on the product probability
space (AxT, # ® X, P® o) and X and Y are independent. The authors
[6, 8, 9] investigated the problem of the equivalence of the probability
measures py and py .y on R® induced by X and X+, respectively.

In particular let G={G, (®) },»; be a standard Gaussian sequence on
Q Z,P), Y={Y, () },@1 an independent non-negative random sequence
on (T, £, o) and

M, (¢, ®) =exp [Z{Gk (@)Y, ()— %Yk (t)? }] 1.2
1
Then (1.2) defines a multiplicative chaos M for X, (¢, ®) =Y, (?) G, (®)
and we have

I(u; o)=j J exp[‘—‘zYk(s)Yk(z)]c(ds)c(dt).
TJT 2 k

On the other hand p¢g and pg,y are equivalent (ug~pg4y) Or singular
(he L pe+y) according as o is M-regular or M-singular. Owed to the well
known Kakutani dichotomy [5] we have either pg~pgiy Or He L Hery-
To characterize the equivalence of pg and pg,y is our first aim. In
Section 2 we shall prove the following theorem.

THEOREM 1.
Yo (Y, >e)<o
k

and
YE,[Yy Y, SelP<oo (1.3)
k

Jfor some £€>0 imply pg~ ¢4y
Conversely pug~ lg+y implies

Y o(Y,>e)* <o
k

and (1.3) for all €>0.
As a cororally we obtain a positive answer to the conjecture in the case
where sup Y, <L oc-a.s. for some L =0 (Proposition 1).
k
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248 H. SATO AND M. TAMASHIRO

In particular we analyse, in Section 3, when Y={&(a;, p;) };>, is an
independent random sequence with distributions

o (e (@, P)=a) =P o (e(a, p)=0)=1-p,, (1.4)
where a,>0 and 0<p, <1 for every ke N. Define
1 1+p,

o= —log .
a Px

Then, relating to the Kahane’s conjecture, we shall prove:

THEOREM 2. — (a) Assume supa,<oo. Then 1(u; o)< oo for some u>0
k

implies ng~Wg+y. Conversely, pg~Wg.+y implies 1(u; oc)<oo for every
u>0. Consequently we have pg~ \g .y if and only if 1(1; o)< co.
(b) Assume sup a,= 00, and define o.= lim inf o, and o= lm sup o,.
k (ks ax>1) s ap>1)

w

(b-1) Assume o> 5 Then pg~pg+y if and only if 1(2; o)< 0.

3

(b-ii) Assume — Sa<a< 5 Then 1(2; o)< oo implies pg~pg4y. Con-

N | =

versely, g~ W +y implies 1(1—¢; o)< oo for every 0<e<1.
-1 _
(b-iii) Assume o< 5 Then 1(2a+eg; c)<oo for some €>0 implies

We~Ug+y In particular 1(1; 6)<oo implies pg~pgry. Conversely
e~ Mgy implies I(2a—¢),; 6)<oo for every €>0, where a, denotes
max (a, 0).

More precisely we shall analyse the case (b-ii). Define
O=sup{u=0; I(u; o)<}

and
3 2
X(x)=2~<5—x> , x=0.

Then we shall prove:

1
THEOREM 3. — Assume sup a,= oo and 5
k
implies ng~ WUg+y- Conversely \(a)>0 implies pg L pg.y-
As an application we shall give a negative answer to the Kahane’s
conjecture by giving examples in Section 4.

_S_g=&=ot§—;-. Then L (0)<0
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RANDOM TRANSLATION 249
2. GENERAL CASE

Let G={G,(»)},», be a standard Gaussian sequence defined on
Q, #, P), ce# (T) a probability measure and Y={Y, (?) },»; an inde-
pendent non-negative random sequence defined on (T, X, o). Define

1 x?
X)= ——exp| —— |, xeR
g(x) N p[ 2]

and
Zk(x)=f exp[xYk(t)— %Yk(t)z]o(dt)— 1, xeR, keN. (2.1)
T

Then the following theorem is our starting point.

THEOREM 4. [6, Theorem 2]. — The next four statements are equivalent.
(a) o is M-regular, where M is the multiplicative chaos defined by (1.2).

(®) He~HG+y-
(© Y. Z,(Gy) converges almost surely.
k

(d) For some, so that any, K(=1)
(@1) Z E[Z,(Gy); Z, (G >K]< o
k

and
d-2) Z E[Z, (Gk)2§ Z,(G)=K]<w.
k

Proof of Theorem 1. — For any £¢>0 decompose Z, (G,) into

Z,(G)=E, [exp [G,, Y, - %Y,f]— 1; Yk>a]

+Eu[exp[GkYk— %Y,f]— 1 Ykgs]

= Vs (Gk) + We (Gk),

where E; denotes the expectation with respect to o. Then, from the same
arguments as in [6, Lemma 1, Theorem 4] and [8, Theorem 3.2 (B)],
Y o(Y,>g)<oo implies the almost sure absolute convergence of
k

Y.V, (Gy), and (1.3) implies the L2-convergence, therefore the almost sure
:onvergence, of Y W, (G,). Thus we obtain the sufficiency.

Conversely as:ume the almost sure convergence of Y Z,(G,). Then,
since Y,=0, Z,(x) is increasing and continuou: in x, and

Vol. 30, n° 2-1994.



250 H. SATO AND M. TAMASHIRO
Z,(1)<exp [% ], Theorem 4 (d-2) implies
0>YE [zk (G Z,(G) <exp [ : H
k
1 1
;ZJ Z,(x)* g(x) dx;f g(x)dxy 7, (0)>.
k JO 0 k

2
Therefore we have ) Z,(0)>°=) E, [1 —exp [ - %Yf]] <o, which
k k

implies Y o (Y,>¢)?< oo for every £>0.
k

Next we shall prove (1.3). For any £>0 we have Z, (x) <exp [%82] for
every xe[0 3¢). Then Theorem 4 (d-2) implies

©>LE [zk (Go*: Z,(Gy gexp[gsﬂ

>ZJ Z,(x)* g (x)dx

— 2 2 2
O R S|

Since Y o (Y, >¢)*< o0, we have
k

3¢ _ 2 2 2
oo>2j‘ E,| exp Nk —exp[—x—]; Y,és] exp[lxz]dx
% J2e 2 2 2
3¢ 1 _ 2 2 1
=ZJ Ec[f (x—tYk)exp[—(i;L")]thk;Ykgs] exp[ixz}dx
k J2e 0

KX

gszexp[—982]j

2¢

1
exp |:5 x2] dx z Ecr [Yk, Yk é E]Za
k
which completes the proof of Theorem 1. [
ProrosiTiON 1. — (a) Assume supY,<oo, o-a.s.. Then 1(1; 6)< o
k

implies g~ pg .y
(b) Assume supY, <L, c-a.s. for some L>0. Then pg~ gy if and only
k

if 1(1; 6)< 0.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM TRANSLATION 251

Proof. — Since {Y,(?)},5; is an independent random sequence, we
have

1(1; 0')=HJ f exp[lYk(t)Yk(s):lc(ds)c(dt),
k Jrdr 2

and thus we have I(1; o) <o if and only if

Z{jJexp[lYk(t)Yk(s)}o(ds)c(dt)—1}
k TJT 2
= lzj Yk(t)c(dt)J Yk(s)c(ds)flexp[lYk(t)Yk(s)x]dx<oo.
2k T T 0 2

(@) Assume supY,<oo, o-a.s. and I(l; 0)<oo. Then we have
k
Y.0(Y,>L)<oo for some L>0 so that ¥ E [Y,:Y,<L]?<oo implies
k k
the almost sure convergence of Y Z, (G,) by Theorem 1. In fact, since

k
Y, 20, I(1; o) <oo implies

oo>ZJ Y,‘(t)c(dt)f Yk(s)cs'(ds)f1
k JT T 0
><exp[%Yk(t)Yk(s)x]dngEc[Yk:Yk§L]2.
k

(b) Assume supY, <L, c-a.s. for some L>0. Then we obtain “if” part
k

by (a). Conversely assume the almost sure convergence of Y. Z, (G,). Then,
k

by Theorem 1, we have ) E_[Y,]>=Y E,[Y,:Y,<L]*< oo, so that
k k

Zf Yk(t)c(dt)f Y, (s)c(ds)Jlexp[%Yk oY, (s)x] dx
éexp[%Lz]ZEa Y, <o,

which proves (). O
In Section 4 (4.3) we shall give an example that sup Y, < oo, o-a.s. and
k

K~ Kg+y do not imply I(1; 6) < co.

Vol. 30, n° 2-1994.



252 H. SATO AND M. TAMASHIRO

3. TWO-VALUED CASE

In this section we consider the case Y={¢(a,, p)) }. By definition (1.4)
and (2.1) we have

Zk(x)=pk<exp[akx—%af]—l), keN, xeR.

By Theorem 4, M-regularity of o, the equivalence of pg and pg,y and

the almost sure convergence of Y. Z,(G,) are equivalent. Relating to the
k

conjecture, we shall characterize them in terms of

I (u; c)=l_[{1+p,%<exp[ga,f]—l>}.

First we shall prove the following.

PROPOSITION 2. — (a) Y, py< oo implies the almost sure absolute conver-
k
gence of Y. Z,(G,).
K

(b) 1(2; 6)< o0 implies the almost sure convergence of ¥, Z,(Gy).
k

Proof. — (a) Assume X, p, < oo. Then
1
E[z|zk<ck>|]=zpkf exp| a0t |1
k k
which proves (a).

(b) Assume I(2; 6)< 0. Since {Z,(G,) },@1 is a sequence of indepen-
dent random variables with mean 0, Y, E[Z,(G,)*]<c implies the L*-
k

o]

g(x)dx<2) py<oo,
p

convergence, consequently the almost sure convergence, of Y. Z,(G,). In
k
fact we have

ZE[Zk(Gk)Z]zZP:% j“” (exp[akx— %af]— 1>2g(x) dx
k " e
=Y p2(explaf] - 1)<oo. O

Decompose N into

N={k21; a1} U{k21;q>1}=A" U LN,

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM TRANSLATION 253

Remark 1. — We have Y p?a?<oo if and only if

ke Ny

Y pi (exp[gaﬁ]— 1><oo
ke V'

for some, so that any, u>0.
The next lemma is immediately derived from Proposition 2 and
Remark 1.

LemMMA 1. — (a) ) py<oo implies the almost sure convergence of
ket
Y Z(Gy.
ke Vo
(b) Y., ptat <o implies the almost sure convergence of Y., Z,(Gy).
ke Ny ke ¥y

The following lemma plays a central role in our discussion.

LEMMA 2. — Y Z,(G,) converges almost surely if and only if
k

Y. Prai<oo, G.1)
ke ¥y
Y. pi<o, (3.2)
ke
ay (o +(1/2))
> pkf g(x)dx<ao (3.3)
ket ag @k —(1/2))
and
Y. piexpla?] g(x)dx< 0. (3.4
ket ax ((3/2)—ag)

Proof. — Assume the almost sure convergence of ), Z,(G,). Then, by
k

Theorem 1, we have

) >ZE0[8(ak, P :e(a, p)<1)P= Z pi az,
k

ket

0>y o(e(a, p)>1)>= Y pi,
k

ke,
which proves (3.1) and (3.2).

Vol. 30, n° 2-1994.



254 H. SATO AND M. TAMASHIRO

Since Z,(x) is strictly increasing and Z, (ak (ak+ ;—)>= 1, we have by
Theorem 4 (d-1) and (d-2)

00> E[Z(Gy: Zy(G)>1]= ¥ pkr

ke g (g +(1/2))

X (exp[akx— %aﬁ]— 1>g(x)dx

ay (o +(1/2))
= z kav g(x)dxa

ke ay (o —(1/2))

which proves (3.3), and

ay (o +(1/2))
0 >ZE[Zk(Gk)2; Z,(Gy=sl]= Z P%f
k

ke Vo —

2
X <exp[akx— %af]—- 1) g(x)dx

-y p,%{exp[a,%j () dr—2

ket K ((3/2) — o)

XJ g(x)dx+J g(x)dx}
ag ((1/2) —ak) —ag ((1/2) +ag)

>y pi{exp[ai r g(X)dx—Z},

ke k ((3/2) — o)

thus, by (3.2), this proves (3.4).
Conversely (3.1) implies the almost sure convergence of Y. Z,(G,) by
ke Ny
Lemma 1(b). On the other hand, by Theorem 4, (3.2), (3.3) and (3.4)

implies the almost sure convergence of Y. Z,(G,), which completes the
ket

proof. O

Remark 2. — We have proved Lemma 2 for a decomposition of N
according as @, <1 or g,>1. But it is not difficult to show that Lemma 2
is true for any decomposition of N according as aq,<¢ or g,>¢, where €
is an arbitrary positive number.
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Remark 3. — Since the series (3.1)~(3.4) are of positive terms, for

any decomposition N=U %, £, Z, (G,) converges almost surely if and

1
onlyif Y Z.(Gy),j=1,2, ..., n, separately converge almost surely.
ked;

1 3
ProPOSITION 3. — (a) If 0, > — — + 5 for every ke N ,, then Y Z,(G,)

a, 3
converges almost surely if and only if 1(2; o)< 0.

) If .= % for every ke &5, then Y, Z,(G,) converges almost surely if
k
and only if 3.1) and Y. p,<oo.

ke Ny

Proof. — (a) 1(2; 6)<oo implies the almost sure convergence of
Y. Z,(G,) by Proposition 2 (b).
k

1 3
Conversely assume o, > —— += for every ke.#/", and the almost sure
a

convergence of Y Z, (G,). Then we have by Lemma 2
k

0

w> T piexplad] () dx2 j ¢dx T pRexpladl

ket ak ((3/2) —ag) 1 ket
On the other hand we have by Lemma 2(3.1) and Remark 1

Y. pE(explaf]—1)<oo.
ket

Therefore we have ) p7(exp[af]—1)<oo and, consequently,
k

I1(2; o)< 0.
(b)) By Lemma 1, (3.1) and ) p,<oo imply the almost sure conver-
ke ANy

gence of Y Z, (G,).
k

Conversely assume the almost sure convergence of Y Z,(G,). Since
k

1 1 1
oy — 5 =<0 and g, <ock+ E); 5 for every ke #/",, we have, by Lemma 2

ay (o +(1/2)) 1/2
o> Yy pkj g(x)dng g(x)dx Y. p

ket ag (ax—(1/2)) 0 ke Ny

consequently > p,<oo. Then Lemma 2 completes the proof of (b). O
ke Ny

Vol. 30, n° 2-1994.
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Proof of theorem 2. — (a) is proved by Proposition 1 (b).
(b) Assume sup g, = c0.
k

(b-1) Assume o> g Then o> % for large keN, so that
Proposition 3 (a) and Theorem 4 prove (b-i).

(b-ii) Assume % <asgas< %

I(2; o)< oo implies pg~pg+y by Proposition 2(d) and Theorem 4.

Conversely assume pg~pgry and fix any O<e<1. Then, by
Theorem 4, Y Z,(G,) converges almost surely and we have (3.2) by
k

Lemma 2. Choose 1>0 such that t<_/1+¢—1 and also choose ke A",
such that k=>k,, ke 4", implies o, = % —1. Then we have by Theorem 4

and Lemma 2

o> 3 piexpla] g(x)dx

kzko, ke A2 ay ((3/2) —ag)

Vitea

2 T pewidl| e
k2kg, ke N2 (1+7)ag
/T+e—(1+1 _
2 VA DI exp[ua%],
,/275 k2kg, ke N3 2
which proves (b-ii).
(b-iii) Assume a< % Then a, < % for large keN, thus we have

Me~MWNe+y if and only if (3.1) and ) p,<oo by Proposition 3 (b) and

ke Ny
Theorem 4. On the other hand, for any £>0, we may choose k,€.4",, by
definition, such that k=k,, ke A", implies

1 + -1
oc—18> g—log1 P <5+ .
T2 )& Px 2

It is easy to check

_ 1
Lotesp|(a-1¢) af épkép%em[(oc+ &)
2 27/, 2

for k=k,, ke A ,, which proves (b-iii). O
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For the proof of Theorem 3 we shall give the next lemma. Define
1 2
A (x, y)=2x—<y—5> , x,y=0,
and note that A’ (x, x)=A(x) for every x=0.

LEMMA 3. — Assume limsupa,>1, (3.1), (3.2) and l<oz,(=— 1 +i
k 2 a 2

for every ke N ,.
(@ () If )\ (o, o) <0, then we have (3.3).
@ii) If M (o, a)>0, then (3.3) does not hold.
) () If A(x) <0, then we have (3.4).
@ii) If A (o) >0, then (3.4) does not hold.

Proof. — Before proving the lemma we shall remark that
0=\ (o, @) SA' (o, ) <2 and 1A () <A (x)<2, and that (3.2) implies

lim p,=0, consequently,
ke N2

a=liminf o, =lim inf—la (—logpy)-
ket keNs Qi

1
Therefore, for any 0<d< >’ we may choose k (8) € A", such that

+
Llogﬂ §a’%§

= -1 3.5
2+ e (—logpy) (3.5)

for every k=2k(d), ke N,.
On the other hand (3. 1) implies

Y p,f(exp[ga,f]—1><oo
ke Ny

for every u>0 and we have by (3.2)

0=sup{u§0; Y p,fexp[ga,f]<oo}. (3.6)

ket

Vol. 30, n® 2-1994.



258 H. SATO AND M. TAMASHIRO

(a-i) Assume A'(a, ¢)<6 and fix any u, wu,=0 such that

A (e, @) <uo<u<®. Then, by (3.6), we have Y pZexp l:ga,f]< 00.

ket

. 1 1 _
According as o> 2—0r o= > choose 0<d< % such that A" (a+8, a—8) <u,

and o> % +3§ or 7»’(&+8, %)guo. Then we have
2(a+90)
1 1 1+
ak(“k—‘>=<—2103 pk—1>ak§ @_5“1 @,
2) \a& ° p. 2 2/,
and
1, 1
—ap = —— —lo
2k—2(a+8)( 8Pi)

for every k=k (8), ke #",. Consequently we have

ay (o +(1/2))

> pkj g(x)dx
k2k(3), ke sy ar (e —(1/2))

1
s Z akpkg(ak <°‘k - ”))
k2k @), ke 2

< 1 D apexp|:—a’%<a—-5—1>2]
:,/2Tfkgk(5),kem2 Kok 2\~ 2/,

u _
_— 2 20 2 +@=8—(1/2 2 (@+8)—1
> A Pk CXP[ ak:|p,':0 @=8-(1/2)3/2 @+8)
\/2nk§k(5),ksmz 2

1 —_
pEexp “a agexp| — 1M | < oo,
2" 2

27Tkgk(5),ke//2

IA

IIA

which proves (a-i).
(a-ii) Assume A'(a, 2)>6 and fix any u=0 such that A'(a, o)>u>0.

1
Then, by (3.6), we have ). p7 exp[gaf]= o0. Choose O<8<E such

ke N,
that A' (¢ —3, a+28)=u. Then we have

@+28— (122 +u _
2(a—9)

1=0,
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so that

ay (o, +(1/2))
ka g(x)dx

k2k (), ke ¥ ay (ax—(1/2))

ay (o —(1/2)) +8ay,
=D J g (x)dx

—k;k(&,keﬂ’z ay (o —(1/2))

1
=0 Z pkakg<ak<ak__>+8ak>
k2k (@), ke N2 2
2 2
o Y pkexp[—%{&+26—%}]

k2k @), ket

u
5 pfexp[5a5]=oo,

Zﬂk;kw),kemz

I\Y

oo%‘
3

1\

which proves (a-ii).
(b-1) Assume A (o) <.
If a= §, then Y pZexplaf]<oo by k<§>=2 and (3.6), thus we
2 ket 2
obtain the conclusion.

-3 -
Next we assume ot<§ and fix any #>0 such that A (a)<u<6. Then,

by (3.6), Y. p? exp[ga,f]< 00. Choose 0<d< —; such that

ke Ny

- 3 - 3 2

oc+t‘><5 and uzh(a+3)=2— 5—(cx+8) .
Then from (3.5) we have

ak<%—ak>g<g —(&+8)>ak>0

for every k=>k (8), ke A",. Thus

Y pepladl|  gwdx

k2k (), ke s ag ((3/2) —ay)

2 exp [a? 3
< Z i exp (4] g(ak<__ak))
K2k @), ke, & (3/2—ay) 2

1 Y. piexplaf]exp [ B CnlCas)s a,f]

k2k (), ke N2 2

Pi €Xp a; |<oo,
,/27Tkgk(5),kem2 2

which proves (b-i).

IIA

i—‘%‘
a

IIA
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(b-ii) Assume A(2)>0 and fix any u=>0 such that A(a)>u>0. Then,
by (3.6), we have ) p,fexp[ga,f]=oo. Choose 0<8<;— such that

ke N>

A(a—28)=u. Then we have from (3.5)

0<ak<§ _ak>§<% "(@_8))%

for every k=k (8), ke A",, and

0
2 2
Z Pi exp[ai] g(x)dx
k2k(8), ke A3 a ((3/2) —ag)
((3/2)—(@—3d) ay+day

S prexpld] j ¢ (x)dx

k2k @), ke 2 (3/2)-@—8) a

] G- @-2%) ,
- .

Y. piexplaflexp [ ]
~/21tk;k(a),kem2 2
)
T R

2Mizk @), keds

v

v

which proves (b-ii). O

Proof of theorem 3. — First we consider the case a=%.l<%>=2<9

implies 1(2; o)<oo, thus we have pg~pg.y by Proposition 2(b) and
Theorem 4.

Conversely X<%>>G implies I(2—21; o)=00 for some 0<t<]1, thus
we have
gpf (exp[(1-1) a]—1)= co0.
Without loss of generality, by Lemma 2 and Theorem 4, we may assume
(3.1) and (3.2), and consequently we have
Y. peexpl(1—-1)ag]=oco.

ke V2
Choose >0 such that 8°<2t and k,e.4", such that k=k,, ket

implies o, +8= % Then we have
S osewld)|  ews

k2ko, ket 2 a ((3/2) —ag)
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v

JIta,
Y. prexp [af]f g(x)dx
day

kZko, ke A2

> V28 y

\/275 k2kg, ke N3

which implies pg L pg .y by Lemma 2 and Theorem 4.

pEexp[(1—1)af]= o,

1
Next we consider the case 5 <a< % Choose 0<n <1 and k,€ A", such

that
1 3
—<o,<—n+ - 3.7
> k n 2 3.7

for every k=k,, ke /', . A(2)<0 implies (3.1) and (3.2) since A(a)>1
for %<a< g On the other hand, by (3.2) and (3.7), we have

lim p,=0, so that lim a,= co. Therefore we may choose k, 2k, k; € A",
ke Ao keN

such that

1 << — l + é
2 a,
for every k=k,. Thus we have pg~pg,y by Lemma 3, Lemma 2 and
Theorem 4.
Conversely assume A(a)>60. By Lemma 2 and Theorem 4, we may
assume (3.1) and (3.2), consequently we have pgl pg,y by the same
argument from above.

1
2
for some 0 <1< 1, then we have (3.1), (3.2) and

1+
Y p,fexp|: ta,f]<oo.

ke Ny

1
Finally we consider the case a= 5 .7»( )= 1<0implies I(1+1; o)< 00

1+
Choose ky,e 4", such that oy < TT for every k=k,, ke #/",. Then we

have

1+
Y ms Y pfeXP[Ttaﬁ]mo,

k2ko, ke N2 kZko, ke N2

so that pg~pg,y by Lemma 1 and Theorem 4.
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1 L
Conversely A < 3 > >0 implies I (1 —1; 0)= o0 for some 0<t< 1, so that

Y pE <exp[ ! ;Ta,f]— 1>=oo.
k

By Lemma 2 and Theorem 4, we may assume (3.1) and (3.2), and
consequently we have

-1
Y p,fexp[—z-—a,f]=oo.

ke V)
Choose 6 >0 such that 8<\/1 +1—1and kye A", such that k= ky, ke N,
1
implies o, +8 2= 5 Then we have

9]

Y piexp [a,f]f g(x)dx

kzko, ke A2 ay ((3/2) —og)

V1 +1a

2 v et eeoax

k=ko, ke N> (1+39)ag

I+1—(1+6 —
L VITTZUTD g piesp| 1t |=ce
~/27T k2ko, ke Ny 2

which implies pg L pg .y by Lemma 2 and Theorem 4. [

4. EXAMPLES

In this section we shall give negative answers to Kahane’s conjecture.
For the two-valued sequence Y = {&(a, p,) },@1 on (T, £, o), define

ak=\/Blog(k7+1), p=k7", keN,

. . 1
where f is positive constant and y> 5 Then we have

1 1+ 1
o= —log pkz‘, keN,
A Pk B

. 1
and a=lima,= —. Moreover we have
k

zpf exp[ga'%:l=2k—2x'(kv+ 1)(u/2)B=0<Zk—2v+(u/2) Bv>’ n— oo,
1 1 1
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and I(6; )= co. The multiplicative

2Q2y—1
for every u>0, so that 6= L
Y

chaos M defined in (1.2) is given by

n

Mn»(t’ ©®)=exp I:Z { Gy ()& (@, po) ()~ %8 (@, pY) (1) }:|

1

1 2
4.1) p=—-and y= —.
4.1 p 5 andr=3

In this case I(l; o)<oo but o is not M-regular. In fact we have

supa,= o0, a=2> % and 0=2, so that I(2; o)=o0, I(l; 6)<oo and o is
k
not M-regular by Theorem 2 (b-i) and Theorem 4.

“4.2) p= 2 and y= g

In this case also I(l; 6)<oo but o is not M-regular. In fact we

19
have supa,= o, 1<a=§<§, =§>1 and A(ax)= >0, so that
k 2 2 5 100

I(1; 6)< o0 and o is not M-regular by Theorem 3 and Theorem 4.

4.3) p=3 and y=2.
In this case I(1; )= o0 but o is M-regular. In fact we have
Y p=Y k *<oo,
k k
so that supe(ay, p,)<oo o-a.s. and o is M-regular by Proposition 1 (a)
k

and Theorem 4.
On the other hand 6= 1, hence I(1; 6)= 0.
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